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DYNAMICAL TORSION FOR CONTACT ANOSOV FLOWS

YANN CHAUBET AND NGUYEN VIET DANG

ABSTRACT. We introduce a new object, called dynamical torsion, which extends the poten-
tially ill-defined value at O of the Ruelle zeta function ¢ of a contact Anosov flow twisted
by an acyclic representation of the fundamental group. The dynamical torsion depends an-
alytically on the representation and is invariant under deformations among contact Anosov
flows. Moreover, we show that the ratio between this torsion and the refined combinatorial
torsion of Turaev, for an appropriate choice of Euler structure, is locally constant on the
space of acyclic representations. In particular, for contact Anosov flows path connected to
a geodesic flow of a hyperbolic manifold among contact Anosov flows, we relate the leading
term of the Laurent expansion of ¢ at the origin, the Reidemeister torsion and the torsions
of the finite dimensional complexes of the generalized resonant states of both flows for the
resonance 0. This extends previous work of [DGRS18] on the Fried conjecture near geodesic
flows of hyperbolic 3—manifolds, to hyperbolic manifolds of any odd dimensions.

1. INTRODUCTION

Let M be a closed odd dimensional manifold and (F,V) be a flat vector bundle over
M. The parallel transport of the connection V induces a conjugacy class of representation
p € Hom(mi(M),GL(C%)). Moreover, V defines a differential on the complex Q*(M, E) of
E-valued differential forms on M and thus cohomology groups H®*(M,V) = H*(M, p) (note
that we use the notation V also for the twisted differential induced by V whereas it can be
denoted by dV in other references). We will say that V (or p) is acyclic if those cohomology
groups are trivial. If p is unitary (or equivalently, if there exists a hermitian structure on
E preserved by V) and acyclic, Reidemeister [Rei35] introduced a combinatorial invariant
Tr(p) of the pair (M, p), the so-called Franz-Reidemeister torsion (or R-torsion), which is
a positive number. This allowed him to classify lens spaces in dimension 3; this result was
then extended in higher dimension by Franz [Fra35] and De Rham [dR36].

Later, Ray-Singer [RS71] introduced another invariant mrs(p), the analytic torsion, defined
via the derivative at 0 of the spectral zeta function of the Laplacian given by the Hermitian
metric on E and some Riemannian metric on M. They conjectured the equality of the
analytic and Reidemeister torsions. This conjecture was proved independently by Cheeger
[Che79] and Miller [Miil78], assuming only that p is unitary (both R-torsion and analytic
torsion have a natural extension if p is unitary and not acyclic). The Cheeger-Miiller theorem
was extended to unimodular flat vector bundles by Miiller [Mul93] and to arbitrary flat vector
bundles by Bismut-Zhang [BZ92].

To remove indeterminacies arising in the definition of the combinatorial torsion, Turaev

[Tur86, Tur90, Tur97] introduced in the acyclic case a refined version of the combinatorial
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2 Y. CHAUBET AND N.V. DANG

R-torsion, the refined combinatorial torsion. It is a complex number 7, ,(p) which depends on
additional combinatorial data, namely an Fuler structure ¢ and a cohomological orientation
o of M. We refer the reader to subsection 8.2 for precise definitions. Later, Farber-Turaev
[FT00] extended this object to non-acyclic representations. In this case, 7 o(p) is an element
of the determinant line of cohomology det H®(M, p).

Motivated by the work of Turaev, but from the analytic side, Braverman-Kappeler [BK07c,
BK 108, BKO7b] introduced a refined version of the Ray-Singer analytic torsion called refined
analytic torsion Tan(p). It is complex valued in the acyclic case. Their construction heavily
relies on the existence of a chirality operator I'y, that is,

Iy:Q°(M,E)— Q" *(M,E), I?=Id,

which is a renormalized version of the Hodge star operator associated to some metric g. They
showed that the ratio

Tan(P)

T@o(p)
is a holomorphic function on the representation variety given by an explicit local expression,
up to a local constant of modulus one. This result is an extension of the Cheeger-Miiller
theorem. Simultaneously, Burghelea-Haller [BHO7] introduced a complex valued analytic

torsion, which is closely related to the refined analytic torsion [BK07a] when it is defined;
see [HT07] for comparison theorems.

In the context of hyperbolic dynamical systems, Fried [Fri87] was interested in the link
between the R-torsion and the Ruelle zeta function of an Anosov flow X which is defined by

Cxp(s) = T det(1=e,p())e™@),  Re(s) >0,
wegﬁ

where Q}? is the set of primitive closed orbits of X, ¢(v) is the period of v and e, = 1 if the
stable bundle of v is orientable and ¢, = —1 otherwise. Using Selberg’s trace formula, Fried
could relate the behavior of (x ,(s) near s = 0 with 7R, as follows.

Theorem 1 (Fried [Fri86]). Let M = SZ be the unit tangent bundle of some closed oriented
hyperbolic manifold Z, and denote by X its geodesic vector field on M. Assume that p :
T (M) — O(d) is an acyclic and unitary representation. Then (x,, extends meromorphically
to C. Moreover, it is holomorphic near s = 0 and

1Cx(0) D" = 7R(p), (1.1)
where 2r + 1 = dim M, and Tg(p) is the Reidemeister torsion of (M, p).

In [Fri87], Fried conjectured that the same holds true for negatively curved locally sym-
metric spaces. This was proved by Moscovici-Stanton [MS91], Shen [Shel7].

For analytic Anosov flows, the meromorphic continuation of (x , was proved by Rugh
[Rug96] in dimension 3 and by Fried [I1i95] in higher dimensions. Then Sanchez-Morgado
[SM93, SM96] proved in dimension 3 that if p is acyclic, unitary, and satisfies that p([y]) — &%
is invertible for every j € {0, 1} for some closed orbit v, then (1.1) is true.
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For general smooth Anosov flows, the meromorphic continuation of (x , was proved by
Giuletti-Liverani-Pollicott [GLP13] and alternatively by Dyatlov—Zworski [DZ16], the Ax-
iom A case was treated by Dyatlov—Guillarmou in [DG18]. These results are important
byproducts of new functional methods to study hyperbolic flows. All these works rely on
the construction of spaces of anisotropic distributions adapted to the dynamics, initiated by
Kitaev [Kit99], Blank—Keller-Liverani [BKL02], Baladi [Bal05, Ball8], Baladi-Tsujii [BT07],
Gouézel-Liverani [GLO6], Liverani [Liv05], Butterley-Liverani [BLO7, BL13], and many oth-
ers where we refer to the recent book [Ball8] for precise references. These spaces allow to
define a suitable notion of spectrum for the operator £Y = Vix + txV, where ¢ is the in-
terior product, acting on Q°*(M, E). This spectrum is the set of so-called Pollicott—Ruelle
resonances Res(LY), which forms a discrete subset of C and contains all zeros and poles
of (x,p. Faure-Roy-Sjostrand [FRS08], Faure-Sjostrand [FS11] initiated the use of microlo-
cal methods to describe these anisotropic spaces of distributions giving a purely microlocal
approach to study Ruelle resonances. Combining this point of view with propagation es-
timates originating from scattering theory [Vasl3, Mel94] allowed the authors of [DZ16] to
control the wavefront set of the resolvent (E)V( + s)_l yielding another proof of the analytic
continuation of the zeta function. Using this microlocal approach, one could try to address
questions relating topology and dynamical zeta functions. Quoting the commentary from
Zworski [Zwol8] on Smale’s seminal paper [Sma67], equation (1.1) "would link dynamical,
spectral and topological quantities. [...] In the case of smooth manifolds of variable negative
curvature, equation (1.1) remains completely open”. However in [DZ17], the authors were
able to prove the following.

