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Acoustic microstreaming produced by nonspherical oscillations of a gas bubble.
I1. Case of modes 1 and m
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This paper continues a study that was started in our previous paper [A. A. Doinikov e al., Phys. Rev. E 100,
033104 (2019)]. The overall aim of the study is to develop a theory for modeling the velocity field of acoustic
microstreaming produced by nonspherical oscillations of an acoustically driven gas bubble. In the previous
paper, general equations were derived that describe the velocity field of acoustic microstreaming produced by
modes n and m of bubble oscillations. In the present paper, the above equations are solved analytically in the
case that acoustic microstreaming is the result of the interaction of the translational mode (mode 1) with a mode
of arbitrary order m > 1. Solutions are expressed in terms of complex mode amplitudes, which means that the
mode amplitudes are assumed to be known and serve as input data for the calculation of the velocity field of
acoustic microstreaming. No restrictions are imposed on the ratio of the bubble radius to the viscous penetration
depth. Analytical results are illustrated by numerical examples.

DOI: 10.1103/PhysRevE.100.033105

I. INTRODUCTION

In Part I of our study [1], equations were derived for the
velocity field of acoustic microstreaming that is produced by
modes n and m of oscillations of a gas bubble; see Sec. II C of
Part I [1]. The aim of the present paper is to apply the above
general equations to the case that acoustic microstreaming is
produced by the interaction of the translational mode (mode
1) with a mode of arbitrary order m > 1.

The case 1—1, where only mode 1 is involved, and the
case of modes 1 and m with m > 1 are shown in Part I [1]
to be described by different equations. Therefore, the present
calculation is divided into two parts. In Sec. IT A, a solution
for the case 1—1 is derived, while the case 1 — m withm > 1
is considered in Sec. I B.

The case 1—1 was considered previously by Davidson and
Riley [2] and Longuet-Higgins [3]. We consider this case in
a different formulation. In Refs. [2] and [3], it is assumed
that the bubble is fixed while the liquid oscillates about it.
This means that the liquid at infinity has a unidirectional
velocity. Conversely, we assume that the bubble is moving
while the liquid at infinity is at rest. Our results show that these
assumptions lead to different solutions for the streaming. The
fact that these two cases are not equivalent as far as acoustic
streaming is concerned is also confirmed by results of Wu and
Du [4], which are presented in more detail below. Another
important distinctive feature of our solutions is that they do
not impose any restrictions on the ratio of the bubble radius
to the viscous penetration depth, whereas the results obtained
in Refs. [2] and [3] are valid only when the bubble radius is
much greater than the viscous penetration depth.
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II. THEORY

We consider a gas bubble undergoing axisymmetric oscil-
lations, which include the radial pulsation (mode 0), transla-
tion (mode 1), and shape modes of order m > 2. The liquid
motion produced by the bubble oscillations is described by
spherical coordinates r and 6 whose origin is at the equilib-
rium center of the bubble. The geometry of the problem is
depicted by Fig. 1 of Part I [1].

A. Acoustic microstreaming produced by mode 1 alone

According to the theory developed in Part I [1], in the case
1—1, the Eulerian streaming velocity is represented by

(027) =V x [0 D)ec], (1)

where () denotes the time average, e, is the unit azimuth
vector, and ( 2“) is the amplitude of the vector potential of
the streaming velocity that is calculated from Eq. (33) of Part
I, in which 7 is set equal to 1, giving the following result:

(A _ 1 )2( 11)
T P 2sin%0 2

w 1—M2 2 % Ry > (1y (1) *
=TRC klalbl T [X1h1 (xl)—hl (xl)]

- kfblb”{xlh(]”’(xl)h(]l)*(xl)}. )

In Eq. (2), A,9 denotes the rf part of the Laplace opera-
tor (see Appendix A), u = cos0, x; = kir, k; = (1 +1)/5,,
81 = &/2v/wy, v is the kinematic liquid viscosity, w,; is the
frequency of mode 1, Ry is the bubble radius at rest, a; and
by are linear scattering coefficients (see Appendix A), A"

©2019 American Physical Society
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FIG. 1. Case 1—1. Comparison of the streaming velocity components given by different theories inside the viscous boundary layer.

is the spherical Hankel function of the first kind, A"’ (x;) =
dhi" (x;)/dx,, and the asterisk denotes complex conjugate.
A solution to Eq. (2) (see Appendix A) is given by

b 2
(V') = ny1 - u2%Re{F(x.>}, 3)

where the function F'(x) is defined by Eq. (A12). Substituting
Eq. (3) into Eq. (1) yields the following expressions for the
radial and tangential components of the streaming velocity:

b 2
(var) = %RG{F(M)}Pz(M), “)
b 1?
(o) = — D Relr () + 0 F )l T 12, (5)

where P, is the Legendre polynomial of order 2 and the
function F’(x;) is defined by Eq. (A21).

It should be emphasized that Egs. (4) and (5) give the
components of the Eulerian streaming velocity, the functions
F and F’ specifying the dependence of these components
on distance. To calculate the Lagrangian streaming velocity,
Egs. (4) and (5) are added with the components of the Stokes
drift velocity, which are given by Eqgs. (A28) and (A29). A
MATLAB code for the calculation of the Eqgs. (4), (5), (A28),
and (A29) is provided as Supplemental Material [5].

As said in the Introduction, we consider a case different
from that considered by Davidson and Riley [2] and Longuet-
Higgins [3]. We assume that the bubble is moving and the
liquid at infinity is at rest, whereas the above authors assume
that the bubble is fixed and the liquid at infinity is moving.
The streaming velocity, as a nonlinear effect, is different in
these two cases. This inference follows from our results and is
corroborated by results of Wu and Du [4].

Wu and Du [4] derived approximate solutions for the
streaming velocity within the thin viscous boundary layer at
the outer and inner surface of a gas bubble undergoing the
monopole and dipole vibrations. They assumed that the gas
inside the bubble was viscous and used the non-slip boundary
conditions. Therefore, their main solutions cannot be correctly
compared to those of Davidson and Riley [2] and Longuet-
Higgins [3], as well as our solutions. However, we can use
limiting equations obtained by Wu and Du [4] in the case
that the gas viscosity tends to zero, Egs. (26’) and (28') in
their paper, which give the streaming velocity in the case
1—1 within the boundary layer outside the bubble. We cannot
perform an exact quantitative comparison as Wu and Du [4]
use a quantity ug called by them “the velocity amplitude of a

sound source.” It is not clear how to correctly recalculate this
quantity to the translational amplitude used in our theory and
in the theories of Davidson and Riley [2] and Longuet-Higgins
[3]. However, we can compare the sign of the components of
the streaming velocity inside the viscous boundary layer.

