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Abstract

This paper deals with the development of a non-linear finite element model for reinforced concrete members
under torsion. Using multi-fiber approach and displacement-based formulation, an enhanced multi-fiber 3D
beam is proposed for predicting the behavior of reinforced concrete elements under torsion. The sectional
analysis under elastic torsion is considered following Saint-Venant torsional theory for beam in order to
take into account the effect of warping phenomenon. FElastic behavior under large displacements is also
investigated in this model using a second-order approximation of the Green-Lagrange strains. In the inelastic
domain, after cracking, following the space truss theory, the whole element is assumed to act as a tube,
meaning the applied torsional moment is resisted only by the shear flow in the wall of the tube. Then, the
effective wall thickness of the member after cracking is determined by an empirical formulation developed
by the authors. Moreover, the section is discretized into different regions following its material response.
In each region, depending on its characteristics, an appropriate constitutive material model is applied. For
the concrete, the proposed behavior models are based on the Modified of Compression Field Theory and its
extension. In order to correctly predict the torsional response, the authors proposed some modifications in
the tensile behavior of concrete, based on experimental tests in torsion. In the elastic domain, the model is
validated by comparing to the analytical solution and some results from other researches. In the inelastic
field, a good agreement is obtained between a series of experimental tests and numerical results.
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1. Introduction

Although considered as a major factor in the design of many kinds of civil engineering structures (such
as bridges, electric pylons...), torsion in reinforced concrete (RC) elements did not draw much attention by
design engineers and researchers before the 1960s [6]. Prior to this period, the basic approach for calculating
the torsional strength of RC members was the space truss concept proposed firstly by Rausch in 1929, in
which the torsional effect was included within a one-dimensional frame element based on membrane models
and the inclination of diagonal concrete cracks was assumed to be 45°, so the model was called fized-angle
truss model [7]. Then, with the introduction of the first building code design rules for torsion in the 1971
ACI Building Code [48], the space truss theory was developed widely by many researchers: the variable-angle
truss model which considered the combination of torsion and bending and/or shear, developed by Lampert
& Thurlimann[9], Elfgren [11], Mitchell & Collins [27], [I0] and Vecchio & Collins [25]; or the softened truss
model developed by Hsu & Mo [12] which focused on the torsional behavior.

In the space truss models, the peculiar and featured deformation of cross-section under the torsional
effect, called the warping phenomenon, is taken into account by the classical Saint-Venant torsional constant,
whose expression is explicit and can be found in the literature [5]. Even though the warping phenomenon
was included successfully in the space truss model by this torsional constant, its influence in the shear strain
and stress state distribution can not be represented completely. For this, a sectional analysis model with
equilibrium kinematic conditions and appropriate constitutive material laws is considered suitable to obtain
the distribution of stresses and strains at sectional level. In this approach, the warping phenomenon is
included by a warping function, which is not explicit and must be mathematically determined by an infinite
series. For the elements with thin-walled or open cross-sections, as the warping is strongly restrained at
supports, some extended parameters are required to consider this effect called non-uniform torsion [13], [14].
Whereas, for solid cross-sections, this warping restrained effect can be neglected and the phenomenon is
called free warping.

For the sectional analysis approach, since more than thirty years, the fiber (or multi-fiber) models, based
on the subdivision of cross section into a system of point elements (or fibers), have been developed and
applied successfully in the analysis of normal forces in RC elements [17], [I8]. Recently, the tangential forces
including torsional effect are investigated in the fiber models, using different approaches for the constitutive
material model. Using damage mechanics for the non-linear constitutive model, Mazars et al. proposed
a displacement-based multi-fiber beam element in which the warping kinematic for torsion is investigated
initially in elasticity and then extended in a locally non-linear way [19]. The strain field due to pure torsion
is obtained for each fiber by using a warping-conduction analogy method to solve the problem of warping
for sections of various materials. Le Corvec presented a mixed-formulation of 3D multi-fiber beam that is

able to capture the local effects due to constrained warping of the section, so it can represent accurately



the torsional response of beam under warping constraints conditions [21]. For this, the additional warping
degrees of freedom are introduced at each section and then interpolated by Lagrange polynomials to ensure
equilibrium on the entire element. In this model, the effects of boundaries on the warping distribution under
torsion can be represented for arbitrary cross-sections, but the constitutive material model is limited only
to steel. Based on this idea of warping interpolation using additional degrees of freedom, Addessi & Di Re
extended Le Corvec’s model to plain concrete member under torsion using an isotropic damage model for
brittle-like materials [45], then Di Re used Hermite polynomials instead of Lagrange polynomials for the
interpolation functions [44]. Another model for torsional responses of RC element using damage approach for
constitutive law was developed by Capdevielle, in which the warping was included by a governing equation
following Saint-Venant’s theory and solved by finite element formulations [22].

Besides damage mechanics, the smeared-crack approach was also employed by many researchers to take
into account the torsional effect. Bairan & Mari proposed a general sectional model in which the torsional
moment is included by solving the equilibrium between normal and shear stresses at the element and cross-
section level [20]. Warping effect is defined internally and included in an enhanced displacement field in
addition to the classical displacement field following the plane-section theory. A non linear hypoelastic
constitutive model was used and post-cracked concrete was modeled by a rotating-smeared crack approach.
The same approach of smeared-crack was also proposed by Navarro Gregori et al., with a discretization of
the section into different regions following its stress state and an appropriate constitutive model based on
the Modified of Compression Field Theory (MCFT) [24]. However this model neglect the effect of warping
for torsion. Another frame model using forced-based formulation and 3D orthotropic smeared crack material
model was also introduced by Kagermanov & Ceresa [30].

In this present work, an enhanced multi-fiber 3D beam model is proposed for RC members under pure
torsion. This model takes into account all the aspects of torsional effects, including the warping phenomenon,
the behavior before and after cracking, the behavior under large rotation conditions, as well as the contri-
bution of stirrups. It is worth to note that this proposed model is the improved version of the multi-fiber
frame model proposed by Navarro Gregori [24], taking advantage of its sectional discretization which is
very suitable for the specific behavior of RC elements under pure torsion. For the constitutive model of
concrete, the MCFT is employed, due to its suitability for multi-fiber section discretization, as well as its
simplicity and its wide use in engineering applications. Knowing that Navarro Gregori had not defined a
rule to determine the thickness of the regions in his model, a parametric formulation for calculating this
effective thickness was developed by the authors, based on a calibration study of numerous specimens of
torsion tests. In addition, from this experimental calibration, a new constitutive model for concrete under
torsional effect was proposed by the authors, based on the fact that numerical cracking torsional moments
are reduced about half of the experimental values when using the original MCF'T as concrete constitutive
model [26]. The numerical examples are then compared to the analytical and experimental results for the
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validation of the proposed model.

2. Theory of torsion

2.1. General

The problem of torsion in a straight member was first investigated in 1784 by Coulomb [I], during his
study of the property of electric charges. When carrying out the torsional oscillation of a weight suspended on
a wire, Coulomb found that torsional moment is proportional to the angle of twist. This discovery was then
introduced in a theoretical equation for torsion by Navier in 1826 [2], in which the proportionality between
torque and twist angle is represented by a constant called the torsional rigidity. This constant is equal to
the multiplication of the the shear modulus G and the polar moment of inertia I,: 7' = GI,8. However, this
theory was limited to members with a circular section: torsional tests made by Duleau in 1820 noted a 20%
difference between the moduli of rigidity for a circular and a square section [3]. This difference was then
explained by a phenomenon called warping phenomenon, meaning that the cross sections, under torsional
effect, are deformed and come out of their original plan. As a consequence, the sectional rigidity is changed
explaining the difference of 20% in Duleau’s observation. This warping phenomenon was first discovered by
Saint-Venant in 1855. He solved the problem of torsion of a straight element with an arbitrary cross section
by substituting the polar moment I, by a new constant C' called Saint-Venant’s torsional constant [4]. Due
to the work of Saint-Venant, torsion was then considered a classical problem by Timoshenko in his famous

theory of elasticity [5].

2.2. Theory of torsion for Reinforced concrete members

The torsional response of a RC element can be divided into 2 different phases: before and after cracking of
concrete. Before cracking, the response of the section is considered elastic and the behavior is very similar to
that of a plain concrete member, which can be predicted by the Saint-Venant torsional theory. After cracking,
the material is not continuous anymore, the theory of elasticity becomes useless and a new mechanism is
required to interpret the torsional response in this phase. The most basic and common mechanism for a
beam element under pure torsion is the space truss analogy.

The concept of truss model was first proposed by Ritter and Morsch in the early of 20th century, in order
to simulate a RC beam subjected to shear. Under shear effect, diagonal cracks occur and separate the beam
into a series of concrete struts. An analogy of truss model was therefore assumed, where the longitudinal
reinforcement steels act like the top and bottom chords of the truss, while the transversal stirrups and
concrete struts hold the role of web members (Figure . In reality, the inclination of the concrete strut
may vary, but in this initial model, it was assumed to be 45°. This 45" truss model, also called fized-angle

truss model, was then developed to carry out the modeling of the post-cracking behavior of RC members



subjected to pure torsion by Rausch [7]. In this model, after cracking, the whole member is assumed to act
like a tube, in other words the solid section becomes a hollow section (Figure . As a consequence, the
torsional moment is resisted only by shear stresses which flow around in the wall of the tube, which is called
shear flur. The space truss analogy was reinforced when it was noticed in the experimental tests carried by
Hsu and Osongo that the post-cracking stiffness of a hollow cross-section (with a reasonable wall thickness)

has the same magnitude when comparing to a solid section [36], [S].

Ritter (1899) D\
Applied
Torsional
Moment
Effective wall ) Concrete strut
thickness te
AN Transversal reinforcement
RIS 177. P
a) Truss model b) Stirrup forces Shear flux Longitudinal reinforcement
(a) Original truss model for shear (b) Space truss model under torsion

Figure 1: Different types of truss model.

In order to generalize the fized-angle truss model, Lampert & Thurlimann developed a model in which
the fixed inclined angle of 45" was derived, called the variable-angle truss model [9]. This model can be used
for elements subjected to torsion as well as to a combination of torsion and bending, with the application of
the theory of plasticity for RC members. Elfgren extended the use of variable-angle truss model to members
subjected to bending-shear-torsion, with an assumption that the concrete struts take only compressive stress
after cracking [I1]. The theory is therefore named the Compressive Stress Field Theory.

Instead of using the theory of plasticity in the truss model, Mitchell & Collins focused on the strain
compatibility of the truss model, and then derived a compatibility equation to determine the angle of the
compression stress field. This theory permits the strain to be calculated by Mohr’s circle, and was called
the Compression Field Theory [27]. Then, based on this theory, Vecchio & Collins developed a constitutive
model to evaluate the stress-strain relation of material points in RC members subjected to shear and axial
stresses. This theory, called the Modified Compression Field Theory, was calibrated on various experimental
tests of RC panels under plane-stress loading and was widely used to evaluate the constitutive models for
concrete. Focusing on the torsional behavior, Hsu & Mo noted that in the variable-angle truss model, when
using the stress-strain relation obtained from the concrete compression cylinder test, the predicted torsional
strength becomes very unconservative [I2]. Hence, a softened-truss model was proposed by Hsu which is

capable of correctly predicting the torsional strength and strains throughout loading history [28].



Among the available models and theories above, the MCFT is very suitable to apply to the multi-fiber
finite element model, because in this theory cracked concrete is simulated continuously, and cracking is
handled as a distributed effect following its direction. Hence in an integration point of section there is
enough information of the concrete strut’s direction. In general, this approach is referred as to the smeared
crack approach, regardless particularly suitable for the sectional analysis of members under torsion as well
as combined loading [29], [30]. Otherwise, many constitutive models have been proposed and can be applied

to RC members using multi-fiber approach, such as plasticity model or damage mechanics ([19], [22], [31])...

2.3. Warping phenomenon

Under the torsional effect, cross-sections warp and come out of their own plane. In Figure[2] the signal +
means that the cross-section come out following the positive direction of x axis, while the signal — indicates
that the warping follows the negative direction of x axis. The iso-curves in solid represent the points having
the same warping magnitude in the positive direction, while the iso-curves in dashed line represent the
points having the same warping magnitude in the negative direction. This peculiar deformation reduces
the sectional rigidity, generates the additional normal stresses which decrease the tangential stresses and
so strongly influence the twist deformation. Named warping phenomenon, it was firstly studied by Saint-
Venant in 1855 with the help of mathematical tools like Fourier series. By inventing a semi-inverse method,
Saint-Venant represented the warping phenomenon by the so-called Saint-Venant warping function, which

is restricted to linear behavior with two assumptions:

1. Cross-section shape remains unchanged after twisting.
2. Warping of the cross-section is identical throughout the length of the member. This assumption recalls

to the problem of uniform torsion.
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Figure 2: Warping for several non circular section [4].



