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FRACTIONAL HYPOCOERCIVITY

by

Emeric Bouin, Jean Dolbeault, Laurent Lafleche & Christian Schmeiser

Abstract. — This research report is devoted to kinetic equations without
confinement. We investigate the large time behaviour induced by collision
operators with fat tailed local equilibria. Such operators have an anomalous
diffusion limit. In the appropriate scaling, the macroscopic equation involves
a fractional diffusion operator so that the optimal decay rate is determined by
a fractional Nash inequality. At kinetic level we develop an L? hypocoercivity
approach and establish a rate of decay compatible with the anomalous diffusion

limit.
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1. Introduction

1.1. The model. — We consider the Cauchy problem

Of+v-Vaf=Lf

10, 2,0) = f*(z,v),
for a distribution function f(¢,z,v) depending on a position variable in the
whole space, z € R%, on a velocity variable v € R?, and on time t > 0. All

collision operators share the properties that the null space of L is spanned by
the local equilibrium F, and that L only acts on the velocity variable.

(1)

The aim of this work is to handle the situation where F' has a polynomial
decay:

2) Vo eRY,  F(v) = <>c++y

with (v) = (1+ ]v[2)%, v > 0 and ¢ a normalization constant ensuring that F
is a probability density. We shall also consider the measure dy = F~!(v)dv
and define a scalar product and a norm by

()= [ Fodu and 171 = [ I
Rd Rd
and the orthogonal projection Il on the subspace generated by F' given by

Mg = py I’ where p, ::/ gdv.
R4

We shall cover three cases of linear collision operators: the Fokker-Planck
operator

(a) Lif =V, (FY.(F7)),

the linear Boltzmann operator, or scattering collision operator
(b) Laf = [ b(t) (J0) FC) = O F()) do
and the fractional Fokker-Planck operator

(<) Laf = AZf + V- (Ef),

with a € (0,2). In this latter case, we shall simply assume that the friction
force E is radial and solves the equation

(3) ASF 4V, (EF)=0.
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As in [20], for the linear Boltzmann operator, we have in mind a collision
kernel b which take the form b(v,v') = (/)7 (v)” or b(v,v') = [v/ — v|f and
in particular we shall assume that the collision frequency v is positive, locally
bounded and verifies
(HO) v(v):= [ b, )F@)d' ~ |v]?,

Rd |v]—o0
for a given § € R. Inspired by the fractional diffusion limit proved in [20]
and remarking that the above operators can formally be written on the form
B(f) — v(v) f, we define more generally § as the exponent of polynomial
behavior at infinity of the formal function v. We thus define § through

f = —21in case (a), and f =y — a in case (c).
The definition of § in the last case comes from the fact that under the
condition (3), E verifies
E(v) = G(v) (v)" v,

where G € L®°(R?) is a positive function such that G=! € L*°(B§(1)), which
is proved in Proposition 20 in appendix.

The collision kernel is also supposed to conserve the mass, which is equiva-
lent to

(H1) /d (b(v,v") = b(v',v)) F(v')dv" = 0.
R
We also need an assumption which will be used to guarantee the microscopic

coercivity or a weak version of it, saying that there exists 4 < « such that

/ Y
(H2) YR >0, nf 20D )7

> —-(m=B8)+ .
(U’,U)EB%2 <’U>77 = <R>

Moreover, for technical reasons we assume additionally that

b(v',v)? / /
(H3) //R%WFF dvdv’ < oo,

and when g8 < 0,

/ nk
(H4) VE <~ — B, /Rd%ﬁdvkoo.

All these assumptions are verified for example when

b(v',v) = <v'>5 (v)? with |8] <,
b(v',v) = [v/ —v|? with 5 € (—d/2,0].
1.2. Main results: decay rates. — Let v > 0. When v+ 3 < 2, let
v =p o =« when v+ 8 < 2

a—l_ﬂ€(0,2) and {

By defining || f|/%ny = |l fII% + | f]l3, our main theorem is as follows.

o =2 when v + 38 > 2.
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Theorem 1. — Letd > 2, v > 0 and assume that 8 and v are such that

B <7, v+ B #2.

Let f be a solution of (1) with initial condition f* € L'(dx dv) N L?(dx dy).
Then the following alternative holds true

2 -4 in||2 .
< of >
”f”Lz(dxdu) = C<t> f L1 (dz dv)nL2(dz dp) ; lf,B = 07
2 <Ol —min(%,lkﬂ) in 2 . 0
1122z apy) < C () ) f L1 (de dv)nL2 ((0) Fdz du) i <0,
for any k € (0,7).
% decay rate t_%k “““ decay rate O .,
decay rate ¢t 181 ™\ decay rate (tIn(t))”2
a=2 7
A= 27
. a=0"

B

FIGURE 1. Decay rates of Theorem 1 and 2 depending on 8 and -~
in the case of dimension d = 3. When 3 < 0, k is chosen close to +.

In the limiting case v+ = 2, there is a logarithmic correction for the decay
rate.

Theorem 2. — Letd > 2, v>0and f =2—v <1 and let f be a solution
of (1) with initial condition f™ € L'(dxdv) N L?(dzdu). Then if B > 0 it
holds

2

—d | yin
1172 apy < C (E(1)) "2 | f

L(dz dv)NL2 (dz dp)
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If 8 <0, then for any k € (0, )

2 — in ‘B|
||f||L2(dwdu) < C(tln(t)) f L1 (dz dv)NL2 ((v)*dz dp) k>
& dw
2 <C 18] || £in <
1B eaean <CO T nraray TS T
4= 9 A7
Sca=2"
i a=0"
B

FIGURE 2. Decay rates of Theorem 1 and 2 depending on 8 and -~
in the case of dimension d = 2. When 8 < 0, k is chosen close to ~.
The legend is the same as for Figure 1

The result in dimension d = 1 is slightly different.

Theorem 3. — Let d =1, v > 0 and assume that 5 and v are such that

B<y,  AtBF2
Let f be a solution of (1) with initial condition f™ € L'(dxdv) N L?(dxdu).
If >0, then

fll’l

9 _4
||f||L2(dxdu) <C < > Ll(de dv)NL2(dzdp)

Now if 8 <0,

2 —min(i, %)
< o'’ in
HfHL2(dxd,u) <C{h) ’f LY (dw dv)NL2 ((v)*da dp)

for any k € (0,7), except when v € (1,—f) and § < —1 for which k € (0,2).
Lastly, if B < =1, v € (1,=B) and k € [L,7), then for any T < %,
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there exists a constant C > 0 such that
2

2 -7 in
< .
”fHLZ(dzd,u) = ¢ <t> f Ll(dxdy)mLQ((wkdxdu)
4=9 el
ca=2"
a=0"
B

FIGURE 3. Decay rates of Theorem 3 depending on § and v in the
case of dimension d = 1. When § < 0, k is chosen close to 7. The
legend is the same as for Figure 1 except for the yellow part which
—T k+
corresponds to the decay of the form ¢t~7 with 7 < WM
As in [8], the case of the flat d-dimensional torus T¢ > 2 follows from our
method without further efforts. Then (1) admits a global equilibrium given by
foo = pooF'(v) with pse = |T—1d| [Jpayga f™ da dv, and the rate of convergence

to the equilibrium is just given by the microscopic dynamics

—At || pin
1f = fooll L2(dzap) S € ’f —foo’Lz(dde) when 0 < 8 <~
_ /181 | pin _
1f = Fooll 2@z a < 0 ‘ ! f“’ L2((v)* da dpa) when £ <0,

with k € (0,7). In particular, if f = f(¢,v) does not depend on z, then we
obtain the homogeneous equation

atf = Lf7

which gives the same rate of convergence of f to F in the norm L?(du). This
is coherent with the results in [2, 25, 24, 13, 18]. Moreover, we point out
that our result is a bit stronger since it uses a finite || /™| L2((0)Fdz dge) DIOT for

the initial condition, which is smaller than the usual || f™F~1||, . (dz dy) DOTTIL
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1.3. The hypocoercivity strategy. — Let us consider the measure dy =
F~1(v)dv and the Fourier transform of f in = defined by

ftg0) = @m2 [ i p ) da
R4
If f solves (1), then in the equation satisfied by 1,
Of+Tf=LF, JO.&0)=T"Ew), Tf=i(v-9F,

¢ € R? can be seen as a parameter and for each Fourier mode &, one can
study the decay of f. This is what is called a mode-by-mode analysis, as
in [8]. Therefore, for any given ¢ € RY, we consider g : (t,v) — A(t,é,v) on
the complex valued Hilbert space H = L? (du) with scalar product and norm
given by
(f.9) = [ Fodu and |71 = [ 7P dp.
R4 R4

Notice that this is a simple Hilbert extension of the scalar product and norm
considered previously. As above, 1 denotes the orthogonal projection on the
subspace generated by F. Let us observe that the property MNTIN = 0 holds
as a consequence of the radial symmetry of F'. Always in Fourier variable, we
can define the entropy as follows. First we define

L w
L+ ()" ep?
The entropy He is then defined by

(4) He(f) = HfH2+5Re<A5ﬁf>
A =yNT o],
for a given constant ¢ € (0,1).

