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CHOW GROUPS OF ZERO-CYCLES IN FIBRATIONS

OLIVIER WITTENBERG

(report on joint work with Yonatan Harpaz)

Let X be a smooth, proper, irreducible variety over a number field k. Denote by CHy(X) the
Chow group of zero-cycles up to rational equivalence, by Br(X) the cohomological Brauer group

of X, by Q2 =Q,UQ, the set of places of k, and let M= 1'£1n>1 M/nM for any abelian group M.
According to the reciprocity law of global class field theory, the local pairings
{—,—>, : CHy(X ®; k,) x Br(X ®, k,) = Br(k,) — Q/Z

for v € Q, characterised by the property that (P, a), is the local invariant of a(P) € Br(k,(P))
whenever P is a closed point of X ®,, k,, fit together in a complex

I CHy(X ®, k) > veal=D0

— CH X®
CHy(X ] ctolx e,k Ni, e, (CHo(X @, k,))

vEQ VEQ o

Hom(Br(X),Q/Z).

Conjecture (Colliot-Thélene [1], Kato and Saito [7, §7]). The above complex is exact for any
smooth, proper, irreducible variety X over k.

For rational surfaces, a more precise conjecture, which also predicts the kernel of the first map,
appears in [3]. Even the case of cubic surfaces over Q is widely open.

A notable consequence of the exactness of this complex would be that X possesses a zero-cycle
of degree 1 if and only if there exists a family (z,),cq of local zero-cycles of degree 1 whose image
in Hom(Br(X), Q/Z) vanishes.

Saito [9] proved the conjecture for curves, under the assumption that the divisible subgroup of
the Tate—Shafarevich group of the Jacobian is trivial. (When the curve has a rational point, this
assumption is in fact equivalent to the conjecture.) The aim of the talk was to discuss the following
fibration theorem and its proof.

Theorem. Let f: X — C be a dominant morphism with rationally connected (e.g., geometrically
unirational) generic fiber, where C' is a smooth, proper, irreducible curve with II1(k, Jac(C))qs, = 0.
If the smooth fibers of f satisfy the conjecture, then so does X.

The oldest instance of a fibration argument establishing a particular case of the above conjecture
is Hasse’s proof of the Hasse-Minkowski theorem for quadratic forms in four variables with rational
coefficients. It was based on Dirichlet’s theorem on primes in arithmetic progressions and on
the global reciprocity law. A delicate argument relying on the same two ingredients allowed
Salberger [10] to settle the conjecture for conic bundle surfaces over P}. His proof was later
generalised in various directions (see [5], [4], [2], [6], [11], [12], [8]). In all of these papers, Dirichlet’s
theorem on primes in arithmetic progressions for general number fields was used in the following
form: given a finite subset S C {2 and elements §, € k; for v € 5, there exists { € k* arbitrarily
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close to &, for v € S such that £ is a unit outside S except at a unique (unspecified) place vy, at which
it is a uniformiser. (Strictly speaking, when k is not totally imaginary, a more general statement
which incorporates approximation conditions at the real places, and which builds on results of
Waldschmidt in transcendence theory, needs to be used.) Given a finite abelian extension L/k from
which &, is a local norm for v € S and which is unramified outside .S, it then follows, in view of the
global reciprocity law, that £ is a local norm from L at v, too, and hence that v, splits in L.

The reciprocity argument we have just described fails when the extension L/k is not abelian.
This failure has led to severe restrictions on the fibrations to which the previous methods could
apply. In the proof of the above theorem, the following elementary lemma serves as a substitute
for Dirichlet’s theorem.

Lemma. Let L/k be a finite Galois extension. Let S be a finite set of places of k. For each v € S,
let &, € k. If €, is a local norm from L/k for each v € S, there exists £ € k* arbitrarily close to &,
forv e S, such that & is a unit outside S except at places which split in L.

