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REGULARITY OF BIASED 1D RANDOM WALKS IN RANDOM
ENVIRONMENT

ALESSANDRA FAGGIONATO AND MICHELE SALVI

ABSTRACT. We study the asymptotic properties of nearest-neighbor random walks in
1d random environment under the influence of an external field of intensity A € R. For
ergodic shift-invariant environments, we show that the limiting velocity v()) is always
increasing and that it is everywhere analytic except at most in two points A_ and A;.
When A_ and A4 are distinct, v(\) might fail to be continuous. We refine the assumptions
in [?] for having a recentered CLT with diffusivity o*(\) and give explicit conditions for
o2()\) to be analytic. For the random conductance model we show that, in contrast with
the deterministic case, o*()\) is not monotone on the positive (resp. negative) half-line
and that it is not differentiable at A = 0. For this model we also prove the Einstein
Relation, both in discrete and continuous time, extending the result of [?].

AMS subject classification (2010 MSC): 60K37, 60Fxx, 82D30.

Keywords: random walk in random environment, asymptotic speed, central limit the-
orem, random conductance model, environment seen from the particle, steady states,
Einstein relation.

1. INTRODUCTION

The response of a system to an external field of intensity A is relevant in many applica-
tions. In particular, one is interested in the quantitative and qualitative behavior of some
large-scale quantities when A varies. As an example we mention linear response theory,
where the first order A-expansion of the observed quantities is analyzed (see e.g. [?, 7]).

The above issues have been considered both for dynamical systems and for stochas-
tic systems. For stochastic systems whose evolution depends on a random environment
(modeling some structural disorder), one could further ask how the disorder influences the
response. Here we consider the special case of 1d nearest—neighbor RWRE’s, and focus on
the A-dependence of the asymptotic velocity v(\) and the diffusion coefficient o2()\). Some
non-rigorous results in this direction are provided in [?]. According to [?], differently from
the higher dimensional case treated in [?], the presence of disorder in one dimension can
make v()\) and o()\) irregular. This picture is confirmed by some of our rigorous results.

In this paper we investigate the behavior of the quantities v()\) and ¢?()\) as functions
of the parameter \. In particular, we focus on their monotonicity, differentiability and
analyticity, and we derive the Einstein Relation for the random conductance model (RCM)
extending the result of [?]. The advantage of working with nearest neighbor walks on the
one-dimensional lattice is that v()\) and 0?()\) have an explicit representation in terms of
suitable series (see [?]).

Before entering in the details of our results we describe some previous contributions on
related problems. The monotone behavior of the speed of RWRE’s in dimension d > 2 has
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and the European Union’s Horizon 2020 research and innovation programme under the Marie SkAodowska—
CurieGrantagreementN 0656047..
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2 A. FAGGIONATO AND M. SALVI

been considered in several papers. One of the most interesting and most studied models
is that of a walk on the infinite supercritical percolation cluster, where the speed has been
proved to be positive up to a critical value of A and equal to zero above this threshold [?, ?].
This non-monotone nature of the speed as a function of the bias has been also recently
observed for walks among elliptic conductances [?]. Results concerning the continuity of
the speed have been obtained e.g. for a random walk in a one-dimensional percolation
model [?] and for the 1d Mott random walk [?] (in [?] also the differentiability has been
studied). The behavior of one dimensional RWRE’s that are transient but with zero-speed
has been studied in [?, ?, ?] for i.i.d. jump probabilities and in [?, ?] for the RCM. The
continuity of the diffusion matrix at A = 0 has been derived in [?] for diffusions in random
environment. In the context of random walks on groups, analyticity of the speed and of
the asymptotic variance has been proved in [?], while in [?] the same result is proved with
dynamical ideas for general hyperbolic groups. Finally, a particular attention has been
devoted to the linear response of RWRE’s for a weak bias (also in higher dimension). This
has lead to the proof of the Einstein relation, which claims the equivalence between the

derivative of v(\) at A = 0 and the diffusion coefficient of the unperturbed process o2(0)
(see [?7,72,72,2,2,2,2,7,2,7)).

We now describe our results and outline the paper. We analyze in detail biased 1d
nearest-neighbor RWRE’s both in discrete and in continuous time. The discrete time
model is introduced in Section ?7?, while the continuous time case is introduced in Section
?7?7. In Section 7?7 we state our main assumptions and introduce the concept of a reflection
invariant environment. The random conductance model (RCM), which is of particular
interest in what follows, appears in Section 77.

Section ?? is dedicated to the study of the asymptotic velocity vx(A) of a generic
discrete time random walk as a function of the external bias, while Section 77 treats the
velocity vy (M) in the continuous time case. We show that vy (\) is analytic everywhere
with exception of at most two values A_ < A, it is strictly increasing on (—oo, A_)
and (A4, +o00) and it is zero on (A_, Ay) (cf. Proposition ??). The same holds for vy (\)
(cf. Proposition ??7). If \_ = A4 then vx () is continuous on all R, see Proposition ??7. The
corresponding result for vy (\) appears in Proposition ??. Sections 7?7 and 7?7 deal with
the reflection invariant environment case. Finally we exhibit examples with an irregular
behavior of the speed. Example 7?7 (resp. Example ??7) shows a pathological model for
which vx (M) (resp. vy (X)) is not continuous in Ay. Even when the environment is given
by a (genuinely random) i.i.d. sequence of jump probabilities, vx () is not differentiable
at the two points A_ < A4, see Example ??. The discrete time RCM with i.i.d. genuinely
random conductances has speed vy () without second derivative at Ay = A_ = 0, see
Example ??. In continuous time, the RCM regularizes (Example ?7), but we provide
another elementary model (see Example ?77) where vy (\) does not have second derivative
at >\+ =_=0.

Section 77 is dedicated to the proof of the Einstein relation for the biased RCM. In
Theorem ?? we provide a shorter alternative proof to the one appearing in [?] and also
extend the result to more general hypothesis.

In Section 7?7 we move to the study of the central limit theorem (CLT) when the random
walk is ballistic, restricting to the case of discrete time. Theorem ??7 extends the CLT
discussed in [?] and Proposition ?? provides an alternative description of the diffusion
coefficient 02()\). In Proposition ?? we give some conditions that guarantee analyticity
of 02()\). Finally, in Subsection ?? we gather some sufficient conditions for the CLT
to hold that are easier to verify. Applications are given in Example 77 for the case of
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an environment given by i.i.d. jump probabilities and in Section 77 for the RCM with
ii.d. conductances.

In Section ?? we focus on o2(\) for the RCM with i.i.d. conductances. In Theorem
?? we explicitly calculate o2(\) and in Proposition ?? we prove that o2()) is continuous
everywhere, it is analytic on R\ {0} but it is not differentiable at A = 0 if the conductances
are genuinely random. Moreover, we show that, differently from the case of deterministic
conductances, o%()) is neither monotone on [0, 00) nor on (—oo, 0].

Sections 7?7 and 7?7 are the discussions of Examples 77 and 77, respectively. In the
Appendix we collect some technical proofs.

2. MODELS

In this section we introduce our nearest—neighbor random walks on Z and fix our no-
tation. We distinguish between discrete time random walks and continuous time random
walks.

2.1. Discrete time random walks. We first consider discrete time random walks on
Z in random environment. To this aim we let Q = (0,1)% be the space of environments
endowed with the product topology and with a probability measure P (E will denote
the associated expectation). We write w = (w] )zez for a generic element of Q and set
wy =1 —w}. We introduce then an external force, or bias, of intensity A € R. This
results in modifying the environment in the following way: fixed A € R we define

—a—X A
wy e

wy, (\)i= —2——— wi(d) 1= —
= () wye A +wier’ = () wy e + wie

+
wie

(1)

Given a realization w of the environment, (X, ’)\)nzo will be the discrete time random
walk starting at the origin and jumping from z to z #+ 1 with probability wX(\). We

write PO“”A and E,’ A for the associated probability and expectation, respectively, with the

convention that we will write simply X,, when dealing with Pow’/\, Ey A In particular, we
have

PN Xy =z —1]Xp=2) =w;(N), PN Xpp=z+1]X,=2) =wf()).
Finally we define
wy (A)
2(A) = == ) 2

When A = 0 we will refer to the unperturbed random walk and omit the index A, writing
simply XY, Py’ and Ef, p,. Note in particular that we have
w, (A w, _ _

x()\)_ x( )_ T 2X 2)\' (3)

= = —e = e
w}()\) wi Pz

We think of X5 as a perturbation of X due to the presence of an external field of
intensity A.

2.2. Continuous time random walks. When considering continuous time random walks,
we let © = ( (0, +00) x (0, 400) )Z be the space of environments endowed with the product
topology and with a probability measure P (E will denote the associated expectation). We
let & := ((ry,r)) )xGZ be a generic element of ©. Fixed A € R we set

rr'x

rm(\) =1 e, ri(\) = ret.
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Then (Yf’)‘)tzo will denote the continuous time random walk on Z starting at the origin,
having nearest-—neighbour jumps with probability rate for a jump from x to x -1 given by
rE()\). Below (cf. Assumption ??) we will give conditions assuring that (Yf’)‘)tzg is well
defined a.s. (i.e. no explosion takes place a.s.).

We denote by PO€’>‘ and Eog A the associated probability and expectation and also in this

case we will just write Y; for the random walk when it appears inside Pog’)‘ or Eog’A. In
particular, we have
A - A

P Y =2 — 1Yo =2) =1, (Ndt, P (YViga=a+1|Y, =) =r(\)dt.
When A = 0 we will refer to the unperturbed random walk and omit the index A, writing
simply Ytg, POE and EO5 .

We note that the associated discrete time version recording only the jumps (the so
called jump process), has probability for a jump from z to = £ 1 given by

rE oA
:i:()\) — Tﬂzﬂt()‘) _ 7’1_-+7“;e _ w;:te:t)\ (4)
* rz (A + () e oAy T oA wpe A wier’
Ty +Tg Ty +Tg

where
+ . x

wy = ek (5)
Note that identities (??) are satisfied. In particular, the jump process associated to the
perturbed continuous time random walk (Yf”\)tzo is the perturbed Markov chain associ-
ated to the jump process of (Yté)tzo- When dealing with continuous time random walks
we will keep the definitions (??7), (??) and define p, and p;(\) according to (?7). Note
that

2

Pz = ) Pz(A) = pze”

3 )3
848 |

2.3. Assumptions on the environment. For both the discrete time and the continuous
time random walks we will always make the following assumption:

Assumption 2.1 (Main Assumption). The law P of the environment is stationary and
ergodic with respect to shifts and Ellog po] is well defined, with £o0o as possible values.