With all these definitions we obtain || < 1 and |(v- &) ¢(§,v)| < 1, so that
the Cauchy-Schwarz inequality yields

(Regg) < | [ w6 vgc0)d]| [ w9 plevge0)de
Thus, H¢ is equivalent to the L?(du) norm and more precisely we get

(L=8) IfI* <He(f) < @+ 0) If17

One can compare this new entropy to the one introduced in [14] and used in
previous works where the diffusion limit is not fractional [14, 8, 9]. In these
works, the operator A was defined by

p(&,v)

2
< llgll®-

-1
A= (1+[TNR) (TN,
which can be written in Fourier variable as
—iv- &
14+0¢*
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where © = [pa|v - €|?F(v)dv for an arbitrary unitary vector e. One directly
remarks that this operator is not defined if F' does not have at least finite
moments of order 2. The new operator A¢ can be written

1 (=iv-€) ()7
AL 2[1-8 :
()" 1+ (v) €12
The function on the left of I was added to control the cases when F' does not
have 2 moments, and the apparition of the 5 in the operator provides the good

scaling corresponding to the fractional diffusion limit in [20]. In this paper,
the symbol of the limiting diffusion operator is indeed obtained as

/Rda(g, v)F(v) do,

A =

where

vv) v @) +iv-§)
v)—w-& w2 +ugR
and by assuming that v(v) = (v)”, the leading order term is given by

(iv-6) ) _ (iv-&) )"

¥ + o2 14 ) Pl
The new operator A¢ can be seen as a mix between these two approaches.

a(§,v) =

1.4. A brief review of the literature. — Fractional diffusion limits of
kinetic equations attracted a considerable interest in the recent years. The
microscopic jump processes are indeed easy to encode in kinetic equations and
the diffusion limit provides a simple procedure to justify the use of fractional
operators at macroscopic level. We refer to [3, 20] for an introduction to the
topic in the case of operators of scattering type and a discussion of earlier
results on standard, i.e., non-fractional, diffusion limits. In a recent paper,
[19], the case of a Fokker-Planck equation with heavy tails local equilibria
has been considered (only when d = 1) and, in from a probabilistic point of
view, [15] collects various related results. The diffusion limit of the fractional
Fokker-Planck equation has been studied in [1].

In the homogeneous case, that is, when there is no z-dependence, it is
classical to introduce a potential function ®(v) = —log F'(v) and classify the
behavior of the solution h to (1) according to the growth rate of ®. Assume
that the collision operator is either the Fokker-Planck operator of case (a) or
the scattering operator of Case (b). Schematically, if

o) = (14 oP) ",

we obtain that [|h(t,-) — F|[;2(gaq,) decays exponentially if v > 1. Here
we assume that [|h(t,")||f1gay = [[Fll1(gay- In the range v € (0,1), the
Poincaré inequality of case (a) has to be replaced by a weak Poincaré or
a weighted Poincaré inequality: see [22, 17] and rates of convergence are
typically algebraic in t. Summarizing, the lowest is the rate of growth as
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|z| — +o0, the slowest is the rate of convergence of h to F'. The turning point
occurs for the minimal growth which guarantees that I is integrable, at least
for solutions of the homogeneous equation with initial data in L'(R?). If we
consider for instance
d(v) = 7 log (1 + \0\2) ,

with v < d, then diffusive effects win over confinement and the unique sta-
tionary solution with finite mass is 0. To measure the sharp rate of decay
of h towards 0, one can replace the Poincaré inequality and the weak Poincaré
inequality by Nash’s inequality. See [9].

Standard diffusion limits provide an interesting insight into the micro/macro
decomposition which has been the key of the L? hypocoercive approach of [14].
Another parameter has now to be taken into account: the confinement in the
spatial variable z. In presence of a confining potential V' = V(x) with sufficient
growth and when F' has a fast decay rate, typically a quadratic growth, the
rate of convergence is found to be exponential. A milder growth of V' gives a
slower convergence rate as analyzed in [11]. With e~V not integrable, diffusion
again wins in the hypocoercive picture, and the rate of convergence of a finite
mass solution of (1) towards 0 can be captured by Nash and related Caffarelli-
Kohn-Nirenberg inequalities: see [8, 9].

A typical regime for fractional diffusion limits is given by local equilibria
with fat tails which behave according to (2) with v € (0,2): F is integrable but
has no second moment. Whenever fractional diffusion limits can be obtained,
we claim that rates of convergence can also be produced in an adapted L2
hypocoercive approach. To simplify the exposition, we shall consider only the
case V = 0 and measure the rate of convergence to 0. It is natural to expect
that a fractional Nash type approach has to play the central role, and this is
indeed what happens. The mode-by-mode hypocoercivity estimate shows that
rates are of the order of [£|* as ¢ — 0 which results in the expected time decay.
In this direction, let us mention that the spectral information associated with
|€]* is very natural in connection with the fractional heat equation as was
recently shown in [4].

2. Mode by mode hypocoercivity

In this section, we present the first step towards the proof of our main theo-
rems, which is an energy estimate coming from the hypocoercivity functional.
To help the readability, we recall that

~

AcF = v ) F [ (=iv-© (v Fle v do.

We denote by L* the dual of L in L?(du) and we define o/ := 2+ W
so that o/ = a when v+ 8 < 2 and o = 2 when v + 3 > 2. We also define

the weighted norms

k
Il = [ ol (0)"
R4
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so that in particular ||g|| = ||g]|,-

Proposition 4. — Let v > 0, v > 8 and n € (—~,7) verifying n > 3, and
assume that

/

i () = L (- Ole ), < ()7
M(E) = U @R, S 1.
Then if v+ 8 # 2

d J
G )<= ()
and if v+ B = 2, then

(AT F) § (bt Inf|” +c - m7].

—i—CHl—

Proof. — Note that since ¢ and ¥ commute with T and MMTIM = 0, we get
A= —yMTMy = 0, AT = TNTMNY = 0.

Moreover, LIT = 0. With these identities, using the micro-macro decomposi-
tion f=Mf+ (1 —T)f, we obtain
nf)

% (Ach.F) == (ATNF.NF) — (ATNF (1= M)F) - <A5T(1 -7,
— (AT =MF, @ =MF) - (A1 = m7)

+ <A£L(1 -/, f> + <Ag(1 —Mf,L(1— I'I)f>
:Il+12+13+14+15+16+17.

e Step 1: I, gives the macroscopic coercivity.

