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Abstract

Let f be a non-invertible holomorphic endomorphism of P*. For a
hypersurface H of P, generic in the Zariski sense, we give an explicit
speed of convergence of f~"(H) towards the dynamical Green (1,1)-
current of f.
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1 Introduction

Let f be a holomorphic endomorphism of algebraic degree d > 2 on the
complex projective space P¥. The iterates f* = fo---o f define a dynamical
system on P*. It is well know that, if w denotes the normalized Fubini-Study
form on P* then the sequence d"(f")*(w) converges to a positive closed
current 7" of bidegree (1, 1) called the Green current of f (see e.g. [9]). It is a
totally invariant current, whose support is the Julia set of f and that exhibits
interesting dynamical properties. In particular, for a generic hypersurface H
of degree s, the sequence d~"(f")*[H] converges to sT' [7]. Here, [H] denotes
the current of integration on H and the convergence is in the sense of currents.
In fact, if we denote by T? the self-intersection T'A --- AT, Dinh and Sibony
proposed the following conjecture on equidistribution.

Conjecture 1.1. Let f be a holomorphic endomorphism of P* of algebraic
degree d > 2 and T its Green current. If H is an analytic set of pure
codimension p and of degree s which is generic in the Zariski sense, then
the sequence d=P™(f™)*[H| converges to sTP exponentially fast.



The aim of the paper is to prove the conjecture for p = 1. It is a direct
consequence of the following more precise result on currents. Indeed, we only
have to apply the theorem to S := s™![H] for hypersurfaces H which does
not contain any element of .«7,.

Theorem 1.2. Let f, T be as above and let 1 < A\ < d. There exists a finite
family <7\ of periodic irreducible analytic sets such that if S is a positive closed
(1,1)-current of mass 1, whose dynamical potential u verifies ||ul/p1(x) < C
for all X in <\, then the sequence S, := d~"(f™)*(S) converges exponentially
fast to T. More precisely, for every 0 < 8 <2 and ¢ € €°(P*) we get

A nB/2
o (3) | (1.1)

where A > 0 depends on the constants C' and 3 but is independent of S, ¢
and n.

[(Sn =T, 9)| < All¢

Here, the space L'(X) is with respect to the volume form w¥™X) on X
and ¢ (P*) denotes the space of (k— 1, k — 1)-forms whose coefficients are of
class €7, equipped with the norm induced by a fixed atlas. The dynamical
potential of S is the unique quasi-plurisubharmonic function u such that
S = dd“u+ T and maxp: u = 0. Note that 7\, will be explicitly constructed.
Theorem still holds if we replace @7, by an analytic subset, e.g. a finite
set, which intersects all components of .@7).

Remark 1.3. We can prove a similar result for a reqular polynomial auto-
morphism f : C¥ — C* outside its indeterminacy set, see [20].

Equidistribution problem without speed was considered in dimension 1 by
Brolin [3] for polynomials and by Lyubich [19] and Freire, Lopes and Mafié
[16] for rational maps. They proved that for every point a in P!, with maybe
two exceptions, the preimages of a by f™ converge towards the equilibrium
measure, which is the counterpart of the Green current in dimension 1. In
this context, a result in the direction of Theorem was obtained in [11]
(see also references therein).

In higher dimension, for p = k, simple convergence in Conjecture 1.1
was established by Fornaess and Sibony [I4], Briend and Duval [2], Dinh
and Sibony [6]. Recently in [10], Dinh and Sibony give exponential speed of
convergence, which completes Conjecture for p = k. The equidistribution
of hypersurfaces was proved by Fornaess and Sibony for generic maps [15]
and by Favre and Jonsson in dimension 2 [I3]. The convergence for general
endomorphisms and Zariski generic hypersurfaces was obtained by Dinh and
Sibony in [7]. These papers state convergence but without speed. In other
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codimensions, the problem is much more delicate. However, the conjecture
was solved for generic maps in [§], using the theory of super-potentials.

We partially follow the strategy developed in [15], [13] and [7], which
is based on pluripotential theory together with volume estimates, i.e. a
lower bound to the contraction of volume by f. These estimates are available
outside some exceptional sets which are treated using hypothesis on the map
f or on the current S.

The exceptional set <7, will be defined in Section[5] It is in general a union
of periodic analytic sets possibly singular. In our proof of Theorem [1.2] it is
necessary to obtain the convergence of the trace of S,, to these analytic sets.
So, we have to prove an analog of Theorem where P* is replaced with
an invariant analytic set. The geometry of the analytic set near singularities
is the source of important technical difficulties. We will collect in Section
and Section [3| several versions of Lojasiewicz’s inequality which will allow us
to work with singular analytic sets and also to obtain good estimates on the
size of a ball under the action of f™. Such estimates are crucial in order to
obtain the convergence outside exceptional sets.

Theorem can be reformulated as an L' estimate of the dynamical
potential u, of S,, (see Theorem . The problem is equivalent to a size
control of the sublevel set K,, = {u, < —(\/d)"}. Since T is totally invariant,
we get that u, = d"uo f" and f"(K,) = {u < —A\"}. The above estimate
on the size of ball can be applied provided that K, be not concentrated
near the exceptional sets. The last property will be obtained using several
generalizations of exponential Hérmander’s estimate for plurisubharmonic
functions that will be stated in Section A key point in our approach is
that, by reducing the domain of integration, we obtain uniform exponential
estimates for non-compact families of quasi-plurisubharmonic functions.

We close this introduction by setting some notations and conventions.
The symbols < and 2 mean inequalities up to constants which only depend
on f or on the ambient space. To desingularize an analytic subset of P¥, we
always use a finite sequence of blow-ups of P*. Unless otherwise specified, the
distances that we consider are naturally induced by embedding or smooth
metrics for compact manifolds. For K > 0 and 0 < o < 1, we say that a
function v : X — C is (K, «)-Hélder continuous if for all  and y in X, we
have |u(z) —u(y)| < Kdist(x,y)®. We denote by B the unit ball of C* and for
r > 0, by B, the ball centered at the origin with radius r. In P*, we denote
by B(z,r) the ball of center z and of radius 7. And, for X C P* an analytic
subset, we denote by Bx(x,r) the connected component of B(z,r)NX which
contains . We call it the ball of center  and of radius r in X. It may have
more than one irreducible component. Finally, for a subset Z C X, we denote
by Zx . or simply Z;, the tubular t-neighborhood of Z in X, i.e. the union of
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Bx(z,t) for all z in Z. A function on X is called (strongly) holomorphic if it
has locally a holomorphic extension to a neighborhood of the ambient space.

2 Lojasiewicz’s inequality and consequences

One of the main technical difficulties of our approach is related to singularities
of analytic sets that we will handle using blow-ups along smooth varieties.
In this section, we study the behavior of metric properties under blow-ups.
It will allow us to establish volume and exponential estimates onto singular
analytic sets.

