N
N

N

HAL

open science

ON THE RADIUS OF SPATIAL ANALYTICITY FOR
THE INVISCID BOUSSINESQ EQUATIONS

Feng Cheng, Chao-Jiang Xu

» To cite this version:

Feng Cheng, Chao-Jiang Xu. ON THE RADIUS OF SPATIAL ANALYTICITY FOR THE INVISCID
BOUSSINESQ EQUATIONS. 2019. hal-02373432

HAL Id: hal-02373432
https://hal.science/hal-02373432

Preprint submitted on 21 Nov 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02373432
https://hal.archives-ouvertes.fr

ON THE RADIUS OF SPATIAL ANALYTICITY FOR THE
INVISCID BOUSSINESQ EQUATIONS

FENG CHENG, CHAO-JIANG XU

ABSTRACT. In this paper, we study the problem of analyticity of smooth solu-
tions of the inviscid Boussinesq equations. If the initial datum is real-analytic,
the solution remains real-analytic on the existence interval. By an inductive
method we can obtain lower bounds on the radius of spatial analyticity of the
smooth solution.

1. INTRODUCTION

In this paper, we consider the following multi-dimensional invisicd Boussinesq
equation on the torus T¢,
O+ (u- Viu+ Vp = ey,
divu = 0,

u(z,0) = ug(z),0(z,0) = Op(x),

(1.1)

with divug = 0. Here, u = (u1,...,uq) is the velocity field, p the scalar pressure,
and 0 the scalar density. e; denotes the vertical unit vector (0,...,0,1). The
Boussinesq systems play an important role in geophysical fluids such as atmospheric
fronts and oceanic circulation (see, e.g., [15, 22, 24]). Moreover, the Boussinesq
systems are important for the study of the Rayleigh-Benard convection, see [10, 12].

Besides the physical importance, the invisicd Boussinesq equations can also be
viewed as simplified model compared with the Euler equation. In the case d = 2,
the 2D inviscid Boussinesq equations share some key features with the 3D Euler
equations such as the vortex stretching mechanism. It was also pointed out in [23]
that the 2D invisicid Boussinesq equations are identical to the Euler equations for
the 3D axisymmetric swirling flows outside the symmetric axis.

The inviscid Boussinesq equations have been studied by many authors through
the years, for instance [6, 7, 13, 15, 21, 26, 28, 30]. Specially, Chae and Nam [7]
studied local existence and uniqueness of the inviscid Boussinesq equation and some
blow-up criterion in the Sobolev space, Yuan [30] and Liu et al. [21] in the Besov
space, Chae and Kim [6] and Cui et al. [11] in the Holder spaces, Xiang and Yan [29]
in the Triebel-Lizorkin-Lorentz spaces. It was remarked that the global regularity
for the inviscid Boussinesq equations even in two dimensions is a challenging open
problem in mathematical fluid mechanics.
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In this paper, we are concerned with the analyticity of smooth solutions of the
inviscid Boussinesq equations (1.1). The analyticity of the solution for Euler equa-
tions in the space variables, for analytic initial data is an important issue, studied in
[1, 2, 3,4, 16, 17, 18]. In particular, Kukavica and Vicol [16] studied the analyticity
of solutions for the Euler equations and obtained that the radius of analyticity 7(t)
of any analytic solution (¢, z) has a lower bound

T(t) > C(1+1t)"2exp <_OO/0 IVu(s, ~)||Loods) (1.2)

for a constant Cyp > 0 depending on the dimension and C' > 0 depending on the
norm of the initial datum in some finite order Sobolev space. The same authors in
[17] obtained a better lower bound for 7(t) for the Euler equations in a half space
replacing (1 4+¢)72 by (1 +¢)~!in (1.2). In [9], we have investigated the Gevrey
analyticity of the smooth solution for the ideal MHD equations following the method
of [16]. The approach used in [16, 17, 18, 9] relies on the energy method in infinite
order Gevrey-Sobolev spaces. Recently, Cappiello and Nicola [5] developed a new
inductive method to simplify the proof of [16, 17]. In this paper, we shall apply
this inductive method to study the analyticity of smooth solution for the inviscid
Boussinesq equations. The main additional difficulty arise from the estimate of the
weak coupling term u - V6.

