N

N

Some formulas for determinants of tridiagonal matrices
in terms of finite generalized continued fractions
Feng Qi, Wang Wen, Lim Dongkyu, Bai-Ni Guo

» To cite this version:

Feng Qi, Wang Wen, Lim Dongkyu, Bai-Ni Guo. Some formulas for determinants of tridiagonal
matrices in terms of finite generalized continued fractions: Formulas for determinants of tridiagonal
matrices. 2019. hal-02372394v1

HAL Id: hal-02372394
https://hal.science/hal-02372394v1

Preprint submitted on 20 Nov 2019 (v1), last revised 14 Nov 2020 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02372394v1
https://hal.archives-ouvertes.fr

SOME FORMULAS FOR DETERMINANTS OF TRIDIAGONAL MATRICES
IN TERMS OF FINITE GENERALIZED CONTINUED FRACTIONS

FENG QI, WEN WANG, DONGKYU LIM, AND BAI-NI GUO

ABSTRACT. In the paper, by virtue of induction and properties of determinants, the authors
discover explicit and recurrent formulas of evaluations for determinants of general tridiagonal
matrices in terms of finite generalized continued fractions and apply these formulas to evaluations
for determinants of the Sylvester matrix and two Sylvester type matrices.
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1. INTRODUCTION
A finite generalized continued fraction is an expression of the form
J2!
qo + ;
Qe q2+ p2p3
am—2F q"ﬁ?;%ﬁ%
where qq, q1,--.,¢m and p1,po,...,pm can generally be integers, real numbers, complex numbers,

or functions. It can also be written in the forms

m
mpg p1 P2 Pm—1 Pm e
Qo+ K—=qg+—— " ———=q+ T
=1 G+ @t gmoat dm ; %
In this paper, we adopt the second form above. For more information on continued fractions, please
refer to [7, [14] and closely related references therein.
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Generally, a tridiagonal matrix of order n for n € N is defined by

agz by 0 0 - 0 0 0 0
C1 as b2 0 e 0 0 0 0
0 Co as b3 e 0 0 0 0
0 0 ¢ as --- 0 0 0 0
Dp=|1: 1+ &+ & : : S I CEF) P (1.1)
0 0 0 0 an-3 bnz 0 0
0 0 0 0 Cn—3 Qanpn_2 bn_g 0
0 0 0 0 0 Cn—2 Qnp_1 bn,1
0o 0 0 O 0 0 Cn—1 Gn

where

a;, 1<i=j<m

by, 1<i=j—-1<n-1;
¢j, 1<j=:—-1<n-1;

0, otherwise.

dij =

In [15] [16] [I7], the determinant |D,,| and some special cases were discussed, computed, and applied

to several problems in combinatorial number theory. In [2] Bl [6], O 15 16 I7], there have been

some computation of the inverse and determinant of the general tridiagonal matrix D,,. For more

information about this topic, please refer to [4, [8 12, [13] and closely related references therein.
Let n > 2 and

(05} 71 0 0
ay P2 o2 0

az 0 B3 3
Oy 0 0 54

Po=| ¢ ¢ r o : : Col = Pi)icigens (12)
5n—3 Yn—3 0 0

oo oo
o o oo
o o oo
o o o o

an—_3 0 0 0
oan—2 0 0 O 0 Bn—2  Yn—2 0
Qp—1 0 0 0 0 0 anl Yn—1
o 0O 0 O 0 0 0 Bn
where
o, 1<i<n,j=1;
Dij =

Yo 1<i=j—-1<n-1
0, otherwise.

In this paper, by virtue of induction and properties of determinants, we will discover explicit
and recurrent formulas for evaluations of determinants |P,| and |D,,| and will apply these formulas
to evaluations for determinants of the Sylvester matrix and two Sylvester type matrices.

