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A finite-volume scheme for a cross-diffusion
model arising from interacting many-particle
population systems

Ansgar Jiingel and Antoine Zurek

Abstract A finite-volume scheme for a cross-diffusion model arising from the
mean-field limit of an interacting particle system for multiple population species
is studied. The existence of discrete solutions and a discrete entropy production in-
equality is proved. The proof is based on a weighted quadratic entropy that is not
the sum of the entropies of the population species.

Key words: Finite volume scheme, cross-diffusion system, entropy method.

MSC (2010): 35K51, 35K55, 35Q92, 65M08

1 Introduction

1.1 Presentation of the model
We consider the following cross-diffusion system:

n
B,Lti—&—div(— 5Vu,~—u,~Vpi(u)) =0, pi(u)= Zaijuj inQ,r>0, (1)
i=1

J=

where i = 1,...,n with n > 2, Q C R? is an open bounded polygonal domain, and
6 >0, a;; > 0. We impose the initial and no-flux boundary conditions

wi(0)=u) >0 inQ, Vu;-v=0 ondQ,r>0,i=1,...,n, )
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where V is the exterior unit normal vector on d.Q. We write u := (uy,...,u,) and
ul = (u(f, ...,u%). Equations (1) are derived from a weakly interacting stochastic
many-particle system in the mean-field limit [7]. It can be seen as a simplification
of the Shigesada-Kawasaki-Teramoto (SKT) population model [12], where the dif-
fusion is reduced to 6 Vu;. The two-species system was analyzed first in [3], but up
to now, no analytical or numerical results are available for the n-species system. The
diffusion matrix associated to (1) is neither symmetric nor positive definite but we
show below that system (1) possesses an entropy structure [10] yielding gradient
estimates that are the basis for the numerical analysis.

We assume that A := (a;;) € R"*" is positively stable (i.e., all eigenvalues of A
have positive real part) and that the detailed-balance condition holds, i.e., there exist
numbers 7y, ..., 7T, > 0 such that

Tiaij = T;aj for all ihj=1,...,n. 3)

We refer to [6] for an interpretation of this condition and its connection to Markov
chains. Note that for the two-species model this condition is always satisfied, just
set T} = ap) and ) = ayy. Since A} .= diag(ni_l) is symmetric, positive definite and
A := (ma;j) is symmetric, by [11, Prop. 6.1], the number of positive eigenvalues of
A = A1A; equals that for A;. Thus, A; has only positive eigenvalues, which together
with the symmetry means that A, is symmetric, positive definite.

Our (numerical) analysis is based on the observation that system (1) possesses
an entropy structure with a weighted quadratic entropy that has not been observed
before in cross-diffusion systems:

1 & 1
Hlu = [ hdx, where hiu) i= 5 ¥ mayu; = 5 A

i,j=1

where (A;);; = ma;;. Interestingly, this entropy is not of the form Y% | A;(u;), but it
mixes the species. A formal computation shows that

dH L : 1 & )

—+ Z ﬂfiaij/ Vu;-Vujdx+ < Z TC,'/ M,’|Vpi(u)| dx=0.

e 5= Q 65 e

With A > 0 being the smallest eigenvalue of A, we conclude the following entropy
production inequality:

I—l—k;/gwm dx—i—g;m/gu,-Wp[(uﬂ dx <0.

Our aim is to prove this inequality for the finite-volume solutions.
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1.2 The numerical scheme

A mesh of Q is given by a set .7 of open polygonal control volumes, a set & of
edges, and a set &2 of points (xg)ges. We assume that the mesh is admissible in
the sense of Definition 9.1 in [9]. We distinguish in & the interior edges ¢ = K|L
and the exterior edges such that & = &, U &;. For a given control volume K € 7,
we denote by &x the set of its edges. This set splits into x = &in x U Sext k- For any
o € &, there exists at least one cell K € .7 such that o € & and we denote this
cell by Ks. When o is an interior edge, 0 = K|L, K can be either K or L. For all
o € &, we define dg = d(xg,x1) if 0 = K|L € &y and dg = d(xk, 0) if 0 € Sexi k-
Then the transmissibility coefficient is defined by 7 = m(o)/ds for all ¢ € &. We
assume that the mesh satisfies the following regularity constraint:

3¢ >0,VK € I ,Vo € &k : d(xk,0) > &Edp. 4)

The size of the mesh is denoted by Ax = maxg¢ 7 diam(K). Let Ny € N be the num-
ber of time steps, At = T /Nr be the time step size, and #; = kAt for k =0,...,Nr.

