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Abstract

Motivated by the well known “four-thirds conjecture” for the traveling salesman
problem (TSP), we study the problem of uniform covers. A graph G = (V, E) has an
a-uniform cover for TSP (2EC, respectively) if the everywhere a vector (i.e., {a}¥)
dominates a convex combination of incidence vectors of tours (2-edge-connected spanning
multigraphs, respectively). The polyhedral analysis of Christofides’ algorithm directly
implies that a 3-edge-connected, cubic graph has a 1-uniform cover for TSP. Seb6 asked if
such graphs have (1 — €)-uniform covers for TSP for some ¢ > 0. Indeed, the four-thirds

conjecture implies that such graphs have $-uniform covers. We show that these graphs
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have %—uniform covers for TSP. We also study uniform covers for 2EC and show that the
everywhere % vector can be efficiently written as a convex combination of 2-edge-connected
spanning multigraphs.

For a weighted, 3-edge-connected, cubic graph, our results show that if the everywhere
% vector is an optimal solution for the subtour elimination linear programming relaxation
for TSP, then a tour with weight at most % times that of an optimal tour can be found
efficiently. Node-weighted, 3-edge-connected, cubic graphs fall into this category. In this
special case, we can apply our tools to obtain an even better approximation guarantee.

An essential ingredient in our proofs is decompositions of graphs (e.g., cycle covers) that
cover small-cardinality cuts an even (nonzero) number of times. Another essential tool we
use is half-integral tree augmentation, which is known to have a small integrality gap. To
extend our approach to input graphs that are 2-edge-connected, we present a procedure to
decompose a point in the subtour elimination polytope into spanning, connected subgraphs

that cover each 2-edge cut an even number of times. Using this decomposition, we obtain
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on subcubic, node-weighted graphs.

approximation algorithm for minimum weight 2-edge-connected spanning subgraphs
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1 Introduction

The traveling salesman problem (TSP) and the minimum-weight 2-edge-connected
spanning multigraph problem (2EC) are two fundamental and well-studied problems in
combinatorial optimization. A folklore conjecture sometimes tersely called the “four-thirds
conjecture” (see, e.g., [CV04, [Goe95)]) states that the optimal (integral) solution for the
metric TSP is no more than % times the value of the subtour elimination linear programming
relaxation. However, the best known approximation ratio for both TSP and 2EC currently
stands at % [Chr76l Wol80, SW90, [FJ82]. A recent spate of work has focused on the special
case of graph-TSP when the underlying weights arise from hop distances in an undirected
graph |OSS11, BSvdSS14, MS16, [Mucl4]. The current best ratio for this problem is % [SV14].
A parallel line of work has improved the ratio for 2EC in the unweighted case (commonly
referred to as the 2-edge-connected spanning subgraph problem or 2ECSS for short) and
resulted in a %—approximation for this problem [SV14, BES16]. So far, these new techniques
have not been extended to more general metrics.

One approach to general metrics is via convex combinations of incidence vectors of tours

that can be derived from solutions to the well-known subtour elimination linear programming

relazation, which we will refer to as [SUBTOUR™(G)|l It is by now quite standard, but we

invite the unfamiliar reader to visit Section 2.1] for the formal definition. For a solution
x € [SUBTOUR™(G), we use G, = (V, E,) to denote the graph G = (V, E) with edge set
E, C F restricted to the support of . Goemans and Carr and Vempala showed that the

four-thirds conjecture is equivalent to the following conjecture [Goe95) [CV04].

Conjecture 1. If z € [SUBTOUR™(G),, the vector %x dominates a convex combination of tours
m Gy

Based on a polyhedral analysis of Christofides’ algorithm, we know that %x dominates a
convex combination of tours in G, [Wol80, [SW90); so far we cannot replace % with any smaller
constant. Following the terminology of Boyd and Seb6 [BS17], for a graph G = (V, E) on n
vertices, let the everywhere r vector for G, be the vector in R(g) that is 7 in all coordinates
corresponding to edges of G and 0 in all other coordinates. Conjecture [I]is closely related to

the problem of uniform covers, which we now formally define.

Definition 1. A graph G has an a-uniform cover for TSP (2EC) if the everywhere o vector
for G dominates a convex combination of incidence vectors of tours (2-edge-connected spanning

multigraphs).

This close connection is described in Proposition [I} Proposition [If was observed by Carr
and Vempala [CV04] but for completeness we provide a (quite straightforward) proof in
Section [3



Proposition 1. The following statements are equivalent.

(a) If z € [SUBTOUR™ (G)| the vector 3z dominates a convex combination of tours in Gy.

(b) For any positive integer k and an arbitrary k-edge-connected k-reqular graph G, the

everywhere % vector for G dominates a conver combination of tours in G.

The first interesting case is when k = 3 (i.e., the case of 3-edge-connected, cubic graphs).
Since the everywhere % vector for a 3-edge-connected, cubic graph G is in Sebo
pointed out that the four-thirds conjecture implies that for a 3-edge-connected, cubic graph,
the everywhere % vector dominates a convex combination of tours [SBS14]. The following is
therefore a relaxed version of Conjecture (1] [SBS14, BS17].

Conjecture 2. Let G = (V, E) be a 3-edge-connected, cubic graph. The everywhere % vector

for G dominates a conver combination of tours of G.

For such graphs, the everywhere 1 vector does indeed dominate a convex combination of
tours, which can be shown via the aforementioned polyhedral proof of Christofides’ algorithm
by Wolsey [Wol80, [SW90]. In other words, a 3-edge-connected, cubic graph has a 1-uniform
cover. Seb6 [SBS14] asked if this bound can be improved: Does a 3-edge-connected, cubic
graph have a (1 — €)-uniform cover (for some small constant €)? For the special class of 3-edge-
connected, cubic graphs that are also Hamiltonian, Boyd and Sebd show that the everywhere
6

= vector for G dominates a convex combination of tours [BS17]. We give an affirmative

answer to Seb6’s question and improve this factor from 1 to % for all 3-edge-connected, cubic
graphdT]

Theorem 1. Let G = (V, E) be a 3-edge-connected, cubic graph. The everywhere % vector
for G dominates a convex combination of tours of G and this convexr combination can be

found in polynomial time.

The same question can be posed replacing tours with 2-edge-connected spanning multi-
graphs: for an arbitrary positive integer £ and an arbitrary k-edge-connected k-regular graph
G, can the everywhere oy, vector be decomposed into a convex combination of 2-edge-connected
spanning multigraphs? For general k, the best-known factor for this question (as in the case
for tours) is oy = %, which can be obtained via the polyhedral proof of Christofides’ algo-
rithm [Wol80]. For special cases, however, better factors are known. For k = 4, Carr and
Ravi showed that the everywhere % vector can be decomposed into a convex combination
of 2-edge-connected spanning multigraphs [CR98]. Their proof is constructive but is not

guaranteed to run in polynomial time.

! Applying Theorem 2.3 from [BLI7], we note that this theorem applies to all 3-edge-connected (i.e., possibly
noncubic) graphs.



For a 3-edge-connected, cubic graph (i.e., the case k = 3), Boyd and Legault showed that
the everywhere % vector can be written as a convex combination of 2-edge-connected spanning
multigraphs [BL17]. This factor was subsequently improved to g by Legault [Legl7]. These
convex combinations are a key ingredient for a related result on half-triangle graphs [BL17].
Both the factors % and % are obtained via constructive procedures that are not shown to run
in polynomial time. In this paper, we show that for a 3-edge-connected, cubic graph, there is
a polynomial-time algorithm to write the everywhere i—? vector as a convex combination of

2-edge-connected spanning multigraphs.

Theorem 2. Let G = (V, E) be a 3-edge-connected, cubic graph. The everywhere % vector
for G dominates a convex combination of 2-edge-connected spanning multigraphs of G and

this convexr combination can be found in polynomial time.

One implication of Theorem [I]is that for a weighted, 3-edge-connected, cubic graph for

which the everywhere % vector is an optimal solution for |SUBTOUR:(G)|, we can achieve

an approximation ratio of % for TSP, which improves over the approximation factor of

Christofides’ algorithm for these graphsﬂ A natural class of such graphs are 3-edge-connected,
cubic, node-weighted graphs. In the node-weight metric, each vertex of an undirected graph is
assigned a positive integer weight; the weight of an edge is the sum of the weights of its two
endpoints. (The node-weight metric is an intermediate class between weighted and unweighted
graphs for studying the TSP and has been previously studied by Frank [Fra92].) In fact, we
show that using some of the same tools applied to the uniform cover problems, we can prove

the following improved approximation ratio for such graphs.