According to Saint-Venant, the warping function is described as a solution of the Neumann problem:

2 2
2715 + 2715 =0 in Q (Laplace equation) (1a)
%ny + (Z—zbnz = zny — yn, on G (Neumann boundary conditions) (1b)
Yy z

where () represent the domain of cross section and G its boundary, n, and n, are the vector normal to
the boundary. Exact solution can be expressed for any arbitrary kind of cross-section, for example the
rectangular cross-section [16]:

4 & (1)t | ysinh (22 Eay) <2n—1 ) ,sinh (22=17z) <2n—1 )
,2) = —= b sin wz | —h sin T 2
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where b is the section width and h is the section height, with b < h. A simplified exponential expression was
proposed by Xu et al. [15]:

Tﬁ(?Ja Z) = An exp |:61n (Z - ;L):| + Bn exp |:_ﬁ2n (Z + Z>:| - h)\cgg,% — Yz (3)

where h is the section height; « is the shear modulus ratio; A is the gradient factor; and B, B2n, Cpn and

&, are defined as follows:
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with b is the section width and b < h. If the material is isotropic, A = 0, in this case:

A [ —exp(=hBon)]Cn 5 _ [1 —exp (—hBin)] Cn (n=1,3,5,..)
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Otherwise, there are other approaches to interpolate the warping function to solid or composite cross-

section, such as using the finite element technique [22] or using Lagrange and Hermite polynomials [21],
[31]. For example, Capdevielle et al. presented a governing equation of warping function for a homogeneous
material first (following Saint-Venant warping function), then expressed 2 conditions of Neumann (equation
(1)) and finally applied finite element formulations to solve the warping function. Le Corvec, when devel-
oping a model for steel members with torsion, described the warping displacement as the product of two
interpolation functions using Lagrange polynomials, and considered warping displacement as independent
degrees of freedom of element. Di Re then developed this approach using Hermite polynomials for RC
members. Solving the warping problem is indispensable to figure out the torsional response of a straight

element with an arbitrary cross section in the elastic behavior.



3. Enhanced 3D beam FE formulation

Based on the principle of discrete finite element method, the idea of multi-fiber finite element is to divide
the structure into several longitudinal fibers and some control sections along the element. At the intersection
of longitudinal fibers and control sections, a system of integration points is obtained (Figure[3)). Each point,
called fiber and considered as a material point, has its own coordinates, surface and an appropriate material

law in order to determine the strain and stress from the element’s displacements.

longitudinal reinforcement bar ) z
Steel Fiber A

Y«

Finite element mesh Concrete Fiber

Figure 3: Multifiber approach for a RC member and local element frame coordinate

Therefore, the proposed model is described as a frame element with a set of cross-sections along its
longitudinal axis. The local frame system of coordinates (z,y, z) is defined in Figure|3| In every single point
of the element axis subjected to pure torsion, the displacement field consists in only one rotation 6, (x) about
the longitudinal axis. In a displacement-based formulation, this generalized displacement is determined from
the nodal displacements by shape functions that are chosen linear in the present work [32]:

1—x

0.(x) = T

I
Low } %l Ny @), (4)

x
or 4+ 297 = | —— = =
xr
where 0. and 0/ are the twist angle at node I and J respectively; = is the coordinate of the section and L

the element length; q. is the vector of nodal twist angle. The twist k, is then equal to:

() [ 1 1] %| _ B, (5)

L L] g/
3.1. Sections kinematics and variational formulation under small displacement
The displacement of a material point has 3 components U, V, W representing the displacement field in
x, v and z directions of the adopted coordinate system, respectively, which are collected in a single vector

ds(x,y,%). Under the hypothesis of small displacements, the following kinematic relation is established

according to Saint-Venant torsional theory:

Ulz,y,2) = ¥(y, 2)a(z)
V(z,y,z) = —20,(x) (6)
W(z,y,z) = y0.(z)
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Where the term v (y, z) is the Saint-Venant warping function which describes the profile of warping over the
cross-section, while «(x) represents the distribution of warping along the element length, called the warping
distribution. Remembering that without warping, there is no axial displacement for material points of
element subjected to pure torsion. The axial displacement due to warping (called the warping displacement)
is assumed by Saint-Venant to be proportional to his warping function and to the distribution of warping over
the element length. According to Saint-Venant torsional theory, the profile of warping is considered constant

along the element, the warping displacement is thus independent of z, hence the warping distribution becomes
OJa(r) Ok
or  Ox

It’s worth to notice that, in the case of a thin-walled cross-section, as the role of warping becomes

constant and equal to the derivative of the twist angle: a(x) = 8—I = Ky , and
x

important, the warping distribution cannot be considered constant, but depends on the cross-section’s

position. The warping phenomenon is then called restrained warping. Thus, Vlasov proposed a new theory

00, 0
of torsion for thin-walled cross-section with a(x) = —— and a(z)

Ox ox
of freedom needs to be added to consider the contribution of the derivative of parameter a(z). Otherwise,

= (0 . Consequently, an additional degree

Benscoter proposed another torsional theory in which the warping distribution parameter « is independent of
the torsional angle a(x) # % These two theories of torsion for thin-walled cross-sections, can be compared
as the analogy of two classical bending theories of Navier-Bernoulli and Timoshenko. Vlasov’s assumption
of neglecting the shear warping deformation is compatible with neglecting the shear bending strain in the
Navier-Bernoulli’s theory, while Benscoter’s assumption of incorporating shear warping deformation can be
regarded similar to the Timoshenko’s assumption of taking into account the shear bending strain. However,
in the case of a solid cross-section, the warping effect is limited, but cannot be neglected, warping is considered

free and its distribution is constant over the element length. The displacement field of free warping becomes:

Ulz,y,2) = ¥(y, 2)ka
Viz,y,2) = —20.(x) (7)
W(z,y,2) = yba(x)
The strains of any material point of the cross-section are then evaluated with only 3 components considered
in the sectional analysis as follows: one normal strain and two transverse strains collected in a single strain

vector ef(y, z):

oUu
611—%—0
ou ov oY _
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With the compatibility matrix:

o o 17
ar(y,z)=|0 —Z+ai§ y+% (9)

As can be seen, in the case of solid cross-sections, the use of Saint-Venant warping function to represent
the warping has a disadvantage when it makes appear a null value of the axial strain. This drawback can
be solved using different approaches for warping, such as Lagrange interpolation polynomials, which will be
introduced in another paper by the authors.

Once the strain vector is obtained at each material point, an appropriate material law is applied to

T
determine the material stresses, which are collected in a single stress vector sy = ( O Tus ) . The

Tey

behavior law will be introduced in the next section and is represented by a material constitutive matrix k:

sf:kfef (10)

Next, the element equilibrium is considered between internal and external potential energy. Let the
element be subjected to a virtual displacement dd, then the principle of virtual work gives an equation

between internal and external energy:

SW,; = W, = /// sefspdV = 6q. My, +/ 60, (x)T, dx (11)
14 L

where the virtual internal work is represented by the left-hand side, while the virtual external work is
expressed by the right-hand, with the contribution of the external nodal torsional moment M . and the

external uniform torque T,,. Considering firstly the left-hand side, with the aid from equation (), we obtain:

W, :///V (Se?Sde://V(SHIa?Sde (12)

As the term ay(y, 2)7Ts ¢ is a function of the fiber coordinates y, z, the virtual internal work can be decomposed

into an integral over the element length and another over the cross-section area:

W, = [ 0ky <// a?sfdA> dx (13)
L A

As a consequence, at sectional level, the torsional moment can be determined as an integral over the cross-

section area of the stress field in the section:

M, (z) = //A afssdA = //A [(—z + gj) oy + (y + ?;ﬁ) sz:| dA (14)

With the aid of the constitutive relation in equation , the sectional stiffness matrix can be obtained in

M, s(x) = //A ajspdA = //A arkresdA =K ky (15)

10

a compact form:



so:
M, =Kk, (16)

)

with:
K, = //A ajkrasdA (17)
K, is defined as the sectional stiffness matrix.
Next, the right-hand side is utilized with the aid of equation :
W, =0q."M, . + / 60T T, dx = 6q." M, . + / 6q.'NTT  dx = 6q.” (MI + / NSTTudx> (18)
L L L

Hence, the virtual work equilibrium from equation has now become:

/ kM, odz = 6q,” (Mw,e +/ NSTTud:c> (19)
L L

With the relation of equation and , now we have:
ia; ( / BSTKsBsdx> qe = 6q; (MI + / NSTTuda:>
L L

= < / BSTKSBde> qe =M, + / NTT,dx (20)
L L

The element stiffness matrix is thus defined as:
K. = / BTK,B.dx (21)
L
And the element equilibrium becomes:

Keqe = Mg + / N{T,dx (22)
L

3.2. Section kinematics and Finite element formulation under large displacements

Under small displacements hypothesis, the element response is assumed in the linear geometrical condi-
tions. In normal requirement of use, this assumption is enough for the kinematic and equilibrium conditions
of structures. However, when subjected to extreme loads (such as earthquake or natural hazards...), struc-
tures may undergo large displacements, and the geometrical analysis of the structure becomes non-linear.
According to Battini & Pacoste, for members under torsional effects the geometrical nonlinearity is gener-
ated by a term included in the local strain definition, which is defined by a second-order approximation of
the Green Lagrange strains [33].

Under pure torsion, in a solid symmetric section, the second-order approximation of displacement vector

of an arbitrary material point has 3 components:

U =YK, (23a)
1
V=—z20,— 529925 (23b)
1
W = yb, — §y9‘3 (23c)
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The Green-Lagrange strain components are given by:

oU 1 ((aUN? (oVN® (OWN?\ 1, o, o,
_a£+al+a£a£+alal+aﬂaﬂ— —Z-i—g K (24Db)

Tay = oy Ox Ox dy Or dy Or Jy y)
ou oV ouoU oV oV 3VV8VV_< w)n

Yor= ot e Yo 9: Toras T or 0, (24c)

Unlike the material strain in linear geometry condition, the axial strain under large displacements is not
zero and is called Wagner term, and it causes a non linearity in the response in pure torsion. Because of
this term, the local strain can not be related to the generalized twist k, in a compact form as in the above
section. Instead, the nodal torsional moments and element stiffness matrix in a finite element framework
will be derived from the strain energy function.

The strain energy is expressed as a function of the local strains:

L L
1 1
<I>:/ <I>Adx:/ (// Eeisz—&—//G(viy—i—viz)dA) dz
0 o \2JJa 2J)Ja

- (25)
= / (Elrrni + GJ.%?E) dx
2 Jo
With:
EIM:// Bly. 2)5 (s + 2)dA
A 4
o \? . (0w
= o — - A
GJ //A G(y,z)(ay z) +(8Z+y d
Using equation , equation becomes:
1t 4 2
o= (Bl Ky + GJKS) dx
0
1 L L
- 5 (EIM/ KA dx + GJ/ midw)
oL 04 ) 2 (26)
4 EI/ 9{”—1-% d+GJ/ 6£+9§ d
o\, L) s, L 1)
_ Y (ELv 5 e, G5 are
The nodal torsional moment in each element is then evaluated by:
0P EIL., GJ
oo (g | [ 25hrer e - Slwroen) (a2
Mm,e = aq = z = = (27)
C\ay) \erer-ep s Ser-on ) \ar

9607 L3
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And the element stiffness matrix:

oMl am! EI GJ EI GJ
Mo _ |00 B0) O e S el e
0 dac oM oMmJ| | EI GJ EI GJ
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4. Mechanical model for RC members

Multi-fiber model has proven its power and advantage in the modeling of frame members with solid
or thin-walled cross-section under many conditions of load. Knowing that the element is discretized in
the longitudinal direction, taking into account the contribution of transversal reinforcement in a multi-fiber
model is not an obvious work. A force-based formulation finite element was proposed by Saritas & Filippou to
include the transverse strain of shear effects in RC members, by satisfying the internal equilibrium between
concrete and stirrups in the constitutive model [34]. Navarro-Gregori et al. proposed a displacement-
based finite element in which he discretized the section in some separated regions following the direction of
transversal reinforcement and the contribution of stress state to the sectional response [24]. More recently,
Khoder proposed a multi-fiber approach considering the lateral confinement of concrete due to stirrups, in
which the transversal stresses of stirrups are interpolated into stress state using Lagrange polynomials [23].
The numerical results give good correlations, but limited in the two-dimensional field under shear-bending.

In this work, the authors borrow the idea proposed by Navarro-Gregori, knowing that this approach is
accorded to the sectional analysis, so that it can be applied to the multi-fiber FE frame model. Moreover,
the constitutive model is formulated general enough for being used for any shape of cross-section in further

studies. The cross-section is discretized in 3 zones according to the stress state that they are subjected to

(Figure [4]).
® \ —~ IR ,Q\G 1D zone
Z=N X

' \\\\ Txz
Jol B ] T e
— — Ox
Cr te

Figure 4: Discretization of cross-section following the material stress state [24]

In each zone, an appropriate constitutive model is established to determine the regional stiffness matrix
KPP K2P or K3P. These stiffness matrices are computed by a secant-stiffness-based formulation, based

13



on the constitutive relations of MCFT [35]. In this theory, the concrete relationship is formulated in the

principal direction of crack, with the following primary assumptions:

1. Principal directions of strains and stresses are coincident.
2. The effect of concrete softening in compression is included.

