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Abstract

We consider a class of Backward Stochastic Differential Equations with superlinear
driver process f adapted to a filtration supporting at least a d dimensional Brownian
motion and a Poisson random measure on R™ — {0}. We consider the following class of
terminal conditions §; = co-1(; <7} where 71 is any stopping time with a bounded density
in a neighborhood of T and & = 0o - 14, where A, t € [0,T] is a decreasing sequence of
events adapted to the filtration F; that is continuous in probability at T'. A special case
for &5 is Ap = {7 > T} where 7 is any stopping time such that P(m, = T) = 0. In this
setting we prove that the minimal supersolutions of the BSDE are in fact solutions, i.e.,
they attain almost surely their terminal values. We further show that the first exit time
from a time varying domain of a d-dimensional diffusion process driven by the Brownian
motion with strongly elliptic covariance matrix does have a continuous density; therefore
such exit times can be used as 71 and 7 to define the terminal conditions &; and &.
The proof of existence of the density is based on the classical Green’s functions for the
associated PDE.

1 Introduction and Definitions

A stochastic differential equation with a prescribed terminal condition is called a backward
stochastic differential equation (BSDE). If a terminal condition can take the value +oco it is
said to be singular. BSDE with singular terminal conditions has received considerable atten-
tion at least since [33]. They generalize diffusion-reaction partial differential equations (PDE)
where the singularity of the terminal condition of the BSDE corresponds to singularities in
the final trace of the solution of the PDE (see [17, 33, 34} [35] and [26]). Moreover BSDE with
a singularity at time 7" are a key tool in the solution of optimal stochastic control problems
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with terminal constraints (see [I, [I7, 23] and the references therein). This type of control
problem can be interpreted as an optimal liquidation problem in finance (see the preceding
references and [18] for an overview). Given a BSDE with a terminal condition ¢ at T, a
process Y satisfying the BSDE is said to be supersolution if

.. S
hlrgljl}fYt > & (1)

holds almost surely; Y is said to be minimal if every other supersolution dominates it. We
say Y solves the BSDE with singular terminal condition £ if

lim Y; = &: 2
lim Yy = & (2)

i.e., to go from a supersolution to a solution we need to replace the liminf in @D with lim
and > with =. The condition means that the process Y is continuous at time T’; for this
reason we refer to the problem of establishing that a candidate solution satisfies as the
“continuity problem.” We further comment on the distinction between solutions and mini-
mal supersolutions below, and, as we will explain shortly, minimal supersolutions and their
properties play a key role our analysis. While minimal supersolutions of BSDE with singu-
lar terminal conditions is available in a general setting (see [23] and subsection below)
solutions of BSDE with singular terminal conditions are mostly available for Markovian ter-
minal conditions, i.e., terminal conditions which are deterministic functions of an underlying
adapted Markov process; see subsection for a summary of known results.

The first work to solve a BSDE with a non-Markovian singular terminal condition was
[39] treating the following problem:

t t
Yt:YS—/ mmq—ldr—/ ZpdW,,0 < s <t <T, (3)

S

YT:£7

where W is a single dimensional Brownian motion, § = 00-1; <7} or § = 0011 <7y, and 79
is the first exit time of W from an interval [a, b]. The goal of the present work is to generalize
these results in the following directions:

1. Work with a more general filtration supporting a d-dimensional Brownian motion and
a Poisson random measure,

2. More general driver processes f that is allowed to be an F-adapted process,

3. For & = 00 - 14«7} we allow T to be any stopping time whose distribution around 7'
has a bounded density; we show that the exit time of a multidimensional continuous
diffusion process from a time varying domain satisfies the density condition.

4. Extend & = 0014~} to the more general terminal condition s = 0014, where Ay,
t € [0,T] is a decreasing sequence of events adapted to Fp that is left continuous in
probability at 7.

Let (Q,F,P,F = (F;)i>0) be a filtered probability space. The filtration F is assumed
to be complete, right continuous, it supports a d dimensional Brownian motion W and a
Poisson random measure 7 with intensity u(de)dt on the space & C R™ \ {0}. The measure
1 is o-finite on £ and satisfies

/5(1 A lel?)u(de) < +oo.



The compensated Poisson random measure 7(de, dt) = 7n(de,dt) — p(de)dt is a martingale
with respect to the filtration F. In this framework we will study the following generalization

of :

Yt:Ys+/t8f<r,Yr,Zr,wr>dr—/:Zrdwr—/ts/gwe)%(de,dr)—/tder, (4)
Yr =¢, (5)

0<t<s<T. Wecall (Y,Z, ¢, M) asolution to the BSDE (4l5) if (Y, Z, v, M) satisfies (4}
and Y is continuous at T, i.e.,

limY; = Yp = ¢;

t—=T

The driver f, generalizing the deterministic —y|y|?~! appearing in , is defined on
Qx[0,T] xR x R* x (]Li + }Li)ﬂ and for any fixed y, z, ¥, f(t,y, z,1) is assumed to be a
progressively measurable process; thanks to apriori bounds and comparison results proved
in [22, 23| 24], we are able to work with a very general class of drivers; to be able to use
their bounds and comparison results we will adopt the assumptions these works make on the
filtration and on the driver, which are listed in subsection below.

In Section [2[ we solve the BSDE WithE|

§=8& =o00- 1{7'§T}7

where 7 is any stopping time whose distribution in a neighborhood of T has a bounded
density. In Section [3| we treat terminal conditions of the form

6262200'114717

where A; is a decreasing left continuous sequence of events adapted to our filtration; a special
case is Ay = {7 > T'} where 7 is a stopping time with P(7 =T') = 0.

We know from [23] that the BSDE has a minimal supersolution Y;™® with terminal
condition & . The goal of Section [2is to prove that Y™™ is continuous at 7" and has &; as its
limit- this implies that the supersolution is indeed a solution. Let Y°° be the solution of
with terminal condition & = oo identically. The main idea in establishing the continuity of the
minimal supersolution is to use the process t — E[YTOOITSTU:{MT}] as an upperbound. The
proof that the upperbound process is well defined involves two ingredients 1) the fact that
has a density and 2) apriori upperbounds on Y derived in [23]. Although the approach of
[39] is different from the one outlined above, it uses these ingredients as well, both of which
are elementary in the setup treated in [39]: there is an explicit formula for the density of
the exit time 7y and the process t — y; in [39] corresponding to Y'*° is deterministic with an
elementary formula so no apriori bounds were needed in [39)].