Theorem 3. There is a %—approm'matwn algorithm for TSP on node-weighted, 3-edge-

connected, cubic graphs.

Similarly, Theorem [2] implies that for a weighted, 3-edge-connected, cubic graph for

which the everywhere % vector is an optimal solution for |SUBTOUR:(G)|, we can obtain an

approximation ratio of ;,1751 for 2EC, which improves upon the best-known approximation factor
for such graphs derived from Christofides’ algorithm. We explore this problem further when
the input graph is no longer 3-edge-connected and prove the following theorem for subcubic,

node-weighted graphs.

Theorem 4. If G is a node-weighted, subcubic graph, then there exists a %—approximation
for 2EC on G.

2We remark that characterizing instances by their optimal LP solutions is how classes of fundamental
points are defined. Incidentally, many fundamental classes of TSP and 2EC extreme points are either cubic or
subcubic [BC1I] [CR98, [CV04].




1.1 Outline and Organization

In Section [2] after stating some basic notation, we formally present the tools we use to prove
our main theorems. The first tool, presented in Section [2.2] is an efficient algorithm by Boyd,
Iwata and Takazawa to find a cycle cover that covers all 3- and 4-edge cuts in a bridgeless,
cubic graph [BIT13|. This is an essential tool in the proofs of Theorems and

In Section we present a key tool for proving Theorems [2| and [4] which is a theorem
by Cheriyan, Jordan and Ravi proving a small integrality gap for the half-integral 1-cover
problem [CJR99|. The 1-cover problem generalizes the tree augmentation problem: given a
connected subgraph S, the goal is to find an additional subset of edges (from the edges not in
the subgraph S) to make S 2-edge-connected. The best-known approximation factor for this
problem is 2 [FJ81], but when the solution is half-integral, there is a §-approximation [CJR99].
This latter result has been generalized by Iglesias and Ravi [IR17].

In Section [3] we show how to apply these tools to prove our main theorems on uniform
covers, which we introduced and motivated in the introduction. In Section {4} we show how to
apply these tools to go beyond the approximation guarantee obtained via uniform covers and
present several applications to connectivity problems on node-weighted, 3-edge-connected,
cubic graphs. In addition to Theorem |3 we present a %—approximation algorithm for 2EC in
cubic, 3-edge-connected graphs. This improves the approximation ratio of % for this problem
that follows from Christofides’ algorithm. A natural question is if we can extend these results
to graphs that are 2-edge-connected and either cubic or subcubic.

Extending our approach to input graphs that are 2-edge-connected necessitates finding
methods for covering 2-edge cuts. In Section we present a procedure to decompose a
solution for the subtour elimination linear program into spanning, connected sub(multi)graphs
that cover each 2-edge cut an even (nonzero) number of times. In Section[4.3.1] we demonstrate
an application of this decomposition theorem for TSP on node-weighted, cubic graphs; we
show that an algorithm similar to that of Christofides has an approximation factor better
than % when the weight of an optimal subtour solution is strictly larger than twice the sum of
the node weights. In Section we give another application of our decomposition theorem,
which allows us to (again) apply the aforementioned theorem of Cheriyan, Jorddn and Ravi
and augment these spanning multigraphs with half-integral tree augmentations. Combining

this with ideas from Section 4.3.1, we prove Theorem

2 Preliminaries and Tools

In the remainder of this paper, G = (V, E) denotes a weighted graph and w(e) denotes the
weight of edge e € E. We can assume that G is 2-vertex-connected (e.g., applying Lemma
2.1 from [MS16]). Graph G is node-weighted if there is a function f : V — RT such that



for each e = wv € E, we have w(e) = f(v) + f(u). In this case, we say G is node-weighted
with node-weight function f. Denote by w(E) the total edge weight: > . w(e). For ease of
notation let n = |V/|. For vectors a,b € R™ we say a dominates b if a; > b; in each coordinate
ie{l,...,m}.

We will work with multisets of edges of G. For a multisubset F' of E, the submultigraph
induced by F' (henceforth referred to simply as a multigraph) is a graph that has the same
number of copies of each edge as in F. For a positive integer ¢, the multiset ¢- F' is the multiset
that contains t copies of each element in F. For multisets F' and F’, we denote by F'U F’
the multiset that contains as many copies of each edge as those in F' plus those in F’. For a
multiset F' and edge e € F', we denote by F' — e the multiset that results from removing a
single copy of e from F. By F' + e, we denote the multiset that results from adding a single
copy of e to F'. For a multiset of edges (or a multigraph) F' the summand ) .. w(e) counts
each edge e € F' as many times as it appears in the multiset F'.

A multigraph F of G is a tour if the vertex set of F' spans V, F is connected, and
every vertex in F has even degree. For the sake of brevity, we henceforth use the term
2-edge-connected multigraph of G to refer to a 2-edge-connected spanning multigraph (i.e., a
multigraph that spans all the vertices of G). For a subset of edges S C E, the graph G/S
is the graph obtained from G by contracting the edges in S (and deleting self-loops). For a
subset S of vertices of G let §(S) C E denote the edges crossing the cut (S,V '\ S).

2.1 Subtour Elimination Linear Program

Consider a (not necessarily complete) weighted graph G = (V, E) with edge weights w(e)
for e € E. The output of TSP and 2EC on input graph G is a minimum weight tour and a
minimum weight 2-edge connected multigraph of G, respectively. The following relaxation

provides a lower bound on the weight of an optimal solution for both problems.

zG = min Z w(e)ze

eclk
x(6(9)) > 2 forcScV (SUBTOUR(G))

Te >0 fore e E.

The metric completion of G is the complete graph G™¢ on the vertex set of G such that
for u,v € V the weight of the uv edge in G™¢ is the weight of the shortest path between u
and v in G. Clearly, these weights obey the triangle inequality. TSP on G is equivalent to
finding a minimum weight tour in G™¢. Since G™* contains a minimum weight tour that is

a Hamilton cycle, the following degree constraints are valid and yield the following seemingly



stronger lower bound for TSP.

ZGmet = Mmin Z W(UV) Ty

upeV
Z Ty > 2 forpcScVv (SUBTOUR™(G))
ueSvgs
Z Top = 2 forueV
veV\{u}
Tyo > 0 for u,v € V.

Note that in the above formulation, edges uv and vu are the same, so x,,, and x,, represent the
same variable. Cunningham showed that the bounds zg and zgme: are in fact equal [MMP90
GB93]. For a solution x € [SUBTOUR™(G)| let G, = (V, E,), where E, = {uv : u,v €
V and x,, > 0}.

We will frequently use the following well-known fact [GLS8S].

Fact 1. Any point x € [SUBTOUR(G)| dominates a convex combination of spanning trees, which
can be found efficiently.

2.2 Cycle Covers Covering All 3- and 4-Edge Cuts

We now present one of our main tools for proving Theorems and 2l Given a graph G = (V, E),
a cycle cover (also known as a 2-factor) of G is a collection of vertex disjoint cycles whose
vertex sets partition V. Cycle covers have been extensively studied in the area of matching
theory and have been also used to obtain approximation algorithms for TSP.

Kaiser and Skrekovski [KS08] proved that every bridgeless, cubic graph has a cycle cover
that covers all 3-edge and 4-edge cuts of the graph. Their proof is not algorithmic and an

efficient, constructive version was given by Boyd, Iwata and Takazawa [BIT13].

Theorem 5 (Boyd, Iwata and Takazawa [BIT13]). Let G be a bridgeless, cubic graph. Then
there is an algorithm whose running time is polynomial in the size of G that finds a cycle

cover of G covering every 3-edge and 4-edge cut of G.
A straightforward observation is the following.

Observation 1. Let G be a 3-edge-connected, cubic graph. Let C be a cycle cover that covers

3-edge cuts and 4-edge cuts in the graph. Then G/C is a 5-edge-connected multigraph.
Cubic, bipartite graphs exhibit even more structure, allowing for a stronger corollary.

Observation 2. Let G be a cubic, bipartite graph. Let C be a cycle cover of G. Then the
graph G /C is Eulerian.



