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Abstract

This article is dedicated to the survey of the symbolic calculus for
pseudodifferential operators acting in the spaces of densities.

1. Introduction

In this paper, we present a simple calculus for pseudodifferential operators
on an arbitrary smooth manifold M. This symbolic calculus has two characters:
First, it is intrinsic, this means that it doesn’t depend on the different coordinate
systems of M. Secondly, it works well in the case where we use the classes of
Hérmander ST with the condition 0 < max(d,1/3) < p < 1, whereas the usual
calculus based on the coordinate systems which we find in the classic books as
[H], [Ta] and [Tr], works well only under the condition 1 —p < 6 < p < 1 (which
implies 1/2 < p < 1).

The language of linear connections has a fundamental role in the construction
of the symbolic calculus for pseudodifferential operators on manifolds, for this
reason, I used it in this paper.

H. Widom discovered in the seventies that the use of linear connections to
define the intrinsic symbols of pseudodifferential operators is essential. By using
these mathematical beings he constructed a version of symbolic calculus on the
manifolds [W], but he didn’t utilize a global phase function in his construction
and was satisfied by a local utilization of the standard phase function. On the
contrary, Safarov gave a complete intrinsic symbolic calculus in its article [Sa],
he used global phase functions and presented the distribution kernels of the

operators as oscillatory integrals defined in open neighborhoods of the diagonal
Apg.
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In this paper I followed the footsteps of Safarov which treated the case where
the symbols of operators are functions defined on the cotangent bundle T M.
I treated here the case where these symbols are “densities over M” defined on
T*M, and to make this I generalized some operations of derivation defined on
the sets of functions and tensors to the case of densities and density tensors.

To construct an intrinsic symbolic calculus on the manifold M, we have
need of that which we call the phase functions of pseudodifferential type. These
classes of the functions are generally defined on sets of the form

W* ={(y;2,¢) : (,y) e W, € T; M}

where W C M x M are open neighborhoods of the diagonal Ajs, and since
long time, it became clear that these classes are bound to the family of the
connections on M. In fact, for all connection on M, there is a family of the
phase functions associated to this connection. For example, the phase function
which we find in the theory of pseudodifferential operators in R”, is the phase
function associated with the Levi-Civita connection on R™.

The symbolic calculus on the open sets of R™ appear simple because it is
written in the standard Cartesian system which is defined in all R™. All nor-
mal coordinate systems corresponding to the Levi-Civita connection on R", are
bound linearly to this system. But this is not the case when we deal with the
pseudodifferential operators on arbitrary manifolds. Because in the last case,
a favorite connection doesn’t exist, and the normal coordinate systems corre-
sponding to the family of the connections on M, are not universal and depend
on the points of M. I signal that the last property appear in R™ if we replace the
Levi-Civita connection by a non-flat connection in the survey of the symbolic
calculus.

Most results exposed in this article are natural generalizations of those ex-
posed in [Sal, and I added here the two results 5.2 and 6.7 which we can consider
as natural generalizations of the classic theorems 3.1 and 4.2 in the book [Sh].

In this paper, I used some symbols and amplitudes of Hérmander’s classes
corresponding to the family of the connections on M, and it is clear that one can
generalize easily this work to contain other classes of symbols and amplitudes.

The section 2 contains elementary results about the properties of the con-
nections that we can find in any book dedicated to the survey of the connections
as [KN]. But these results are very important to comprehend the language used
here in the determination of the symbols, for this reason I was obliged to present
them in this article.

Finally, concerning the operators and the symbols, I utilized the same nota-
tions of the classic book [H], and concerning the densities, the tensors and the
density tensors, I used the most usable notations in the books of the differential
geometry as [KN], [P], [Sp], [Ste] and [Str].

2. Recalls of some properties of connections on manifolds



1. Let M be a smooth n-dimensional manifold and I'" be an affine connection
on M. For (z,y) € M x M, we denote by v, , : [0,1] — M the geodesic (of
course if it exists) joining = and y such that v, ,(0) = z and v, , (1) = y. This
geodesic is uniquely determined as soon as it exists. We put

Vo = {(,y) € M x M : 7, , exists} .

The theory of ODE assures that Vi is an open neighbourhood of the diagonal
Ay ={(z,z) :x € M} in M x M. Also, we can see easily that V1 is symmetric
with respect to Ayy.

Let ¢ = (z',...,2") be a coordinate system defined in U C M. Then
W = {(z,y) €U xUNV:7,,(0,1]) C U} is an open set in U x U and in the
case where ¢(U) is convex in R™, we can use the Taylor formula to prove that

0 = -t TG - - )+ Y PRy - o)

3<|al<N

1

s+ [1=9% ¥ -0 Phetsly-o)ds, (21)
0 |a]=N+1

for all (z,y) € W, where z¥ = 2¥(z), y* = 2¥(y), "yw,y(O) = (2Fo sz)/(o)» Ff”'j

are the Christoffel symbols of T, and P* are some polynomials in the Christoffel

symbols and their derivatives.

If (2%) is a normal coordinate system with origin x, then vﬁy(O) = "ygy(t) =
y*¥ —aF for ally € Vp(z) = {z € M : (z,2) € Vr} and t € [0,1]. Therefore we
have P¥(z) = 0, Vk,Va # 0, in this system. In particular, Ffj (z) + Ffz(x) =0
in any normal coordinate system with origin z.

2. Let (z,£) € T*M. The horizontal lift of the vector v € T, M at the point
(z,€) is given by

9 .0
V'u(x7§) = Zvj;(m,f) + ZFZ(I’)’Ukag(ZE,g)
j ijk J

where (x!,... 2", &;,...,&,) is a coordinate system defined in a neighbourhood

of (z,8),v= Zj vj%(m) and £ = Zj §jdxj(x).
If X is a vector field on M, then its horizontal lift in T* M is given by

VX(QT,&) = VX(m)(xu 5)7 (.’b, 5) eT"M.
The horizontal distribution and the vertical distribution are defined by
HT*M = | ) {0} x HuoT"M
(z,£)eT*M

and
VIrM = ) {@ 0} x Ve T™M
(2,6)€T* M



respectively, where H, oyT*M = {V,(x,&) :v € T, M}, V(g o)T*M = ker T, ¢) P
and P :T*M — M is the canonical surjection.

3. Let (z,y) € V. We denote here by ®(z,y) the parallel displacement from
Ty M to T,y M along the geodesic v, ,. Obviously, ®(y, =) = ®(z, y)~ !, and if the
points z, y and z belong to the same geodesic, then ®(z, z) = ®(y, z) o (z,y).
Also, the theory of ODE assures that the map ® is of class C* from Vr to the
bundle U {(z,y)} x Hom(T;y M, T,y M).
(z,y)eM xM

Let 2 € M and let (y*) be a normal coordinate system with origin z. Let us
denote by ®,(y) the matrix of ®(z,y) in this system. Based on the definition
of the parallel displacement, we get

> W =20, (@2)iy) =D (WP — 2" )TL ) (Ba)i(y),y € Vi(z)  (2.2)

k pq
where z¥F = y*(z) and y* = y*(y). And from here, we deduce that
1

ayk(q)w);(z) = 23(33) = ) Iéj(x)a

0,00, (By)i(z) =

Yy

N | =

(ayk Tij(x) + 8y Ty () + Y TF ()T ()

where {T]zj(x)} is the torsion tensor of I'. So, if ' is symmetric, then we obtain
Dy (®4) (z) = 0, (2.3)

0,10,(®2)}(2) = L (T (w) + 9Ty () = 5 (Riyew) + Rigu(a) - (24)

where {R};jz(m)} is the curvature tensor of T'.