3. The tension-stiffening effect is also included.

Then, for the entire section, the sectional stiffness matrix in equation (|17)) is obtained by summarizing

all these regional stiffness matrices:
K, =K!” + K2 + K3 (29)

4.1. 1D-Zone

This region takes into account only the contribution of the longitudinal reinforcing steel (rebar), and the
only stress accounted for is the axial component o,,, which can be easily computed from the axial strain
using an uniaxial behavior law of steel. In this paper, the authors used a simple elasto-plastic steel model

presented in Figure[5| The stress vector is therefore expressed by:

olD E,em E, 0 0| (el
si”=1 0 | =] 0 [=|0 0 0] [n|=k"" (30)
0 0 0 0 0f \ e

Where Ej is the secant modulus of steel. The 1D-regional stiffness matrix K can then be determined
using the kinematic condition in equation .

a;

+f

Figure 5: Steel’s behavior

4.2. 2D-Zone

This region corresponds to the portion in which the transverse steel crosses in one direction and may
also have the contribution of longitudinal steel bars. As mentioned above in the theory of torsion, after

14



cracking of concrete, the whole member is assumed to act like a tube, and the wall thickness of this tube
corresponds to the width of the 2D-zone. The 2D-zone therefore has a strong impact on the torsional
behavior of RC members, and the determination of the effective wall thickness t. becomes an important and
essential problem that will be addressed later.

Corresponding to the sectional analysis of a frame element, the stress state of this zone has only two
non-zero components instead of three: one axial and one transversal which correspond to the direction of

T
stirrups. This results in a stress vector sf‘-l_) = (gm Tay 0) (zone in which stirrups are disposed in

horizontal direction or horizontal stirrups - called 2D-horizontal zone) or s??y - ( Grs O TM)T (zone in
which stirrups are disposed in vertical direction or vertical stirrups - called 2D-vertical zone) (Figure . It’s
worth to note that, for a RC element, the contribution of transversal reinforcement is taken into account by
considering a third stress component: o, or 0., depending on the direction of stirrups. This component
must be considered firstly, and then will be imposed to zero in order to satisfy the internal transversal
equilibrium of RC members. The stress vector to be considered in the element state therefore becomes

12D T 12D T .
S o =\0s Twy 0 oy 0 0) orsy”, =(0,, 0 7, 0 o.. 0) . For the sake of generality,

the full stress vector for the following will take the expression of s’ ?D = (gm. Toy Tz Oyy Oz Tyz)T,
where some components are zero depending on the stirrup’s direction. Corresponding to this 2D-general
stress state, the 2D-strain vector must also have 6 components e’?eD = (gm Yoy Yoz Eyy Ezz fyyz>T,
but unlike in the stress state, €,, (2D-horizontal zone) and ¢,, (2D-vertical zone) are not imposed to zero,
and must be determined in the process of satisfying the transversal equilibrium. However, in the sectional
analysis thereafter, these strain components €,,, and/or ¢, could not be put in the strain vector e?D , which
contains only 3 components: €z, gy and/or v;.. In the other hand, e,, and/or ¢, could be included in the
strain vector ech if the distortion phenomenon is taken into account, but this phenomenon is not considered
by the Saint-Venant theory of torsion.

In this 2D-zone, the original MCFT is applied to determine the regional constitutive matrix K22. Know-
ing that the original MCFT is designed for membrane members, it is practical to explore the constitutive
formulation of this theory in an in-plane frame system of coordinate axes (I,t) following the longitudinal
and transversal direction (Figure [6]).

For this, a change of reference is applied to transform the strain vector from the local frame system
(z,y, z) to the in-plane system (I,t):

/2D

el =T, e ¥ (31)

ip

Where T, is the transformation matrix, here as sequence, the subscript ;, denotes the index of parameters
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local coordinate system

VAl
/
X
a=90° a=0°
2D vertical 2D horizontal
zone zone

Figure 6: In-plane frame system

expressed in the in-plane system:

1 0 0 0 0 0
0 0 0 cos?a  sina sinacosa
0 cosa sina 0 0 0
Tip = (32)
0 0 0 sina cos?a  —sinacosa
0 —sina cosa 0 0 0
0 0 0 —sin2a  sin 2« cos 2a

T
« is the rotation angle between the two frames whose value is either 0 for the 2D-horizontal zone or 5 for

the 2D-vertical one. As a consequence, the in-plane strain vector becomes:

T
2D .
e = <€m Eyy Yoy Ezz Yoz ’yyz) 2D-horizontal (33a)
/2D T .
€ip—v = (5:1030 €zz Vzz Eyy “Vzy _7y2> 2D-vertical (33b)

Only the first three components are considered in the in-plane coordinate system, the others are given a null

value, so:
&l Exx Exx
el — = (2D-horizontal) or e?P = (2D-vertical) (34)
ip—h Et Eyy ip—v €2z
Vit VYaxy Yz

Among these 3 in-plane strain components, ¢; and 7; can be obtained from the kinematic condition in
equation (small displacement condition) or equation (large displacement condition), while £; must
be handled separately by satisfying the transversal equilibrium conditions. The determination follows an
iterative process and will be described later. Corresponding to this strain vector, the in-plane stress vector
has 3 components: S?]P = ( o, o Tlt)T' The stress and strain vectors are related by a material stiffness

matrix D?pD :

20 = Diper )
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The contribution of concrete and reinforcement are added separately to the material stiffness matrix and

the stress vector of the in-plane frame (Figure E[):

Sty = SipetSips (36a)
D} =Di7. + D), (36b)

Where Dprc is the concrete stiffness matrix and sz?s is the stiffness matrix from reinforcement. While

the steel stiffness matrix szfs can be set up easily in the in-plane system, it’s more convenient to express

the concrete relation in principal directions (Figure E[) A change of reference from principal direction to

in-plane axes systems is therefore required and equation (36b|) becomes:

D = (T2")" D22, . T2" 4 D27 (37)

prin,c ip,s

Where T2? is the transformation matrix composed of the direction cosines, which define the direction of

//\ Applied

Torsional
Moment 3 o
5 4 Lo o i
It €— It
Effe:ctlve wall Concrete strut ) o N ¢ 2,9
thickness te <—T ” L—> = <—T #—g + <« -
) Uy T
I 7 !
Transversal reinforcement ) )
Reinforced Concrete Concrete Reinforcement Steel

Shear ﬂu

Longitudinal reinforcement

Figure 7: Original Modified Compression Field Theory for reinforced concrete members [25]

the principal concrete strain:
cos2f sin?@  sinfcosb
TED = | sin®0 cos20 —sinfcosd (38)

—sin260 sin 260 cos 20

The direction of principal strains can be determined from the in-plane strain vector using Mohr’s circle:

1
0= 5 arctan (’Ylt) (39)

€l — &t

D?,TDm . is the concrete secant-stiffness matrix in the principal directions:

E, O 0
2D _
me’n,c - 0 E2 EOE (40)
0o 0 —r2
B+ B,



E1 and E5 are the secant moduli, defined as follows:

B =2 E-=2 (41)
€1 35}

Where €1 and €5 are the concrete strains in principal directions, obtained from the in-plane concrete strain

vector and the direction of principal strains:

€1

2D _ _ m2D 2D

epm’n,c - €2 - Tc ez’p (42)
Y12

The concrete stresses in principal directions o; and oy are then conducted from the stress-strain relations

expressed below in Section [4.4]

2D _ 12D 2D

Sprin,c - prin,ceprin,c

The hypothesis of same principal directions between strains and stresses gives:

stpe = (T27) splh (43)

For the reinforcement’s contribution, the steel stiffness matrix is expressed in the in-plane coordinate system:

psiEsi 0 0
DzzpD,s = 0 pstbse 0 (44)

0 0 0
Where E; is the secant modulus of longitudinal reinforcement and Ey; the secant modulus of transverse
steel which can be determined from the steel behavior law in figure |5} ps; and ps; are the reinforcement ratio

in the in-plane directions [,t respectively, which have been determined as follows:

Asl
Astpst (45b)

Pst =
’ A2Dg

where A is the total area of longitudinal reinforcing steel situated in 2D-zone, A2P is the area of 2D-zone,
Ay is the area of one leg of a transverse steel bar, Py; is the perimeter of the stirrup centerline in 2D-zone
and s denotes the average spacing of stirrups. It should be noted that the reinforcement percentages are
evaluated with respect to the discretized cross-section area.

Now all the terms of the in-plane constitutive relation in equation are expressed. The process to
determine the in-plane transverse strains ¢; is however still to be defined. This is done remembering that

to satisfy the condition of transverse equilibrium between concrete and stirrup at each material point, the
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in-plane transverse stress oy must be zero. From equation (35)) we have:

2D 2D 2D
ol D3 Diphe Dipas €l
2D _ 12D 2D _ 2D 2D 2D
sip =Diye, & o | = Diyor Dipas Dipas €t (46)
2D 2D 2D
Tit Dip,31 Dip,32 Dip,33 it

By imposing o, = 0, one obtains:

_ D?£215l + Dzz;?z:z%t (47)

€t = 2D
ip.22

This equation must be solved by an iterative process, that is presented in Figure [8

Local frame Kinematic to be
system condition determined

2D old y old\"
e!—h/vz(gxx }/xy/}/xz gyy /gzz |

f
i=0

In-plane frame previous
system iteration
G 4]

Steel behavior
|

1

—

L4
Concrete behavior |

Transverse equilibrium
condition

T
2D new new
lel—hlvz(gxx TolVe €y e, )

Figure 8: Iteration process satisfying internal equilibrium between concrete and transverse reinforcement .

After determining the transverse strains and stresses in the in-plane system following the equations above,

another change of reference needs to be applied to transform the stress, strain vector and the stiffness matrix

to the local frame system:

DD 0,
D77 =T}, | 7 Ty, (484)
03 O3
S?D = D?Dech (48b)

Where 03 is a (3 x 3) zero matrix, resulting from the exclusion of unnecessary strain components in equation



(33). The 2D-stiffness matrix is therefore:

D?Z?ll D%,Jla 0 ngzf?lz 0 0 Dizpl,)ll 0 Di2£13 0 Dgz?l? 0
D3y Diss 0 Difs, 00 o0 0 0 0 0
2D 2D 2D
oD 0 0 0 0 00 op | Dipsr 0 Dipzzs 0 Dijz, 0
D7, = or D32, = (49)
Dy Dihs 0 Dip 00 0 0 0 0 0 0
0 0 0 0 00 Di%y 0 Dl 0 Dl 0
0 0 0 0 0 0 0 0 0 0 0 0

After the iteration process of satisfying the internal equilibrium above (Figure , the stresses oy, or o,

become zero and as a consequence:

el‘fﬂ
°p 2D 2D 2D Tay 2D 2D 2D
Oyy Dip,Ql Dip,ZS 0 Dip,22 0 0 " Dip,zlam+Dip,237xy+Dz‘p,225yy 0
o =] 0 o 0o o oo "= 0 =|o
Eyy
Tyz 0 0 0 0 0 0 0 0
f=h €2z
Yyz
(50a)
gzm
2D Vzy
Oyy 0 0 0 0 0 0 0 0
Yz
Ozz = Dz’2;£21 0 D?p[,)23 0 D?p[,)Qz 0 - = D?}?QIEII+D12£23’712+Di2p[,)22522 0
e o o o o o ofl™ 0 0
fov €2z
Vyz
(50b)
T
From this condensation, the strain vector (gyy €22 ryyz) is expressed in the local frame as:
2D - _
Eyy ) Dy Dias 0| [ewn
Ezz = _D2D 0 0 0 ’YT?J (51&)
ip,22
’yyz f—h L 0 0 0_ Yz
2D - q
Eyy 0 0 0 Exw
1
€2z ~ " p2Db Dzzpl,)m 0 D?;f?zs Yy (51b)
ip,22
W), 00 0] e

The value of €y, or €., correspond to the value of ; determined in equation . The stress vector S?D

20



used in the sectional analysis is

now expressed by:

Ozx Dzz;f)u D121£)13 0 Eax D?;f)m 00 Eyy
2D

Sfo = | Tay | T D%}?l}l Dzzp%s O [Yay | + Di2pj?32 0 0] | ez (52a)

Trs i 0 0 O_ Yaz i 0 0 0_ Vyz

Ozx Digfn 0 Dig;fli% Cax 0 D%,Dw 0] [eyy
S?.D = T.’L'y = O 0 O ")/_Ly 0 0 O Ezz (52b)

Twz _Dz‘z;f?;n 0 D?£33_ Vzz 0 Dg;f,jsz 0 \y=

Using the expression of equation , we get the material constitutive relation in 2D-zone:
s7” =k} ef” (53)
with the expression of material stiffness matrix:
[ 2D D | [ 2D D D D !
Dzzp,ll Di2p,13 0 1 D'£2p,12Di2p,21 Di2p,12Di2p,23 0
2D _
kf Dz'2;£)31 Df£33 0] — D2D22 Dz‘zp[,)21Di2;£)32 Dz'zp]:,)23D121)[,)32 0 (54a)
ip,

0 0 0 0 0 0

[ 2D 2D | [ 2D 2D 2D 12D |

war 0 Dips . DipiaDipor 0 DipiaDipas
k=1 0 o o0 |- DD 0 0 0 (54b)

ip,
D D D D D D
_Di2p,31 0 Dzzp,33_ _Di2p,21D7l2p,32 0 D7J2p,23Di2p,32_

Using equation , the 2D-regional stiffness matrix KiD can then be determined.

