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Abstract

We consider a fraud inspection problem where service providers are central to
the fraud generating process, either as the main protagonists or as colluding third
parties. Because interactions are repeated between the auditor (insurer, tax collec-
tor, environmental regulation agency, etc.) and auditees (doctors, tax preparers,
waste management subcontractors, etc.), auditing behaves as a learning mechanism
to separate the wheat (honest agents) from the chaff (defrauders). We analyze a
Bayesian inspector’s dynamic auditing problem in the face of fraud, and characterize
its optimal strategy as a strategic exploration/one-armed bandit one. The insurer
faces the well-known reinforcement learning exploration/exploitation trade-off be-
tween gathering information for higher future profits (exploration) and prioritizing
immediate profits (exploitation). We then derive optimal auditing strategies with
multiple auditees and capacity constraints as the solution to a k-armed bandit prob-
lem. We finally investigate the extents to which learning occurs under optimality

in terms of how much information is obtained and how quickly it is obtained.
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1 Introduction

When an auditor can monitor an auditee’s action at some cost, the auditing decision
comes down to balancing between investigation-generated gains and losses. These gains
and losses usually include the administrative costs of auditing, the proceeds from re-
covering undue payments in case of a fraud-revealing audit, and the profits drawn from
a deterrence effect when defrauders are threatened to be spotted. But another non-
immediate (and less scrutinized) motivation for monitoring may arise: information ac-
quisition. When auditees are heterogeneous and the auditor’s optimal action is not type-
constant, the latter could benefit from learning more about the auditee. For example, in
insurance, policyholders may differ in their propensity to defraud: it would be optimal
for the insurer to audit “low morality” types more since they defraud frequently enough
to amortize auditing costs, with significant deterrence effects. On the contrary, “high
morality” types usually submit invalid claims by mistake, rendering them impervious to
incentives, and unfrequently enough for net proceeds of auditing to be negative. While
this morality is not directly observable, the repeated fraud patterns may convey infor-
mation about the true type, provided an audit is conducted. This situation is obviously
not restricted to insurance fraud and is relevant to multiple settings where fraud and
auditing can take place. Tax evasion, environmental compliance and subcontractor fraud
all fall in its scope and share a common feature, that is the repeated character (annually,
monthly or even daily) of auditor-auditee interactions.! But an audit is costly, and gains
from uncertainty reduction may not be profitable. When are they then?

To answer this question, we consider a dynamic programming problem where a de-
cision maker (DM), the auditor, faces a non-strategic auditee who takes an action that
may be invalid. We willingly restrict the occurrence of fraud to a simple non-strategic
stochastic process in order to single out the information acquisition effect and exclude
the deterrence one. The DM can choose to inspect the auditee at each period and reveal

whether there was fraud. As a Bayesian, he acquires information by updating his belief

IThe frequency of interactions can also be explained by the existence of intermediaries who provide
services to several agents: e.g.,car repairers or heath service providers in insurance, tax preparers for tax
evasion



about the auditee’s type, conditionally on the outcome of the auditing decision. Our goal
is to understand if this learning opportunity alters the DM’s myopic optimal auditing
policy and how. In particular, we are interested in the role of the time horizon (finite or
infinite), the time preference and the efficiency of the information acquisition mechanism
in reducing uncertainty.

Our main result states that this learning opportunity induces the DM to extend the
inspection target set to some auditees whose immediate auditing proceeds are negative.
In other words, the DM faces a trade-off between not auditing to avoid losing money at
the expense of not learning anything, and auditing with a negative expected immediate
proceed while acquiring knowledge for more accurate future audits. The DM’s inter-
temporal strategy takes the shape of a cut-off in the belief space, whereby he audits
all agents above the threshold and ignores the ones below. With a finite-horizon, this
cut-off is increasing in time, implying that more exploration takes place early on in the
relationship: since the information acquired is about a time-invariant type, any informa-
tion obtained at a given period is useful for all remaining periods, and, the further the
horizon, the easier it is to amortize the one-time information acquisition cost. At the last
period, the threshold is the one-period myopic one and excludes auditees with negative
auditing proceeds. With an infinite horizon, the cut-off is unsurprisingly constant, lower
than the myopic/no-learning threshold, and corresponds to the limit of the finite-horizon
first period belief threshold when the total number of periods tends to infinity. As for the
time preference, a more patient DM will be willing to explore more to enjoy the future
information-generated additional profits. More importantly, when the DM is indifferent
between the present and the future, i.e., when the discount rate tends to one, total ex-
ploration takes place in the infinite horizon setting: all beliefs are audited, as it takes a
finite time and cost to reach a given level of belief precision, and an undiscounted infinite
number of periods are left to take optimal actions and amortize the initial finite cost.

The intuitive concept underlying this set of results is the classical Exploration versus
Exploitation dilemma: the DM must choose between playing his best option according

to his current knowledge at the risk of being mistaken, or diversify his actions early on to



refine his beliefs and take more accurate actions later on. This dilemma arises particularly
in Reinforcement Learning problems, in particular Bandit problems. We establish that
our dynamic programming problem is nothing but a Strategic Exploration/One-Armed
Bandit one, i.e. a bandit with a risky arm (auditing) and a safe arm (not auditing).
The value function is then analogous to the well-known Gittins index, which allows us to
extend our main result to the case of multiple auditees and capacity constraints. Another
interpretation of our problem, in line with the One-Armed Bandit approach, is that of an
optimal stopping problem: the cut-off threshold defines a stopping time as the moment
when the belief process crosses the threshold. In our fraud inspection problem, auditing
has the peculiarity of being both the learning action and the profit generating action.
Therefore, the DM’s cut-off decision comes down to a trade-off between stopping early
enough in case of a honest type (low stopping time/large threshold), and not excluding a
dishonest type in case of mistaken initial beliefs (large stopping time/low threshold). In
contrast to our approach, the classical setting is one where the learning action (e.g., atten-
tion allocation, price revelation) is chosen first, then the profit generating action (buying,
selling, etc.) is taken, and the DM’s decision is the stopping time, which consequently
never goes to infinity.

A second set of results elaborates on the specificity of the information acquisition pro-
cess and its implications in terms of optimal auditing. We start by answering the question
of when (in)complete/(in)adequate learning occurs, as defined by Easley & Kiefer (1988)
and Aghion et al. (1991), and show that the answer lies in the distribution of optimal
stopping times. Then, we focus on the efficiency of information gathering, i.e., the speed
of convergence of the belief process to the true state. To do so, we first exploit the
(sub/super)-martingale feature of the Bayesian belief process and focus on the Doob-
Meyer predictable component.

These features relate to several strands of the academic literature. Our approach
relies on the seminal work of Townsend (1979) and Gale & Hellwig (1985) on Costly

State Verification where a principal can costly reveal some hidden information before



taking the action. We extend the literature on optimal auditing® by characterizing the
scheme of optimal strategies under dynamic information acquisition in a multi-period
setting.® One important aspect through which our conclusions differ from previous ones
is that our cutoff is in a belief space rather than on monetary amounts associated to
fraud. Our main result bears a striking resemblance with that of Dionne et al. (2008)
as the auditor is induced to monitor auditees with negative expected payoff, although
for different reasons. For us, this is motivated by the perspective of future profits due
to sequential learning, while the motivation stems from a static deterrence effect in their
case. This dynamic aspect with information gathering links our work to the literature
on sequential experiments and optimal stopping, following the seminal papers by Wald
(1945) and Arrow et al. (1949). These optimal stopping problems are intrinsically related
to bandit ones* and our model is easily reinterpreted as a One-Armed Bandit problem,
bringing our work close to the literature on Bandits in economics (Bergemann & Valiméaki
(2008)) and on Reinforcement Learning (Sutton & Barto (1998)). More generally, it
relates to the literature on dynamic information acquisition by a decision maker, as in
Easley & Kiefer (1988) and Aghion et al. (1991).