Proof. Affine space minus any codimension 2 subset satisfies strong approximation off one place.
The lemma is a consequence of this fact applied to (R, /kAlL) \ D, where D denotes the singular
locus of the complement of the torus R/, G, in RL/kAlL. O

Another ingredient of the proof is an arithmetic duality theorem (obtained in [12, §5]) for a
variant of Rosenlicht’s relative Picard group, denoted Pic, (C), whose definition we briefly recall.
Let M C C be the set of points over which the fiber of f is singular. For each m € M, fix a
finite extension L,, /k(m). Then Pic, (C) is defined as the quotient of Div(C'\ M) by the subgroup
generated by the principal divisors div(h) such that for each m € M, the function h is invertible
at m and h(m) is a norm from L,,.

In the very simple situation of a fibration over P} with only two singular fibers, above 0 and oo,
each of which possesses an irreducible component of multiplicity 1, if we let L, = L., = L and if
we are given an adelic point (P,),cq € X (A},) supported outside of f~(M), it is easy to see that
the class of (f(P,)),cq belongs to the image of the diagonal map Pic, (C) — [],cq Pic, (C ®y k,)
if and only if there exists ¢ € k* such that ct, is a local norm from L for all v € Q, where t, € k,
denotes the coordinate of f(P,) € P!(k,). If this condition is satisfied, applying the lemma to
&, = ct, and setting t = £/c yields a point t € k* = G (k) C P(k) such that X,(A,) # &,
provided L and S were chosen large enough in the first place.

It is this argument, which bypasses any abelianness assumption, which forms the core of the
proof of the theorem.

REFERENCES

1. J.-L. Colliot-Théléne, L’arithmétique du groupe de Chow des zéro-cycles, J. Théor. Nombres Bordeaux 7 (1995),
no. 1, 51-73, Les Dix-huitiémes Journées Arithmétiques (Bordeaux, 1993).

, Principe local-global pour les zéro-cycles sur les surfaces réglées, J. Amer. Math. Soc. 13 (2000), no. 1,
101-127, avec un appendice de E. Frossard et V. Suresh.

3. J.-L. Colliot-Théléne and J.-J. Sansuc, On the Chow groups of certain rational surfaces: a sequel to a paper of
S. Bloch, Duke Math. J. 48 (1981), no. 2, 421-447.

4. J.-L. Colliot-Théléne, A. N. Skorobogatov, and Sir Peter Swinnerton-Dyer, Rational points and zero-cycles on
fibred varieties: Schinzel’s hypothesis and Salberger’s device, J. reine angew. Math. 495 (1998), 1-28.

5. J.-L. Colliot-Théléne and Sir Peter Swinnerton-Dyer, Hasse principle and weak approximation for pencils of
Severi-Brauer and similar varieties, J. reine angew. Math. 453 (1994), 49-112.

6. E. Frossard, Obstruction de Brauer-Manin pour les zéro-cycles sur des fibrations en variétés de Severi-Brauer,
J. reine angew. Math. 557 (2003), 81-101.




10.
11.

12.

CHOW GROUPS OF ZERO-CYCLES IN FIBRATIONS 3

. K. Kato and S. Saito, Global class field theory of arithmetic schemes, Applications of algebraic K-theory to
algebraic geometry and number theory, Part I (Boulder, Colo., 1983), Contemp. Math., vol. 55, Amer. Math.
Soc., Providence, RI, 1986, pp. 255-331.

. Y. Liang, Astuce de Salberger et zéro-cycles sur certaines fibrations, Int. Math. Res. Not. IMRN (2013), no. 3,
665—692.

. S. Saito, Some observations on motivic cohomology of arithmetic schemes, Invent. math. 98 (1989), no. 2,

371-404.

P. Salberger, Zero-cycles on rational surfaces over number fields, Invent. math. 91 (1988), no. 3, 505-524.

J. van Hamel, The Brauer-Manin obstruction for zero-cycles on Severi- Brauer fibrations over curves, J. London

Math. Soc. (2) 68 (2003), no. 2, 317-337.

O. Wittenberg, Zéro-cycles sur les fibrations au-dessus d’une courbe de genre quelconque, Duke Math. J. 161

(2012), no. 11, 2113-2166.

DEPARTEMENT DE MATHEMATIQUES ET APPLICATIONS, ECOLE NORMALE SUPERIEURE, 45 RUE D’ULM, 75230 PARIS

CEDEX 05, FRANCE

E-mail address: wittenberg@dma.ens.fr