4.8. 8D-Zone

This zone corresponds to the regions of concrete in which transverse steels come across in two directions
(the four corners of section) and the regions of concrete in the core of section without any reinforcement
(Figure []). The stress state of this zone has three components: one normal o,, and two transverses Ty,

T

and 7., included in a stress vector s?cD = (gm Tay TM) . Same as in the 2D-zone, in the 3D-zone even

though only 3 stress components are considered in the sectional analysis, the fully stress vector has a total of
T

6 components s’ :J)’CD — (gm Toy Tz Oyy Oaz Tyz) . The three components oy,, 0. and 7, will then

be set to zero in order to satisfy the internal equilibrium. The corresponding strain vector has therefore six
T

components: €’ ?cD = (Em Yoy VYzz Eyy Ezz 'yyz> . Unlike the stress vector, three strains ey, €., and

Yy- are not zero, but they are not taken into account in the sectional analysis, as the distortion phenomenon

is not considered in this work.

Similar to the constitutive relation between s:;cD and e?cD in equation 1 , the full stresses s ?D and

strains €’ ?}D are also related by a material stiffness matrix D?CD :

s'}7 = D3Pe'}” (55)
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This stiffness matrix D?D is determined by a secant-stiffness-based formulation, which is extended from the
constitutive relations of the MCFT for membrane members in section After cracking the contribution

of concrete and reinforcement can always be added separately to the stiffness matrix:
3D 3D 3D
Dj" =Dy, + Dy, (56)

Where D?IZ is the concrete stiffness and D:}Q is the stiffness from reinforcement. As before, while the steel
stiffness can be set up easily in the local frame system, for concrete stiffness matrix, it is required a change

of reference from principal directions to local axes. Equation (56 becomes:

3D _ mT13D 3D
Df - Tc Dprin,cTC + Df,s (57)
Where Dg?m,c is the concrete stiffness matrix evaluated in the principal direction:
Ey 0 O 0 0 0
0 Ey O 0 0 0
0 0 Ej3 0 0 0
D30 = BBy (58)
prin,c 0 0 ——=. 0 0
B+ E; 5
0 0 0 0 23 0
E> + E3 EE
0 0 0 0 0 =
L Eq + E3 ]
E1, E5 and Ej3 are the secant moduli, defined as follows:
B=2 B=-2 B-=-2 (59)
€1 1S5 €3

T. is the transformation matrix composed of the direction cosines which define the direction of the principal

concrete strains (Figure @:

l% l1m1 ming m% n% n111
lg ZQmQ maong mg TL% TLQlQ
l% l3m2 msang m?)) n§ ’nglg
T, = (60)

201l lyme +1laml ming +mong 2mims  2ning  nils + naly

2[2[3 12m3 + l3m2 mansg + Mm3no 2m2m3 271277,3 nglg + n3l2

2Z3l1 lgml + llm?) msni +mins 2m3m1 277,3%1 ngll + n1l3

The concrete strains in principal direction €1, €2, €35 (61 > €2 > e3) and the direction cosines are
calculated from the eigenvalues and eigenvector of the strain tensor, in which three strains (€445 Vay; Voz)

are obtained from the kinematic condition in equation , while three others (eyy;€,,;7y-) are taken from
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Figure 9: Angle between principal direction 7 and the local coordinate system.

the previous iteration. The concrete stresses in principal directions o1, o3, o3 are then deduced from the
uniaxial stress-strain relations in Figure According to Vecchio & Selby [35], in direction 3 (the direction
of principal compressive strain), the compressive stress o3 depends on the strain compressive strain ez and
the tensile strain €;: 03 = f(e3,€1). In direction 1 (the direction of principal tensile strain), the tensile
stress o1 depends only on the tensile strain €1: o1 = f(e1). Finally, in the intermediate direction 2 (that
can be compressive or tensile), the stress oo depends on €2 and €1: g9 = f(e2,€1).

Then, for the reinforcement’s contribution, the steel stiffness matrix is expressed in the local coordinate

system as:
0B 0 0O 0 0 0
0 Psy st 0 0 0 0
D3g _ 0 0 pszEst 0 0 0 (61)
0 0 0 0 00
0 0 0 0 00
i 0 0 0 0 0 0_

Where Eg; is the secant modulus of longitudinal reinforcements and Fy; the secant modulus of transverse
steels, which can be determined from the steel behavior law in ﬁgure Psa, Psy and p,. are the reinforcement

ratio in directions x, y, z respectively, which have been determined as follows:

Asl
Psx = AED (623)
Ag PY
Psy = > (62b)
Y A3Dg
Ay P?
ot st (62¢)

Psz = 3D
A3Ps

where A, is the total area of longitudinal reinforcing steel situated in 3D-zone, A2” is the area of 3D-zone,
Ay is the area of one leg of a transverse steel bar, P% is the length of the stirrup centerline disposed in
horizontal direction and P is the length of the stirrup centerline disposed in vertical direction in 3D-zone; s
denotes the average spacing of stirrups. It should be noted that the reinforcement percentages are evaluated

with respect to the discretized cross-section area.
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Now we have a full material constitutive relation with six-components stress and strain vector and a

(6 x 6) stiffness matrix:

3D 3D
3D 3D S D30 D3P e
g7 =D} o |7 | = [T A (63)
SSD D D 3D
of f,21 £,22 Cof
where:

Oxx O'yy Exx Syy

3D __ . 3D __ . 3D __ . 3D __
Sf - Ty | » Sof — | Ozz | > ef = | Yay | eof = | €zz
Trz Tyz Vxz Vyz

As mentioned above, the 3 stresses oy, 0., and 7,, must be zero, so a static condensation needs to be

realized:
3D

e

f — 3D _ (3D

{Df 2 Dy 22} o0 | 03 = eof = (D¥2) Df ey’ (64)
Of

The non-zero terms e> f in the strain vector e’ f , which can not be determined from the kinematic condition,
are calculated from the equatlon The stress vector s3 i D used in the sectional analysis is therefore expressed

by:

-1
Dfllef +Df1290f —Dfllef +Df12 (Df22) D?f,%e?fD (65a)

= P =Ko )
with the material stiffness matrix:
1
ki” =D}1, + D}, (D}2,)  Di5 (66)

Using equation , the regional stiffness matrix K2P can then be determined.

4.4. Proposed material model for concrete

In compression, the relationship proposed by Stevens et al. [37], which is based on the original MCFT,
is employed in the model including the softening effect of concrete, which can be understood as the fact that
the principal compressive stress is softened due to principal tensile stresses. This phenomenon is represented
by a softening parameter SF depending on the tensile strain, which is applied for “shrinking” the stress-
strain diagram (Figure . In tension, as mentioned above in the section , the tensile relation proposed
in the classical MCFT is based on tests of shear panels, so not really suitable for the torsional behavior.
By conducting a systematic parametric study with several experimental tests in torsion, another tensile

constitutive law is proposed by Jeng [26]:

E.. = 5620\/f, (f in MPa) (672)
o = 0.000116 (67b)
fc’r = Licr&er (67C)
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In this relation, the main difference from the original MCFT is a higher cracking strength of concrete. The
cracking strain comes from observations of tests in torsion for plain concrete members by Hsu [36], in which
he cited that failure of plain concrete members under torsion occur at a strain of approximately 0.0001 [6].

Although this new model for torsion showed some correct responses in the simulation compared to
experimental tests, the choice of cracking strain is a bit unnatural to the authors. This is why, based on this
idea, it is proposed another tensile constitutive law for torsion. Knowing that the cracking strength of RC
fer under torsion is a function of concrete strength and reinforcement ratio, the authors developed a new
relationship between f., and the cracking strength of plain concrete members under torsion f£¢ which was
widely proposed in literatures, for example in [36]. A parametric calibration was studied in 61 specimens of
experimental tests, carried out by Hsu [36] (41 specimens), Csikos & Hegedus [38] (12 specimens) and Lee
et al. [39] (8 specimens), with various concrete strengths, section dimensions and reinforcement ratios.

In the present model, the longitudinal reinforcement bars only have an impact on the normal stress
state, so do not have any contribution to the torsional response, which depends on the shear stresses.
Experimental tests show that, for concrete members with longitudinal steel only, the effect of the longitudinal
reinforcements is small, and the cracking torque is very similar to that of a plain concrete member. This
ineffectiveness can be explained by the location of longitudinal steel bars, which are usually placed at the
corners of the section where the shear stress is zero according to Saint-Venant’s stress distribution (Figure
. For concrete members with longitudinal steel and stirrups, experimental tests by Hsu [36] show that
the cracking torque might be a function of the total steel percentage (Figure. Hsu also remarked that a
better repartition of reinforcement will somewhat increase the cracking torque: it is the case of beam G6, G7
and G8 in which longitudinal bars are also located at the center of the section. This remark is also noted by
the authors during the calibration process, indeed a repartition with additional longitudinal reinforcement

steel bars along the perimeter of the cross-section can make influence on the value of cracking torque.
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shear stress at each point is calculated by /72, + 72, [6]. Hsu tests (1968) [36]

Figure 10
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For this reason, the reinforcement percentage ps; must become an essential parameter for the cracking
strength f.,., and its formulation should be distinguished for different cases of longitudinal steel repartitions.

For a rectangular section, the calibration study gives the following formulation of f,:
b
for = fPC <0.38h ps + 1> (For usual/conventional repartition of reinforcement bars at corners) (68a)

b
for = CIZC <0.22h Ps + 1.3) (For repartition with additional reinforcement bars along the perimeter)

(68b)
With the expression of f2¢ [36]:
6452
PC —0.76 (1 + = ) Y3 (MPa)  for b > 100 (mm) (69a)
N 1/3
PC —6.13 <b> (MPa) for b <100 (mm) (69b)

Where f! is the cylinder compressive strength, h the section height, b the section width. The cracking of
reinforcement concrete members under torsional effect is therefore depending on both the concrete strength,

the reinforcement’s contribution and the dimensions of the cross-section.

7,50 , =5620{/1. (MPa) Vecehio model for shear
0.<0 & concrete strain in compression ¢ Proposed model ¢ . =1 /E 3 \/—
, &t concrete strain in tension f for torsion r o < E('r =3925 f( (MPa)
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SFfe |- conerete 050345 : e £, =033,1 (MPa)
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| fa_ A | Uniform distribution of rebars
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(b) Proposed tensile relation for torsion compared to the shear model

of Vecchio [25]

(a) Compression relationship [25]

Figure 11: Concrete constitutive relations for proposed model based on the MCFT

It is worth to note that this proposed constitutive model is the improved version of the constitutive
model proposed by Jeng [26]. A comparison between two versions will be presented below to validate the

pertinence of the new model.

4.5. Effective wall thickness

As mentioned above, determining an effective wall thickness becomes an obvious question to investigate
the post-cracking behavior of RC members under torsional effect. Several formulations were proposed in
the literature: Rahal & Collins proposed an average value of the effective thickness of concrete in resisting
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the torsional moment which depends on the section dimensions [4I]; the formulation used in the model
of Valipour & Foster is a function of stirrup’s spacing, reinforcement bar disposition and concrete section
dimension [42]; while Hsu proposed another formulation for design based on the torsional strength [43].
Although the section discretization in this model was proposed by Navarro-Gregori et al., these authors
did not validate a rule to define the width of the 2D zone, but suggested a width equal to the double of
concrete cover over the transverse reinforcement. Taking care of this indication, during the construction of
the model the authors realized that a so simple formulation can not represent accurately enough the torsional
response, especially in the case of pure torsion. The difference when calculating for ultimate strength are
important. After consulting the proposed formulations cited above and a formulation calibrated by Hsu
[6], the authors noted that the effective wall thickness should be a function of the section width and of the
reinforcement ratio. Another parametric study was also investigated from the 61 specimens below and gives

the following formulation:

h
te=0 (0.013bmps + O.l) (For usual/conventional repartition of reinforcement bars at corners) (70a)

h
te =10 (0.0088bm,05 + 0.1) (For repartition with additional reinforcement bars along the perimeter)
(70b)

where pg is the reinforcement percentage; b, h the section dimension; m is the ratio between longitudinal

and transversal reinforcement and m < 1.5

5. Mechanical model for Plain concrete members

The torsional behavior of plain concrete members can be represented by a typical torque-twist curve as
shown in Figure at low torque, the behavior is linear elastic, then becomes curved at high torque until
a brittle failure just after the first crack. The torsional rigidity can be related to the stress-strain relation
in uni-axial compression and tension. Knowing this, to describe the behavior of plain concrete members
subjected to pure torsion, the constitutive model proposed above can be used with a little improvements in
the tensile relation in order to obtain the exact shape of torque-twist curve. For this, the authors proposed
to divide the stress-strain curve into 2 straight lines (Figure . For rectangular sections, the cracking
stress fe, is calculated from equation , while the first slope is taken from the proposed formulation in

tension by Jeng [26].
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Figure 12: Behavior of plain concrete member subjected to pure torsion

6. Numerical application

6.1. Elastic torsion with small rotations

In this section, the numerical results calculated by the proposed model will be compared to the theoretical
formulations and other model’s results. The first example is a cantilever beam subjected to pure torsion at
the free end of the beam under small displacement hypothesis (Figure , which was also simulated by Le
Corvec in her PhD thesis [21].