The rest of the paper is organized as follows: Section 2 introduces the model. Section
3 characterizes the inter-temporal optimal auditing strategy and its interpretations in
terms of bandits and optimal stopping. Section 4 focuses on the extents to which learning
by auditing happens and its informativeness as a function of the problem’s parameters.

Section 5 concludes. All proofs are in the Appendix.

2 The Model

2.1 Setting

We consider a world inhabited by two protagonists: an auditor and an auditee. The

fundamental aspect of their interaction in this context is that it is repeated in time.

Zsee Picard (2013) for a comprehensive review.
3This work extends our previous analysis of the two-period case, see Aboutajdine & Picard (2018).
4see Ferguson (2004).



Practically, it relates to the fact that many interactions occur between an auditing party
and a service provider (SP). The SP can be the direct entity contractually related to
the auditor, such as subcontractors who are major suppliers of a client firm or public
institution. The SP can instead act as a third party to perform a commercial act and/or
certify actions, such as health service providers (dentists, opticians,etc.) or tax preparers.
Thirs party SPs handle therefore the cases of several policyholders of the same insurer
or of several taxpayers, thus the frequent interaction with the auditor.” Hereafter, we
restrict the auditee to be an SP, and use, for the sake of simplicity and without loss
of generality, the terminology of insurance fraud. The auditor becomes the insurer, the
auditee is an SP, and the SP’s action is to submit a claim.

The SP channels one and only one claim at each period with value 1, each claim being
either valid or invalid. The invalidity of a claim may result from honest mistakes or actual
ill-disposed voluntary intent to defraud. The probability of submitting invalid claims
depends on the SP’s intrinsic type, with the SP being either honest (type H, transmits
invalid claims only involuntarily) or dishonest (type D, transmits invalid claims both
voluntarily and involuntarily). Because of this, a D type is more prone to submitting
invalid claims than an H type, and we consider that he does so with probability pp, while
this probability is py for an H type, with py < pp. Hence, the SP is a non-strategic’
entity and his actions are represented by an exogenous Bernoulli process of parameter p;.

Types are time-invariant private information, unobservable to the insurer. But the
latter, based on his experience and his observations, has a subjective belief 7 that the
SP is of type D. In other words, the insurer attaches probability 7 to the fact that the
SP is of type D. An SP to whom the auditor assigns a prior 7 will therefore, from the
insurer’s point of view, submit an invalid claim with probability p(7) = (1 —7)pg + 7pp.
The insurer may audit a claim and reveal its true status, valid or invalid: when invalid,

the auditor gets back the illegitimate amount of 1. This decision is represented by the

We know for a fact that anti-fraud efforts in health insurance focus on service providers, as their
collaboration is a necessary condition for fraud to occur, and they may even defraud without the insureds
knowledge. The case of tax preparers is less obvious, but Boning et al. (2018) suggest that they can play
an important role in anti-fraud efforts.

6Reminder: this is important to isolate the information effect from the deterrence effect.



choice of an auditing strategy x € [0, 1], which is the probability with which the auditor
will investigate the claim submitted by the SP. Since the only information available to
the auditor is the prior, the auditing strategy is a function of .

It costs ¢ € (py,pp) to perform an audit, inducing a net proceed of 1 — ¢ when a
claim is found invalid, and —c when it is found valid. In expectation, the net proceed of
auditing an SP with prior 7 is p(7) — ¢. In particular, if the type was known, auditing a
dishonest SP would yield an expected net proceed of pp — ¢ > 0 while auditing an honest
one would yield py — ¢ < 0. This difference in the profitability of auditing between types
of SPs is what may motivate the insurer to acquire information.

Finally, interactions take place over an arbitrary number of periods 7' > 1.” Each
period is indexed by ¢t € {1,2,..,7} and the initial period ¢ = 1 is the beginning of the
insurer-SP relationship. The period 1 initial prior may be considered as initialized at
some arbitrary value (e.g. 0.5 if no relevant information is available) or based on some
other observable characteristics of the SP. The total number of periods over which the
interactions take place may be interpreted as the “lifespan” of an SP. For example, if an
insurer checks the channeled claims every month and a pharmacist works for 30 years (i.e.,
360 months), then T' = 360. Whenever necessary, the time-dependent variables of interest
will be indexed by both the period at which they are considered and the total number
of periods, i.e., by (¢t,T) € {1,..,T} x N*. Otherwise, we will restrain the indexation to

ted{l,.,T}.

2.2 Information Acquisition

Period ¢ audits also allow the insurer to update his beliefs at the beginning of period
t + 1. Depending on whether an audit has been performed and, if so, whether the claim

was valid or invalid (Val and Inv, respectively), posterior beliefs 7,41 are deduced from

"The model is now a generalization of the two-period model considered by Aboutajdine & Picard
(2018).



initial beliefs 7; through Bayes’ Law:

P(D|audit, Inv) = par(m) = g@:§>

Tir1 = § P(Dl|audit, Val) = @ay (1) = %, (1)

P(D|no audit) = pna(m) = m,

with

<PAV(7Tt) <mm < @AI(Wt)a (2)
90241 > 07 SOZH < 07
Oay >0, ¢y >0.

The updating mechanism is such that an invalid claim increases the belief that an SP is

Lo Updating functions for (pp, py)=(0.75,0.25)

O (TT)
0.8 — ¢NA(nt)
m— Qv(TT)

0.6 -

Mt4+1

0.4 -

0.2 -

0.0

0.0 0.2 0.4 0.6 0.8 1.0
Tt

Figure 1: Updating Functions
dishonest (w41 = pas(m) > m;) while a valid claim decreases it (w1 = @av(m) < ).

Either way, both cases imply that the insurer acquires information about the auditee’s

true type. On the contrary, not auditing leaves the beliefs unchanged since no relevant



information is obtained.
As the setting is dynamic, the evolution of beliefs in times constitutes a stochastic
belief process (m;) with a natural filtration F;, and, because it is governed by Bayes Law,

the process behaves as a martingale.
Lemma 1. The belief process (m;) is a martingale under the auditor’s probability measure
P

EIP’[ﬁ'tJrl’-Ft] = .

In addition, with some auditing (i.e. x > 0), under state of the world H (respectively
D) and the associated probability measures Py (resp. Pp), the belief process (m) is a
supermartingale (resp. a submartingale). With an infinite horizon, the process converges

to the true belief about the state of the world
7 - EH[ﬁ-tJrll-E] S Tt and Tt P—H> 0.

ii - Ep|mi1|Fe] > m and m .y,

1
— m¢|D
— m|H
m
0
1 T

Figure 2: Simulated convergence of priors to the true beliefs

Corollary 1. The posterior Ty, 1S a mean-preserving spread of the prior m,.