Theorem 2 (Dyatlov—Zworski). Suppose (¥, g) is a negatively curved orientable Riemannian
surface. Let X denote the associated geodesic vector field on the unitary cotangent bundle
M = S5*%. Then for some c # 0, we have as s — 0

Cxa(s) = esk® (1 4+ 0(s)), (1.2)

where 1 is the trivial representation 71 (S*Y) — C* and x(X) is the Euler characteristic of
3. In particular, the length spectrum {f(v), v € gﬁ} determines the genus.

This result was generalized in a recent preprint of Ceki¢—Paternain [CePa] to volume
preserving Anosov flows in dimension 3.

In the same spirit and using similar microlocal methods, Guillarmou-Riviere-Shen and the
second author [DGRS18] showed
Theorem 3 (D-Riviere-Guillarmou—Shen). The map

X — CX,p(O)

is locally constant on the open set of smooth vector fields which are Anosov and for which 0
is not a Ruelle resonance, that is, 0 ¢ Res(/i)v(). By an approximation argument, equation
(1.1) holds true for M of dimension 3, if X preserves a smooth volume form, and by (M) # 0
or under the same assumption used in [SMIG6], still assuming p unitary and acyclic.
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If 0 € Res(LY), the results of [DGRS18] no longer apply. In the case where X induces
a contact flow, which means X = Xy is the Reeb vector field of some contact form 19 on
M, we overcome this difficulty by introducing a dynamical torsion 1y9(p) which is defined for
any acyclic p and which coincides with (x ,(0)*! if 0 ¢ Res(£Y). To do so, in the spirit of
[BK07c|, we use a chirality operator associated to the contact form ¥,

Iy:Q°(M,E) - Q" *(M,E), T?=1Id,

cf. §5, analogous to the Hodge star operator associated to a metric. Let us briefly describe
the construction of the dynamical torsion. Let C* C D'*(M, E) be the finite dimensional
space of Pollicott-Ruelle generalized resonant states of ﬁ; for the resonance 0, that is,

o* = {u e D'*(M,E), WF(u) C EX, 3N € N, (L)Nu = 0},

where WF is the Hormander wavefront set, E C T*M is the dual of the stable bundle of X,
cf. §4, and D'(M, F) denotes the space of E-valued currents. Then V induces a differential
on the complex C* and a result from [DR17c| implies that the complex (C*, V) is acyclic if
we assume that V is. Because I'y commutes with E)V(, it induces a chirality operator on C*®.
Therefore we can compute the torsion 7(C*,I'y) of the finite dimensional complex (C*,V)
with respect to I'y, as described in [BK07¢] (see §2). Then we set

Ta(p) V" = 7 (V) V" = (€%, T) Y i s (o (s) € €O,

where the sign + will be given later, m(X, p) is the order of (x ,(s) at s = 0 and ¢ is the
dimension of the unstable bundle of X. Note that the order m(X,p) € Z is a priori not
stable under perturbations of (X, p) whereas 7y9(p) has interesting invariance properties as
we will see below.

We denote by Rep,.(M,d) the set of acyclic representations 71(M) — GL(C?) and by
A C C®(M,TM) the space of contact forms on M whose Reeb vector field induces an
Anosov flow. This is an open subset of the space of contact forms. For any 9 € A, we denote
by Xy its Reeb vector field. The fact that the dynamical torsion 7y(p) is defined even if
0¢e Res(ﬁ)v(ﬂ) allows us to compare it with Turaev’s refined torsion. The main result of this
paper is the following

Theorem 4. Let (M,4) be a contact manifold such that the Reeb vector field of ¥ induces
an Anosov flow. Then the following holds true.

(1) There exists a canonical Euler structure ey associated to ¥ such that for any coho-
mological orientation o, the map

9(p)

Teﬁ,o(p)

is locally constant on Rep,.(M,d). Moreover, if dim M = 3 and by (M) # 0, this map
is of modulus one on the connected components of Rep,.(M,d) containing an acyclic

and unitary representation.
(2) The map

p € Rep,.(M,d) —

\]

(p)

(1,p) € A X Repye(M,d) — )

<det 05 cs(XT,,X,g)>

=
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is locally constant on Ax Rep,.(M,d), where for any nonvanishing vector fields Y, X,
cs(Y, X) € H1(M,Z) is the Chern-Simons class of the pair (Y, X).

The Chern—Simons class cs(Y, X) € Hy(M,Z) measures the obstruction to find a homotopy
among non singular vector fields connecting Y and X. In particular, if 9 and n are connected
by some path in A, then cs(Y;), Xy) = 0, and thus 7y(p) = 7,(p) for any acyclic p. We refer the
reader to subsection 8.1 for the definition of Chern-Simons classes. This theorem generalizes
some results from [DGRS18] in the case of contact flows.

Because the dynamical torsion is constructed with the help of the dynamical zeta function
Cx,p, we deduce from the above theorem some informations about the behavior of (x ,(s)
near s = 0.

Corollary 5. Let M be a closed odd dimensional manifold. Then for every connected open
subsets U C Repy(M,d) and V C A, there exists a constant C such that for every Anosov
contact form 9 € V and every representation p € U,

Texv,o(P)
T(C*(9,p),Ty)

where Xy is the Reeb vector field of ¥, (E,, V) is the flat vector bundle over M induced by
p, C*(9,p) C D/'(M, E,) is the space of generalized resonant states for the resonance 0 of

Cxgop(8) TV = O mleX0) (14 O(s)), (1.3)

E;Z and m(Xy, p) is the vanishing order of (x, ,(s) at s = 0.