It follows from the theory of Wu and Du [4] that u; can
be treated as the amplitude of the liquid velocity generated by
the incident acoustic wave at the center of the bubble as if the
bubble were absent. Then the following relation between ug
and the magnitude of the translational velocity of the bubble,
vp, can be written: v, = wq|s1| = 3uy [6], where s; is the
complex amplitude of mode 1 used in our theory. Substituting
this relation into Egs. (26’) and (28') of Ref. [4], we can write
the components of the streaming velocity derived by Wu and
Du in the following form:

wilsi*Ryp r
UwWDr = —W<1 - IT())Pz(M)’ (6)
2151 [2R2
vwps = — U Repe )

4nr

where 7 is the dynamic liquid viscosity and p, is the equilib-
rium gas density.

According to the theory of Longuet-Higgins [3], in case
1—1, the components of the Lagrangian streaming velocity

inside the viscous boundary layer are calculated by
1 8601 IS 1 |2512
ULHr = T

1 3
X (e_s cosé — 1+ Eée_g cos& — %E>P2(M), (8)
9w 51|28,

= T Ror
0

[255 (cos& + 2siné)

+2§ef(cosg+smg)+ﬂu 1—pu2 (9

where & = (r — Ry)/5:. These equations follow from Eq. (6.5)
of Ref. [3].

In Fig. 1, we compare the dependence on r given by
Egs. (6)—(9) to the results of our theory. Since Longuet-
Higgins [3] states that his results for the case 1—1 are identical
to those of Davidson and Riley [2], we only provide the
results of Longuet-Higgins [3] in Fig. 1. The simulations
were made at the following values of the physical parameters:
Ro =50pum, f = w;/2mr =50 kHz, the liquid density p =
1000kg/m?, n =0.001 Pa s, and Py = 1.2kg/m>. The
components of the streaming velocity were normalized by
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FIG. 2. Case 1—1. Comparison of the streaming velocity components given by Longuet-Higgins’ and our theories outside the viscous

boundary layer.

the factor w;|s1|?>/Ry. The comparison is carried out within
the viscous boundary layer, from r/Ry =1 up to r/Ry =
1+ 6;1/Rog, where §;/Ry = 0.05 for the above mentioned
parameters. As one can see, the velocity components of Wu
and Du [4] are of the same sign as those predicted by our
theory inside the viscous boundary layer, whereas the velocity
components of Longuet-Higgins [3] are of opposite sign.

Outside the viscous boundary layer, the theory of Longuet-
Higgins [3] gives

. 27(,()1|S1|281 Ré R(z) p 10

vLHr—TR% r_4_r_2 2 (1), (10)
27w, |s1|*R%8

vy = LT =2, (1)

2014

These equations follow from Eq. (6.7) of Ref. [3]. Figure 2
compares the dependence on r given by Egs. (10) and (11)

|
1 : 1m
(Are B rzsinze) ( 2 )

vr? r

to the results of our theory. The parameters are the same as
in Fig. 1. The velocity components are normalized by the
factor w) |s1|?/Ro. As one can see, our theory predicts a greater
velocity magnitude. However, it should be emphasized once
again that Fig. 2 compares two different physical cases.

B. Acoustic microstreaming produced by modes 1 and m
withm > 1

In the case 1 — m, the Eulerian streaming velocity is repre-
sented by
(13") = V x [(¥,"(r, )], (12)

where (,™) is calculated from Eq. (32) of Part I [1], in which
n is set equal to 1, leading to

1 R ? / * * /
= —;LP,L(M)Re{klzalbfn< 0) [2hP (1) — 1A (x1)] —kfblb;;[xlhﬁ”’(xl)hf,})*(xl)+x1h§”(x1)hfj>*(xl)]}

m+ 1 LR\ ;
~ o7 um(M)Re{kfambl (70) [om+ DA () — " )]

— mk3 Db [ A (e R () + xR e (xy )]}

2vr?

V1 =2 Ro\> )
+ Y e ,uanlq(,u)]/Re{klzhﬁnl)*(xl)[alb;(%)) — by}, [PV ) + kg (o )]}

R m+1
+k%h§”*(x1>[amb’f<—°) — bubi [, (1) +x1h£n‘”(x1)]} }
r

Here, the scattering coefficients a,, and b,, are defined by
Egs. (B1) and (B2), P, is the Legendre polynomial of order
m, and P! is the associated Legendre polynomial of the first
order and of degree m.

A solution to Eq. (13) (see Appendix B) is given by

1
(v2") = ~Re{bibu [P Fi (00) + VT = 1P B )]}
(14)

(13)

(

where the functions Fj(x;) and Fp(x;) are defined by
Eqgs. (B35) and (B36). Substituting Eq. (14) into Eq. (12)
yields the following expressions for the radial and tangential
components of the streaming velocity:

1
() = —;Re{b’;bm [1Pu()[m(m + DF (x1) — 2F3(x))]

+V1 = p2P(wF (x) — B}, (15)
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Im 1 * 1 /
(v20') = = —Re{ b [P, GOIF (1) +x1 F(x1)]

+ V1 = 2Py (IR () +x1F ()]}, (16)

where the functions F/(x;) and Fj(x;) are defined by
Eqgs. (B41) and (B42).

It should be emphasized that Eqs. (15) and (16) give
the components of the Eulerian streaming velocity. As one
can see, the dependence of these components on distance is
determined by the functions Fj, F, and their derivatives. Note
that the above functions are independent of the phase shift
between the modes. The phases of the modes are included in
the coefficients b; and b,,, which, as Egs. (A3) and (B2) show,
are proportional to the complex amplitudes of the modes, s;
and s,,. These amplitudes are defined as s,, = |s,,| exp(ig,),
where |s,,| and ¢,, are the magnitude and the phase of mode
m, respectively.