Figure 2 illustrates the convergence of beliefs for each type, with the same initial
belief 7r;. This convergence of the Bayesian beliefs to the truth under systematic auditing
means that auditing acts as a separating tool to isolate dishonest SPs from honest ones.
Figure 3 simulates over T" = 1000 periods the trajectories of beliefs for a population of
2000 SPs, half honest half dishonest. At period 1, the population is uniformly distributed
across priors, and a Bernoulli process is drawn for each SP’s fraud behavior, resulting in
a corresponding belief process realization under systematic auditing (i.e., z = 1). The
progressive separation of types, as a convergence of beliefs to both ends of the spectrum,
is such that, after enough time, dishonest SPs end up on the right, while honest ones are

on the left.

100 100 100

00 500 500

400 00

00 00

00 200

100 100

(d) t = 250 (e) t = 500 () t = 1000

Figure 3: Distribution of priors after repeated audits (7" = 1000).

In the following, we go back to a situation where the insurer faces one single SP.

2.3 A Dynamic Programming Problem
2.3.1 The one-period/myopic problem

When T = 1, the problem is myopic, the auditor has no future profits to take into account,

and information acquisition is not relevant. The auditor has objective function

Qp(m, 2) = u(m, x) = (p(r) = o)z,



and solves for the value function

V() = Q .
(™) e (T, )

Because of the linearity of the objective function in x, optimal auditing has a bang-bang
solution characterized by a threshold 7% above which auditing proceeds are positive. In
other words, the auditors targets only individually profitable claims. The value function

is consequently piece-wise linear in 7.

Lemma 2. For T =1, the optimal auditing strategy is bang-bang

=0 if T™<m7h,
rp(m)§ €(0,1)  if m=x", where mh =P (0,1),

=1 if m>mwt.

Figure 4 illustrates the myopic problem’s objective function, optimal policy and value

function.
po—¢ 1 po—¢
— ) 1 * === Qr(n,1)
r(m, 1) —_— (1) — V(1)
0 0
PH—C 0 PH—C
0 mt 1 0 mt 1 0 m*

(a) Qr(r) (b) z7(m) (¢) V()

Figure 4: Myopic objective, policy and value functions.

2.3.2 The multi-period problem

With a multi-period setting, the existence of future periods and their interactions with

the present through the learning process alters the objective function at any ¢ < T,

Q(7e, 21) = u(my, v) + OB, [V;f+1(ﬁ't+1)‘xt ) (3)

10



and

Vi(m) = max Qqu(my, xy),
$t€[0,1}

where § represents time-discounting.® Denote also with the superscript d the average
discounted counterparts Q¢ = %Qt and V¢ = ﬁvb Our problem is now a
dynamic programming one with parameters [0, u, P(7;41), x].

In a finite horizon setting, this problem can be solved by backward induction.Therefore,
the total number of periods T is important and we will occasionally index functions by
{t, T} rather than just {¢}. The (piece-wise) linearity features of the objective/value

functions persist through time and the corresponding optimal auditing strategies remain

bang-bang. Lemma 3 characterizes all these features.
Lemma 3. The objective function Q4 r(m,x) is

1 - linear in x, continuous and piece-wise linear in m,

ETe) . : . S o0 a0
i - —2=| is continuous and increasing in w, —5- >0 and ==t <0
i ox _ ox _ )
™ =1 =0
. . . o7 o
wi - and there exists a threshold m/, € (0,1) defined uniquely by —5=+ = 0.

The optimal auditing strategy xy (-) is bang-bang: v} (7)) = Lizszr, }-

The value function V,p(m) verifies
i - Vip(m) = Qt’T(ﬂ',ZL‘;T(ﬂ'» = maz(0,Q p(m, 1)),
1 - it s continuous and piece-wise linear in T,
iii - it is convex in w (as the maximum of linear functions).

Figure 5 illustrates the Lemma 3 statements. Figure 5a illustrates the fact that
optimal auditing is bang-bang. Figure 5b represents a possible shape of the intertemporal
optimal auditing thresholds, with one threshold for each period. At this stage, we can’t

say anything more about these thresholds other than that they are lower than 7+. Figure

80Qur model may be extended to the case where the horizon T is random, and § includes a termination
probability.

11
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Figure 5: Time t policy, objective and value functions
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e illustrates the fact that the objective function at time ¢ where the insurer audits with
probability one is null for the corresponding threshold ;. Finally, Figures 5d and 5e show
how the value function is obtained either as the maximum between 0 and the objective
function under certain auditing, or as the maximum of linear functions. At this stage
of the paper, these linear functions appear in the proof of Lemma 3, but we don’t know
more about their signification.

At any time ¢t € {1,..,T — 1}, the objective function in equation (3) differs from the
myopic one through the second expectation term, which represents the impact of current
auditing decision x; on expected future auditing proceeds through its effects on beliefs.

Lemma 4 describes this component’s dependence on x;.
Lemma 4. The component E; |V 1(7i1)|xe| is increasing in x; and always positive.

In other words, current auditing increases expected future proceeds because of an
exploration effect: the information gathered at the current period allows more accurate
audits in the future. The objective function can therefore be decomposed into an ex-

ploitation and an exploration component

Exploitation E'zplo/tatwn

A\ 75 ~ N\
Qu(me, 1) = u(me, zp) HOE, Vt+1(7Tt+1)|$t] .

(0,7%) | (77, 1)

Exploitation %u - +
Exploration %Et = + +
Objective Ly r(m) ? +

Table 1: Marginal effects of auditing

The myopic threshold 7+ = 77 divides the belief space into two segments where

exploitation and exploration effects may go in different directions (see Table 1): above

13



7, both components are increasing in z;, while below 7", the exploitation effect is
decreasing in x;, discouraging auditing, while the exploration one is increasing in x,
encouraging it.

The exploration and exploitation effects are thus conflicting on (0, 7%). The exploita-
tion component is maximized for 77 = 7. The exploration component is maximized
for 77 = 0. We can therefore identify the sequence (7}), illustrated in Figure 5b, as a
measure of the dynamic balance between exploitation and exploration. As illustrated in
Figure 6, the closer 7} to 0, the more the auditor explores, and the closer 7} to 7T, the

more he exploits.

*
0 e nt

Pure Exploration Pure Exploitation

Figure 6: Levels of Exploration/Exploitation

Our goal hereafter is to understand how this optimal balance between exploration and

exploitation behaves through time, i.e., to characterize the sequence (7).

3 Exploration vs Exploitation: Auditing to Separate
the Wheat from the Chaff

In this section, we present our main results about the evolution of optimal auditing
thresholds as functions of time and discounting, and we relate our problem to classical
learning problems. In Section 3.1, we answer our question of interest for the finite horizon
case, then take the limit when T tends to infinity to characterize the infinite horizon
solution in Section 3.2. Finally we interpret our problem as an optimal stopping one in

Section 3.3 and as a Bandit one in 3.4.

14



3.1 Finite horizon optimal auditing

The inclusion of the exploration component at early periods encourages more auditing
by decreasing the optimal thresholds. In addition, the larger the discount rate ¢, the

stronger the exploration effect. These results are stated in Proposition 1.