The treatment of £, given in Section [3] is a generalization of the argument given in
[39] dealing with oo - 14, -7} where 79 is the first time a one dimensional Brownian motion
leaves a bounded interval; the argument in [39] was based on a reduction to PDE whereas
in the present work we will be working directly with the BSDE. The idea is as follows:
we construct two sequences of processes, one increasing and one decreasing such that the
decreasing sequence dominates the increasing one. The limit of the increasing sequence is
our candidate solution (in fact it is exactly the minimal supersolution of [23] with terminal

'For the precise definition of the sum of two Banach spaces, see [21] or the introduction of [24].
2We define 0 - 0o := 0.



condition &2); the decreasing sequence is used to prove that the candidate solution indeed
satisfies the terminal condition. The increasing sequence is the solution of with terminal
condition Y7 = n - 14,; for the decreasing sequence we solve the same BSDE over the time
interval [0, — 1/n] with terminal condition Y2°, e YAp /- That all these sequences are in
the right order will be proved by the comparison principle for the BSDE derived in [23].

In Section [4 we identify a class of stopping times satisfying the assumptions made on the
stopping times above. The class of these stopping times is defined in terms of a diffusion
process X driven by the Brownian motion W:

t t
X, =0 —|—/ b(s, Xs)ds —|—/ o(s, Xs)dWs, (6)
0 0

where a = o0’ is assumed to be uniformly and strictly elliptic and a and b assumed uniformly
Holder continuous; these assumptions are adopted from [I6], page 8]. The initial value x( takes
values in a bounded open set Dy. Define

D = UL {t} x D; c R,

D satisfies the assumptions in [16], see Section |4 below. The class of stopping times identified
in this section are exit times of X from the domain D:

r=inf{t >0: X, € Df}. (7)

To prove that 7 satisfies the assumptions of Sections [2| and [3| it suffices to show that it has a
continuous density. Despite the considerable literature on exit times of diffusions we are not
aware of a result in the currently available literature establishing that the exit time 7 of @
has a density. Section []is devoted to the derivation of this density; the natural tool for this
is the Green’s function of the generator of X derived in [16].

BSDE of the form with singular terminal conditions correspond to stochastic optimal
control problems with constraints, see [23] and [39, Section 4]. The question of whether a
supersolution is really a solution (i.e., its continuity at 7") is natural in these optimal control
applications. For example, in the context of optimal liquidation of portfolios, it means that
the optimal portfolio does not super hedge the penalty cost . In [3], a positive answer to this
question is a condition for solving the optimal targeting problem. The terminal conditions
& and & are also natural from the point of view of optimal liquidation applications; they
correspond to putting conditions on when full liquidation takes place. For a discussion of
this potential application we refer the reader to [39].

The rest of this introduction lists the assumptions we adopt and the results we will be
using from prior works; it also gives a summary of what is known on the solution of BSDE
with singular terminal conditions. In Section [5] we comment on possible future work.

1.1 Assumptions and results from prior works

Let us first define LY, = LP(€, u; R), the set of measurable functions ¢ : £ — R such that

2 .
L if p>2,

P — P 2 _
91y = [ elne) < +o, and 8} {L“Li oo

For the definition of the sum of two Banach spaces, see for example [21]. The introduction
of B2 is motivated in [24]. We assume that f: Q x [0,T] x R x R™ x B2 — R is a random
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measurable function, such that for any (y,z,1) € R x R™ x ‘Bi, the process f(t,y, z, 1) is
progressively measurable. For notational convenience we write f_ = f(t,0,0,0).
The precise assumptions on the driver f, adapted from [23] are as follows:

(A1) The function y — f(t,y,z,%) is continuous and monotone: there exists x € R such
that a.s. and for any ¢ € [0,7] and z € R™ and ¢ € B,

(f(t7y7 Z, w) - f(t7 y/7 Z, w))(?/ - yl) S X(y - y/)2’
(A2) supy <, |f(ty,0,0) — 21 € LY((0,T) x Q) holds for every n > 0.

(A3) There exists a progressively measurable process k = k%>%¢ : Q x R, x R™ x ‘Bi — R
such that

Ftoy. 2, 0) = f(t.y,2,¢) < /g (¥(e) — p(e))rf™ " (e)u(de)

with P® Leb ® p-a.e. for any (y, z, ¢, ¢), —1 < f@ty’z’w’(ﬁ(e) and |/~£}§”w’¢(e)| < ¥(e) where
¥ belongs to the dual space of %Z, that is }Li or L7° N ]Li.

(A4) There exists a constant L such that
[f(ty,2,0) — f(t,y, 2, 9)] < L(z = &)

for any (t7 y’ Z’ Z,’ /l/})'

The set of conditions (A) guarantees the existence and uniqueness of the solution of the

BSDE and if
T P
&P + < /0 If?\dt>

(see [24] 22] and the references therein).

A key tool for BSDEs is the comparison principle which ensures that if ¢! < €2 a.s., if
we can compare the generators f! < f2? along one solution and if the drivers satisfy the
conditions (A), then the solutions can be compared: a.s. Y! < Y2, See among others [12,
Section 3.2|, [22, Proposition 4] or [30, Section 5.3.6].

A second set of assumptions are needed to control the growth of the process Y when the
terminal condition can take the value 4o00; these assumptions generalize the superlinearity
of y — yly|9~! in and are adapted from [23]:

E < 400.

(C1) There exists a constant ¢ > 1 and a positive process 1 such that for any y > 0

f(tvyaza’(/)) S _%|y|q_1 + f(t,0,2,¢)-

(C2) There exists some ¢ > 1 such that

T
IE/ [(ns)é(pfl)} ds < +00
0

where p is the Holder conjugate of q.
(C3) The parameter ¢ of [(A3)|satisfies: for any w > 2

/ [9(e)|7 u(de) < +oo.
&
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(C4) On £ we suppose that a.s. for any t € [0, 7]
T ¢
=0, E/ (9 ds < +oc.
0

We further suppose that the generator (¢,y) — —y|y|?~!/n; satisfies the (A) assumptions,
which means that 7 satisfies:

1

E / Lt < 4o, (8)
o ™

Remark 1 (On Assumption |(C3))). In fact it is sufficient to assume that ¥ belongs to some

LY, for p large enough. But it yields to some cumbersome conditions on { and q in Theorem

[

Remark 2 (On Condition [(C4)). The work [23] introduces an integrability assumption on
()~ = max(—£2,0) and on (f2)* (see conditions A4 and A6 in [23]). Hence is
stronger. The sign hypothesis could be easily ignore but it would lead to extra technical con-
stderations, which make the presentation of the results heavy.

In [35, Section 3.1], it also proved that without the integrability condition on f°, the
minimal solution Y™ can explode a.s. at time T (more precisely, if the non negative process
12 is not in L*([0,T] x Q)). In other words the integrability condition A.6 on fO in [23] is
sufficient to obtain a minimal supersolution but cannot avoid an a.s. explosion at time T'.