To calculate the Lagrangian streaming velocity, Egs. (15)
and (16) are added with the components of the Stokes drift
velocity, which are given by Eqgs. (B52) and (B53). A MAT-
LAB code for the calculation of Egs. (15), (16), (B52), and
(B53) is provided as Supplemental Material [5].

The case 1 — m with m > 1 was considered previously by
Spelman and Lauga [7]. Just as in the case of the microstream-
ing produced by modes 0 and m discussed in Part I [1], the
difference between their theoretical model and ours is that
they assume that the bubble is fixed while the liquid oscillates
around it, whereas we assume that the bubble is moving while
the liquid at infinity is at rest. This means that at infinity the
first-order liquid velocity tends to a nonzero value in their
case. Hence our model and the one of Spelman and Lauga
describe two different physical situations. Figure 3 compares
the radial and tangential components of the Lagrangian ve-
locity given by the theory of Spelman and Lauga [7] and the
present model, for the microstreaming produced by modes 1
and 4. The simulations were made at the following values of
physical parameters: p = 1000kg/m>, n = 0.001 Pa s, f =
50 kHz, and Ry = 50 um. To eliminate from consideration the
magnitudes of the modes |s;| and |s4|, the streaming velocity
was normalized by the factor Ry/(wo|s1]||s4]). The phase shift
between modes 1 and 4 is set to 0. Because of the relative
complexity of the equations for the Eulerian or Stokes drift
velocities [Egs. (15), (16), (B52), and (B53)] containing terms
with different dependence on theta, we plot the streaming
velocities for particular angles: 6 = 0, %, % . Both models
show similar behavior for the evolution of the Lagrangian
streaming velocities. However, as in the case 0 — m [1], a
difference in the amplitudes of the streaming velocities is
observed, which, however, decreases with increasing .

III. NUMERICAL RESULTS

Numerical simulations were made at the following values
of physical parameters: p = 1000kg/m>, n = 0.001 Pa s,
f =50 kHz, and Ry = 100 um. The streaming velocity was
normalized by the factor w;|s;||sn|/Ro.

Figure 4 exemplifies Lagrangian streamline patterns pro-
duced by modes 1—1, 1 — 2, 1 — 3, and 1 — 4. The phase
shift between the modes was set zero. As one can see, the
main vortices have a form of lobes. The numerical examples

----- Spelman and Lauga

Doinikov et al.

3
r/Ry

FIG. 3. Evolution of the radial (left column) and tangential (right
column) components of the Lagrangian streaming velocity given by
the theory of Spelman and Lauga [7] and the present model for modes
1 and 4. The velocity components are plotted for three angles: (a), (b)
6 =0:(c), (d) 6 =m/d: (). ()6 =2

presented in Fig. 4 show that for modes 1 and m with m > 1,
the number of lobes is equal to 2(m — 1). It is interesting to
note that the streamline patterns in the cases 1—1 and 1 — 3
look identical.

Figure 5 shows the dependence of the normalized magni-
tude of the Eulerian streaming velocity on the distance from
the bubble surface at various values of the phase shift between
modes. The case of modes 1 and 3 is presented. The variation
of the streaming velocity along three directions is shown:
0 =0,0 =m /4, and 6 = /2. As one can see, a change in the
phase shift leads to a considerable change in the magnitude
of the streaming velocity. As the phase shift increases, the
magnitude of the streaming velocity first decreases but then
again increases. The bend of the ¢ = 7 /6 curve in Fig. 5(c)
results from the fact that the sign of the velocity changes at
this spatial point.

IV. CONCLUSIONS

In the present paper, a general theory developed in our
previous paper [1] has been applied to the case that acoustic
microstreaming is produced by the interaction between the
bubble translation (mode 1) and a mode of arbitrary order
m > 1. Since the case 1—1, where only mode 1 is involved,
and the case of modes 1 and m with m > 1 are described
by different equations [1], solutions were obtained separately
for these cases. Analytical results were then used to carry out
numerical simulations. The simulations have shown that in the
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FIG. 4. Numerical examples of streamline patterns produced by various mode pairs.

case 1 — m with m > 1 streamlines form lobes whose number
is equal to 2(m — 1).
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APPENDIX A: SOLUTION OF EQ. (2)

Let us first define the operator A,y and the constants a; and
b, that appear in Eq. (2).
According to Eq. (A9) of Part [ [1], A, is given by

Lo o\, 1 o/ 0 D
_ (2 — | sine— ).
r2 or ar r2sin6 96 96

Ar@ =

The constants a; and b; are known as the linear scattering
coefficients of, respectively, the potential and the vortical parts
of the scattered wave from the bubble. According to Eqgs. (18)
and (19) of Part I [1], they are calculated by

iR()(,()]S])_C%hgl)//()_C])
2[R () + 6hS" G|
B 3iR0a)1s1

2hV &)+ 6n @)

a = (A2)

(A3)

b

where s, is the complex amplitude of mode 1 and x; = k1 Ry.
Making use of Eqs. (A1)-(A3) to express A,y in terms of
x; and pu and a; in terms of by, Eq. (2) is transformed to

Dplt) =y T— L

6vx!
x Ref{xth{"" @) [xih" (x) — 1§P (xy )]*
— 6 e (),

(A4)
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FIG. 5. Case 1 — 3. Dependence of the magnitude of the Eulerian
streaming velocity on the distance from the bubble surface at various
values of the phase shift ¢ between the modes. The velocity variation
along three directions is shown: (a) 0 =0, (b)8 =7 /4,(c) 0 = 7 /2.

where the operator D is given by
p K[ (2 2) o, 0 !
=—|—|x— —pU)— —2u————|.
K2 Lax U H au? Ma,u 1 —p?
(AS)

Taking (y5!) in the form

b 2
(v2') = nv/1 - M%Re{m])}

and substituting into Eq. (A4), one obtains the following
equation for F (x;):

(A6)

d*F 4 d’F 12d°F N 24F Gxr) (A7)
—_— —_—— —— _— X s
dx‘f X dxf x% dx% x‘l‘ !

where G(x;) is given by
1
Xy

— 6x7 Y (xR ()

G = — (B GOk () — BV @]

(A8)

Equation (A7) is solved by the method of variation of pa-
rameters [8], which means that we first solve a homogeneous
equation that corresponds to Eq. (A7),

12 d*F 24F
x} dx? xt

d*F 4 d°F o o)
dxt = x dxj -

Assuming that partial solutions to Eq. (A9) are given by x*
and substituting them into Eq. (A9), one obtains a polynomial
for A,