2. RECURRENT AND EXPLICIT FORMULAS FOR |P,|

Now we start out to establish recurrent and explicit formulas for the determinant |P,| of the
matrix P,.
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Theorem 2.1. Letn > 2 and By # 0 for 2 < k < n. Then the determinant |P,| of the matriz P,
can be computed recursively by

[Pal = A [ Brs (2.1)
k=2

where

Nom = 0 — = Npsrmy 1<k<n—1 (2.2)

k41
and A p = Q.
Proof. When n = 2, we have
ar M

|Po| = =a1f2 — amm

az [

and

B2 B2

The formula (2.1)) is thus valid for n = 2.
We now assume that the formula (2.1)) is valid for n = m — 1, that is,

2
A «
)\1,2 H 5k = >\1,252 = (al S 272)52 = <a1 S 2>52 = 04152 — QoY1 = |P2\~
k=2

m—1
|Prc1| = M1 [ Br-

k=2
When n = m, expanding |P,,| according to the first rank and employing the above assumption for
n=m — 1 yield

(65) Y2 0 R 0 0 0 0

as P33 - 0 0 0 0

(e %} 0 ,84 e 0 0 0 0

|Pn|=a1 || B —m : Do : : : :
kl;[z Qm—3 0 0 677173 Ym—3 0 0

Qm—2 0 0 0 Bm—2 TYm—2 0

-1 0 0 0 0 Bm-1 Ym-1

Qo 0 o0 0 0 0 Bm

= H Br — Y1 A2,m H Br = <a1 - gl)\z,m> H Br = Ai;m H B

k=2 k=3 2 k=2 k=2
By induction, the formula (2.1]) follows. The proof of Theorem is complete. O

Theorem 2.2. Forn > 2, the determinant |P,| of the matriz P, can be computed explicitly by

n n k—1 n
T —Z(—D’“(Hw 11 @n)ak. 23)

k=2 k=2 (=1 m=k+1

Proof. From the recurrence relation (2.2)), it follows that
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:Oél—%OéQ—w<a3—%/\4n>:|
Ba | B3 Ba
D] aQ_’rz<a3_% a4_..._%<a8_
B2 B3 Ba Be Bet1
o= 0, 7(a3_% g e <a¢—-.-
Ba [ B3 Ba | Be
Sl 5 (e -0 ) )]
6n—2 ﬂn—l ﬁn ’
:al—%ag—w<a3—%a4— —Wl<a4—
B2 | B3 Ba | Be
il i (en - )])])
Bn—2 Bn— Bn
:al_%<a2_w QS_%<Q4_..._%’—1 o
B2 Bs | Ba Be |
_ Tn—3 (an2 TYn—2 1+ Yn—2Tn—1 n>- >:|)
6n—2 ﬂn—l Bn—lﬂn i
:al_%<a2_w aS_%(a4__.__W1 o
B2 Bs | B Be |
Tn—3 Yn—3Tn—2 Tn—3Tn—2Tn—1
- <ﬁn-2 " Bt " Ba—aBu1Pn “ﬂ )])

—ar— Y (-1)F

n

k=2

k

( Ye—1
i P

o

for n > 2. Substituting this into (2.1) and simplifying arrive at (2.3). The proof of Theorem is

complete.

O

Remark 2.1. Applying o = k, B = k, and vy, = k to the explicit formula (2.3)) in Theorem

reveals

(oSN N

SO N

O W N O

0 0 0
0 0 0
3 0 0
4 0 0
0 n—3 n—3
0 0 n—2
0 0 0
0 0 0

0 0
0 0
0 0
0 0 .
:1 (2 D) nl.
0 0
n—2 0
n—1 n-1
0 n
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3. EXPLICIT AND RECURRENT FORMULAS FOR |D,|
We are now in a position to derive explicit and recurrent formulas for the determinant |D,,|.