If M is a pseudo-Riemannian manifold with metric tensor {g;;} and I is the
Levi-Civita connection on M, then we have

" (y) G (y) Paly) = G H(2),y € Vr(2)
where G(y) = (gi;(y)). And in this case, (2.3) and (2.4) immediately implies

1
0yxG(x) = 0,p G (2) = 0, DyeDyrgij(x) = — 5 (Rinje(@) + Rigjre(2))  (2:5)
where Rijre =3, gipR;’M.

3. Densities and Density Tensors



1. Densities. Let M be a smooth n-dimensional manifold and A be a real
number. By definition, a smooth density on M of order A is a C* section of the
complex line bundle Q*(M). But I prefer here to identify each density with its
components, in this way, one says that v : M — C is a density on M of order A
if it verifies the following condition:

det (g;“"j (x))

where (z%) and (Z%) are two coordinate systems defined on U C M, and u(z) and
@i(z) are the values of u in these two systems. We often denote by C°°(M; Q)
and C°(M; Q") the spaces of smooth A-densities and smooth A-densities with
compact supports respectively.

Also, one says that u : T*M — C is a density of order A on M if we have

det (g?( )>

where (2%) and (7%) are always two coordinate systems defined on U C M, and
u(zx, &) and @(x, &) are the values of u in these two systems. We denote here by
C>(T*M; Q") the spaces of smooth densities u : T*M — C of order A, and it
is necessary to note that

C(T*M; Q) = C®(T*M) @ C°(M; Q) £ C=(T*M; Q") = C°(T*M).

A

a(zr) = u(z),z €U

A

u(z,§) = u(z, §), (¢, &) € T°U

Now, let Mj,..., M, be smooth manifolds, and let Aq,...,A, be real numbers.
We say that u is a density of order (Ay,...,\.) on M = My X --- x M, if it

verifies the following
oz} ozt
det - |det = (2,
( o (a:l)) ot (5252))

x=(x1,...,x,) €Uy x---xU.CM

A1 Ar

u(z),

() =

where (z}) a
and ’LL(:L‘ §) b
and ((27')4,

1

1,

’I‘

and (Z}) are two coordinate systems defined on Uy C M, (1 < £ <),
and @(x, £) are the values of u in the two systems ((z}),, ..., (zir);,)
X -

Dins
and Cgo (M X M,; Q o+2) the spaces of smooth (A1, ..., \,)-densities and
smooth (A ,)\r)—densities with compact supports respectively. Obviously, if
A=A1 == A, then C®(My X -+ x M; QMoAr) = C(My x -+ X M; Q)
and C2°(My X -+ X My; QMo Ar) = O (My x -+ x My Q).

Using the local charts, one can construct two appropriate topologies on the
two spaces C%°(My X - - x M,; Q 27 and C°(My X - - - x M,; QA2r) (See
for example [CP]). We will denote here by D’(M; x --- x M,.; Q") the
topological dual of the space CS°(My x -+ - x M; Q1= 1=,

Let M be a smooth n-dimensional manifold and I" be an affine connection
on M. We define the density p as follows:

o(z,y) = det ®(z,y), (z,y) € Vr

.., (r);,) respectively.We will denote by C%° (M) x- - -x M,.; QA 1s2r)



where ®(z, ) is the parallel displacement from T M to T,y M along the geodesic
Yuy- The density o(z,y) (€ C®(Vp; Q™" 1)) depends on I' and will play a
fundamental role in the following. Now, let (y*) be a normal coordinate system
with origin . From (2.2), it follows that

> W —aMoye,y) = (1" - T w)el@, ),y € V()

k ke

where 2% = y*(x) and y* = 3*(y). And from this, we obtain

> W = a"ogeo(x,y) + > (" = 2F) (- 290,00 002, y)

k ke

=Y "F =M We(x,y) + > (" — ) — o)

kp ke
X (Z&‘ +I7,(y) + ZF > o(z,y), y € Vr(z). (3.1)
p
Therefore )
Oyr 0(, ) jy=a ZF,W §ZT£I)(:¢), (3.2)
p
1
By 0y 0(7,9) fy=a = 5 D (0T (2) + 0, T () Zr
p

So, if I' is symmetric, then we have

Oyr0(2,Y) jy=2 = 0, (3.3)

1

Oye Oy 0(2,Y) jy=z = 5 D (0T (@) + 0, T () = *%(sz(w) + Rex(2))

P
' (3.4)
where { R} is the Ricci tensor of I' defined by Rye = > ; Iy,
Let’s suppose that M is a pseudo-Riemannian manifold and I' is the Levi-
Civita connection on M. Then we have

o(z,y) = g~ " (2)9(y), (z,y) € Vi

where ¢ is the canonical density of M. In this case, (3.3) and (3.4) become as
follows

1
Oyrg(Y) jy=z = 0, 0yeOyrg(y) jy=z = —gRM(x)g(a?), (3.5)

since the tensor {Rg,} is symmetric.



2. Density Tensors. We denote by T2 (M; Q) the space of the C™ sections
of TP(M) ® Q*(M). The elements of this space are called the density tensors
of order A and type (p,q) on M. And to simplify this exposition, I will identify
each density tensor with its components and this in every local chart of M.

Let I be a connection on M. We want to prolong the action of I' to the
spaces of the density tensors. First, let X be a vector field on M and (z%) be a
coordinate system defined on U C M. If T' € T} (M; ), we put

Dx ()T} ZX )0 T ()

>7q ~Jq

yeensl il,iz,...,i,
+ZF lely y]j +ZF]Z/ le)""jq p([Z,‘)
’Ll ..... il,...,’i,
- Z FJJl le,..., - - Z FJJq le,jz,.f,j; (z),z €U
73t 334
where T“’ ’JL” () are the components of T with respect to (zf) and X =
E X‘j% in U.
We know that if A =0, then DxT = {DX( )T“’ ;;’ (a:)} is a tensor of the

type (p,q) on M which is called the covariant derivative of T' with respect to
X. If A € R, we define two density tensors Dx7T and DxT as follows: in any
coordinate system (2?) (defined on U C M), the components of Dx7T and DxT
are given by the relations

DT} (@) = Dxly) (o M@ n) Ty ) Jy=s
= Dx) (AT W)

DT} (@) = Dx ()T} 770 (Y) jy=s
where y = (y*) is the normal coordinate system with origin « € U associated to
(z*). The two density tensors DxT and D x T are called the covariant derivatives
of T with respect to X, and we can notice easily that if A = 0, then these two

derivatives coincide with the usual covariant derivative of T'.
Let T € TP (M;9*). The two density tensors with the components

Di, () -+ D, ) (0@ TI 7 W) Dy, () D T () jyme

belong to the space Ty, ,.(M; Q) and are called the r-th covariant differentials of
T (here (y') is the normal coordinate system with origin at the point x associated
to the system used in this point, and Dy (y) =Dy sy+(y)). The symmetrizations
of these density tensors with respect to k1, ..., k. are called the r-th symmetric
covariant differentials of T, and we will denote them respectively by D™T =

{DQT?’“"?P}‘ _, and prT = {pomyi Jq}‘ _,+ We now give the following

J15--050q
proposition which its simple proof is based on (3.1) and (3.2).