Combining these results with Fried’s Theorem 1 and some classical properties of Turaev’s
refined torsion, we can state a result in the spirit of Theorem 2 and Fried’s conjecture.

Corollary 6. Let (Z,g) be a compact hyperbolic manifold of odd dimension and denote by
¥ the contact form on S*Z whose Reeb flow is the geodesic flow. Let p be the lift to m(S*Z)
of some acyclic unitary representation m1(Z) — GL(C?). Suppose that 1 is a contact form
path connected to 9 in the space of contact forms whose Reeb flow are Anosov. Then

7(C*(¥, p),I'y)
T(C*(n,p),y)

|Cx,0(5)] T = 5| D E0) 1) (1+0(s)), (1.4)

R-torsion

where (E,,V,) is the flat vector bundle on M induced by p and C*(n,p) (resp. C*(Y,p)) is

the finite dimensional space of generalized eigenvectors of E;Z (resp. [’)V(Z) for the resonance

0.

This last corollary is non trivial for dim(Z) = 3 since hyperbolic 3-manifolds always admit
unitary, acyclic connections by the result of [FN14, section 3].

Let us briefly sketch the proof of Theorem 4, which relies essentially on two variational
arguments : we compute the variation of 79(V) when we perturb the contact form ¢ and the
connection V. As we do so, the space C*(, V) of Pollicott-Ruelle resonant states of 5;9
for the resonance 0 may radically change. Therefore, it is convenient to consider the space
C['Q A (9, V) instead, which consists of the generalized resonant states for E)V(ﬁ for resonances
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s such that |s| < A, where A € (0,1) is chosen so that {|s| = A} N Res(ﬁ)vfﬂ) = (). Then using
[BKOT7c, Proposition 5.6] and multiplicativity of torsion, one can show that

(V) = %7 (Cy (9, V), T ) (2 (0) V", (15)

where Cgé;?;) is a renormalized version of (x, , (we remove all the poles and zeros of (x, ,
within {s € C, |s| < A}), see §5. Thus we can work with the space Co (9, V), which
behaves nicely under perturbations of X thanks to Bonthonneau’s construction of uniform
Anisotropic Sobolev spaces for families of Anosov flows [Bon18], and also under perturbations

of V.

Now consider a smooth family of contact forms (9¢); for |t| < e such that their Reeb
vector fields (X;); induce Anosov flows. Then Theorem 7 says that for any acyclic V, the
map t — 7y,(V) is differentiable and its derivative vanishes. This follows from a result of
[BKO7¢] which allows to compute the variation of the torsion of a finite dimensional complex
when the chirality operator is perturbed, and on a variation formula of the map ¢ — (x, ,(s)
for Re(s) big enough obtained in [DGRS18].

Next, consider a smooth family of flat connections z +— V(z), where z is a complex
number varying in a small neighborhood of the origin and write V(z) = V + za + o(z)
where o € QY(M,End(FE)). Then we show in §7, in the same spirit as the variation formula
obtained for the map ¢ — 7y,(V), that z — 73(V(z)) is complex differentiable and its
logarithmic derivative reads

— P aKe SEX
0z|2=0logm9(V(2)) = —triaKe 9,

where € > 0 is small enough, trz is the super flat trace, cf. §3.4, and K : Q*(M,E) —
D/'(M, E) is a cochain contraction, that is, it satisfies VK + KV = Idge(as,z). On the other
hand, we can compute, using the formalism of [DR17D],

b > —eLV.
0:]:=0log e, o(V(2)) = —triaKe —~-X — [ tra,
e
where ¢y is an Euler structure canonically associated to ¥, K is another cochain contraction,
X is a Morse-Smale gradient vector field and e € Cy (M, Z) is a singular one-chain representing
the Euler structure ey, cf. §8. Now using the fact that K and K are cochain contractions,
one can see that
—eLY ~ —eLY
a|Ke v —Ke "X ) =aR: +[V,aG,],

where R. is an operator of degree -1 whose kernel is, roughly speaking, the union of graphs
of the maps e~*X«, where (X, ), is a non-degenerate family of vector fields interpolating X
and X , cf. §88.3, and G; is some operator of degree -2. Therefore we obtain by cyclicity of
the flat trace

79(V(2)) b /
z|z2= 1 = e — =Y, 1.
0] 2=0 log o V() triaR, etra 0 (1.6)

where the last equality comes from differential topology arguments. Using the analytical
structure of the representation variety, we may deduce from (1.6) the first point of Theo-
rem 4. The second point then follows from the invariance of the dynamical torsion under
small perturbations of the flow, the fact that 7.,(p) = 7 o(p)(det p, h) for any other Euler
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structure ¢/, where h € Hy(M,Z) satisfies ¢ = ¢/ + h (we have that Hi(M,Z) acts freely
and transitively on the set of Euler structures, cf. §8), and the fact that, in our notations,
en — ey = cs(Xy, X)) for any other contact form 7.

Related works. Some analogs of our dynamical torsion were introduced by Burghelea—
Haller [BHO8b] for vector fields which admit a Lyapunov closed 1-form generalizing previous
works by Hutchings [H02], Hutchings—Lee [HL99b, HL.99a] dealing with Morse—Novikov flows.
In that case, the dynamical torsion depends on a choice of Euler structure and is a partially
defined function on Rep, (M, d); if d = 1, it is shown in [BHO8a] that it extends to a rational
map on the Zariski closure of Rep,.(M, 1) which coincides, up to sign, with Turaev’s refined
combinatorial torsion (for the same choice of Euler structure). This follows from previous
works of Hutchings—Lee [HL99b, HL.99a] who introduced some topological invariant involving
circle-valued Morse functions. In both works, the considered object has the form

Dynamical zeta function(0) x Correction term

where the correction term is the torsion of some finite dimensional complex whose chains
are generated by the critical points of the vector field. The chosen Euler structure gives
a distinguished basis of the complex and thus a well defined torsion. This is one of the
main differences with our work since in the Anosov case, there are no such choices of distin-
guished currents in C*. However, the chirality operator allows us to overcome this problem
as described above.

We also would like to mention some interesting related works of Rumin—Seshadri [RS12]
where they relate some dynamical zeta function involving the Reeb flow and some analytic
contact torsion on 3-dimensional Seifert CR manifolds.