Z

Mx=1000000 Nmm g
% g
[

— | &
I I E

L=5000 mm
E=1000000 MPa; v=0.3 o
b=50 mm

Figure 13: Cantilever beam subjected to pure torsion.

The end twist angle given by the model correlates very well with the one given by the theoretical
formulation (Table . Moreover, it confirms that neglecting the effect of warping will strongly influence
on the twist angle. This result is obtained with a FE model constructed from 4 elements with 5 points
Gauss-Lobatto along the element axis and a system of 100 x 50 square fibers using mid-point integration
rule over the cross-section. The execution time takes about 9 seconds. In a multi-fiber model, the more
number of fibers, better the results obtained, however calculation time becomes higher. In a simple elastic
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model, the difference is not very important, but in order to apply the model in more complex problems, an
adequate size of fiber needs to be fixed. From figure a number than 30 fibers through the section depth

is a good choice to ensure a good balance between accuracy and calculation time.

Theoretical ~ Model of  Proposed model Proposed model
formulation Le Corvec  (no warping) (Saint-Venant warping function)
Twist angle (1073 rad) 4.544 4.554 2.496 4.550
Relative error (%) 0.22 45.07 0.13

Table 1: Mid span twist angle for cantilever beam under mid span torque

Here, as in the sequel, the relative error is computed with respect to the theoretical (or experimental)

values:
Vnumerical - ‘/theoretical experimental
[ezp 100%

RE =

‘/theoretical/ezperimental
The warping profile of the cross-section is represented in Figure [[4] It gives a good illustration of the
phenomenon. As mentioned in the expression of warping functions, we do not need an infinite (or great)

number of items to obtain a satisfying result: in figure from a number n > 5, the relative difference is

less than 0.01%.
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LT

I
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warping displacement (mm)

Figure 14: Warping of cross-section under torsional effect.
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It is worth to notice that in this multi-fiber finite element model subjected to pure torsion, it is impossible
to get an exact result compared to the theoretical formulation, because of two reasons:

1. The warping function is calculated with limited number of items n, instead of infinity.

2. Sectional integration points situate in the center of fiber, not on the border.

Despite this fact, the use of multi-fiber approach is very effective and highly recommended by the authors,
considering its good balance between the result obtained (relative error less than 0.5%) and the calculation

time.

6.2. Elastic torsion with large rotations

To investigate the geometrical non-linearity in pure torsion, a cantilever beam is modeled (Figure .

E=2100000
Mx
% G=787500 O h=10
| | T
T W s

Figure 16: Cantilever beam subjected to pure torsion.

Compared to the analytical solution based on Vlasov’s beam theory and the numerical one of Battini’s
model, the results obtained by the proposed model show a very good correlation. (Figure . As explained
in section without the Wagner term the result will be purely linear. As the Wagner term expresses
the non linearity in torsion, when looking at the analytical and numerical results, we can see that at low
torsional moments there is not much difference between the linear and non-linear solution. To further
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investigate this observation, we have tried another example of a concrete cantilever beam, with 1000 mm
length, section dimension of 200 mm x 100 mm and elastic modulus of 25000 MPa, subjected to pure torsion,
in order to view when the difference becomes not negligible. The torsional moment - twist rate diagram in
Figure shows that significant differences between linear and nonlinear solutions were always recorded
when the torsional moment becomes bigger. However, in a range of twist angle less than 1 radian per
meter, the relative differences between linear and non-linear solution are very small (< 0.5%) (Figure [L8b).
Considering that cracking and failure of concrete (and also reinforced concrete) member under pure torsion
happens frequently at a twist rate between 0.1e-3 to 10e-3 radian per meter, the effect of large displacement

for concrete member under pure torsion in the elastic material range can be considered as negligible.
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., 7000 —— Proposed model )
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Figure 17: Elastic torsional response under large displacements hypothesis.
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Figure 18: Investigation of relative difference between linear %I:lld nonlinear geometric conditions of beam under pure torsion.



7. Inelastic Torsion

7.1.

Plain concrete members

In this section, the behavior of plain concrete member under pure torsion will be represented and com-

pared to a series of test carried out by Hsu [36], Csikos & Hegedus [38] and Lee et al. [39]. The details

of beam sections and material properties can be found in Table 2] For a plain concrete member, without

contribution of reinforcement, it’s obvious that the whole section is considered as a 3D-zone (section [4.3), but

with a constitutive law as proposed in section[5| The beam is modeled with 4 elements, and the cross-section

is discretized into a system of 30 x 20 fibers.

Test Beam Dimension (mm) h/b ratio f. (MPa)
A2 381 x 254 1.5 31.2
Hsu [36] A4 254 x 254 1 32.49
A8 280 x 152 1.84 31.2
Csikos & A-1 130 x 130 1 23.7
Hegedus [38] A-2 130 x 130 1 30
Lee et al. [39] TO 350 x 300 1.17 42.6

Table 2: Details of specimen of tests in torsion

The torque-twist curves obtained by the proposed model shows a good agreement with the experimental

results (Figure|19a)). Moreover, in Figure we can see that the proposed model can predict very well the

cracking torsional strength of plain concrete members.
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(a) Torque-twist curve for series A of Hsu's test. (b) Experimental and numerical cracking strength.

Figure 19
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In the literature, there are three basic methods to determine the cracking load of plain concrete members
under pure torsion: the elastic theory presented by Saint-Venant, the plastic theory developed by Nylander
[46] and the skew-bending theory based on observations of torsion tests. When consulting all the results
calculated by these three theoretical formulations and the numerical results, then comparing to the ex-
perimental tests (Table , we can see that the cracking strength obtained by the elastic theory is always
conservative, the plastic theory gives unconservative results, while the results given by skew-bending theory
are more reasonable, but generally the proposed numerical model can give the best results: in most cases

the relative difference compared to experimental test is less than 5%.

Test Beam Exp Proposed Model Elastic Theory Plastic Theory Skew-Bending

A2 19.1 19.7 / 3.1% 13.8 / 27.8% 23.2 /22.1% 18.5 / 3.1%

Hsu [36] A4 11.3 10.2 / 9.7% 8.62 / 23.7% 13.8 / 22.3% 12.5 / 10.6%
A8 6.38 6.70 / 5% 3.82 / 40.1% 6.46 / 1.3% 5.66 / 11.3 %

Csikos & A-1 1.61 1.60 / 0.6% 1.13 / 29.7 % 1.81 / 12.6 % 154 /177 %
Hegedus [38] A-2 1.69 1.71 /12 % 1.32 /21.7 % 2.12 / 25.5 % 1.79 /59 %
Lee et al. [39] TO 23.2 229 / 1.3% 253 /9% 35.8 /54.2 % 29.4 / 26.6 %

Table 3: Cracking torsional model for Plain concrete member: Comparison between experimental, numerical result and theo-

retical formulations

7.2. Reinforced concrete members

In this section, the behavior of RC members under pure torsion will be represented and compared to a
series of test carried out by Hsu [36], Csikos & Hegedus [38], Lee et al. [39] and Lee et al. [40]. The details
of beam section and reinforcement repartition can be found in Figure with two cases of longitudinal

reinforcement repartition as mentioned in section [£.4}

1. Usual/conventional repartition of reinforcement bars at corners: Series B (B1 to B10), C (C1 to C6),
G (G1 to Gb), I (12 to I6), M (M1 to M5), N (N1, N2) of Hsu’s test; Series B (B1 to B3), C (C1 to
C3) of Csikos & Hegedus’s test; Series T (Beam T1-1, T2-1, T2-2) of Lee et al. test.

2. Repartition with additional reinforcement bars along the perimeter: Series T (Beam T1-2, T1-3, T1-4
,T2-3, T2-4) of Lee et al. test; Beam M6, N3, N4, G6, G7, G8 of Hsu’s test; Series D (D1 to D3), E
(E1 to E3) of Csikos & Hegedus’s test.

The cracking and ultimate torsional moment calculated for 61 specimens of tests cited above are compared
to theoretical formulations, numerical results of Jeng’s model and 2 international standards for torsional

design of RC members (Eurocode 2 and ACI).
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Figure 20: Section dimension in torsional tests [36] [38] [39] .

7.2.1. Cracking Torque

For RC members with a rectangular cross-section, Hsu proposed a new formulation for cracking load

based on T1¢:
T, = (1+4p,)TEC (71)

where p is the total percentage of reinforcement with respect to the whole section. The cracking torque
T.., calculated by three analytical methods as mentioned in section 7.1} are then compared to the numerical
results obtained by the proposed model and Jeng’s model [26]. In Tableld] the relative differences (calculated
with respect to the experimental tests) are indicated. In each series of tests the smallest average relative
error is shown in bold and highlighted in red. We can see that the proposed modifications are very relevant
as the smallest average relative error can be found in most cases. The numerical results given by Jeng’s
model are also satisfactory, although some large average relative errors (more than 10%) were found in series
C and N of Hsu’s test. When considering the analytical formulations, while the elastic theory always gives
the unsatisfactory results, reasonable cracking loads can be sometimes obtained by the plastic theory (series
C and N of Hsu’s test). The skew-bending theory shows the best ability of predicting the cracking torsional
moment between the three formulations, but its results are still far from satisfactory when comparing to the
experimental results.

Another strong aspect of the proposed model is the ability of calculating for the case of repartition with

additional longitudinal reinforcement bars along the perimeter. In Table 5| the numerical and analytical
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Proposed Jeng’s Elastic  Plastic = Skew-bending
Test Beams
Model Model  Theory  Theory Theory
Series B 4.4% 71% 33.1% 13.2% 8%
Series C 5.3% 10.8%  33.9% 5.9% 6%
Series G 3.0% 6.2% 38.6% 11.7% 14.3%
Hsu [36]
Series 1 4.5% 4.7% 20.2% 34.9% 12.3%
Series M 4.7% 3.7% 31.5% 15.8% 3.9%
Series N 4.5% 12.3%  46.4% 4.1% 12.7%
Lee et al. [39] Series T 4.7% - 22.2% 32.2% 6.8%
Csikos & Hegedus [38]  Series D,E 2.2% - 20.4% 27.6% 22.3%

Table 4: Cracking torsional moment: average relative error with respect to experimental test calculated.

cracking torque for this case of reinforcement repartition are all indicated, with a highlight in bold and red
for the model with the smallest relative difference compared to the experimental result. Unconservative
results can be found in many cases, except with the plastic theory, but the best agreement is obtained with

the proposed model. Although giving the smallest differences in two specimens (G8 and N3), the predictions

of the plastic theory are too conservative, which is not suitable for the design process.

Test Beam EXP Proposed Jeng’s Elastic Plastic Skew-bending
Model Model Theory Theory Theory

G6 30.96 33.2 / 7.2% - 18.47 / -40.3% 33.61 / 8.6% 25.27 / -18.4%

G7 33.67 34.2 / 1.6% 31.24 /-72% 19.53 / -42.0% 35.53 / 5.5% 26.21 / -22.2%

Hsu [36] G8 33.67 32.6 / -3.2% 30.32 /-9.9% 1853 / -45.0% 33.72 / 0.1% 26.18 / -22.3%
M6 22.71 21.9 / -3.9% 21.81 / -4% 15.83 / -30.3%  26.76 / 17.8% 21.79 / -4%

N3 7.41 6.80 / -8.3% 6.37 / -14.1%  3.80 / -48.7% 6.91 / -6.7% 6.36 / -14.1%

N4 7.60 7.50 /-1.4% 6.45/-15.1%  3.94 / -48.1% 7.18 / -5.6% 6.61 / -13.1%

T1-2 314 30.1 /-4.1% - 22.95 / -26.9%  39.03 / 24.3%  27.59 / -12.1%

Lee et T1-3 318 31.5/-0.9% - 23.52 / -26.0%  40. 1/ 25.8%  28.28 / -11.1%

ol. 39 T1-4 33.7 34.6 / 2.7% - 24.42 / -27.5% 41.53 / 23.2% 29.35 / -12.9%
T2-3 29.8  29.0 / -2.7% - 23.36 / -21.6%  39.73 / 33.3% 28.08 / -5.8%

T2-4 299 295 /-1.3% - 23.75 / -20.6%  40.40 / 35.1%  28.55 / -4.5%

D2 1.69 1.70 / 0.6% - 1.49 / -11.6% 2.40/ 41.7% 2.31 / 36.6%

Csikos & D3 1.69 1.68 / -0.6% - 1.47 / -13.0% 2.36 / 39.4% 2.29 / 35.6%
Hegedus [38] El 225 2.09 /-7.1% - 1.55 / -30.9%  2.49 / 10.8% 2.35 / 4.2%
E3 2.06 2.05 / -0.5% - 1.52 / -26.1% 2.44 / 18.4% 2.33 / 12.9%

Table 5: Repartition with additional longitudinal reinforcement bars along the perimeter: Cracking torsional moment (KNm)

and Relative error with respect to experimental test.
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7.2.2. Ultimate Torque

In this section, the ultimate torque calculated by the proposed model is compared to the numerical
results of Jeng’s model, the analytical formulations proposed by Rausch, Cowan and Hsu and two standards
for torsional design: Eurocode 2 and ACI.