From [23, Theorem 1], under the setting of conditions (A) and (C), and if the filtration is
left-continuous at time T', we know that there exists a process (Y, Z, 1, M) which is a minimal
supersolution to the BSDE with singular terminal condition Y7 = £ > 0 in the sense that:

1. forall t < T:

t £/2 t £/2 /o
E | sup ]Y;|Z + </ |ZS|2ds> + (/ / |¢s(e)|27r(de,ds)) + [M]t/ < +o0;
s€[0,4] 0 0 Je

2. Y is non negative;

3. forall0<s<t<T:
t t t t
Y, =Y, +/ £, Yo, Zu, o) du —/ Z,dW, —/ /zpu(e)%(de,du) —/ dM,,.
s s s JE s

4. The terminal condition becomes: a.s.

o S e
hgll)l%lf}/s_g 9)

5. For any other supersolution (Y’, Z’ ¢/, M') satisfying the first four properties, we have
Y; <Y/ as. forany t € [0,T).

As in [39], we denote this minimal supersolution by (Y™in zmin gmin prmin) - et us
recall that the construction is done by approximation. We consider (Y(k), ARRTION M(k))
the unique solution of the BSDE and with truncated parameters, namely the terminal
condition & A k and the driver



From the comparison principle, the sequence Y *) is non decreasing and converges to Y™:
a.s. for any t € [0, 7]

: (k) _ i

lim Y, =Y™"

k—4o00

The sequence (Z®), ®) MK*)) converges to (Z™ ™0 pfmin): for any 0 <t < T

t £/2 t
(k) _ rrmin|2 (k) __,min 2
( [ 12 -z rdu) +( [ [ - o w(de,dm)

i ([M(k) _ Mmin]t)é/Q] o

02
lim E

k——+o0

Finally following the arguments of the work [23], we can prove the following a priori upper
estimate on the supersolution: for any 1 < ¢/ </,
1/¢
)| o

where Ky 1 ¢ is a constant depending only on ¥, L and ¢'. This estimate is valid for any
terminal value £. The proof of this estimate is postponed in the Appendix.

s (TK;“ £ ( (0=t = spin) as

When is a supersolution a solution- continuity at T

The questions that the present work focuses on related to the results summarized above, in
the context of the BSDE and the terminal conditions &; and &y are

1. Does the limit lim;_,7 V™" exist?

2. Can the inequality @ be an equality (if the filtration is left-continuous at time 7'), i.e.,
is the supersolution Y;™" in fact a solution?

Let us summarize the known results about these questions in the currently available literature.
The existence of a limit at time T is proved under a structural condition on the generator
f ([35, Theorem 3.1]). Roughly speaking it is proved that Y is a non linear continuous
transform of a non negative supermartingale.

The second question is addressed in [33], 35 [39 27]. In the first two papers [33] B5], the
terminal condition £ is supposed to be MarkovianEl, that is & = g(Xr), where X is given by
In [27], £ is given by a smooth functional (in the sense of Dupire [I4][9, ]) on the paths
of X. In these three papers, the proof is based on the It6 formula and on a suitable control
on Z and v, which yields to a condition on ¢ in namely ¢ is essentially supposed to be
greater than 3.

The work [39] was a first attempt to obtain a positive answer to these questions in a non
Markovian setting on &. This work obtains the continuity of Y at time 7" with ¢ > 2 in the
first case &1 and with ¢ > 1 in the second case £, which relaxes the assumption on ¢ imposed
in [33, 35, 27]. The aim of this paper is to extend this work in the directions indicated above.

3No additional assumption is supposed on f, that is the setting is only half-Markovian.
4A jump component driven by the Poisson random measure could be added in the case.



2 Terminal condition &

The goal of this section is to solve the BSDE (4)) with terminal condition §; = oo - 1<
where 7 is any stopping time whose distribution in a neighborhood of T has a bounded
density. We will see in Section [4] below that first exit times from time varying domains of
multidimensional diffusions driven by W satisfy this condition. Another simple example is
provided by jump times of compound Poisson processes, which are Erlang distributed and
they evidently have densities.

Let Y*) be the solution of the BSDE with terminal condition

Y = Ak =k Lpapy.
The minimal supersolution of , by definition, is

ymin = im0

k—o00

We will construct our solution by showing that Y™ is in fact a solution, i.e., it satisfies

lim ¥, = &1. (11)

The results in [23] imply that holds for & = oco. Therefore, it suffices to show over
the event {7 > T'} where the right side of is 0. We will do so by constructing a positive
upperbound process Y% on Y™ that converges to 0 over the same event. Recall that we
suppose that the set of conditions (A) and (C) hold. Let Y*° be the minimal supersolution

of (@) with terminal condition Y7 = oo (if f(y) = —y|y|?"!, then YV} = ((¢— 1)(T—t))7q%1).
Define
é—E’r) = 1{T<T}YTOO'

The upperbound process Y *** is defined as the solution of the BSDE with the terminal value
5&1) =Y >1,<r at the random time 7 A T and the (linear in y) generator

g(t,y,z,) = xy + f(t,0,2,9).

For this to be well defined we need the following lemma:

Lemma 1. If the distribution of T in a neighborhood of T has a bounded density and if £ > 2

, then there exists some p > 1

2
d 22— —
ana q > 79

Ewp[(67)9] < oo.

Proof. The assumptions [(C2)| and [(C4)|imply that

= [ [ (0= om ™+ - op) s

ft]
is a well defined nonnegative martingale. The hypotheses 7; > 0 and f? > 0 imply

/OT (((p = Dn )"+ (T - 8)p(f§’)+)zd8 > /tT <((p — )P+ (T~ s)p(f§)+>zds,



This and the aprori bound on Y imply for any 1 < o < ¥

oo K§.L ¢
E(x,t)[l{T<T}(YT ) ] < E(wﬂf) 1{T<T}mMT/\T

~

—0 °
l

N‘

1
< K£7LE($,t) |:1{7'<T} :| ]E(a:,t) |:MT/\T:|

(T AT —1t)"

where
pol . i

= g — Qa p=pP— Eél )
and where we used the Hélder inequality since ¢ < £.

m is bounded away from T'; therefore, to show E, {1{T<T}m < 00, it

suffices to show E(, ¢ [1{T—5<T<T}m} < oo for some § > 0. We have assumed that the

distribution of 7 in a neighborhood of T has a bounded density, which we will denote by
f7(t,u). Then:

1 r 1
E(x,t) |:1{T§<T<T}w:| = /T(s (u— t)HfT(t,u)du,

for some § > 0. The boundedness of f™ implies that we obtain the desired result if kK < 1,
that is if
et l—op

+ —.