First note that since [paF = 1, it holds
12
G G R [
R4
Then, since I—If(g,v) = pjy(&)F(v) and A = ¥ MT* g, we get
L = —(ATE, F) |pif? = = (¢ NITPeF, F )
where we used the fact that [paF = 1. Since N = |F)(F, it yields

1 = — (FgF) (F[TPeF) INF]" = —dogs |

where we define

N = |lv- €|
Pk = H\U'ﬁ\k

o = (T

- = (F|TleF).

e Step 2: a bound on micro-macro terms.
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Using again the definition of I, the second term can be written

I = = (YNTGTNf, (1= Mf) = = (F[TPeF ) pr (0F, (1 =M f),
and using the Cauchy-Schwarz inequality to control the last scalar product,
we get

L] < pa [0 F] -y logt (1 =MF]| < doz [N |2 =m)F] .
where
Spi= |l gl eF| - and o= {lo-glfer| .
In the same way, we obtain for the next terms

13| < Aofiz anH H(l - n)an
L] < Nofia H(l - H)J?Hz

5] < A |0 = ]

To get a bound on Ig, we use the fact that T* = —T to obtain
Ig == (¢NTeL0 —MFf, f) = = (F,TeL0 =M f) (Fy, f)
= (U'TpF, (1 =) f) (Fy, [).
With a micro-macro decomposition, one may write
(Fu, ) = Xopp+ (Fo, (1 =N)f).
Moreover, the Cauchy-Schwarz inequality gives
(UTer @ =Mf) < m |0 -mf] .

It yields

1= (o] + S -] -]
v 7] -7, + e - A

In the same way, we get

~|2
1z < M [[(1 =]

o Step 3: the differential inequality.

Gathering all the estimates and defining X := HﬂfH and Y := H(l — I—I)an,

we deduce

% <A§J?, J?> < —Aop2 X2 + (5\0#2 + Xojie + AO#L) XY

+ (5\0/12 + Aijin + dop + >\L/761) V2,
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which by Young’s inequality leads to

% <A§J?, J?> < (% (5\0M2 + Aofiz + AoML) - >\0M2> X2

B B B 1 .
+ ()\oﬂz + A1+ AopL + ALin + % ()\ouz + Aofio + )\o/u_)) Y2,

Aop2

One may choose 0 = ———20£2
Y Aop2+Aofiz+AopL

to get

& (aof) =L +cr0] -]

2

b
n
with

(xo,uz + Aofi2 + )\O,UL)Z

2Aop2
To infer that C(§) is in fact bounded in £, we need to estimate carefully various
coefficients. This needs the following lemmas.

C(€) = Nofiz + Aifir + AopL + Afir +

Lemma 5. — For vy > (3, the coefficient uo, defined by
v-£? (v e dv
1U’2(£) :/ ‘ ‘2‘1<_g| 2 ’yd_i_,ya
R1 4+ (v) €17 (v)

is bounded by above and below when |£| is large and satisfies

/1'2(5) 5:0 C ‘ﬂmin(zz—}—%) lf"}/ 4 /8 7& 2,
—1
gg’om\ﬂzln(!ﬂ) ify+p8=2.

The coefficients fiy and fis have been respectively defined by taking k =1 and

k=21in 1
_ o-gf )\’ ¢y dv 5
(&) = (/Rd (1 (o)A ‘5’2> <v>d+v+n>

Whenever n 4+ v + 208 + 4|1 — | > 2k, they satisfy
(k,k+ “/+n+2572k)

() 1, Ol A when v+ 26 +17 £ 2k
(€)=, ~Clel*In (l¢) when y + 26 + 1 = 2k
(&) ~ ClgfF?,

E—o0

where a ~ b means that there exists a constant C > 0 such that C~ta < b <
Ca.

Remark 1. — The coefficients fi; and jio are well defined when g < n < ~
since (8 — 1) + |8 — 1| =2(8 — 1), so that for k <2

Ny +2B+418 -1 = (n— )+ (v~ H) +8(8—1), +4> 2k
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Lemma 6. — The coefficients A\g and A1 have been respectively defined by
taking k=0 and k=1 in

.¢lk d
Ae(§) = Rd’v@;‘ <Zy>dffy

The coefficients Ao and Ay have been respectively defined by taking k = 0 and
k=11in

« v-&|F 2 cydv : vy |%F cydv 3
M </R<’<>§’> <v>d+”+") -t (L )

which is a well defined integral since n > —~.

Cy o |* do
R </U>d+"/+2 :

= l¢|F

Proof of Lemma 5. — Let ¢ := |1 — 3] > 0 and start with the first claim. We
first obtain the equivalence when & — 0. Note that if v+ 5 > 2, then

/ lv- €2 (v) ™7 ¢y dv

2
~ C'Y ‘Ul, d’l}
Re 1+ (0) 2 [¢[* ()T €0

Rd <v>d+’y+5 ’

pa(€) = )7

Now, if v+ 3 < 2, then ¢ > 0 and we can use the change of variable v = \5]_71 U
in the integral defining po to get
1 -1 \—B _
Sl () g7 e, du

I3
(&) = —1 c ~1 ’
= f, R A (T

Note that for any v € R¥\{0}, we have <\§]_71 u> o [ul \{\_Tl As a conse-
_>

quence,

c—

94 1£0=2 / luil?* e, du
Rd1 4+ ’u‘Zc ‘u’d+v+ﬁ'

M2(§) E:O ’5\

Note that the later integral is finite, since v + 5 — 2 < 0 and v > 8 (which
implies § < 1sothat y+ 5 +2+2c=~v— 3> 0).

Finally, assume that v+ 5 = 2 and v > . Then it holds 8 < 1 so that
c=1—-F>0and

2
cy 1] dv
Re1 4 (0)2€ €)% (v)@H2

pa = €

—1
Now looking at the part where |v| > |£|= and by the same change of variable
as above, we get

I / vy |2 dv / lur|?  du
0 = _ ~ — 75>
wi>lel = 14 ()2 1E* (0) T2 620 Jpu>1 1+ [ul?¢ fuldt?



14 E. BOUIN, J. DOLBEAULT, L. LAFLECHE & C. SCHMEISER

which is finite since ¢ > 0. For the other part of the integral, since it is
invariant by rotation of £, for any j € {1,...,d}, it holds

| T wl
i<l = 1+ ()2 €] ()2 Jpi<ig = 1+ (v)*°[¢f* (v)d

1 lv]? dv
—d Jui<g® 14 )20 6P ()T
= % (I — 1),
with
1 dv dv
/|v|<s| + (0)2¢ ¢ () T2 o /HW Y+
1 dv

I = d,
i<l = 1+ (0)*°[¢]* (v)

since |[v]? = (v>2 — 1. Then by using the fact ﬁ =1~ H% we can also
write I1 = I11 + I12 with

dv 1
I = g~ ——In([¢]),

pi<iel = (v)? €20 c

and

7 / 1 dv
12 = pyp— .
ol<lel = 1+ (v) > J&] 72 (v)
But this last term is bounded when & — 0 since by the change of variables

-1
v =|&|™ u, we obtain

I =

/ €= du / u*  du
u —1 —2c -1 d .~ " 1 2¢ |o]d"
‘ |<1 1 + <|£| = U> |£| 2 <‘§’ = u> £—0 ‘ |<1 + |U| |u|

Altogether, since I17 is the only unbounded term when £ — 0, this yields
2 1 > L2
= Io+ =11+ s — I ~ - — 1 .
p2 = [¢] (o o (I + T2 = 1) o ad [§17 In (|€])

Now turn to the equivalence when & — co. Note that since v — 8 > 0, then

()% + (o) €] () 600 Jra (o) TP

The first claim on po is now completed. The end of the lemma follows the
same techniques, we omit the proof. O

e Step 4: uniform bound on C(§).

From these lemmas we deduce that Ao and ¢ are bounded by above and
by below by a positive constant so that

Cl) < M2+)‘1M1+ML+)\LM1+1+M _i_lu’L_

2 2
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We also deduce that for |¢| large, it holds
po o~ jiz ~ C

E—o0 §—>c>o

i ~ Clgt

E—o0

Mo~ Ol

£—o00
so that for |{] > 1 and since by hypothesis ,u|_ and Ap are bounded by above,
CO ST+ g +u S1.