The paper is organized as follows. In Section 2, we will give some notations and
state our main results. In Section 3, we first recall some known results and then
give some lemmas which are needed to prove the main Theorem. In Section 4, we
finish the proof of Theorem 2.1.

2. NOTATIONS AND MAIN THEOREM

In this section we will give some notations and function spaces which will be
used throughout the following arguments. Throughout the paper, C' denotes a
generic constant which may vary from line to line. Since we work on the torus T¢
throughout the paper, we shall write the function space L? or H* to represnt the
functions that are squre integrable or squre integrable up to k-th derivative without
mentioning the domain T¢.

Let v = (v1,...,vq) be a vector function, we say that v € L? which means v; € L?

for each 1 <i < d. We denote the L* norm of v by [[v]|z2 = />, < g [vill3.- Let

p be a scalar function, we say the pare (v,p) € L? if v,p € L?2. We denote the L?
norm of the pare (v, p) to be

1w, p)llz2 = \/IIvliZ2 + ol 7

Denote (-,-) to be the inner product in L? either for vector function or scalar
function.

In [20], it is stated that a smooth function f is uniformly analytic in T¢ if there
exist M, 7 > 0 such that

o |of!
0% fllze < M o7, (2.1)
for all multi-indices @ = (a,...,aq) € N&, where |a| = a1 + ... + ag. The

supremum of the constant 7 > 0 in (2.1) is called the radius of the analyticity of f.
Notice that we can also replace the L norm with a Sobolev norm H*, k > 0.
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Let n > 0 be an integer and o, 8 € N¢ be multi-indices, then the sequence

n!
to(n+1)?
satisfies
a
> <B) Myo—pgMg)1+1 < Cla|Mq), (2.2)

B<a
for all multi-index o, 3 € N¢ and some universal constant C, for proof please refer
to [1].

With these notations, we can state our main results.

Theorem 2.1. Let k > % +1, (uo, 0) be analytic in T?, satisfying divug = 0 and
0% (uo, 00) | s < BA®Hal/(Ja| +1)?, a €N, (2.3)

for some B > 2||(uo,b0)| gze+1 and A > 1. Let (u(t,z),0(t,z)) be the corre-
sponding H* maximal solution of the inviscid Boussinesq equations (1.1), with the
initial datum (uo,6o). Then (u(t,x),0(t,x)) is analytic, and there exists constants
Co,C1 > 0, depending only on k and d, such that the radius of analyticity satisfying

T(t) > m exp <—C’0/O (1+[[Vu(s, )= + || VO(s, ')||Loo)ds) . (2.4)

Remark 2.1. In the case # = 0, Theorem 2.1 recovers the result of Kukavica and
Vicol [16] and Cappiello and Nicola [5] for the incompressible Euler equation.

Remark 2.2. When the dimension d = 2, the blow-up criterion proved by Chae
and Nam in [7] stated that the solution remains smooth up to T as long as
fOT IVO(-, 8)||Leds < oo. So, it will be very interesting if the quantity fot (1+
[Vu(:, s)||Le + [[VO(:, s)|| o )ds in the lower bound of the radius of analytic solu-
tion in (2.4) can be replaced by fg (IVO(-, s)|| Loods.

3. THE ESTIMATE OF THE SOBOLEV NORM

In order to prove the main Theorem 2.1, we recall the following results about the
local existence and uniqueness of HF*-solution of the inviscid Boussinesq equations
(1.1) which is a proposition in [27] for d = 3.

Theorem 3.1 (Wang-Xie, Proposition 1.2 of [27]). If (uo(z),00(z)) € H*(Q) and
uo(x) satisfies the divergence-free condition, then there exists To > 0 such that the
inviscid problem (1.1) admits a unique solution

(u,0) € C(0,To; H*(2)) N C*(0, To; H*()).

The domain considered in [27] is a boundaed domain with smooth boundary
conditions and this case can be naturally extended to periodic domain with periodic
boundary conditions. The proof is due to the argument in [8] and [19]. Since it is
standard, we omit the details here. When the dimension d = 2, Chae and Nam [7]
also proved the local existence and blow-up criterion.