174 ol

The right side is maximal for #/ = ¢ = 1. Recall that p > 1. Hence we need that £ > 2 and
ifg>2+ %, then p < 24771. We can find ¢ > 1 and ¢’ > 1 such that the desired inequality
holds. O

p <

Remark 3. In [39], the coefficients are bounded, that is, we can take ¢ = +oo and we get
back the condition ¢ > 2.

The driver g satisfies all conditions (A). Moreover the terminal time 7 AT is bounded.
Hence we apply [22, 24, Theorem 3] and ensure the existence and the uniqueness of the
solution (Yoo, 70U 4)o%u )N[°t%) such that for any ¢ € [0, T

AT AT o
e [T s + ( /0 rz:°»“|2ds)

0
AT 0/2 /2
n ( I rw?v%e)r%(de,ds)) T oo,

Note that if f© =0 and f does not depend on z and 1), then

/2
E

< +o00.

Yo = BTV 01y | Fi).
We next prove that Y°%% does serve as an upperbound on Y *):
Lemma 2. Y¥) admits upper bound
Yt(k) <y

a.s. on the random interval [0,7 AT



Proof. The minimal solution Y is constructed by approximation and for any n > k, we
have: k- 1;,<ry < n a.s. By the comparison principle for BSDEs, a.s. for any t € [0,T]:
Y;(k) < Y,°. Hence a.s.

Y(k)T =Y M1, <Y1 <.
Since Y %) solves the BSDE (H) on the whole interval [0, T, the stopped process Y (¥):7 Ys\kf)
solves the same BSDE on the random interval [0, 7 A 7].

Now Y°>" is the solution of the BSDE with the terminal value fﬁl) = Y >1,<r at the
random time 7 AT and the generator

9(t,y,2,9) = xy + (1,0, 2,9).
From the assumptions (A) on f, for any y > 0, we have
f(t,y,Z,l/)) S f(t)y)/z?l/}) - f(t70727¢) +f(t70727w) S Xy‘i‘f(taOaZ,@b) = g(t)y7z7¢)'

Note that Y*) and Y* are non negative. Hence we can compare the drivers and deduce the
claimed result by the comparison principle. O

We now prove that the upperbound process has the continuity property we need at ter-
minal time T

Lemma 3. The upperbound process YU satisfies:

lim Y;"o’“ =0.
t—T
a.s. on{T >T}
Proof. Indeed for any 0 < s < t:
tATAT
o0, U
Ys/\T/\T = Y;‘//\‘r/\T —l—/ g, Y,OOu Z09U 400y
SATAT
tATAT tATAT IATAT
_ / Z2M AW, — /1/1 m(de,dr) — / AN,
SATAT SATNAT SATAT

Since ¢ is linear in y and using |(A3)| and [(A4)| we have an explicit upper bound on Y **:

:|:Ft7

L2
Ers = exp <X(s —t)+ LWy —Wy) + ?(s — t)) Viss

AT
Y;oo,u <E |:gt,T/\TYTOO]'T<T =+ / &t Sfods
t

where for t < s

and V' is the Doléans-Dade exponential:

S
Vs =1+ /t /‘S Voo k0070 (e)7 (de, du).

From assumptions [(C3)|and [(C4)] together with the integrability property proved in Lemma
we obtain that if 7 > T,

0< 11mY°°u< hmFt—O
t—T

which achieves the proof of the lemma. O
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Combining the lemmas above we have the main result of this section:

Theorem 1. Under conditions (A) and (C), if the distribution of the stopping time T is

given by a bounded density in a neighborhood of T', £ > 2 and ¢ > 2 — , then the minimal

£—2
supersolution with terminal condition & satisfies

lim Y/™in — 12
lim ¥; &1 (12)

almost surely.

Proof. As stated in the beginning of this section it suffices to prove over the event
{7 > T} where & = 0. By our assumptions on the driver f Y*) is nonnegative; this and
Lemma [2] gives

On the other hand, by Lemma [3| the limit as ¢ — T of the right side is 0 over the event
{r > T}. These imply (12). O

This result generalizes the continuity result [39, Theorem 2.1]. If the setting of this former
result was less general, we were able to describe precisely the minimal solution, namely that
it is obtained by pasting two processes at time 7. In the following paragraphs we discuss the
possibility of defining a solution to the BSDE by this pasting method; the main point is this:
the presence of the orthogonal martingale M complicates this approach; but if the filtration
is assumed to be generated by W and 7 alone then the same technique can be used in the
present setting as well.

Let Y17 be the solution of the BSDE in the time interval [0,7 A T] with terminal

condition 557) (again we can apply [22] 24, Theorem 3] as for Y°>"). Following the idea of
[39, Theorem 2.1], let us define
17
v - Y, t<7AT
t Y, T<t<T,
where we assume that 7 is an F" stopping time, that is it just depends on the paths of W,
and is predictable (exit times of Section 4| are a particular case). The jump times of Ytl’T
and of Y*° coincide with the jump times of the Poisson random measure or of the orthogonal
martingale component. A consequence of the Meyer theorem (see [37, Chapter 3, Theorem
4]) implies that the jump times of 7 are totally inaccessible, hence a.s. cannot be equal to 7.
However we cannot exclude that the orthogonal martingale may have a jump at time 7. The
second issue is the definition of the martingale part (Z, 1, M). For the first two components,
we can easily paste them together
1,7
1) . Zy 9 t S TAT 1 .
Zt“—{t v (e) =

T(e), t<TAT
Zx® r<t<T’

PPe) T<t<T.

Since 7 is predictable, these two processes are also predictable and the stochastic integrals

/0 ZWaw,, /O | /g oD (e)7 (de, dt)
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are well-defined and are local martingales on [0, 7). Nonetheless if we define M) similarly,
we cannot ensure that this process is still a local martingale. For the parts with Z and 1, the
local martingale property is due to the representation as a stochastic integral. Based on these
observations we provide the following result on the pasting method under the assumption that
the filtration is generated by W and m alone; the approach in the proof of this proposition is
the generalization of the approach used in [39].

Proposition 1. Assume that the filtration is generated by W and w. Then Y;(l) solves the
BSDE (4)) on [0, T] with terminal condition Y = & and satisfies the continuity property at
time T. Moreover Y1) = ymin,

Proof. Since there is no additional martingale M in the definition of Y'™ and Y, the
resulting process Y (1) is continuous at time 7.
Now let us fix s <t < T. On the set {7 < s}, vV = Y, for any r € [s,t]. Therefore we

have
t
1>+/ Fr, YD, 720 e )dr—/ Z°dW, — / /zpr #(de, dr).