Plan of the paper. The paper is organized as follows. In §2, we give some preliminaries
about torsion of finite dimensional complexes computed with respect to a chirality operator.
In §3, we present our geometrical setting and conventions. In §4, we introduce Pollicott-Ruelle
resonances. In §5, we compute the refined torsion of a space of generalized eigenvectors for
nonzero resonances and we define the dynamical torsion. In §6, we prove that our torsion
is unsensitive to small perturbations of the dynamics. In §7, we compute the variation of
our torsion with respect to the connection. In §8, we introduce Euler structures which are
some topological tools used to fix ambiguities of the refined torsion. In §9, we introduce the
refined combinatorial torsion of Turaev using Morse theory and we compute its variation
with respect to the connection. We finally compare it to the dynamical torsion in §10.

Acknowledgements. We warmly thank Nalini Anantharaman, Yannick Bonthonneau, Mihajlo Ceki¢,
Alexis Drouot, Semyon Dyatlov, Malo Jézéquel, Thibault Lefeuvre, Julien Marché, Marco Mazzuc-
chelli, Claude Roger, Nicolas Vichery, Jean Yves Welschinger, Steve Zelditch, for asking questions
about this work or for interesting discussions related to the paper. Particular thanks are due to Colin
Guillarmou who went through the whole paper, helped us correct many errors and is always a source
of inspiration. We thank the organizers of the microlocal analysis program in MSRI for the invitation
to speak about our result. N.V.D is very grateful to Gabriel Riviere for his friendship, many inspiring

maths discussions, his many advices and for the series of works which made the present paper possible.
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the right atmosphere at home which made this possible.

2. TORSION OF FINITE DIMENSIONAL COMPLEXES

We recall the definition of the refined torsion of a finite dimensional acyclic complex
computed with respect to a chirality operator, following [BKO07c]. Then we compute the
variation of the torsion of such a complex when the differential is perturbed.

2.1. The determinant line of a complex. For a non zero complex vector space V', the
determinant line of V is the line defined by det(V) = AY™Y V. We declare the determinant
line of the trivial vector space {0} to be C. If L is a 1-dimensional vector space, we will denote
by L~! its dual line. Any basis (vy,...,v,) of V defines a nonzero element vy A --- A v, €
det(V'). Thus elements of the determinant line of det(V") should be thought of as equivalence
classes of oriented basis of V.

Let
©*,0):0-Lc0 Lot 2y Y em 2y

be a finite dimensional complex, i.e. dimC’ < oo for all j = 0,...,n. We define the deter-
minant line of the complex C*® by

det(C*) = (X) det(C7) "
j=0

Let H*(0) be the cohomology of (C*,0), that is

N : ker(9 : CJ — CIT1)
s = J J =
H*(9) ]G_%H (9),  H(9) ran(d : CI—1 — C9)’

We will say that the complex (C*®,0) is acyclic if H*(9) = 0. In that case, det H*(9) is
canonically isomorphic to C.

It remains to define the fusion homomorphism that we will later need to define the torsion
of a finite dimensional based complex [FT00, §2.3]. For any finite dimensional vector spaces
Vi,...,V,, we have a fusion isomorphism

i, s det(V) @ - @det(Vy) = det(Vi @ -+ @ V)

defined by
uvhn,,VT(v}/\---/\v;nl®--~®vi/\-~-/\v;"’") =0 A AV A AVEA AT

where m; = dimVj for j € {1,...,r}.
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2.2. Torsion of finite dimensional acyclic complexes. In the present paper, we want to
think of torsion of finite dimensional acyclic complexes as a map pce from the determinant
line of the complex to C. We have a canonical isomorphism

pee : det(C*) =5 C, (2.1)
defined as follows. Fix a decomposition
C'=BiaA, j=0,...,n,
with B/ = ker(0) N C7 and B/ = 9(A7~1) = 9(C7~1) for every j. Then 9|, : A7 — BiTlis
an isomorphism for every j.

Fix non zero elements ¢; € det C7 and a; € det A7 for any j. Let 9(a;) € det B/™! denote
the image of a; under the isomorphism det Al — det B/t induced by the isomorphism
0|4 : AV — Bt Then for each j = 0,...,n, there exists a unique Aj € C such that

Cj = Ajlipi Aj (8(aj_1) ® aﬂ')’

where pp; 45 is the fusion isomorphism defined in §2.1. Then define the isomorphism pce by
n .
por i et @ ad ) o ()N TAY e,
j=0

where
1< . , .
o\ _ . . +1
N(C*®) = §Zd1mAJ (dim A7 + (=1)7*1).
7=0
One easily shows that ¢ce is independent of the choices of a; [Tur0l, Lemma 1.3]. The

number 7(C*, ¢) = pce(c) is called the refined torsion of (C*®,0) with respect to the element
c.

The torsion will depend on the choices of ¢; € det C7. Here the sign convention (that is,
the choice of the prefactor (—1)N(©*) in the definition of pce) follows Braverman-Kappeler
[BKOT7c, §2] and is consistent with Nicolaescu [Nic03, §1]. This prefactor was introduced by
Turaev and differs from [Tur86]. See [Nic03] for the motivation for the choice of sign.

2.3. Torsion with respect to a chirality operator. We saw above that torsion depends
on the choice of an element of the determinant line. A way to fix the value of the torsion
without choosing an explicit basis is to use a chirality operator as in [BK07c|. Take n = 2r+1
an odd integer and consider a complex (C*, ) of length n. We will call a chirality operator
an operator I' : C* — C*® such that I'> = Idce, and

reH=c"7, j=0,...,n.

I' induces isomorphisms det(C7) — det(C™~7) that we will still denote by I'. If £ € L is a
non zero element of a complex line, we will denote by £~! € L™! the unique element such
that £~1(¢) = 1. Fix non zero elements c¢; € det(C”) for j € {0,...,r} and define

cr = (—1)"‘(0')60 ® cl_l R & cg_l)r ® (l“cr)(_l)ﬂrl ® (Fcr,l)(_l)r R & (Fco)_l,
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where

m(C*) = Zdlm(}ﬂ (dim C7 + (—1)"+).
g =0

Definition 2.1. The element cr is independent of the choices of ¢; for j € {0,...,r}; the
refined torsion of (C*®,0) with respect to I is the element

7(C*,T) =7(C*% cr).

We also have the following result which is [BK07c, Lemma 4.7] in the acyclic case about
the multiplicativity of torsion.

Proposition 2.2. Let (C*,0) and (C",é) be two acyclic complexes of same length endowed
with two chirality operators I' and I'. Then

r(C*@CTel)=1(C*T)r(C"T).
2.4. Computation of the torsion with the contact signature operator. Let
B=To+0r:C*— C°.
B is called the signature operator. Let B, =T'0 and B_ = JI'. Denote
I = Cjﬂker(BjF), j=0,...,n

We have that By preserves C%. Note that B+(Ci) C C’i_j_l, so that B+(O_]i'_ @ Ci_j_l) C
cl oy ~!. Note that if B is invertible on C*, By is invertible on CY. If B is invertible,
we can compute the refined torsion of (C*,0) using the following

Proposition 2.3. [BK07c¢, Proposition 5.6] Assume that B is invertible. Then (C*,0) is
acyclic so that det(H®(0)) is canonically isomorphic to C. Moreover,

Trl

renn = (_1)TdimCi det <F8‘Ci>( H det <F6\C] ecTI= 1>(_1)j .