Proof. Each vertex in G/C corresponds to a cycle in C' and the degree of this vertex has the
same parity as the number of edges in the cycle. Since G is bipartite, every cycle in C' is an
even cycle. Therefore, each vertex in G/C has even degree, since it is obtained by contracting

a cycle in C'. We can conclude that G/C' is an Eulerian graph. O

Observation 3. Let G be a 3-edge-connected, cubic, bipartite graph. Let C be a cycle cover
that covers 3-edge cuts and 4-edge cuts in the graph. Then G/C' is a 6-edge-connected graph.

Proof. Graph G/C' is 5-edge-connected by Observation |1l By Lemma 2| G/C is Eulerian.
Therefore, G/C does not contain any cuts crossed by an odd number of edges. In particular,

G /C contains no 5-edge cuts. O

2.3 Tree Augmentation

We next present one of our main tools for proving Theorem We first state the 1-cover
problem on a laminar family of sets. A family of sets S is called laminar if for any S and S’ in
S, the set SN .S’ is equal to either S, S’ or (). For a graph G = (V, E), we are given a laminar
family of sets, S, where each set in S consists of a subset of vertices. Additionally, we are
given a set of edges E with nonnegative edge weights w(e) for e € E. The 1-cover problem
on family S asks for a I-cover of §: a minimum weight subset of edges C C FE such that
|CNd(S)| > 1 for all S € S. Indeed, we are interested in a special case of the 1-cover problem
on a laminar family of sets. Let F' be a spanning, connected multigraph of a given graph G,
and let S be the family of 1-edge cuts of F: S ={S: [6(S) N F|=1}. In this case, we refer
to a 1-cover of S as a I-cover of F. Define a block to be a maximal 2-edge-connected induced
subgraph of F. Consider the tree obtained from contracting the blocks of F. Rooting this
tree at an arbitrary vertex, we can find a laminar family Sg of sets in S such that the 1-covers
of § are exactly the 1-covers of S . Hence, the natural linear programming relaxation for

the 1-cover problem for a graph G = (V, E') and multigraph F of G is:

eck

st Y ye>1 for all S € Sg (COVER(G, F))
e€FE:e€d(S)
Ye >0 for all e € E.

Let us denote the feasible region of the above linear program by COVER(G, F'). By
contracting the blocks of F', we get a tree on these contracted components and the 1-cover
problem on Sr is equivalent to the tree augmentation problem [FJ81]. Its integrality gap
is known to be between % and 2 [FJ81 [JTai01, [CKKKOS|. However, in the special case of
half-integral points, the integrality gap is much smaller. Cheriyan, Jordan and Ravi [CJR99]



proved that if y € COVER(G, F') and y. € {0, %, 1} for all e € E, then there is an algorithm,
whose running time is polynomial in the size of G, that writes the vector % -y as a convex

combination of 1-covers C1,...,Cy of F. Iglesias and Ravi generalized this result [IR17].

Theorem 6 (Iglesias and Ravi [IR17]). If y € COVER(G, F) and y. > « or y. = 0 for all
e € E, then there is an algorithm, whose running time is polynomial in the size of G, that

writes the vector H% -y as a conver combination of 1-covers Cq,...,Cy of F.

3 Uniform Covers

First, we recall Proposition [}, stated in the introduction. This observation is due to Carr and

Vempala [CV04], but we prove the proposition for completeness.

Proposition 1. The following statements are equivalent.

(a) If x € |SUBTOUR™ (G)|, the vector %JZ dominates a convex combination of tours in G.

(b) For any positive integer k and an arbitrary k-edge-connected k-regular graph G, the

everywhere % vector for G dominates a convex combination of tours in G.

Proof. (a) = (b): If G is k-edge-connected and k-regular, then y, defined to be the everywhere

% vector for G, is in |SUBTOUR:(G)L Therefore %y, which is the everywhere % vector for G,

is dominated by a convex combination of tours of G. Notice that G, = G.

(b) = (a): Let z € [SUBTOUR™(G)| for graph G = (V, E). Let k be the smallest integer
such that . is a multiple of % for every edge e € E,. Let G’ = (V, E’) be such that E’ has kx,
copies of each e € E,. It is easy to observe that G’ is 2k-edge-connected and 2k-regular. Let y

be the everywhere 6% vector for G’. So by (b), y dominates a convex combination of tours in
G':y> Zle XixFi, where Zle Ai =1, \; > 0, and F; is a tour of G’ for i = {1,...,¢}. Since
G' = k-G, each F; also corresponds to a tour in G, and Zle XixFi(e) = G%kzxe = %xe. O

3.1 Algorithms for Uniform Covers

Recall that the polyhedral proof of Christofides’ algorithm can be used to prove statement (b)
in Proposition |1| when the factor 3% is replaced by % The problem of reducing this factor to
anything less than % has been open for decades. In the case where k = 3, we can improve this

result.

Theorem 1. Let G = (V, E) be a 3-edge-connected, cubic graph. The everywhere % vector
for G dominates a convex combination of tours of G and this convexr combination can be

found in polynomial time.



Proof. By Theorem [B], graph G has a cycle cover C such that C covers every 3-edge and
4-edge cut of G. Let G/C be the graph obtained by contracting each cycle of C' in G. By
Observation |1}, G/C' is 5-edge-connected. Define vector y € RE(G/C) as follows: ye = % for
e € E(G/C). Observe that y € SUBTOUR(G/C). Thus, y dominates a convex combination
of spanning trees of G/C, which can be computed in polynomial time (see Fact . More
precisely, we can write y > Zle \ixTi, where T} is a spanning tree of G/C, Zle A= 1,
and A\; > 0 for i € {1,...,¢}. Consequently, we have 2y > Zle Aix* (i.e., the vector 2y
dominates a convex combination of doubled spanning trees of G/C).

Let M be the set of edges in E'\ C that are not in G/C; these are the edges that connect
two vertices of the same cycle in C. Define vector v € R(3) as follows: v, = 1 for e € C,

= 2 fore € E\ (M UC), and v, = 0 otherwise. Note that v > Zle AixCV?Te. For
i € {1,...,¢}, the graph induced by C' U 2T; is a tour.

Now we define u € R(g) as follows: u, = % fore e C and u, =1 fore € E\ C, and u, =0
otherwise. We have u € : for each cut D of G, if |D| > 4, clearly Y . pue > 2.
If |D| = 3, then [CND| =2,8 > .cptte =25 +1=2 We can write 3u as a convex
combination of tours [Wol80].

Now vector %v + %(gu) can be written as convex combination of tours of G. For
edge e € C we have 2v. + 5(3u.) = 12+ 5(2 - 1) = B, For e € E(G/C) we have
150e + lig(%ue) =12 %2+ 5(2) =18 For e € M, we have 3v. + 75(3ue) =04 15(3) = 5.

Therefore 12v + 15(3u) is dommated by the everywhere 13 vector for G. O

If G is also bipartite, then by Observation |3 the graph G/C in the proof of Theorem (1] is

6-edge connected. We can therefore improve Theorem [I] in this case.

Theorem 7. Let G = (V, E) be a 3-edge-connected, cubic, bipartite graph. The everywhere

% vector for G dominates a convexr combination of tours of G and this convex combination

can be found in polynomial time.

Proof. Let C be the cycle cover in G that covers 3-edge and 4-edge cuts of G. By Observation
G/C is 6-edge-connected. Let M be the set of edges that have both endpoints in the same
cycle in the cycle cover C. Similar to the proof of Theorem [l define vector v € ]R(g) as
follows: ve =1 for e € C, v, = % for e € E(G/C), and v, = 0 otherwise. The vector v can be
written as a convex combination of tours of G.

Now define u € R(“Q as follows: u, = % foree C,u. =1foreec E\C, and u, =0

otherwise. Since u € |SUBTOUR:(G)|7 this implies that %u can be written as a a convex

combination of tours of G.

Finally, Vector 13v+ 13 (% ) can be written as a convex combination of tours of G. Fore € C,
v+ ue =2+ 5(3) =2 Foree E(G/C’) we have 2ve + ue = % - 2+ 5(3) = 12
Finally, if e € M, 1—31)@ + % = %(g) = ﬁ. This proves the result. O
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We can further relax Conjecture [2[ and ask whether or not the everywhere % vector
for a 3-edge-connected, cubic graph G can be written as a convex combination of 2-edge-
connected multigraphs of G. The answer to this question is yes, and is a direct corollary of a
decomposition theorem due to Carr and Ravi [CR98]. In fact, in Lemma |1} we show that for
a 3-edge-connected, cubic graph G, the problem of determining if G has an a-uniform cover

can be reduced to bounding the integrality gap of half-integer solutions for SUBTOUR™(G).