Proposition 1 (Finite Horizon Optimal Thresholds). The existence of the learning op-

portunity changes the auditing efforts as

1 - the optimal thresholds sequence (W:yT)te{L._’T} 15 strictly increasing, i.e., there is more

exploration in the early stages of the relationship,

it - the optimal level of exploration depends on the remaining number of periods (ﬂ;"T =

f(T'—t)) and for alli € {0,1, .t =1}, mip =7} ;0 ; = Tip 441
111 - the sequence of first period thresholds (WT’T)TGN* 15 strictly decreasing,

w - the optimal levels of exploration are increasing with the DM’s patience, i.e., for any

te{l,..,. T —1}:

*
T T

o)

<0 and limm (6)=n".
6—0 7

Statement i means that, for a given number of periods, the earlier the audit, the
larger the auditing set (7;, 1]. Figure 7a illustrates this through the fact that the opti-
mal thresholds are increasing in time. This is due to the fact that interacting for a longer
time with auditees induces the auditor to learn more about them, even when their claims
are believed to be non profitable to audit at that point in time. Because information
gained from the current period audit increases all subsequent periods’ expected auditing
proceeds, the generated gains cover the one-time preliminary expenses. In terms of explo-
ration/exploitation, the auditor explores more at the beginning, hoping to identify dis-
honest types soon enough to exploit them later. Statement ii formalizes this dependence
on the remaining number of periods. As shown in Figure 7b, starting at period 1 with a

horizon T' = 5 yields the same optimal thresholds as starting at period 5 with a horizon

15
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Figure 7: Finite Horizon Thresholds and Value Function

T = 9: in both cases, there are 4 periods remaining, and (77 5)icq1,..5y = (T/9)te(s,...9)-
As a consequence, the average discounted value function VfT is larger than the myopic
value function Vrr, and the difference represents the learning opportunity, as illustrated
in Figure 7c. Statement iii is a direct consequence of statements i and ii because of the
backward induction nature of the solution, and conveys the idea that, at the beginning of
the relationship, more exploration takes place if there are more periods remaining (i.e. T
increases). Statement iv tells us that the more patient the insurer, the more exploration
takes place as more weight is put on the remaining periods. However, if the auditor is not
patient, optimal auditing sequences tend to the myopic/one-period threshold 7. Figure
7d illustrates this last statement.

Observe that the increasing optimal thresholds mean that there is more auditing at

the beginning of the relationship. Mittone (2006) notes in a tax evasion experiment
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that auditing may act as en “educating” mechanism when applied early. Participants
audited at the beginning show less propensity to defraud in subsequent periods, even is
they are no longer audited. On the contrary, subjects not audited before the second part
of the experiments continue defrauding and are hardly deterred. Our result provides an
alternative information based motivation for intense auditing earlier in an auditor-auditee

relationship.

3.2 Infinite horizon optimal auditing

With an infinite horizon, the optimal auditing strategy is characterized in Proposition 2

below.

Proposition 2 (Infinite Horizon Optimal Thresholds). The infinite-horizon problem is

obtained by taking the limit T — oo

v - The optimal thresholds sequence (7T;T)t€N* 1 time independent, i.e. constant and

equal to T3, = limp o 7 7 > 0.

ii - The infinite horizon objective function V() is convex in m as the supremum of an

infinite countable family of linear functions.

111 - Total exploration occurs when the DM is patient enough

(lsi_rg 5 (0) = 0.

Statements i is illustrated in Figure 8a and Figure 8b, while statement ii is illustrated
in Figure 8c. According to statement iii, a necessary and sufficient condition for all priors
to be audited at the initial period when 7" becomes arbitrarily large is for the auditor
to be patient enough, i.e., § close enough to 1. The underlying intuition is that, while
additional auditing allows to have refined information and better targeted audits, the
lower the initial period prior, the longer the insurer has to wait before he can derive

positive proceeds for the corresponding SPs.
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Figure 8: Infinite Horizon Thresholds and Value Functions

Ezample 1. Assume (pp,pg) = (1,0). In this context, types are revealed after only one

period as a7y = 1 and @4y = 0. Then, the objective function is given by

Qoo(m, ) = <7r— c+7r2(5i(1 —c)):v

i>1

1-dc
1-6

Then 7% verifies 7(=%) —c =0 =7’ =

Veo(m) = (7‘(‘( 11__(26) — c)]l{Dﬂ;o}.

Figure 8d illustrates the average discounted value function V¢ as a linear function when
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0 — 1, as linear combination with weights m and 1 — m between per period payoffs 1 — ¢
and 0. Indeed, in this case, with probability 7, the auditee is dishonest and the average
future payoff per period is 1 — ¢, and with probability 1 — 7 the average future payoff per
period is 0, as auditing is stopped. Current period proceeds do not appear as they are

amortized over an infinite undiscounted number of periods.

3.3 Dynamic auditing as an optimal stopping problem

A consequence of 1 and 2 is that once it is optimal to not audit at a given period,
not auditing is optimal at all subsequent periods. This is due to the fact that our
optimal auditing problem can be formulated as an optimal stopping problem, as shown

in Proposition 3 below.

Proposition 3. Let 7 be a stopping time with respect to (F;)iequ,. 1y, where T € NU{oo},
and define Wi ,(m1,0) as the expected proceeds of systematically auditing for T periods,

starting from a prior w and with time discounting ¢,
T—1
Wi (m,6) = E[Z(Sj_lu(ﬁj, 1)}, and Wi.(m1,8) = 0.
j=1
Then, for v = H{Uje{LwT}{frj < 7;}}, the optimal stopping time 7, defined as
7* = vmin {t e {1, ..,T}‘]l{frt < 772"}} (- w)(T+1),
verifies
V1,T(7Tl,5) = W1,T*(7T1,5) = mEXWLT(W176)'

Figure 9 illustrates the optimal stopping rule. When auditing is systematic, in Figure
9a, beliefs for both types converge towards the true belief. Under the optimal strategy, in
Figure 9b, type H stops being audited after 89 periods, because the corresponding belief
drops below the optimal threshold. Type D, on the contrary, continues being audited

until the end. This optimal stopping rule defines an optimal stopping region in the belief
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space at each period t as SR; = {m|m < 7/ }. As soon as the belief process (m;) generated
under the optimal auditing strategy is lower than 7}, auditing and learning stop, and

consequently the belief remains constant.

1 1
— D
— m|H

______________________________________________ IR e it
M T
0 0+—i
1 T 17=89 T
(a) Constant auditing (z = 1) (b) Optimal Auditing

Figure 9: Optimal auditing as an optimal stopping rule

This formulation as an optimal stopping problem allows us to better understand what
are the linear functions of which V} r is the maximum (Figure 5¢). proposition 4 formalizes

this idea.

Proposition 4. There exists an integer M € NU{oco} and a partition Ume{l,..,M} v, of
(0,1) defined as

(m,7') € B2, <= Vw = (w1, ..,wr), 7" (w, 1) = 7" (w, ),

where w is a trajectory of the fraud generating process. Then, Vi p(m) is linear on each
V., and the family of linear functions of which Vi is the mazimum corresponds to the

linear functions on W,,.

Proposition 4 means that the value function is linear on intervals of beliefs for which
auditing stops at the same time for all priors of the same interval. In other words, the
trajectories of the belief process for a realization w are such that the time ¢ belief is either
higher or lower than 7}, for all the initial beliefs belonging to the same interval.

In particular, with a finite horizon, one such interval is defined as {m|7 > @',/ (75)}.

This is the set of beliefs that are so large that they are always audited, because updating
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will never bring them below an optimal threshold. In this case, the corresponding optimal

stopping time is always equal to 7"+ 1, and

T

T
= Z §~'u(m, 1), from the martingale property.
j=1

This shows that for the highest beliefs, the average discounted value function is equal to

the myopic value function.