2.5. Super traces and determinants. Let V*® = @?:0 V7 is a graded finite dimensional
vector space and A : V* — V*® be a degree preserving linear map. We define the super trace
and the super determinant of A by

p .
trgye A = Z 1) try; A, detgye A = H(dethA)(_l)J.
j=0
We also define the graded trace and the graded determinant of A by

p Y .
trgy, yeA = Z ] tI‘VJ detgnV.A = H(detvjA)(*l)]J_
=0
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2.6. Analytic families of differentials. The goal of the present subsection is to give a
variation formula for the torsion of a finite dimensional complex when we vary the differential.
This formula plays a crucial role in the variation formula of the dynamical torsion, when
the representation is perturbed. Indeed, we split the dynamical torsion as the product of
the torsion 7 (C*(9,p),I'y) of some finite dimensional space of Ruelle resonant states and
a renormalized value at s = 0 of the dynamical zeta function (x ,(s). Then the following
formula allows us to deal with the variation of 7 (C*(9, p),I'y).

Let (C*,0) be an acyclic finite dimensional complex of finite odd length n. If S: C*: C*®
is a linear operator, we will say that it is of degree s if S(C*) ¢ C*** for any k. If S and T
are two operators on C* of degrees s et t respectively then the supercommutator of S and T’
by
[S,T] = ST — (-1)*'TS.
Cyclicity of the usual trace gives trg ¢, [S, 7] = 0 for any S, 7.

Let U be a neighborhood of the origin in the complex plane and 9(z), z € U, be a family
of acyclic differentials on C'* which is complex differentiable at z = 0, that is,

0(z) = 0+ za + o(z) (2.2)
for some operator a : C* — C® of degree 1. Note that 0(z) o 9(z) = 0 implies that the
supercommutator

[0,a] = 0a + ad = 0. (2.3)
We will denote by C*(z) the complex (C®,0(z)). Finally let k : C* — C*® be a cochain
contraction, that is a linear map of degree 1 such that

Ok + kO = Idcs . (2.4)
The existence of such map is ensured by the acyclicity of (C*,0).

Lemma 2.4. In the above notations, for any chirality operator I' on C*®, the map z
7(C*(2),T) is complex differentiable at z =0 and

4 log 7(C*(2),I') = —trs,ce (ak).
dz|,_,

Note that this implies in particular that trs ce(ak) does not depend on the chosen cochain
contraction k. This is expected since if k&’ is another cochain contraction,
[0, akk'] = Dakk’ + akk'd = a(k — k),

where by (2.3) and the supertrace of a supercommutator vanishes.

Proof. First note that for non zero elements c, ¢’ € det C*®, we have

7(C%(2),¢) = [e: ] - 7(C*(2), ), (2.5)
where [c: (/] € C satisfies ¢ = [c: ] - €.
For every j =0,...,n, fix a decomposition

Cl=A o B,
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where BY =ker 0N C7 and A’ is any complementary of B7 in CV. Fix some basis ajl-, e aﬁj
of A7; then 8a}, e ,8(1? is a basis of B/*! by acyclicity of (C*®,9). Now let
c;j :a}-/\~--/\a§j A@a]l,l/\---A(?afff € det ¢V,

and

c=c® () 'R ® - ®(c,) V" e detC*.
Now by definition of the refined torsion, we have for |z| small enough

n .
7(C*(2),¢) = + [ [ det(A;(2) " (2.6)
j=0

where the sign =+ is independent of z and A;(z) is the matrix sending the basis

1 bog 1 lj—1
Ajyonn s ,aaj_l,...,aaj_l
to the basis
1 45 1 Li_1
aj, ... a;,0(2)aj_q,...,0(z)a

(which is indeed a basis of C? for |z| small enough). Let k : C* — C* of degree —1 defined
by

kdai' = ai', kai' =0,
for every j and m € {0,...,¢;}. Then k0 + 0k = Idce and

detA;(z) = detypi-14p: ((2)k @ Id).

Now (2.2) and (2.6) imply the desired result, because 7(C*(2),T') = [cr : ¢] - 7(C*(2),¢) by
(2.5). O

3. GEOMETRICAL SETTING AND NOTATIONS

We introduce here our geometrical conventions and notations. In particular, we adopt the
formalism of Harvey—Polking [HP"79] which will be convenient to compute flat traces and
relate the variation of the Ruelle zeta function with topological objects.

3.1. Twisted cohomology. We consider M an oriented closed connected manifold of odd
dimension n = 2r + 1. Let E — M be a flat vector bundle over M of rank d > 1. For
k € {0,...,n}, we will denote the bundle A*T*M by A* for simplicity. We will denote by
QF(M, E) = C>®(M,A\* ® E) the space of E valued k-forms. We set

Q°(M,E) = é Ok (M, E).
k=0

Let V be a flat connection on E. We view the connection as a degree 1 operator (as an
operator of the graded vector space Q°(M, E))

V:Q¥NM,E) - QY M,E), k=0,...,n.
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The flatness of the connection reads V2 = 0 and thus we obtain a cochain complex
(Q°(M,E),V). We will assume that the connection V is acyclic, that is, the complex
(Q'(M ,E), V) is acyclic, or equivalently, the cohomology groups

{u e OF(M,E) : Vu= 0}

HAM,V) = {Vv D v E Qk—l(M,E)}

are trivial.

3.2. Currents and Schwartz kernels. Let

n

D'*(M,E) =@ D' (M A o E)
k=0
the space of E-valued currents. Let EV denote the dual bundle of E. We will identify
D'k(M, E) and the topological dual of Q" *(M, EV) via the non degenerate bilinear pairing
@8)= [ ans. acQQOLE), §e@tOLEY),
M

where A is the usual wedge product between E-valued forms and EV-valued forms.

A continuous linear operator G : Q*(M, E) — D'*(M, E) is called homogeneous if for
some p € Z, we have G(Qk(M, E)) c D'k (M, E) for every k = 0,...,n; the number p is
called the degree of G and is denoted by deg GG. In that case, the Schwartz kernel theorem
gives us a twisted current G € D" P(M x M, i EY @ m3 E) satisfying

(Gu,v)pr = (G, Tiu A T30 s, we QNM,E), veQVFP(M EY),
where 71 and 7o are the projections of M x M onto its first and second factors respectively.