The first formulation to calculate the ultimate torsional moment was proposed by Rausch in his space
truss theory [7]. The main hypotheses are that both longitudinal and transversal steels are yielding at
the ultimate torque and the inclination of concrete cracks is fixed at 45°. This formulation is an ingenious

concept which gives torsional strength as a function of reinforcements and concrete:

2AcAslfsly . 2A’Llcfélst.fsity >

’
u S

T,r = min ( (72)

where A, is the area enclosed by the centerline of stirrups; Ag and fs, are the total area and the yield
strength of longitudinal bars; Ag; is the cross-section area of one hoop bar and fg; are the yield strength of
stirrups; w is the perimeter of the area bounded by the centerline of a completed hoop bar; s is the stirrup’s
spacing. Then, Cowan modified Rausch’s equation and proposed a new formulation based on Saint-Venant’s

stress and strain distribution for rectangular cross-section [47]:

AcAstfsty
S

Twe =T, + 1.6 (73)

where T, is the torsional cracking strength calculated by the elastic theory as follows:
T, = abhf,

where b is the section width, A is the section height and b < h, « is the Saint-Venant’s coefficient depending on

the ratio of h/b, f; is the tensile strength of concrete. According to Cowan, the torsional failure mode depends

on the yielding of stirrups. Hsu proposed another formulation based on experimental tests’ observations [6]:
bh

T = 204 /T + ym Loty <1 + 0.2b1> bihn Astfory (74)
3 fsty hl S

where f/ is the compressive strength of concrete; by and hy is the width and the height of the area enclosed

by the centerline of stirrups; m is the ratio between longitudinal and transversal steel percentage.

In the ACI standard, torsional strength of RC members is calculated as [49]:

TuS =

72A0i3lf8ly cot @ (75)

where A, is the gross area enclosed by the shear flow path, which can be taken equal to 0.85A., with A, the
area enclosed by the centerline of stirrups; 6 is the cracks angle which can be taken as 45° for non-prestressed
or low-prestressed members. In the European standard Eurocode 2, three different values are calculated

depending on the torsional failure modes and the minimum one has to be chosen [50]. The first value is
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related to the stirrups’ yielding, the second one corresponds to the longitudinal bars capacity and the third

one is related to the torsional capacity of concrete struts:

2A,Aq fs 2A A fs .
kAsifsty cot 0; sty tan 0; 2v fL Ajter sin 6 cos 9> (76)
S Uk

T, r = min (
Ay, is the area enclosed by the centre-lines of the effective wall thickness; t.; is the effective wall thickness
and can be calculated as A/u with A the total area and u the perimeter of cross-section. The cracks angle
is variable but can be taken as 45°.

In Table |§|, the relative differences (calculated with respect to the experimental tests) are indicated. In
each series of tests, the smallest average relative error is shown in bold and highlighted in red. Similar to the
cracking torque, in most cases the smallest average relative error was obtained by the proposed model. The
numerical results given by Jeng’s model are also satisfactory with the best average relative error in series
M and N of Hsu’s test. When considering the analytical formulations, Rausch’s and Cowan’s formulations

often give too high average relative error in all cases, while Hsu’s formulation performs better, with one best

result in series C of Hsu’s test. Finally, the torsional strength given by the design standards are far from

satisfactory.
Test Beams Proposed  Jeng’s Rausch’s Cowan’s Hsu’s Burocode 2 ACI
Model Model  Formulation Formulation Formulation

Series B 4.9% 7.9% 56.0% 54.8% 16.1% 23.2% 41.4%

Series C 12.5% 5.6% 81.3% 69.9% 5.1% 14.4% 52.2%

Hsu [30] Series G 3.8% 4.8% 11.1% 21.0% 20.5% 29.5% 10.5%
Series 1 2.8% 6.1% 18.0% 29.9% 24.1% 14.8 % 9.6 %

Series M 5.9% 3.2% 22.6% 18.7% 17.1% 20.7% 19.2%

Series N 2.9% 2.5% 12.0% 24.1% 22.1% 22.2% 10.8%

Lee et al. [39) Series T 5.5% - 38.9% 60.2% 5.6% 17.7% 23.2%
Csikos & Series B,C 3.7% - 20.2% 35.5% 30.8% 46.0% 27.2%
Hegedus [38]  Series D,E 7.0% - 36.1% 8.9% 34.7% 56.9% 45.6 %
Average 5.4% 5.1% 32.9% 35.9% 19.5% 27.3% 26.6%

Table 6: Ultimate torsional moment: average relative error with respect to experimental test calculated.

A more detailed comparison will be examined for the case of repartition with additional longitudinal
reinforcement bars along the perimeter. Similar to section [7.2.1] in Table [7] the numerical and analytical
ultimate torque for this case of reinforcement repartition are all indicated, with a highlight in bold and
red for the cases with the smallest relative difference compared to the experimental results. In Hsu’s test,
the two numerical models show their advantage by their ability to predict the torsional strength with a
very reasonable error in most cases (except specimen G8), while in the test of Lee et al., Hsu’s formulation

also gives very good results. In the test of Csikos & Hegedus, the proposed model is still giving the best
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predictions.

Test Beams EXP Proposed Jeng's Hsu's Eurocode 2 ACI
Model Model Formulation

G6 39.09 40.30 / 3.1% - 30.52 / -21.9%  27.98 / -28.4% 33.68 / -13.8%

G7 52.65 50.3 / -4.5% 55.87 / 6.1% 41.07 / -22.0%  40.14 / -23.8% 48.32 / -8.2%

Heu [36] G8 73.44 61.4 / -16.4% 70.49 / -4.0%  54.26 / -26.1%  57.02 / -22.4% 68.64 / -6.5%
M6 60.11 60.10 / 0.1% 55.29 / -3.2% 60.85 / 1.2% 64.22 / 6.8% 77.82 / 29.5%

N3 12.20 12.05 / -1.2% 12.49 / 2.4% 9.37 /-23.2% 9.27 / -24.0% 11.14 / -8.7%

N4 1570  15.75 / 0.3% 15.08 / -4.0% 12.99 / -17.3% 14.76 / -6.0% 17.75 / 13.0%

T1-2 42.9 44.5 / 3.7% - 41.86 / -2.4%  47.52 / 10.8% 55.16 / 28.6%

Lee ot T1-3 54.1 52.5 / -3.0% - 51.84 / -4.2% 62.15 / 14.9% 72.14 / 33.3%
oL, [ T1-4 62.4 63.4 / 1.6% - 79.51 / 27.42%  92.29 / 47.91%  107.13 / 71.68%
T2-3 50.2 49.4 / -1.6% - 49.95 / -0.5% 45.90 / -8.6% 53.28 / 6.1%

T2-4 56.4 55.2 / -2.1% - 56.75 / 0.6% 53.86 / -4.5% 62.52 / 10.9%

Csikos & D2 2.25 2.38 / 6.7% - 1.51 / -33.1% 0.99 / -55.9% 1.02 / -54.8%
Hegedus D3 2.06 2.20 / 6.8% - 1.50 / -27.3% 0.99 / -51.8% 1.02 / -50.7%
E1l 3.38 3.10 / -9.5% - 2.01 / -4.0% 1.32 / -60.9% 2.03 / -39.9%

58] E3 3.23 3.06 / -5.3% - 2.00 / -38.0% 1.32 / -59.1% 2.03 / -37.1%

Table 7: Repartition with additional longitudinal reinforcement bars along the perimeters: Ultimate torsional moment (KNm)

and Relative error with respect to experimental test.

7.2.3. Torque-twsit curve

The torque-twist curve obtained by the proposed model is compared to the experimental results of

specimen M2 and M3 in the test of Hsu (Figure , with and without the proposed modification of the

tensile behavior. A very good agreement is achieved: the cracking and the ultimate torsional moment have

the same magnitude, the slopes in the post-cracking phase are identical, and the featured horizontal plateau

manifested by the transition between the two phases before and after the cracking is well represented.

Moreover, we can conclude that without the proposed modification of tensile behavior, the cracking moment

achieved is about half of the one of the experimental test, and therefore the torque twist curve can not be

similar to the experimental one.
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Figure 21

Another comparison of the torque-twist curves is made for series B of Hsu’s test and series T1, T2 of Lee
et al.’s test: once again the proposed model gives a good agreement with the experimental results (Figure
. In these figures, it can be seen that the ultimate strength and the post cracking torsional stiffness
are very strongly a function of steel percentage. The cracking torsional moments are also different in each

specimen and depend on the reinforcement ratio.
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Figure 22: Torque-twist curve for series B of Hsu’s test.
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Figure 23: Torque-twist curve for series T of Lee et al.’s test.

8. Conclusion

In this present work, a non-linear multi-fiber finite element model is developed for RC element under
pure torsion. In the elastic domain, the comparison of numerical results with the analytical formulation
is excellent. The warping phenomenon is fully represented at sectional level as well as its influence on
element deformations. Large rotation conditions have also been investigated and included successfully in
the proposed numerical model for RC members subjected to torsion.

Regarding the research significance, the modification proposed by the authors for the tensile behavior
of concrete and the parametric formulation developed by the authors for effective wall thickness shows a
reasonable and correct influence in predicting the torsional response in the inelastic domain. Although the
model is developed with a displacement-based formulation, the sectional model proposed is general enough
to apply in any finite element model or formulation, such as force-based or flexibility-based. Finally, with the
proposed model, the torsional response can be obtained in a simple manner with reasonable computational
efficiency.

Moreover, the same sectional discretization and constitutive material approach has to be applied in a more
general model, which is able to consider the effect of combined loading shear-bending-torsion. For future
studies, this model may be further developed with a larger calibration study and other new formulations for

different reinforcement repartitions may be proposed.
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Appendix A. Development of material stiffness matrix in 2D-zone

D0 0
D?D Tl | 3 T, (A.la)
03 03
s;.?D = Tg;s;f)D (A.1b)
S}QD = D?DelfD (A.1c)

Where 03 is a (3 x 3) zero matrix, resulting from the exclusion of unnecessary strain components in equation
, T
1) s2D = (S’%Z)DT 0 0 0) is the full in-plane stress vector. The 2D material stiffness matrix in

ip
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equation (A.lal) can be expressed as follows:

Dy Dihs 0 DiPy 00
D35 Digss 0 Difsy, 00
0 0 0 0 0 0
D2D _
P b, o0 Do, 0 0|
ip,21 ip,23 ip,22
0 0 0 0 0 0
0 0 0 0 0 0

and the full stress vector:

"2D

Sf_h:(am Toy 0 o0yy O

2D _
Sffvi <Jz:c 0 Txz 0 Ozz

D%y 0 DiPs 0 D, 0
0 0 0 0 0 0
2D 2D 2D
D2D — Dip,Sl 0 Dip,33 0 D'L'p,32 0 (A.2)
v -
0 0 0 0 0 0
D3 0 Dits 0 DiPy 0
0 0 0 0 0 0
T T
O> = <0’l e 0 o O O)
(A.3)

T T
0> <Ul 0 m 0 oy O)

Knowing that the value of o; must be zero to satisfy the internal equilibrium, the following static condensation

can be established with the aid of equation (A.1c)), for the 2D-horizontal zone first:

2D
Oyy 0 D22, €00 + D3 o3 Vay + Dilaseyy
0 =10 = 0
0 0 0
f=h (A.4)
Eyy ) Dils1 Dias 0| [eua
=10 =1 0 0 ol |
D3l v
0 0 0 0 0
f—h
and for the 2D-vertical zone:
2D
0 0 0
Oz = 0 = D?p?ngmm + D?p?Q,?,’YZZ + D?£22€zz
0 0 0
=v b (A.5)
0 0 0 0 Exa
= | e =—pop_ |[Dia 0 Difl | 0
ip,22
0/, 0 0 0 Yes

Then, from equation , , and ,

the stress vector S?«D used in the sectional analysis can
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now be expressed as follows:

2D

2D
Sf7U

O—Il‘

0’{1}1}

0

TIZ

D2D

ip,11

2D
Dip,3l

D2D

ip,11

0

2D
D;s

2D

Dip,l?) 0
2D

Dip,33 0

0 0

0 DiPg
0 0

2D
0 Dip,33_

EII

Yy

€ww

0

Yoz

+ 10

0 szf?lz 0 0

Di2;1?12 00 Eyy
+ D?I%Q 0 0 0
0 0 0 0

0 0 €as

0 D2, 0] \ 0

(A.6a)

(A.6b)

From equation (A.4)), (A.5) and (A.6), the following material constitutive relation can be obtained in 2D-

zone:

2D 2D 2D
sy =kjy ey (A7)
with the expression of the material stiffness matrix:
[ 2D 2D 1 [ H2D 2D 2D 2D 1
w1 Dipiz 0 . DiphaDipor DipiaDipas 0
2D _ D D _ D D D D
Kjpn = Dz'zp,l}l D'£2p,33 0 D_2D22 Din,QlDiQp,SQ D’?p,QBD'L'Qp,SQ 0 (A.8a)
ip,
0 0 0 0 0 0
[ 2D D | [ 2D D D D |
1'2p,11 0 D%p,li’) 1 Di2p,12Di2p,21 0 D%p,lQD%p,QZ’)
k2gv = 0 0 0 T Db 0 0 0 (A.8b)
ip,22
2D 2D 2D 12D 2D 2D
_‘Dip,Sl 0 ‘Dip,33_ _Dip,QIDip,?)Q 0 Dip,23Dip,32_

Appendix B. Calibration process

All the experimental data, including the beam dimensions, disposition and dimension of reinforcement
steel, material properties of concrete and steel, experimental values of cracking and ultimate torque, etc.,
have been collected for the calibration process. Then, according to the observation in section [£.4] the
following variables have been chosen for the parametric formulation of determining the concrete tensile

strength under torsion f.,. and the effective wall thickness t.:

pPC

e Cracking strength of plain concrete members under torsion f..“.

e Reinforcement percentages (longitudinal, transversal steels and total ratios: pg, pst and ps).

pst

pst

e The ratio between pg and pg: m =

h
e The ratio between section height and width: —.