Proposition 3.1. Let T' € TP (M; QM. If T is symmetric, then DxT =D xT
for all vector field X on M, and if T is flat (T = 0,R =0), then D"T =D"T
and D™ (D"T) =D"(D" T) =D"*"'T for all (r,r") € N2,

Let’s suppose that M is a pseudo-Riemannian manifold and I' is the Levi-
Civita connection on M. In this case if T' € T} (M; QM) then F = g7 €
TP(M), and we can verify easily that DxT = DxT = ¢’DxF and D'T =
g*D"F for all vector field X on M and all 7 € N.

3. Horizontal Differentials. Let a(z,£) € C°(T*M, Q") and let (2%) be a
coordinate system defined on U C M. We put

d“a(z, §) = 85 (0 Mz, y)aly, ®(,¥)€)) jy=a»

V@a(z,8) = 0, (aly, ®(z,Y)S)) jy=o
where y = () is the normal coordinate system with origin 2 € U associated to
the system (z%) and a € N™. If p € N, the two density tensors {d%a(z, )}y

and {V®a(z,{)},—, will be called the p-th symmetric horizontal differentials
of a. The following proposition justifies the use of this terminology.

Proposition 3.2. Let a(z,£) € C®°(T*M,Q*) and p € N. Then the density
tensor {do‘a(x,f)}la is the symmetrization of the density tensor with the
components

|=p

V-V (0, 9)aly, 1)) (= (o)
and the tensor {V®a(z,&)} ,—, is the symmetrization of the density tensor

{vz(‘f) e V’E:)a(y7n)/(y,’q):(gj7€)}7 where y = (y') is the normal coordinate sys-
tem with origin at the point x associated to the system wused in this point and
V) = Vo, oyr-

Proof. Let z € M and let y = (y*) be a normal coordinate system with origin
x. From (2.2) we have

> Bty — )05 (aly, Bl 0)6))
lal=p
= 3 @ —a) -2V VP a(y, @(a,y)€),y € Vi(a),

i1yeesip

where y'(x) = 2° and y'(y) = y'. Therefore

> %(y — )0y (aly, ®(%,9)€)) jy=o

la|=p

= Z (yil _ xil) .. (ylp _ xip)vz(i”) e Vg:)a(x,f) +0(ly — x|p+1).

i1yeesip



Putting y* = 2° 4+ ¢ X? and passing to the limit as € — 0, we obtain
p! )
> X005 (aly, 2(2,9)6)) s = S X0 XU VP, €).
‘(J‘l:p ’ i1, 7Zp
This equality immediately gives the proposition. m

Remark 3.3. Let a(x,&) € C®°(T*M,Q"). In any coordinate system (x?)
defined on U C M we have

Vaale,) = 0w O () + (e + Varalo, )
diga(z, &) = /2\ (x,€) ZT’” ) + Via(zx, &)

= —)\a .’L‘ f ZF,W +v ’Ca(aj 5)

where (z,§) € T*U and V x = Vg g+ From this we obtain

(ViVe—ViVi)a ZRJM )€i0¢ a(x, §) — Aa(z, §) (Z Ripy(a

+§ZDkae($) - 52 T (x ZTzfe
;

7
Z Tkp TZ Z Tlfz TEP ) ’

(dkde — dedy)a ZRJM )€:0¢ a(z, §) — Aa(z, §) (Z Ripy(a

4 ZTkp Tépl 4 ZTIZ Tﬁp( )) ’

ip

(dr Ve — Vedp)a ZRM )¢,0¢ a(x, €) — Aa(z, €) (Z Ri,(x
41 > DiTj(x) + E ZTP (2)T} ()

9 £ k+Lie 4 £ kt ip )

(8§kv5 - vfa§k)a($7§) = (a’fkde dfa&k ZTZJ 8§ a’ T 5)

Remark 3.4. Let a(z,£) € C®°(T*M,Q"). By Proposition 3.2 we deduct
that if T is flat, then

d%a(z, &) = V*a(z,§) = 9, a(y,n) /(y.n=(x,e)> T



So

VAVYa(z, &) = VVPa(x, &) = Vo Pa(x, €),Va, V5,
a?vaa(xa § = vaa?a(xa §) = aga‘ga(y, n)/(y,n):(ac,f)’vaa V.

In view of Remark 3.3 these equalities are not true in the general case.

Remark 3.5. It is clear that if a(z,£) € C°(T* M), then

and in this case, a is constant along any horizontal curve in T* M if and only if
all its symmetric horizontal differentials are equal to zero.

Remark 3.6. Let T € T (M; Q). We put

) ) !
alw,§) = Y T (@), €, = Y BT @)

where {Ta}m:p is the symmetrization of the density tensor 7. We can verify
easily that if (z°) is a coordinate system defined on U C M, then

Vaaw€) = 3 Du@Tht)e, g,

i1,-5p

= Z_ p—, ()€, (2,€) € T*U.

From this equality and Proposition 3.2 it follows that

|
fa(,§) = Y EDITH@)E (,6) € T'U,
laj=p
Pa(,€) = a,DBTa( )¢, (x.€) € T"U,
lol=p

where 8 € N”. Also, we deduct that if X is a vector field on M, then

Vx(ym (e (@, )aly, )/ =(a.c) Z P T (@)E%, (2,€) € TT,
la|=p o!
P e \
V(0 ma,n) jym—we) = Y GPxT ()€ (1,6) € T'T,
lee|=p o

where y = (y') is the normal coordinate system with origin z associated to the
system (z").

4. Some Classes of Symbols and Amplitudes

10



1. Let M be a smooth n-dimensional manifold, and let m, p and 6 be real
numbers (0 < p, 6 < 1). The classic class of symbols S;’,L(;(T*M;Q)‘) consists

of densities a(z,£) € C(T*M;Q*) such that in any coordinate system (z%)
defined on U C M for all compact set K C U and all (o, ) € N* x N"

‘8?85@(3:,5)‘ < constg .3 <§>;”+5‘B‘_p‘a| V(2,8 e TYK,

where (€), = \/1+ & 4+ + € € = Y &,do (a).
J
Also, if N is another smooth n’-dimensional manifold, the classic class of
amplitudes S7'5(N x T*M; Q") consists of densities a(y;z,&) € C®(N x
T*M; QM) such that in any coordinate systems (z?) and (y*) defined (respec-
tively) on U C M and W C N for all compact set K1 x Ky C U x W and all
(o, B,7) € N x N™ x N/

|07 0¢ 07 aly; z,€)]
S ConStKl,K2,a,B,’y <£>;n+6(‘5|+|'7‘)*ﬂ‘04| ’ (xag) € T*Klvy € K2~

We signal that the properties of the classes S’g?(; are widely-known and we
can find them in any book dedicated to the survey of the pseudodifferential
operators.