A — DA —2)(% — 3)

+40h— DA —2) = 12A(A — 1) +24 = 0. (A10)

The roots of Eq. (A10) are -3, —1, 2, and 4, which means
that the general solution of Eq. (A9) is given by

C C
Sy 24 C3x% + C4X‘11,

3 (A11)
Xi X1
and hence the solution of Eq. (A7) can be written as
Ci(x C(x
F = 20 2O 4 eyt + G, (A1)
1

1

where C,(x;) should obey the following system of equations:

Ciyi +Cyo + Ciys + Cuys =0,
Ciy) 4+ Gy + Cyyy + Chyy = 0,
Ciyl + o + Clpf + o =0,

Ciy!' + Coyy + Cyy + Chyy = G(xy). (A13)

Here, the prime denotes the derivative with respect to x; and
the functions y, are given by

2 4
y3 :-x17y4 =.X1, (A14)

-3 -1
Yi=Xx, MN=X,

Solving system (A13) for C, and integrating the solutions,
one obtains

X

1 1
Ci(x1)=Cip — == s°G(s)ds,

Al5
). (A15)
1 [m
Co(xy) = Coo + ) s*G(s)ds, (A16)
Xi
1 [
Gi(x) = Gy — %/- sG(s)ds, (A17)
X
1 [ G(s)
Cy(x1) = Cyo + == —ds, (A13)
70 X S

where C, are constants to be determined by boundary condi-
tions.

To apply the boundary conditions, we first calculate
the components of the Eulerian streaming velocity, using

033105-6
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Eq. (A6),
10
(v3)) =— ;@(( 2 W= p?)
' 1' oo (3i® = DRe[F (x1)), (A19)
1 0
(v26) = —-g(x& 2"))
|b1|

= uy/' 1 Re{F(xl) +x F' (x1)}, (A20)
where, as follows from Egs. (A12) and (A13),

3Ci(x Co(x
F'(x)) = — lg D 2; L + 2C3(x))x; + 4C4(x) )X
1 1
(A21)
From the condition (v}!) — 0 for r — o0, it follows that
1 o0
Cy = % sG(s)ds, (A22)
1 ® G(s)
Cy=—— d A23
0 =" L ds (A23)

To apply boundary condltlons at the bubble surface, we
need the Lagrangian streaming velocity, which is defined
by [3]

vl =(vy') + vy, (A24)

where vél, called the Stokes drift velocity, is calculated by [3]

ol = <<[ olldr v)vy> = o Reli(o}! - V)0l
w1

(A25)
v{! being the linear liquid velocity produced by mode 1.
From Egs. (11) and (12) of Part I [1], it follows that

kib ,
o} = e S L P @) + 6x2h0 ()], (A26)
X
ey kb1 V1 — w?
vip = —e T == T
X1

x [® R (&) — 6x7R (k) — 6x70SV (k)] (A27)
Substituting Eqs. (A26) and (A27) into Eq. (A25) yields

1]_ |1|

ST = G {61x1h(1)*(x1)h(1)/(x1)
4h(1)// g / .
%[ A G 4+ x kY ()] } (A28)
by |? . "
véé = 66()117'3 MmRe 6lx12hil)(x1)hil)/ (xl)

)—C4h(1)’ 4 X
+i 1™ 2( 1)
X
The boundary conditions at the bubble surface are written
as (see Part I [1] for more detail)

[6n" (x1) — AV (x)]” } (A29)

vL, =0 at r=Ry, (A30)

Loull oull o)
r 00 or r

=0 at r=Ry. (A31)

Substituting Egs. (A19), (A20), (A28), and (A29) into
Egs. (A30) and (A31) yields
Cio+%Cyp =4 (A32)

16Cyo + 65°Cy = B (A33)

where
A = —CR) — Caof] + X0V G20 &) + 5105 @)
— 6z @R @), (A34)

B=—6C30%; — 16Cs0x] +x 1" G R (51) — 6" (51)]
— 25 1Y @27 R+ 35 R () — 605V (7))

+485 1" @RV @) — 368 R @Rt (7). (A35)
It follows from Eqs. (A32) and (A33) that
_ B—6A (A36)
10 - 10 E)
S 16A — B 437
7 o

APPENDIX B: SOLUTION OF EQ. (13)
From Eqgs. (18) and (19) of Part I [1], it follows that

RV (x,) — (m — 1)(m + 2)hP (%)

= b, form > 1,
2(m+2)
(B1)
_ 2iRo(m + 2)w, S,
A D[RS Gn) 4 (m2 + 3m + 2)h (8]
(B2)

where X,, = kuRo, ky = (1 4 1) /8, 810 = /2V Jwp, 0y 18 the
frequency of the mth mode, and s,, is the complex amplitude
of the mth mode. In the case under consideration, it is assumed
that modes 1 and m oscillate at the same frequency w;, so
Wy, = w1, km = kl, and)'cm = Xi.

By using Egs. (B1) and (B2) and the transformation

V1= 2[V1 = 2By )] = mOm + DY/ = 2P, (),

(B3)

Eq. (13) is rearranged to

k4
—Re{bibu[ 1P, (WG (x)
ST ERWel. @4

where, for convenience, we denote x; = x and X; = X, the
operator D is given by Eq. (AS), and G;(x) and G,(x) are

D{y,") =
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calculated by
X" (s ) 1y Lo, vy b,
Gi(x) = h (®)[2h8) (x) — xhl ()] + xhl (), " (x) x*h‘ (O, (x), (BS)
Gy (x) = m(m + 1)h£;>(x)[12 V(%) - h§1>'(x>]
(m+ 1))_Cm+l — /"= - 1 1
W[ﬁhg) &) — (m* +m — D ®][*h" ) — hiV 0] (B6)
A solution to Eq. (B4) is sought in the following form:
1
(v2") = —Re{b1bu [P, (FI () + V1 = WPy (F ()]} (B7)
Substitution of Eq. (B7) into Eq. (B4) yields
D[P, (F (0)] 4+ D[v1 — 2Py () (0)] = K Py ()G (xX) + ki v/ 1 — 2Py (1) G (). (B8)