Lemma 1. Let G = (V, E) a 3-edge-connected, cubic graph. Suppose for any x € SUBTOUR™ (Q)
4

such that z € {0, %, 1}(2), the vector ax dominates a convexr combination of tours (2-edge-

connected multigraphs) of G,. Then the everywhere %oz vector for G dominates a convex

combination of tours (2-edge-connected multigraphs) of G.

Proof. Let y € R¥ be such that y, = % for e € E. By Corollary 30.8a in [Sch03], y is in
the convex hull of cycle covers of G. Thus, there are cycle covers C1,...,Cy and positive
multipliers Aq,..., Ay such that Zle Ai=1landy = Zle XiC;. For i € {1,...,¢}, define
vector y € R(2) as follows: Yl = % for e € C;, y. = 1 for e € E'\ C;, and y. = 0 otherwise.

Observe that y* € SUBTOUR™(G) for i € {1,...,¢}. Furthermore, v = Zle iy’ is the

everywhere % vector for G; for e € E we have )

2lim1 Aile = Dieec, i 3 T Dicege, N = 5
Since the vector y* € {0, %, 1}(2), the vector ay’ dominates a convex combination of tours

(2-edge-connected multigraphs) of Gi,; = G for i € {1,...,£}. Therefore, the everywhere 2a

_ 2 1
1:e€C} Ai = 3 and Zi:e¢Ci Ai = 3 and so

vector for G dominates a convex combination of tours (2-edge-connected multigraphs) of
G. O

Theorem 8 (Carr and Ravi [CR98]). If z € |SUBTOUR™(G)| and z € {0, 1, 1}(‘2/), then the

vector %m dominates a convex combination of 2-edge-connected multigraphs of G.

Corollary 8.1. Let G = (V, E) be a 3-edge-connected, cubic graph. The everywhere % vector

for G dominates a convexr combination of 2-edge-connected multigraphs of G.
Proof. Follows directly from Lemma [T] and Theorem O

However, this proof does not yield a polynomial-time decomposition since the number
of multigraphs in the convex combination output via Theorem [§] is not guaranteed to be
polynomial in the size of G. In fact, Legault proved a result that is stronger than Lemma [T}
the everywhere % vector for G' can be written as a convex combination of 2-edge-connected
subgraphs [Legl7]. Notice that the result of Legault is stronger not only because the g is
smaller than %, but also in the sense that it restricts the multigraphs to subgraphs, i.e. no
edge in G is doubled. However, the proof in [Legl7] also does not guarantee that the number

of subgraphs in the decomposition is polynomial in the size of G.
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We now present a stronger version of Corollary [8:1} For the rest of this section we will do
all computations on the edges of the graph G = (V| E) so all the vectors are in dimension of E.
Thus, henceforth we slightly abuse the everywhere vector notation to make the presentation

simpler. Indeed, we can extend all the vectors to dimension (‘2/) by adding zeros.

Theorem 9. Let G = (V, E) be a 3-edge-connected, cubic graph. The everywhere g vector
for G dominates a convex combination of 2-edge-connected subgraphs of G and this convex

combination can be found in polynomial time.

Proof. Let y € R¥ be such that y, = % for e € E. Since y € [SUBTOUR(G), we can find in
polynomial time spanning trees T4, ...,Ty of G and positive multipliers A1,..., Ay such that
Zle Ai=1andy> Zle NixTi. Fori € {1,...,£} define vector y* € RF as follows: y¢ = 0
for e € T; and y. = 3 for e ¢ T;. Since G is 3-edge-connected, we have y* € COVER(G, T)
for i € {1,...,¢}. By Theorem |§|7 there is a polynomial-time algorithm that finds 1-covers
ci,.. .,C’éi of T; for i € {1,...,¢} and positive multipliers ¢, ..., Z such that 2?;1 ; =1
and %yi = Z?:l )\;'-XC;' for i € {1,...,¢}. Note that T; + C’; is a 2-edge-connected subgraph
of Gforie{l,...,4} and j € {1,...,4;}. Hence,

U= Z Z AiAé-XTiUC;, where Z Z )\i)\é»zl
e{1,....0} je{1,...0;} tef{l,....0} je{1,....0;}

is a convex combination of 2-edge-connected multigraphs of G. By construction, an edge
cannot belong both to a tree 7; and to a 1-cover CJZ Thus, there are no doubled edges in any

solution. Vector u is the everywhere % vector for G: for e € E, we have

Wl
Wl o
Ne}

£
s TS Y T el

i:e€T; j=1 i:e¢T; j:eGC;:
]

Observe that in the proof of Lemma [9] we never double any edge in any of the 2-edge-
connected subgraphs. (Hence, the statement of lemma uses subgraph rather than multigraph.)
If we relax this and allow doubled edges, we can indeed improve the factor by combining the
ideas from Theorem (1| and Theorem |§| to improve the bound in Theorem |§| from % to %

15
7 vector

Theorem 2. Let G = (V, E) be a 3-edge-connected, cubic graph. The everywhere
for G dominates a conver combination of 2-edge-connected spanning multigraphs of G and

this convexr combination can be found in polynomial time.

Proof. Let C be a cycle cover of G that covers every 3-edge and 4-edge cut of G. By
Observation [1 the graph G/C is 5-edge-connected. Let M = E \ (C U E(G/C)). Define

12



r € REG/C) a5 follows: 7, = 2 for e € E(G/C). We have r € SUBTOUR(G/C), so 3r
dominates a convex combination of tours of G/C": namely Ry, ..., Ry. Observe that the graph
induced by C' U R; is a 2-edge-connected multigraph of G for i € {1,...,¢}. So, the vector
v € RE where v, = 1 for e € C, v, = % for e € E(G/C), and ve = 0 for e € M dominates a
convex combination of 2-edge-connected multigraphs of G.

Now define y € R¥ as follows: y, = % foree C and yo =1 fore € E\ C. Since y €
SUBTOUR(G), we can efficiently find spanning trees 77, ...,T; of G and convex multipliers
A, ..., Ap such that y > Zle NixTi. For i € {1,...,£} define y* € R as follows: y. = % for
e ¢ T; and y¢ = 0 otherwise. Notice, that y* € COVER(G,T}), hence by Theorem @ there is a
polynomial-time algorithm that finds 1-covers C%, . .. ,C’éi of T; for i € {1,...,¢} and positive
multipliers \{, ..., Z_ such that 2?;1 )\3- =1 and %yi = 2?;1 A;Xq for i € {1,...,¢}. Note
that T; + C} is a 2-edge-connected subgraph of G for i € {1,...,¢} and j € {1,...,4;}. Hence,

ST R TYG, where Y YT ai=1

1€{1,....0} je{1,...0;} 1€{1,....0} je{1,....0;}

is a convex combination of 2-edge-connected multigraphs of G. For e € C, we have

N)\H
CO\[\D
(@)

ZZMwZ >N <

ice€T; j=1 i:e¢T; j: eeC’
For e ¢ C, we have
£;
S SPTITS Sl SRR
i:e€Ty j=1 i:e¢T; j:e€C§

Finally we conclude that the vector 71) —|— u can be efficiently written as convex combina-

tion of 2-edge-connected multlgraphs of G. For e € C' we have 1—7v6+ ﬁue = —7+ﬁ-§ =15 For

6 17
e € G/C we have 17ve+17ue = 17 5—1—17 . For e € M we have 17v8+17ue = 7-0+ = %
Therefore 1—711 + 1—7u is dominated by the everywhere 1—? vector for G. 0

We note that in the proof of Theorem [2] since the vector y is half-integral, we can
apply Theorem (8| to conclude that %y dominates a convex combination of 2-edge-connected
multigraphs of G. This shows that the everywhere % vector for G dominates a convex
combination of 2-edge-connected multigraphs. (Specifically, %(%y) + gv is dominated by the
everywhere % vector for G.) But this approach does not produce a convex combination in

polynomial-time. We can improve Theorem [2] slightly when the graph G is also bipartite.