In order to prove the main Theorem, we will need the following Lemma.

Lemma 3.2. Let d = 2,3, and k > %—l—l be fized. Let (u,0) € C(0,Ty; HY)
be the corresponding mazimal H*-solution of (1.1) with intial data (ug,8) € H*
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and ug satisfies the divergence-free condition and periodic boundary condition, then
VO<t< Tl,

I (ult, ), 0Ct, ) e < [l(uo, 00) || 2

X exp (CO/O (1+[[Vu(s, )| + || VO(s, -)|Loo)ds>,

where the constant Cy depending on the dimension and k.

(3.1)

Proof. Since the initial data (ug,fy) € H"* satisfies V - ug = 0 and the periodic
boundary conditions, the local existence of the H*-solution (u, 6) is already known.
We here only need to show the H* energy estimate (3.1).

Let o € N? satisfies 0 < |a| = a; + ag + ... + ag < k. We first apply the 9% on
both sides of the first equation of (1.1) and then take the L?-inner product with
0“u with both sides, which gives

1d

2 dt
where the pressure term (VO%p, du) = 0 is due to the fact u is divergence free and
the domain considered here is a periodic domain.

We then apply the 9% on both sides of the second equation of (1.1) and take the
L? inner product with 9“0 on both sides, which gives

1d
2 dt

Now adding (3.2) with (3.3) and taking summation over 0 < |a| < k, we can
obtain

1d

Hao‘uH%g + (0%(u - Vu), 0%) = (0%(0eq), 0%u), (3.2)

10%0]22 + (0%(u - VO),0%0) = 0. (3.3)

Sl 03 = 32 (0% (6ea). 0°)
0< o<k (3.4)
— ) (0%(u-Vu),0%) — Y (0%(u-V6),0%0).
0<|al<k 0<|a| <k
The Holder inequality implies that
| D (9%(Bea), 0%u)| < 116]]pre || v (3.5)

0<|a| <k
Notice that u is divergence free, by use of the Sobolev inequality which can be
found in [23] we can obtain
| Y (0%(u- V), 0u)| < OV e [l 3, (3.6)
0<]o|<k
where the constant C' depends on k and the dimension d. In the same way, we can
obtain

! Z (0%(u-V0),0%0)| < C(IIVullllull gr + VOl oo [ull zr) 16] g, (3.7)
0<|al<k

where the constant C' also depends on k and the space dimension d. Substituting
(3.5), (3.6) and (3.7) into (3.4), we obtain
1d
§%H(u,9)llfw < O([IVullpe + [V0]| o) [|(u, ) 7 + Cll (u, 0)|

< C(1+[|Vullzoe + VO] Lo ) | (u, 0) [,

(3.8)
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where C' is some constant depending on k,d. By the Gronwall inequality, (3.1) is
then proved. (I

Lemma 3.2 tells us that the solution for the inviscid Boussinesq equation has
the same Sobolev regularity as the initial data. In the following Lemma we will
show that if the initial data (ug,0y) € H” for arbitrary k > 3, there exists an
interval [0, 7] uniformly with respect to k such that the unique smooth solution
(u,0) € L>=([0,T]; H").

Lemma 3.3. Let (u,0) be the H3-solution of the inviscid Boussinesq equation (1.1)
on the time interval [0,T), with initial data (ug,00) € H3. Then for all k > 3, if
(uo,00) € HF, the corresponding solution (u,0) satisfies

(u,0) € L=([0,T], H*) for all k> 3.
Proof. We claim that for every 3 < m < k there exist a constant C,, such that

sup ||(u(55)59(75))”Hm < Cp.
0<s<T

For m = 3 the statement follows from our assumption. Take 4 < m < k and
suppose that the statement is true for m — 1, i. e.

sup H(u('us)ue('as))HHm*1 < Cm—l-
0<s<T

We take the H™ inner product of the first equation of (1.1) with u and take the

H™ inner product of the second equation of (1.1) with 6, which gives

1d

@) = Y (07 Oe). 0™)
0<|a|<m
= Y (0% Vu),0%) — Y (9%(u-V6),0°0).
0<]al<m 0<|al<m
For 4 < m < k, by (3.8) we obtain
d
il O)llam < C(1+IVullpe + V0] ) || (w, )|z,

where C' is a constant depending on m,d. Then the Gronwall inequality yields

[(u(, £),0C, )| m < [[(wo, B0) ||
X exp (C/O (1 +[[Vu(-, s)|[L= + [|VO(, s)|Loo)ds).