We point out that Assumption ?? corresponds to Assumption 2.1.1 in [?].

Lemma 2.2. Under Assumption 77, for the continuous time random walk a.s. explosion
does not take place and therefore th)‘ is well defined for all times t.

Proof. Let w be defined by (??) and consider the associated biased discrete time random
walk (X5, ’/\)nzo- Then one can introduce the continuous time random walk as a random
time change of (Xﬁ”\)nzg by imposing that, once arrived at site x, the random walk
remains at « for an exponential random time with mean (r; (A\)+7r (1)) ~'. Take now M >

0 such that P(rd (A) + 75 (A) < M) > 0. Consider the random set A := {z € Z : rf(\) +
75 (A\) < M}. Then, by the ergodic theorem and Assumption ??, a.s. ANZy and ANZ_
are infinite sets. By Assumption ?? and [?, Thm. 2.1.2], a.s. the random walk (Xﬁf’)‘)nzo
visits an half-line of Z. Hence lim,,~ f(n) = 400 where f(n) := [{k € {0,1,...,n} :
X}:’A € A}|. As a consequence, for almost all realizations of (X%™),,>0, when we condition

to the realization of (X, ’/\)nzo we get that the n—th jump of the continuous time random
walk takes place at a random time ¢, which stochastically dominates the sum of f(n) i.i.d.
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exponential random variables with mean M ~!. Therefore, t, goes to infinity as n — oo
a.s. O

While Assumption 77 will always hold in what follows, in order to build special coun-
terexamples we will sometimes make the following assumption (this will be clearly specified
in the text):

Assumption 2.3 (Reflection invariance - discrete time case). The law of the environment
is left invariant by the spatial reflection with respect to the origin, i.e. by the transformation

(W;_):BEZ — (W:x)xGZ-

Also in the continuous time setting we will sometimes consider models with a special
symmetry:

Assumption 2.4 (Reflection invariance - continuous time case). The law of the envi-
ronment is left invariant by the spatial reflection with respect to the origin, i.e. by the
+

transformation ((ry,r}) )xGZ = ((rf,,r2,) ) ez

2.4. Random conductance model. In what follows, when referring to random conduc-
tances, we will mean a family of positive random variables (¢, ).cz, stationary and ergodic
w.r.t. shifts. The number ¢, is called the conductance of the edge {z,z + 1}. Then the
discrete time random conductance model (RCM) is given by the random walk X where

Cx—1
Cz—1+Cx

+ . Cx - —
wy = e and wy =

biased discrete time RCM. The continuous time RCM is given by the random walk Yf
where £ = ((r5 7)),y € © satisfies 7} = ¢, = 7., for all z € Z. The random walk

' x

for all z € Z. The random walk X A represents the

Yf’/\ represents the biased continuous time RCM.

Remark 2.5. Our main assumption (see Assumption ?7) for the random conductance
model is satisfied if E[|logco|] < oo since logpy = loge_1 — logeyg. We point out that
E[|log co|] < oo if co, ¢y ' € L1(P).

3. DISCRETE TIME ASYMPTOTIC VELOCITY vx ()

Asin [?, Eq. (2.1.7)-(2.1.8)] we set

~ B 1 00 1 i—1 | B 1 fe'e) 1 i—1 .
W=y Loy L =) s L

Proposition 3.1. [?, Theorem 2.1.9] The limit vx () := lim, o0 %A exists P@ Py -a.s.,
is mot random and is characterized as follows:
(@) EIS(V) < 00 = vx(X) = gy

(b) ELF(V)] < 00 = vx(X) = ~griy

(c) E[S()\)] = 0o and E[F()\)] = co = vx(\) = 0.

Lemma 3.2. It holds

o (o]
S =142 popr---pie TV FQ) =142 pylerteppt e,
=0 =0
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Proof. We observe that w%(/\) =1+ pge . Hence

oo
S =1+ poe ? + > (1+ pie ™ pop_1 -+ p_irre >
=1

oo oo
=1+ poe 2 + Z pop—1--- p-iyre 2N+ Z Pop—1 -+ pif1p—se 20TLA
i=1 i=1

s (o]
=1+ Zpop_l . p_i+1e—2z)\ + E PopP—1"" " p_i+lp_ie—2(z+1))\ ‘
=1 i=0

The proof for F()) is similar. O

To describe some regularity properties of the asymptotic velocity vx(A) we introduce
the thresholds A_ and AL as follows:

A_:=sup{) € R : vx(\) <0}, Ay i=1inf{A € R : vx(\) > 0},
with the convention that sup() = —oco and inf ) = +oc0.

Proposition 3.3. The velocity vx (\) is increasing in X and A\_ < . Moreover, vx ()
is strictly increasing and analytic on (—oo,A_) and on (A;,+00), while it is zero on

(A*’ >‘+)

Remark 3.4. Due to the above proposition, vx(\) is analytic everywhere with possible
exception at A_, Ay, where it can be irreqular (even discontinuous, see Section 77 ).

Proof of Proposition 77. Due to the representation given in Lemma 77 one gets that the
function S : R — [0,+o00] is decreasing, and that the function F' : R — [0, +o0] is
increasing. Combining this observation with Proposition 7?7, one gets that vx () is in-
creasing in A, thus implying that A < A; and that vx(A) = 0 on (A_,A;). Note
that A\, = inf{A € R : E[S(\)] < oo}. Hence, for A > Ay we have S(\) < co P-
a.s. This property and the form of S given in Lemma ?? allow to conclude that, given
A <A< N, 8(\) > S(V) P-as. Since E[S(A\)] and E[S(\)] are finite, we then conclude
that E[S(\)] > E[S())] and therefore that vy ()\) < vx()\) (cf. Ttem (a) in Proposition
??). In a similar way, one proves that vx(\) is strictly increasing in (—oo, A_).

It remains to prove that vy (\) is analytic on (—oo, A_) and on (A4, +00). We show its
analyticity on (A}, +00), the case (—oo, A_) is similar. Since vy () = ﬁ and E[S(\)]

is finite and positive on (A4, +00), it is enough to prove that the map A — h(X) := E[S())]
is analytic on (A4, 4+00). This follows from Lemma ?? in Appendix, which is based on the
Theorem of Pringsheim-Boas (cf. [?, Thm. 3.1.1]). O

As already pointed out, there are models for which vx () is discontinuous at A_ or A;.
On the other hand, if A_ = A, this cannot happen:

Proposition 3.5. If \_ = Ay, then vx () is continuous. Moreover, it must be A_ =
A+ = Ellog po] and vx(Ax) = 0.

Proof. The continuity for A > A} and for A < A_ is given by Proposition ??. Let us check
that A = Ay = E[log po] and that vx () is continuous at A = E[log pg] when this value is
finite. First of all we notice that E[S()\)] is finite iff 332 E[po - - - pi]e *+1) is finite (see
Lemma ?7). Since, by Jensen’s inequality,

Elpo- - pi] = E[elogpo+-~~+logm] > oBllog pottlogpi] — oEllog po](i+1) (6)
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we always have that Ay > X := E[log po).
Analogously, E[F(\)] is finite iff 5% E[py ' - - - p; He*+1) is finite and

E[Pal . p;l] =Ele” IOgPO—"'—IOgPi] > El~logpo——logpi] _ o~Ellogpo](i+1) ’

so that it is always true that A < X := Ellog pg]. It follows that, if \_ = A, it must be
Ao =X = A =Ellog pg]. If E[log pg] = £00, there is nothing left to prove.

From now on we assume that A = E[log po] is finite. From the observations we just
made, it also follows that vx()\) = 0, since at A both E[S()\)] and E[F())] are infinite.
W.l.o.g. we assume now by contradiction that there is a discontinuity to the right of A. If
this is the case, we must have lim. o vy (A+¢) > 0, or equivalently lim._,o E[S(A+¢)] < co.
But this is in contradiction with the following:

i S(\ = i o pile— (Ae)(E+1)
lim E[S(A + )] = 1+ 2 lim ;E[po pile

e—0

> : X(i+1) ,—(A+e) (i+1)
>1+2 gl_{r(l] ZZ; e e

0 —€
—1+21i —e(i+) — 1 4 9 fim — —
* 6%26 * z—:g%l—e_s 00
1=
where for the inequality we have used (?7). O

3.1. Reflection invariance case. In the particular case of reflection invariant environ-
ments (cf. Assumption ??) we have the following:

Proposition 3.6. Suppose Assumption 77 to be satisfied. Then it holds
ux(A) = —ux(=A). (7)

In particular, vx (0) = 0 and, if vx has n-th derivative at 0 with n even, then this derivative
must be 0. Moreover, the following dichotomy holds for X > 0:

~ EBO)]

E[S(\)] < 400 =  wx()) L_ >0,
E[S(\)] =400 = wvx())=0.

Proof. Identity (??) follows by symmetry, while the identity vg?)(O) = 0 (for even n’s)
follows from (??7). By Proposition ?? to get the dichotomy it is enough to check that
_ — +
E[F(X\)] = oo for A > 0. Since pg = Z—& and py ! = :—9, by Assumption 7?7 we have that pg
0 0
and p, ' have the same law. In particular, E[log po] = 0 and therefore E[log(py 'py -+ p; 1)) =
0. By Jensen’s inequality and Lemma 7?7 we conclude that

E[F(\)] =142 Elpy'py" - p; 1]+
=0

oo o
> 142y Floslen o o A Z 493 A Z o O
=0 1=0
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3.2. Examples of models with irregular asymptotic velocity vx (). We conclude
this section with three examples. In Example ?? vx(\) is not continuous at Ay. This
example is rather exotic and if one is interested in models violating e.g. the analiticity
of vx(A), then it is enough to consider random walks with i.i.d. and genuinely random
w;" (see Example ??) or the RCM with i.i.d. and genuinely random conductances (see
Example ?7). In Example ?? vx(\) is not differentiable in A_, A4 (in this case A\_ < A\4),

while in Example ?? vx(A) has not second derivative at 0 = A_ = A4.

Example 3.7. vx(\) is in general not continuous as in the following model. Fized the
parameters A > 0 and v > 2, we first introduce the random variables r(k,k — 1) and
r(k,k+1), k€ Z. We setr(k,k—1):= A forallk € Z. To define r(k,k + 1) we proceed
as follows. We let T = (Tx)kez be a renewal point process on Z such that 79 = 0 and, for
k#0, P(Tge1 — Tk > J) = 1/57 for any 7 € Ni, Ny being the set of positive integers. We
write T = (g )gez for the renewal point process given by the Z—stationary version of T (see
Section ?7?). For k € Z, we set

1 if —k
ka1 =4t TokET

2 if —ker.
; o r(k,k+1 - r(k,k—1 . .
Finally, we take w,:r = r(k,kf(l)Jrr(k),kJrl)’ wy = r(k,kf(1)+r(k),k+1)' Then Assumption 77 is

satisfied, vx(X) > 0 for A > Ay = Jlog A, while vx(X\) < 0 for A < Ay. In particular,
vx (A) has a discontinuity at Ay. In addition, A_ is finite and A < A.