Let 25 be the linear space of functions Q — R which are constant on each
K € . Forv € 5, we introduce

Dk ov=vko—Vk, Dov=|Dgov| forallKe .7, o € ék,

where vk o is either v, (0 = K|L) or vk (O € &exi k). Finally, we define the (squared)
discrete H! norm

V27 =Y t%(Dov)*+ Y, m(K)vg.

ceé KeT
ForallK € Jandi=1,...,n, ug x denotes the mean value of u? over K. The finite-
volume scheme for (1) reads as
m(K _ .
%(uﬁlfiuil(l)%k Z ‘%],(K,G:O’ l:17...,l’l, (5)
oceby

%’fKﬁ =T (SDK’GM{? +uf‘,GDK,Gp,~(uk)) forall K € .7, o € 6, (6)

with u* = (... ut) and uﬁc = min{uﬁK,uﬁKﬁ}. As in [1], this definition of ufig

allows us to prove the nonnegativity of uf‘ x- This property can be also obtained by
an upwind approximation of u;Vp;(u«) in (1).

1.3 Main result

The main result of this work is the existence of nonnegative solutions to scheme
(5)-(6), which preserve the entropy production inequality.
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Theorem 1 (Existence of discrete solutions). Assume that u® € L*(Q)" with u? >
0,6 >0, a;j >0, A is positively stable, and (3) holds. Then there exists a solution
(14’1(()1(6,7,/(:0,...,NT with u’,‘( = (“]f,l(v ... 7”ﬁ,K) to scheme (5)-(6) satisfying u{‘K >0 for
alKe 7,i=1,....,n,and k=0,...,Nr. Moreover, the following discrete entropy
production inequality holds:

Z m(K)h(uﬁ)—i—Atﬂ,Zn: Z T (Dguk)?

KeT i=loe&
At & B
+5 Y, ¥ ToMulo(Dopiu)* < Y m(K)h(u "), ()
i=loceé Ke7

where A denotes the smallest eigenvalue of A,.

We expect that the detailed-balance condition (3) can be replaced by a weak
cross-diffusion condition as in [6]. The positive stability of A implies the parabol-
icity of (1) in the sense of Petrovskii. Indeed, A>, defined by (A2);; = ma;j, and
Az = diag(u;/m;) are symmetric, positive definite matrices for u € (0,00)". Thus,
its product (ua;;) has only positive eigenvalues [4, Theorem 7] which proves the
claim. The assumption that the diffusion coefficient § is the same for all species
is a simplification needed to conclude that A (u) is coercive, h(u) > (A /28)|ul* for
u € R"™. It can be removed by exploiting the Shannon entropy to show first that u;
is nonnegative, but this requires more technical effort which will be detailed in a
future work.

2 Proof of Theorem 1

We proceed by induction. For k = 0, we have u? > 0 by assumption. Assume that
there exists a solution u*~! for some k € {1,...,Nr} such that uﬁ‘*l >0in Q2,i=
1,...,n. The construction of a solution u* is split in several steps.

Step 1: Definition of a linearized problem. Let R > 0, we set

ZR = {W: (W17...,W,1) € (%y)n . ||Wi||l,2,y <R fori= 1,...,11},

and let £ > 0 be given. We define the mapping F; : Zg — R by F(w) = wf, with
0 =#7, where w® = (wf,...,w5) is the solution to the linear problem

€ (‘ )y TGDKVG(Wme(K)WﬁK) = —<mi[t() (wik —uix' )+ Y ﬁfk,c)

oeby o€k
(3)
forKe 7,i=1,...,n, and Z}J is defined in (6) with u; 5 replaced by ii; ¢ =
min{uifk,uifk,c}, where z* = max{0,z}. Here, u; ¢ is a function of wj k,...,wy &,
defined by the entropy variables
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WzK—5pz ug) Z uj foralKe .7, i=1,...,n. 9)

This is a linear system with the invertible coefficient matrix A, /8, and so, the func-
tion ux = u(wg) is well-defined. The existence of a unique solution w{ to the linear
scheme (8)-(9) is now a consequence of [9, Lemma 3.2].