We will frequently use the following Lojasiewicz inequalities. We refer to
[1] for further details.

Theorem 2.1. Let U be an open subset of C* and let h,qg be subanalytic
functions in U. If h=1(0) C ¢g~'(0), then for any compact subset K of U,
there exists a constant N > 1 such that, for all z in K, we have

h(2)] 2 1g(2)™.

In this paper, we only use the notion of subanalytic function in the fol-
lowing case. Let U be an open subset of C¥ and A C U be an analytic
set. Every compact of U has a neighborhood V' C U such that the function
x +— dist(x, A) and analytic functions on U are subanalytic on V. Moreover,
the composition or the sum of two such functions is still subanalytic on V.
In particular, we have the following property.

Corollary 2.2. Let U be an open subset of CF and let A, B be analytic
subsets of U. Then for any compact subset K of U, there exists a constant
N > 1 such that, for all z in K, we have

dist(z, A) + dist(z, B) > dist(z, AN B)".

We briefly recall the construction of blow-up that we will use later. It U
is an open subset of C* which contains 0, the blow-up U of U at 0 is the
submanifold of U x P*~! defined by the equations zw; = zjw; for 1 <i,j < k
where (z1,...,2) are the coordinates of C* and [w; : --- : wy are the
homogeneous coordinates of PF~1, The sets w; # 0 define local charts on U
where the canonical projection 7 : U — U, if we set for simplicity ¢ = 1 and
wy = 1, is given by

(21, wa, ..., wi) = (21, 21We, . . ., 21 Wk ).



If V'C CP is an open subset, the blow-up of U x V along {0} x V is defined
by U x V. This is the local model of a blow-up. R

Finally, if X is a complex manifold, the blow-up X of X along a sub-
manifold Y is obtained by sticking copies of the above model and by using
suitable atlas of X. The natural projection 7 : X — X defines a biholomor-
phism between X \'Y and X \ Y where the set Y := 77 }(Y) is called the
exceptional hypersurface. If A is an analytic subset of X not contained in Y,
the strict transform of A is defined as the closure of 771(A\ Y).

We have the following elementary lemma.

Lemma 2.3. Let 7 : UxV — UxV be as above and Y denote the exceptional
hypersurface in U X V. Assume that U X V' is bounded in CF x CP. Then for
all 2,2 € U x V, we have

dist(z, /) > dist(Z, 7)(dist(2, V) + dist(Z, V),
where z = 7(z) and 2’ = (7).

Proof. Since 7 leaves invariant the second coordinate, considering the max-
imum norm on U x V, the general setting is reduced to the case of blow-up
of a point. Hence we can take V' = {0}. The lemma is obvious if z or 2’
is equal to 0. Since 7 is a biholomorphism outside lA/, we can assume that
0 < |lz|l, Il < 1. Moreover, up to an isometry of C*, we can assume that
max |z;| = |z1| and max |z]| = |z]|. Indeed, we can send z and 2’ into the
plane generated by the first two coordinates and then use the rotation group
of this plane. Therefore, in the chart w; = 1, we have Z = (21, ws, ..., wy),
2= (21, W), ..., wy) with |w|, |Jwi| < 1.
By triangle inequality, we have

|z1w; — zqwi] > |z1w; — ziwy] — |zw; — 2w > |z lwy — wil =21 — 2]
Hence, by symmetry in z; and 2| we get
2zw; — zwil = (1] + [21]) lwi — wil = 221 — 2.

Therefore, there is a constant a > 0 independent of z and 2’ such that

k k
21 — 21| + Z |z1w; — zqwi] > allz| + [21)(Je1 — 21] + Z |w; —wjl).
i=2 i=2
The left-hand side corresponds to dist(z, z’). We also have that dist(z,2’) ~
|21 — 21| + Zf:g |w; —w}| and dist(2,Y) + dist(Z", V) =~ | 21| + |2}|. The result
follows. o



A similar result holds for analytic sets. More precisely, consider an ir-
reducible analytic subset X of P* of dimension ! and a smooth variety YV
contained in X. Let 7 : PF — P _be the blow-up along Y and 7 the restric-
tion of T to the strict transform X of X. Denote by Y and Y the exceptional
hypersurfaces in PF and in X respectively.

Lemma 2.4. There exists N > 1 such that for all Z and 2’ in X

~

dist(z, 2/) > dist(2, 2)(dist(Z, V) + dist(Z/, V)V,

Proof. The previous lemma gives the inequality with N = 1 if we substitute
Y by Y. By Corollary applied to A = X and B = Y, there exists N > 1
such that dist(Z,Y) > dlst(x Y)Y for all Z in X. The result follows. O

Here is the first estimate on contraction for blow-ups.

Lemma 2.5. There ezists a constant N > 1 such that for all 0 < t < 1/2,
if dist(Z,Y) > t and v < t/2, then m(Bg(Z,r)) contains Bx(mw(T),t"r).
Moreover, if N is large enough then the image by m of a ball of radius 0 <
r < 1/2 contains a ball of radius rN in X.

Proof. Let § be a point in X such that dist(z,y) = r and set x = w(z),
y = m(y). The assumption on r gives that dist(y, ) > t/2. Therefore, we
deduce from Lemma [2.4] that

dist(x,y) > rt".

The first assertion follows since ¢ < 1/2 and 7 is a biholomorphism outside
Y.

For a general ball B of radius r in )? we can reduce the ball in order to
avoid Y and then apply the first statement. More plrec'lsely7 as d1m(Y) <l-1
there is a constant ¢ > 0 such that for all p > 0, Y is cover by ¢p~20=1 balls
of radius p. On the other hand, by a theorem of Lelong [I8], 4], the volume
of a ball of radius p in X varies between ¢'~1p? and c’ 2 for some ¢ > 0.
Hence, the volume of }Afp is of order p?. Take p = ’r! with ¢’ > 0 small
enough. By counting the volume, we see that B is not contained in }A/p.
Therefore, B\ Y contains a ball of radius p/3. We obtain the result using
the first assertion. O

In the same spirit, we have the following lemma.



Lemma 2.6. Let 7 be a compact manifold, Z be an irreducible analytic
subset of P* and 7 : 7 — Zbea surjective holomorphic map. Let A be an
irreducible analytic subset of Z and define A=q Y(A). There erists N > 1
such that Ay~ is included in W(At) for all t > 0 small enough. Moreover, if
A is the union on two analytzc sets Ab A2 such that Ay = 7T(A2) 18 strictly
contained in A then W(Al’t> contains A\ Ay /2.