Theorem 3.1. Forn € N, the determinant | D, | of the tridiagonal matriz D,, can be explicitly and
recurrently computed by

- m—=2 (—byy_¢Cr—
|Dy| = araz + (a1 — bicr) H [am + K (45)]
m=3 {=1 Amp—¢p

n _ N a. +Km 2 (— 57; £Cm—t)
Z[H beCe} - klﬂ[ R } (3.1)
k=3 Li=1 [nzs[am + K5 T}

and

ID—n1n<az+H[ak+K(b’“MD, (3.2)

Al _—
k=3 k—t

where Kf:q for p < q is understood to be zero,

) by b c1C2 b3
Mp=—L——N2n, MNon=C— ——3—MN3ny, MN3n= """ """ pci M4n
az as — —bffz az ag — —bega
: 487 oy
Nen = (—1)F H( L% &L Mkt 1
n — n
’ l— 2 (—be—mce—¢) k— 1 (—br—t4+1Ck—0+41) )
az + HZ 3 [ae + Ky, Ar—m ] ak+1 + K Ak —041

fora<k<n-1, and

H( 1 Ce
az + TS [an + B o]

Ak —¢

Man = (="

Proof. The determinant |D,,| of the tridiagonal matrix D,, in ([1.1)) can be reformulated as

a1 b1 0 0 0 0 0 0
1 as by 0 0 0 0 0
—a2 0 az3—22 ) 0 0 0 0
0 0 cs3 ay 0 0 0 0
[Dn| = : : : :
0 0 0 0 an—3 bp_3 0 0
0 0 0 0 Cn—3 Gnp—2 bp_o 0
0 0 0 0 0 Cn—2 Qnp_-1 bn—l
0 0 0 0 0 0 Cn—1 Gn
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aq by 0 0 0 0 0 0
1 as bo 0 0 0 0 0
a0 gy ke bs 0 0 0 0
cicac asbsc
azas —baca 0 0 U4 = Gan—byes 0 0 0 0
0 0 0 0 an-3 bp-z 0 0
0 0 0 0 Cn—3 Gp—2 bp_o 0
0 0 O 0 O Cpn—2 Ap—1 bn—l
0 0 0 0 0 0 Cpn—1 Qn
aq by O 0 0 0 0 0
(eh] B2 by O 0 0 0 0
Qs 0 pBs b3 0 0 0 0
(071 0 0 B4 0 0 0 0
an—3 0 0 0 Bn-3 bn_3 0 0
Qp—2 0 0 0 0 6n—2 bn—Q 0
Qp—1 0 0 0 0 0 57171 bnfl
ap, 0 0 0 0 0 0 Bn
where
bac bsc bp_4aCp_
B2 = az, ﬁ3=a3—%7 54=a4—%, e 5n73:an73_ﬁ7
by—3Cn— by—2Cn_ byp—1Cn—
/Bn—Qzan—Q_%a Brn-1 :an—l_%7 5n:an_%
and
“2 o « % o @ ‘n—d
a1 = ay, Q2 = (1, a3 = ——— ) =~ ) ) n—3 — — n—4,
1 1 2 1 3 ﬁQ 2 4 ﬁ3 3 3 67174 4
Cn—3 Cp—2 Cn—1
Qp—2 = 767173 Ap-3, Qp-1= *man—% Ap = 7m0¢n—1-

The sequences [ and ay, for k > 3 can be represented by generalized continued fractions

and

Br = ar —

br—1ck-1

Ap—1 —

Making use of (2.3)) arrives at

|Dn| = <52 + HBk)Ch - (
k=3

br—2CK—2

Ap—2—

br—3k—3

ak_3—

bp—ack—4a

k=2 (=byp_pCr—r)

=ar+ K

=1 ap—¢
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u k b b (Crn—
o fT o B o T

—¢ fogier’ Am—¢

n k—1 n k—1
m=2 (—byy_¢Crm—y) v—1 Ce
ST TT fow o+ i el e

o= 2[a4+Kz 1((1%]

which can be reformulated as
Utilizing (2.1)) and ( . ylelds . The proof of Theorem 3.1 u is complete.