By using Egs. (C10) and (C14) from Appendix C, one obtains

4 " 2m(m + 1 mm+1 m+m+2 ” dm(m + 1
/LPJ,[F{V+—F1 _ 2m( a ) g FY ( ) i )F1+—F2 4m( : )Fz}
X X X —x
+ l—usz[Fz'V + R - (m +2’”+ )F2//+ m(m + )("Z +m+6) .
X X
dm(m + 1 4m2 m-+1 2
+ (x2 ) (x4 ) i| uPlG, +/1— u2P,G>. (B9)
Equation (B9) is divided into the following two equations:
4 2 1 1 2 4 1
FllV + _Fl/// . m(m2+ )Fl// + m(m + )(7’1’: +m+ )F n —F” m(m4+ )F2 G, ®10)
X X x —x
Bty 2O A Dy i DO A O m(m2+ )[F{’ -ty ] G. (@l
X X X X T

To solve Egs. (B10) and (B11), we need to transform them into a system of ordinary differential equations of first order [8].
To this end, we introduce the following functions:

Y] =F], Y2 =XY1/, Y3 =.)CY2/, Y4=XY/, (B12)
Y5:F2, Y6 :xYS/, Y7 :)CYG/, Yg :xY7/. (B13)
Equation (B12) gives the equations
Yo=xF, Ys=xF'+xF/, Y,=xF"+3F +xF, Y, =xF" +6xF" + 7xF/ + F|, (B14)
from which we obtain

’ 1 " 1 " v 1 l 1
F=-h F=50-Y), F = —(Y4 —33+2h), F' =Y — —(6Y — 113+ 61)). (B15)

X X X X

In a similar way, from Eq. (B13) we find

1 1 1 1 1
F = )—CY6, F = ;(1@ ~Ye), F'= ;(Yg —3Y;+2%), FY= ;Yg — F(6Yg — 11Y7 + 6Y5). (B16)

Substitution of Egs. (B15) and (B16) into Egs. (B10) and (B11) yields

m(m~+ D(m? +m+2 2mm+1) +2 2m(m+ 1)+ 1 2 dm(m + 1 4
Y4/=— ( )(X )Yl— ( e ) Y, + ( T ) Y3+)_CY4 %YS-{- Y6——Y7+X Gy,

B17)
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, 4m(m+1 m(m+ 1)(m* +m+ 6 2(m> +m+2)+2
YS = ¥[m(m+1)Y1+Y2—Y3]— ( )( )Ys— ( ) Y6
X X X
2m* +m+2)+ 1 2
+ ( r ) Y7+)_CY8 +x°G,. (B18)
Equations (B12), (B13), (B17), and (B18) are combined into the following system:
1 1 1

Yl/ = _YZ’ Y2/ = _Y31 )/3/ = _Y47
X X X

m@m+ D(m> +m+2 2m* +m+1 2m? +2m + 1 2 dm(m + 1 4 4
__m )(x )YI— ( - )Y2+ Y3+;Y4+¥Y5+;Y6—;Y7+x3G1,

Y’—IY Y’—IY Y/—IY
s= e te= I 7=

m(m + 1)(m*> + m + 6) 2(m* +m+3)
Ys — Ys

Y/
8 X X

[m(m+ DY+ Y, —Y3] —

_ dm(m + 1)
N X

2m* 4+ 2m+5 2
e LR S VR ¥ +2°G;. (B19)

The system of Eqs. (B19) is solved by the method of variation of parameters [8]. We first seek solutions to homogeneous
equations corresponding to system Egs. (B19), setting G; = G, = 0. Partial solutions are sought as ¥, = y,x* (n = 1,2, ...,8)
with y, being a constant. Substituting this expression into system Egs. (B19) with G; = G, = 0, one obtains a system of
equations for y,,,

MW—r.=0, An—r3=0, Ays—nu=0,
m(m + 1)(m* +m +2)y; +2(m* + m+ Dyy — @m* +2m + Dys + (A — 2)ya — dm(m + 1)ys — dys + 4y; = 0,
Ays—ve=0, Aye—r1=0, Ayr—ys =0,
dm(m + DIm(m + Dyi + y2 — y3] — m@m + 1)(m* + m + 6)ys — 2(m* +m + 3)ys + 2m*> +2m + 5)y; + (2 — L)ys = 0.
(B20)
This system has nonzero solutions for y,, only if its determinant is equal to zero. This condition gives an equation for A,
A=A =—m—m* [ =2 =24 +m+m>HA> =2+ 12— 8m — Tm?> +2m*> + m*1 = 0. (B21)
This equation is transformed to
A=A —m—m*(* = h—m? —5m—6)(A* — A —m* +3m—2)=0. (B22)
It is easy to check that the roots of Eq. (59) are given by
M=—m—=2, M=m+3, Mm=2-m, A=m—1, Asg=-m, Ajg=m+1. (B23)

When we substitute 1| into system Eqs. (B20), we get equations that give the values of y,, corresponding to the root A;. Let us
denote these values as y,,; (n = 1,2, ...,8). Since the determinant of system Eqgs. (B20) is equal to zero, only seven equations are
independent. This means that one of the unknowns y,,; should be taken as an arbitrary constant and then the other unknowns y,,
can be expressed in terms of this constant. Let us set y;; as an arbitrary constant. Then, substituting A; into system Eqgs. (B20)
and solving this latter for y,,; with n = 2,3, ...,8, we obtain

v =—m+2y, yii=m+2)v1, v =—m+2)1 v, ysi=—(m+ Dy,
Yoo = (m+ D(m+2y11, yn=—m+ D(m+2)%n1, ys = (m+ D(m+2)°n1. (B24)
In an analogous way, for the roots A, A3, and A4, one finds
Yo =m+3)yn, yo=m+3)Y v, ve=m+3) v, yo=—m+ Dy,
Yoo = —(m+ D(m+3)ya, yn=—m+Dm+3’ya,  yso=—(m+ Dm+3) yn, (B25)
vy =Q—mys, yn=Q-—mlys, ys=Q-—mPys, s =mys,
Yes = mQ2 —m)yis, vy =mQ2—m)Yy,  yss =m2—m)ys, (B26)
you=m— Dy, yaa=m— 1y, yaa=m—113yu,  yss =mywu,
Yoo = m(m— Dy, v =mm— 1y, ysa = m(m— 1)y, (B27)

where y12, Y13, and yj4 are arbitrary constants.
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We have two pairs of repeated roots: As = A¢ and A7 = Ag. Partial solutions corresponding to these roots are written as [§]
Yn = (ynS + Yn6 ]nx)xASv Yn: (Vn7 + ¥Yn8 lnx)x’\7, n = 17 21 ..8. (BZS)