Proof. Since dist(z, E) = 0 if and only if dist(7(2), A) = 0, we can apply
Theorem to these functions which implies the existence of N > 1 such
that R

dist(2, A)N < dist(7(2), A).
Therefore, since  is surjective, m (ﬁt) contains A~ for ¢ > 0 small enough.

Now, let A= A1 U A2 be as above. Since 7 is holomorphic, there exists
¢ > 0 such that 7T(A27t) C Ay . Therefore, (Al,t) contains A;n \ Ay /2 for
t > 0 sufficiently small. O

In the sequel, we will constantly use desingularization of analytic sets.
The following lemma allows us to conserve integral estimates.

Lemma 2.7. Let Z and Z be irreducible analytic subsets of Kdhler manifolds.
Let  : Z\ — Z be a surjective proper holomorphic map. Then, for every
compact L of 7 there exists q > 1 such that if v is in LlOC(Z) thenv:=vom
S in Ll(L). Moreover, there exists ¢ > 0, depending on L, such that

0l z) < ellvll Loy

Proof. Using a desingularization, we can assume that 7 is a smooth Kihler
manifold with a Kéhler form &. Denote by w, n, m a Kéhler form on Z and
the dimensions of Z and Z respectively. Generic fibers of m are compact of
dimension m — n and form a continuous family. It follows that the integral
of W™~ on that fibers is a constant.

Consider A = 7*(w™) A @™ ™ on Z. The last observation implies that
’/T*(/):) = w" up to a constant. Therefore, if v is in L] (Z) then ¥ is in
Ll .(Z 7. X\). Moreover, we can write A = h™ where h is a positive function.
If there exists 7 > 0 such that h™" is integrable on L with respect to 0™, we
obtain for p = 1 4+ 7 and ¢ its conjugate that

/’”'m /Ivlh 3 < (/ MqA) g//h p)\)l/p 1/
: (/ﬂ@) ’”'q“’") q( /E hT@m) ’

~ HUHLq (L))



It remains to show the existence of 7. The set {h = 0} is contained in the
complex analytic set A where the rank of 7 is not maximal. More precisely,
if 7 has maximal rank at z, then we can linearize 7 in a neighborhood of z.
Therefore, )\ and W™ are comparable in that neighborhood.

Since L is compact, the problem is local. Let zy be in L. We can find a
small chart U at zy and a holomorphic function ¢ on U such that ANU is
contained in {¢ = 0}. We can also replace & and w by standard Euclidean
forms on U and on a neighborhood of m(U). So, we can assume that h is
analytic. By Lojasiewicz inequality, for every compact K of U, there exists
N > 1such that h(z) 2 |¢(2)|" for all zin K. On the other hand, exponential
estimate (cf. [I7] and Section {4) applied to the plurisubharmonic function
log |#| says that ¢~ isin L'(K,©™) for some o > 0. Therefore, h=%/" belongs
to L'(K,@™). We obtain the desired property near zq by taking 7 < a/N. O

Finally, the following results establish a relation between the regularity
of functions on an analytic set and that of their lifts to a desingularization.

Proposition 2.8. Let 7, 2, 7 be as in Lemma and v be a function on Z.
Assume that the lift of v to Z is (K, «)-Hélder continuous. Then, for every
compact L of Z, there exist constants 0 < o' < 1 and a > 0, independent of
v, such that v is (aK,)-Hélder continuous on L.

Proof. Let A be the diagonal of Z x Z. We still denote by 7 the map in-
duced on the product Z x Z and we set A = 7 '(A). As in Lemma [2.6 by
Lojasiewicz inequality, we have

dist(@, A)YM < dist(7 (@), A),

if m(a) € L x L. Therefore, if we set @ = (z,2’) and 7(a) = (z,2’), then we
can rewrite this inequality as

(dist(Z, 2) + dist(z,2'))” < dist(z, 2'), (2.1)

for some 2,2 € Z such that 7(2) = (2.
Now, let v be as in the proposition and v = v o 7 denote its lift. Taking
the same notation as above we have

[v(x) —v(@')] = [0(z) = 0(@)| < [0(@) = 2(Z)] + [0(Z) = 0(@)],

since 7(2) = m(z’) which implies that ¥(2) = v(Z’). Therefore, the assumption
on v implies that

lv(z) —v(2")] < K(dist(7,2)* + dist(Z', 7)),



and finally (2.1)) gives
lv(z) — v(a’)| < aKdist(z,z")*™M,
where a > 0 depends only on «, L and . Il

Corollary 2.9. For every compact L of Z, there exists 0 < o < 1 such
that every continuous weakly holomorphic function on Z is a-Hélder contin-
uwous on L. Moreover, every uniformly bounded family of such functions is
uniformly a-Hélder continuous on L.

Proof. Recall that a continuous function on Z is weakly holomorphic if it is
holomorphic on the regular part of Z. The result is known if Z is smooth
with a = 1. Therefore, in general, it is enough to apply Proposition to a
desingularization of Z. O]

In Proposition [3.4] we will need a similar result in a local setting but with
a uniform control of the constants. It is the aim of the two following results.

Proposition 2.10. Let Z, 2, m and L be as in Proposition . Let v be
a function defined on a ball Bz(y,r) C L with 0 < r < 1/2. Assume that
v =wor is (K, «a)-Hdélder continuous. Then, there exist constants 0 < o/ < 1,
a >0 and N > 1 independent of v, y and r such that v is (aK,a')-Hélder
continuous on By (y,r).

Proof. The proof is the same as that of Proposition except that we have
to check that if x and 2’ are in Bz(y,r") with N > 1 large enough, then v
is well defined at the points z and 2’ defined in ({2.1)).

Since 7 is holomorphic, we have dist(z, 7(2)) < dist(z, 2). Therefore, by

(2.1) we have
dist(z, 7(2)) < dist(Z, 2) + dist(2', 2') < dist(z, 2/) /M.

Hence, if N is large enough, then Z and z’ belong to 7~ !(Bz(y,7)). Then,
the result follows as in Proposition O

Corollary 2.11. For every compact L of Z, there are constants 0 < a <
1, K > 0 and N > 1 such that if v is a continuous weakly holomorphic
function on Bz(y,r) C L with |v| < 1 then v is (K/r,«)-Hélder continuous
on Bz (y, ).

Proof. Let 7 : Z — Z be a desingularization. Let 2 be in 7 Y(Byz(y,7/2)).
Since 7 is holomorphic, there is a > 0 such that B;(z,r/a) is contained
in 771 (By(y,r)). Therefore, by Cauchy’s inequality, ¥ is a/r-Lipschitz on
71 (Bz(y,r/2)). Hence, the result follows from Proposition [2.10] O



3 Volume estimate for endomorphisms

The multiplicities of an endomorphism f are strongly related to volume es-
timates which were used successfully to solve equidistribution problems. In
what follows, we generalize Lojasiewicz type inequalities obtained in [15], [7]
and [10] to analytic sets, possibly singular. The aim is to control the size
of a ball under iterations of f in an invariant analytic set. Singularities, in
particular the points where the analytic sets are not locally irreducible, lead
to technical difficulties.