2. M is always a smooth n-dimensional manifold. Let I be a connection on
M and let m, p and ¢ be real numbers (0 < p, § < 1). The class of symbols
Sys(T* M; QN T) consists of densities a(z,£) € C>(T*M;Q*) such that in any
coordinate system (z°) defined on U C M for all compact set K C U and all
a € N"and (i1,...,14p)

|08V pir -+~ Vina(a, €)] < constrai,...i, (€)1 V(x,6) € T*K

x

where Vi = Vj/p,:. Safarov introduced these classes in his article [Sa].

If N is another smooth m’-dimensional manifold, the class of amplitudes
S;%(N x T*M; QM T) consists of densities a(y;z,&) € C®(N x T*M; QM)
such that in any coordinate systems (%) and (y*) defined (respectively) on U C
M and W C N for all compact set K1 x Ko C UXx W and all («, 8) € N x N7’
and (%1,...,1p)

0508V pir - Vipaly; 2, €)| <
const i, Ky, a,B,i1,... ip <§>;n+5(‘m+p)fp‘al ,(2,8) e T"Ky,y € K2.(4.1)
For the sake of simplicity we will designate by S} (QMV;T) the space Sy (Nx
T*M;Q*;T) and at the same time the space of density tensors T' € TP(N x

T*M; QM) (p,q € N) which all their components verify (4.1).
Let I' be a connection on M. We can see easily that S)'s C S7(I') C S,

where §' = max(1 — p,§). Therefore if § > 1 — p then Sys = S)%(I), and this

11



means that the classes S (T") doesn’t depend on T when § > 1 — p. In general,
the properties of the classes S <(T') are analogous to those of the classes S”* 5
and for example, from the deﬁmtlon we immediately get the following:

~ae ST Ab e STHOMIT) = a+ b e ST (AT,

-a € SPHN X T*M,QM;T) Ab € STHN x T*M,Q¥";T) = a-b €
S;ilg+m2 (N % T*M, Q)\—‘r)\/,l/-i-l/l; F),

- a € 8PN T) = dga e S)'s Slele @,

-ac S (NXT*M;QA’O;F) = Vx, -+ Vx,a €SI (N x T*M; QMO T),
Where Xl, .., X, are vector fields on M.

By using the partitions of unity on M, we can prove this result: If a; €
S;”g (QMT) with a; — —oo as j — +oo, then there exists a density tensor
a€ S'[’)ibé(Q)‘,F), m = maxmj, such that a ~ 3, a;.

Proposition 4.1. Let a € S)'5(T*M; QMNT). For all p € N the two density
tensors with the components

ng) e VEZ) ( )/(y,r]) (,8)» v v(l ( (CL’, y)a(ya n))/(y,'r)):(w,f)

belong to the space S;?;‘pé((_l)‘,r). In particular, we have
{daa(m’ f)}\odzp ) {Vaa<x7 6)}|a\:p € S::’l;'p5(Q)\’ F),Vp

Proof. It suffices to see that, in any coordinate system (x*) defined on U C M,
we have

ng)"'vz(:)a(ym)/(ym) (z,6) = a(x,§) +Z€ Via(z,§)

+Zt9“,12 )Vain Vaiza(z,§) +--- + Z Oiy ... ip (T)

01,02 [ARTI 2

XV iy - Vypa(z,§), (x,6) e T°U  (4.2)

where g, 0;, 0;, iy,..., 05, .5, are functions of class C*° in U. m

p

Remark 4.2. Let a(z,§) € S™ (T*M O*:T). From the previous proposition,
it follows that if Xy, ..., X, are vector fields on M, then

) * O)
le (ya 77) e vXp (ya n)a(yv U)/(y,n):(m,ﬁ) € SZL;—;D (T M7 QA) F)a

Vi, () Vx, () (0 M@, 9)a(y. ) (ym—(e.e) € Sos PO(T* M, QN T).
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Remark 4.3. Let Vi = {(y;2,&) : (w,y) € Vr,§ € Ty M}, (L, 5) € [0, 1)% and
(p,q) € NxN. If a € S(V; QM:T), then by modifying the equality (4.2)
appropriately we get

o ( m é * v
{83] Vgl) o v( “) (ya 76) (7;%,€)=(2s;2¢,®(, zt)g)} € Sp ;/‘(IH“I) (V Q/\ )
3

lee|=
agv(f) L v(z) —A ~\ o —v 5 S .
iVi Vi, e gle (@ B)alyi ))/@;i,s):(zs;zt@(w 29 /g

+(p+q)d A,
c S:,”(s/ pbTq (V* Q ll)
where 7 = (&%) is the normal coordinate system with origin z associated to the
system (2*), § = (§") is the normal coordinate system with origin y associated

to the system () and (21, 2,) = (. (£), V2.5 (5)):

5. Some Classes of Oscillatory Integrals

1. Phase Functions. Let M be an open set of R”. We know well that if A
is a pseudodifferential operator on M, then its distribution kernel is given by
an oscillatory integral of the form

Ka(e,y) = / SO Vea(z,y, €)de, (a,y) € M x M (5.1)

where a € |JS)';(M x M x R") and d§ = (27)"d€. But when M is a general
manifold, the writing of the pseudodifferential kernels as in (5.1) is not possible
except in the local charts of M or in small neighborhoods of the diagonal A, =
{(z,z) : © € M}. We study here some oscillatory integrals which we can consider
pseudodifferential kernels, and to make this, I need a class of the phase functions.
We signal that the families of the phase functions of pseudodifferential type bind
to the family of the connections on M; in fact, for all connection on M, there is
a family of the phase functions associated to this connection. For example, the
phase function that we find in the theory of pseudodifferential operators in R™
is the phase function associated with the Levi-Civita connection on R"™.

Let M be a smooth manifold and I" a connection on M. The phase functions
of pseudodifferential type associated to I' are

(2, &,y) = — <Ay, (), § >, (2, y) € Vi, ,§ €T, M

where t € [0,1] and z; = 7, ,(t) (These functions are similar to the phase
functions introduced by Drager [D]). Based on the definitions of the geodesic
and the parallel displacement, we deduct easily that we have

@t(xa§7y) = _Wl_t(y,§,$)7v($,y) € MVtE [03 1]7V§GTZ M
0, 6,y) = @y(w, B2, 20)E,y), V(@ y) € V,V(E, ) € [0,1]°,V€ € T2, M.