4. REMARKS

Remark 4.1. In 1854, J. J. Sylvester found that

r 1 0 0 0 0 0 0
n T 2 0 0 0 0 0
0 n-1 2z 3 0 0 0 0
0 0 n-2 z 0 0 o o
My(2)l =]: A t | =[l@+n—2k).
0 0 0 0 x n—2 0 0| k=0
0 0 0 0 3 2z n-10
0 0 0 0 0 2 r
0 0 0 0 0 0 1z

See [3, p. 1018] and closely related references therein. Applying (3.1) to |M,(z)| yields

M) =+ (o= ) T [ 37 S L D)

T
m=3

—(m—£)(n—m+~£
I k+1[I+Kgn12 ( )(a: ++1)]

H 2[$+Km 2 —(m—£)(n— m+€+1)]

x

—anlnen £+1)

k=3 L{=1

:x2+<m_n>ﬁ[x+”;€2‘(m O —mtly )}
m {=1 X

=3
]f )' H:,Ll 1 [l"f’Km 2 —(m—~£)(n— 7rL+€+1)]

xT

_77,'2 Tl— k + 1 an 1 [1'+K;n12 (mfé)(nferZ#»l)]

T

s
L2224+ (x—n) HSxmn —nlz Hmk__k;rl (xmn)
m=3 (n— k"" DI TTEZL S(a;m,n)

Now we try to explicitly compute

m—2 — — — 1
S(x;m,n):x—ke[( (m 6)(n$m+£+ ).
=1

When m = 3, it is easy to obtain that

22 -2(n—1) a b

S(z;3,n) = . =
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When m = 4, using the above result for S(z;3,n), we can obtain

bix —3(n—2)a;  x(x?—5n+8) 5 by
S(z:4,n) = = a2
(w;4,m) by 2 —2n+2 as

If we assume S(z;k+1,n) = Z’; L, then, by induction, we obtain

by b1z —ag—1(k+1)(n — k)
ay br—1 '

S(z k+2,m) =

We note that ap_1 = by_s. Then
b — bg—12 + br—2(k+ 1)(n — k) = 0.
Further replacing k& by k + 2 leads to
bit2 — bpr12 + (K4 3)(n — k —2)b, = 0.
By the method used in [I5] Theorem 3.1], the characteristic equation is
v —ay+(k+3)(n—k—-2)=0

which has solutions

v+ /22 —4(k+3)(n—k—2)

Y= 9

Consequently, it follows that

. _A<'T+\/x2 k+3)(n—k—2)>k_ . (m—\/xQ k+3(n—k—2)>k_1,

2 2
where
Ao ~22° —2(5n — 8) — (2 — 2n 4 2)(z + V22 — 20n +80)
2v/x2 — 20n + 80
and
B 22% —2(5n — 8) — (22 — 2n + 2)(z — V2 — 20n + 80)

2v/x2 — 20n + 80

In a word, by a new method, we supply an alternative form for the Sylvester determinant |M,, (x)|.

In [3], by means of left eigenvector method, the following determinants of tridiagonal matrices
similar to the Sylvester matrix were collected and calculated:

x 1 0 0 0 0 0
n r+y 2 0 0 0 0
0 n—1 z+2y 3 0 0 0

0 0 n—2 x+3y 0 0 0

|Mn(x7y)‘: : : : : . :
0 0 0 0 w4 (n—2)y n—1 0
0 0 0 0 2 z+(n—1y n
0 0 0 0 0 1 T+ ny
u — 2k
:H<x+”2y+ 5 \/y4+4>,

b
Il

0
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x u 0 0 0 0 0
n T4y 2u 0 0 0 0
0 (n—1v ax+2y 3u 0 0 0
0 0 (n—2v x4+ 3y 0 0 0
0 0 0 0 x4+ (n—2)y (n—1lu 0
0 0 0 0 v x+(n—-1y nu
0 0 0 0 0 v T+ ny
- — 2k
= H(m+n2y+nQ\/y4+4uv>.
k=0

These evaluations can be computed alternatively by Theorem |3.1

Remark 4.2. The condition 8 # 0 for 2 < k < n in Theorem is removed off in Theorem
Therefore, the explicit formula (2.3]) is better than the recursive formulas (2.1]) and (2.2]).