In this section, X always denotes an irreducible analytic set of a smooth
manifold. In order to avoid some problems related to the local connectedness
of analytic sets, instead of the distance induced by an embedding of X, we
consider the distance p defined by paths in X. Namely, if z,y € X then
p(x,y) is the length of the shortest path in X between x and y. These two
distances on X are related by the following result (see e.g. [1]).

Theorem 3.1. Let K be a compact subset of X. There exists a constant
r > 0 such that for all x,y € K we have

dist(z,y) < p(z,y) < dist(z, y)"
The first step to state volume estimate is the following result.

Proposition 3.2. Let ' C B xB and X C B be two analytic subsets with X
locally irreducible and such that the first projection m: B x B — B defines a
ramified covering of degree m from I' to X. There exist constants a > 0 and
b>1 such that if v,y € X N By, then we can write

i )NT ={z',.... 2"} and 77 (y)NT = {y*,...,y™},

with dist(x,y) > adist(z?, y")?™. Moreover, a increases with m but is inde-
pendent of I' and b depends only on X.

Proof. By Theorem , to establish the proposition, we can replace dist(z, y)
by p(z,y) on X. For w € Xg.,, we can define the j-th Weierstrass polynomial,
k+1<j<2k,onteC

Pj(tv w) = H (t - Zj) = Z aﬁl(w)tla
ze€n~H(w)NI' =0

where z = ((#1,..., 2k), (%k11,---,22¢)) € B x B. The coeflicients a;; are
holomorphic on Xg, and uniformly bounded by m! since I' C B x B. As X is
locally irreducible, they can be extended continuously to X (see e.g. [4]). It
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gives a continuous extension of the polynomials P; to X with P;(z;,m(2)) =0
if z is in I'. Moreover, by Corollary there exists o > 0 such that the
coefficients a;; are uniformly a-Holder continuous on X N B3,y with respect
to p.

We claim that there is a constant a > 0 such that if z,y € X "B,/ and
7' € B with 7 := (z,2') € T then there is y € 7~ !(y) N T with

p(z,y) > adist(7, 7)™,

where b = 1/a. From this, the result follows exactly as in the end of the
proof of |7, Lemma 4.3].

It remains to prove the claim. Fix ¢ > 0 large enough and let r = p(z,y).
We can assume that r is non-zero and sufficiently small, otherwise the result is
obvious. Since the covering has degree m, we can find an integer 2 < [ < 4km
such that for all £+ 1 < j < 2k, no root of the polynomial P;(¢,x) satisfies

el = Dt/ < T —t| < el 4 1)r/rm,

It gives a security ring over x which does not intersect I'. Using the regularity
of P;, it can be extended to a neighborhood of x. More precisely, for 6 € R
we define &; = 7, + cle?rt/*™ and

Gjeo(w) = P (5, w).
The choice of [ implies that

Gieo(@)| = P&, 2)| > H &5 — 2| > er®.

zen—(x)

Moreover, we deduce from the properties on the coefficients a;; that the
functions G are uniformly a-Holder continuous on X N B3/, with respect
to (j,c,0). Hence, if ¢ is large enough, they do not vanish on B := {z €
X | p(z,z) < 2r} which contains y.

It implies that Pj(t,w) # 0 if w is in B and |t — T;| = ler'/*™. Therefore,
if we denote by Y the boundary of the polydisc of center 2’ and of radius
lert/tm we have I'N (B x ¥) = @. Hence, since B is connected and contains
y, by continuity there is a point 7 in 7~!(y) NT with |Z; — 7;| < ler'/*™. This
completes the proof of the claim. n

Remark 3.3. Our proof shows that if we assume that m < mq for a fized
my, then a depends only on the Hélder constants (K, a) associated with aj;.
Furthermore, iof « is fized then a is proportional to K. Note that without
assumption on the constants a and b, Proposition can be deduced from
Theorem 2.1l
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The control of multiplicities of the covering gives the following more pre-
cise result.

Proposition 3.4. Let X, I" and © be as above. Let Z C X be a proper
analytic subset. Assume that the multiplicity at each point of 71 (x) is at
most equal to s if v € X \ Z. Then, there exist constants a > 0, b > 1 and
N > 1 such that for all 0 <t < 1/2 and x,y € X N By, with dist(z,Z) >t
and dist(y, Z) > t, we can write

)N T ={z',..., 2™} and 7~ (y) NT = {y*,...,y"},
with dist(z,y) > atNdist(x?, y")b.

Proof. Let t > 0 and x € X N B,y with dist(x, Z) > t. We want to find a
neighborhood B C X of x such that each component of I' N 7! (B) defines
a ramified covering of degree at most equal to s over B.

We construct an analytic set Y associated to the multiplicities of T'.
Namely, first define Y’ C T by {z € "™ |7ro7(2) = moT(2), 1 <
i,j < s+ 1}, where 7;, 1 < i < s+ 1, are the canonical projections of I'*™!
onto I'. For ¢ # j we set A;; = {z € Y'|7,(2) = 7;(2)}. Then, Y is defined
by Y\ Uj£jA; ;. The map m = mo7 : Y — X defines a ramified covering.
If = is generic in X then a point z € Y over x € X represents a family of
(s + 1) distinct points in 7 (z) N T.

If 7" denotes the second projection of B x B onto B, consider the map
h:Y — CE+D? define by

hz) = (1" o 73(2) — 7' 0 75(2) )1<ij<st1-

By construction, h(z) = 0 means precisely that there is a point in I" with
multiplicity greater than s over m;(2). It implies that m;(h~1(0)) C Z. Hence,
Theorem [2.1] implies there is a constant M > 0 such that if 7(z) € X N By
then

|h(2)|| 2 dist(z, h=*(0)) > dist(m(2), Z)M. (3.1)

Let a,b > 0 be the constants as in Proposition[3.2] As in the proof of that
proposition, we use the distance function p on X. Fix v > 0 small enough
and set B = {z € X |p(z,z) < ytM'™}. For T = (x,2') in T', we can choose
2 <1 < 8m such that 7~!(z) N T do not intersect the ring

r(l—2) < ||z —w|| <r(l+2),

where r = (a='y)Y/*"t™ . Hence, if H denotes the ball of center 2’ and of

radius rl, we have dist(7~!(z) N T, B x H) > r. Therefore, by Proposition
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I'NB x 0H = @. It assures that 7 is proper on I' N B x H and then
defines a ramified covering.