The discussion of the above example is given in Section 77.

Example 3.8. Consider the case of i.i.d. wf 's such that E[log po] is well defined (this
assures that Assumption 77 is satisfied). Then A = $1ogE[pg] and A_ = —4 log E[1/po].

Moreover, if the wf 's are genuinely random then A_ < Ay and vx(\) is not differentiable
at Ay if Ay is finite. The same holds for A_.

Discussion of Example ?77. By applying Proposition ??7 and Lemma 77, we have Ay =
2logE[pg], A- = —2 logE[1/pg] and

_ e—2X .
% ifA> AL,
vx(A\) =40 A <A< Ay, (8)

1-E[1/po)e®* .
—W if A < A_.

In particular, vx()) is continuous. Let us now restrict to genuinely random variables w;'.

By Jensen inequality we have A_ < A;. We also notice that the right derivative of vx ()

for A > Ay is %, which is equal to 1 in A4 if Ay is finite. Hence vx(A) is not
differentiable in A\. Similar considerations hold for A_. OJ

Let us now consider a discrete time RCM with with conductances (cy).ez (see Sec-

tion ?7). We collect some observations which will be used in the next Example ??.
Since p; = C”é;l we have pop_1---p_; = ==L, By Lemma ?? we then get S(\) =

€o

1+237, C*c’%e_”‘("“) and by using the translation invariance of the conductances we

conclude that

BISO)] = 1+2 3 B[2] o2V o)
i=1 !
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Finally, we note that for the RCM Assumption 77 is equivalent to saying that the sequences
(cz)zez and (c—z)zez have the same law. In particular, if the conductances are i.i.d. as in
Example 7?7 below, Assumption 77 is satisfied.

Example 3.9. Consider the discrete time RCM with i.i.d. conductances such that E[cp] <
00, E[l/co] < oo and ¢y is not almost surely constant. Then the model is reflection
invariant and at Ay = A_ = 0 vx () is continuous, has first derivative but has no second
derivative.

Discussion of Fxample 77. As discussed above and due to Remark 7?7, Assumptions 77
and ?? are satisfied. Take A > 0 and let A := E[cy] and B := E[1/¢]. Note that by
Jensen’s inequality AB > 1, since ¢y is non deterministic. By (?7?) we have

e 2 1= e 2 4 24Be2A

1—e 22 1—e 2
By Proposition 7?7 we conclude that Ay = 0 and
1— 672)\
= >0. 1
ux(A) 1 —e 22X 4+ 24Be 2\’ A0 (10)
A similar analysis can be done for A < 0. By a Taylor expansion, for A > 0 we have
ox () = 2X — 202 4 0(A?) 1 A= A2 +0(\?)
VT ONT24AB —4ABA+0(\)  AB 1+ (1/AB— 2)/\ +o(\)
1 AB -1
2 2 2 2
9 — :
AB()\ X+ 0(0) (1= (55 —2)A+0(N) = AB)\+ gy X oY)
Since v(A\) = —v(—2A), the above Taylor expansion shows that v(\) is continuous and has

a first derivative at A = 0. On the other hand, 9f,vx(0)/2 = (AB —1)/(AB)?> 0 (recall
that AB > 1). By Proposition ?? we conclude that vx(-) has no second derivative at
0. O
Remark 3.10. In Example 7?7 with p; equal to a fixed constant C, we have vx(\) =
1=Ce” for each A € R. In particular, vx (X\) is everywhere analytic. Analogously, in Ex-

14+Ce—22
ample 7?7 with conductances equal to a fixed constant, then vx(\) = % and therefore

vx () is again everywhere analytic. In particular, in both cases the emergence of the irreg-
ularity of the asymptotic velocity vx corresponds to the randomness of the environment.

4. CONTINUOUS TIME ASYMPTOTIC VELOCITY vy ()

We set

HP —J
F(\) = Z H

&
Proposition 4.1. The limit vy (\) = limy_ 0 L

and is characterized as follows: '
(a) E[S(\)] < 00 = vy (X) =
(b) E[F(\)] < 0o = vy(\) =

exists P ® Pg’)‘—a.s., s mot random

[S (A)}

E[F(A)] 4
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(¢) E[S(\)] = 00 and E[F(\)] = co = vy (M) = 0.

The proof of Proposition ?? has some intersection with the one for the discrete time
case, see [?, Theorem 2.1.9]. The main difference is related to the continuous time version
of [?, Lemma 2.1.17], since new phenomena have to be controlled. For completeness, the
proof of Proposition 77 is given in Appendix ?7.

For the computation of E[S(\)] and E[F()\)] we have the following fact (which can be
easily verified):

Lemma 4.2. It holds:

e A > <
E[S(\)] = E[F(l +3 pips - .pie%z)] , (11)
0 i=1
et > :
B[P =E[ = (14 poipTs--ple™)]. (12)
0 i=1

Similarly to the discrete time case we introduce the thresholds A\_ and A} as
Ao =sup{A € R : vy () <0}, Ay =inf{A € R : vy(\) > 0},
with the convention that sup® = —oco and inf () = +o0.
Having Proposition 7?7 and Lemma 7?7, by exactly the same arguments used to derive

Proposition 7?7 we have:

Proposition 4.3. The velocity vy (M) is increasing in X and A\— < \y. Moreover, vy ()
is strictly increasing and analytic on (—oo,A_) and on (A;,+00), while it is zero on

(A*7 )‘Jr)
Remark 4.4. Due to the above proposition, vy () is analytic everywhere with possible
exception at A_, Ay, where it can be irreqular (even discontinuous, see Section 77 ).

By the same arguments used to prove Proposition 7?7 one easily gets the following;:
Proposition 4.5. Assume that E[l/r(ﬂ < 400, E[logr(ﬂ < 400 and A_ = Ay. Then
vy (A) is continuous, A = Ay = Ellog po] and vy (M) = 0.

In the continuous time setting, the RCM has always a regular asymptotic velocity vy (A):

Example 4.6. For the continuous time RCM satisfying our main assumption (see Re-
mark ??) it holds

e)‘ - e’)‘

E[1/co]

In particular vy = 0 iff E[1/co] = +o0. Moreover, vy is always an analytic function of \.

vy (A) = (13)

Discussion of Example 7?. Since p; = “=* from (??) we have
T

A\ 00 ) ' Y SIS '
E[S()] = B[S (143 22 Slemh)| g[S 4 37 S|
€o — C1C2 Ci €o — G
Ooz—l =1 (14)
1
_ E[—}e*’\ o2
Co zz(;
thus implying that
. E{i] L A>0,
E[S(N)] = Lodet=e™ (15)
400 A <0.
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Similarly from (??) we have
BFO) = B[ (143 202 S g [Ty 3 ]
p— - - ... e — R e
c—1 —/ca2c3 il c-1 i C—i

_ C—i—1
1 S
E [7} o Z 2N
C
0% oo

thus implying that

i E[L] = r<o0,
E[F(N)] = ¢ Leofem= (16)

+00 A>0.
From (?7), (??) and Proposition ?? we get (??). The conclusion then follows from (77).
O

4.1. Reflection invariance. In the case of reflection invariant environments (cf. Assump-
tion 7?7) we prove an analogous of Proposition 77:

Proposition 4.7. Suppose Assumption 77 to be satisfied. Then it holds
vy (A) = —vy (=N). (17)

In particular, vy (0) = 0 and, if vy has n-th derivative at 0 with n even, then this derivative
must be 0. Moreover, the following dichotomy holds for X > 0:

E[S(\)] <400 =  wvy(A) = 1/IE[ (1+ X2 p1p2-- - pie 2’\1)] € (0, 4o0) a8)
E[S(\)] =400 = ovy(A) =0
Proof. By Assumption ??, (?7) and (??) we have that
A
i -1,-1_ —1 2N
ELO_ 1+ZP 1P—2- )}
eA 2)\1 Q
—E[S(1+ Z prpa- - pie?™)| = EIS(-N)], (19)
0
which implies vy (A\) = —vy(—A) by Proposition ??. The second property, concerning

the derivatives of vy, follows from (??). Finally, to prove the dichotomy, it is enough
to check that E[F'(\)] = co whenever A > 0. From (??) we clearly see that, for A > 0,

E[F(\)] = E[% (1+ 32 pip2- -pieQ)‘i)} > E[S()\)]. This implies that, whenever A > 0
To

and E[S(\)] = oo, also E[F(\)] = co. If on the other hand we have A > 0 and E[S(\)] < oo,

then again we must have E[F ()\)] = 00. Otherwise we would have, by parts (a) and (b)

of Proposition ??, vy (A) = E[S(A)]! and at the same time vy (\) = —E[F(A\)]~!, which
is a contradiction. O

4.2. Examples of models with irregular asymptotic velocity vy ().

Example 4.8. Recall Example 7?7 and in particular the random variables r(x,z £ 1)
introduced there. Consider the continuous time random walk with jump rates rg =r(x,rt

1). Then its asymptotic velocity vy (\) is discontinuous at Ay .

The proof of the above statement follows from the same arguments presented in Section
7?7 and therefore is omitted.
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Example 4.9. The following model is reflection invariant and its asymptotic velocity
vy () has no second derivative at \y = A_ = 0. The jump rates are given by the following.
First of all we sample two independent sequences of positive i.i.d. r.v.’s (a} )mez and
(am)mez. We call A :=E[ag] and B :=E[1/af] and suppose A and B to be finite. Then
we toss a fair coin and do the following (see Figure 77):

e If it comes Heads, for all m € Z we put

+ I
Tomt+1 = Om = Tomi2)

- = ot .
Toma+1 = Om = Tomi2)

o If it comes Tails, for all m € Z we put

+ — pt — T
Tom = Oy = r2m+1 ’

- e q— — T
r2m =y = r?m—i—l .

The above Example 77 is discussed in Section ?7.

Y xS s
4—\.,‘ ----- g, r—b
SN : : -f----
2m+1 2m + 2 Heads
2m 2m + 1 Tails

FIGURE 1. Jump rates for Example 77

5. EINSTEIN RELATION

In this section we give the proof of the Einstein relation for a discrete time random walk
among random conductances. We point out that any 1d nearest-neighbor random walk in
random environment, for which the process environment viewed from the walker admits a
reversible distribution, is indeed a random walk among random conductances.