Remark 4.3. The explicit formula (2.3)) can be simply rearranged as
n k—1 n
=320 (Tl T o o
k=1 =1 m=k+1
where the empty product is understood to be 1 as usual.

Remark 4.4. Let

ay C1 0 0 0 0 0 d1
ag b2 (&) 0 0 0 0 d2
as 0 b3 C3 0 0 0 d3
a4 0 0 b4 0 0 0 d4
Up=1 + & = 0 : : | = (Wigicig<n,
an—3 0 0 O bp-3 ¢z 0 dy_3
Up—2 0 0 0 0 bn72 Cp—2 dn72
Ap—1 0 0 0 0 0 bn,1 Cp—1
an, 0 0 O 0 0 0 b,

where

g, ]-SZSTL?]:I’
bi, 2<i=j<mn;
um’z C;, 1§i:j—1§n—1;

0, otherwise.
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The determinant |U,| can be reformulated as

aq C1 0 0 0 0 0 d1
a2 bg Co 0 0 0 0 dQ
as 0 b3 C3 0 0 0 dd
a4 0 0 b4 0 0 0 d4
|Un| = : :
ap—3 0 0 0 bn,3 Cn—3 0 dn,3
Ap—2 0 0 0 0 bn,Q Cp—2 dn,Q
Ap—1 0 0 0 0 0 bn—l Cn—1
an 0 0 0 0 0 0 by,
a—%% ¢ 0 0 o 0 0 0
ag— 4% by o 0 0 0 0 0
as abﬂ 0 by c3 0 0 0 0
ay — 4l 0 0 by 0 0 0 0
g — 222 0 0 0 bz oz 0 0
Upo— 222 0 0 0 0 bus o2 O
apo1 == 0 0 0 0 0 bp1 O
an 0 0 0 0 0 0 by
ag—%h ¢ 0 0 0 0 0
ag— % by ey 0 0 0 0
as— %90 by oy 0o 0 0
ag— 4% 0 0 by 0 0 0
" b
pg— 2= 0 0 0 bos Cn_g 0
App— 220 0 0 0 bpo Cnoo
ap—1 — %:71 0 0 0 0 0 bn—l

F. QI, W. WANG, D. LIM, AND B.-N. GUO

Applying Theorem [2.1] and [2.2] and Remark [4.3] directly results in

n—2 k—1 n—1
— k+1
lUn| - E (_1) (a'kbn - dkan) H Cy H bm + (
k=1 =1 m=k+1
and
n
|Un‘ = Al,n—l H bIm
k=2
where
Qp, Ck
Agn—1 =ar — —di — ——Apy1n—1,
bn karl
Qp
and An—l,n—l =0ap—-1 — 7 Cn—1-

bn

_l)n(an—lbn -

n—2
dn—la'n) H Cy
{=1

1<k<n-2
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Remark 4.5. The determinant |P,| of the matrix P, in (1.2)) can be reformulated as

o om0 0 0 0 0 0
az B2 2 0 0 0 0 0
az 0 B3 93 0 0 0 0
17 0 0 py 0 0 0 0
|Pol =1 : N : : : :
an_3 0 0 0 Bn-3 Yn-3 0 0
oap—2 0 0 O 0 Bn-2 Yn—2 0
Op—1 0 0 0 0 0 ﬂn 1 Tn—1
0 0 0 0 0 0 b g Gnino
Qn—1 Qn—1
(5] ’)/1 0 O 0 O
0 B2— % Y2 0 0 0
0 =R f—cae 0 0 0
0 0 —eubs 0 0 0
0 0 0 Yn—3 0 0
0 0 0 Bpn — S22 Vn—2 0
0 0 0 Gotfoss g, g - St g
0 0 0 0 el B — Szdn=t
By—m gy 0 0 0
_azf asy
;22 Bs — ;22 o 0 0 0
0 _ 0‘253 . 0 0 0
— o : : : :
0 0 TYn—3 0 0
0 0 P — =R Vn-2 0
0 0 _an&;[_izfz Bn 1 Ocnaj’)';z . Tn—1
apBrn— QpYn—
0 0 0 I — L B — B !
£ 041|Qn—1\-