Let (z') be a coordinate system defined on U C M. The formula (2.1)
shows that for all point xy € U, there exists an open neighborhood W C U of
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wo such that the expression of ¢, with respect to the system (x?) takes in W
the following form

@O(magay) = ((L’ - y) : (A(x,y)f),V(x,y) e W x VV,V& S Tz*M (52)

where A € C®(W x W; M, x,(R)) and A(z,z) = I,,det A(z,y) # 0 for all
(z,y) e W x W.

Let y = (') be a normal coordinate system with origin = € M. We have in
this system

@t($7§7y) = (.’13 - y) fvvy € V[‘(Z‘),Vt S [O’ 1] ,Vf € Tz*tM

2. Oscillatory Integrals. Let M be a smooth n-dimensional manifold and
I' a connection on M. Let a(y;x,§) € S7%(Vi; Q¥ 7;I') and A € R. Under the
condition (p,d) € ]0,1] x [0, 1] we can consider the oscillatory integral

K(z,y) = Q‘T‘l(w,zt)g‘”(x,zs)gl”(wvy)/ei“"t(””’g’y)a(zs;zt,E)df, (z,y) € V%

like an element of the dual space D'(Vr; Q’\“‘”*‘T’l_k) where its action on the
elements of the space D(Vp; Q1~*7¥~7A) is determined as follows

< K(z,y), plz,y) >= Z/e”*(m’g’y)@”’l(w,zt)g’”(:c,zs)el”(x,y)
ke

xa(zs; 21, §)p (2, y)0; () 0k (y)0e (20 ) dady dg

where ¢ € D(Vp; Q17277=7A) and (6;) is a partition of unity associated to
some atlas of M. Let’s notice that the integrals in this sum are usual oscillatoy
integrals. So K(z,y) € C®(Vp — Ay QMYH71=2) (this is the fundamental
property which characterizes the pseudodifferential Kernels).

We signal that we can write the oscillatory integral K (x,y) as follows

K(.’E, y) = QiAiV?T(xa Zt)gliA(Zt,y)/eiwt(w)&y)a/(zs; Zt7§)d£7 (.’E, y) € VF

with a'(y;z,€) = 07" (x,y)a(y; x, ). Because of that we are going to study all
integrals K (x,y) under this form.

Proposition 5.1. Let a(y;z,§) € S,Ta(VﬁQO’V;F) and (t,s,m,\) € |0, 1]3><R,
Under the condition 0 < § < p < 1 we can write the oscillatory integral

K((L’,y) = QiAiV(wazt)QliA(ztay)/eitpt(m’g’y)a(zs;zt,g)dga (:c,y) € VF

as follows

K(z,y) = Q_A_V(%Zt)gl_)‘(zt,y)/ei‘pt(m’f’y)Ut(Z’t,f)df + fron(z,y)

=0 (@ 2)0 M (=) /ei“””'(””’g’y)b(zs; 20, §)dE + frs.rn(2,Yy)
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where fyon, fonra € C%(Ves @170 b(y;2,€) ~ 3, S0 Dgdga(y; o, €)
and oy(z,8§) ~ >, (2 of,)l ‘D?V'yla(y;m,f)/y:z. In particular we have

K(z,y) = Q*Afu(g;,zs)glfk(zs’y)/ei%(fﬁ,éay)as(zs’g)dg + (W Q)\+y 1— )\)

where o4(x,&) ~ (t_;!)‘a‘ D?dga(?ﬁxaf)/y:z-

Proof. Let us prove the first equality in the proposition. By using Taylor’s
formula, we immediately get the following expansion

wre = Y IV et Y lan(yim €. (ey) € Vo

la]<N : la|=N+1

where N € N*| a,(y;z,&) = NH fo (1 - G)Naa (Y;2,8) jy=2,d0 and 73, =
(32 (0))1 -+ (42 ,(0))*". So, the oscillatory integral K (z,y) becomes as fol-
lows

Ca—p _ t—s laf .
K(z,y) =0 " (2,200 Mz,0) Y %/D?(ewf(”’g’y))

la|<N

xVya(y; zt,€) jy— thf+g_>‘_”(x zt)gl_’\(zt,y)
% Z (t—s) Ial/Da wt(méy))aa(zsyzt’g)df

la|<N

since ¥,, .. = (s — t)¥, ,(t). Now by integrating by parts with respect to £, we
obtain

—A—V i s—t laf
K(z,) = 0" (2, 2) 0" )\(zt’y)/ ween) |30 %

|| <N

xDEVya(y; 2, 8) py=sy + Y (5 =) Dgan (25 21,€) | de.
|a]=N+1

If one chooses o4(z,€) € S)'5(T™M; Q;T) such that

— )l
ou(,) ~ 2 E O vty )

(e

then one gets
K(.’IJ, y) = Q_A_V(‘Ta zt)gl_k(ztv y) / eth(x,g’y)Ut(zt7€)d§

+@***”(m,zt)91”(z,s,y)/e"“’t(z’ﬁ’y)bzv(zs;Zt:f)df
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with

la
bN(yvxag) = Jt(z’>£)7 Z %ng a(y,a: g)/y:l

la|<N

+ Z s—t‘o‘ngaa(y,x{)

a|=N+1

From here we deduce the wanted since by € S;n;(é p)(N+1)(V* Q0 5 < p
and the choice of N is arbitrary.

To prove the second equality in the proposition one makes the change of
variables £ = ®(z,, z;)n in the oscillatory integral K(z,y), so it becomes as
follows

K(z,y) = Q’A’”(z,zr)gl’*(zr,y)/ei“""(z’"’y)g’”(zmZt)a(zs;Zt,<I>(zr72t)n)d77,

and for arriving to the wanted we use the following expansion

o (z,y)alzy, D(z,9)E) = Y %di‘a(sz)

la] <N
+ Yy

la|=N+1

(zry52,8), (252, ) € VP

where

1
N
aa(zy;2,8) = Oj!rl/(1—9)N3§(Q‘”(x,y)a(2;y,<1>(x,y)§))/y=zed9
0

and Vi* = {(z5;2,€) : (2,y) € Vb, (2, 2) € Vi, (y,2) € V0, £ € Ty M} m

The following proposition is demonstrated exactly as the previous proposi-
tion.

Proposition 5.2. Let a(y;z,§) € ;?5(V§;QO’”;F)(O <d<p<l). We
choose a function x € C°(M x M) such that suppx C Vr, x = 1 in a small
neighborhood of Ajpr and the two projections 111,115 :suppx — M are proper
maps. We define a density o(z,£) as follows: If (z%) is a coordinate system
defined on U C M, the value of o in this system is given by

o(z,§) = /6“0('“’_5’3%(%,y)a(y;w,n)dydm (z,§) e T*U
where y = (y') is the normal coordinate system with origin = associated to (z*).