The concrete tensile strength f.,. was determined in the phase before cracking of concrete, knowing that
in this phase the torsional behavior of RC member is similar to that of a corresponding plain concrete
member. The cross-section discretization contains therefore only the 3D-zone of concrete fiber.
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In the first time, for each specimen of test, an initial and arbitrary value of f.. (f2.) is chosen to evaluate

the initial value of cracking torque 7¢,. Then, considering the experimental values, this initial value fg. is
modified /calibrated in order to obtain the new values of T,,.. This step must be performed until the values
of T,, are close to the experimental ones, in other word the relative difference between experimental and

numerical values are as small as possible:

Tcr’ B Tcefp
Rcr == Wloo%

The value of f., at this moment is called as calibrated value f¢,.

Next, all the values of fS. and the variables mentioned above are plotted in a diagram in order to

determine a reasonable relationship between them. The proportion of f¢ and f£¢ is put in the vertical
h

h b
axis, while in the horizontal axis, several possibilities have been tested, such as 7 Dss 7 Pst OF Emps, etc.,
in order to select the best trend fitting for two set of data. For the shake of simplicity, a linear fitting is
applied for the data set, and the best result has been selected between various possibilities in the horizontal

b
axis (Figure [B.24] [B.25|and [B.26)). The best result can be found for the set of 7 ps as in equation , and

the final expression could be therefore deduced.

25 25
2 4
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7 g
> >
1 4
o o
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(a) Usual repartition of longitudinal reinforcement at (b) Repartition with additional longitudinal rein-

corners. forcement along the perimeter.

b
Figure B.24: Linear fitting in the calibration process of determining fc,, with Eps in the horizontal axis.
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Figure B.25: Linear fitting in the calibration process of determining f.,, with gmps in the horizontal axis.
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Figure B.26: Linear fitting in the calibration process of determining fc,, with EpSt in the horizontal axis.

The determination of the effective wall thickness t. is carried out in the phase after cracking of concrete,
knowing that the torsional behavior of RC member in this phase depends strongly on this parameter. In
this phase, the discretization of cross-section contains 3 zones as described in section [d] The same process
has been applied to the determination of the effective wall thickness t., but this time the value of ultimate
cracking torque T, is used to evaluate the value exact of t., the relative difference between experimental
and numerical values is therefore:

T, — TP

Ry = e —100%

A linear fitting is also applied for the data set, with the proportion of t. and the section width b in the

h
vertical axis and the best fitting set values (gmps as in equation ) in the horizontal axis (Figure [B.27)),

and the final expression could be deduced.
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Figure B.27: Linear fitting in the calibration process of determining te.

Appendix C. Section dimension, reinforcement arrangement and material properties for ex-

perimental test

In Hsu test, the concrete cover thickness is 19 mm for all specimens, while the materials properties and

reinforcement’s dimensions are varied and cited as follows (Table [C.8)):
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Longitudinal Stirrup

Beam  f. (MPa) fs1 (MPa) fst (MPa)
rebar (mm) (mm) and (mm)
B1 27.58 12.7 314 9.5 at 152 341
B2 28.61 15.9 316 12.7 at 181 320
B3 28.06 19.1 328 12.7 at 127 320
B4 30.54 22.2 320 12.7 at 92 323
B5 29.03 25.4 332 12.7 at 70 321
B6 28.82 28.7 332 12.7 at 57 323
B7 25.99 12.7 320 12.7 at 127 319
B8 26.75 12.7 322 12.7 at 57 320
B9 28.82 19.1 319 9.5 at 152 343
B10 26.48 28.7 3334 9.5 at 152 342
C1 26.34 9.5 341 9.5 at 216 341
C2 26.54 12.7 334 9.5 at 117 345
C3 26.89 15.9 331 12.7 at 140 330
C4 26.48 19 336 12.7 at 98 328
C5 27.23 22.2 328 12.7 at 73 329
C6 27.58 25.4 316 12.7 at 54 328
G1 26.34 9.5 341 9.5 at 216 341
G2 26.54 12.7 334 9.5 at 117 345
G3 26.89 15.9 331 12.7 at 140 330
G4 26.48 19 336 12.7 at 98 328
G5 27.23 22.2 328 12.7 at 73 329
G6 27.58 25.4 316 12.7 at 54 328
G7 27.23 22.2 328 12.7 at 73 329
G8 27.58 25.4 316 12.7 at 54 328
N1 26.34 9.5 341 9.5 at 216 341
Nla 26.54 12.7 334 9.5 at 117 345
N2 26.89 15.9 331 12.7 at 140 330
N2a 26.48 19 336 12.7 at 98 328
N3 27.23 22.2 328 12.7 at 73 329
N4 27.58 25.4 316 12.7 at 54 328
M1 26.34 9.5 341 9.5 at 216 341
M2 26.54 12.7 334 9.5 at 117 345
M3 26.89 15.9 331 12.7 at 140 330
M4 26.48 19 336 12.7 at 98 328
M5 27.23 22.2 328 12.7 at 73 329
M6 27.58 25.4 316 12.7 at 54 328
I1 26.34 9.5 341 9.5 at 216 341
12 26.54 12.7 334 9.5 at 117 345
13 26.89 15.9 331 12.7 at 140 330
14 26.48 19 336 12.7 at 98 328
I5 27.23 22.2 328 12.7 at 73 329
16 27.58 25.4 316 12.7 at 54 328
J1 26.34 9.5 Shai 9.5 at 216 341
J2 26.54 12.7 334 9.5 at 117 345
J3 26.89 15.9 331 12.7 at 140 330
J4 26.48 19 336 12.7 at 98 328

Table C.8: Details of specimen of torsion tests carried by Hsu [36].



In the test of Lee et al. [39], the concrete cover thickness is 20 mm for all specimens, while the compressive

strength of concrete f. = 42.6 (MPa), the material properties and steel’s dimension are cited as in Table

C.9).

Longitudinal Stirrup
Beam fs1 (MPa) fst (MPa)
rebar (mm) (mm) and (mm)
T1-1 4 x12.7 410 9.5 at 130 370
T1-2 6 x 12.7 410 9.5 at 85 370
T1-3 8 x 12.7 410 9.5 at 65 370
T1-4 6 x 15.9 510 12.7 at 75 355
T2-1 4 x12.7 410 9.5 at 225 370
T2-2 4x15.9 510 9.5 at 130 370
T2-3 6 x15.9 510 9.5 at 88 370
2 x 12.7
T2-4 512.4 9.5 at 75 370
4x19

Table C.9: Details of specimen of torsion tests carried by Lee et al. [39].

In the test of Csikos & Hegedus [38], the concrete cover thickness is 15 mm for all specimens, while the

concrete used was C20 and the yielding strength of steel is 240 MPa in all cases (Table [C.10)).

. Longitudinal Stirrup
Series
rebar (mm)  (mm) and (mm)
B 4x6 6 at 130
C 4x6 6 at 65
D 8% 6 6 at 130
E 8x 6 6 at 65

Table C.10: Details of specimen of torsion tests carried by Csikos & Hegedus. [38].

Appendix D. Experimental values and relative error for experimental tests

Appendiz D.1. Hsu’s Test

Cracking torsional moment: Table
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Beams Experimental Proposed Jeng’s Elastic Plastic Skew-bending
values Model Model Theory Theory Theory
B2 20.00 19.1 / -4.5 % - 13.58 /-32.1 % 22.96 / 14.8 % 18.99 / -5.0 %
B3 20.11 20.0 / -0.6 % 20.61 /2.5 % 13.69 /-321 % 23.15 /151 % 19.37 / -3.7 %
B4 21.92 224 /22% 21.69 / -1.0 % 15.26 /-32.1 % 25.80 / 17.7 % 20.55 / -6.3 %
B5 22.60 232 /2.7 % 2144 /-51 % 15.09 / -32.1 % 25.51 / 129 % 20.92 / -7.4 %
B6 24.97 24.2 /-31% 2162 /-134% 1552 /-321 %  26.25 /5.1 % 21.61 /-13.4 %
B7 20.22 19.7 / -2.6 % 187 /-7.5 % 1243 /-321% 21.01 /39 % 18.43 / -89 %
B8 21.81 252 /156% 2028 /-T0% 1345 /-321% 2274 /43 % 19.58 / -10.2
B9 19.66 181 /-7.9 % 20.67 / 5.1 % 13.72 /-321 % 23.20 / 18.0 % 19.10 / -2.8 %
B10 17.63 18.7 /6.1 % 20.25 /149 % 1338 /-321% 22.62 /283 % 19.61 / 11.2 %
C1 11.30 11.0 / -2.6 % - 7.36 / -34.8 % 11.8 /44 % 11.97 / 5.9 %
C2 11.07 10.8 / -2.5 % - 7.63 /-31.1 % 12.22 / 10.4 % 12.34 / 11.4 %
C3 11.86 115 /-31% - 797 / -32.8 % 12.78 / 7.7 % 12.80 / 7.9 %
Cc4 11.86 11.6 / -2.2 % 11.56 / -2.6 % 8.15 /-31.3 % 13.07 / 10.1 % 13.21 /114 %
C5 14.01 13.1/-65% 11.74 /-162% 874 /-37.6 % 14.01 / 0.0 % 13.92 / -0.6 %
C6 13.90 149 /72 % 12 /-13.7 % 9.32 / -33.0 % 14.93 / 7.4 % 14.73 / 6.0 %
G1 26.78 26.7 / -0.3 % - 18.12 / -32.3 % 3297 / 23.1 % 24.86 / -7.2 %
G2 30.28 28.1/-72% - 19.05 / -37.1 % 34.66 / 145 %  25.60 / -15.5 %
G3 27.12 26.7 /-1.5 % 29.23 /7.8 % 17.05 /-37.1 %  31.02 / 144 % 24.90 / 8.2 %
G4 28.70 284 /-1.0 % 30.19 /52 % 18.33 /-36.1 % 33.35 /16.2 % 25.93 /-9.7 %
G5 29.49 28.8 /-2.3 % 29.79 / 1.0 % 1798 /-37.6 % 3271 /109 % 26.21 /-11.1 %
G6 30.96 332 /72 % - 18.47 / -40.3 %  33.61 /8.6 % 25.27 / -184 %
G7 33.67 342 /1.6 % 31.24 /-72 % 19.53 / -42.0 %  35.53 / 5.5 % 26.21 / -22.2 %
G8 33.67 326 /-32% 3032 /-99% 1853 /-45.0%  33.72 /0.1 % 26.18 / -22.3 %
N1 7.59 6.90/-91% 6.544 /-13.8 %  3.99 /-474 % 7.27 / -4.3 % 6.39 / -15.9 %
Nla 7.03 6.80 / -3.2 % 6.461 / -8.1 % 3.89 /-44.6 % 7.08 /0.7 % 6.33 / -10.0 %
N2 7.45 7.45 /0.1 % 6.727 / -9.7 % 4.26 / -42.8 % 775 /41 % 6.70 / -10.0 %
N2a 7.50 715 /-47% 6.515/-13.2%  4.00 / -46.7 % 7.28 / -3.0 % 6.54 / -12.8 %
N3 7.41 6.80 /-83% 6.365/-141%  3.80 /-48.7 % 6.91 /-6.7 % 6.36 / -14.1 %
N4 7.60 750 /-14% 6.453 /-1561%  3.94 /-48.1 % 7.18 / -5.6 % 6.61 /-13.1 %
M1 19.21 21.1 /99 % 20.88 / 8.7 % 13.99 /272 % 23.65 /231 % 19.08 / -0.7 %
M2 20.56 21.1 /26 % 21.30 / 3.6 % 14.59 / -29.0 %  24.67 / 20.0 % 19.64 / -4.5 %
M3 20.68 20.5 /-0.9 % 20.25 / -2.1 % 13.25 /-35.9 % 2240 / 84 % 19.30 / -6.7 %
M4 20.68 20.2 /-2.3 % 20.39 / -14 % 13.56 / -34.4 %  22.93 /109 % 19.84 / -4.0 %
M5 21.69 19.9 / -8.3 % 21.14 / -25 % 14.73 /-321 % 2491 /148 % 20.87 / -3.8 %
M6 22.71 219 / -3.6 % 2181 /-40% 1583 /-303% 26.76 / 17.8 % 21.79 / -4.0 %
12 24.86 248 /-0.2 % -/- 20.16 / -18.9 % 34.09 /371 %  22.14 /-10.9 %
13 25.53 25.9 /1.4 % 253 /-09% 20.50 / -19.7 %  34.66 / 35.7 %  22.63 / -11.4 %
14 28.02 27.8 / -0.8 % 2573 /-82% 21.22 /-243% 3587 /280% 2337 /-16.6 %
15 28.13 29.7 /5.6 % 26.17 /-7.0%  22.00 /-21.8% 3719 /322 % 24.21 /-13.39 %
16 27.57 316 /146 %  26.78 /-29%  23.09 /-16.2% 39.05 / 41.6 % 25.22 / -85 %