The dynamics of Y7 is given by:

1 1 tATAT 1 1 1
Ve = Vit [ H0YAT Il
SATAT

tATAT tATAT
- / ZMTdw, — / Y7 (e)T (de, dr).

ATANT SATAT

It implies that for {7 > ¢}, Y1) has the required dynamics. Finally for {7 € (s,t)}, we have

YLT — YlT /fTYlT er 1T)d7,

/SZ“dW //WT 7(de, dr)

t
Y:O:Y;OJF/ f(r,Y,PO,ZOO,poO)dr—/ Z2dW, — //woo F(de, dr).

and

By the continuity of Y (!) at time 7, we get the desired dynamics also in this case.
Finally let us show that Y1) is continuous at time 7. On the set {7 < T'}, we have

lim Y( ) = lim inf Y;(I) = liminf ¥;>° = +o0.
t—T t—T t—=T

And on {7 > T},

hmY()— hmYlT)

t—T t—T 51 -

We can conclude that Y () satisfies the BSDE on [0, 7] with terminal condition Y = &
and is continuous at time T'.

From the minimality of Y™ we have immediately that Y™ < Yt(l), a.s. for any
t € [0,T]. To obtain the converse inequality, let us define

Y(l),n - }/;1,7',717 t<TAT
! Y T<t<T

12



where Y™ (resp. Y1™") is the solution of the BSDE ([4]) on [0, 7] (resp. on [0, 7 AT]) with ter-
minal condition n (resp. Y"1,<7). Then we have that for any k >n, Y(1)» < y(k) < ymin,
By construction of Y°°, Yy (1) converges to Y. Therefore we conclude that Y (1):7 = ymin
and this achieves the proof of the Proposition. O

3 Terminal condition &

The goal of this section is to prove the continuity of the minimal supersolution for the terminal
condition

§=E& =00-14,,
where A; is a decreasing sequence of events adapted to our filtration: for any s <t, A; C A,

and A; € F;. If 19 is a stopping time, the set A; = {79 > t} provides an example. We also
assume that:

(H1) The sequence is left continuous at time 7" in probability, i.e.
(13)

(H2) There exists an increasing sequence (t,, n € N) such that ¢, < T for any n, lim,,_ 4o t, =
T, and such that the filtration [ is left continuous at time t,, for any n. Recall that we
already assume left continuity of F at time T'.

If Ay is defined as A; = {79 > t} through a stopping time 7y, assumption ((H1))) is equivalent
to: P(19 = T) = 0. In particular if 7y has a density this condition is satisfied. Therefore, as in
the previous section, if 7y is the jump time of an F-adapted compound Poisson process, then
it generates a sequence A; satisfying . The same comment applies to the exit times
whose densities are derived in the next section.

Remark 1 (On Condition. If the filtration F is quasi left-continuous, then holds
for any sequence t,. In particular our hypothesis is valid if F is generated by W and «.

The notion of jumps for a filtration has been studied in [20] (see also [36, Section 2]).
Let us note that we are not able to construct a counter example, that is a filtration such that

(H2)| does not hold.

Let us define the random time:
T =inf{t:w € A7}
Lemma 4. 7 is a stopping time of the filtration F. If holds, then Ap = {1 > T}.
Proof. The definition of 7 and A¢ N\, Af as s N\t imply
{r<tt= ﬂ Afiim € m Firi/n- (14)
n=1 n=1

The right continuity of the filtration F implies {7 < t} € F; i.e., T is a stopping time.
Again the definition of 7 and AS \, A% as s \,T imply {7 < T} =~ A%y, and

{r < T} C A%.

13



The continuity in probability at time T of (A, ¢ > 0) implies
P(A7\ {7 <T}) =0,

which achieves the proof of the lemma. O

Note that in general: {7 > T'} C Ap. To have the equality, we need a right continuity at
time 7.
Let us denote again by Y*° the minimal solution of the BSDE ({4]) with terminal condition
400 and:
Ay, = Ap, 1a, = Xn-

Let us define )™ as the solution of the following BSDE: for all ¢, <t <T

T T
n o n =Zn 2/my _ £0 _ 0
Vi = /t [(F(s, (1= xa) V2, 28,U7) fs]ds+/t(1 Xn) fydr

T T T
- / ZdW, — / / UT(de, ds) — / dM?.
t t £ t

Namely we consider the BSDE with terminal value 0 and generator

F(s,y,2,0) = [(f(5, (1 — xn)ys 2,u) — O] + (1 — xn) £2.

This driver fsatisﬁes all assumptions (A) and holds, such that there exists a unique
solution to this BSDE such that

E[ sup \yt"yf

t€(tn,T]

T
<E / £ ar.
tn

Moreover by comparison principle, a.s. for all t € [t,,T], Vi* > 0. Let us also remark that if
0=0, then Y™ = 0.
Define Y°*" as the solution of the BSDE (4) on [0, ¢,] with terminal condition
Y’_‘[?i’;_L}Z = Xn}/tio + (1 - Xn)ytz

Note that from ([L0), this terminal condition is in LY(Q), hence the solution is well-defined on
[0,t5]. We extend Y™™ on the whole interval [0,T]: for all ¢, <t <T":

Lemma 5. The process Y ™" satisfies the dynamics of the BSDE on the whole interval
[0,T]. Moreover a.s.
. co,uM
lim ¥ = oolar -

Proof. Indeed by the very definition of Y*°, for any ¢, <t < s < T, we have

1@00:14;%/ f(r,Y,?O,Z,?O,z/J?O)dr—/ Zf?odWT—/ /wfo(e)%(de,dr)—/ M,
t t t £ t

14



hence multiplying both sides by x,, which is F;, -measurable, we obtain
S
WY = ¥ [ YR 2 v
S ! S S
- / XnZyodW, — / / Xnrl(e)m(de, dr) — / dxnM>*
t t JE t

S S

= Xn}/sooJr/ [f(rv)(nnooaXnZ;«)OaXn"vbgo)*fqg] dT+/ anBdT

t t

— / XnZTOOdWT—/ /anfo(e)%(de,dr)—/ XndM?.
t t Je t

And from the definition of ", we have
T T
(1— )Vl = / (1= ) [(F(5 (1= xu) V™ Z007) — £%] ds + / (1= o) fOr
t t
T T T
- 1 — xn) ZRdW, — 1 — xn)U M (de,ds) — | (1 — xn)dM™
/t(x) //g( X)W(es)/t(x)
T T
- / [ (5, (1= X))V (1 — ) 25 (1 — xo)U™) — £°] dis + / (1~ o) fOdr

B /tT(l —xn) 25 AW — /tT /5(1 — Xn)ULF(de, ds) — /tT<1 = Xn)dM

Thereby Y " satisfies the dynamics of the BSDE on [t,,T). From our assumption
(H2)|, there is no jump at time ¢,. Hence Y°>"™ is continuous at time ¢,, and we can define

gooun - )28 t <t
! Xano + (1 - Xn)ZZI t, <t <T, ’

GO (e) = P e), t<tn
' T () + (1 — )i () tn <t<T,

and

Ao = Mo t<t,
¢ XnMP + (1= xp))MP t, <t <T.