Accordingly, by Theorems and we can derive that the determinant |@Q,,—1| of the tridiagonal
matrix Q,_1 satisfies

_ Bl _ M
|Qn—1] = o o gﬁk (4.1)
and
DN —— 1 &
|Qn—1| = 7 = ﬂk - Z (H Ye H ﬁm) Q. (42)
R 1= 1 m=kt1
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Further taking

ak:Bk+1—M, 1<k<n-1;
(9%

b = Yk+1, 1<k<n-2 (4.3)
L Py PP

Ok+1

in equalities (4.1)) and ( procures
Dl = 22 ] 5 (4.4
n—1 o a1 k .

and

n n n
1Dyl =[] 8k — L > (-1 (H v [] 5m> . (4.5)

k=2 M= =1  m=k+1
From the second equation in 7 it is easy to see that v = by_1 for 2 < k < n — 1. If one can
derive another two relations from to express ay for 1 < k < n and f for 2 < k < n in terms
of ap for 1 <k<mn—1,b; for 1 <k <n-—2, and ¢ for 1 <k <n — 2, then, by substituting these
three relations into and an alternative and explicit form for evaluation of the determinant
|D,,| of the general tridiagonal matrix D,, would be obtained. This is an open problem we leave to
the interested readers.

Remark 4.6. In [I, Lemma 1.1} and [I1, Lemma 2.1], it was obtained that

di dg d3 dy - dp2 dp-1 dy
a b 0 0 - 0 0 0
c a b 0 0 0 0
0 ¢ b 0 0 0 :i(—1)k_1dkbn_k(bc)(k_l)/QUk ( a > (4.6)
f “\avee )T
0 0 0 O b 0 0
o o0 o0 o0 --- b 0
o o o 0 -- c a b

where Uy (z), generated [I8] 19] by

ZUk ka ‘I| < 17 |t| < ]-a

1—2xt + 1— 2zt +¢2
is the kth Chebyshev polynomials of the second kind. Letting dy =dy =---=d,_1 =0and d, =1
and rearranging, the formula (4.6)) becomes
a b 0 --- 0 0
c a b --- 00
0O ¢ca --- 00 b2
. )" U, 4.7
: = (ko) (Z\F ) 1)
0 0 0 b
0 0 0 c
nxn
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This is different from

a b 0 --- 00
¢ b o« 8 8 (a+vVa®—abe)" ™ = (a — vaZ = 2bc)" > 4
, a c
) C C.l - 2nt1y/a? — 4be (4.8)
. . . T . . a n
Do .o nle 2 =4b
000 - a b (”+)(2)’ “ ¢
0 00 -+ ¢
nxn
and
b 0 0 0
c a b 0 0
0O ¢ca --- 0 O n ;
. .. =H<b+2a\/?cos I ) (4.9)
S oo i a n+1
00 0 --- a b
00 0 --- ¢
nxn

est

ablished and collected in [I5] pp. 130] and [I'7, Theoem 4].
Comparing (4.7)) with (4.8) and (4.9), letting b = ¢ = 1 and a = 2z, and simplifying yield

n

Un(z) = H(1+2\/27: cos j: )

o1 n+1
(17+\/:17271)n+17(x—\/xzfl)wrl > 4
, T
= /g2 — 1
(n+1)z", 22 =1

which are new explicit formulas for the Chebyshev polynomials of the second kind U, ().

Remark 4.7. On 21 September 2019, we are reminded of the paper [I0] in which an explicit formula

for
to

the elements of the inverse of a tridiagonal matrix and an efficient and fast computing method
obtain the elements of the inverse of a tridiagonal matrix by backward continued fractions were

investigated.
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