3.4 Dynamic auditing as an armed bandit problem

Optimal stopping problems are also intimately related to Bandit problems. Bandit prob-
lems are settings where a slot machine, referred to as a "bandit”, has k£ + 1 arms that
yield different payoffs. All arms but one have payoffs governed by an unknown random
variable, the last arm representing an outside option with known deterministic payoff
that may be normalized to 0. A gambler must choose a limited number of arms to play
at each period, and can update his beliefs about the payoffs after observing the outcome
of his play. He thus faces an exploration/exploitation dilemma between choosing once
and for all the best arm at the initial period, or explore by updating his choice given the
accumulated experience. Hereafter, we place ourselves in an infinite horizon setting, but

results are valid in the finite horizon problem.

3.4.1 One-armed bandit

We start with the most simple setting for a Bandit problem: the One-Armed Bandit. In
this setting the player only faces one risky arm with returns (X, Xs, .., X,,, ...), and one

safe arm with deterministic return A at each period. Arms are characterized by their
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Gittings Index.

Definition 1 (Gittins Index for an arm). For an arm characterized by the returns

(X1, X2, .., Xp, ...), and N a stopping time, its Gittins Index is given by

A(0) = sup {Elé%igjéj)f)j) } :

Thus, the safe arm has a Gittins Index equal to A/(1 — d)). The optimal policy is
given by the Gittins Index Theorem for a One-Armed Bandit, whereby it is optimal to
play the risky arm if A(5) > A\/(1 — ). Otherwise, it is optimal to use the safe arm once
and for all.

In our setting, the risky arm is auditing and the associated return are a function of
the belief m. Its has a Gittins Index A(m,d) that depends on 7. The risky returns are
given by X; = u(7;,1). The safe arm corresponds to not auditing, with A = 0. When the

Gittins Index of the risky arm is larger than 0, it is equivalent to the condition m > 77%_.

Proposition 5.
A(m1,0) >0 <= m > 7.

This is a direct consequence of the fact that Vi(m) = E[>.] &;_yu(7;,1)] and

Voo (m1) > 0 for m > 7.

3.4.2 k-armed bandit

This characterization of our problem as a Bandit one allows us to answer the question of
what happens with multiple auditees and capacity constrained auditing. Multi-Armed

Bandits optimal strategies consist in Gittins Index Rules.

Definition 2 (Gittins Index Rule). A decision rule that at each stage chooses an arm

that has the highest Gittins index is called a Gittins index rule.

The Gittins Index Theorem shows that such rules are optimal.
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Theorem 1 (The Gittins Index Theorem). For a k-armed bandit problem with indepen-

dent arms and geometric discounting, any Gittins index rule is optimal.

We show in Proposition 6 that, in the context of our auditing problem, the Gittins

Index Rule is equivalent to auditing arms by order of highest prior.

Proposition 6. Given an initial prior m, using a Gittins Index Rule is equivalent to

auditing the highest priors in priority, conditional on the priors being larger than 77, .

A(my,0) > A(m,0) <= m > 7 (> 75).

(a) Example 1 (b) Example 2

Figure 10: 6-armed bandit with a capacity constrained audit (k = 2)

Therefore, we can derive the optimal auditing strategy when there are multiple au-
ditees and a capacity constrained audit. Let there be a population of auditees of size n.

Let there also be a capacity constraint on auditing:

i i < k.
=0

Then an optimal strategy is to audit by decreasing prior until the constraint is binding or
the optimal threshold 7% is reached. Figure 10 shows two examples of a 6-armed bandit
when k£ = 2. The two auditees, one of each type, with the lowest initial prior at 7] — ¢
are never audited, because the outside option is more valuable since the beginning. In

both examples, the type D starting at a prior of 0.7 is kept in the auditing pool. The
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other type D, starting at a lower prior of 0.3 is excluded from auditing in Figure 10a after
a certain number of periods where it competes with the other two auditees of type H.
In Figure 10b, this other type D, is kept in the auditing pool even if its prior decreases

sharply at first. The two type H auditees are both excluded after a finite time.

4 The Extents of Learning

After showing how the possibility of learning through audits alters optimal auditing
strategies, we now focus on different aspects of the learning process. First, in Section
4.1, we examine how much information the DM gets on average, i.e., how often he gets
to know the truth, or at least how often he learns enough to take the optimal action.
Second, in Section 4.2, we focus on the speed at which information is gathered, i.e., how

fast we approach the truth.

4.1 How much can the DM learn?

We are hereafter interested in the question of whether the DM gets to learn the truth,
i.e., how often the belief process converges to the true belief. In the Optimal Learning
academic literature,” this question is addressed through the concepts of complete and
adequate learning (e.g., Easley & Kiefer (1988), Aghion et al. (1991)). Complete learning
occurs when, with probability one, the agent acquires the true information about the
state of the world. Adequate learning is a weaker version of complete learning, whereby
it occurs when, with probability one, the agent acquires enough information to allow him
to obtain the true maximum payoff” (i.e., "learning everything worth knowing”).
Aghion et al. (1991) address the question of characterizing situations where adequate
learning obtains or does not obtain. More specifically, they ask the question of whether
adequate learning is the generic outcome. One situation where they find adequate learn-

ing to obtain is the undiscounted case, i.e., § — 1.1 This is exactly analogous to

9In this literature, the horizon is usually infinite.
100ther exhibited situations where adequate learning occurs include smoothness and quasi-concavity,
or analyticality of the payoff function
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Statement iii in proposition 2: because of the absence of discounting, the optimal thresh-
old tends to 0, which means systematic auditing, and therefore convergence of the belief
process to its true value (Lemma 1). However, they argue that adequate learning is not
the generic outcome, and define partial learning as occurring when the agent acquires
adequate knowledge with probability strictly between 0 and 1. They suggest, through an
informal discussion, that partial learning is the generic outcome.

Hereafter, we show that we can formally answer this question in our setting. With an
infinite horizon, complete, adequate, and partial learning can be formulated through the
distribution of the optimal stopping times. With a finite horizon, the comparison is not

possible as we cannot talk about the convergence of beliefs.

Infinite horizon In the infinite horizon setting, adequate learning occurs if, in the case
of a type H, the belief converges to a limit for which there is no auditing, or if, in the
case of a type D, the belief converges to a limit for which there is auditing. In other
words, conditional on type H, adequate learning occurs when 7* < oo, and the belief
process drops to a value 7™ below 7*.. The belief therefore converges to 7™ since
auditing stops. Conditional on type D, adequate learning occurs when 7% = oo, auditing
never stops, and the belief process converges to 1. Definition 3 formalizes this idea and

Proposition 7 answers the question of genericity.