Then we have that the process (Y oW, Z0% W )00t - \[oot1) gatisfies the dynamics of the
BSDE on the whole interval [0,7") and with the singular terminal value coly, : a.s.

lim Y;™"" = coly, .

t—T
The only remaining issue concerns M°>%™; indeed it is not clear that it is a martingale on
[0,T). However (YW ZOOWwM qo0un \[oot1) has the dynamics of the BSDE on the
interval [0,#,+1], with terminal condition ¢ = Y, >°'" = xn Y25, + (1 — xn) Y%, - This ter-
minal value belongs to L* (©). Hence there exists a unique solution (y, z,v, m) to the BSDE
(4) with terminal condition (. From uniqueness on [t,,tn+1], ¥ = xn Y + (1 — x»)Y"™ and
m = xnM> + (1 — x,,)M™ on this interval. And by uniqueness on [0, ¢,] for the BSDE with
driver f and terminal condition vy, y = Y°*" and m = M°>*" on [0,¢,]. Since the mar-
tingale m has no jump at time ¢,, (Hypothesis , we obtain that M°>%™ is a martingale
on [0, tp41] and thus on [0,7). O
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Let us consider Y the approximation of the minimal solution Y. Let us prove
Lemma 6. A.s. for allt € [0,T], L and n
0 S thL S Y;u,oo,n.

Proof. Fix L > 0 and recall that (YL, Zl Ur, ML) denotes the solution of truncated BSDE
with terminal condition
Y =€6NL=Lly,.

Set

Vo=vieon vl Zy=zvon gl Uie) = Uroom(e) ~Ub(e), M, = M™"— ME.

We have
f(t7 Y;;uyoo7n’ Z;uvoo,n, U];UqOO,n) _ f(t, }/tL, ZtL, UtL)
= —a¥y +buZe+ (F(6, Y5 20,07 = F(L Y 28, UF))
with
e — f(t,ytu,oo,n’ Z;L,oo,n, UtU,oo,n) — f(t, Y;L, ZZL,OO,n’ Utu,oo,n) N
b Y, Vi #£0
t
and

bt — f(t, Y;u,oo,ny Ztu,oo,n’ Utu,oo,n) _ f(t,Y;L, ZtL7 Utu,oo,n) L
Y

Z#0°"

—

Note that from our setting, —c¢; < x and |b;] < K. For every ¢t < T the process (}A’, 2, (7, M)
solves the BSDE

~

aV, = (e =02~ (f0 = D)T = (f(s. Y ZE,peom) = f(s, Vi, ZE,01))| ds

+ Zdw, + / s (2)7(dz, ds) + dM,
zZ

on [0, #] with terminal condition ¥; = ¥;*°" — Y;£. Moreover it holds that

L L o
f(s, YE, ZE poomy — f(s YE, ZF gF) > /Z RIS ().

From Lemma 10 in [22], we have

t
}/s > E [Ytrs,t +/ Fs,u(fg - L)+du
s

FS]
where I's; = exp [ — tcudu + 10t by )?du — ¢ by dWy ) (¢ with (5 = 1 and
) s 2 Js s ) s

dCs,t = Gs - / HfL’wL’w/%(dz, dt).
z
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Our assumptions ensure that ¢ is non negative and belongs to H*(0, 7). We have Y,/ <
(1 +T)L and hence Y; > —(1 + T)L. Thus YT is bounded from below by a process in
S™(0,T) for some m > 1. We can apply Fatou’s lemma to obtain

Y, = lim jnf [ﬁrs,t + / t Tsu(fy — L) du fs} >E [hgr}iTnf@rs,t) fs] .
The process (I's;, s <t <T) is cadlag and non negative. Hence a.s.
hgr}iTnf@;rs,t) = (h%lfﬁ)m-.
But R
li{r}i%lfYt = OO]'AT—I/n — L1y, >0
since Ar C Ap_yp,- Finally, Y9°" > YL for any s € [0,T] and L > 0. O

Let us now conclude about the continuity of Y at time 7. We know now that a.s.
0<Y <y, <y
and we want to prove that for a.e. w € A%,

lim Y; = 0.
t—T

Recall that

P <ﬂ At\AT> =0.
t<T

Let us fix w € A%. We can assume (with probability 1) that w belongs to |J,. Af, that is
there exists n such that w € A%, In- Hence

lim sup V3 (w) < Y77 (w) = 0.
t—=T

4 Density formula in terms of Green’s function

As noted in the introduction, one of the key ingredients in [39] in the analysis of the terminal
condition 1, -7} was the explicit formula available for the density of 79, the first exit time of
the Brownian motion from an interval (a, b). The natural framework for the generalization of
this formula to higher dimensions is the duality between Potential theory, elliptic / parabolic
PDE and Diffusion processes [13]. Within this duality the exit times and the distribution of
the path of the process up to the exit time corresponds to Green’s functions [29]. The paper
[11] uses the connection between hitting times and Green’s functions to prove that the exit
time of a one dimensional diffusion from a region has a density. A similar one dimensional
computation is also given in [32]. Although the term “Green’s function” doesn’t appear in
them, the works [19, 28] compute the Green’s function for the Brownian motion in rectangular
domains using the method of images; the work [5] extends this to three dimensions. The
work [31], represents the distribution of the exit time of a d-dimensional diffusion from a
fixed domain as the solution of a parabolic PDE. It identifies a smooth solution to the PDE
whose derivative gives the density of the stopping time. The solution of the same PDE can
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be expressed in terms of the Green’s function derived in the classical PDE book [16] by
Friedman for the underlying parabolic PDE. The same Green’s function can be used to prove
that exit times of diffusions from domains that vary over time have densities. Given the
duality between Green’s functions and exit times, this is a natural result. But we have not
been able to identify a reference in the current literature stating and proving it and therefore
give its details in the present work.

The time variable in [16] corresponds to the time to maturity in the present setup. We
state all definitions and results from [16] in terms of the time variable adopted in the present
work (which is the one commonly used in the the stochastic processes framework); therefore,
for example, the initial condition of [16] becomes the terminal condition and ¢ derivatives are
multiplied by —.