(
Then o(z,§) € gk(T*M;Q”;F) and o(z,&) ~ ., ;,Da 2 0(y;2,8) jy—s. So,
we have

[ eneenatyia, g - [ o, e (Vi)
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Corollary 5.3. Let a(z,§) € S)'s(T™ M; QT)0<d<p<1) and (t,)\) €
0,1] x R. If

0N (@, z) 0 M (21, y) / e PtV a(z, £)dg € C°(Vp; QM)
then a(z,&) € S™°°(T*M; Q).
Proof. According to Proposition 5.1 we have
/e“"o(z’g’y)a(aj,f)dg € C°°(Vp; Qv L0y,

Then there exist a neighborhood W C Vr of Ap and a density b(y;z,§) €
S=o(W*; Q%) such that

/ei%(””’é’y)(a(m,ﬁ) - b(y7 $7§))d£ = O,V(Z‘,y) € W7

where W* = {(y; z,€) : (z,y) € W,£ € T*M}. From this identity and Proposi-
tion 5.2, it follows that

1 o «
0~ a(w,6) = D —DEVEb(Y; 2,€) jy=s-

So a(x,£) € S™°(T*M;Q"). m
I end this section by the following remark.
Remark 5.4. Let a(y;z,§) € ;’f(;(Vlf;Qovl’;F) with (p,d) €]0,1] x [0,1]. If
K(a,) = 0020 ) [ €00 alani 2, )6, (0.9) € Ve,
then
Klop) = & Hma ) ) [0l ) dé
K* (@) = om0 (1) [ @900, )

where (z,y) € Vr.

6. Pseudodifferential Operators acting in the Spaces of Densities
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1. Preliminaries. Let M be a smooth n-dimensional manifold and Let m,
A, v, p and § be real numbers; 0 < p < 1, 0 < 6 < 1. We will designate by
‘Ilgfé(M; QM) to the space of pseudodifferential operators A : C°(M; Q) —
C*°(M; Q") with local amplitudes in S7";.

We know well that if A € W5(M; QM) with 1 — p < § < p < 1, then there
exist densities o(z,¢) € S)'5(TM; Q=) such that

o(z,€) - a(w;z,€) € STy 70

for all local amplitude a(y;z,£) of A (every density verifies this condition is
called a principal symbol of A). We can also verify that we have

m v m—(p—4 v\ Av QM * OV — m—(p—48 * OV —
(M ) /o O (M QM) = S (T M Q) /ST O (1 M ).

Now, let I be a connection on M. If A € \112?5(M;Q>"”), then there exist
a neighborhood W C Vp of Ay and a density a(y;z,{) € S, S(WH; QO =)
(0’ = max(1 — p,d)) such that

Ka(z,y) = Ql‘k(fcw)/ew“(“’f’y)a(y;w,f)dé, (z,y) € W.

Based on this simple remark, we give the following definition (this definition is
the same definition which Safarov presented in its article [Sa]).

Definition Let I' be a connection on M and Let m, A, v, p and § be real
numbers; 0 < p < 1,0 < § < 1. We say that the linear continuous operator A :
C(M; Q) — D'(M; Q") belongs to the set Uos(M; OMV:T) if its distribution
kernel K 4(z,y) verifies the two following conditions:

(i> KA($7y) = COO(M < M — AJW;QV,I—)\);

(ii) There exist a neighborhood W C Vi of Ay and a density a(y;z,§) €
ms(W*; Q%=X T) such that

Kalz,) = ¢ o) [ 20 Da(ysa,)dé, (o.) € W.
Remark 6.1. From (5.2) it follows that \I/;’fé(M;Q)"";F) C \IJ;”(;,(M;QA"’)
where §' = max(§,1 — p). Therefore W (M QM) = \I/;’f(;(M;Q)"”) when
0>1—np.

Remark 6.2. Let t € [0,1]. Based on Proposition 5.1 we conclude that if
0 < § < p <1, then the condition (ii) is equivalent to the following condition:

(iii); There exists a density o4 ,.(z,§) € ,TJ(T*Mé Qv=AT') such that

Ka(z,y) = 0" (z,2)0" (21, y) / PPN gy (2, €)dE + fulw,y) in Vi

where f;(z,y) € C(Vp; QV172).
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Every density o4 ,(z,&) verifies this condition is called a t-symbol of the
operator A, and according to Corollary 5.3 we deduce that the map A ——
o 4,t(,§) is an isomorphism from the space W}'s(M:; QM 1)/, 50 (M QM) to
the space S5 (1™ M M;QV=2T)/S™>(T*M; Q"~ )‘) Also, from Proposmon 5.11it
follows that 1f oA t(ac £) is t-symbol of A and s €[0,1], then

_ g)lal
04s(x,&) ~ Z uD?dgaAvt(w,f).

.
a

Remark 6.3. Let A € UJ';(M ;QMAT) with 0 < 6 < p < 1and p > 1/2.
From the definition and Remark 6.2 we deduce that all ¢- symbol of A (¢ € [0, 1])
is a principal symbol of A € ¥7"; (M S QM.

2. Symbols of Differential Operators. We know well that all differential
operator A : C>(M;Q*) — C°°(M;Q") belongs to the space W'y (M;QM),
therefore we have the right to ask the following question: If I is a connection
on M, how can we determine the symbols of A with respect to I'? Let’s notice
that, according to Remark 6.2, it suffices to determine the symbol o 4(x,&) =

oa,0(%,§).
First we assume that A € \PL%(M;QA’”;F) (0<d<p<l). Ifoy(z,§isa
symbol of A, then

Ka(z,y) = Ql’A(:v,y)/e“"“(m’g’y)ofs(ﬂf,ﬁ)df + f(z,y), (z,y) € Vo

with f(z,y) € C®(Vr; Q1A Now let u(z) € C®(M;Q*) and x(z,y) €
C>°(M x M) such that suppx C Vr and x = 1 in a small neighborhood of A,;.
From the previous equality it follows that if (%) is a coordinate system defined
on U C M, then the value of Au in this system is given by

Au(z) = oaly,Dy)(e" (a, y)x(z,y)u¥))/y=s

/KAxy)(l— x(z,y))u dy+/fwy (z,y)u(y)dy

where # € U and y = (y') is the normal coordinate system with origin
associated to (z'). So if A is a differential operator of order m on M and
oA(2,8) = X a)<m @a(x)€” in the system (2*), then we have

Au(z) = oaly, Dy)(0' e, y)uy)) y=
= Y aa(@)Dy(e" Mz y)u(y)) jy=- (6.1)

laj<m
From here we deduct that the value of o 4(x,€) in the system (z°) is given by

oa(z, &) = Ay, Dy)(ei(y_””)ggA_l(m,y))/y:x, (z,8) e T*U. (6.2)
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I now give some examples.

a) Let a € C°°(M;Q"). Based on (6.2) and Remark 6.2 we conclude that
all symbols of the operator u € C®(M;Q*) — au € C=(M; Q) are equal
to a.

b) Let X =3, X722 be a vector field on M. We define two differential
operators of order 1 Ax and Bx by

Axu=> X'dju, Bxu=»_ X'Vu,uec C®M;Q").
J J

By using (3.2) and (6.2) we get

Oay(z,6) = ZZXJ )E; —fZXJ ), (z,€) € T*M,
orled) = LX) +;12Xf<z>m<z>,<x,s> eT*M.
jk