3.3. Integration currents. Let N be an oriented submanifold of M of dimension d, possibly
with boundary. The associated integration current [N] € D'"~%(M) is given by

(M) = [ it weadn,
N
where iy : N — M is the inclusion. We have classically
d[N] = (=1)¥1[aN]. (3.1)

For f € Diff (M), we will set Gr(f) = {(f(x),x), x € M} the graph of f. Note that
Gr(f) is a n-dimensional submanifold of M x M which is canonically oriented since M is.
Therefore, we can consider the integration current over Gr(f). By definition, we have for
any «, 3 € Q°(M)

([Gr(f)], mia A TB) = /M fans.

In particular, [Gr(f)] is the Schwartz kernel of f*: Q*(M) — Q°*(M).
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3.4. Flat traces. Let G : Q*(M, E) — D'*(M, E) be an operator of degree 0. We denote
its Schwartz kernel by G and we define

WF'(G) = {(z,9,&m), (v,9.§,—n) € WF(G)} C T"(M x M),
where WF' denotes the classical Hormander wavefront set, cf [Hor90, §8]. We will also use
the notation WF(G) = WF(G) and WF'(G) = WF'(G). Assume that
WF(G)NA(T*M) =0, AT*M)={(z,z,&E), (v,£) € T*M}. (3.2)

Let v: M — M x M,z — (z,x) be the diagonal inclusion. Then by [Hor90, Theorem 8.2.4]
the pull back *G € D'”(M ,EY ® E) is well defined and we define the super flat trace of G
by

tr’G = (tr*G, 1),
where tr denotes the trace on £V ® E. We will also use the notation

trZrG = tr! NG,

where N : Q*(M,E) — Q°*(M, E) is the number operator, that is, Nw = kw for every
we Q¥ (M, E).

The notation tr’ is motivated by the following. Let A : C*°(M,F) — D'(M,F) be an
operator acting on sections of a vector bundle F'. If A satisfies (3.2), we can also define a flat
trace tr’ A as in [DZ16, §2.4]. Now if G : Q*(M, E) — D'*(M, E) is an operator of degree
0, it gives rise to an operator Gy, : C®(M, F},) — D' (M, F},) for each k = 0,...,n, where
Fj, = A*¥ @ E. Then the link between the two notions of flat trace mentioned above is given
by

tI'ZG = Z(—l)k trb Gk
k=0

If ' © T*M is a closed conical subset, we let
D (M, E) = {u € D'*(M,E), WF(u) C r} (3.3)

be the space of E-valued current whose wavefront set is contained in I', endowed with its
usual topology, cf. [Hor90, §8]. If " is a closed conical subset of T*(M x M) not intersecting
the conormal to the diagonal

N*A(T*M) = {(z,2,§, =€), (2,§) € T"M},
then the flat trace is continuous as a map D (M x M, 7tEY @ n5E) — R.
3.5. Cyclicity of the flat trace. Let G, H : Q*(M, E) — D'*(M, E) be two homogeneous

operators. We denote by G, H their respective kernels. If I' C T*(M x M) is a closed conical
subset, we define

'Y ={(y,n), Iz € M, (x,y,0,n) €T}, T'® ={(y,n),3z € M, (z,y,—n,0) € T'}.

Then under the assumption

WF(G)® nWF#H)M =0,
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the operator F' = G o H is well defined by [H6r90, Theorem 8.2.14] and its Schwartz kernel
F satisfies the wave front set estimate :

WF (F)  {(z,9,&1) | 3(2,), (2,2,€,¢) € WF'(G) and (2,y,¢,n) € WF (H)}.
If both compositions G o H and H o G are defined, we will denote by
[G,H]=GoH — (—1)deCdeelig g
the graded commutator of G and H. We have the following

Proposition 3.1. Let G, H be two homogeneous operators with deg G+ deg H = 0 and such
that both compositions G o H and H o G are defined and satisfy the bound (3.2). Then we
have

tr’ [G, H] = 0.

The above result follows from the cyclicity of the L2-trace, the approximation result [DZ16,
Lemma 2.8], the relation

tr? (G, H] =t [(-1)VF,G],

where N is the number operator and tr” is the flat trace with the convention from [DZ16],
see §3.4, and the fact that the map (G, H) — G o H is continuous

D (M x M,7iEY @ m3E) x D2(M x M, 7{EY @ m3E) = DY (M x M, 7} EY @ w3 E)
for any closed conical subsets T', rc T*(M x M) such that T N '™ = ¢, and where T is

a closed conical subset given in [Hor90, 8.2.14].

3.6. Perturbation of holonomy. Let : [0,1] — M be a smooth curve and o € Q' (M, End(E)).
Let P (vesp. %) be the parallel transport E, ) — Ey) of V (resp. V =V +a) along /(g 4
Then

P; = P, exp <— /Ot P_Ta(;y(f))PTdT> : (3.4)

The above formula will be useful in some occasion. For simplicity, we will denote for any
A€ C®(M,End(FE))

/ A / P_. A(3(r))P.dr € End (E, ()
v 0

so that P; = P; exp (— f7 a(X)).

4. POLLICOTT-RUELLE RESONANCES

4.1. Anosov dynamics. Let X be a smooth vector field on M and denote by ¢! its flow.
We will assume that X generates an Anosov flow, that is, there exists a splitting of the
tangent space T, M at every x € M

T.M =RX(z) @ Es(x) ® Ey(x),
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where E,(z), Es(z) are subspaces of T, M depending continuously on x and invariant by the
flot ', such that for some constants C,v > 0 and some smooth metric |- | on TM one has
[(de!)pvs| < Ce ™o, t>0, vs € Ey(x),
[(dp!)pvy] < Ce™Hu,|, <0, v, € By(x).
We will use the dual decomposition T*M = Ej @ E,, & E; where
Ej = (Eu® Es)", E;=(Ey®Es)", E,=(Ei®E,)". (4.1)

4.2. Pollicott-Ruelle resonances. Let tx denote the interior product with X and
LY =Vix +u1xV:Q(M,E) = Q*(M, E)

be the Lie derivative along X acting on E-valued forms. Locally, the action of LY. is given by
the following. Take U a domain of a chart and write V = d + A where A € QY(M, End(E)).
Take wy,...,wp (resp. ei1,...,eq) some local basis of A* (resp. E) on U. Then for any
1<i<fland1<j<d,

E; (fw; ®ej) = (X flws @ ej + f(Lxw;) ®e; + fw; ® A(X)e;, feC>™(U),

where Lx is the standard Lie derivative acting on forms. In particular, E)V( is a differential
operator of order 1 acting on sections of the bundle A*T*M ® E, whose principal part is
diagonal and given by X.