To find y,5 and y,¢, we substitute the partial solutions given by the first expression of Eq. (B28) into system Egs. (B19) with
G; = G, = 0. As aresult, we obtain

myis — Y16 + Y25 + (my16 + y26) Inx = 0,

myss — ya6 + 35 + (myx + y36) Inx = 0,

myss — V36 + vas + (mys6 + vae) Inx = 0,

m(m + D)(m? 4+ m + 2)(y1s + y16 Inx) + 2(m> + m + 1) (325 + y26 Inx) — 2m?* + 2m + 1)(y35 + 136 Inx)
— (m + 2)(vas + yae Inx) + va6 — 4m(m + 1)(yss + ys6 Inx) — 4(yes + ves Inx) + 4(y75 + y76 Inx) =0,

myss — Vs + Yes + (myse + ve6) Inx = 0,

myes — Vo6 + ¥75 + (myess + y76) Inx = 0,

my7s — Y16 + V85 + (my76 + vs6) Inx = 0,

dm(m + DIm(m + 1)(y1s + yi6Inx) + 25 — v35 + (V26 — v36) Inx] — m(m + 1)(m* + m + 6)(yss + 56 Inx)
—2(m* 4+ m + 3)(ys + Vo6 Inx) + (2m* +2m + 5)(y7s + yr6 Inx) + (m + 2)(vss + ys Inx) — yss = 0. (B29)

From these equations, it follows that all the constants y,¢ = 0 and the constants y,5 are defined by
Yas = —mYis, Vis =M Vis, Vas = —MVis, Yes = —MYss, V15 =MmYss, Vs = —myss, (B30)

where y;5 and yss are arbitrary constants.
In a similar way, one obtains for the roots A7 = Ag that 3,3 = 0 and the constants y,,7 are defined by
v =(m+ Dy, vz =m+ Dy, yar = (m+ Dy,
Yo = (m+ Dys;, v =m~+ Dys7, yg7 = (m+ 1) ysy, (B31)

where ;7 and ys7 are arbitrary constants.
The general homogeneous solutions are written as

Yo =YX "2 4 o™ 4y puad™ 4 pusx T+ yX™, n=1,2,..., 8. (B32)

Recall that eight of the constants y,,;, are arbitrary.
To find solutions to the inhomogeneous system Egs. (B19), we assume that eight arbitrary constants (yi1, Y12, 13> V14> V15,

Y17, V55, ¥57) are functions of x. With this assumption, the substitution of the general solutions given by Eq. (B32) into system
Egs. (B19) yields

m m+3

YIX " Ay Ty T Ty =0,
(m+ 2y, x "2 — (m 4 3)y X" 4 (m = 2)p P — (m— Dy X"+ my[sx ™™ — (m+ Dyt =0,
(m 4 2) x4 (m A4 3)2y x4 (m = 22y T 4 (m— 1Py ™ mPy s o (m 4 1)y =0,
(m+ 2%y x™ 2 — (m+ 3}y x4 (m = 2) P — (m = 1)y " - mP
— (m+ 1P’y x" = —X°Gy,
(m+ Dy a2 4 (m A+ Dy px™ — my[ x> ™™ — my[ X" — plax™ — ylx™ =0,
(m+ 1) (m+ 2y x ™2 — (m+ 1)(m + 3y, X" — m(m — 2)y[ x> + m(m — Dy X" — mylsx™
+ (m+ Dyix™ =0,
(m+ 1)(m+ 2%y x4+ (m + D(m 4 3)2y ,x™ 3 — m(m — 2)*y ;x> — m(m — 1)y x" !
—mPylx ™™ — (m + 1)?ylx™ =0,
(m~+ D)(m+ 2y x7" 2 — (m+ D)(m + 3>y, x™ 3 + m2 — m)y ;x> + m(m — 1y, x" !
—mPyisx ™ 4 (m 4 1P ylx™ = X°G,. (B33)
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From these equations, one obtains that

1

— ! _ m+5
yi(x) =y + om T 1)(2m+3)(2m+5)/)—c [Ga(s) — mG(s)]s"ds,

=Tt oy 1)(2m1+ 3Hm < 3) /; [mG1(s) — Ga(s)]ls™"ds,

yi3(x) = i3 + 20om T 1)(2m1_ D2m —3) /; [(m + 1)G1(s) + Ga()ls" ' ds,
Via(x) = 714 — 2om + 1)(2m1_ D@m= 3) f; [(m 4+ 1)G1(s) + Go(s)]s*"ds,
Yis(x) = 15 — 3m = 1)(2m1+ Dem T3 /; [3G1(s5) 4 2Ga(s)]s" s,

N =77+ 55— 1)(2m1+ Dm+3) / [3G1(s) + 2Gy(s)]s* " ds,
R Yo 1)(2m1+ 1DQ2m + 3) /: [2m(m + 1)Gi(s) + Ga(s))s"ds,
75100 =¥+ S o 1)(2m1+ 1DQ2m + 3) /: [2m(m + 1)Gi(s) + Ga(s)ls*"ds,

where y11, 12, etc. are constants to be determined by boundary conditions.
It will be recalled that Y| = F| and Y5 = F> so we have

Fi(x) = yi1(Ox ™2 + yi(0)x™ 4+ pi300x> ™" + yaOx™ !+ yis(0x" 4y ox™

B(x) = —(m+ Dy (0)x ™2 — (m + Dyn@)x™ + my(0x®™ + mya(ox™ " + pss(Ox™" + ys7(0x™ .

The components of the Eulerian streaming velocity are calculated by
10

(or) = =5, ("1 =),
(o4 = =~ 2 (x{ud").

Substitution of Eq. (B7) into Eqs. (B37) and (B38) yields

1
(v37) = = —Re{bib, [P, G0mm + DFi (x) = 25(0] + VT = 2P, GOIF () B]).