Theorem 10. Let G = (V, E) be a 3-edge-connected, cubic, bipartite graph. The everywhere

% vector for G dominates a conver combination of 2-edge-connected multigraphs of G and this

13



convexr combination can be found in polynomial time.

Proof. Let C be the cycle cover in G that covers 3-edge and 4-edge cuts of G. Let M be the set
of edges in G that have both endpoints in the same cycle of C'. Since G/C' is 6-edge-connected,
the vector r with r. = 1 for e € E(G/C) is in SUBTOUR(G/C). Therefore, we can show,
similarly as in the proof of Theorem [2| that the vector v such that v. = 1 for e € C' and
Ve = % . % = % for e € E(G/C) and v, = 0 for e € M can be written as a convex combination
of 2-edge-connected multigraphs of G in polynomial time. Furthermore, as in the proof of
Theorem [2| the vector u, where u, = % foree C, u. =1 for e € E'\ C, can be written as a
convex combination of 2-edge-connected subgraphs of GG in polynomial time. Note that the

vector iv + %u is dominated by the everywhere % vector for G. O

For the case where k = 4 in Proposition (I Carr and Ravi [CR98] showed that the
everywhere % vector can be written as a convex combination of 2-edge-connected subgraphsﬂ
But as we mentioned earlier, their proof is constructive but might require exponential
time. The only known result on this problem before this work is applying Wolsey [Wol80]’s
decomposition which implies that the everywhere % vector for a 4-edge-connected 4-regular
graph can be decomposed into a convex combination of 2-edge-connected spanning multigraphs
in polynomial time. However, this is weaker in terms of both the factor and the fact that we
now allow doubled edges. By applying Theorem [6] we can slightly improve this. The proof of

the following theorem is very similar to the proof of Theorem [9}

Theorem 11. Let G = (V, E) be a 4-edge-connected, 4-reqular graph. The everywhere %

vector for G dominates a convexr combination of 2-edge-connected subgraphs of G and this

convexr combination can be found in polynomial time.

Proof. Since G is a 4-edge-connected 4-regular graph the everywhere % vector for G, call it
v, is in SUBTOUR(G). Therefore, v can be written as convex combination of spanning trees
of G: v > Zle XixTi, where Ai,..., A\ are convex multipliers and T3, ..., 7T, are spanning
trees of G. For i € {1,...,¢}, define a vector y*, where y¢ = 0 if e € T; and y! = % if
e ¢ T;. Since G is 4-edge-connected we have y* € COVER(G, T;). By Theorem @ we can
find 1-covers C%, ... ,C}i of T; for i € {1,...,¢} with convex multipliers A\, ..., )\Z such that
Syt = Z§;1 )\;XC; fori e {1,...,¢}. Now T; + Cji» is a 2-edge-connected subgraph of G for
ie{l,...,0}and j € {1,...,¢;}. Let

u= > Y NG where YT YT ai=1

i€{l,...0} je{1,..4:} i€{l,..0} je{1,....6;}

We can write v as a convex combination of 2-edge-connected subgraphs of GG. Also,

3[CR98j do not double half edges, so in fact here we obtain a convex combination of subgraphs.
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N W
e~ w

we= Y0 D NN D D AN =g g5

ice€T; j=1 i:e¢T; j:eEC]’:

4 A Bit Beyond Uniform Covers: Node-Weight Metrics

Theorems [I] and [2] which we proved in Section [3] imply that when G is a 3-edge-connected,
2
3
efficiently find a tour and a 2-edge-connected spanning multigraph whose costs are at most

cubic graph and the everywhere £ vector is an optimal solution for |SUBTOUR:(G)L we can

% and 37517 respectively, times that of an optimal solution. A 3-edge-connected, cubic graph

with node-weight function f : V — RT falls into this category, as we will show later on.
However, for such graphs we can obtain approximation guarantees better than % and 3751
for the respective problems. The techniques we use to show this are similar to those used
in Section [3] However, these techniques do not generalize to cubic graphs that have 2-edge
cuts. In order to obtain improved approximation algorithms for this more general class of
graphs, we introduce a connector decomposition theorem. We use this decomposition theorem

to design algorithms for 2EC and TSP on node-weighted, subcubic graphs.

4.1 3-Edge-Connected Cubic Graphs

First we show that the everywhere % vector is in fact an optimal solution for [SUBTOUR(G)

when G is a cubic, 3-edge-connected graph.

Lemma 2. Let G = (V, E) be a 3-edge-connected, cubic graph with node-weight function
f:V =R Then zg =23 cy fo-

Proof. For any = € [SUBTOUR(G)|, we have x(d(v)) > 2. So,

dwle)ze = Y 2(6()-fo = 2 fo

eck veV veV
Thus, zg > 2-Y_, oy fo- On the other hand, let 2/, denote the everywhere % vector for G. Note
that 2’ € [SUBTOUR(G), since G is 3-edge-connected. Moreover, > cpw(e)z, =23 v fo.

Hence zg <2-3 oy fo O

Thus, we see that we can achieve a %—approximation for TSP on node-weighted, cubic,

3-edge-connected graphs. We now show in fact this approximation ratio can be improved in

this special case. We start with the following observations.

Fact 2. Let C be a cycle cover of G. Then ) ow(e) =2-> oy fo = 2q-
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Fact 3. Let M be a perfect matching of G. Then Y .y w(e) =Y oy fo = 5.

Theorem 3. There is a %—approm'mation algorithm for TSP on node-weighted, 3-edge-

connected, cubic graphs.

Proof. Let C be a cycle cover of G that covers all 3-edge and 4-edge cuts of G. By Observation
, the graph G/C is 5-edge-connected. Let y. = % if e € E(G/C), and y. = 0 otherwise.
Notice that y € SUBTOUR(G/C), since for every S C V(G/C), we have y(6(S)) > 2-5 > 2.
By Fact [1, y dominates a convex combination of spanning trees of G/C. Let T be a minimum

spanning tree of G/C.

Su@< Y wle
ecT e€E(G/C)
< Y wle)ye (E(G/C) S E\C)
e€E\C

> wle) (ve <

e€E\C

2
zg s = Z?G (By Fact |3} E\ C is a perfect matching of G).

IN
RN

forec E\ C)

Finally, note that C'U 2T is a tour of G and

Z w(e) < Zw(e) +2- Zw(e) <zg+ %zg = ng.

ecCU2T ecC ecT

O]

Next we show that we can use a very similar approach to 2EC on node-weighted, 3-edge-

connected, cubic graphs.

Theorem 12. There is a %-appmximation algorithm for 2EC on node-weighted, 3-edge-

connected, cubic graphs.

Proof. Let C be a cycle cover of GG that covers all 3-edge and 4-edge cuts of G. By Observation
graph G/C is 5-edge-connected. For e € E(G/C) let y. = %, and y. = 0 otherwise. Notice
that y € SUBTOUR(G/C). By Christofides’ algorithm, one can find a 2-edge-connected
multigraph F' on G//C, such that ) _pw(e) < %ZeeE(G/C) w(e)ye. In particular,

Zw(e) <

IN

w(e)ye (E(G/C) S E\C)
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IN

w(e) (ye < - foree E\ C)

ot N

= —z¢g (By Fact |3} E \ C is a perfect matching of G).

Note that C'U F' is a 2-edge-connected multigraph of G and

Z w(e) < Zw(e) + Zw(e) <zg+ %ZG = %za.

eecCUF ecC eeF

O]

We note that for the 2EC problem on 3-edge-connected cubic graphs, there are better
(i.e., smaller) bounds on the integrality gap than those implied by Theorem In particular,
Boyd and Legault [BL17] and Legault [Legl7] gave bounds of g and %, respectively, on the
integrality gap. While their procedures are constructive, they do not run in polynomial time.
Thus, the best previously known approximation factor for this problem is % via Christofides
algorithm. Finally one can easily obtain the following theorem using the ideas in the above
theorems together with Observation

Theorem 13. There is a %-approa:imation (respectively, %-approa:imation) algorithm for TSP

(respectively, 2EC) on node-weighted, 3-edge-connected, cubic, bipartite graphs.