Definition 3 (Adequate learning in infinite horizon). Let 7% be the stopping time 7% =

inf(t € N*|m < m% ). For an initial prior 7, adequate learning occurs with probability

P(AL|m) = mP(7" = oo|D, 1) + (1 — m)(1 — P(r* = 00| H, 1)),

=mP(r" =o0|D,m) + (1 —m). (4)

Proposition 7. In this setting, partial learning is the generic outcome for all initial

PTIOTS T

0 < P(AL|m) <1, V¥m € (0,1). (5)
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In particular
P(AL|m < 7%) = (1—m). (6)

Adequate learning is never obtained because it is too strong a condition. Adequacy
is always obtained conditional on type H, but never for type D. When the initial prior
is below the optimal threshold, adequate learning occurs if the auditee is of type H,
i.e., with probability (1 — m;), but not for type D, as he is never audited. This means
P(m* = oo|D,m) = 0 and explains equation (6). When the initial prior is larger than
75, there is a non null probability, conditional on type D, for the belief process to hit
the optimal threshold, and P(7* = oo|D,m;) < 1. Example 2 below provides a special

case where P(7* = oo|D, ;) is computable.

Ezample 2 (Infinite horizon Gambler’ Ruin). When pp + py = 1, the updating functions
are symmetrical (p4r = ¢5y,). Given an infinite horizon threshold 7%, and an initial prior
m1, the updating functions define a partition of (0,1) = U,y @& = Uy (057 (m1), @7 (m1)],
and there exists a k* such that 7%, € ®;-. Then the problem is analogous to a Gambler’s
Ruin problem with a biased toss, where the player wins with probability pp > % and has
initial fortune k*. Thus

0 if k>0,

IED(T* = OOlD,?Tl) =
1— (22 ) if k<0,

1-pp
and, when m > 75, partial learning occurs, with adequate learning happening with

probability

P(AL|m) = m (1 - (%W) + (1 —m).

4.2 How fast can the DM learn?

Lemma 1 shows that the belief process is a martingale and converges to the true belief.

Now, we are interested in how fast information is accumulated, and how this speed of
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(a) pp =0.6,pg =04 (b) pp =1,py =0 (¢c) pp =pH

(d) pp =0.12,py = 0.08 (&) pp = 0.92,py = 0.88  (f) pp = 0.98, psy = 0.88

Figure 11: Updating functions for different parameters

information acquisition is related to the parameters of the model.

Figure 11 shows the updating functions {@ar, pav } for different values of the parame-
ters (pp, pg). The first intuition is that the more polarized the behaviors of types H and
D, i.e., the larger pp — py, the more informative the audit. The extreme case pp —pyg =1
is illustrated in Figure 11b. In this case, auditing is perfectly informative, as observing
an invalid claim implies that the auditee is type D, while observing a valid claim implies
he is of type H. On the contrary, when pp = py (Figure 11c), types behave the same
way and auditing reveals nothing about the type. The second intuition is related to the
informativeness of extreme behaviors. i.e., when for a fixed difference pp — pg, either pp
is close to 1 or py is close to 0. If pp ~ 1, observing a valid claim is a strong sign that
the auditee is of type H, as shown in Figure 11f. If py = 0, observing an invalid claim is

a strong sign that the auditee is of type D.

4.2.1 Doob-Meyer decomposition

In proposition 8, we use the Doob-Meyer decomposition for submartingales and super-
martingales to decompose the belief processes under both states of the world H and D.

This decomposition allows us to identify the magnitude of information acquisition.

Proposition 8. [Information acquisition] Under states of the world H and D, we can

decompose the stochastic process of updated beliefs thanks to the Doob-Meyer decomposi-
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tion.

i Under Py, 7y = M + PF where M is a martingale and PF is a decreasing and

predictable process.
ii P = —(pp —pu) Sic) 7i [@Al(ﬁi) —pav(m)| <0

iwi Under Pp, 7y = MP + PP where MP is a martingale and PP is an increasing and

predictable process.

iv PP = (pp —pu) X0} (1= ) [ar(F) — v ()] > 0
The predictable process P} represents the average gain in information under the true

state i € {H, D}
Ei[fe|mi] = my + Ei[Pf|m).

4.2.2 Informativeness and exploration

The decomposition in Proposition 8 allows us to quantify the amount of information
obtained at each stage and to understand how it affects the optimal level of exploration.
From the expression of P;, we can see that the difference f = pp — py plays an important
role. This is rather intuitive in that a larger difference means more polarized behavior
between the Honest and Dishonest behaviors. Proposition 9 formalizes the idea that
the more polarized the behavior, the larger |PF| and |PP|, and the more information is

gathered on average.

Proposition 9. At any time t, the predictable process P is increasing in py and de-

creasing in pp

H H
or; >0 and or;
Opu PD

< 0,

and the predictable process PP is increasing in pp and decreasing in pg

aPtD oPP
>0 and ¢
dpp Opu

< 0.
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Behaviors are more polarized when pp increases and/or py decreases. When it is the
case, P is smaller, and since P < 0, the average decrease in the belief |P/| is larger,
and beliefs converge towards the true belief 0 faster. The reasoning is analogous for type
D as, when behaviors are more polarized, PP is larger. As PP > 0, the average increase
in the belief PP is larger and beliefs converge towards the true belief 1 faster.

The impact of a more efficient learning, in the sense that belief processes converge
faster, is such that optimal thresholds are lower, and more exploration takes place un-
der optimal auditing at each period. Figure 13 illustrates different optimal threshold

sequences for different levels of polarization of behaviors 8 = pp — py.

1
o 1 for (pn, ¢, pa) =(0.49,0.5,0.51) and B =0.02
e 1 for (pn, ¢, pg) =(0.35,0.5,0.65) and B=0.3
« m for (pn, ¢, pg) = (0.25,0.5,0.75) and B =0.5
o rrZ for (pn, ¢, pg) =(0.1,0.5,0.9) and B =0.8
. n}k for (pn, ¢, pg) = (1le — 06, 0.5,0.999999) and B=1.0
r[+ [ 6 6 6 6 6 00000 060600 0000t sistiidsssosososossssssssssTTrVFrre
0 .
1 T

Figure 12: Optimal thresholds depend on

Figure 13: Polarized and extreme fraud behaviors induce more exploration

5 Conclusion

This article investigates the role of learning in the context of fraud inspection when
inspector/inspectee interactions are repeated. Auditing acts as a learning mechanism

that isolates the dishonest (worth auditing) types from the honest (unprofitable to audit)
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types.

Our first set of results shows how future auditing proceeds are always increasing in the
current auditing efforts, but current proceeds may be negative. Optimal auditing relies
then on an exploration/exploitation trade-off consisting in balancing auditing-diminished
present proceeds and auditing-enhanced discounted future proceeds. Because learning-
generated advantages reverberate through all future periods, the number of remaining
periods positively impact auditing efforts. As a weighting of future proceeds, low dis-
counting encourages learning through auditing and complete exploration occurs in an
infinite horizon when the auditor is indifferent between present and future proceeds.