Denote by (I)Z the induced flow on the vector bundle A*T*M ® E — M, that is,
oL (Bov)="(de"), B PY(x)v, €M, (B,v)eA (T M)xE,, teR,

where PY (z) is the parallel transport induced by V along the curve {¢*(x), s € [0,¢]}. This
induces a map

e'£X 1 Q*(M, E) — Q*(M, E).

For Re(s) big enough, the operator LY, + s acting on Q*(M, E) is invertible with inverse

(LY +s)7* :/ e X e s dt, (4.2)
0

The results of [F'S11] generalize to the flat bundle case as in [DR17¢, §3] and the resolvent
(L')v( + S)_l, viewed as a family of operators Q*(M, E) — D/'(M, E), admits a meromorphic
continuation to s € C with poles of finite multiplicites; we will still denote by (E)V( + 8)71

this extension. Those poles are the Pollicott-Ruelle resonances of E)V(, and we will denote
this set by Res(LY).

4.3. Generalized resonant states. Let sg € Res(LY). By [DZ16, Proposition 3.3] we have
a Laurent expansion

J(s0)

j—1
(LY +5) 7 = Yip(s) + D (-1 (£x gfﬂzo)j e (4.3)

Jj=1
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where Y, (s) is holomorphic near s = sg,

1

I, = / (LY +5) " ds: Q°(M,E) - D'*(M, E) (44)
Ce(s0)

211

is an operator of finite rank. Here C(sg) = {|z — so| = ¢} with € > 0 small enough is a small
circle around sp such that Res(LY) N {|z — so| < €} = {s0}. Moreover the operators Y, (s)
and II,, extend to continuous operators
Y (5), Iy, : D (M, E) = D, (M, E). (4.5)
The space
C*(s0) = ran(Ily,) C D, (M, E)

is called the space of generalized resonant states of E; associated to the resonance sg.

4.4. The twisted Ruelle zeta function. Fix a base point x, € M and identify m (M)
with 71 (M, x,). Let Per(X) be the set of periodic orbits of X. For every v € Per(X) we fix
some base point x, € Im(y) and an arbitrary path ¢, joining z~ to x,. This path defines an
isomorphism ¢, : w1 (M, z,) = w1 (M) and we can thus define every v € Per(X)

pv([]) = po(¥y[])-
The twisted Ruelle zeta function associated to the pair (X, V) is defined by

Cxw(s) = T det (1a=pu(l))e™ ), Re(s) > C, (4.6)

YEGx
where Gx is the set of all primitive closed orbits of X (that is, the closed orbits that generate
their class in m1(M)), () is the length of the orbit v and C' > 0 is some big constant
depending on p and X satisfying

o (W] < exp(CL(v)), v € G, (4.7)

for some norm || - || on End(Ey,).

For every closed orbit v, we have
|det(I — Py)| = (—1)?det(I — Py), (4.8)

for some ¢ € Z not depending on 7, where P, is the linearized Poincaré return map of v,
that is P, = dmgpfe(V)\Es(x)@Eu(x) for x € Im(y) (if we choose another point in Im(v), the
map will be conjugated to the first one. This condition is always true when ¢! is contact, in
which case we have ¢ = dim F.

Giuletti-Pollicott-Liverani and Dyatlov-Zworski [GLP13, DZ16] showed that (x v has a
meromorphic continuation to C whose poles and zeros are contained in Res(£Y); moreover,
the order of (x v near a resonance sy € Res([,;) is given by '

LActually, it follows from [DZ16] that m(so) = Z Y¥mL(s0), where ml(so) is the di-
k=
mension of Il (Q"“(M7 E)ﬂkeux). We can however repeat the arguments using the identity
n n—1

det(Id—Py) = =Y " (=1)"ktr A*d,o~ " instead of the identity det(Id —P,) = Y _ (=1)" tr A*P, (see [DZ16,
k=0 k=0
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(80 q+1 Z kmk 80) (4.9)
where my(sg) is the rank of the spectral prOJector so ok (v, )

4.5. Topology of resonant states. Since V commutes with £§, it induces a differential
on the complexes C*®(sg) for any sp € Res(LY). It is shown in [DR17¢] that the complexes
(C'(so), V) are acyclic whenever sy # 0. Moreover, for sg = 0, the map

I, o : Q°(M,V) — C*(so = 0)

is a quasi-isomorphism, that is, it induces isomorphisms at the level of cohomology groups.
Since we assumed V to be acyclic, the complex (C*(sg = 0), V) is also acyclic.

5. THE DYNAMICAL TORSION OF A CONTACT ANOSOV FLOW

From now on, we will assume that the flow ¢’ is contact, that is, there exists a smooth
one form ¥ € Q'(M) such that ¥ A (d9)" is a volume form on M, 1x¥ = 1 and txdd = 0.
The purpose of this section is to define the dynamical torsion of the pair (¢, V). We first
introduce a chirality operator I'y acting on Q°*(M, E') which is defined thanks to the contact
structure. Then the dynamical torsion is a renormalized version of the twisted Ruelle zeta
function corrected by the torsion of the finite dimensional space of the generalized resonant
states for resonance sg = 0 computed with respect to I'y.

This construction was inspired by the work of Braverman-Kappeler on the refined analytic
torsion [BK07¢].

5.1. The chirality operator associated to a contact structure. Let Vx — M denote
the bundle T*M Nkercx. Note that for k € {0,...,n}, we have the decomposition
AT M = AWy A9 @ AFVy. (5.1)
Indeed, if o € A*T*M we may write
a=(D)""xand+a— (=1 ixand.

eANF=1Vx AY EAFVx

Let us introduce the Lefschetz map

L A'VX — A'+2VX
U —  u A dd.

Since d¥ is a symplectic form on Vy, the maps .Z"~* induce bundle isomorphisms
LR AR Yy S AR k=0, (5.2)

see for example [LM87, Theorem 16.3]. Using the above Lefschetz isomorphisms, we are now
ready to introduce our chirality operator.

§2.2]), and study the action of LY on the bundles A*T*M ® E rather than its action on the bundles
(A*T*M Nker.x) ® E, to obtain (4.9).
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Definition 5.1. The chirality operator associated to the contact form 9 is the operator
Ty : A*T*M — A"~*T*M defined by T'? = 1 and
Co(fAO+g) =L Fgn0+ 27 L feA1Vy, geAVx, kedo,....r}, (5.3)

where we used the decomposition (5.1).
Note that in particular one has for k € {r +1,...,n},
-1 ~1
Ty(fAD+g) = (E’H) gAD+ (X’H*T) f.