For the continuous time case the Einstein relation follows easily from the expression
(??) of vy (), since the diffusion coefficient of the unbiased random walk is given by
02(0) = 2/E[1/co]. We recall that, assuming E[co] < 0o, one can prove an annealed
invariance principle with diffusion coefficient 2/E[1/co] (cf. [?, Eq. (4.22)] and references
therein), while a quenched invariance principle can be proved by means of the corrector
under the additional assumption E[1/¢g] < oo.

For what concerns the discrete time random walk among random conductances we recall
that, assuming A := E[cg] and B := E[1/¢] to be finite, in the unbiased case (i.e. when
A = 0) an annealed (also quenched) CLT holds with diffusion coefficient ¢(0) = 1/AB
(see [?, Eq. (4.20), (4.22)] and [?, Eq. (4.20) and Exercise 3.12]).

We prove the Einstein relation under two different sets of assumptions: the first one
requires the ergodicity of the conductances and some moments conditions; we point out
that this is the equivalent set of conditions that [?] would require in our setting, but we
give an alternative, shorter proof. We extend this result including a different hypothesis,
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just requiring the weakest possible integrability of the conductances and very mild mixing
conditions.

Theorem 5.1. Consider a random sequence of conductances (¢y)zez, Stationary and er-
godic w.r.t. shifts. Suppose that at least one of the following two conditions holds:

(i) co € LP(P) and 1/cy € LI(P) with p,q € [1,00], p~t +q7 1 =1;
(ii) lim;—eo Elco/ci] = E[co]E[1/co], with E[co] < oo and E[1/cp] < oo.

Then the discrete time RCM satisfies the Einstein relation: i.e. Lvx(\)|x=o = 02(0).

Proof. Due to Remark 77, our main assumption (see Assumption ?7) is satisfied. We
prove that 9 vx(0) = 2(0) (by similar arguments one can prove the same identity for
the left derivative). By standard methods we know that o2(0) = E[co] *E[1/co] ™! (see
[?, Eq. (4.20), (4.22)] and [?, Eq. (4.20) and Exercise 3.12]). Furthermore, by (??) it is
easy to see that both sets (i) and (ii) of hypotheses guarantee E[S(\)] < oo for all A > 0.
Note that, by translation invariance, Z;’il E[%‘;] = limy_ oo E[cal(c_l +e_g4---+ c,k)].
By the LLN and the monotone convergence theorem, we get that » .2, E[%ﬂ = o0, i.e.

E[S(0)] = co. Hence, by Proposition ??, we get for A > 0

vx(A) —vx(0) 1
A A+2) 221 E[co/c,‘}e_”i '

(20)

We must show that letting A — 0 in (??) gives E[co] "E[1/co]'. We prove that, in fact,
203 Eleg/eile X — Elco]E[1/co] as A — 0.

Case (i): We let ) == (e} — 1)1, c%e_Q/\i. By Birkhoff ergodic theorem with
exponential weights we have that

lim 4y =5 E[1/co) (21)

This can be seen, for example, by setting m,, := (cl_1 + 02_1 + -+ c;t)/n for each
n = 1,2,... and rewriting ¢, = (1 — e 2*)23°22 ne 22X~y From this and the fact
that (1 —e™2)23°%° ne 22"=1) = 1, we can bound

s — B[l < (1= €2 S ne=20D im,, — E[1 /o], (22)

n=1

Since my, —ra E[1/co], given € > 0 by the classical L? Birkhoff ergodic theorem, we can
choose N € N such that ||m, — ]E[l/co]Hq < ¢ for each n > N. We observe that the
contribution from the first N — 1 terms in the r.h.s. of (??) vanishes as A — 0. Hence, as
A — 0, we can bound the r.h.s. of (??) by o(1) + €. This completes the proof of (?77?).

We write now 2A "0, Elep/c;le 2N = eQQAilE[co@D,\]. We finally bound by Hoélder’s
inequality

[Elcotéa] — EleolEley )| = [Eleo(n — Eleg D] < lleolly - [|os — Eleg ][, 2=% 0,

where the convergence comes from (??). This concludes the proof of Case (i).
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Case (ii): For i € N we let E[co/c;] = E[co|E[cy '] + £(i). For each fixed k > 1, we can
therefore write

2\ i Elco/cile™* = O(\) + 2\ i E[co]E[cg H]e 2 + 2 i e(i)e M
— Py ;

o—2)k
= O(\) + 2\E[co|Ecy ] — + mz
Since | Y2, e(i)e M| < sup;sp{le(i)|[}e 2 /(1 — e72}), sending A — 0 we see therefore

g(
that for each k>1

ElcolElcy '] — s;gg{]e(z)]} < /1\12% 2\ ZE[co/ci}e_”‘i < Eleo|Eley '] + sup{|e(i)]} -

i>k

Finally we let k — oc and, since £(i) — 0, we conclude that (??) converges to E[co] "'E[1/co] 7!
as A — 00, thus implying the thesis. O

6. CENTRAL LIMIT THEOREM FOR BALLISTIC DISCRETE TIME RANDOM WALKS

In this section we consider the discrete time random walk X% and, when ballistic, we
investigate its gaussian fluctuations, i.e. the validity of the CLT. As application of the
results presented in this section, we will study the CLT for two special model: the discrete
time RCM (cf. Section ?7?) and the discrete time random walk with i.i.d. w;’s (see end of
this section).

For simplicity of notation, we write v()\) instead of vx()\). We know that if E[S(\)] <
+00 then v(\) = 1/E[S(\)] > 0 (see Proposition ??) and moreover the environment
viewed from the perturbed discrete time random walk X, A admits a steady state Q) [?].
In addition, there is a closed formula for the Radon-Nikodym derivative dQ,/dP that
reads (see [?, page 185]),

dQx A
dP ~ E[Ay]’

where

[e.e]
o (0 S TToW) = a4 me (14 Ymepe ™). (29
i=1 j=1 i=1
It is simple to prove that E[A,] = E[S(\)] = 1/v(\). B

For n € Z, we introduce also the n'" shift of the function S(\) as

[e.o]
0"S(N) =142 pupn-1---ppie 20T
i=0
Equivalently, 7S(\)[w] = S(\)[#"w] (in the r.h.s. 6 denotes the usual shift on Q with
(Ow)z = wgt1).
Assumption 6.1. The expectation E[S()\)] is finite. Furthermore, there exists ¢ > 0 such
that

Eg,[wg (S +wg (NOT1S(N)*] < o0 (24)
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and moreover it holds

Z\/ A)—1]G-,)2| < oo, (25)

n>1

where, for each k, Gy is any o-algebra for which the random variables (6'S(\))i<y are
measurable.

Theorem 6.2. Under Assumption 77, the discrete time random walk in random environ-
ment satisfies the annealed CLT

X5 —vx(\) - n
vn

The diffusion coefficient is given by

— N(0,0%(N)) under]P’@POw”\.

o*(A) = a7 (A) + v(\)a3(A) € (0,00), (26)
where
oF ) 1= o), [wf () (SO = 1) w5 ) (67150 +1)°] o
— v(\)°E [AWJ(A)(E(A) — 1) 4 Awg (V) (0715 + 1)2] :
and

BN)=E[ (eSO = 1)°] + 23 E[(e()S0) - 1) (b(e"S() —1)] . (28)

n>1

The series in (?7) is absolutely convergent. Furthermore, a%(\) is analytic on every open
interval given by values of A that satisfy Assumption ?77.

The proof of the above theorem is postponed to Appendix 77.

Theorem ?7? is an extension in our context of Theorem 2.2.1 in [?]'. In fact, condition
(?7) is replaced therein by the stronger condition

Eg, [S(A)?T + 60715 (V)*¢] < 00 (29)

and (?77?) is stated there with G_,, given by the o-algebra generated by wii with ¢ < —n.
We point out that condition (??) is in general not optimal. For example in the random
conductances case (?7?) is much less restrictive. The fact that G_, could be taken more
general than in [?, Theorem 2.2.1] is implicit in the proof provided in [?]. As it turns out,
sometimes it might be more natural to work with more general o-algebras, see for example
Proposition ?? and its application for the proof of Theorem ?7.

Remark 6.3. The arguments used in the proof of Theorem 77?7 that show how to replace
condition (7?) by (??) are general. In particular, Theorem 2.2.1 in [?] can be proved
substituting assumption (2.2.2) therein by Eg(wyd S*™(w) + wy S(071w)?*T¢) < oo, which
is the equivalent of (?7) in the general setting. Here we have used the notation of [?].

We provide now alternative formulas for (??) and (??) and give a sufficient condition for

the analyticity of 02()). In the next subsection we also give some comments on Assumption
??

1 the definition of 012371 given in [?, Theorem 2.2.1] there is a typo. One should replace Q by Q,
otherwise the centered formula above (2.2.8) in [?] fails.
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Proposition 6.4. Set

Zpo AGHD and V= V(w, ) = ipl . pieT A
Then a
200 = AE[U? +( 1V++2]2E‘[/UU})23+ 2VU] | (30)
and
o(N)o2(A) = M‘ILE[UD[ U - E[U] + 2; (Bwerv) —E0P)] . @)

The series in (?7?) is absolutely convergent.

Remark 6.5. Identity (?7) can also be written as

4 n
nez

Proof of Proposition 7?. We note that S(\) = 1+ 2U and Ay = S0 )(1 + V), and start

looking at o?()). For each n € Z, 6"U(w, \) and 0"V (w, \) will JUSt indicate respectively
U(0"w, A) and V(6"w, \). We have

M (N (SO) = 1) = 4(1 + V)U? (32)
and
Mwy (W05 +1)% = ( + Z p1 ‘”2) (2 + 29—1U)2
(Zpo l+1>> (1+9*1U)2 :49*1V<1+0*1U)2.
(33)

Taking the expectation and using the translation invariance of P we see then that
E[Awy (V6718 +1)°] = 4E[V(1 + U)]. (34)

Putting together (?7) and (??) back into (?7) we obtain (?7).
We move to o3()\) and notice that the first addendum in (??) is equal to 4E[(U —

E[U])? ]/(1 + 2E[U])2. For second addendum in (??) we notice that
E [( — 1) (w(\)O"S(A )] - v(A)QE[(S()\) —E[S(\)]) (675 (\) — E[S(A)])}
_ 4E[(U - E[U]) (9"U — E[U])]
(1+2E[U])? ’
thus implying (?7?). O

Proposition 6.6. Let Assumption 77 be satisfied with A in a given open interval I. Given
n>1andk >0 set

anp= Y.  Cov(po i, pn-" Pnj) (35)
§.5>0: it =k
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and suppose that

ie_Q’\k<§: |an,k|) < 0 Vael. (36)
k=0 n=1

Then the coefficient o®(\) is analytic in I.