Our second set of results examines the particularities of our learning process: we first
show that, in our setting, partial learning is the generic outcome. Second, we identify
the average change in the belief process as the predictable component of a Doob-Meyer
decomposition of the belief process in each state of the world. This average change is
larger when dishonest and honest types behave very differently, as the separating power

of auditing is then stronger.
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Appendix

5.1 Proofs
5.1.1 Proof of Lemma 1

Proof. At period t + 1, with prior m; and auditing decision z;

Ep[f 41| Ft, 3]
=z [p(m)par(m) + (1 = p(m))eav(m)] + (1 — z¢) [pnalm)]
= zy[ppm + (1 — pp)m] + (1 — 20)m,
Ep[fe1|Fe, 2]
= zi[pppar(m) + (1 — pp)eav(m)] + (1 — z:) [pna(m)]
= zy[p(m)par(m) + (1= p(m))pav(m) + (pp — (7)) (0ar(m) — pav(m))] + (1 — x)m

=T+ $t[£pD - ﬁ(ﬂ)ZSSOAI(Wt) - SDAV(T"t)Z]

TV TV
>0 >0

>7Tt

En [7~Tt+1|]:t, xt]
= 2y[papar(m) + (1 — pa)pav(m)] + (1 — 2¢)[ona(m)]
= 2 [p(m)par(me) + (1 = p(7m))pav(me) + (par — (7)) (0ar(m) — @av(m))] + (1 — z4)m

=m +&[(pp — P(7)) (par(m) — pav(m))]

(. /
-~ -~

<0 >0

<7Tt

Finally, the convergence of the belief process to the true belief is a direct consequence of

the Martingale Convergence Theorem for bounded martingales. O

5.1.2 Proof of Corollary 1

Proof. This is a direct consequence of the martingale property. O

33



5.1.3 Proof of Lemma 2

This is straightforward as

e p(m) — c is strictly increasing in , strictly negative for 7 = 0 and strictly positive

form =1,
e 711 is then uniquely defined,
o sign(%) = sign(m — ),
e then z% = 1{m > 7" }.
5.1.4 Proof of Lemma 3

Proof. We proceed by backward induction for ¢ € {1,..,T}.

At the final stage ¢t =7 The objective function
QT,T(7T7 LL') = u(7r,a:) = (ﬁ(ﬂ) - C>$7
is trivially (piece-wise) linear in 7, linear in x. Its derivative with regards to x

“or ﬂ:I_?(W)—C: (pp — pu)m +pu —c,

is increasing in 7, is equal to pp —c¢ > 0 for 7 = 1 and to pg — ¢ < 0 for 7 = 0. It implies

the existence of a threshold 77, € (0,1) such that

GQT,T _ 0’
or s,
and
=0 it 7 <mro,
zpr(m)§ € (0,1) it 7 =mt,
=1 it 7> mp.
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Then, the value function
VT,T(T‘-) = max <O7ﬁ<ﬂ-) - C);

is (piece-wise) linear in m and convex as the maximum of the finite family of linear

functions indexed by Zr
Zr = {0,p(m) — c}.
At any stage t € {1,..,T — 1}: The objective function

Qt,T<7Ta I) = U(’ﬂ', ZL') + 5Et |:‘/t+1’T<ﬁ-t+1>i| s

= (p(m) — o + 6 & (B(mVirnr(par(m)) + (1= B Vasrr(@av(m) ) + (1 = 2)Vigrr(m)]

is trivially linear in = as x appears only in the transition probabilities, while Vi 7 is
independent of z. In addition, by induction, V4, r is piece-wise linear in 7. It implies,

for every m € (0, 1), the existence of a couple («, 3) € R? such that
‘/H_LT(TF) = am + ﬁ
Therefore,

P(m)Visrr(par(m)) = p(r) (apar(m) + 8) = appm + B(m)8,

/

PmVerr(pav(m) = (1= B(m) (a'pav(m) + 8) = a'(1 = pp)7 + (1= B(x))8
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and Q7 is piece-wise linear in 7. It is also continuous in 7 as the sum of functions

continuous in 7. Its derivative with regards to x verifies

o

ox
O

ox
o

ox

_=p(m) —c+d [ﬁ(W)WH,T(sDAI(W)) + (1 =p(m)Visrr(0av(m) = Visr ()|,
T br—c< 0,
T pp —c¢ > 0.

In addition, a second derivative with regards to m

OUT) — o —pir + 6 [alpar(m))pp + v (m)) (L~ po) — afr)]

> 0,

is strictly positive,'! thus defining the threshold 7, 7. Since the optimal action is either

to audit

or not to audit, the value function can be expressed as

Vir(m) = max (Qt7T(7T, 0), Q¢ p(, 1))

= max (O,ﬁ(ﬂ) —c+ o0V (7~Tt+1)>

= maz (0,5(r) — ¢+ O[p(m)Vie (a1 (m)) + (1 = B(m) Vs (pav(m)])

Then, for any element fI(m) of the linear functions family Z;,; such that V(7)) =

max ez, , f1(m), reasoning as previously, p(m) fl;(@ar(m)) and (1 —p(7)) fli(pav (7)) are

linear in , therefore p(m)Viy1(par(m)) and (1 — p(7))Vis1(pay(m)) are maximums of

families of linear functions. Finally, using usual properties of sums or maximums, scalar

multiplication of maximums and maximums of maximums, there exists a family Z; of

linear functions such that

Vi(m) = max fl(r).

fIET:

HBecause pp — py = max o
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As the maximum of a finite family of linear functions, V;(7) is continuous, piece-wise

linear and convex in . O

5.1.5 Proof of Lemma 4

Proof. This is a direct consequence of the martingale property, the convexity of V;,; in

m and Jensen’s inequality:

A BV (i)l = PROVira (par(m) + (1 = B Ve (pav () = Viga )

> Vi <ﬁ(7Tt)90AI(7Tt) + (1 = p(me))pav(m) — 7Tt)

> 0.
The positivity is straightforward as

Vi(m) > Q(m, 2, = 0) = 6Viyy(m) > .. > 67 V() > 0.

5.1.6 Proof of Proposition 1

Proof. We proceed by backward induction.

Initialization Stage t =T — 1: The objective function verifies

895;1,T = p(r) — e+ 6|p(m)Vrr(par(m)) + (1 = p(m))Vrr(pav(m)) — Vor(m) |,

and, since Vrr(m) = 0 below 771 and pay(7) < 7 < par(7),

OQr_17
ox

= 0p(my )V (par(m77)) > 0.

.
T
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As Tr 7 18 defined by %QT,LT ) = 0 and %QT,LT is strictly increasing in , it
Tr—_1,T
implies

* *
Tr_17 < Tp -

At any stage t € {1,..,7 — 2}: The objective function verifies

0 1
ox

=p(m) —c+9 [F(?T)mm(wf(ﬂ)) + (1= pm)Verrr(pav(m)) = Vigrr(m)|,

and, since Vi1 (7)) = 0 below 77, 7 and pay(7) < 7 < par(7),

O 1,m
ox

= 0= B(npr p) =+ 0Bl ) Virra(@ar(win )]

77;;+1,T
thus, by subtraction,

O
ox

= 6 [Pt ) Visrr — Viean) (par ()]

”
Ter1,T

Since at prior  and time ¢+ 1, playing the sequence (7, 7, ¥}, 7, --, ¥ 1) is optimal and
yields Vi1 (), it dominates any other sequence, in particular (x5, 2} 37, 277, 0),

which yields Vo7 (7). Hence

Vivor(par(mir)) < Viprr(oar(mi 1))

In addition, since was(m} 7)) > 7}y, then A¥(m},7) > @)y p for k€ {1,T —
t — 1}, and the corresponding belief transitions happen with strictly positive probability
€ (py; ' ph ") It implies that the sequence (2], 7, T}y 5.7, - T3 5 ) strictly dominates

k * *
(@} 12 Tiysrs - Typs 0). Therefore

Vivor(war(mir) < Virr(ear(mi )
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In the end

O o 0= O
ox

* *
Tt41,T Ox T, T

0 T
ox

Since is a strictly increasing function of m,

* *
T < Tip1,1

This proves statement i. Statement ii is a direct consequence by backward induction.