Moreover, this covering has degree at most equal to s. Otherwise, accord-
ing to the radius of H, we have

min ||h(2)| < (s + 1)%2r1,

zE€my )

which is in contradiction with if v is small enough, since dist(z, Z) >t
and r = (a=ly)V/omM,

Now, we want to apply Proposition to this covering. But, in order
to control the constants, we have to reduce B. Indeed, according to Remark
the constants of that proposition depend only on the Holder continuity
of the coefficients a;; (and on the degree of the covering). These coefficients
are bounded continuous weakly holomorphic functions defined on B then by
Corollary With L = X NBy4, they are (Kt~ a)-Holder continuous on
B(z,tM") for some M’ > 1 large enough, 0 < a < 1 and K > 0 independent
of = and t. Therefore, after a coordinates dilation by ¢~ at x, we can
apply Proposition with the same exponent b and the second constant
proportional to some power of ¢. Finally, let y € X. We can assume that
p(r,y) < tM//2, otherwise the proposition is obvious. Hence, the previous
observation implies that

i a)NTNBx H={z",....,2°}and 7 '(y)NTNB x H={y",...,y°},

with p(z,y) > d'tVdist(z%,y*)* where @’ > 0,0 > 1 and N > 1 are in-
dependent of x and t. More precisely, we can write N = M’ + N’, where
the contribution in "’ comes from the dilation and that in ¢t comes from
the estimate on Holder continuity. The construction can be applied to each
component of I' N 7w~!(B). This gives the result. O

We now consider the dynamical context. Assume that X C P* is an
irreducible analytic set of dimensions [ which is invariant by f. Denote by
g the restriction of f to X. For z in X, we define the local multiplicity of g
at = as the maximal number of points in ¢g~'(z) which are near z for z € X
close enough to g(z). The local multiplicity is smaller than the topological
degree i.e. the number of points in ¢g~!(z) for x generic in X. In our case,
the topological degree of g is equal to d', see [7].

There exists a finite covering (U;);e; of X by open subsets of P¥ such that
X NU; can be decomposed into locally irreducible components. Hence, we
can apply Proposition to the graph of g over each component of X N U;.
It gives the following corollary.
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Corollary 3.5. Let n > 1 and Z C X be a proper analytic subset. Assume
that the local multiplicity of g is less than n outside g~ (Z). Then there are
constants a > 0, b > 1 and N > 1 such that if 0 <t < 1 and x,y are two
points outside Zy where X s locally irreducible, then we can write

Ta) = {a',. 2"} and g7 y) = {y' ")
with dist(z,y) > atVdist(z7, 7).

From this, we obtain the following size estimate for image of balls which
is crucial in the proof of our main result.

Corollary 3.6. Let 6 > 1 and E C X be a proper analytic subset. Denote
by E the preimage of E by g. Assume that the local multiplicity is less than
0 outside E. There exist constants 0 < A<1,b>1and N > 1 such that
if0<t<1/2,r<t/2 and x € X\ Ey, then g(Bx(z,r)) contains a ball of
radius AtNr?. Moreover, b depends only on X.

Proof. Fix t > 0 and r < t/2. As in the proof of Lemma ﬁ with ¥ =
Xsing U g7 (Xsing), possibly after replacing r by cr! for some ¢ > 0, we
can assume that Bx(x,r) and g(Bx(z,r)) are contained in Xp.,. The local
multiplicity of f on X is bounded on d'. So, there exists 2 < i < 4d', such
that the ring {22 < dist(z,2) < MH)} contains no preimage of g(x).

4dl+1 4dl+1
Thus, if 2’ € 0Bx(x ), then

r—i_
Z, 4dl+1

. . r
dist(z’, g7 (g(x))) > P

Moreover, we can apply Corollary - with 7 = d' and Z = @. Hence, there
exist a,b > 0 such that g(Bx(z,7547)) C X \ E o(t/2pat - L herefore, we can

apply once again Corollary 3.5\ with n = 0, Z = E and a(t/2)*" instead of ¢.
We get, for some constants a’ > 0 and Ny > 1

awtoro = ((8)) ()

and, since ¢g is an open mapping near x
Bx(g(x), AtNr*) C g(Bx(z,r))

with A = —2%" ___ and N = Nybd'. O

9Ngbd! (Adl+1)bs

Remark 3.7. When X is smooth, the ball in g(Bx(x,r)) can be chosen
centered at g(x).
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4 Psh functions and exponential estimates

We refer to [4] for basics on currents and plurisubharmonic (psh for short)
functions. Let T be a positive closed (1,1)-current of mass 1 on P* with
continuous local potentials. Let us recall briefly the associated notions of
psh and weakly psh (wpsh for short) modulo T" functions introduced in [7].

Let Y be an analytic space. A function v : Y — R U {—o00} is wpsh if
it is psh on Yg., and for y in Y, we have v(y) = limsup v(z) with z € Yg,,
and z — y. These functions coincide with psh functions if Y is smooth. On
compact spaces, the notion is very restrictive. However, if X is an analytic
subset of P¥, we have the more flexible notion of wpsh modulo T function on
X. Locally, it is the difference of a wpsh function on X and a potential of 7'
If X is smooth, we say that the function is psh modulo 7'

Note that the restriction of a psh modulo T function to an analytic subset
is either wpsh modulo T or equal to —oo on an irreducible component. If u
is wpsh modulo 7" on X then dd(u[X])+ T A[X] is a positive closed current
supported on X. On the other hand, if S is a positive closed (1, 1)-current
on P* with mass 1, there is a psh modulo 7" function v on P*, unique up to
a constant, such that S = dd°u + T.

These notions bring good compactness properties which permit to obtain
uniform estimates. We have the following statements established in [7].

Proposition 4.1. Let (u,) be a sequence of wpsh modulo T functions on X,
uniformly bounded from above. Then there is a subsequence (u,,) satisfying
one of the following properties:

o There is an irreducible component Y of X such that (u,,) converges
uniformly to —oo on Y \ Xging.

o (up,) converges in LP(X) to a wpsh modulo T function u for every
1 <p<+o0.

In the last case, limsupu,, < u on X with equality almost everywhere.
It implies the following lemma.

Lemma 4.2. Let G be a family of psh modulo T functions on P* uniformly
bounded from above. Assume that each irreducible component of X contains
an analytic subset Y such that the restriction of 4 to Y is bounded in L'(Y).
Then, the restriction of 4 to X is bounded in L'(X).

A classical result of Héormander [I7] gives a uniform bound to exp(—u)
in L'(By/,) for u in a class of psh functions in the unit ball of C*. Similar
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estimates can be obtained for compact families of quasi-psh functions. From
now, we assume that 7" has (K, «)-Holder continuous local potentials, with
0 <a<1and K > 0. In the rest of this section, we establish exponential es-
timates for psh modulo T functions in different situations. A key observation
in our approach is that Holder continuity allows us to work with non-compact
families. In the sequel, we will apply these estimates to T', the Green current
associated to f. They allow us to control the volume of some sublevel sets of
potentials of currents near exceptional sets.