By Sobolev embedding inequality, we have
IVullze < C'|lullgs, [VO]L= < C'|0] g3,

(3.9)

for some constant C’. Then from (3.9) and the assumption, we have

1), 6Dl < a0, B0
< exp (c [+t +C'|e<-,s>|Hm>ds)

< |l (uo, 0)|| zrm exp <C(1 + 20’03)t>.
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So it easily follows that

sup ||(u(',8),9('78))||Hm < Cm,
0<s<T

which proves the Lemma by induction. O

Remark 3.1. In Lemma 3.3, the uniform lifespan [0, 7] of the Sobolev solution
is independent of the Sobolev order k which allows us to take k& — oo. In other
words, if the initial datum (ug, 6p) is C*°, then solution (u(t,x),0(t,x)) is also C*°
for almost every t € [0,T].

4. PROOF OF THEOREM 2.1

In this Section, we will give the proof of the main theorem.

Proof of Theorem 2.1. By Lemma 3.3, we know that the solution (u, 6) is smooth,
since (ug,0p) is. Now we claim that for all o] = N > 2 we have

H (80‘11,(15, ')7 aae(tv ))
Miq

< exp (couv -0 [ 19 + |ve<s>||m>ds),

e 2BAN1(1 + €, Bt)N 2

(4.1)

where Cy, C; are positive constants depending only on k and d. We set

GO RICRNE
En[(u,0)(1)] = Sup, M :

To prove the claim, we proceed by induction on N. The result is true for N = 2 by
(3.1) with notice that k +2 < 2k + 1 and B > 2||(ug, 69)|| g2++1, A > 1. Hence, let
N > 3 and assume (4.1) holds for multi-indices « of length 2 < |a] < N — 1 and
prove it for |a| = N.

For |a| = N,|vy| < k, we first apply 97 on both sides of the first and the
second equation of (1.1) and then take the L2-inner product with 9“7y and 9*T76
respectivily, which gives

L 505 (4, 0)]2 + (0% (u - V), 0%V + (9% (u - V), 8%+70)

2 dt (4.2)
= (9°7 (Beq), 0° T u).

Denote Lw = L,w := u - Vw and
Ty = [0°1, Lju == 0°""(u- Vu) —u - VO* Ty,
Iy = [0*T7, L]0 := 0*T (u- V) —u - VO,
I3 = (0°T70)eq.

Taking summation with 0 < |y| < k in (4.2), we have by the Cauchy-Schwartz
inequality

%Ilaa(U(tw)ﬁ(tw))I\mS Yoo Tl + Y0 1Zellee + 107w, O)llax, (43)

0<|v|<k 0<|yI<k
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where we used the the standard argument in [pp. 47-48, [25]]. It remains to estimate
7: and Z,. Note that by the Leibniz rule, we can expand the expression of Z; as
follows

L=y <g) 97 (0° Pu - VPu)

p<a
— Z (a) Z (g) QO =0y, . W 9P Ty,
BLla ﬂ 0<n,

|B1+18[<|ex|+]v]

where the restriction |8|+]8| < |a|+|7| is due to the fact that (u-VO*T u, 0*T7u) =
0 because u is divergence free. By [5], we have

mhes X (5) X ()l vor,

BLa <,

[Bl+18]<]|al+]v]

S C{NMN|V’U,||L005N[(’U,, 9)] + NMNB2AN_1
<exp [ oV = 1) [ (14 99~ + V806 1+ a2,

We then follow the ideal of [5] to estimate Z. Similarly, we can expand Z, as

=Y (g) 87(0° Bu - voPe)