Proof. To get the thesis we apply Lemma ?? below to prove the analyticity of o7(\) and
of vx(\)a3()\) separately. By Proposition ?? and ?? we already know that vy (\), and
therefore 1/(1+2E[U])3, is analytic and positive. Hence, to prove the analyticity of o%(\)
it is enough to prove the analyticity of the numerator in the right term in (??). We prove
the analyticity of E[VU?] by Lemma ?? (the other contributions in the numerator can be
treated similarly). We set

an =Y E[(pop-1---p-is1)(pop-1---p—jr1)(pip2- - pi)]
(4,5,k)ENS.:
i+j+k=n
Then E[VU?] = > >0 ane” 2" (note that a, > 0, so terms can be ordered arbitrarily in

the involved series). Since we know by the CLT that o3()\) is well defined and finite for
A €1, by (?77) it must be E[VU?] < oo for any A € I, and therefore Y, -, ane 2 < oo
for any A € I. By Lemma ?? we conclude that E[VU?] is analytic on I.

We move to vy (A)o3(A\) as expressed in (??). By applying the same arguments as
above we reduce to prove the analyticity on I of > o, (E[U - 6"U] — E[U]?). We write
F,(\) := E[U-0"U]—E[U]2. By hypothesis (??) we have that Fj,(\) = 352, e 2 +2)q,
and this series is absolutely convergent. Summing over n and using again hypothesis (77)

we have
Z Fn()\) — 2672)\(k+2)bk :

n>1 k>0

where by 1= >, -, a1 and the series in the right hand side of the last display is absolutely
convergent. By Lemma 77 this series is therefore an analytic function of A in I. OJ

6.1. Sufficient conditions for Assumption 77.

Lemma 6.7. Assume E[S(\)] < co. Then (??) is satisfied if and only if both E[U**¢] < oo
and E[VU?*¢] < oo.

Proof. By the same computations appearing in the proof of Proposition 77 we have
Awi (VSN2 = 1+ V)1 +20)*e, (37)
Aywy (NOTLSV)FE = (071V)(1 + 207 1U)* e (38)

Hence, using translation invariance, we see that (??) is satisfied as long as E[U 2] < o0
and E[VU?*¢] < oo (notice that E[V] < oo since E[S()\)] < co by hypothesis). O

Proposition 6.8. Assume E[S()\)] < co. Given ¢ > 0 suppose that there exists § > 0
such that

o0

Z E[pg-‘re L p2_—&i-s] e 2N(2+e—0) 7 (39)
1=0

o0 oo ) )

SO R p T pr e pyl e NN < o0 (40)

i=0 j=1
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Then (?7) is satisfied.

Proof. We apply Lemma ??. We show that (?7) implies that E[U?"¢] < oo and that (?7)
implies E[VU?*¢] < co. We define the measure y on N as p(i) := e 2 with a > 0
to be determined later. We write U = pu(f), with f(i) = po...p_je 2A@HD+2xi By

Holder’s inequality we have U = u(f) < ||f|lz2+e ()l zauy = C | fllL2+< (), Where g is the
conjugate exponent of 2 + ¢ and C' > 0 is a finite constant. As a consequence

o0
U2+a < 02—1—6”(]@2—&-6) _ 02+ae—2)\(2+6) Z pg+€ . :02—?5 e—2)\i(2+e—a(1+e))' (41)
=0
To prove (77?) it is enough to choose a = §/(1 + ¢) and take the expectation w.r.t. P. To

prove (7?) it is enough to multiply both sides of (??) by V' and conclude as just done for
(7?). O

We also give some comments on (?7). First of all we notice that, by the definition of
U, (?7) is equivalent to asking

3 \/E []E[U _E[U]| g,n]Q] < 0. (42)

n>1

We give sufficient conditions for this to hold.

Proposition 6.9. Suppose that E[U?] < co. Assume that there exists M > 0 such that,
for all i € Z, p; is independent from all p;’s with |i — j| > M. Further suppose that

o
ZE[pg o pE M iem N < 0. (43)
i=0

Then (?7?) is satisfied with Gy, being the o-algebra generated by all the p; with i < k.
We point out that trivially 0¥S()\) is G, measurable.

Proof. We will check (?7). Since E[U?] < oo by hypothesis, all terms in the series (??)
are finite. Therefore, without loss, we can ignore the first terms in (??) and prove that

> BV = EU)1G-all| 2oy < o0 (44)
n=M
Using the finite-range dependence assumption, we can bound
E[U - E[U]|G-,] = Z (E[,Oo e pi|Gon] = E[po - - p_i]>e—2>\(i+1)
i=0
= > (Blpo--p-ilG-nl = Elpo---p_i])e A1,
i=n—M

Hence the Lh.s. of (??) can be bounded by

Z Z [Elpo -+ p—i | G—n] —Elpo - P—z‘]HL2(P)e*2)‘(”1)

n=M i=n—M
o0 o0 .
<Y D 2E[pg---pRi] e,
n=M i=n—M

which allows to conclude. O
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We conclude this section with an application of the above results. Another application is
given by the analysis of the gaussian fluctuations in the discrete time random conductance
model provided in the next section.

Example 6.10. Consider the case of i.i.d. w; ’s such that E[p%“] < 400 for some e > 0.

Then Assumption 77 is satisfied. Moreover, for X > ilog E[pg] Assumption 77 is fulfilled
and therefore the content of Theorem 77 is valid, and o2(-) is analytic.

Discussion of FExample 77. It is trivial to check the validity of Assumption ?7?7. By Holder
inequality, if 7/ > v > 0 then E[p]] < E[pgl]w“’/. In particular, E[p]] < 4oc for any
v € (0,2 + ¢] and the function (0,+00) > v %logE[pg} € (0,400] is (weakly) in-
creasing. By monotone convergence applied to E[pj1,,>1] and to E[pj1,,<1], we get
that limwgilogE[pg] = 1logE[p3]. In particular, for each A > IlogE[p] we can
find ¢’ € (0,¢) such that A > (2(2 + 6/))71 logE[pSJrs/], Le. E[pg+€/] < e+ By
Propositions 7?7 and ?? (applied with ¢ instead of &) one can check that Assumption
77 is satisfied if E[p3+5/] < e2M2+e)  Tp fact, this guarantees, by Holder inequality, that
Elpo] < E[pg+5/]1/(2+5/) < e and E[p}] < E[p%+5/]2/(2+5/) < e**. Thanks to these three
bounds it is easy to verify that E[S()\)] < co, E[U?] < oo and that (??), (??) and (??) are
verified.

We show now that o2()) is analytic for all A satisfying ]E[ngrE/] < 2 2+) | To this aim
we apply Proposition ??7. We start looking at (??). When n > k we have by independence
anr = 0. When this is not the case we estimate

ICov(po- - pispr -+ pnj)l < Var(po -+ p_i)"/*Var(pp -+ pn_j)'/?
<El[pg- - p2 ) PElp} - ph_j)"* = E[pg] /2
For n < k we can therefore bound a,, ; < (k + 1)E[p3]*+?)/2. By the above observations
we can bound the Lh.s. of (?7?) by

Z ef2z\kk(k + 1)]E[p(2j](k+2)/2 )
k=0

The last display is finite as soon as E[p3] < e**, which we have shown to be true under
the condition E[p%“'] < e2M(2+¢') -

7. DIFFUSION COEFFICIENT IN THE DISCRETE TIME RANDOM CONDUCTANCE MODEL

We consider here the discrete time RCM with i.i.d. conductances and study in detail its
gaussian fluctuations. Assuming A := E[cy| and B := E[1/¢p] to be finite, in the unbiased
case (i.e. when A = 0) it is known that vx(0) = 0 and that, under diffusive rescaling, an
annealed (also quenched) CLT holds with diffusion coefficient 02(0) = 1/AB (see [?, Eq.
(4.20), (4.22)] and [?, Eq. (4.20) and Exercise 3.12]). We recall that vx(\) is given by
(??) for A > 0 and that vx(A\) = —vx(—A) (see Proposition ??). By applying the results
obtained in Section ?? we get the following:

Theorem 7.1. Consider the discrete time RCM with i.i.d. conductances (¢;)iecz. Suppose
that for some € > 0 it holds E[ca*®] < oo and E[1/c2¢] < co. Then Assumption 77 is
satisfied. Moreover, for any A € R, the discrete time random walk in random environment
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satisfies the annealed CLT
X9 —ux(\) - n
Vn

The above diffusion coefficient o*(\) satisfies 2(0) = 45, 02(A) = 02(=A) for all A € R
and it is given, for A >0, by

— N(0,0%(N\)) under P ® Pé””\ . (45)

2()) = 4(e®* —1)2 20D  4(A%D + B2C) N 8A2B?
7T @ S 11 24B)3 P 11 e 1 P-DEE-1 e
4AB — A2B%?  2A2B2%e*
+AB + 2X T (e2X 2} ’
e?r —1 (e?r —1)

where A :=E[co), B :=E[1/co], C :=E[c] and D :=E[1/c3].

The proof of Theorem ?7 follows from the results presented in Section 7?7 by straight-
forward computations and is therefore postponed to Appendix ?7.

In the deterministic case, that is, when the conductances are all equal to a constant,
we obtain a biased simple random walk whose diffusion coefficient o2(\) can be easily
computed (or, equivalently, derived from (?7)):

2\ =4/ +e )t VYAeR. (47)

See Figure ?? for a plot of 02(\). We note that in the deterministic case o%(\) is analytic, it
is strictly increasing for A < 0 and strictly decreasing for A > 0. The following proposition
treats the non deterministic case, in which a different behavior emerges.

FIGURE 2. The solid line represents the function ¢2(\) in the case of
i.i.d. conductances sampled from a uniform random variable in the inter-
val [1,10]. This is plotted against the function o?(\) (dotted line) in the
deterministic case of constant conductances, cfr. (?7?).