1
(v20') = = —Re{bibn[ 1P, (WIFi (6) + XF/ ()] + V1 = 12 P (P00 + xF ()]},

where

F/(x) = —(m 4 2)y11()x ™7 + (m 4 3)y1)x™ 2 4+ (2 — m)y3(0)x' ™ + (m — Dypa(x)x™ 2

—my1s()x" + (m + Dyr7 (0x™,

Fj(x) = (m+ 1)(m + 2)y1 x> — (m + 1)(m + 3)y1ox™2 + m(2 — m)yz(x)x' ™

+m(m — Dy1a(0x" " — myss(0)x ™" + (m + Dys;(xx™.
From the condition (vé’") — 0 for r — o0, it follows that

1

2Qm+ 1)@2m+3)(2m +5)

= SamT 1)(2m1_ e / ” [(m + 1)G1(s) + Ga(s)]s* " ds,
1

C2@2m— DCm+ H2m +3)
1

" 2@2m— DC2m + )2m + 3)

Y2 = / [mG(s) — Ga(s)]s™"ds,

V14

yi7 = / [3G1(s) + 2Ga(s)]s*™"ds,

V51 =
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(B34)

(B35)

(B36)

(B37)
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(B40)

(B41)

(B42)

(B43)

(B44)

(B45)

(B46)
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To find the other constants, we need to calculate the Lagrangian streaming velocity, v} = (v%’”) + vém, where v§m denotes
the Stokes drift velocity, which is calculated by [3]

w1

v_lg”‘ = <(/ vdt - V)v1> = %Re{i(vl - V)v . (B47)
1m

In Eq. (B47), v, is the linear liquid velocity and the subscript 1m means that cross terms produced by modes 1 and m should
be only kept. Equation (B47) gives

v;?[ Re wlra 1* 1, 15 OV %Bv}f _ ’Ule 81)1, (B48)
2w ar ar r 06 r 96
1 al* 9™ ~m31* -1*8m ) EN N E 7}
I Relivh Vip il Vlp | Wip OVig Wi OVpp 4 i”n”w Vi Vtr ’ (B49)
2 ar ar r 00 r 060 r
where v{}. and v} are the radial and tangential components of the linear liquid velocity v} produced by mode .
From Eqgs. (11) and (12) of Part I [1] and Eq. (B1), one obtains
. m+ 1| 2hV" (%) — (m2 +m —2)h\D (&) (R \"*  mx
m o _ _ 7lw|tbm})m m m v _h(l) , BSO
vl e (1) Re |: D) (r) +- m’ (X) (B50)
by Zh(l)// 2 —2%iM(%) /R m+2 =
v'lng N 71w1tP ( ) X ()C) (m +m ) m (x) _0 _ fhinl)(x)_)—chfnl)’(x) 3 (BS])
2(m+2) r by
Substitution of Eqgs. (B50) and (B51) into Egs. (B48) and (B49) yields
1
v = — = o Re{ b} b, [ 1P ()81 (x) + v/1 — 2B, (1)S2(0)]} (B52)
1
vgp = —6v—&)Re{bTbm[MP,l,(M)Sa(x) + V1= 2P (S]], (B53)
where
S1(x) = (m + 1)” " (%) - h“)’( )+ h“)(x)}
B2hY @) — (m* 4+ m — 2RV &) (2" mx 6 *
m m _h(l) _ h(l)// h(l)
x |: 2(m+ 2) (x) x " ) *x )+ )
-2h(1)// = 2 h(l) m+2
X|:[x m (X) (m 2+m ) (x)]< > mxh(l)/(x)+ h(l)(x) (B54)
X
m+1 | I ERYE) = (m? 4 m = DD () [ "2y
S h( 4 h(l)/ h(l) m _h(l)
2(x) = — [ ) — (x) — (x) mt ) o L (x)
/ 6 “ | #2h07 (% 2)hH mt2 X
h(l)/( )+ h(l)( ) RV (x) — (m* +m — 2)hD (%) Xhi,})/(x)—)—ch,(;)(x) ’ (BS5)
2(m+2) X X
* 2 1 1 m+2 _
Sy(x) = h(l)//( ) — h(l)/( ) V" (%) — (m* + m — 2)h! )(x) )'ch,(n])’(x) _ )—Chfr:)(x)
2(m+2) X X

* —Zh(l)// = 2 h(]) m+2 —
|: h(l)//( )+ h(l)( )] |:x (X)) — (m2+m My, (X) <X> —}-)‘cthr:)”(x)—}—)?h,(nl)/(x)— fhﬁnl)(X) 7
X X

(B56)
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Su(x) = ’"T“{Fx V@) + 60 (x) + - W( )— h“)(x)}
=2p(Wrezy 2 _ D= -\ m+2 —
y |:x by (%) 2((:11 :—2”)1 2y, (X) (;_C) n ?hfn”(x):|
27 (1) (1) m+2
|: h(])//( ) h(l)/( ) h(l)( ):| |:(m+ 1)[)( hm (xz)(m im2)+m Z)h ('x)] (x> m'ihfri)/(x)j|}

(B57)
Let us apply the boundary conditions for the Lagrangian streaming velocity at the bubble surface. They are written as
er =0 at r =Ry, (B58)

1m Im Im
Lo dvyy vy

= t =R,. B
r 00 ar r =0 at - 0 (B59)

Substituting Egs. (B39), (B40), (B52), and (B53) into Egs. (B58) and (B59), one obtains the following system of equations:
(m+ D)(m 4+ 2)7115 "2 + m(m — D8 + m(m + Disk " — 29555 "

Si(x
= —(m+ D)+ D70 — m(m — D@ — m(m + Dy + 27578 — _lé )
(m+2)71E "2 — (m — D@ ™ + 7158 " — P55t "
SH(x
= —(m+2)728" " + (m — D" — 717" 4 eyt — 2; )

(m+ D)(m +3)Pnx "™ +m(m — )78 " + (m* +m — Dpisx " — pssx "
= —(m+ D)(m + 3)yp®" " —mm — )" — (m* +m — Dy + psyxmt!

1
- —[51(56) — §3(X) + x85(%)],

(m+ D)(m + 2271 % "2 — m(m — 1)*7i38 7" + m@m + Dysx ™ — (m* +m + 1)pssx "
= —(m+ 1)(m + 2)* 728" + m(m — 1 9,8" " — m(m + Dy + (m® + m + Dpszem™!