Now the Remarks 3.6 and 6.2 show that if ¢ € [0.1], then
Oay (&) = ZZXJ )E; —72)@ —tZD X (x
opyt(2,6) = zZXJ &; +—ZXJ - —tZD X7 («

c) Let’s assume that M is a pseudo-Riemannian manifold and T is the Levi-
Civita connection on M. We put Ay, = g* Ag~> where A is the usual Laplace
operator on M, g is the canonical density of M and (\,v) € R%. From (2.5),
(3.5) and (6.2) it follows that

70 0.6 =) (~ 16+ 35(0)) (2.8 € T,

where S(z) is the scalar curvature of M at x and |§|i =2 ik ¢7"(2)€;€;,. Then
since D®g’* = 0 for all & € N* — 0, the Remarks 3.6 and 6.2 give the following

O-A/\,,,,t(x7£) - gV_A(x) (_ ‘5'3: + ;S(CL’)) 7(‘%'75) € T*M7t € [07 1] .

3. Formulae for transformations of symbols. I now discuss the action
of the transformations on the symbols. For this let M and N be two smooth
manifolds of same dimension n and let G : M — N be a diffeomorphism (of
class C*). T put

Jo(z,G(z)) = det DG(x),z € M.

So the corresponding operator G* : C®(N;Q*) — C>®(M;Q*) becomes as
follows
Gru(w) = |Ja(@, G(@)|* u(G(@)),u € C=(N; Q)
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and if A : C®(N; Q") — D'(N;Q) is a linear continuous operator, then the
distribution kernel of B = G*AG*~! is given by

Kp(w,y) = [Ja(z, G@))]" | Taly, Gw) " Ka(G(2),G(y).  (6.3)

First we signal that if A € WJ's(N; QM) with 1—p < § < 1, then G*AG* ™! €
s (M; Q»Y). Moreover, if 1—p < § < p < 1, the relation between the principal
symbols of A and those of G*AG*~! is as follows: If a(x,¢) is a principal
symbol of A, then |Jg(z,G(2))]" " a(G(x),! DG(x)~1€) is a principal symbol of
G*AG*1,

Concerning the action on the intrinsic symbols, we will divide our discussion
on three steps.

i) Let T and f be two connections defined on M and N respectively and let
A e U (N; QMW ;T). In general, G* AG*~! doesn’t belong to rs(M; QM3 T)
when 6 <1- 0, but if G is affine transformation, this belonglng is always true.
Let’s recall that G : M — N is said to be an affine transformation of (M,T")
into (N,T) if it verifies

{ D(DG)($7 U)(H(w,v)TM) = HDG(w7v)TNa V(l’, U) € TM7
D(*DG)(w, &) (Hp.e)T*M) = Hipg—1(p.eT* N, ¥(x, €) € T* M.

Under this condition, we verify easily that we have

Y6 (2),6)(8) = G(V2,4(5));
?s(G(x)," DG (25) 1€, G(y)) = w,(x, &, y);
®(z,y) ='DG(y)o ®(G(x), Gy )) o'DG(x)!
o(z,y) = |Ja(z, G(x))| "' 8(G(x), G(y ))\JG(ZJ,G(ZJW

for all (z,y) € Vr, s € 0,1] and & € T7 M. All the objects corresponding to r
are marked by ~ in order that we dlstmgulsh them of those corresponding to I'.

(6.4)

Remark 6.4. Let I be a connection on N. If G : M — N is a diffeomorphism,
then G is an affine transformation of (M,T") into (N,I') where I' = G*T.

The relations (6.3) and (6.4) immediately give the following proposition.

Proposition 6.5. Let G : (M,T) — (N,T) be an affine tmnsformation and
let A€ Ums(N;QM;T); 6 < 1 p > 0. Then G*AG* € Wrs(M;Q;T).
Moreover, under the condition O < 6§ < p<1if ga4(x,§) 25 a s-symbol of
A (s € [0,1)), then |Ja(z,G(@)|" * 0as(G(x),! DG(x)~1€) is a s-symbol of
G*AG*~1.

ii) Let’s assume that M = N and let A € U775 (M QM s )Nws, (M M; QM)
(max(d1,d2) < p). In this case, what the relatlon that ex1sts between the sym-
bols of the operator A with respect to I' and its symbols with respect to I'? To
give a partial answer to this question, I need some notations.
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I will denote by o, (x,y) the value of o(z,y) in any coordinate system normal
(with respect to T') at the point x and by 9, (x,y) the value of (z,y) in any
coordinate system normal (with respect to I') at the same point . Also, I put

det {0y /05" (y)} . (z,y) € V = Vr NV,

JF,f‘(x> y)

. . A
Orr(yiz,§) = e’(y(y)’y(y”ggﬁ’l(z,y)éﬁ”(z,y)‘Jnf(w,y)’

(y;2,6) € V7,

where y = (y7) and § = (§*) are two n.c.s. with origin = such that dy’ /05" (z) =
Sk (of course (y7) and (§*) are normal with respect to T' and T respectively).
We can notice easily that Jp p = Jf} € C*(V) and O 7 = @1;} € O (V™).
By returning to the definition of the normal coordinate systems, one can
show that there exist a neighborhood W C V of Ay; and a map (z,y) € W ——
(z, L(x,y)) € Iso(T*M,T*M) of class C* having the two following properties:

- For all x € M, L(z,z) is equal to the identity of T, M;
- If (%) is a coordinate system defined on U C M, then
(x —g(y)) = "My (z,y) (z—y(y),Y(z,y) €U x MNW, (6.5)

where My (z,y) is the matrix of L(x,y) with respect to (z°) and y =
(y7) and §j = (§*) are the two normal coordinate systems with origin x
associated to ().

I can now give this theorem.

Theorem 6.6. Let A€ V' (M; QMvs DNwlts, (M; QM T). Under the con-
dition max(8y,82,1/2) < p, if &a(x,€) is a symbol of A with respect to T, then
each symbol o4(x,&) of A with respect to T' verifies the following asymptotic
expansion

1l ca -
0a(@,€) ~ D =V, O p (U, ) /y=s DE T (2, €).