Table D.11: Hsu’s tets (kN) - Cracking torsional moment: experimental and numerical values and relative error with respect

to experimental values.
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Ultimate torsional moment: Table [D.12
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Beams Experimental Proposed Jeng’s Hsu’s Eurocode ACI
values Model Model Formulation 2
B2 29.26 29 /-09 % - 23.89 /-18.4 % 24.28 /-17.0 % 2821 /-3.6 %
B3 37.51 36.7/-22% 45.01 / 20.0 % 32.07 /-145%  34.60 / -7.8 % 40.20 / 7.2 %
B4 47.34 48.1 / 1.6 % 53.39 /128 %  40.80 / -13.8 % 4823 /1.9 % 56.05 / 18.4 %
B5 56.15 56.1 /-0.1 % 54.51 / -29 % 52.92 / -5.8% 63.17 / 12.5% 73.41 / 30.7 %
B6 61.69 61.5 /-0.3 % 56.20 / -8.9 % 64.25 / 4.1 % 63.18 /24 % 90.11 / 46.1 %
B7 26.89 28.5 /6.0 % 27.47 /2.2 % 22.95 / -14.7 % 18.18 / -32.4 %  40.03 / 48.9 %
B8 32.54 37.7/159 % 30.68 / -5.7 % 3127 /-39% 1830 /-43.8%  89.34 / 174.6%
B9 29.83 29 /-28% 30.91 /3.6 % 21.65 / -27.4 % 17.28 / -42.1 %  20.08 / -32.7 %
B10 37.2 18.7 / 8.3 % 3199 /6.9 % 21.33 /-37.9 % 17.24 / -49.8 %  20.04 / -41.7 %
C1 11.3 9.9 /-124 % -/ - 9.28 /-17.9 % 8.13 / -28.0 % 8.48 / -24.9 %
C2 15.3 13.8 /9.5 % -/- 13.11 /-141 %  15.10 / -1.0 % 15.74 / 3.2 %
C3 20.0 17.8 / -11.0 % -/ - 17.66 / -11.7 %  21.70 / 8.5 % 23.40 / 17.0 %
C4 25.3 222 /-123% 2798 /10.6 % 2355 /-7.0% 30.60 / 20.9 % 33.00 / 30.4 %
C5 29.7 25.9 /-128 %  29.71 / 0.0 % 29.80 / 0.3 % 33.55 /129 % 44.67 /503 % %
C6 34.2 30 /-124 % 3212 /-6.2 % 36.94 /7.9 % 33.93 /-09 % 60.18 / 75.8 %
G1 26.78 314 /173 % -/- 23.03 / -14.0 %  18.41 / -31.3 % 22.16 -17.2 %
G2 40.34 41.4 /2.6 % -/- 30.93 /-23.3 % 28.12 /-30.3 % 33.85/-16.1 %
G3 49.60 48.3 / -2.6 % 54.05 / 9.0 % 40.66 / -18.0 % 38.24 /-229 %  46.04 /-T2 %
G4 64.85 61.3 /-5.5 % 66.91 / 3.2 % 50.56 / -22.0 % 51.07 /-21.3 % 6147 / -52 %
G5 71.97 75 /4.2 % 70.85 / -1.6 % 64.59 /-10.3 %  69.40 / -3.6 % 83.55 / 16.1 %
G6 39.09 40.3 /3.1 % -/- 3052 /-21.9% 2798 /-284% 33.68 /-13.8%
G7 52.65 50.3 / -4.5 % 55.87 / 6.1 % 41.07 / -22.0 % 40.14 / -23.8 % 4832 /-82%
G8 73.44 614 /-164 % 7049 /-4.0 % 54.26 / -26.1 % 57.02 /-224 % 68.64/-65%
N1 9.10 94 /34 % 9.05 / -0.5 % 7.07 /-223 % 6.20 / -31.8 % 7.46 / -18.0 %
Nla 8.99 9.3/34% 9.0/0.1% 7.03 /-21.8 % 6.20 / -31.1 % 745 /-17.1 %
N2 14.46 1395 /-35% 14.26 /-1.4 % 10.58 / -26.9 % 11.13 / -23.0 % 13.38 / -7.5 %
N2a 13.22 13.95 /55 % 14.09 / 6.6 % 1042 /-21.2% 1091 /-175% 13.11 /-08 %
N3 12.20 12.05 / -1.2% 1249 / 2.4 % 9.37 / -23.2 % 9.27 / -24.0 % 11.14 / -8.7 %
N4 15.70 15.75 / 0.3 % 15.08 / -4.0 % 1299 /-17.3%  14.76 / -6.0 % 17.75 / 13.0 %
M1 30.39 23.3/ -23.3% 30.23 -0.5% 21.46 -29.4% 18.18 -40.2% 21.13 -30.5 %
M2 40.56 40.9/ -0.4% 39.43 -2.8% 27.55 -32.1% 26.20 -35.4% 30.44 -25.0 %
M3 43.84 43.1/ -1.9% 43.49 -0.8% 34.05 -22.3% 32.06 -26.9% 37.26 -15.0 %
M4 49.60 49.5/ -0.2% 47.24 / -4.8% 42.61 /-14.1% 42.84/ -13.6% 49.78/ 0.4 %
M5 55.70 59.6/ 7.0 % 51.61/ -7.3 % 53.88 /-3.3 % 55.06/ -1.2 % 63.98/ 14.9 %
M6 60.11 60.1/ 0.0 % 55.29/ -3.2% 60.85/ 1.2% 64.22/ 6.8% 77.82/29.5 %
12 36.04 38.0/ 5.4 % -/- 26.38/ -26.8% 27.24/ -24.4% 31.65/ -12.2 %
13 45.65 46.4/ 1.7 % 50.69 /11.1 % 35.08/ -23.2 % 36.09/ -20.9 % 41.94/ -8.1 %
14 58.07 57.8/-0.5 % 62.74 /8.0% 41.80/ -28.0% 48.65/ -16.2% 56.53/ -2.7 %
15 70.73 72.1/ 1.9 % 73.62/ 4.1 % 51.56 /-27.1% 63.99/ -9.5% 74.36/ 5.1 %
16 76.72 80.0/ 4.3 % 77.58/ 1.1 % 64.96/ -15.3% 79.04/ 3.0 % 91.84/ 19.7 %

Table D.12: Hsu’s tets - Ultimate torsional moment (kN): experimental and numerical values and relative error with respect

to experimental values.
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Appendiz D.2. Lee et al.’s Test

Cracking torsional moment: Table

S Experimental Proposed Elastic Plastic Skew-bending
values Model Theory Theory Theory

T1-1 28.9 26.0 / -10.0%  22.34/ -22.7% 37.99/ 31.5%  26.85/-7.1 %
T1-2 31.4 30.1/ -4.1% 22.95/ -26.9%  39.03/ 24.3%  27.59/ -12.1 %
T1-3 31.8 31.5/-0.9% 23.52/ -26.0%  40.01/ 25.8%  28.28/ -11.1 %
T1-4 33.7 34.6/ 2.7% 24.42/ -27.5%  41.53/ 23.2%  29.35/ -12.9 %
T2-1 26.5 234/ -11.7%  22.06/ -16.7% 37.52/ 41.6%  26.52/ 0.1 %

T2-2 26.9 25.7/ -4.5% 22.63/ -15.9% 38.49/ 43.1%  27.21/ 1.1 %

T2-3 29.8 29.0/ -2.7% 23.36/ -21.6%  39.73/ 33.3%  28.08/ -5.8 %
T2-4 29.9 29.5/ -1.3% 23.75/ -20.6%  40.40/ 35.1%  28.55/ -4.5 %

Table D.13: Lee et al.’s test - Cracking torsional moment

respect to experimental values.

Ultimate torsional moment: Table [D.14]

(kN): experimental and numerical values and relative error with

Experimental

Proposed

Hsu’s

Eurocode

Beams ACI
values Model Formulation 2

T1-1 32.9 32.0/ -2.7% 31.28/ -4.9% 31.07/ -5.6% 36.07/ 9.6%
T1-2 42.9 44.5/ 3.7% 41.86/ -2.4% 47.52/ 10.8% 55.16/ 28.6%
T1-3 54.1 52.5/ -3.0% 51.84/ -4.2% 62.15/ 14.9% 72.14/ 33.3%
T1-4 62.4 63.4/ 1.6% 79.51/ 27.4%  92.29/ 47.9%  107.13/ 71.7%
T2-1 26.1 30.1/ 15.3%  26.06/ -0.1%  17.95/ -31.2%  20.84/ -20.2%
T2-2 38.1 38.8/ 1.8% 3727/ -2.2%  31.07/ -18.4% 36.07/ -5.3%
T2-3 50.2 51.4/ 2.4% 49.95/ -0.5% 45.90/ -8.6% 53.28/ 6.1%
T2-4 56.4 57.2/ 1.4% 56.75/ 0.6% 53.86/ -4.5% 62.52/ 10.8 %

Table D.14: Lee et al.’s test - Ultimate torsional moment (kN): experimental and numerical values and relative error with

respect to experimental values.

Appendiz D.3. Csikos & Hegedus s Test

Cracking torsional moment: Table [D.15]
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Beams Experimental Proposed Elastic Plastic Skew-bending
values Model Theory Theory Theory

B2 1.40 1.96/ 40.0% 1.51/ 7.7% 242/ 72.7%  2.32/65.5 %
B3 1.64 1.89/ 15.2%  1.43/-12.6%  2.30/ 40.0% 2.27/ 38.3%
C1 1.79 2.27/ 26.8% 147/ -17.7%  2.36/ 31.8% 2.29/ 28.1%
C2 1.89 2.27/20.1% 147/ -22.1%  2.36/ 24.9% 2.29/ 21.4%
C3 1.63 2.19/ 34.4% 1.41/-13.5% 2.26/ 38.7% 2.25/ 38.3%
D2 1.69 1.70/ 0.6% 1.49/ -11.6%  2.40/ 41.7% 2.31/ 36.6%
D3 1.69 1.68/ -0.6%  1.47/-13.0% 2.36/ 39.4% 2.29/ 35.6%
El 2.25 2.09/-7.1% 1.55/-30.9% 2.49/ 10.8% 2.35/ 4.2%
E3 2.06 2.05/-0.5% 1.52/-26.1% 244/ 18.4%  2.33/ 12.9 %

Table D.15: Csikos & Hegedus ’s Test - Cracking torsional moment (kN): experimental and numerical values and relative error

with respect to experimental values.

Ultimate torsional moment: Table [D.16}

Beams Experimental Proposed Hsu’s Eurocode ACI
values Model Formulation 2
B1 2.0 1.96/ -2.0%  1.36/ -31.9%  0.99/ -50.4% 1.02/-49.2 %
B2 2.0 2.01/ 0.5% 1.38/ -31.0% 0.99/ -50.4%  1.02/ -49.2%
B3 1.64 1.96/ 19.5%  1.36/ -17.2%  0.99/ -39.5%  1.02/ -38.0%
C1 2.54 2.35/-75%  1.63/-36.0% 1.32/ -48.0%  2.03/ -20.0%
C2 2.25 2.35/ 4.4%  1.63/-27.7% 1.32/ -41.3%  2.03/ -9.7%
C3 2.21 230/ 4.1%  1.61/-27.3%  1.32/-40.2%  2.03/ -8.0%
D2 2.25 240/ 6.7%  1.51/-33.1%  0.99/ -55.9%  1.02/ -54.8%
D3 2.06 2.20/ 6.8% 1.50/ -27.3% 0.99/ -51.8%  1.02/ -50.7%
El 3.38 3.06/ -9.5%  2.01/ -40.4% 1.32/ -60.9%  2.03/ -39.9%
E3 3.23 3.06/ -5.3%  2.00/ -38.0% 1.32/-59.1% 2.03/ -37.1 %

Table D.16: Csikos & Hegedus ’s Test - Ultimate torsional moment (kN): experimental and numerical values and relative error

with respect to experimental values.
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