4.2 A Tool for Covering 2-Edge Cuts

The results in Theorems |3[ and |12| do not apply to bridgeless, cubic graphs. In this section,
we give an alternative tool to the BIT cycle cover (from Theorem [5)) for graphs that are not
3-edge-connected (i.e., graphs that contain 2-edge cuts). In particular, we find a decomposition
of a point z* in such that this decomposition has certain properties. Many
approaches for TSP decompose z* into a convex combination of spanning trees, whose average
weight does not exceed zg. In this section, we propose an alternate way of decomposing z*

into connectors.

Definition 1. A connector F of graph G is a (multi) subset of edges of G such that F is

connected and spanning and contains at most two copies of each edge in G.

It is known that a vector a* & dominates a convex combination of spanning
trees (and hence connectors) of G. We now show that x* can be decomposed into connectors
with the additional property that every 2-edge cut is covered an even number of times.
These connectors can be augmented to obtain a tour or a 2-edge-connected multigraph of
G, and under certain conditions, this property can be exploited to bound the weight of an

augmentation.
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Theorem 14. Let z* € [SUBTOUR(G)| We can find a family of connectors F = {Fi,..., Fy}

and multipliers A1, ..., \e, in polynomial-time in the size of the graph G, such that
(a) z* > Zle N Fi, where Y\ =1 and A\; > 0, and
(b) every F; has an even number of edges crossing each 2-edge cut in G.

We note that G can be assumed to be the support of 2*, so every F; will actually have an

even number of edges crossing each 2-edge cut in the support of G on z*.

4.2.1 Proof of Theorem [14]

To prove Theorem [14] we need to understand the structure of 2-edge cuts in a 2-edge connected
graph. Assume G = (V, E) is a 2-edge-connected graph. For S C V, let G[S] denote the
subgraph induced by vertex set S (i.e., the graph on the vertex set S containing edges from
E with both endpoints in 5).

Lemma 3. If S CV and |6(S)| = 2, then G[S] is connected.

Proof. Suppose not, then S can be partitioned into S; and Sa, such that there is no edge in
G between S; and S. Hence, |6(S1)| 4 |0(S2)| = 2. However, since G is 2-edge-connected we
have [0(S1)] + [6(S2)| > 4, which is a contradiction. O

Lemma 4. Let e, f and g be distinct edges of G. If {e, f} and {f,g} are each 2-edge cuts in
G, then {e, g} is also a 2-edge cut in G.

Proof. Let S,T C V be such that 6(S) = {e, f} and 6(T) = {f, g}. Without loss of generality,
we can assume that neither endpoint of e belongs to 7T'. (If both endpoints of e belong to T,
we set T equal to its complement.) Moreover, we can assume that SN7T # () (since otherwise
we can set S equal to its complement). We can also assume that S\ T # ) (since one endpoint
of e belongs to S but not to T'). Suppose T'\ S is not empty. By Lemma [3| G[T] is connected.
Hence there exists an edge h from SN T to T'\ S. Notice h € §(5), and h ¢ §(T"). Therefore,
h = e. However, since both endpoints of h are in T, this is a contradiction. So we can assume
that 7'\ S = (). In other words, T' C S.

Now we show that 6(S\ T') = {e,g}. Since T' C S and neither endpoint of e belongs to
T, it follows that e € §(S \ T). Moreover, since only one endpoint of g belongs to T (and
therefore to S) and g ¢ §(S), it follows that g € 6(S \ T). So we have {e,g} C 6(S\T).
Suppose there is another edge h € §(S \ T') with endpoints v € S\ T and u ¢ S\ T. Note
that h # f, because neither endpoint of f belongs to S\ 7. If uw € T, then h € §(T) which is
a contradiction to T" being a 2-edge cut. Otherwise if u € V'\ S, then h € §(S) which is again

a contradiction to .S being a 2-edge cut. O

18



We will later use these properties when building a family of connectors to delete and
replace edges along the 2-edge cuts of the graph. Next, we need a decomposition lemma for

T*.

Lemma 5. A vector z* € |[SUBTOUR(G)| can be represented as a conver combination of
connectors of G, and the number of connectors in this convex combination is polynomial in

the number of vertices of G.

Proof. By Corollary 50.8a in [Sch03| the following polytope is the convex hull of connectors
of G.

z(6(P)) > |P| -1 for P € 11,
0<z.<2 foree E

Here, I, is the collection of partitions of V. For P € II,,, we denote by 6(P) the set of edges
with endpoint in different parts of partition P, and |P| is the number of parts in partition P.

Notice that for any partition P of V' with parts Py,..., Pp| we have

1 7
2" (6(P)) = 5256*(5(1%)) > |Pl.
i=1

Therefore, z* can be written as a convex combination of connectors of G. The fact that
the number of connectors in the convex combination is polynomial follows from the fact
that the polytope above is separable, and hence we can apply the constructive version of
Carathéodory’s theorem to get the result [GLS88| [Sch03]. O

By Lemma there exists positive reals A1, ..., Ay, such that Zle A; = 1, and connectors
F1, ..., Fy such that

J4
=1

where xf is the characteristic vector of F; for i € {1,...,¢}. Furthermore, we can find
this decomposition in time polynomial in the size of G. Notice F1,. .., Fy satisfy (a) in the
statement of Theorem [I4 We will now show that given Fi,..., Fy, we can obtain a new

family of connectors satisfying both (a) and (b) from Theorem

Lemma 6. Given a family of connectors F1, ..., Fy of G such that x* = Ele XixFi, N > 0 for
ie{l,..., 0}, and Zle Ai = 1, there is a polynomial-time algorithm that outputs connectors
Fi,...,F} such that

(1) z* =S5 .
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(2) If ¥ > 1, then x¥i(e) > 1 for all i € {1,...,(}.
(8) If x* < 1, then there is no i € {1,...,0} such that xi (e) = 2.

Proof. Call a tuple (e,i,j) where e € E, i,j € {1,...,¢} bad if
xFi(e) = 2 and x7(e) = 0.
Let m be the number of bad tuples and let (e, i, j) be a bad tuple. Then

F/=F,—e, Fj=Fj+e, and F, = F, for pe {1,..., 0} \ {i,5}

(2

satisfies property (1). Notice that now FY,..., F; has at most m — 1 bad tuples; no new bad
tuples are created by the above procedure. Thus, after at most m iterations, we have that for
each e € E, there is no i, € {1,...,¢} such that x%(e) = 2 and XFJ{(e) = 0. This implies
properties (2) and (3) in the statement of the lemma. Finally, it is also easy to see that fixing
each tuple can be done in polynomial time, and that the number of tuples is polynomial in
the size of G. O

We now proceed to the proof of Theorem [I4] By Lemma[4] the relation “is in a 2-edge
cut with” is transitive. So, we can partition the edges in 2-edge cuts of G into equivalence
classes via this relation. Let D be the collection of disjoint subsets of edges of G such that
for all D € D: (i) |D| > 2, and (ii) for each pair of edges {e, f} C D, edges e and f form a
2-edge cut of GG. Note that for D € D and any distinct edges e, f € D, it cannot be the case

that both 27 <1 and 2} < 1, since {e, f} is a 2-edge cut and z* € We classify
the subsets in D into two types:

Di={DeD: forallee D, z; > 1},

Dy ={D € D : there is exactly one edge e € D such that = < 1}.

Let Fy,...,Fy; be a family of connectors satisfying properties (1), (2) and (3) in Lemma [6]
We propose a procedure to modify these connectors and output Fj, ..., F, such that for each
D € D, property (b) in Theorem [14]is satisfied while property (a) is preserved. In particular,
by property (1) from Lemma [6] we have

L
ZXF"(e) =z, for e € E.
i=1

Our specific procedure depends on whether D € Dy or D € Ds.

Case 1 (D € D;): In this case, we have xfi(¢) > 1 foralle € D andi € {1,...,£}, by
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property (2) in Lemma[6] For i € {1,...,¢} let F be such that
XFi/(e) =1foree D and XFil(e) = xi(e) for e € E\ D.

Now we reset Fy,...,Fp:= F{,..., F}, and proceed to the next D € D;.
It is easy to see that we can apply this procedure iteratively for D € D;. This is because
after applying this operation on D € Dj, properties (2) and (3) in Lemma |§| are preserved.

Moreover, property (1) in Lemma |§| is also preserved for every edge not in D, i.e.