Statement iii is a result of both these statements as

* _ * > *
™o = Tory1 = T1T+1-

As for the impact of §, when § — 0, the result is straightforward as the problem comes

down to the myopic one. A simple backward induction from stage ¢ = T" — 1 shows that

0 0
%‘/;,T(Wa (5) > O, mQLT > O,

implying that, since 7} () solves for %QtT =0 and g—g is decreasing in T,
’ P

*
87rt7T

Y < 0.

5.1.7 Proof of Proposition 2

Proof. Statement i is a direct consequence of (7} ;)7r/inn- being decreasing and bounded
below by 0. Statement ii comes from the fact that at each stage the value function is the
maximum of a finite family of linear functions.

As for Statement iii, assume that it is not true,i.e., lims 7% (0) = = > 0. Then,

for m < m, Voo(m) = 0. Consider the profits of the auditor under strategy (z¢ = 1)<z
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Because of the linearity of v and the martingale property of beliefs

: ]
]El[Z(Si*lu(ﬁi,l)} - 11__(Zu(7r,1).
=1

With probability 7, the auditee is initially believed to be of type D, and because of the

convergence of beliefs to the true state, there exists r € (0,1) and a time ¢, such that

]P)('ﬁ'tr > 7T+ + €|D, (I’t)lgtgtr = ].) > T,

Then, consider the alternative strategy (z%); defined as

:B?l = i<ty + Loty L, st 42}

with corresponding expected profits higher than

1 - gt -
u(m, 1) +7r u(rt +¢,1).
1 =0 ~—— 1 — 0 —_——
<0 >0

When ¢ tends to one, the left hand side term is finite, while the right hand side term

goes to infinity. This last result contradicts the fact that Vo (7) = 0.

5.1.8 Proof of Proposition 3

]

Proof. First, 7% is indeed a stopping time as it is defined by the process (m;) that is by

definition adapted to the filtration (F3)ieq1,.ry. In addition,

Vi< T, >y,

* ~ ~ * *
Vi>T75 =T < Tl < T

(7)
(8)

Equation (7) is true because otherwise, by definition of 7* as a minimum of times

at which the previous inequality is verified, 7* < t. In equation (8), the first equality

relies on the fact that once audit stops, i.e., at 7%, priors remain constant, the following

inequality stems from the definition of 7*, and finally the last inequality stems from the

40



fact that the sequence (7)), is increasing, from Proposition 1.

Then rewriting the value function yields

T
Vig(m, ) = B[ 32 6 u(, 17, > ;)]
2

T
—E| Y& uld;, D17, > w;}}
|

*

—E[ Y 6 u(#, 1)], from Eq. (7) and (8)

-4

= Wy pe (71, 0).

Finally, 7 maximizes W because otherwise, there would be another stopping time based
auditing strategy that would maximize W and yield auditing proceeds strictly higher
than Vi r(m,0), which would be contradictory. O

5.1.9 Proof of Proposition 4

Proof. For a given m; and the corresponding optimal stopping rule 7*

Jj=1

Using the same reasoning as in the proof of Lemma 3, u(7;(w), 1) is a linear function of

the initial belief 7y, u(mj(w), 1) = a;j(w)m + Bj(w). Thus

1

T*(w)—
a 1.7% .
T NP =1 (w).
= S > oo

This is the slope of the value function at m. In addition, notice that for 7] < m; such

that they are not in the same ¥,

(), w) < 77 (M, w)
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and there exists at least one trajectory w’ such that the inequality is strict. Otherwise,

by definition of the intervals ¥, 7] and m; would be in the same W¥,,. Then

6W1,7’*

< aWI,T*
am

) 37?1

™1

This last inequality shows that the linear functions slopes are increasing in 7, as shown

in Figure be. [

5.1.10 Proof of Proposition 6

Proof. We first show the direct implication of the equivalence. Denoting 7*(7) and 7*(7")

the optimal stopping times for each prior

E[> 7 6/ u(y, 1)) N E[Y ) ¢ tu(#, 1)]
EXT( o) B[ 61
B0 9 (i, 1) B 8 (g 1)
B[y 0i-1] B[y 6]

7 (7)

()
= E[> 6 u(m, 1] > B[ 6 (7, 1))
j=1 Jj=1

A(m,8) > A7, 0) =

=71 >7.
Then, for the indirect implication

> = VYw,u(rj(w), 1) > u(r)(w), 1)
IR G VI VS TG TRD)
B[ 61 BT 61
B[ 67 u(#;, 1))
B[ 69-]

= A(7',9)

= A(m,0) >

> A(7',0).
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5.1.11 Proof of Proposition 7

Proof. Because of the (1 —m) component, it is sufficient to show that P(7* = oco|D,m) <
1. This is straightforward as there exists some | € N such that ¢y (m) < 77, <
gpf;vl(m).n This is the prior obtained from auditing as long as m; > 7 and observing
valid claims every time, which happens with probability (1 — pp)!. Therefore, P(7* =

oo|D,m) <1 —(1—pp). o

5.1.12 Proof of Proposition 8

Proof. Let (I;) be the Bernoulli process representing the fraud outcome at period. Then
Py(l; = 1) = py and Pp(I; = 1) = pp. The updated prior under a given state of the

world H or D can be written as

Ter1 = Lerroar () + (1 — Lipr)pav (7)

=T+ (It—H — ﬁ(ﬁ't)) [@AI(ﬁt) — pav ()
In particular

Ep[FulF] =71+ (po = p(7)) [oa1 () — pav (7))

=7+ (1 — 7~Tt> (pD — PH) [@Al(ﬁt) - <PAV(7~Tt>}
and

EnlfinlF) = 7o+ (pn — 50 [ear(F) = pav (7))

=T — Ty (pD — PH) [@Al(ﬁt) - @AV(ﬁt)]

121f 1y < w%,, then [ = 0.
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One decomposition into a martingale and a predictable process is given, under state of

the world D, by

7y = MP + PP

MP is a martingale and PP is predictable and increasing

t—1

BP = (pp — pu) Z (1 - 7~Ti> [@Al(ﬁ'z‘) — pav (i)

i=1
MP =7,

PP =0
We can verify that MP is indeed a Martingale by induction (it is verified at ¢ = 1)

Ep(MS|F] = Eplfi1 — PE,|F]
= Ep|fin|F] — P5y
= Ep[lipipar(@) + (1 = L1 )pav (7)|Fi] — P2y
=T+ <1 - 7~Tt> <pD - pH) [SDAI(ﬁt) - @Av(ﬁt)] - PR,

-~

=—PpP

Finally, because of the unicity of the Doob-Meyer decomposition, the above decomposi-

tion is the only one.
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The same reasoning yields the decomposition under state of the world H

7y = ME + PH

M/ is a martingale and P is predictable and increasing

M =7
PE =0
Positivity of PP and negativity of PH are direct consequences of inequalities (2). n

5.1.13 Proof of Proposition 9

Proof. From the formulas for the updating functions

we derive the derivatives with respect to pp and py

Opar  pam(l—m) doav  —(1—py)n(l —7)

= >0 and = <0,
Opp p(m)? Ipp (1 —p(m))?
Opar  —ppr(l—m) dpav (I —pp)r(l—m)

= <0 and = > 0.
Ipu p(m)? Opu (1 —=p(m))?

Finally, taking the derivatives of P/l and PP and using the above derivatives yields the

final result. O
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