BLa
=2 (a> 2 (g> 9= BHI=8y, . v9htog. -
BLa p 9<y

|8l+18<lal+11
Then we divide the summation of the right of (4.4) into three parts
Iy =To1 + Lo + Lo,

where

1o = Z (g) Z (g) QBT =0y . vty

BLla <y,
0#£|8|<|a| -2 [B]+]6|<|e|+]v]

122 = Z <Z) Z (g) 877611, . Vaa+59
[6]=[~I-1

B=a

R

Bl=lal-1 N7/ 6=y

+ ﬂ; (g) 3 (g) 9 - V0,

6=0
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and

Tiz=Y. (Z) 3 (g) 970 . Voot

B=a [6]<lv|-2

50,5 (e

[Bl=le| -1 [8]<|v|-1

SIS

=0 60

Estimation of Zy;: With the fact that H* is an algbra if k& > % +1and |y| <k, we
have

||Igl||L2 < Z (g) Z (Z) H@O‘—B"‘V—‘su . V66+59HL2

BLla 6<7,
0#18<lal—2  |BIHI8I<lol+h] 45)
a 0% -
<o > (5 X ()l 9ol
<a s
0£lBI<lal—2  |BIHI8[<lad+ln]

Noting that 2 < |a— | < N —1and 2 < ||+ 1 < N — 1, the hypothesis (4.1) for
2 < |a| £ N — 1 indicates that

[0°7Pul| jp < Mo p2BAl P17

x exp [Co(la — B — 1)/0 (14 [IVu(s)l| g + [VO(5)l| o )ds] (1 + CLBE) P12

(4.6)
and

[V0%6] . < M12B47

‘ (4.7)
% exp [Co(|8) / (14 [ Vu(s)l| o + [V6(3)]| e )ds] (1 + €1 BEYIEI.

Substituting (4.6) and (4.7) into (4.5) and employing (2.2), we obtain

a p—
||I21||L2 SC Z ( )MagMﬁHlBQAN 1
BLla ﬂ
0#|8|< || -2
t
% exp [Co(N — 1) / (1+ [V | e + [VO(8)[| o )dis] (1 + C1 BN
0
<CNMyB2AN!

<exp [CoN = 1) [ (14 V(o) + I9805) ] )] 1+ €10
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Estimation of Zys: In a similar way, we rewrite Zao as

122 = Z (Z) Z <Z> 8’)[7611, . V3a+69
[6]=[~I-1

B=a
2 OEQ
[B]=]e|—1 o=~
[0 Yy o
+Z (ﬁ) Z (5>3 Ty - VO
B=0 5=0

= Ro1 + Ra3 + Ras.
For Ro1, we obtain

«
[Ra1lr2 < Z <a) Z (g)”@'y‘;u V0| 2
B=a

[6]=[~vI-1

o ol _ o 4.8
(0 = () revera, Y
B=a [6]=[v]—-1

< OVl o 1070]] g -

for some constant C' depending on k.
For Ra2, we have the following estimate

Ra2 < Z <g> Z (1) 0% Pu - VP10

1Bl=lal—1 o=y

v o 4.9
< ¥ (D)l voria,, ()

1Bl=lal-1 5=~
< CANMy || Vul 1 En[0].

Then for Ro3, we have

[Rasllr2 < Z (g) Z (g) 10T u - V0| 12
5=0

6=0
<Vl o [10%u| g -

(4.10)

Summing up the estimates of (4.8), (4.9) and (4.10), we obtain
| Z22ll 22 < C(IVullL=0%0] n + VO] o< |0%ul| o + AN My ||Vl L=En (0)).
Estimate of Zo3: We divide Zo3 as follows

Tos =Y <O‘> 3 <Z> 070w Ve

«
p=a 18] <|v|—-2

+ ) (g) 3 (V)aa—ﬁﬂ—ﬁu-vaﬂﬂe

181=lal—1 81<irl-1 N

EOZ(r e

—0 540
=Ra1 + Raz + Rss.