Again from the previous lemmas, we also deduce that for g < 1, v+ 8 # 2,
Yy+n+28F4dand v+ n+ 26 #2

[y ~ C’§‘2+min(o,”ﬁfgf) :C‘S‘mm(z,%g)
£—0

fis ~ Clermin(OEEET) — g rin(2 a5
£—0

i1 ~ C’é.‘l—i—min(&%) :C’é_‘min(l,%)
£—0

M o~ Cle.
%, Ol
Since n > > 28 — v and n > —~, it implies that for || <1
2 ~2
CO S 14men+ 2 Moy o
K2 M2 M2

where the second inequality follows from the hypotheses on Al and p . More-
over, for [£] <1, and v+ 8 < 2, it holds

Iu, min(n— /34 36—7)
=2 ~ O :
H2 €0
which is bounded near 0 since n > S and 4—38—v =2(1—-5)+2—(v+5) >0

If v+ 8 > 2, then

i C |¢[min(2425%)
M2 €0
which is bounded near 0 sincen > 3 >2—~. When 8 > 1,v+28+n—4#0
and y+28+n—2%#0,theny > >1and

~ C€1?
,U2£_>0 \5’

)

fis ~ C|§|mi“(2’L+2<5+_E§f8')

£
i~ Cf¢mn(TEEE)
ﬁ.

A o, Clel
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Since n > 5 > 1, we get 7+77+65 8> 0and v+ n+48 —4 > 0 so that we
obtain once again C(§) <1+ “2 . Moreover

’Y+723+ B— 6)

gl
Mo £—0
which is bounded near 0 since v+ 71+ 48 — 6 > 0. In the critical cases when
a In(|¢|) appears in the expression of pg, fiy or fiz, we obtain expressions of
the form |¢]°In(|¢|) for some & > 0, so that all the terms also remain bounded.
We conclude that in all the cases, C(§) is bounded from above uniformly with
respect to £, which ends the proof of Proposition 4. O

3. Estimates in weighted L? spaces

In this section, we assume that 5 < 0. We show the propagation of weighted
norms L2((v)* da: dp) with power law of order k € (0,~). This will be crucially
used to prove our main Theorems 1-3. The result is the following.

Proposition 7. — Letk € (0,7) and f be solution of equation (1) with initial
condition f™ € L2((v)* dz dy). Then, there exists a constant Cj, = Can~,k >0
such that for any t € Ry it holds

1M aqqapraray < O 77

(v)*dedp)

This strategy of using the conservation of weighted norms has also been
used in a companion paper [7] when F' has a sub-exponential form. There,
any value of k was authorized, and this was implicitly a consequence of the
fact that such a F had finite weighted norms L2((v)* dz dpu) for any k € R.
In the present case of this paper, one has to be really careful with the order of
the weighted norms at stage. Note that we may not expect global propagation
of higher moments than those that F' has, and this justifies the range of values
of k.

We thus choose to adopt the following interpolation strategy. Note that for
any function h € L2((v)* dz dy), one has immediately

Hh||L2 Yeda dp) = HF_lh‘ L2(F(v)*dz dv)

As such, it is equivalent to control the semi-group e("=t in L2((v)* dz dp)
and F~1e=Tt in [2(F (v)* dz dv). Since L2((v)* Fdz dv) is an interpolation
space between L'(F (v)* dzdv) and L°°(dzdv) (see [23]), if we prove that
F~1e=Nt is bounded onto L>®(dz dv) and onto L(F (v)* dz dv), it will be
automatically bounded onto L2(F (v)" dz dv), which is exactly the result of
Proposition 7.

The rest of this section thus goes as follows. We will separately show bound-
edness of F~1e(=Tt onto L*®°(dzdv) and onto L(F (v)*dzdv). The first
point is relatively immediate whereas the second point requires a Lyapunov
and splitting strategy, as previously used in [17, 18, 7].
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3.1. The boundedness in L*°(dx dv). —

Lemma 8. — Let L be as in case (a), (b) or (c). Then, in all these cases,
HF—let(L—T) H
Lo (dz dv)— L (dzdv) —
Proof. — This is a consequence of the maximum principle. U

3.2. The boundedness in L(F (v)* dz dv). — Remark that bounding the

operator FLe!=T) in L1(F (v)* dz dv) is equivalent to bounding e/~ in

LY((v)*dzdv). To obtain such a bound, we first write a Lyapunov type
estimate.

Lemma 9. — LetL be as in case (a), (b) or (c). Then, in all these cases, for
any k € (0,v—P), there exists (a,b, R) € RxR2 such that for any f € LY((v)%)
the following inequality holds

Lttt @ dedo < [[(ats, =0 0)7) 171 0)* dea.

Proof. — First assume that f > 0. Then one may write,

//R%Lf <”>kdxd”://R2d|-fF(v>kdxd,u // FLL(F (o)) f da do.

In case (a),
FILY(F ()M)(w) = FTIL(E ()F)(v)
= () V- (0770 (1))
— <v>d+v v, - <<v>—d—w+k72 v)

—k(d+y—k+2) )" —k(y+2—Fk) (v)"?

which indeed implies the result for k < v — § since in this case § = —2.
In case (b), using assumption (Hl) one obtains

FILYF / b(v',v) F@') — (v)* F(v')) dv’
= (/Rdb(v',v) o)F

By hypothesis (H4), it yields
P < (S 1) o

(v)"
We conclude that inequality (9) holds for any k < v — .

F@')dv — 1/(1})) (k.
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In case (c),

FLA(F (M) (v

dwlﬂ

AH(@)) - B - Vo))
( o) = k(e EW) (0) ) ()
(

) A3 (0)%) - Crak (0)7) ()",

where we used Proposition 20 that gives v- E > Cpyq ()P*2 Since k < a =

dwlﬂ

N

v — B, we control (v) % AZ((-)*) using a classical estimate for the fractional
Laplacian of weights (see e.g. [6, 5, 18]),

W) AR W)) S @)
If now we remove the assumption that f > 0, the result still follows by using

Kato’s inequality (see e.g. [10] for the Laplacian and [12] for the fractional
Laplacian) for the operator L since it implies

//]R?d% Lf (v>k‘ drdv < //del'(|f|) <U>kdxdv,

and we can use the estimate by replacing f by |f|. O

3.3. A factorization method. — We employ a "shrinking" strategy, as
n [16, 17, 21]. We write L — T as the sum of a dissipative part C and a
bounded part B such that L— T =B+ C.

Lemma 10. — With the notation of Lemma 9, let (k, ko) € (0,7) % (0,7 —p)
such that ky > k — 8, a = max(ag,ax,), R = max {Ry, Ri,}, C =alp, and
B=L—-T-—C. Then for any t € Ry, we have:

(l) HC|’L1(dxdu)—>L1((U)k2 da:du) < a<R>k27
(ii) [le®® HLl( ) dwdu) L ()" dwap) < 1

(iii) HetBHLl( F2 4 dp) > L1 (o) dz dys) <C( +t) fm’ some C' > 0.