Proposition 7.2. Take genuinely random i.i.d. conductances. Then o(\) is continuous
everywhere and analytic on R\ {0}. o2()\) is not differentiable at A\ = 0 and is non—
monotonic on (—oo,0] and on [0, c0).
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Proof. The analyticity on R \ {0} follows from (??). Similarly, continuity on (0, +400)
follows directly by (??). For small A > 0 we can calculate, by a Taylor expansion,

1 B 1 1 1 1= 40V

(X —1+424B)}  (2AB+2\+0(\)?  8A3B3 (14 2= 1 o(\)?  BASBS

Hence, for small A > 0 we can rewrite (??) as

o*(N) =537 (1 3 ) [442D + BO + 44781 - 3)

24333\ AB
+ (4AB — A2B?)2\ — 2A2B%(1 + 2)\)| 4+ o(\) (48)
1
:E —+ al)\ + 0()\) s
where
2(A2D + B%C) 5 1
. _ 2 49
s A3 AB T azpE (49)

Since 02(\) = 0%(—\) by Theorem ?? and since 02(0) is equal to (AB)~! (see the dis-
cussion before Theorem ??) we see that also in the genuinely random case (i.e., when
AB # 1) 0()) is a continuous function everywhere.

On the other hand, by reflection invariance, we note that if a; # 0 then o(\) cannot
have first derivative in A = 0 and in particular cannot be an analytic function. In fact,
02(\) = o%(—\) implies that the right derivative of 02 in 0 is equal to the opposite of
the left derivative. Hence, if the first derivative in 0 exists, it has to be equal to 0, that
is, we should have a; = 0. Let us prove that this never happens for genuinely random
conductances. a; is equal, up to a positive multiplicative constant, to 2(A?D + B%C) —
5A4%2B? + AB. This quantity can be rewritten, after elementary manipulations, as

2(A*D + B*C) — 5A’B? + AB = 2(Var(A/cy) + Var(Beg)) + AB — A*B?.

We notice that AB — A2B? is equal to Cov(A/co, Bcg) and that it is a negative quantity,
since by Schwarz inequality 1 = E[\/co(v/cy) ™% < E[co]E[c, '] = AB (the strict inequality
follows from the non-degeneracy of the random variable ¢g). Using the fact that Var(X)+
Var(Y) = Var(X +Y) — 2Cov(X,Y), we obtain

2(A?D + B2C) — 5A?B? + AB = 2Var(A/c + Beo) — 3Cov(A/cy, Bey) > 0,

so that a1 > 0.

This fact also shows that, in the case of genuinely random conductances, o?(\) is strictly
increasing for small A > 0 and hence it is non-monotonic on [0, +00) (notice that in every
case 02(\) — 0 as A — o0). By symmetry, 02()\) is non-monotonic also on (—o00,0]. O

8. DISCUSSION OF EXAMPLE 77

We recall that A > 0 and v > 2 (for most of the arguments below one can take v > 1
but at the end it is necessary to take v > 2). Moreover, we have set r(k,k — 1) := A for
all k € Z and we have introduced 7 = (7 )rez, which is a renewal point process on Z with
7o =0 and, for k # 0, P(Tx41 — 7x > j) = 1/j7 for any j € N;.

We write 7 = (7 )kez for the renewal point process given by the Z-stationary version
of 7. More precisely, numbering the points of 7 in increasing order with 7p < 0 < 71, 7 is
characterized as follows: (i) the law of 7 is left invariant by integer shifts; (ii) the random
variables (7,41 — 7; : i € Z) are independent and (iii) the random variables (7,41 — 7 : i €
Z\ {0}) have the same law of 71. Such a renewal point process exists since E[71] < oo (see
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[?] and [?, Appendix C]). Due to the above properties (ii) and (iii) it is trivial to build the
renewal point process 7 once the joint law of (79, 71) is determined. This last joint law can
be recovered from the basic identity given by [?, Eq. (C.3)]. Since in what follows we only
need the law of 71 we explain how to get it. Taking [?, Eq. (C.3)] with test function f =1,
one gets that P(0 € 7) = 1/E[71]. Let us now take a positive integer m and, given a subset
€ C 7, we define f(§) =1 if m is the smallest element in £ N [1, +00), otherwise f(£) = 0.
Then applying [?, Eq. (C.3)] to such a test function f and using that P(0 € 7) = 1/E[7],
we get

—
P(r =m) =P(0 € T)P(f1 >m) =,  meN,. (50)
E[7]
From the above formula we have
egmtY < P(r; >m) < com!~7, m € N .

We recall our definition of the jump rates. For k € Z, we define

1 ifkér,
Zy = 1 . ¢
5 ifker,
r(k,k — r(k,k—
and set r(—k, —k + 1) = 1/Z), w; == r(k,k—(l)—i—:*r(lk),k—&—l) and wy, = r(k,k—(1)+r(1k),k+1)' Hence,

_ r(=k,—k-1)
P—k = 7(Ck,—k+1)
Assumption 77.

Thanks to Lemma 7?7 we can now calculate

= AZ, (recall that r(-,- — 1) = A). By construction, the model satisfies

B[S\ =142 E[Zy--- Z] (Ae™ )+ (51)
i=0
We claim that
E[Zy--- Zn) = n'77HeM) (52)

In fact, on the one hand it holds
E[Zo- - Zn) > E[Z1 -+ Zylrsn] /2 = P(11 > 1) /2 > (c1/2)(n+ 1)1 77 = nt7 700 (53)
On the other hand, we take A(n) := [(y — 1) logy n| and we write
E(Zo - Znl = ElZo- Zulry ) + ElZo - Zulir, o omy] - (54)
Notice that under the event {74,y < n} we have that
Zo- - Ty < 274 <17 (55)

The event {74(,) > n}, instead, implies that the sum of the A(n) addenda 71, 75 — 71,
T3 = T2ye-s TA(n) — TA(n)—1 18 larger than n. In particular, at least one of the above addenda
is larger than n/A(n). Since in any case Zy - - - Z, < 1, we can bound

A(n)
E[Zo- Znlir, o)) SP(Tam >n) <P(r>n/An) + Y P(r; — 71 > n/A(n))
j=2
< ea(n/A(n))' 77 + A(n)(n/A(n)) 7 = ntTrFoM) (56)

As a byproduct of (??), (??) and (??) we conclude that E[Zy--- Z,] < n'~7+t°(), The
above result and (??) imply our claim (?7).

Now we take 7 > 2, so that the series Y 0° | n'=7+°(1) is summable. By (??) and (??)
we see that E[S(\)] < +oo for all A > Ay = Llog A, while E[S(A\)] = 400 for A < Aj.
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It follows that vx(A) > 0 for A > A4, while vx(\) < 0 for A < A4, that is, vy has a
discontinuity in AL. We also observe that A_ is finite and A_ < A,. In fact, by Proposition
?? and Lemma ??, we have that vx(\) < 0 iff E[F(\)] = 14+23 2 Elpy ' - - - p; e+
is finite. By Jensen’s inequality we can bound

E[pal . p;l] _ A_i_lE[Z(;l . Zill] _ A—i—lEpN(i)] > A—i—IQE[N(i)] > A~ 1ga
where N (i) := #{7N{0,1,...,i}} and ¢ > 0 is a constant that only depends on 7 (here

we are using the fact that N ( ))/i — 1/E[#] almost surely). Therefore E[F(\)] = +oo if
2¢e?* /A > 1 and in particular A\_ < Ay — ¢ 5 log 2.

9. DISCUSSION OF EXAMPLE 77

It is not hard to show that this environment satisfies Assumptions ?? and ?? (for the
latter, observe that the reflection of the Heads case has the same distribution of the Tails
case, and vice versa).

Let us first suppose that we have heads. Then for each m € Z we get

A,
P2m+1P2m+2 =
am
As a consequence, we have for ¢ > 1

1 if ¢ is even,

p1p2 - Pi = pZ:Ti:g le:2]+1
f j

Hence for Heads we would have

e %) 0o —
Zplp? e pem 2N = Zefw I Z % 0—2M2j+1) (57)
=1 J=1 J

— o
a,. a
P2mpP2m~+1 = %7711 =1.
G Gy
As a consequence, we have for ¢ > 1
- - + _
Ty T ag 4, ep - .
pipi= =t ifi=2j,
pip2-pi = a+1 ' ° JPS
pr =2 if 7 is odd.
R0
Hence for tails we would have
00 ) a+ _
—2Xi 0% o 4N 0 e 2A(2j+1
E p1p2 - - pi€ ZZE — e ]‘f' @+1), (58)
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Since r4 = a_; for Heads and r§ = ag for Tails, from (??) and (??) we get

BISOV] = B[ 1+Zp1pz pe)]

-

= 62 1/a 1+ 26—4/\3 4+ ZE —2,\(2j+1))

—i——)\(l/an +ZE1/%][ - /at] 4M+ZE [1/ag]e 22+

8

B(1+ Z e™N 4 AB Z e AR 2 —B(1+AB Ze*“ﬂ +) e PEH),

j=1 j=0
(59)
Hence Ay = 0 (which by reflection invariance implies that also A_ = 0) and, for A > 0,
E[S(\)] = _ Bt (2+eMAB+1)+e *(AB - 1)) (60)
2(1 — e '
From (77?) we finally get
2(1 —e™Y)

v(A) = A>0. (61)

24 e MAB+1) +eNAB-1))’ -

By Taylor expansion of (? ) since 24+e 2 (AB+1) +e N AB—1) =2(1+AB—3\AB+
A)+o()), and since (1 +2z)~! =1 — 2+ o(x) we have
A\ — 8X2 + 0(\2)
v(d) = 1348
B(1=A+0oN)(1+AB)(1+ 545 A +0(N))

(62)
_ (A8 +0(W))(1+ A +0(N)(1 — FHF A+ 0(V)
B(1+ AB) ’
The above equation implies that
4 —8+4— 412348
v(A) = A+ LEAB N2 1 o(N?)
B(1+ AB) B(1 +AB) (63)
4 AB —
= A A2 +o(N?).
B+ 4B) ' °B (1+AB)2 +o(\%)
We then conclude that (‘f\tAv( )= 16%
From this expression, the second right derivative in A = 0 is null if and only if AB =1,

that is, when ag is almost surely a constant. In all the other cases, the right second

derivative in A = 0 is different from 0. Since this model satisfies Assumption 1, this
conclusion is absurd by Proposition ?7.

APPENDIX A. A RESULT ON ANALYTIC FUNCTIONS

Lemma A.1. Let a,b, c be positive numbers with a < b and let (an)n>0 be a sequence such
that S°°°  lan|e™ " < oo for any A € (a,b). Then the function f(\) := 300, ane™ " is
well defined and analytic for X € (a,b).
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Proof. The function f(\) is well defined since by hypothesis the series is absolutely conver-
gent. To prove analiticity we apply the Theorem of Pringsheim-Boas (cf. [?, Thm. 3.1.1]).
To this aim we first need to show that f is C* on (a,b). This follows easily from the
dominated convergence theorem, which also implies that f(*), the k*'—derivative of f, has
the form

FOO) = ane= M (—en)t,
n=0

where the series in the r.h.s. is absolutely convergent.