10 FENG CHENG, CHAO-JIANG XU

For R31, we have

@ - (63
||R31||L2 <C Z (a) Z (Zj) ||a’Y S - VO +69||L2

B=a [0]<]v[]—-2
< C07ul| L[| VOO0 2
< C07ul| g |0°0]| g
< C07° (u, 0)]| g+ 1|0 (w, 0) || s
t
< C”(UQ, 90)||H2k exp [CQ/ (1 + ||Vu||Loo + ||V6‘||Loo)d8} sup ||60¢*8j (’U,, H)HH’C
0

Jia;>1

t
< C||(uo, 0o)|| g2+ exp [Co/ L+ [IVullze + [ VO] )ds]
0
t
x My_1BAN % exp [Co(N — 2)/ (L4 [ Vul L + VO] L)ds] (1 + C1 Bt)N 3
0

t
< CMy_1B*AN "2 exp [Co(N — 1)/ (L+ ||Vl + VO] L= )ds] (1 + C1Bt)N 3,
0

(4.11)
where we used the fact |y — d| + k& < 2k in (4.11), the inductive hypothesis (4.1),

and the fact that B > ||(uo, 0p)|| g2r+1. For Ra2, we have

||R32||L2 < Z <g) Z (z) HaafﬁJr’)’f(;u . Vaﬁ+’79”L2

|8=lal -1 l81<lvl-1
< Jallj9* =P 0ul| 1o | VO8] 2
< Clafl|lo" ul g 070 e
< Clo |87 (u, 0) | 1+ 110 (u, 0) | 1

t
< CN Myl (o, 60) s expiCo [ (14 |V + [ V6]~
0
t
X BAY2exp [Co(N =2) [ (14 [Vul = + [ 98] =)ds] (14 1B
0

t
< CMy_1B*AY 2 exp [Co(N — 1)/ (L4 | Vul ze + || V0| )ds] (1 + C1 Bt)N 3.
0

(4.12)
For Rs3, in a similar way we have

||R33||L2 < Z (g) Z (g) ||606+’775u . Va59||L2
B

=0 640
< CJ|0%ul| i1 VOO

t
< CMy_1B*AY 2 exp [Co(N — 1)/ (14 [ Vul ze + [ V0| )ds] (1 + C1 Bt)N 3.
0
(4.13)
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Summing up (4.11),(4.12) and (4.13), we obtain
[ Z2]l 2 < CNMN([Vul ze + (VO] <) En((u, 0)]

t
+ ONMyB?AN " texp <CO(N - 1)/0 [1+[Vu(s)] oo + IVO()]] oo ]ds)

Combining the estimates 77 and Zo, we have from (4.3)

O < CON 1)1+ 1900 e + 1900 {0, 0)0)

+ CNAN1B? exp <CO(N - 1)/0 (14 |[Vu(s)| L= + |V9(s)||Loo)ds)

x (1+C1Bt)N 3,

(4.14)
where we used the Cauchy-Schwartz inequality and the fact % < % if N > 3 and
the constant C' > 0 depending only on the dimension d and k.

Now we integrate (4.14) from 0 to t and take the supremum on |a| = N. We
obtain

En[(u, 0) ()] < En|(uo, bo)]

+/0 CIN = DA+ [IVu®)]= + [VO@D)|[ =) En((u, 0)(s)]ds

t
+/ CNAN=1B?(14 C,Bs)N 73
0

X exp (CO(N -1) /08(1 + IVu(l)| L + |V9(€)||Loo)d€) ds.

(4.15)
We can take Cy > C' in (4.15), so that Grownwall inequality [Lemma 2.1 in [5]]
gives

Exl(1,0)(1)] < exp <CO(N Y / (1 + [ Vullz= + ||vo||Loo>ds)

x [En(u,0)(0)] + CNB?AN ! / t(1 + C1Bs)N3ds]

¢

<exp (Gl = 1) [ (14 [Tl + 98] )5 )

< el 00+ Fr—g

Note that we have Ex/[(u, 8)(0)] < BAY~1 by the assumption (2.3). If we choose
C1 = 3C, so that % =1, since A > 1, N > 3 we have

+ N

Ci(N —-2)

BANTY 1+ O Bt)N 2.

Enl(u,0)(0)] BAN_l(l + C1Bt)N_2

< [BANT! + gBAN‘l(l + C1Bt)N 7]

<2BANY(1+ O BN,
and we obtain exactly (4.1) for || = N. Then the theorem is proved.
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