Step 2: Continuity of Fe. We fix i € {1,...,n}. Multiplying (8) by w? and sum-
ming over K € .7, we obtain, after discrete integration by parts, '

m(K)
£||W8|\12y—_ Z A7 (lK_ui{k]) Wik + Z gi?;{,GDK-GWiE =:Ji + /.
KeT €8,
i)

By the Cauchy-Schwarz inequality and the definition of .%; K &+ We find that

1] < ( ) m(k MIK—MfK1)2>]/2< Y m(K)(WiS,K)2>]/2

KeT KeT

2| < ( Y rG(SDGuiJrﬁ,»,GDGp,-(u))z)1/2( Yy TG(DGW;?)2>1/2_

oeé oeé

Hence, since u; is a linear combination of (wy,...,w,) € Zg, there exists a con-
stant C(R) > 0 which is independent of w® such that |J;| + || < C(R)||wf|12,7.
Inserting these estimations, it follows that &[|wf (|12 7 < C(R).

We turn to the proof of the continuity of F¢. Let (W"),,en C Zg be such that w™ —
w as m — oo. The previous estimate shows that w®" := F;(w™) is bounded uniformly
in m € N. Thus, there exists a subsequence of (w®™), which is not relabeled, such
that w&"™ — w® as m — oo, Passing to the limit m — o in scheme (8)-(9) and taking
into account the continuity of the nonlinear functions, we see that wf is a solution
to (8)-(9) for i =1,...,n and w® = F¢(w). Because of the uniqueness of the limit
function, the whole sequence converges, which proves the continuity.

Step 3: Existence of a fixed point. We claim that the map F; admits a fixed point.
We use a topological degree argument [8], i.e., we prove that deg(l — F,Zg,0) = 1,
where deg is the Brouwer topological degree. Since deg is invariant by homotopy, it
is sufficient to prove that any solution (wé,p) € Zg x [0, 1] to the fixed-point equa-
tion w® = pFg(w®) satisfies (w®,p) & dZg x [0, 1] for sufficiently large values of
R > 0. Let (w®,p) be a fixed point and p # 0, the case p = 0 being clear. Then w?
solves

8(— Z TGDK,G(wf)+m(K)wf’K> :_p<milt<) (ufK—ufK1)+ Z f;}sﬁ),

ceby ocby
(10)

forall K € 7,i=1,...,n, and ., ¥ .o is defined as in (6) with u replaced by u®
which is related to w‘E by (9). The followmg discrete entropy production inequality
is the key argument.
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Lemma 1 (Discrete entropy production inequality). Let the assumptions of The-
orem 1 hold. Then, for any p € (0,1] and € > 0,

p Y m(K)h(ug) +2ar Y W3 7 +pAA Y, ¥ To(Douf)?

KeT i=1 i=loceé
At & _
+p5 Y Y ToTillio(Dopi(u®))* <p Y, m(K)h(wc ), (1)
i=loe& KeT

with A > 0 being the smallest eigenvalue of A> and obvious notations for i ;.

Proof. We multiply (10) by Atw?, and sum over i and K € .7. This gives, after
discrete integration by parts, eAr YL [|w€||3, 4+ J3+Js+J5s =0, where

n
JB=p), Y m(K)(ux —uix ik,
i=1KeT

n
£, €
]4 = _pAt Z Z T55DK’Gui Wi,K’
i=1 c€&iy
o=K|L

n
]5 == pAtZ Z TGﬁiGDK.Gpi(us)DK,GW?:K‘
i=1 0€éin
o=K|L

To estimate J3, we use the convexity of ; for J4, we take into account the symmetry
of 75 with respect to o = K|L, definition (9) of wf and the positive definiteness of
A»; and for Js5, we employ definition (9) of wf:

J32p Y, m(K)(h(uf) —hug ")),

KeT
n n
Js = pAt Z Z ToTiaijDk oi; D ou§ > pALA Z Z %o(Dottf)?,
i,j=1 0€&y i=locs
o=K|L
At & ¢ €112
Js=p=5 Y. ¥, ToTillio(Dopi(u))”
i=loe&

Putting all the estimations together completes the proof. 0O

We proceed with the topological degree argument. Lemma 1 implies that

eAtY |willfoz <p Y, m(EK)h(uy ") < Y, m(K)h(ug ).
i=1 Ke7 Keo

Then, if we define R := (€At)~"/?(Lxc 7 m(K)h(uk1))'/? 41, we conclude that
wé & dZg and deg(I — F¢,Zg,0) = 1. Thus, F; admits a fixed point.