[0}

Proof. Let 64(x,€) be a symbol of A with respect to T'. Then

Kalz,) = 8 @y) [ #0605 50, )d€ + Fla)(o,0) € Vi
with f(z,y) € C°(Vz; Q»17). Now by using (6.5), we get

Ka(z,y) = 91’*(%11)/ei¢“<x’f’y)a(y;x,£)d£ + f(2,y), (2y) €W

where

" et L) 9.4 L))

aly; 2,€) = oy~ (@, y) oy (@, y) ‘Jr,f(l’,y)
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Since §7 = max(1—4y, p) < p, Proposition 5.1 shows that if o 4(z, £) is a symbol
of A with respect to I', then

1 o
oA €) ~ 3 DEVgalyi, ) e

(e}

We can also write this asymptotic expansion as follows

oA(2,6) ~ Y Pa(w,6)Dgga(w,€)

where P, (z,£) is a polynomials in £ independent of ¢ 4(x,&) and its degree is
strictly lower of |a| p. Therefore if A is a differential operator of order m on M,
then

UA(*%E) = Z Pa($,§>D?5‘A<$,§)7<$,§) €T M.

lal<m

But a direct use of (6.1) and (6.2) gives

1 -a - *
O'A(l'7£) = Z avy@nf‘(y;xag)/y:ngo—A(xvé-)? (3375) eT"M.
laf<m
So .
Po(2,6) =V, Or 1(4: 2, §) fy=a, Vau
because the polynomials P, (x, &) are independent of A. m

iii) Let M and N be two smooth manifolds of same dimension n and let
G : M — N be a diffeomorphism. Let T’ and T’ be two connections defined on
M and N respectively. I put V = {(z,y) € Vi : (G }(z),G " (y)) € V1 } and
Ogri = O¢g,r - One verifies that the function O 1 5 is given by

Ocrrlyie,€) = VG T A(G (1), G (y)ak Nz, y)
oy oG, |

for (y;2,€) € V*, where § = (§7) is a n.c.s. with origin x and y = (y9) is the
n.c.s. with origin G~!(x) which verifies d(y? o G=1) /95" () = & .

According to Remark 6.4, Proposition 6.5 and Theorem 6.6 we have the
following theorem which is considered the natural generalization of the theorem
4.2 in [Sh].

X )

Theorem 6.7. Let A € \If;)’f(;(N;Q)"”); 1—p<d<p<1l If oa(x,§) is a

symbol of A with respect to T, then each symbol op(x, &) of B = G*AG*~!
with respect to I' verifies the following asymptotic expansion

on(0,8) ~ 3~ lole Gl

[0

x@:@anf(y; G(z), tDG(x)715)/y:0(w)D107‘0A(G($)a 'DG(x)1¢).
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4. Transposed Operators and Adjoint Operators. Let I' be a connection
on M. Remarks (5.4) and (6.2) immediately give the following theorem.

Theorem 6.8. Let A € \IIZT(;(M;Q)"V;F) (p >0, <1). Then 'A A* €
\IIZT(;(M;Ql*V’l’/\;I‘). Moreover, if 1 —p < § < p < 1, then oty 4(x,§) =
oa1-s(x, =) and o4+ s(2,§) = Ta1-5(x,&) for all s €[0,1]. So we have

— 1)lel
O'tA7S(CL'7£) ~ Z(QST].)D? EUA,s(CE»_g);

[e3

_ 9g)lal
oanlr) ~ Y2 o)

[0}

Remark 6.9. A operator A € U5 (M; QM=A:T) is said to be formally self-
adjoint if A* = A and nearly formally self-adjoint if A* = A+ R with R €
o (M,QA 1- )‘). Under the condition 0 < § < p < 1, the previous theorem
shows that A is nearly formally self-adjoint if and only if the values of the
symbol o% (z,£) = oa1/2(x,§) are real. Then a differential operator A €
Diff(M; Q1) is formally self-adjoint if and only if the values of its Weyl
symbol are real.

5. Composition formula of intrinsic symbols. Let I' be a connection on
M and let A € W75 (M; QM:T), B € PII(M; Q7T T); 0 <6 < p < 1, from
which at least one is properly supported In this case, does the operator BA
belong to \I'm1+m2 (M; Q>7;T)? if yes, what the relation that exists between its
symbols and those of A and B?

First we assume that the operator A is given by

Au = au,u € C=(M; Q)
with a € C°°(M;Q*~*) (m; = 0). So we have
Kpa(z,y) = a(y)Kp(z,y)
O wy) [ €D aly)one, e+ 1(50), (a,1) € Vi

where f € C*°(Vp; Q717*). From here we deduct that BA € WS (M QM)
furthermore, Proposition 5.1 shows that we have

opa(z,&) ~ Z éd“a(m)D?aB(x,ﬁ).

(o3

To treat the general case, we need some notation. We will put

o (@y.2) = 027V (x,2)0" Mz y)e My, v);
ox(@,y,2) = oaa(@,y,2) = 0" Mz, 2)0" Mz ) Ty, x);
7/’(377&3/72) = —cpo(m,f,y)+<p0(x,§,z)—|—<p0(z,¢’(3:,z)£,y),
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where (z,y,2) € Vit = {(2,9,2) : (2,9) € Vr,(&,2) € V1, (§,2) € Vr} and € €
TyM. It is clear that oy ,(z,y,2) € C°°(V; QA~LOA ) and o, (2,9, 2) €
C>® (VL Q710+ Now if (2%) is a coordinate system defined on U C M, we
put (as Safarov did)

PP (@, €) @ +0.%07 [ S DL (0, ;

|
18"1<18I 5" P
A
P (w,6) = 0,+0)% | > @Dﬁaﬁ (€ 0y) :
18'1<18I —

where (z,£) € T*U (here the operation of the derivation is made in the nor-
mal coordinate systems with origin x associated to (z')). It is clear that

Pﬁ(j\ﬂ;l’) (z,€) and P( 5 (z,€) are polynomials in ¢, and we can verify (see [Sal)
that the degree of each one of these two polynomials is lower or equal to
min(|8|, |v]), furthermore, if T' is symmetric, this degree is lower or equal to

min(|8], ||, (18] + 17])/3). In the case where I' is flat, we have P()‘ ”)(x,f)
= P (,€) = 0 when [B] + || > 1.

Theorem 6.10. Let A € W'5(M; OMiT), B € UM Q77 T); 0 <6 <
p <1, from which at least one s properly supported. Let s suppose that at least
one of the following conditions is fulfilled:

(i) p>1/2;
(ii) T is symmetric and p > 1/3;
(iii) T is flat.

Then BA € \I'Z%J””Q(M; QN T) and

T5a@.8) ~ Y e P @ ODE (e, DI a(w. €
apfy

1 AV a
~ Z algwupﬁ(w )(x"f)Dg +BUB($7§)DQV$0A(%§)
52 alphy!

Proof. The idea of the proof is as follows: We choose a function x € C*°(M x
M) such that suppx C Vr, x = 1 in a small neighborhood of Ajp; and the two

projections Iy, Il :suppxy — M are proper maps. Next we use the definition to
get

Kpa(z,y) = 0" (z,y) / oW gy 2, £)dE + f(z,y), (z,y) € Vp
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with f € C®(Vp; Q™17*) and

a(y;x,§) = /ei“”"(z’"’z)x(m,Z)X(z,y)as(w,n+§)

x04(z (@, 2)€)0r, (@, y, 2)e™ SV dzdn.

After that we continue exactly as in the proof of the theorem 8.3 in [Sa] for
arriving to the wanted. m

Remark 6.11. The result of Theorem 6.10 remains valid if we replace one
of its conditions by the following condition: A € Wi’} (M;QM:T) or B €
\11717?8 (M; Q"7 T).
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