As a consequence of classical Hormander’s estimate, we have the following
lemma which will be of constant use. Here, v denotes the standard volume
form on C*¥ and T is seen as a fixed current on the unit ball B of C*. We
assume that it admits a potential g which is (K, «)-Holder continuous on B.

Lemma 4.3. Let v be a psh modulo T function in By with v <0 and v(0) >
—o0. Let 0 < s < —v(0)™" and t > 0 be such that Kt® < s~'. There is a
constant ¢ > 0 independent of v, s and t such that

/ exp(—%)y < ct?*, (4.1)
By /o

Proof. As v is psh modulo T, we have v = v/ — ¢ with v' psh. We set
0(z) =v'(2) — g(0) — Kt*. Then v is psh in By, 9(0) = v(0) — Kt > —2s7!
and v < v < 0 because g(z) — g(0) < Kt* on B;. By [I7, Theorem 4.4.5]
there exists ¢ > 0 such that

o(t
/ exp(—sv( Z))I/ <cg,
B2

2

thus, by a change of variables z — tz, we get

]

For the rest of the section, X always denotes an irreducible analytic subset
of P* of dimension [ and v is a psh modulo T function in P* with v < 0. In
Section [6| we will extend the previous result to the neighborhood of X, where
the condition at 0 is replaced by an integrability condition on X. For this
purpose, we have to control the size of sublevel sets of v in X. This is the
aim of the following global result.
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Lemma 4.4. For X as above, there exists qo > 1 with the following property.
For q > qo we set € = 2lqy/qa and take M > 0 and s > 1 such that
s'T || axy < M. Then, there exist constants a,c > 0 independent of v, ¢
and s such that

/ exp(—asv)w! < c. (4.2)
X
If X is smooth, we can choose qy = 1.

Proof. First, assume that X is a compact smooth manifold with a volume
form 7. Since X has dimension [, for ¢ > 0 we can cover it by balls (B;);cs
with B; := Bx(2;,t) and such that |I| < ¢/t~ for some ¢ > 0. Let t = s/,
As above, in each ball Bx (z;,2t) we can write v = v} — g;, where g; is a local
potential of T'. Using local charts at z;, we can identify Bx (z;, 2t) with By, in
C'. We consider 7;(z) = s(vi(tz) — g;(0)). These functions are psh in B,. We
show that they belong to a compact family, independent of v and s. Using a
change of variables z — tz and Hoélder’s inequality, we get

Bl < [ st + [ slat) - sl
]BQ BQ
S StimHUHLq(X) |]B2|1/pt2l/p + 2QKUB%2|
= 81+E||U||Lq(X)|]B32‘1/p + ZQK“B%Q‘
< M[Bo|"? + 2°K|By| < M,
where p is the conjugate of ¢, |Bs| is the volume of By and M’ is a positive
constant. The family % = {u € PSH(By)|||ul[z1@®, < M'} is compact

so there exists a constant a > 0 such that ||exp(—au)||p1( is uniformly
bounded for all u € % . Therefore, for i € I

/B exp(—as(v](2) — gi(0))v S 2.

Moreover, the Holder continuity implies that —sv(z) < K — s(vi(2) — gi(x;))
in B;. Hence, since (B;);c; is a covering of X we obtain

/exp(—asv)nSZ/ exp(—asv)n
X ier 7 Bi

>/ exp(o(K = s(0l(2) — i@

il

< Zth </c.

el
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This implies the lemma if X is smooth with ¢y = 1. R

In the general case, we consider a desingularization 7 : X — X with a
volume form 7 on X. The map 7 is surjective, then by Lemma there
exists ¢o > 1 such that

||@\||L11/110()A(,77) S HUHL‘?(X,wl)-

Moreover, 7*(T') possesses a-Holder local potentials and v < 0 is psh modulo
7*(T'). Therefore, this choice of gy allows us to apply the lemma on X and
get

/ exp(—asv)n < c.
X

The result follows since
[ expl-asvist = [ exp(-astn (@) < il [ exp(-asthn,
X X X

where we write 7*(w') = hn. O

The following estimate is a consequence of Lemma and is related to
the geometry of sublevel sets of psh modulo 7" functions. In Section [6] it will
establish the existence of balls where we can apply our volume estimates.

Lemma 4.5. For s > 2 set Fy = {z € X |v(z) < —s~'}. There are constants
B,c > 0 independent of v and s such that if F, contains no ball of radius s

then
/ exp(—ﬁ)wl <ec.
X 2

Proof. We first consider the case where X is smooth. Let t = 471(Ks)~1/.
As in the proof of the previous lemma, we cover X by balls (B;);c; of radius
t with [I| < dt7%, ¢ > 0. Assume there is no ball of radius ¢ in F,. Hence,
for each i € I there exists z; in B; such that v(z;) > —s~'. The balls B/ of
center z; and of radius 2¢ cover X. Thus

/exp——w <Z/ exp——

el

But, s < —v(z;)"! and K (4t)* < s™! therefore we can apply Lemma [4.3| on

each ball
/ exp(—ﬂ)wl <t
B 2
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Hence, we get
SUN 2A
——)w' S t* <
/XeXp( 5 NZ <c,
el
which gives the result when X is smooth with 3 > 1/« such that s=% < ¢.
If X is singular, we consider a desingularization 7 : X — X. By Lemma
there exists N > 1 such that the image of a ball of radius r under 7
contains a ball of radius V. Hence, if is large enough, the hypothesis on

F, assures there is no ball of radius ¢ in F, = 7 !(F}). Then, we can apply
the lemma to ¥ = v o m which is psh modulo 7*(7"). We get

o=t = [ epi-r) <

X

for some ¢ > 0, since 7*(w!) is smooth. O

5 Exceptional sets

Let f be an endomorphism of P*¥ of algebraic degree d > 2. The aim of
this section is to construct two families o7, and %), of analytic sets where
the iterate sequence f™ has important local multiplicities. Let X C P*
be an irreducible invariant analytic set. Define rx,(x), or simply x,(z) if
no confusion is possible, as the local multiplicity of f& at x. It is a sub-
multiplicative cocycles, namely it is upper semi-continuous for the Zariski
topology on X, miny x, = 1 and for any m,n > 0 and x € X we have the
following sub-multiplicative relation

(@) < Ko (£ ()i ().
The inequality may be strict when X is singular. Define

K_p(z):= max Ky(y).
(=) ye(fix) (@) )

We recall the following theorem of Dinh [5], see also [12].

Theorem 5.1. The sequence of functions K converges pointwise to a func-

tion k_. Moreover, for every \ > 1, the level set Ex(X) = {k_ > A} is a
proper analytic subset of X which is invariant under fix. In particular, k_
s upper semi-continuous in the Zariski sense.