Defining g(\) := limsup,_,, |f*¥)(N\)/E!|'/*, we need to show that for any Ao € (a,b)
g(A) is bounded from above uniformly as A varies in a neighbourhood of \g. Then the
Theorem of Pringsheim-Boas would imply the analiticity of f. To upper bound g we use

k cne
that (CZ!) < & for € > 0 to estimate

D I D
By hypothesis h(A —¢) is finite if A —¢ € (a,b). We now take A such that |A — Ag| <&/10
where ¢ is defined as half of the distance between \g and {a,b}. Then both A and A — ¢
are in (a,b) and by (??) we get that g(\) < 1/e. O

n—

APPENDIX B. PROOF OF PROPOSITION 77

We follow the proof of [?, Theorem 2.1.9] and adapt the arguments to the continu-
ous time case. As already mentioned, the main difference lies in the proof of the result
analogous to [?, Lemma 2.1.17], where new phenomena have to be controlled.

We denote by 6 the shift on the space © of environments. In particular, we have
(08)q := &1 = (151,77 ,1). For n € Z, we introduce the hitting times

Tp = To(€, ) :=inf{t >0 : Y =n}, (65)
with the convention that the infimum of an empty set is +o0o0. We also set 79 = 0 and
Tn = Tn(&,N) =T, — T forn>1,
Ten=T_n—T_n11 forn>1.
Asin [?, Lemma 2.1.10], one can prove that if limsup,_, Yf’)‘ = +o00 almost surely, then

the sequence {7;};>1 is stationary and ergodic. The idea is then to apply the ergodic
theorem to the sequence {7;};>1. We prove the equivalent of [?, Lemma 2.1.12]:

Lemma B.1. We have that
(@) E[ESn]] =E[S\)],
(b)  E[ESM7a)] = E[F(V)].

Proof. We just show (a), since (b) can be proved in an identical way. For each environment
¢ we have

L
rg (A +rg(A) g (A) 1 (V)

We now assume that Eg’)‘[ﬁ] is finite. Manipulating (??) we obtain

ES ] = (B "N m] + E©A[n]). (66)

E§*m] = +po(NE] m), (67)

1
g (M)
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-1
so that also Eg g’)‘[7'1] must be finite and by iteration we get, for any integer m > 0,

1 1 1
T TRV TR
(NP=1 (V) - pems1(N) + po(N)p—1(N) - peNEG ]

(63)

B [n] = po(N)p—1(A) + -+

1
T

By positivity of all the summands, we deduce, for all environrnents ¢ for which Eg’/\[ﬁ]

is finite and for all m € N, that Eg’)‘[ﬁ] > Ta,l()\) + ( )po()\)pfl()\) e pemt1(A).

Letting m — oo we obtain that ES”\[Tl] > S()\) whenever Eg’ [11] is finite and therefore
E[ES*[1]] > E[S(A)]. This already shows that (a) holds if E[S(\)] = +oc.

Conversely, let us suppose that E[S())] is finite. We claim that Eg’)‘[ﬁ] < S()), which
would complete the proof of the lemma thanks to the complementary bound proved above.
Similarly to (??) we obtain

1 )
g N 710 (N) g () +rg (V)

Hence, the equivalent of (?7) now reads

-1
E5 [nlin<an) < (Bo “miln<an] + EOMNmli <an)) -

1 -1
E§ <] < +po(NE) N rlin<an]-
"o (>\)
As in (?7) we iterate this relation and bound
ESM il <an) < 8O + Po(/\)P—l()\) . p_mu)M, ¥m € N. (69)

Since we assumed that E[S(\)] = E[ ( ) ( ),00()\) + o= ( )po()\)p_l()\) +...] < oo,

we must have that, P-a.s., limy, 00 — ( )po(A)p,l()\) oo p—m+1(A) = 0. We fix now an

€ > 0 small enough. By ergodicity, for almost every £ there exists a £—dependent infinite
sequence my < mg < m3 < ... such that r¥ (X\) > e. But this, together with the
previous observation, implies that also limy_,o po(A)p—1(A) ... p—m,+1(A) = 0 for P-a.e. €.
In particular, rewriting (??) as ES’A[TI]I{TISM}] < SN + poN)p_1(N) ... p_m, (MM and
sending k£ — oo, we have ES’A[’HH{TIS my] < S(\) for almost every ¢. Finally, we let
M — oo and use dominated convergence to obtain the claim. O

We are finally ready to conclude the proof of Proposition ??7. We prove the continuous
version of [?, Lemma 2.1.17], which will require some work. We can build the random
walk Yf”\ as follows. The environment {ri()\)},ez is defined as usual on a probability
space with law P. We introduce a sequence v = (V5 )n>0 of i.i.d. uniform random variables
with value on [0,1] and another sequence W := (W),),>0 of i.i.d. exponential random
variables with mean 1, both defined on some other probability space with probability @
and independent of each other. On the product space with probability P ® @) we define
the following objects (in what follows, when we write “a.s.”, we mean “P® @ —a.s.”). We
iteratively define Xy := 0 and

Xnt1:=Xn + 1Ly < w}n()\)) —1(y, > w}n()\)) .

We also define W, := (r}n A+ r}n()\))_IWn. Note that W, is an exponential variable
of parameter r}n()\) + 1y (A). Weset Uy := 0 and U,, := Wo + Wi + - + W,y for
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n > 1. Take ¢y > 0 such that r§(\) + ry (A) < co with positive probability. By [?,
Thm. 2.1.2] the random walk (X,,),>0 explores a.s. at least one half-line of Z. In particular,
it will visit infinitely many points = such that 7} (\) + 7, (A) < co. It then follows that
lim,_yoo Uy, = +00 a.s. Therefore we can define a.s. for all ¢ > 0 the state Yf’)‘ as
Yf”\ := X,(¢) where n(t) is the unique integer such that Uy, <t < Ups)41-

Claim B.2. It holds

‘ yti,/\ 1
lim sup < a.s.

tooo b T E[S(N)]

Proof of Claim ?7. Since Yf”\ is a random—time change of the associated jump process X,
by [?, Thm. 2.1.2] we have that either lim;_, Yté’)‘ = —o0 a.s., or limsup,_, Yf’A = +o0
a.s. In the first case we have nothing to prove since lim;_, Yf’)‘ /t <0 a.s. Hence we can
suppose that lim sup,_, YtE’A = +00.

Given t we call k(t) the unique integer such that Ty, <t < T4 (recall definition
(77)). Equivalently, k(t) = sup{Y&* : 0 < s < t}. Since limsup;_,., Yf”\ = 400 a.s., we
have that lim;_,~ k(t) = 400 a.s. As in [?], we combine Lemma ?? with the ergodicity of
the sequence {7;}i>1 to obtain

T "o .
lim 1% = iy 2=l T o, E[ES ) = E[S(V)] =t o as.
n—oo N n—oo n

As a consequence, lim, o n/T, = 1/a a.s. Since lim;_, o k(t) = 400 a.s., we have that
limy 00 k(t)/Ty(y) = 1/ a.s. By definition of k(t) we have Yf’A < k(t), so that

v kt) 1
lim sup —-— < lim sup ®) = — a.s.
t—00 t—00 E(t) o
This concludes the proof of our claim. O

Note that by similar arguments one can prove that lim inf;_, Yf’)‘/t > —1/E[F()\)] a.s.
In particular, if E[S(\)] = oo and E[F(\)] = co, then we have that lim;_,s Yf’)‘/t =0a.s.
This concludes the proof of Proposition ?7—(c).

Claim B.3. If a := E[S()\)] € (0,0), then

vEr 1
liminf —4+— > = a.s.
t—00 t o

We point out that Claim ?? together with Claim ?? gives Proposition ??7—(a). By
similar arguments we can also get Proposition ??—(b) and the proof of Proposition ?? is
concluded.

Proof of Claim ?7. Recall the arguments and definitions in the proof of Claim ??7. By
Lemma ??7—(a) 71 is finite a.s. By iteration one gets that T),, = 74 + - - - + 73, is finite a.s.
(recall (?7)). As a consequence limsup,_, . Yf’)‘ = +o0 and limy, o0 k(t) = +o0 a.s.
Given ¢ € N call my := inf{Yf’)‘ : Ty < s < Tys1}. Note that m, depends only on £ and
~v. We have
My(e) < inf{y5* Thp <s <t} < Yf’)‘.

To conclude, since k(t) — oo a.s., we would only need to show that, fixed € > 0, it holds
a.s.. my > £ — 2ef for each £ large enough. Indeed, this fact would imply that, for any
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fixed € > 0, a.s. Yf’)‘ > k(t) — 2ek(t) for ¢ large. Hence,

vi k(t k(t 1-2
lim inf ~-— > lim inf(1 — QE)Q > liminf(1 — 2¢) ®) = < a.s.
t—00 t—00 t t—00 Tk(t)+1 o
Thanks to the arbitrariness of € we would get the thesis.
It remains therefore to prove that
limsup 1(my < ¢ —2el) =0 a.s. (70)

f—r00

Take M > 0 so large that P(rg (\) + 75 (\) < M) > 1 —¢/2. By the ergodic theorem

lim ~ Z L(rF (V) + 17 (A) < M) = P(rg () + 75 (A) < M) > 1 — g P-a.s.

As a consequence, for P-a.e. £ (let us say for all £ € A) there exists £y(£) such that
¢
DUETN +r; (NS M) = L1—e) V= L(E).
j=1

This implies that #{j € [{ —2e(,¢{] NN : r;r()\) + 7 (A) < M} > el for all £ > lo(€).
Suppose to know ¢ (with £ € A), v, that my < £ — 2ef and that £ > ¢p(§). Then the
time that the continuous time random walk needs to reach ¢ — 2ef after visiting for the
first time ¢ is stochastically dominated from below by the sum of ¢ i.i.d. exponential
random variables with mean 1/M. Let Ay, Ay, ... be i.i.d. exponential random variables
with mean 1/M. Then, fixed § > 0 such that §/e < 1/M, by Cramér theorem we have

4 l
P(;Aj < ot) :P(;;Aj <ofe) s Wz

for suitable constants ¢,£; > 0. This bound combined with the stochastic domination
implies that

P® Q(Tﬁ-‘rl < ol | fa 7) < e—ca‘( )
on the event Ey(§,7) :={{ € A, my <l —2el, 0> ly(§) V ¢1}. Hence,

P®Q({re41 < 00} NEy(§,7)) < e ™.