Step 4: Limit € — 0. Recall that h(ux) > 4 /(28)|uk|* (note that u; x € R at this
point). Thus, by Lemma 1, there exists a constant C > 0 depending only on the mesh
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but not on € such that forall K € 7 andi =1,...,n,

1/2
uik| < C(A) ( Y m(@”l(ﬂ'&‘)) :

Keo

Thus,uptoa subsequence fori=1,...,nand for all K € .7, we infer the existence
of u; x € R such that uf ik Uik as € = 0. We deduce from (11) that there exists
a subsequence (not relabeled) such that ewig —Oforany K € 7 andi=1,.
Hence, the limit € — 0 in (8) yields the existence of a solution to (8) with € = O

Letie {1,...,n} and K € .7 such that u; x = min; ¢ 7 u; ;. We multiply (8) with
€ =0 by Atu; x with z~ = min{0,z} and use the induction hypothesis:

m(K)( IK) — At Z T6(5—|—aiiﬁ,',5)DK76(u,-)u;K
0'6(53[(

—AtY Y Toaijiti oD o (uj)uix = 0.
JF#IOoESK

The second term is nonpositive since i; ¢ > 0 and Dk ¢ (u;) > 0, by the choice of K.
The last term vanishes since i; gu; x = z+1<” « =0, by the definition of i; . This
shows that u;; > u;x >0 forallLe 7 and i = 1,...,n. Passing to the limit € — 0
in (11) yields inequality (7), which completes the proof of Theorem 1.

3 Convergence analysis and perspectives

In this section, we sketch the proof of the convergence of the scheme and possible
extensions of the method presented in this paper.

e Let us give the main features of the proof of convergence. First, thanks to the
a priori estimates given by (7) and assumption (4), we prove the existence of
a constant C > 0 independent of Ax and Ar such that for all i = 1,...,n and
¢ € C5(Qr), where Q7 :=Q x (0,T),

Nr
Y Y m(K)(”f,K {(Kl)d)(xl(,[k) <CIVP|l1=0p)- (12)

k=1KeT

Next, we consider a sequence of admissible meshes (.7;,Aty)y>0 of Or, in-
dexed by the size n = {Ax, At}, satisfying (4) uniformly in 1. For any n > 0, we
denote by uy = (u1,y,...,unn) the piecewise constant (in time and space) finite-
volume solution constructed in Theorem 1. We deduce, thanks to [2, Theorem
3.9] and (12), that there exist nonnegative functions uy,...,u, such that, up to a
subsequence,

uin —u; ae.inQrasn—0, i=1,... n
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Moreover, we conclude from (7) that u; , is uniformly bounded in L (0, T; L*(2))
and L%(0,T;LP(L)) for p < oo thanks to (7) and Sobolev embedding. We de-
duce from the Riesz—Thorin theorem that (; ) is bounded in L"(Qr) for some
2 < r < 4 and thus, it is equi-integrable. Thus, applying the Vitali convergence
theorem, we infer that, up to a subsequence, u; , — u; strongly in L"(Qr) for all
r<4asn —0,i=1,...,n The discrete entropy production inequality yields
a uniform bound of the discrete gradient V' of u; in L?*(Qr); see [5] for a
definition of V7. It follows from [5, Lemma 4.4] that, up to a subsequence,

Vu;p — Vu; weakly in L*(Qr)asn — 0, i=1,...,n.

Finally, following the method developed in [5], we prove that the limit function
u=(uy,...,u,) is a weak solution to (1)-(2).

e We already mentioned that system (1) can be interpreted as a simplification of
the SKT model. In a future work, we will analyze a structure-preserving finite-
volume approximation of the full SKT model. Such a discretization was analyzed
in [1], but only for positive definite diffusion matrices associated to (1). We will
extend the analysis of [1] without this assumption.
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