4
Z AixTi(e) =z} for alle € E\ D (and S°_, XixFi(e) < a* for all e € D).

In addition, given any 2-edge cut {e, f} such that {e, f} C D for D € Dy, we have vFi (e) +
() =1+1=2forallie{l,...,0}.

Case 2 (D € Ds): Let e be the unique edge in D with z¥ < 1. By property (3) in Lemma
|§|, we have y%i(e) <1 for all i € {1,...,£}. Without loss of generality, assume for x%i(e) = 1
fori e {1,...,p} and x¥i(e) =0 fori € {p+1,...,¢}. Fori€ {1,...,p}, let F! be such that

XFz{(f) =1for f € D and XFi/(f) :XFi(f) for fe E\D.
Forie {p+1,...,¢}, let F/ be such that
X"(e) =0, x"i(f) =2 for f € D\ {e} and x"(f) = x"(f) for f € E\ D.

Now we reset F,...,Fp:= F{,...,F}, and proceed to the next D € Dy. After each iteration,

we observe that

p
Z AixT(e) =D dixFie Z it
i=1 i=p+1
p
i=1

For f € D\ {e}, we have

L D 4
D) =DM+ Y i)
i=1 =1

1=p+1

P l
Z)\i—FQ Z i
=1

i=p+1
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=z, +2(1—x)) (From )
=2—z

<% (Since z* € SUBTOUR(G)).

This also clearly holds for any f € E '\ D as we do not touch these edges. Note that after the
final iteration, Fi,..., Fy are connected, spanning multigraphs of G, because we began with
connected, spanning multigraphs and we only remove an edge f from F; if it contained at
least two copies of f.

Finally, note that given any 2-edge cut {e, f} € D for D € Do, we have xi(e) + xF (f) =
L+1=2xFie)+xFi(f)=0+2=20r xFi(e) + xFi(f)=2+2=4foralli € {1,...,0}.
This concludes the proof of Theorem

4.3 Subcubic Graphs

We now present two applications of Theorem In the first application, we show that for a
node-weighted, subcubic graph, Christofides’ algorithm has an approximation factor better
than % when the weight of an optimal subtour solution is strictly larger than twice the sum
of the node weights. In the second application, we show that there is a set of edges that
can be added to a connector to yield a 2-edge-connected graph, and this addition can be
found via an application of the tree augmentation problem, which we introduced in Section
This resembles methods used in the proof of Theorem [0] We then show that combining
the approaches in these applications, we can beat the approximation ratio of Christofides’
algorithm for 2EC on node-weighted, subcubic graphs.

A useful fact about node-weighted, subcubic graphs is that the total edge weight cannot

be too much larger than zg.
Fact 4. Let G = (V, E) be a node-weighted, subcubic graph. Then w(E) < %ZG.

Proof. Observe that w(E) < 3-3 .y fu, where f : V. — R* is the node-weight function.
Also, notice that zg > 2->° v fo. O

Since all graphs are assumed to be 2-vertex-connected (i.e., bridgeless), we can show the

following fact.
Fact 5. Let G = (V, E) be a node-weighted, subcubic graph. Then zq <3 -3, o fo.

Proof. This follows from the fact that z. = 1 for all e € E is a feasible solution for SUBTOUR(G)

when G is a 2-vertex-connected subcubic graph. %

For the remainder of this section, let z* be an optimal solution for SUBTOUR(G)} By
Theorem , we have z* > Zle A\ixFi where F} is a connector satisfying (a) and (b) in the
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statement of Theorem fori e {1,...,¢}. Let 2’ = Zle XixFi. Clearly Yecpwle)z, < 2.

Define # € R¥ as follows: 7, = min{1,z.}.

4.3.1 An Algorithm for TSP a la Christofides with Simple Deletions

In the graph metric, every (minimum) spanning tree has weight at most n. It follows that

in the case where zg > (1 4 €)n, Christofides’ algorithm has an approximation guarantee

€

1+e
difficult case for graph-TSP is when zg = n. It seems that it should also be the case for

strictly better than % (in fact, at most ( % — —=)). This implies that, in some sense, the most
node-weighted graphs: the most difficult case should be when 2 =2- 3 .y fy, and when
2> (1+¢€)-2-3 v fo, Christofides’ algorithm should give an approximation guarantee
strictly better than %

However, in the case of node-weighted graphs (even for subcubic graphs), a minimum
spanning tree of G' may have weight exceeding 2 - i, fu when zg > 2.3~y fs. See
Figure [1| for an example. Thus, proving an approximation factor strictly better than % for
node-weighted graphs in this scenario does not follow the same argument as in the graph
metric. Nevertheless, we can use connectors to prove that we can beat Christofides’ algorithm

when G is a subcubic node-weighted graph and zg is much larger than 23 _y fo.

{I}

(a)

(b)

Figure 1: The graph in l@] has a total of 10¢ (here ¢ = 5) vertices: each circular vertex
corresponds to the gadget in @ The weight of each square vertex in @ is 1, and all other
vertices have weight zero. A minimum spanning tree (denoted by the thick, blue edges) has
weight 5¢ — 2 while sum of the node weights is 2¢. In this case, Theorem [15| yields a tour of

weight 7t — 2, providing a g-approximation for this instance.

Lemma 7. Let G = (V, E) be a graph with nonnegative edge weights. There is an efficient

algorithm to find a tour in G with weight at most zg + @

In fact, we prove something slightly stronger that will be useful later in the paper.
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Lemma 8. Let G = (V, E) be a graph with nonnegative edge weights. There is an efficient

algorithm to find a tour in G with weight at most @ + % D eepw(e)z, + % Y ecr w(e)Te.
For a subset T of vertices in V', where |T'| is even, a T-join of G is a subgraph J of G in
which the set of odd-degree vertices of J are exactly 7. Edmonds and Johnson [EJ73] proved

that the inequalities below describe the convex hull of T-joins of G.

2(S(U)\W) —2(W)>1—|W| for UCV,W C8U),|[UNT|+|W|odd (T-JoiN(G))

0<z. <1 for all e € E.

In Christofides’ algorithm, one can write an optimal solution x* for as a
convex combination of spanning trees (see Fact . Each of these spanning trees is then
augmented with a T-join, where T' C V is the set of odd-degree vertices in the spanning tree.
In particular, for a spanning tree F' of G, let T be the set of odd-degree vertices of F'. Then,
% dominates a point in the T-join polytope. This mean the vector =* + % = %az* dominates
a convex combination of tours of G.

If we decompose the optimal solution for into a family of connectors according
to Theorem [I4] then we can augment each connector by a T-join that is obtained from writing

the vector {#}# as a convex combination of T-joins.

Lemma 9. Let F be a family of connectors for G = (V, E) satisfying properties (a) and (b)
from Theorem[L] For an F; € F, let T denote the odd-degree vertices in F;. Then the vector

{$}7 belongs to[I-JOIN(G)|

Proof. Let F be a connector of G and let T' C V denote the vertices with odd degree in F.
Since all edges have value %, we only need to check that

o(U W

|(3)|+|3|21 for UCV,W Co(U),|[UNT|+|W| odd. (3)

Consider U C V such that [§(U)| = 2. Note that > .5 xF is even by the properties of
a connector. This implies that |[U NT| is even. So we need to check the case where |W| = 1.
In this case, we see that Inequality is satisfied. Now consider case in which |6(U)| > 3. In
this case,
SO, W], B0 -,
3 3 - 3 =

Hence, {3}¥ € |T-JoIN(G) O

Observe that Lemma |§| is sufficient to prove Lemma |7} To prove (the potentially stronger)

Lemma [8] we modify Christofides’ algorithm further by adding the following deletion step.

Suppose an edge e occurs in a connector F' as a doubled edge. If this edge e also belongs to
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the T-join J, we remove two copies of e from the multigraph F'U J. We observe that the

resulting multigraph remains a tour.

Observation 4. Let F' be a connector for G = (V, E) and let J be a T-join, where T is the
set of vertices with odd degree in F. Let E' C E denote the set of edges that occur doubled in
F and also belong to J. Then the multigraph F'U J\ {2E"} is a tour.

We are now ready to prove Lemmal[§] via an analysis of the modified Christofides’ algorithm

we have just described.