Let £ denote the parabolic operator associated with X:

du
ot’

where Hu is the Hessian matrix of second derivatives of w. if we define

Lu = (o(x,t),0(x,t)Hu) + (b(x,t), V,u) +

a =00

the first term can also be written as (a, Hu). To be able to use the results in [16] we adopt
all of the assumptions it makes on a and b, these are listed on [I6, page 8|: a is uniformly
elliptic; a and b are Holder continuous. The formal definition of Green’s function is as follows
([16l, page 82]):

Definition 1. A function G(x,t,y,s) defined and continuous for (x,t,y,s) € D x (DU B),
t < s is called a Green’s function of Lu = 0 in D if for any 0 < s < T and for any continuous
function f on Ds having a compact support the function

u(z,t) = i Gz, t,y,s)f(y)dy

is a solution of Lu = 0 in DN {0 < ¢t < s} and it satisfies the terminal and boundary
conditions

limu(z,t) = f(x),z € Ds

t—s

u(z,t) =0, (z,t) € SN{0 <t < s}

The main result claiming the existence of Green’s functions associated with X is [16,
Theorem 16, page 82]. This result is based on the following assumptions on the domain D

(listed as conditions E and E on [16, pages 64,65]):

Assumption 1. For every point (z,t) € S there exists an (n + 1)-dimensional neighborhood
V' such that V NS can be represented in the form

Ti = h(Z1, .o Tio1, Tig1soey Ty )

for somei € {1,2,3,...,n}, h, Dyh, D>h and D;h exist and are Holder continuous (exponent
a); Dy Dyh, Dt2h exist and are continuous.

The Green’s function G allows one to compute not just the distribution of the exit time
of X from a fixed domain but from a domain varying in time such as D; in fact it allows one
to compute expectations of the form E, ) [g(Xs)1{r>s], s > ¢
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Proposition 2. Suppose G is the Green’s function of the operator L. Then

Eo.0)[9(X) Liry] = /D 9()C(z,t,y, 5)dy, (15)

s

for any bounded continuous function g.

Proof. If g has compact support in Dg, we know by the definition of G that
u(e.t) = [ gy)Gla.ty.5)d,

is a smooth solution of Lu = 0 that is continuous in b|[0,s] with . = 0 on S and u = g on
D;. Tto’s formula applied to u(Xy,t) gives . Thus it only remains to treat the case when
g doesn’t have compact support in Dy. Let g, be a sequence of continuous functions with
compact support in D, converging up to g. Then

E[Q(Xs)l{'r>s}] = nlggoE[gn(Xs)l{T>s}] + E[Q(Xs)1{7—>s}18Ds (XS)]

The assumptions made on a and b imply that X has a density in R” and in particular the
second expectation above is 0. Therefore:

E[g(Xs)l{‘r>s}] = nlgrolo E[gn (Xs)1{7'>s}]

= lim gn(y)G(w,t,y,S)dyz/ 9(y)G(z, t,y, s)dy,

s

where the last equality follows from the bounded convergence theorem.

Il
Setting g =1 in we get the following formula for P, (7 > s):
P(a:,t) (T > S) = G(.’I), Ly, S)dy,
Br
The density of the exit time 7 is then
_9 G(z,t,y,s)d (16)
88 DS 27 y? y’

whenever this derivative exists. When the domain D; is constant, i.e., when D; = Dy for all
t, the above derivative is simply

0
- — G(z,t,y,s)dy,= — Gs(x,t,y,s)dy = — Gs(x,t,y,s)dy, (17)
ds Do D, Do

whenever G exists and is continuous (by differentiation under the integral sign, see, e.g.
[2]). Its computation in the presence of a time dependent domain D; is known as the Leibniz
formula or the “Reynolds Transport Theorem” [I5), 10]. All of the statements of this formula
we have come across in the literature assume that the domain D; is given as the image of a
smooth flow x(-,t) : Dy — D;. Assume for now D; can be represented as the image of Dy
under a smooth flow & and let v denote the vector field defined by the flow (see the paragraph
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following Lemma |7| below for comments on the flow representation of D). Leibniz formula
given in [I5] [I0] implies:
0
- = G(x,t,y, s)dy,:/ Gs(x,t,y,s)dy + G(z,t,y,s)(v,N)dS, (18)
9s Jp, D, oD,
where N is the unit vector field on dD;. A comparison of this with shows that the second
term in is the additional term arising from the fact that D; varies in time. But by its
construction the Green’s function G is 0 on 9D ([16, Corollary 1, page 83]), therefore this
additional term is in fact 0! Then in the computation of the density of 7, allowing the domain
to vary in time doesn’t have a direct impact on the density formula, (i.e, the formula
works both for time dependent domains as well as those that are independent of time).
Second observation about : for the derivative to exist we need the partial deriva-
tive of G with respect to s. We know by [16l Theorem 16, page 82] that G is differentiable
in its ¢ and z variables. But this result does not directly address the smoothness of G in the
s variable. One way to get smoothness of G in the s variable is to work with the Green’s
function G* of the adjoint operator £* defined as follows:

L*u = (a, Hu) 4+ (b*, Vg u) + c'u — Ou 0,

ot
where )
" da; 0b; ~ 0%ai
by = —b; +2 Yo = — ! ) 1
’ + Z axj ¢ Z E)xz +. - axla$] ( 9)
j=1 =1 i,7=1

For G* to exist and be smooth in its x and ¢ variables it suffices that b* and ¢* be uniformly
Holder continuous (the uniform ellipticity of a is already assumed).

Lemma 7. Let b and c* of be uniformly Holder continuous. Then G is differentiable
in s with a continuous derivative G.

Proof. The assumptions on b; and c* imply that the adjoint operator £* satisfies the con-
ditions of [16, Theorem 16, page 82] which says that £* has associated with it a Green’s
function G* that is differentiable in ¢ with a continuous derivative Gy. By [16, Theorem 17,
page 84] G and G* are dual, i.e.,

G($7t7y7 3) = G*(y? vaat);

this and the G = G} imply the statement of the lemma. O

Even though in the end it has no influence on the final expression of the density, we need
the existence of a continuously differentiable flow @ that generates the domain D to 1) invoke
Leibniz rule and 2) to show that the resulting density is continuous. Many papers working
on PDE with time dependent domains use this assumption [7, 6, [10]. Friedman’s classical
book [16] on parabolic PDE, on which most of the arguments above are based, does not
contain this assumption directly. However, the assumptions already made on D do indeed
imply that D; can be represented as the forward image of Dy under a smooth flow x. To find
such a flow one can proceed as follows: first use the local graph representation of 9D given
in Assumption [1| to define a flow on 9D as follows:

x(z,t) = (h(xe, 3, ..., T4, t), T2, X3, ..., Tg, L),
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where this definition is made in a neighborhood of (xg,ty) € 9D where the graph of h
represents a portion of D. That h is C' implies that & defined as above is a smooth flow
on 0D. One can now extend this flow to all of R? using classical results on the possibility of
such an extension (see e.g., [0, page 584] or [25] page 201, Extension lemma for vector fields
on submanifolds]). That Dy is the forward image of Dy now follows from the fact that x, by
its definition, leaves 0D invariant and the existence uniqueness theorem for ODE.