For a generic endomorphism of P¥, E (P*) is empty. In this case, Theorem
is already know in all bidegrees [8]. In our proof, we will proceed by
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induction, proving the exponentially fast convergence on X if it is already
established on each irreducible component of F)(X). But, even if F\(X)
is invariant, its irreducible components are periodic and not invariant in
general. Therefore, if X is only periodic, we define £y (X) in the same way,
replacing f by fP and A by AP, where p is a period of X. By Theorem
this definition is independent of the choice of p.

Fix 1 < A < d. Define the family £, of exceptional sets as follows. First,
we set P¥ € %,. If X is in %), we add to 4, all irreducible components
of F\(X). This family is finite and since the functions x_ are upper semi-
continuous in the Zariski sense, there exists 1 < § < A such that £, = %,
or equivalently F)(X) = Es(X) if X € #,. This will give us some flexibility
in order to obtain estimates using an induction process.

As all elements of %), are periodic, they are invariant under some iterate
f"0. Let us remark that it is sufficient to prove Theorem for an iterate
of f. Hence, we can assume that ng = 1, replacing f and A by f™ and A\"°.
Dinh also proved that x,, < 6™ outside (fix) ™ (Ex\(X)) for some ny > 1.
Once again, we can assume that n; = 1.

The second family 7, that takes place in Theorem [1.2] is defined as the
set of minimal elements for the inclusion in %,. This family is not empty and
each element of %) contains at least one element of .o7\. Note that no element
of o7, is contained in another one. These analytic sets play a special role in
the next section, to start induction and to obtain compactness properties.
When P* is an element of 7, it is the only element in 7, and the exceptional
set is empty. Otherwise, define the exceptional set as the union of all the
elements of 7).

6 Equidistribution speed

This section is devoted to the proof of Theorem [I.2] Fix an endomorphism f
of algebraic degree d > 2 of P*, and denote by T its Green current. Recall that
T is totally invariant i.e. d~'f*(T) = T, and has (K, a)-Hélder continuous
local potentials for some 0 < o < 1, K > 0.

Fix C > 0and 1 < A < d, and let @, %, be as in Section [5l Define
Z(C) as the family of psh modulo T functions v on P* such that maxps v = 0
and [Jv]|z1(x) < C for all X € /. By construction of @, Lemma [4.2] implies
that .7, (C') is compact for each C' > 0. Moreover, if X is an element of %,,
the restriction of .Z,(C') to X forms a family of wpsh modulo T" functions on
X which is relatively compact in LP(X) for every 1 < p < +00.

If S is a positive closed (1,1)-current of mass 1, it is cohomologous to
T. Hence, there exists a unique psh modulo T function v on P* such that
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S = dd°u + T and maxp: u = 0. We call u the dynamical potential of S.
As T is totally invariant, the dynamical potential of S,, = d="(f")*(S) is
U, =d "uo fr.

Since S,, — T is a continuous linear operator on ¢°(P*) whose norm is
bounded, by interpolation theory between Banach spaces we have

1S, = Tlles S (150 — T2,

uniformly in S and n, see [21]. Consequently, in order to prove Theorem [1.2
we can assume that g = 2.

Moreover, it is easy to see that ||dd°®||s < ||@|l42 for ¢ in €2(P*). There-
fore,

[(Sn =T, 9)| = [{ddun, §)| = [(un, dd°¢)|
S [10llllunl| L1 er)-

Hence, Theorem is a direct consequence of the following theorem applied
top=1and X = P*.

Theorem 6.1. For each 1 < p < 400 and X € B, there exists a constant
Ax, such that for all u € F\(C) and n > 0 we have

A n
[unllrx) < Axp (3) :

where u, = d "uo f".

As in Section |5, we can assume that each element of %, is invariant by
f, and there is 1 < § < A satisfying the following properties for all X in %, :

o F,(X) = Es(X),

o rix1 < d outside E\(X) = (fix) '(Ex(X)).

Let X be an element %, of dimension [ and A\; > 0 with § < A; < \. Assume
that Theorem [6.1]is true on each irreducible component of E\ = E,(X) for
A1 and all p > 1. To prove it on X, we consider the sublevel set K,, = {x €
X |uy(x) < —s,} for a suitable constant s,. Exponential estimates on E\
will prove that its image by fi, 0 < i < n, cannot be concentrated near
E). Therefore, volume estimates will imply that f*(K,) = {x € X |u(z) <
—d"s,} is large if Theorem is false on X. Hence, a good choice of s,,
allowed by the gap between \; and A, will give a contradiction.

We first fix some constants. In Corollary the constant b depends only
on X. Then, by replacing f by f™ and § by ¢ with bd"™ < §™ < A}, we can
assume that b= 1. Let 0 < A <1, N > 1 be the other constants of Corollary
Fix A2, A3 > 0 such that
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e )< A\ <A< A< and

e ¢ > qo large enough such that \;/d < (A\y/d)'* where € and ¢, are
defined in Lemma [4.41

Multiplicities of f|x are controlled outside E,\. By induction hypothesis, we

have a control of u,, on E\. We want to extend it to EA. Let E be an irreducible
component of Ey. The restriction of f to each component of (fix) '(E) is
surjective onto E. Therefore, we deduce from Lemma that there exists
¢ > 1 such that

v o fllzaro-1@) S NIl pa ()5

for all psh modulo 7" function v on P*. Hence, by induction hypothesis, there
is a constant M > 0 such that [[u,| .z, < M(M/d)" for n > 1. The next
step is to obtain exponential estimates in a neighborhood of E,\.

Lemma 6.2. There exist constants ¢, > 1 and ng > 1 such that if n > ng
then for all u € Z,(C) we have

/‘emeuMNWWSQ

Exty,
where t, = (Ag/d)™.

Proof. Let E be an irreducible component of E\ of dimension i. According
to the choice of ¢, we can find \) < Ay such that \;/d < (\,/d)'*. Hence

HUnHLq(E)(d/XQ)(HE)n < M()\l/d)n<d/>\/2)(1+€)n < M.

and by Lemma 4.4 with s = (d/\,)" we have

/km@ww&wmwsa
E

for some constants a’, ¢ > 0. Therefore, if we set p, = (A2/d)", the volume
in Fof F, = {x € F|uy(x) < —p,} is smaller than ¢ exp(—a’(Ag/A})"). In
particular, F}, contains no ball of radius pi/ “ for n large enough.