By the Borel-Cantelli lemma we get that there exists a random integer L such that, for
¢ > L, the event {mp41 < 00} N Ep(€,y) does not take place. With more elegance, we can
write

limsup 1 ({741 < 60} N Ey(€,7)) =0 a.s.

£—00
which implies that
limsup 1 (741 < 0, my < 0 —2el) =0 a.s. (71)
{—00
Now observe that, by Lemma ?? and the discussion preceding it, 7;/¢ — 1/« a.s., so that
Tei1/0 — 1/ as., too. As a consequence, Ty+1/l = (Ty41/4) — (Ty/¢) — 0 a.s. It then
follows that
lim 1(7p41 > 0) =0 a.s. (72)
{—00

Since
T(my < € —2el) < A(my < —2el, Tp11 < 00) + 1(7941 > 00),
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as a byproduct of (??) and (??) we conclude that limsup,_,.  1(m; < £ —2el) = 0 a.s.
This concludes the proof of (?77?). O

APPENDIX C. PROOF OF THEOREM 7?7

The proof of the CLT is the same as in [?] with two exceptions: The different o-algebra
for condition (??) and the unique step in [?] where (??) is used.

We start from the first issue. Call F, the o-algebra generated by (0°S(\));<g. In the
proof of Theorem 2.2.1 in [?] one only needs inequality (??) with G_,, replaced by F_,.
This is indeed automatically satisfied when (?7) holds since F C Gi and therefore, for
each random variable Z,

E[B[Z| 7?| = E[B[E(Z |G | 7i)*] < E[E[EIZ| 642 | 7] | = E[E[Z | Guf?]

where we have used Schwarz inequality.

We move to the second issue. As in [?], we set f(z,n,w) = & — vx(A)n + h(z,w),
h(0,w) := 0, A(z,w) := h(z + 1,w) — h(z,w), Alr,w) = =1 +vx(A\)S\)[0*w], M}, :=
f(X;:’)‘,n,w), My := 0. Then, (??) is used in [?] to derive Eq. (2.2.8) there, and in par-
ticular that for P-a.a. w the rescaled martingale M, /\/n weakly converges to N'(0,03()\))
under Py’ A, Hence, we need to show that (?7?) suffices to this task. To this aim, in what
follows we write Poi‘ for the law on the path space QN of the environment viewed from the
walker when the latter starts at the origin in the environment w. E} will denote the asso-

ciated expectation. We set @ := (wg)ken and wy, = AW By working with the law P2

we think of X;:”\ as an additive functional of @. Since moreover Q@ is mutually absolutely
continuous w.r.t. P, we only need to prove that for Qy-a.a. w the martingale M, /\/n
weakly converges to N'(0,0%(\)) under P). This is indeed the same approach used in [?],
restated with our notation. As there, we apply [?, Lemma 2.2.4] with Zj defined as the
martingale difference Zj, := M), — Mj_; and Fj, given by the o—algebra generated by @y,
W1,...,0E. By straightforward computations we get

Zr = ox(WNL(XP = X2+ 1) (SN [@e] — 1)
—ox(NL(XPA = X2 = 1) (07 S\ [@] + 1) .

Tx

(73)

The verification, for Qy—a.a. w, of Condition (a) in [?, Lemma 2.2.4] is as in [?]. The
core is to check, for Qy—a.a. w, Condition (b) in [?, Lemma 2.2.4] using only (??) instead of
(7?). We recall that in our context Condition (b) states that = >} | E (22 0(| Zjga| >
5\/5)] converges to 0 as n — oo, given d > 0. By Markov’s inequality, we only need to
show that

S L
Tim n Qn;Eg[\ZkH\“E] =0. (74)
=1

Due to (??), E) [Z,f_tﬂ = ox(N)*E}[fi1(wr) + fo(wr)], where fi(w) = (S(A\)[w] —
1)2+€w§()\) and fo(w) := (671S(\)[w] + 1)2+Ew0_()\). Due to (??) the nonnegative func-

tions f1, fo are in L'(Q,). Hence, we get (??) for Qy-a.a. w by Lemma ?? below.

Lemma C.1. Given a nonnegative function f € L'(Qy), for Qy—a.a. w it holds

lim 05~ > B[ f(@)] =0. (75)
k=1

n—00 n
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Proof. We fix positive numbers «,y such that v < £/2 and ay > 1. We define A,, as
Ayi={weQ: B[R] >0}, Fu@) = _1Zf
By Markov’s inequality we have

Q(4n) < 0B, B[R] | = n 7Bl guer) (76)

Due to [?, Corollary 2.1.25] the measure Q) ® P2 on QF is stationary and ergodic (w.r.t.
time-shifts), hence by the L'-Birkhoff ergodic theorem F}, converges to Eq, [f] in L'(Q\®
P2) (here we use that f € L'(Q,)). This automatically implies the convergence of the
L'-norms. As a byproduct with (??) we get that Q) (4,) < Cn~" for some n-independent
positive constant C. Setting now n; := j¢, since ay > 1 and therefore ZOO 1 n*7 < 00,
by Borel-Cantelli lemma we conclude that for Qy\—a.a. w it holds w ¢ A, for j > Jo(w).
Hence, for Qy-a.a. w, it holds E)N[F), i< n7 for j > jo(w). Take such an env1r0nment w
and take n > n;) (). Then there ex1sts Jj>= ]0( ) such that j¢ =n; <n <nj = (G+1)%
Using that f 2 0, for some n—independent constant C’ > 0 we can bound

1+~
A Tj+1 a j+1 "1
EG[Fa] < = =EG[Fuj] < ; nlg Snl—m <Y (77)
J J n]
Since v < €/2 and n_%% S EX[f(wr)] = n~%F, (@), we get the thesis. O

APPENDIX D. PROOF OF THEOREM 77

Assumption ?7? is satisfied due to Remark ??7. As already observed, since the conduc-
tances are i.i.d., also Assumption ?? is satisfied, i.e. the environment is invariant under
reflection. As a consequence, the law of (X}, ’)\)nzo under P @ Py A equals the law of
(= X% M) nz0 under P ® PS”_’\. In particular, it holds vx(—\) = —vx () and, if the an-
nealed CLT (??) holds for A > 0, then the same formula (??) holds by replacing A with
—\ and taking 02(—\) := o%(\). It remains therefore to prove the annealed CLT and
identity (??) for A > 0. From now on we restrict to A > 0. To get the annealed CLT,
due to Theorem ?7 and since E[S()\)] < oo, we only need to verify Assumption ?? with
G being the o-algebra generated by (p; : ¢ < k). To this aim we first observe that, since

Ci—1

p; = =, we have
’L
c_ c
Lo- 0 _
U — 2: i— 2A(i4+1) and V= 2 : 2Xi
— C’L
=0 =1

Leti > 0and j > 1. Since pg - -+ p—; = c—i—1/co and p1 - - - pj = co/c;, we have the identities
Bt = Bl [1/2%] and E[p2* - 1201 3] = Bl JE[L/cb*|E[L/co]
and E[p---p2.] = E[]E[1/c3]. Tr1V1ally, [UQ] < o0. By Propositions ?? and 77,
Assumption 77 is therefore verified.
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To compute o2(\) we observe that

o—2)
E[U] =E[V] = AB——5;
IE[U2] = DE[ZCQ_i_le—4,\(z‘+1) + Z Ciiilcijile—Z)\(i—i-l)e—2)\(j+1):|

i=0 i =0

e_4>‘ e—4)\ e_4>\

=CD—— A2D( _ )
C 1 — e 4 + (1—e2)2 (1-e
—4x 9p—6)

—oD—2 1 42D

1—e (1—e2M)(1—e*)
e—4/\
E =AB——
[VU] (1 _ 672)\)2
) , , e oA ) 966X
= BE[V/co]E =B ( A )
E[VU~] [V/eolE[(coU)?] oo C’l_e_4A + A=) (1)
From the above computations and (??) we get
4
2
0'1 ()\) - o— X
(1+24B{<25)3
CDe ™  2e75%(A%D + B2C) 4A2B2%e 8\ ABe 2 2ABe %

X 1— e—4)\ + (1 _ e—2>\)(1 _ e—4)\> + (1 _ 6_2)‘)2(1 _ e—4>\) + 1— 6—2)\ + (1 _ e—2>\)2
Equivalently, we have

4(e®* —1)3 CD 2(A2D + B2C)

2 _
o1(A) = (2> — 1+ 2AB)3 e — 1 + (e —1)(et - 1) (78)
2R

For 02()\) we need to calculate E[U0"U] for n > 1. We first take n > 2. In this case we
can write

n—2 o)
e Cn—j—1 _—2A(j+1) €0 ~22n Enmj=l =20(i+1)
E[U§ U]—IE[U; e }+E[Ucne }+E[U; e } -
= C1+Cy+ Cs.
The three terms are calculated as
n—2 —2)\ —2\ —2X\n
_ —2M\(+1) _ g2p2_© e " —¢
Cl—E[U]ABzge T =ATB 1—6_2)‘< 1—e 2 )
]:
_ 2 272 € —2)\n
e o
CQ = ABme

Oy = B2e—2AnE[Z;Cile—2A(z+1) ZO Cijile—2)\(j+1) _ BQe‘””T.
= Jj=
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In the case n =1 (??) is again valid with the convention that C := 0. On the other hand,
for n = 1, the expression in (?7?) is zero, hence the above formulas for C, Co, C5 are valid
also in the case n = 1. Hence we can calculate

—2\ —2\ 21 >
nyry 2\ _( _ a2p2  © e 2 E[U7] —2Xn
7;1 (EUe U] - E[UP?) = (- A%B ooy HABT o T B );e
: A2B2e~* ABe*A B2Ce= 62 2A%2B2%e—8

(1—e23)3 T (1— e V)2 - (I—e M) (1—e 2 - (1—e )21 —e )
On the other hand, by the above computations of E[U], E[U?], we have

674)\ 2A2Def6)\ 674)\

E[U?] - E[U)? = CDT——i + 0 e et AQBQW.
Due to the above identities and (?7) we have
2) 3 2 2 32
v(N)o3(N) :(62:1(—6 1+ 211)43)3 e‘gl—) 1 (e2) —23(22’\ -1) (ei i31)2
2A%B%e? 2AB 2B2C 4A2B?
o (€2 —1)3 T (e2X —1)2 - (e —1)(e2 — 1) - (€A —1)2(e* — 1)}

(81)

By (??), summing the expressions (??) and (??), we get 02(\) and in particular (??).
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