We can now make a precise statement about the density of 7:

Proposition 3. Suppose a is uniformly elliptic and a, b, b* and c¢* are uniformly Holder
continuous. and let D satisfy the assumptions[l, Then the Green’s function G is continuously
differentiable in s and the exit time T has continuous density

[Tz, t,s) = —/ Gs(z,t,y,s)dy,s € (t,T].
Dy

Proof. The existence and continuity of G follows from Lemma [7} the density formula follows
from Leibniz’s rule and G = 0 on 0Dy, as discussed above. The continuity of the density
follows from the continuity of G5 and the fact that D; is the smooth image of Dy under the
flow . O

5 Conclusion

The present work finds solutions to BSDE with a superlinear driver with singular terminal
values of the form 14, A € Fp. In studying this question it greatly generalizes the class
of events A, the assumptions on the driver f as well as the filtration F7 as compared to
the previous work [39], which focused on a deterministic f, the filtration generated by a
Brownian motion and A of the form {7y < T} and {79 > T'} where 7y is the first exit time of
the Brownian motion from a fixed interval. With the results of Section [3] we see that under
general conditions on the driver and the filtration, the BSDE (4] with terminal condition
14 - 0o can be solved continuously for any A € Fr that can be written as the limit of a
decreasing sequence of adapted events. The arguments in Section2] imply that for events
the form {7 < T}, where 7 is a stopping time to obtain continuous solutions to the BSDE
we only need that 7 has a bounded density. Our results in Section [] show that exit times
of multidimensional Markovian diffusions form time dependent smooth domains satisfy this
condition. Despite these generalizations the identification of all events A in Fp for which the
BSDE (4] with terminal condition co-14 has a continuous solution remains an open problem.
As already noted we rely on the density of 7 in dealing with the event A = {7 < T'}; this
reliance brings with it the assumption p > 2 when dealing with the terminal condition 14 -oc.
To remove this assumption is an open problem for future research.

Another natural direction for future research is the derivation of density formulas for exit
times for more general multidimensional processes, including those with jumps. Once such
formulas are available the arguments in Section [2| would imply the existence of continuous
solution to BSDE with terminal conditions defined by these exit times.

All results obtained in this paper can be generalized to the case where the compensator
of 7 is random and equivalent to the measure u® dt with a bounded density for example (see
the introduction of [4] for example). Nevertheless since we refer to [24) 22] for the existence
and uniqueness of the solution of BSDE, we keep this setting for 7.
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A Proof of the upper bound ((10)

Let us recall the arguments of the proof of [23, Proposition 2]. For any k£ > 0 we consider
the BSDE

AYF = —f*@t, Y, ZF R dt + ZFaw, + / U (e)7 (de, dt) + dMf
&

with bounded terminal condition lef = ¢ A k and where

fk(t,y,z,w):(f(t,y,z,w)—f?)—i-fto/\k. (20)

The solution Y* is non negative in our setting. We also consider the driver

htoz) = B = paey + [F(1,0,2,6)  f7).

with bf = ((’(’T# (f2 Ak). Let € > 0 and denote by (Y=F, Z5% ¢k N&F) the solution
process of the BSDE on [0,7 — ¢] with driver h and terminal condition y;ﬁ .= leffg > 0.
Recall that from [(A3)|and |(A4)|

F(8,0,2,0) — f0 < Bz + /g B()R2OV0 () u(de),

where

2 f(taoazyw) — f(t)0’07¢)
t N Z]-z;éO .

From (% is a bounded process by L. Hence by a comparison argument with the
solution for linear BSDE (see [38], Lemma 4.1) we have

7|
where for t < s <T —¢

8 s e,k 4e,k ]. s e,k 4e.k
I'ys = exp <—/ p du+/ BTN AW, — / (B2 )2du) st’k
¢ T—u t 2 /i

T_S p s e,k 4e,k ]. s e,k 4e.k
Ay e

Ve _1+/ /VE’“ 06550 ()7 (dz, du). (21)

9

Since b* > 0 it holds that )y >0 as. for every t € [0, T]. Hence from Condition

T—e
VP <E [rtyT_gyT’f_g + / T, brds
t

and

Hence

T—e¢
& 1 k vk & K
yf < (T _ t)pE |:6pvifT—aYT—a + /t st (T - 3)pbs ds

E 8 E ]- 15 € 5
R Vek zok ok < —Em”‘?)q + R0, Z8%, 6.
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It follows that

g ((p=Dm)”

k k k k k k k
f(t’ytE aZtE ) i) < h(t’ytE asz ) i )7 (T_t)P

(070!

1 p e,k
Yl * T — tyt
< BV 20N 0,
where we used the Young inequality: ¢? + (p — 1)y? — pcy > 0 which holds for all ¢,y > 0.
The comparison theorem implies Y/ < V¥ for all t € [0,T — &] and £ > 0.
Recall once again from Condition [(C3)| then VfL belongs to H¥(0,7 — ¢) for some

w > 2. From the upper bound Y}* < k(T + 1) and from the integrability property of ka,
with dominated convergence, by letting € | 0 we obtain a.s.

p E,k k
E [s Vg Yh.

Ft:| — 0.

From Assumption [(C3) by the proof of Proposition A.1 in [3§], there exists a constant
Ky 1 ¢ such that a.s.

T—e o
o
t

From Conditions |(C2)|and |(C4)}, it follows that the process ((T —¢)Pb¥, 0 <t < T') belongs
to HY (0, T) for any 1 < ¢ < {. Therefore by Holder’s inequality we obtain

]:t:| < (K&L,Z’)MLI)/[/‘

T—e T ) 1/¢
E [ / VoI — s)Polds Ft} < Ky roE [ / (T — s)Pb%)" ds ]-"t] :
t t

Hence we can pass to the limit as e | 0

1/¢
]-“t] .

Assumptions [(C2)| and [(C4)| imply by monotone convergence for k — 0o

k Kﬂ,L,K’ T prk\¢
Yo < mﬂ‘: t ((T' = s)Pbg)" ds

, T , /e
Vo< (?jj)la{ | (@ my @ - sp ) dsft} < foo

Using again Holder’s inequality for the conditional expectation, we obtain the upper bound

n .
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