Proof of Lemmal[8 We have 2/ = Zle \ixF* where Fj is a connector satisfying (a) and (b)
in the statement of Theorem [14|for i € {1,...,¢}. Choose i € {1,..., ¢} uniformly at random
according to the probability distribution defined by Aq,...,Ays. Let T; be the set of odd-degree
vertices of F;. By Lemma@ we have {%}E = Z?;l )\;XJ}, where JJZ: is a Tj-join of G. Choose
j€{1,...,4} at random according to probability distribution defined by A},..., Ap,- Let
E' C E denote the edges that occur doubled in F; and also belong to J; By Observation

H = F;UJ;\ {2E"} is a tour of G. We have

I =2 Elw(E")]

Elw(H)] = Efw(F)] + Elu(
Ll

= Z w(e)x!, w3E) -2 Z w(e) - Pr[xfi = 2] - Prle € JJZ]
eck e€F:xl>1
wiel + P o S w1
ecE ecE:x,>1
— Z w(e)r, + w(3E — ; Z w(e)zl — Z w(e)
eclk ecE:x,>1 ecE:x,>1
=Y we)zl w(gE) - ; (Z w(e)xl, — Z w(e)%)
ecl eckE eck
= ZeEE;(e)xe + ng) - ; > w(e)z,
eck

O

Theorem 15. Let G be a node-weighted, subcubic graph. If zg >2-(1+¢€)->_ v fo, then

there is an (2 — $)-approximation algorithm for TSP on G.

Proof. For a node-weighted, subcubic graph, we have

w(E) é 3'va- (4)

veV
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By the assumption of the theorem and (), we have zg > 2(1+ €)Y oy fo > @w(E)
Applying Lemma [7, we get a tour of weight at most

w(E) 3+ 2¢
< .
ot 5= = (g

3 €

= G gga)
3 €

< (E-3)za

< (53)

The last inequality comes from the fact that e < % since zg < 3- ZvGV fv, which follows from
Fact B O

4.3.2 An Algorithm for 2EC

Recall the set-up for 2EC. We are given a graph G = (V| F) with nonnegative weights w(e)
for e € E. Our goal is to find a minimum weight 2-edge-connected multigraph of G. We now

prove the following lemma.

Lemma 10. Let G = (V, E) be a graph with nonnegative edge weights. We can find a 2-edge-
connected multigraph of G with weight at most Y. . w(e)zl, + Fw(E) — 2 -3 cpw(e)Ze.

Proof. Recall that we have 2/ = Zle \ixFi where F; is a connector satisfying (a) and (b)
in the statement of Theorem [14|for ¢ € {1,...,¢}. Fori € {1,...,¢}, let S; be the family of
1-edge cuts of F;. As discussed in Section there is a laminar family S C S; that is enough
to describe COVER(G, F}) for all i € {1,...,¢}. Define vector y* € R¥ as follows: 3% = 0 for
ecF,andy. =1foree E\ F,.

Claim 1. For i € {4,...,/}, we have y* € COVER(G, F}).

Proof. Let S be a 1-edge cut of F;. Then 6(S) N F; contains exactly one edge e. Note that it
cannot be the case that [0(S)| = 2. This is because if §(5) were a 2-edge cut of G, then by

property (b) in Theorem there would be an even number of edges in F; that are also in
d(S). Hence, [6(S5)| > 3. So we have

1 1 6(5) \ {e}|
= —_- = _- = >
Z Ye Z 2 92 9 > L
e€d(S) e€d(S)\F; e€d(S)\{e}

This concludes the proof of the claim. O

For i € {1,..., ¢}, define vector r' as follows: i = 0 for e € F; and ri = 2 for e € E\ F.

Claim 2. For i € {1,...,/}, the vector 7 can be written as a convex combination of 1-covers
of Fz
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Proof. By Claim [1f and Theorem @ vector %yi can be written as a convex combination of

1-covers of F}, and 4 y =7t O

By Claim for i € {1, .0} we can write r as Z] 1 )\;CJZ, where Afor jed{l, ..., 6}, C’;
is a 1-cover for F;. Let R: = F; UCJ?. Notice, for all choices of ¢ and j, R} is a 2-edge-connected
multigraph of G. To argue that there exists a low-weight, 2-edge-connected multigraph, we

show the following claim.

Claim 3. There exists ¢ € {1,...,¢} and j € {1,...,¢;} such that R; < Y ecpwle)z, +
Jw(B) = 3 Yeepwle)e.

Proof. Pick i € {1,...,¢} at random according to the probability distribution defined by

AL, ..., M. Now, pick j € {1,...,4;} at random according to the probability distribution
defined by )\’i, e ,)\Z_. We have

E[w(Rj)] = E[w(F)] + E[w(C))]
= (2w(e) - Pr[x"(e) = 2] + w(e) - Pr[x” )+ > w(e)-Prle € CJ]
eclk eck
=" (2w(e) - Pr[x"(e) = 2] + w(e) - Pr[x"’ )+ Z xFi(e) = 0]
ecl eEE
= 3 (u(e) Pri"(e) = 2] +ule) - Pelxi(e) = 1 +§w<e> Prlxfie) = 0])
+ Z (Zw(e) . Pr[XFi (e) = 2] +w(e) - Pr[XFi (e) =1] —f—%w(e) . Pr[XFi(e) = 0])
cchm <1 T/ T T:QT/
= Z (2w(e)z, — 2w(e) + 2w(e) — w(e)z,) + Z (w(e)x, + %w(e) - gw(e)x
ecE:x,>1 ecE:x, <1
= Z w(e)r, + Z (éw(e)x'e + %w(e))
ecE:x,>1 ecE:x, <1
= Z )zl —1) +Z :ceJr;w(e))
ecE:x,>1 eck
= Z w(e)x, — Z w(e)Te + Z %w(e)a‘ce + Z %w(e)
ecl ecl eclk ecl
—Z )l + wE)—g'Zw(e):Ee.
eck eck
O
This concludes the proof of Lemma O
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Assume w(E) < %ZG. In this case, Lemmaﬁnds a 2-edge-connected multigraph of weight
at most 2z — % Yecpw(e)re. If Y pw(e)Ze = zq, then this implies a %-approximation
for 2EC. (Note that this is the case if #* < 1.) However, there are instances for which this
does not happen. Figure [2] illustrates an example where the algorithm in Lemma 10| does not

improve the bound of Christofides’ algorithm.

2 O
€

Figure 2: Let G = (V, E) be the node-weighted K4 shown above. For e € E, w, is defined
as the sum of the node-weights of the two endpoints (e.g., wy,4, = 2+ 1 = 3). The edge
labels represents solution z* € Here we have 2/ = x*. We have w(E) = 12,
Yecpw(e)x, =8, . cpw(e)T. = 6+4e. For this z*, Lemmayields a (35¢)-approximation,
which does not outperform Christofides’ algorithm by any constant factor. However, Lemma
provides a (%)—approximation for 2EC on the graph G.

Lemma 11. Let G = (V,E) be a graph such that w(E) < - 2, then there is a (3 + g)—
approzimation for 2EC on graph G.

Proof. Taking the best of the guarantees from Lemmas [§] and [I0}we have an algorithm that

outputs a 2-edge-connected multigraph of weight at most

% (g Zw(e)ac'e + w(E))) < % (ng + w(E)) = (% + g) F 26

eckE

Note that the above bound is obtained by taking the average of the two guarantees. O

Theorem 4. If G is a node-weighted, subcubic graph, then there exists a %-appmximation
for 2EC on G.

Proof. For a node-weighted, subcubic graph, we have w(E) < %zG (by Fact . By Lemma
we get a %—approximation for 2EC on graph G. O
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5 Concluding Remarks

Carr and Ravi [CR9§| proved that for any 4-regular 4-edge-connected graph G, the everywhere
% vector can be decomposed into a convex combination of 2-edge-connected subgraphs of
G. This implies an upper bound of % on the integrality gap of half-integer points for the
2EC problem with metric weights. Their proof however does not lead to a polynomial-time
algorithm for such instances. In Theorem we gave an alternate way (as opposed to that of
Wolsey [Wol80]) to obtain such a convex combination for the everywhere % vector. It is an
interesting open problem to determine if the everywhere % — e vector for G can be decomposed
into convex combination tours of G in polynomial time. Another open problem is stated
in Conjecture 2] which is implied by the four-thirds conjecture. Finally, for node-weighted
metrics, it would be interesting to find a %—approximation algorithm for TSP in bridgeless,

cubic graphs to match the corresponding bound for graph metrics [BSvdSS14].
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