If X is smooth then set ¢, = pi/a. As in Lemma , for n large enough,
we can find a covering of E; by balls with center in £ and of radius 2¢,, on

which Lemma [4.3] holds. Hence, we get

/ exp(—auy/pp)o’ < ¢,
E

tn
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for some a,c > 0. The same argument with A\, slightly smaller shows that
we can choose a = 1. We conclude the proof by summing on all irreducible
components of F). R

When X is singular, we consider a desingularization 7 : X — X. In order
to establish the estimate near E, we proceed inductively as follows. Assume
that there exists a triplet (A,a,6) with a > 0, # > 1 and an analytic set
A C F such that

exp(—atty /pn)o!
Eo\A1/0

is uniformly bounded in n > 0 for t < p,,. Then, using the properties of the
elements of %, and dynamical arguments, we claim that a similar estimate
holds if we substitute (A, a, ) by some (A’,a’,0") with dim(A’) < dim(A). It
will give the result for n large enough after less than [ steps since dim(E) < .

More precisely, let V' be an irreducible component of A with maximal
dimension. We distinguish two cases, according to whether V is in %, or
not. In the first case, we know that for all p > 1, |lus|lzevy S (Ai/d)™
We set V = 7 (V). We denote by V4 the union of all components of V

which are mapped onto V' and by V5 the union of the other components of
V. Therefore, Lemma implies that

[tnll oy S (M /d)",

for all p > 1, where u,, = u, o w. Hence, the smooth version of the lemma
implies that

[ ew-a/pn )
Vl,p}/a
is uniformly bounded for @’ > 0 small enough. Moreover, by Lemma
there exists a constant ¢’ > 1 such that 7(V1;) contains Vier \ V5 172, where
Vo = m(V3). Tt gives the desired result near V, since dim(V3) < dim(V).
From now, we can assume that no irreducible component of A with maxi-
mal dimension belongs to %, (in particular A # E). Let V denote the union
of all irreducible components of A with maximal dimension. In particular,
these components are not totally invariant for fg, therefore there exist an
analytic set Z C FE containing no component of V' and an integer m > 1 such
that f(Z) = V. We set Z' = Z N A. The assumption on A and 6 implies
that if ¢t < p,, then

/ exp(—aty, / pp )
Z0\A,1/0
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is bounded uniformly on n. By Corollary . Z, M Apye is contained in Zt1/9//
for some 6” > 6. So,

/ exp(—aty, / py )’
ZtG” \Z,Zl/ﬁ”

is bounded uniformly on n. Fix a constant B > 1 large enough. We deduce
from Corollary applied to P* that for all ¢ > 0, f™(Z;) contains Vigipamt .
Moreover, since f™ is Lipschitz, f™(Z}) is contained in V},, where V' =
f™(Z"). So, we have

" (Zt"” \ 1/9”) ) th?’ \ 1/0’

for t > 0 small enough and ¢ > 6" large enough. It follows that

u?’L m
[ ewdumits [ oo )
0’ \Vll/e’ 10" \le/gu

anrm

)\m
< | exp(—a Xy (6
Zten \Zgl/ﬁ” pn—i-m

since (f()’é)*(wl) < w!. Moreover, for a’ small enough the right-hand side in
is bounded uniformly on n and dim(V’) = dim(Z’) < dim(V) since Z
contains no component of V. This together with the estimate outside A prove
the claim with A" =V". O

From now, we fix p > 1 and for u in .%,(C) denote A (u) = {n >
L] ||tn||ze(xy = (A/d)"} and denote by .4 the union of .4 (u) for all u. Our
goal is to prove that .4 is finite, which will imply Theorem [6.1] For this
purpose, we have the following result.

Lemma 6.3. There are constants ny > 1 and 3 > 1 such that if n is in
N (u) with n > ny then K, = {x € X | u,(x) < —(A3/d)"} contains a ball
of radius (A3/d)"".

Proof. Since 2P < exp(x) if x > 0, we deduce from the assumption on
| tn|| L (x) that

s (f <—<d/A3>"un>pwl)1/p
<(/ exp(—(d/A3>nun/2>w’)l/p. (62)
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On the other hand, let 3 be the constant in Lemma For n sufficiently
large we have (d/)\3)" > 2. Hence, Lemma 1.5 with s = (d/A3)" imply that
K, has to contain a ball of radius (\3/d)"”, otherwise the right-hand side of
would be bounded uniformly on n, which is impossible since A3 < A.  [J

We can now complete the proof of the main theorem.

End of the proof of Theorem[6.1] 1If B C X is a Borel set then |B| denotes
its volume with respect to the measure w'. As we have already seen, the
volume of a ball of radius 7 in X is larger than dr?, 0 < ¢ < 1. Therefore,
observe that if z is in E) 4, /o then |Ey;, N Bx(z,r)| = |Bx(z,r)] > d(r/2)*
for r < t,/2.

From now, assume in order to obtain a contradiction that .4 is infinite.
Consider u € .Z)(C) and n € 4 (u) large enough. Fix also 3 large enough.
So, we have (\3/d)"" < t,,/4 and

cexp(—(As/A2)") < (A (£a/2)™° (Ns/d)*" /2)*, (6.3)

where ¢ is defined in Lemma Let 79 = (A\3/d)?", and for 1 < i < n
let 7; = A(t,/2)Nr? . We will prove by induction that for 0 < i < n,
JUK,) ={z € X |u,_i(x) < —X\§/d""} contains a ball B; of radius r;.

Since [ is large, Lemma implies that the assertion is true for ¢ = 0.
Let 0 < i < n — 1 and assume the property is true for i. We deduce from
Lemma [6.2] that

/ exp(—(d/X2)" un_i)u' < e,

Ex

n—i

and in particular
|Exe, N Bil < |Exs, N ()] < cexp(—(As/Aa)"Ay),
since t,, < t,_;. This and imply that
|Bi| > ¢r? > 2%|Ey,, N Byl

since 7; > (A%(t,,/2)N%r)% and § < \,. Consequently, the center of B; is not
in E)\ytn/g and by Corollary , f(B;) C fi"Y(K,) contains a ball B;,; of
radius 711 = A(t,/2)V7?. Note that we already reduced the problem to the
case where the constant b in Corollary is equal to 1.

Therefore, for all n in .4 (u) sufficiently large, the volume of f"(K,) =
{x € X |u(z) < —)§} is greater than D™" with 0 < D < 1 independent
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of w and n. This contradicts the inequality § < A3. Indeed, since %, (C) is
bounded in L9(X), by Lemma [4.4] there exists ' > 0 such that

/ exp(—a'u)w’
X

is uniformly bounded for u in .%,(C).

Hence, .4 is finite and in particular bounded by some ny > 1. We con-
clude using the fact that the restriction of U2 d~"(f")*(#A(C)) to X is a
relatively compact family of wpsh modulo 7" functions and then bounded in
LP(X). Therefore, we have

A n
fonllzeir S (5)

if n < ny and thus for every n > 0 by the definition of 4. m
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