Proof. — Property (i) is a consequence of the definition of C. Property (ii)
follows from Lemma 9. Indeed, for any g € L'((v)"),

//RQng (v)* dmdvg// aplp, —alp, — Db <U>/3) 9] (v)* dedo

< — by HgHLl( k= dedv) :

To prove (iii), define g = eBg™. By Holder’s inequality and the above

contraction property, we get

18]
n||ko—k—p

L1(<v>k2 d:vdv) )

ko—
kgkﬁ

||9HL1( Yo dvdz) = < llgll ;2 L1 ((0)F 7 da dv)
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As a consequence,
18] 18]

B k 1+k?—_k in ko—k
R2d g (v)" dedv < —by HQHLl( Y* dvdz)

L1 ((v)kQ da:dv)
so that by Gronwall’s Lemma, we obtain

)

5\ 5\ s
in - k2 — n - 7!
HfHLl(@)kda“dU) < (‘ f > dz dv) + bk’,@‘ ‘f > 2d5’3d”)>

1 in
f

— ko—k

k

which implies (iii). O

Lemma 11. — Let k € (0,7v) and f be a solution of (1) with initial condition
fin e LY ((v)¥ dodv). Then, there exists a constant Cj, = Ca,pk > 0 such that

11 oy < G [ £

L1((v)*dz dv)

Proof. — Defining the convolution of two operators by U xV = f(f Ut —
s)V(s)ds, we can write the following Duhamel’s formula

GHL=T) _ otB | 1B HL=T)
Combining the formulas from Lemma 10 and the fact that

1" L1 (b do) s £ (o) < L

we get
t ds
L k
1 21 oy anans L (@optar avy < 1+ @ {R) 2/ PN
0 (14 cs) 1A
which is bounded uniformly in time since ky — k > —5 = |3]. ]

4. Interpolation inequalities of Poincaré type

Let us introduce the quadratic forms associated to the three types of mi-
croscopic operators. In the Fokker-Planck case L1,

Ty (h) := |V h|?,

in the scattering case Lo,

La(n)() = [ b

Rd

V) [h(v) = h(o)[* F') o/,
and in the fractional Fokker-Planck case Lgs,

rah)() = [ PO RO OE 4

Rd ’,Ul _ ,’d—l—a
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Theorem 12. — Let v > 0, n € (—v,7) and k € [n,7). Then there exists
C = Cynk > 0 such that any h verifying (h)p =0,
(n—8)

/ |2 ()" Fdv < C (/ pi(h)de) F—min(7.8) </ B2 <v>dev) F—min(n,5) ,
R4 R4 Rd
fori=1,2,3.

Proof. — For legibility, define w(v) = (v)". Note that the fact that (h), =0
and the Cauchy-Schwarz inequality yield

/d|h|2dev:/d/ (h—1') F'do'
R R

R4
<0_, /2d |h — h/|2 <v/>n F'wF dvdy
R

2
wkF dv

< 67’7//2(1 |h — h/|2ww/FF/ dv dv’,
R

where ©_, = [ga (v)" " F dv. Take any R > 1,
2
// = 1w/ FF' dodv’ < ——— // (B> + 1]%) (v} PF' dv dv/
lv|>R (RY*™ JJ|>R

1
< Rk—n/Rd B (O + (0)*) F do,

and the same bound holds for |v/| > R, so that

I 2 / / /< @k; 2 k
(5) //WRO]r \v’\zR‘h A" ww'FF dvdv’ < kan/RJh' W)k F dv.

e Casel' =1

Now define hg := hxgr and xgr(v) := x(Jv|/R) where x is a truncation
function on Ry with the following properties: 0 < x < 1, x = 1 on [0, 1],
X =0 on [2,400). By the fact that xg = 1 on Bpg, we obtain

// Ih = B ww' FF' dvdo’ < // W — h|” ww' FF' dvdv'.
B% R2d
However, by expanding the square, we get
// | —hR\wa’FF’dvdv’:2</ |hR|2dev—<h>$U>
R2d Rd

- 2/ b — (hg), p2 wF do,
R4

so that we can use the Hardy-Poincaré inequality, which leads to
/Rd Ihi — (hg)y pl? wF dv < CHP/Rd Vohil? ()2 wF dv

< QCHP/ (1Vhl? + [Vuxal? (1) () wF dv
Bar
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where Cyp = Cyy—y, is the constant of the Hardy-Poincaré inequality. For the
first term in the last integral, we use the fact that |v| < 2R to get

/ IVoh|? (0)2 wF dv < R+ / IVoh|? F dv
Bar

For the second term, the fact that V,xr = R™'x’ is supported in Bar \ Br
yields
L 19uxal? If? (@) wF dv < [ b () F o
R

with Cy = Cy—, Hx'HLw([M]). Gathering all the mequahtles, we get

/d > wF dv < //2d \h = b w' F'wF dvdo’
R R

0
<e., <CHp R<2+n>+/Rd IVoh|? Fdv + CH;,:FU k/ 7|2 ( de> .

Optimizing with respect to R yields the result. More precisely, this last
inequality can be written under the form a < R@tM+p 4+ R=k=1¢ with q <e.
If ¢ < b, then we can simply write a < ¢ = A= < p?el=f If it is not the

1
case, then we can take R := (§)*¥max(2) > 1, which leads to a < 2 bel=0,
e Case ' =1

In this case, following the idea of the proof in [25], it holds

// , \h — h[2ww' FF' dvdv’
B
// 2 ] ‘d-i—a [v" — v T FF dv dv’
B2 [V

_h|2 ! !
< QCF(R)/dF(h)de,
R

where Cp(R) = sup(, yneps (L= ). Since F = e, (1)~ and
[ =/ < () + (o), we get
d d
o — oftrew PR _ 2% e (@) 4 (o)) (o) ()
Fi+ — <v,>d+7 + <v>d+’y

since § = v — a. The result then follows by the same steps as in the Fokker-
Planck case.

e Casel' =19
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In this case, when v and v are in Bg, we use hypothesis (H2) to get
// W = hPod FF dvdo' S R<ﬁ*5>+// b(v, o')W — h2FF' dvdv'.
BR R2d

The result follows as in the other cases. O

Remark 2. — In particular, if v+ 8 > 0 and n < 3, we obtain a weighted
Poincaré inequality
/ B? ()" Fdv < C [ T(h)Fdo.
Rd Rd
If v+ 3 <0, then 8 < —y < 7, which yields

A@Jhﬁ(@’?f‘@g(w (1 de) (/ b2 ¢ de) -

5. Proof of the theorems

QE

5.1. Proof of Theorem 1 in the case v+ 3 > 0. —

Proposition 13. — There erists 6 > 0 such that if He is defined by for-
mula (4) and H(f) := [gaHe(f) dE, it holds

()

0= )
Proof of Proposition 13. — By the microscopic Weighted coercivity one has
XA IR CRLY .
Using the result of Proposition 4 with n = — ,8, thls leads to
aHe(5) 5 =0 ()" 7]+ co—ena-m7].
Taking § sufficiently small yields
S R Y

The result is then obtained by integrating with respect to & and using
Plancherel’s formula. O
in

(%)O‘ ﬂf‘ L2(d€ dp)

terms of ||[1f||, which can be done in the spirit of the fractional Nash inequality

L2(d€ dpr)

To control the macroscopic part, we shall control

(6) [ullzz < CNash [l 5 el

This is done in the following lemma.

Lemma 14. — For any f € L2(dx dp) N LY(dz dv),
_d
lel o dto
‘( §) ”f’ :

L2(d¢ dp)

||nf||L2(da:du) <C Hsz;adxdu)ﬂLl(dxdv)
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where C = max(\/i, CNash) and we recall that ||f\|§mY = ||f||§( + Hf||§/

Proof. — For ¢ € R?, define u 7 through
(1+ 1) 7 = 5.

From this definition, one sees that

/Rd1+!£!

_ % 2 o —~ 2
(7 = [ e aas+ [ 11w
® > [ 11e% da

Moreover, after taking the modulus, squaring, and using identity (7), it also
gives

nf"ag = [ e (14 1) @ 77 o

o 2 r 12
IngE =zl + 2% a7+ e @

_ ¢ 2
<l +2f - ’+‘|£|a, nf| ae

For the first term, using the fractional Nash inequality (6) on uy and inequal-
ity (8), we get the following bound

[afllp> = llufllp> < CNash HUfH‘”"

6% @

o |£|“ Alae)
< O 11 ey ( [y g [0

where we used the fact that [[ug| ;. = [lpfllp = IfllL1(apan)- Since (€~ <
1+ |¢]*, this leads to

) INfeara <2 | (§) ﬂﬂ

L2(dz dp)
+ Chan 15 ()" .
as L1 (dz dv) € L2(dz dp)
To conclude, we just have to remark that since (%)a <1, it holds
/ _d
N < |7l ey |7
H(<E>) J?‘Lg(dmdﬂ) - H A‘LQ(dmdu) ((@) / L2(dzdy)

so that inequality (9) becomes

N1 2040 g < (2\\f|yg;3dmdﬂ +cNasthHZT€dmdv> H <i W

2d
d+ao’
)

L2(dz du)
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which yields the result. O

Proof of Theorem 1 when v+ 8 > 0. — The conclusion of the proof of the
theorem in this case is now as in [8, 9, 7|. For legibility, we shall split cases
according to the sign of .