1
— E[Sl (%) + m(m + 1)S2(%) + S4(X) — xS, (%)]. (B60)
Solving these equations for four remaining constants, one gets finally
S e {m[(m2 —3)851(X) 4 (m’ —m +4)$,(¥)]
=~ 122m + 1)(2m + 3) m—1Dm+2)
+m[S3(%) — xS5(%)] — Sa(%) + XSQ(X)}, (B61)
e s Fm=2 { (m + D[(m? + 2m — 2)S1(X) — (m> + 3m> 4 2m — 4)S, ()]
Vis = e 122m — H2m+ 1) m—1Dm+2)
+ (m + D[S3(X) — xS5(%)] + Sa(¥) — )_CSZ‘()_C)}, (B62)
mtl " m(m + 1)[3S1(%) + 2(m* + m — 5)S2(¥)]
Vs = —yirx 12
2m — 1)(2m + 3) (m—1)(m+2)
—=3[83(%) — X85(X)] — 2[S4 (%) — £S4(¥)] } (B63)
ot x" { Qm* + 4m? — 9m® — 11m + 6)S (%) + m(m + 1)(3m? + 3m + 2)S,(X)
V55 = — V51X +
122m — 1)(2m + 3) (m—1)(m+2)
+2m(m + 1)[S3(X) — X5(X)] + Sa(%) — )ESQ(X)}. (Bo4)

Expressions for S5 (%) and S)(X) are provided in Appendix D.
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APPENDIX C: EQUATIONS USED FOR THE CALCULATION OF EQ. (B9)

This Appendix provides equations that were used in the course of the derivation of Eq. (B9).

k2 ’ 1 , Pl
D[P, (R )] = x—;{uP,l,<x2F{> +F [(1 — i) (By) = 2u(uy) - 7 22“

k2 Pl
x—;{uP,},uZF{)’ +F [u(l — iDBY = 2Py 4201 = PPy — 2P} — "’2“

L—p
2 1
= k%{uP,},[F{’ +_F - m(m + 'F } +2m(m + Dy/1 — —} (C1)
Here, we have used the following equations:
!
(1 —u*PY —2uPY = ; — m(m+ 1)P}, (C2)
(1= P, (W) = wP, (1) + m(m + DV = 2P (), (C3)
K2
DIV1 — p2Py(n)Fa(x)] = —'2{\/1 — 2P (°F) + Py [(1 — W1 = 12P) = 2u(/1= 2P, — ]}
/1 —
k2
= W1 = 2P (PF) + BIVI = p2((1 = p)Py, — 2uPy,) — 21 — (2P, — 2u+/1 — 1P,
X
2 m?* +m+ 2
Here, we have used the following equations:
(1= uHPy (1) = 2uP,, (k) = —m(m + DPy (1), (C5)
V1= 12P,(n) = =P (w). (C6)
Applying the operator D to Eq. (C1), one has
D*[uP) (WFi(x)] = kiD[uPyH, | + 2m(m + Dk D[y 1 — u2P,H], (C7)
where
2 1 F
Hy=F 4+ 2F =" Dy, 0 (C8)
X X X
By using Egs. (C1) and (C4), one obtains
, 2 mm+1 H,
D*[uP,(WF (x)] = k;‘{up,; [Hl + ;Hl — % } +2m(m + 1) w2P,, —}
2 2 2 H
+ 2m(m + l)kf[\/l —.2p, <H2” +ZH) - %m) + 2MP,},—22]. (C9)
X X X
Substitution of Eq. (C8) into Eq. (C9) yields
F/ 1
DU OF )] = 4o+ DT =, | T - MU
X X
4 2 1 1)(m? 2
+k‘1‘/LPy:,|:F1IV + _Fl/// _ m(m2+ )Fl// + m(m + )(l’l’: +m+ )Fl] (CIO)
X X X
Applying the operator D to Eq. (C4), one has
D*[V1 — 2P, (W)F>(x)] = kiDIy/1 — 2P, J1 + 2k; D[P, ], (C11)
where
2 2 2 F
h=F+ F - %Fz, h=3 (C12)
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By using Eqgs. (C1) and (C4), one obtains

, 2 mm+1 1
Dz[w — MZPm(M)Fz(X)] = 2k{ 1P, [Jz +h - %Jz - ;Jl]

2 2 2 4 1
T 2R,y 4 2y A2, Amt D) (C13)
X x2 x2
Substitution of Eq. (C12) into Eq. (C13) results in
1 m(m + 1
DT = 2P, ()Fa ()] = 4ki‘uPnﬁ[;F£/ - %Fz]
4 2(m? 2 1D (m? 6
. Msz[Fz"/ + 2R - (o J;Zer Jpy ¢ Mt )()’Z T )Fz}. (Cl4)

APPENDIX D: EXPRESSIONS FOR S5(x) AND S (x)

This Appendix provides expressions for S5(¥) and S,(¥), which appear in Eqs. (B61)-(B64). They are calculated by
differentiating Egs. (B56) and (B57).
(m?> +m — 2)hD(x)

14 " * 2h(l)//
M| [0
x 2(m+2)

(1>,( )T [m(”;j ) R —

Sy(%) = [}%hil)'(fc) - — xhV'(x) — hﬁn‘)(m]

4 - 3_ I ;-
4 2h“) ) - Iy, (%) = S %h,,) (X)}

+ 4h(1)”( ) — h(l)/( )+ lzh(l)( )i| |:3—2h(1)//(x)+xh(l)/( ) — m(m2+ l)h;})(x)}
2 _
ey 4 £ hm(x)} [2,1(1)/,/() m=2 ey _ vy 4 M2 2+m 2)+2h§,,1>(x)],
L X
(D1)
/ m+1 (1) (1) (L (1) * fzhfyp/,(x) 1)
Sy(x) = —— 2 {[xh (*) — h (x) — h (%) + 3h, ():| |:m—+2+(m+l)hm(x)i|
+|9nV" (®) + h(”’( ) — 6211(1”()2)} [—(m_zz)(_er 1)hﬁ,}>(x)+mh,§}>/(x)— ghfn””(x)}
X
+[ WO — 2 >} [UH D0 — o m = 20 () —m)‘chﬁnl)/(i)}
m+2
2 _ Dy
+ |:h(1)//( ) h(l)/( ) h(l)( ):| [(m+ 1)(1"’[ _;_’n 2)hm (x) _ 3m2+ 1ih$)”(3_6)1|} (D2)
X
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