If 3 is positive, then (v)ﬁ > 1 and using the estimate of Lemma 14 together
with the fact that the L?(dx du) N L'(dz dv) norm is bounded by a constant,
we obtain that

()"

2
+ =3
L2(de dp) H( ) HLQ((v)ded,u)

2d+_0/
> C1 Nl 2wy + 1 =Ml 2y

. Yy 2(1+2)
> min{ O, (17 o} 112 @0

Collecting terms, we have

d /
TH() < - CH(p,
using the norm equivalence between || f|| and H(f).

If 5 is negative, the proof is actually very similar, except that one has to
use the conservation of weighted norms given by Proposition 7 for k£ < v to

control HfHL2(<U>kdx dy- Since we can note that

(1= n)f”m(@)kdmdﬂ) < HfHL2(<U>’€dH) + Ok [lpll2

< in =
= OO s ytauan =
then by Hélder’s inequality, indeed,
28 1-8
1= 132y raeq = G (L= %)
We obtain in this case
d
CH(P) <~ CH() 7
with 7 := max(%/, %) In both cases, the proof follows from a Gronwall’s
estimate. O

5.2. Proof of Theorems 1-3 in the case v+ 3 < 0. —

Proof of Theorem 1 in the case v+ 3 < 0. — In this case, @/ = « and 8 <
—v < 0. By Young’s inequality, Theorem 12 implies that for any r > 0

(L7 5y < =r|a=mf] + e a-ny]

n:". Then by Proposition 7, we get that [[gea|f|? ()F Fdedp is
uniformly bounded in time if it is initially bounded, so that integrating with

k,‘ )

e

with 7 =

S
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respect to £ yields

(10) /R<Lf fag<—r|a-n ﬂ

fHLoo (R4, L2((v)*de dp))

OHe(f) = (LF, F) + 9 Red, (Al f)
<

Cin rl-}—T‘

L2((v)"dE dp)

where CI* =

. From Proposition 4 we obtain

~

< (.7 on(8) o ~esls -7
Now by taking 6 = 55 in H(f) = H(f)(r,t), and integrating in §, we obtain

o) < [ (5 Fpae—gg [ ()" 7] e

+5 Ja-m,

L2((v)"d€ dpr) -

Combined with inequality (10), this yields

2 in T
OH(f) S —r </R (1) |n 7] a + 12 - )f||L2(<U>ndmdu)) + et
and by Lemma 14 and Hélder’s inequality, we obtain

in 2(1+g) in 1+ in T
QH(f) < —r <c1 INFILSE ) i =g dx’éu))) L iy

in in||2 in||2 a in
whereC :C(Hf ||L2(d$du)+Hf ||L1(dxdv)) d andc Hf HLQ

This yields

kdzdp)”

8tH(f) g _ C(1)n r H(f)lJrl/T’ + cim 1+
with 7/ = mln(d & ) Define
! —1—7—7/
u(t) :== Cor~ T+ H(f) (r, C;%Tt)
C(i)n #
Cl — (Cén) 1+7/ (Cln) 1+71 .
We are led to study the following Cauchy problem

u'(t) = —u(t) VT 1, te R,
u(0) = wp.

Here, u(0) = Cor— e H(f)(r,0) is greater than 1 as long as r < (Co H(f)(r, O))%(
It is true for r sufficiently small since H(f)(r,0) > (1 —9) HfinHiQ(dxdu) =
(1-5%) HfinHiQ(d:vd,u)' Therefore, there exists g € (0,1) such that for any

7).
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r € (0,70] and t € R*, u(0) > > 1 and

u(t) = 57+ SO, S [Tt

which implies

H0) < Corr 57 (G T 14 s(a(0)))

_ 147/
Now choose 7(t) := rg (t) +7+7. Then since

!
TT

w(0) > Corg 7 ()T (1-53) |

fin 2

— OO
L2(dz dp)? t—o0

we deduce that S(u(0)) remains bounded so that

1+7'+7'/

HuxmmeChw‘ﬁﬁﬁs*<amw“’@+swm»)s@>7,

. / .
with 7 = 25— or equivalently

3= (00 (2) = (62 [+ )

where we recall that § < —y <n < k <. If n < 0 and min(g,%) = 5

then
5= (122) o)1+ (52) () -

This is in particular the case as soon as d > 2 since in this case, o < d, so that
one can take n = —k € (—~,0), which implies that ni— =1< g. When o > d,
then d = 1 and one can still get the same result if & < I. In this case, one
can indeed take 1 € (—v, —ka) so that £ =1 > n% If this is not the case, so
that  >d=1and k € [1,), then
1 _ (ﬂ) (14a)—1= 77+a/<:—ﬁ(1+a).
k—mn k—n

7.l/

Since one can take 7 as close as wanted to —7, one can get any 77 <

%. This finishes the proof of the theorem in this case. O

5.3. Proof of Theorem 2: the critical case v+ [ = 2.—

Proof of Theorem 2. — In the case when v + § = 2, then recall that by
Proposition 4 it holds

d PR 2 2
5 (A T) £ —m@ |7 +cfa-m7]|.
where 9 is a positive increasing function of || bounded by 1 and such that

#2(8) ~, Cag € (gD
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Therefore, as in the case when v+ 3 € Ry \ {2} (Proposition 13), by the weak
microscopic coercivity

(11) - <Lgag> > Cm H(l - )g||L2 YT du) H( )gHL;( (v)kdp)

and taking § < 20,
d

400 (a0 0= )

Now, as in the classical proof of Nash’s inequality, since po is increasing, we
can write for any R > 0

I~ o

we deduce

2 2 —_ —~
N eacan = sl = [ e+ [ i7ilae
w _ 1 _
Sl e NGRS
w 1
< SR Wi asan + gy 120 an\mdw)

which can be written under the form X < R% + uz(R)' Remarking that

R+ Reus(R) is a bijection of R* , one can take R such that Réus(R) = 2
which yields X < 2R% and since R%us(R) is increasing, we get

ia((2)") < Rhwm) = 2,

2a
b> %X,UQ((%) )7

which translates in our case to

2

N 1 TN 22 ag apy | @
2 2 _ P RLTASdp)
H,ug ﬂLQ de dy 2 I fHL2(d§dM) ((Cd HfHLl(dacdu)

2
= @ (N1} 2qe ap ) -
X—0
~ Cypa”iX'TTIn(X))|,

X—0

and ¢(X) e X /2. With the same method of proof as the non-critical cases,
—00
this yields

so that

=

Moreover, denoting by a := || f|1(q; qy)» it holds

B(X) ~, 2 x ()" m( (%)

-

GHU S =HN () > 00rit f<0and > G
d L8l , koo d
EH(f)S_H(f)J% 1fﬁ§0andm<§.
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The result is then deduced by Gronwall’s Lemma. Let us detail the first
case. Since H(f) is easily seen to converge to 0, we are looking for the long
time behavior of the solution of the following differential equation %y(t) =

—y(t)H% [In(y(t))| with initial condition y(0) that we can assume smaller than
1. Its solution is the solution of the following integral equation

y(t) ds
/ = .=t
y(0) st In(s)
2
~d

Since %l“’n(s) = *71() (% + 1 ) ~ —Hd and y(t) e 0, we deduce

R, In(s) ) s 50 S1+3 In(s)
that
(12) = [ o
v0) s'aln(s) oo 2In(y(1)

In particular, by taking the logarithm of the above equation, we obtain that

In(t) e In (y(t)_%) ~ =2 In(y(t)), which, injected back in equation (12)

t—r00
yields
_2
;L Yl
t—oo In(t) ’
or equivalently y(t)tw (tln(t))_g. O
— 00

6. Quantitative estimates of . and A,.

In this section, we show that the three types of operators we consider in the
paper satisfy the hypothesis on p and A needed in Proposition 4, that is

min(1,1+2+8=2
p(§) S I€] (L1+357) Ligj<1 + Lig>1, AL(§) S L
For readability, let us recall that

pL(§) == L7 ((v - §)e(€, ‘)F)Hm((vyndﬂ), AL(§) = |||—*(¢(f>‘)F)Hm((vy"dﬂ)-
6.1. Fokker-Planck operators. —

Lemma 15. — Consider L = Ly, a Fokker-Planck operator. Then
. ~yt+d—n _
. S g )]1|§\g1 HlE M g, A S

Proof. — Note that in this case, L is self-adjoint. Start with estimating g .
F7IL((v-§¢F) = Vo (FVy ((v- &)

= A((v-€)p)) — (d +v># V(v €)g).

We can then compute
Vo((v-8p) =&+ (v-§Vup
Ay((v- &) =28 Vyp + (v §)Avp.
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We end up with
(d+7)
(v)?

we may for legibility write A = 1+ (v)°|¢]* so

F_lL((U'f)QO):2§'vv§0+(v'§) <Av‘10_ (¢+U'VU(P)>'

(v)?
1+(0)%lg[*”?
that ¢ = (v)? A~1. Yields

As a consequence,

Recalling that ¢ =

£ Vg =2(1-2(°|6?) L ¥
vV =2 (1-20) i) L

From this we can readily estimate, since (v)® |¢]? < A,
€-Vopl STo-€lA7 o Vgl S ()2 470

The last part to estimate is

Bup=2(1-2)° [€F) V- (55) + 2V (1-20)° €) 5.

= % (1= 2()° () (d+ 12J0]* (0)* €] A7) = 24[]* (v)* |¢* A2

that gives
[Ap] S AT
Combining previous estimates, we thus end up with

[FL(w-©)p)| S lv-gla.

This allows to estimate p (§) as follows,

[ SIS

pog?  dv
T () Jef2)” )T

The conclusion then comes from following exactly the same steps as in the
proof of Lemma 5, that give

min (1,504 —
p S €] (125 )]1|5\g1+\§! i ey

We now estimate A . Recalling that ¢ = <v>_2, one has

IL((v-&)e(&, ')F)HL2(<v>‘"du) S /Rd (1

[FIL@F)| = A — (d+7)— Vot

(v >

which is a bounded quantity. Since (v)~7F € L!, we conclude that A is
bounded. O

6.2. Scattering collision operators. —
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Lemma 16. — Let L =1Ly and v > 3. Then
g 171 +n—2 _
. S g (b E) Lgar + 17 g1, A S L
Proof. — To estimate p) , we write

F7IL (- €)pF) = /Rdb(v', ) (0" Op(v) = (v- §e(v)) F(v) dv

= Rdb(v', v) (v €) (v") F(v) dv' — (v - §)p(v)v(v)

Then we first remark that the inequality of Cauchy-Schwarz yields
2
/ b(v',v) (v - &) (') F'dv'| (v)™"Fdv
Rd |JRd
I N2 B 3.0 b(v’,v)2 ’ g7 -7
S/}Rd (/Rd](v &) ()" (v)" F dv) </Rd o) F'dv | (v)™" Fdv

<Gy [ ) Op@ (v) " F v,

where, by assumption (H3),

’oN2
Cp = // MFF’ dvdv” < oo.
s v ()0)

Then, since

_ lv- €| dv
v(v)(v - 2WyT"Fdv < C ,
[ -0 @ Fa<c | o

the result follows again by adapting the proof of Lemma 5. The estimate for
AL(&) comes fairly easily from

P @F) = [ (') (6(0) = ¥(0) FW') dv

= /db(v', v) (V') F(v')dv — v(v)y(v)
R
Again, the inequality of Cauchy-Schwarz yields

/Rdb(v',v)¢(v')F' do’ i < </Rd|¢(v')|2 <v'>5 F dv'> (/}Rd%F' dv')
< Gy v (0)y (o),

so that |[F~IL* (v F)| < (Cé/2 + 1) |v(v)yp(v)]. Then, since
dv

2 NN -

[ @R @ R <0 [ e
we deduce that A\ < 1sincey+n—-28+4>~v—F+n—0F>0. U
6.3. Fractional Fokker-Planck operator. — In this section, we set L =

Ls. Since computations are more involved, we split the estimates of p and
AL-
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Proposition 17. — For any v > |5|, we have,

pe S €N Lg<n + Ljg>1-

Recall F~1L*(F.) = AZ — E - V,, we have

it = [ AT (@ 9e@) = B - . ((0- 90(0)

a 2 dv dv
<2/ |8k (-9 WJJ/W B0) Vol 99 ey

We shall estimate the two integrals of the latter r.h.s. separately. Start
with the easiest, the second integral, which is estimated as follows. Recalling
Proposition 20 which helps estimating F,

[E(v) - Vo((v-8)@)| S E@) - &l + [(v- ) E(v) - V|
Slv-€l )7 o+ o€l (0) 7 ()7 o]
Sh-€lw)7e,

so that

v g2 do
1E(v) - Vo((v- éh)(‘o)HiQ((vV"de) N /Rd (1+ <v>2|1*5\ |£|2)2 <v>d+w+n’

and
/1_B—=n

lv-&? dv \*_ oorE
</Rd 1 A et ) S g+ L
follows.

The estimation of the first integral is more involved and requires estimating
Az ((v-€)p), that we do now in the following lemma.

Lemma 18. — For a € (0,2) it holds

(13) A3 (- ©)@)] S IE]F Ligier + Lgpor.

Since the proof of this lemma is technical, we postpone it for a while and
show now how to conclude the proof of the proposition with this lemma. From
it we deduce since v+ n >0

e

Gathering all previous estimates finishes the proof of Proposition 17. The only
remaining thing is to present the proof of technical Lemma 18.

a 2 dv o
A ((v-§ep(v)) W < €17 Tig<t + Ljg>1-

Proof of Lemma 18. — Only locally in that proof, we use the notation
Yo € RY, m(v) = (v- &) p(v)
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for legibility. For any v € R%, we can write the fractional Laplacian as

5 o m(v/) — m(v) - (UI . U) ) Vm(v) /
A (m)(v) _/Uv/|<<vT) ’U—U”d‘f'a dv
m(v’) - m( ) /
—d
! /v—vwz% v — of|d+a
=1+ I,

The rest of the proof of the lemma consists in bounding both latter integrals.
e Step 1 : a bound of I;.

The first integral is controlled by a second order Taylor approximation. We
thus estimate the Hessian of m. Computing the gradient of ¢ yields

Vop =— (B+(B+21 = 8)) () |¢]?) ()77 g0,

from which we deduce that |V,p| < (v) "' . Then to estimate the Hessian of
P, we write

V20(0)| = |Vo((8+ (8 +201 = B1) (0) P e?) (0)* > %)
S0+ ()7 Vgl
from which we deduce that [V2p| < (v) 2. Then, since V,((v - &)p(v)) =
©(v) + (v &)Vyp(v), it turns out that
V(0 p)| S [Vup@)| €] + v - €] | V2 (p(v)| S l€] (v) "
Therefore,
IVl o 50, 122) €] 22wy -
hi= /gu EEearee e
< lEle()
SIPESTO

since any (v’) is uniformly comparable to (v) on B(v,

(pHLOO(B )

(v) )

T .
e Step 2: a bound of I.

The way of estimating the second integral will actually depend on the value
of |£]. We thus split this step into two, [£| < 1 and [¢| > 1.

Start with |£| > 1. Then, one starts splitting 5 into three pieces,

P N T N Ty O .
- |lv—2|> ; |

|vlfv‘l|2<% "U — ’l}/‘d—"_a W ?>_ ’U _ U/’d—i—a va’|>% "U — U/‘d-i-a
o< | >(v a

_ e 2%wq ||l oo g ((0)) | 2%wa [m(v)]

= ()it ||mHL1(BO(<U>)) + a(v)* a(v)*

<07 () Mmooy + Iy + Im@)]) -
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To proceed further, it is mandatory to estimate <v>7de||L1(BO((v>)) and

Hm||Loo(Bg(<U>)) for any v € R% and this where |¢| > 1 will help.
Indeed,

W)™l Loy < (@) 1€ if B+2]1— B —1>d,
< (o) )G 2l - gl -1 <,
< 2[¢] (v) p(v) if 54201 -6 -1<d

For all v' € B§((v)),
’ ’ / <UI>_ﬁ <UI>1_B [3
QA= O i = 1 (g
()7
< i = (0 )
where we have used that (v') — % is decreasing for (v') > (v).

Indeed, when 1 — 8 < 0 this latter fact is immediate and when 1 — 8 > 0 it
results from the fact that <v'>‘175| |€] > 1 since [¢] > 1.

We deduce,
Bl S @7 (W) e + @) ) B+ -8 —1>d
S ()7 (o) [ele () if+21- 6 -1<d.

Assume now that |¢| < 1. Write
m(v) =m@)[\ _ dz
wef .
| L] 22 |, ) lv— /| Z[dTa—
20wy [m(v) — m(v)|
w, ()

= a—/¢
(Cl - e) <U> |v—U’|>%

Here, ¢ will be chosen later. The next step is thus to estimate the {—Holder
seminorm of m. For § < 1 and any w € R?, write

_ ()P
1+ (w)'Ple)?
a-pg)e—-a’ /3)2 a’)

o 208 (w)
< [¢]= (w) T () m |£|

with ¢ = o/(1275) € (0,1). We deduce that for any (v,v") such that [v—v'| > %,

im(v) — m(@)] < JE1F @) + [ — o) < €% o -],

a_/ a—¢
and thus |I] < |£]2 (ai)ﬁ

Im(w)] < €] (w) ¢

<€)7 (w)’,
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When 5 > 1, the estimate can be performed exactly as in the |{| > 1
situation, we do not repeat the argument. The proof of Lemma 18 is now
complete. O

Proposition 19. — Let v > B1. Then there exists a constant C' > 0 inde-
pendent from & such that

A< C
Proof. — We follow the same steps to estimate A\ . We have
g 2 do
2 f— —_— . —_—
@7 = [, (8% @) - Ee) V)
g 2 dv 9 dv
< Q/Rd As (¥(v)) (o) + 2/Rd |E(v) - Vyib(v))] (o

We now estimate both integrals of the last right hand side separately. By

Lemma 18, A2 ((v)™?) is a bounded function, from which we deduce that the
first integral is bounded since v + 7 > 0. For the second integral we get

9 dv |v]2 dv
/]Rd [E(v) - Vot (v)] W S/RdW

which is bounded since v +1n — 28 4+ 6 > 0. O

Appendix A
Steady states and force field for the fractional Laplacian with drift

By definition of the force field F, we get
a a—2
Vo (BF) = (=A)8F = = (V, - (Vo((-A0) T F))),
and this implies

E()F(v) = ~Vo((—A)*TF) = —CyaV (Ivld‘l“‘? \ @;l ﬂ) ,

when F is radial. From this expression we deduce the following result.

Proposition 20. — Assume a € (0,2). Then
E(v) = G(v) (v)” v,
where G € L>®(R%) is a positive function such that 1/G € L=(B§(1)).

Proof. — Let u(v) = =V, (Ivldﬁ * W) (v) so that E is proportional
to ()" u. We shall estimate u(v) - v from above an below to prove the
proposition.

We have

1 v
u(v) = (d+7) <’U’d+a—2 * <v>d+v+2> :
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Note that from this expression, and since W € C®(RY) N LY(RY) and

a < 2, one has u € L (RY) so that the remaining work is to focus on B§(1).
Assume from now on that v is such that |v| > 1. We now split the cases

depending on the integrability at infinity of \u\++°’ that is a € (0,1) or not.
Start with a € (0,1). Write

v 1
Then since
/ " dv’ _ / do’ 2d+a71
W‘Z@QJ_) ‘U/‘dJra <v’ _ U>d+v - Rd <v/>d+v ’U’d+a71,
and

v do’ dv’ 2d+a71 2d+a71wd 1
< <
/v/|<% ]v/’d+a <U, _ U>d+’y - /BO((%)) ‘,UI‘UH*afl ‘U‘dJr'y - 1—a ’U’d‘i"}/‘i’a*l,

we deduce that

[u(v) - o] < Ju(o)fo] S o]~ @2,
To get a bound by below on u(v) - v, we cut the integral in two parts and we

use the fact that [v| > 1 and |[v" — v| < 1/2 implies v" - v > 0. First

v v do’

v v do’ n
[v'—o|>1/2 |/ [d+a g o nd+y T |v/ —v|>1/2 [/ +v[>1/2 | |of|d+a /o0 _ o \d4+y
|v'+v]|>1/2 ’ ’ (’U ’U> v -v>0 v -0<0 ’ ‘ <’U U>

/ v ( 1 1 )d ,
= — v

[v/—v|>1/2 |y |d+a ;_a\dHY / d+~ ’
v >0 |’U | <U U> <’U + U>

which is positive since (v + v)? — (v/ — v)> = 20/ -v > 0. The remaining terms
are treated as follows

1)/ v d’l}l o UI v 1 1 d !
/U,_%rél/Q o[ 1 — ) = /v/v<l [o/]EHe \ (o — )T N (o' + o) v
|v'+v]|<1/2 i

S 1 B 1 / v a
= <1/2>d+’y <3/2>d+’}/ |’U/—’U|<% |v/|d+a ’

since [v/ 4 v| > 2|v| — [v/ — v| > 2. Finally, since |v| > 1, when [v/ —v| < 3 we
get

P 2 N2 2 2 1o PP

20 v =T+ P = =0T > ] =5 > 5

0] < ol + o' = o] < 2Jo],

so that
Voo (Bl 1
/Iv/v|<% |vf|[d+a vz 2d+at2 |y|d+a—2’
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This implies u(v) - v > C|v|~@t%=2 . Therefore, we can define G(v) :=
(u(v) - v) [v|"=2 and we just proved that G € L>®°(R?%) and G~! € L>®(B§(1)).
Since wu is radial, we can write

u(v) = G(v) ||T+

and we deduce the result by writing F(v) o< F(v)~!u(v) and using the fact
that =~ —a.
Now consider the case a € [1,2). The gradient of Ivldﬁ is then a

distribution of order 1 that can be defined as a principal value. Indeed, in the
sense of distributions, it holds for any ¢ € D(R?)

1 _ Vup(v)
<VU (’U’d—l—a—z) "P>D/7D = Jraufdte2 dv

Sy ACOET O
Rd

|v|d+a72

v

= (@+a=2) [ i (o) —o(0) o

=:(d+a—-2) <pv<|v|%+a> , gp>D/7D .

We deduce that formula (14) becomes

v 1
u(v) = (d+a—2)pv(|v|d+a) * <v>d+7

o 5 v 1 1 Q'
- ( ta-— )/]Rd |v/|d+a <v _ v/>d+’7 o <v>d+’Y v

so that
1
<
uw)| < [ e

which in the same way as in Lemma 18 may be estimated

c c

u(v)] < <v>min(d+w,d)+a—1 - <v>d+a—1'

1 1
<v,>d+7 - <v>d+'y

Now estimate u(v) - v. We have

/ ’U/ - 1 1 d , / ,U/ v 1 1 )
_ o = v
24 1T\ (o — o) (o)™ 23 10|y — 0y
C
<v>d+a—2'

>
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The integral over the complement is small (since a—2 < 0 < 7, d+7v > d+a—2),

v 1 1 ,
/ 1dt e an | v
o<1 |vf|d+e (v =0T ()T

|v] —(d4y+1) 4, c
< (d+7) ———  sup (w) TV < :
lv'|<3 |vf|d+a=2 wEBy(1/2) (v>d+y
and we obtain u(v) - v > C|v|~(¢+=2) The result follows. O
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