5.2. The refined torsion of a space of generalized eigenvectors. The operator I'y acts
also on Q°(M, E) by acting trivially on E-coefficients. Since Lx9 =0, I'y and LY, commute
so that I'y induces a chirality operator

Ty: C.(So) — Cnf.(S())

for every so € Res(LY). Recall from §4.5 that the complexes (C®(so), V) are acyclic. The
following formula motivates the upcoming definition of the dynamical torsion.

Proposition 5.2. Let so € Res(£Y) \ {0,1}. We have
7(C*(s0), p) ™! = (=)@ 0detyy 0 (6) £X

where
T

Qsp = > _(=1)F(r +1 — k) dim C*(so)
k=0
and 7(C*(s9),T'y) € C\O is the refined torsion of the acyclic complex (C"(so), V) with respect
to the chirality I'y, cf Definition 2.1.

Let us first admit the above proposition; the proof will be given in §§5.5,5.6.

5.3. Spectral cuts. If Z C [0, 1) is an interval, we set

Iy = Z II,, and C7= @ C*(s0).
so€Res(LY) so€Res(LY)
|so|€T |so|€T

Note that LY + s acts on C*(sg) for every sg € Res(LY,) as —soId +.J where J is nilpotent.
We thus have for s ¢ Res(LY)

_ 1
detgr,C} (ﬁ)v( + 5)( 1)at _ H (s — So)m(so)’ (5.4)
so€Res(LY)
|So‘€[

where detg, is the graded determinant, cf. §2.5.

Let A € [0,1) such that Res(LY) N {s € C: |s| = A} = 0. Now define the meromorphic

function e
03 (s) = Cxw(s)detgren | (LY +5) (5.5)

Then (4.9) and (5.4) show that ng\éo) has no pole nor zero in {|s| < A}, so that the number
C§?§°)(0) is well defined.
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5.4. Definition of the dynamical torsion. Let 0 < p < A < 1 such that for every
so € Res(LY), one has |sg| # A, u. Using Proposition 2.2 and Proposition 5.2 we obtain,
with notations of §5.3,

-1
(G To) = (<12 (detncy,  £F) (G ).

where for an interval 7 we set

QZ = Z Qso .

so€Res(LY)
|so | €T

This allows us to give the following
Definition 5.3 (Dynamical torsion). The number
(V) = (-1 (0D 7(Cf . Ta) € €O (5.6)

is independent of the spectral cut A € (0,1). We will call this number the dynamical torsion
of the pair (¢, V).

Remark 5.4. If ¢ X,vsm(o) is the leading term of the Laurent expansion of (x v(s) at s =0,
then taking A small enough actually shows that

9(V) = (_1)rog€1v)q -T(C.(O),Fﬂ)‘ (5.7)
In particular, if 0 ¢ Res(LY),
79(V) = Cx,w(0) V" (5.8)

Note that we could have taken (5.7) as a definition of the dynamical torsion; however (5.6)
is more convenient to study the regularity of the 74(V) with respect to ¥ and V.

Remark 5.5. This definition actually makes sense even if V is not acyclic; in that case the
formula (5.6) defines an element of the determinant line det H*(M, V), under the identifica-

tion H*(M,V) = H* (C['Q/\],V) given by the quasi-isomorphism IIjg 5 : Q*(M, E) — C’['ON,

cf §4.5. However, we will focus here on the acyclic case.

The rest of this section is devoted to the proof of Proposition 5.2.
5.5. Invertibility of the contact signature operator. To prove Proposition 5.2 we shall
use §2.4 and introduce the contact signature operator
By =TyV +VIly:D*(M,E) — D'*(M,E),

where Ty acts trivially on E. We fix in what follows some sy € Res(£Y) \ {0,1} and we
denote C*(sg) by C*® for simplicity. We also set C§ = C* Nker(vx).

The following result will put us in position to apply Proposition 2.3.

Lemma 5.6. The operator By is invertible C* — C*.



DYNAMICAL TORSION FOR CONTACT ANOSOV FLOWS 21

Proof. We set
k k
C'e.ven:@c'7 (;dd:@c'
k even k odd
Then By preserves the decomposition C* = C2,.,, ®C2,,. Note that because I'} = 1, we have
= FgBMq;dqug. It thus suffices to show that By is injective on C, Let 8 € C8en

even*

By|cs

even

such that BypB = 0. Write
T
B=> Pk € Clen:
k=0

with
Bok = for1 AND+ gory  for1 € CFL g € C2F k=0,...,r
Then By = 0 writes, since T'yV(C*) ¢ C"~#=1 and VI'y(C*) c Cn—F+1
LoV Bak + VIyByi1) =0, k=0,...,7 (5.9)

Because V does not leave the decomposition (5.1) stable, we need to introduce an operator
¥ : C§ — C3*! which mimics the action of V. We define

Up=Vyu—(—D)LYund, pedh (5.10)
Because Lxdd = 0, the map ¥ satisfies the simple relation
U (pAdy) = (Tp)Add?, pecy, jeN, (5.11)
that is, ¥ commutes with .Z. Also, observe that
U2y =—LYpuAdd, pecCy. (5.12)

Indeed, using the fact that £§ and V commute,
V=V (w —(~1)F YA 29) — (—1)FH (L)V( (w —(=1)F LY A 0)) A
= V24 (DY (LY AD) + (—1)F LYV A — L A0 A
= (=) (=1)*LY A do.
Assume first that k¥ < r/2 — 1. Then 2k + 2 < r; we can thus write, with (5.10) in mind,
LyV o =Ty <Vf2k—1 AN = fogp—1 ANdU + Vg%)
=Ty (o1 AV = LS for 1 ADAY = for1 AdD + Wgay + LY g AV
= (Whonr + LS00 ) A0 4 (Wgop — for1 AdD) A DA,
Similarly we find by (5.11)
VIyBokt2 = V<f2k+1 AdY" R gop o AdITTERTEA 79)

= (‘I’f2k+1 — LX fors1 A 19) Adg kT 4 (\Ifgzk+2 A+ gtz A dﬁ) A dg 22,
(5.13)
Thus (5.9) writes, with the decompostion (5.1) in mind,

(‘Iffzkﬂ + 92k+2) AdgTT2Rl (‘szk—1 + ﬁzg%) Ad9m =0 (5.14)



22 Y. CHAUBET AND N.V. DANG

and
(—E)V( o1 AdD + xpggm) A dgT—2k=2 (\I’ggk — for 1 A d19> A9 — 0. (5.15)
Then applying ¥ to (5.15) gives, with (5.12) and (5.11),
(—\M; Forr1 — E)v(ngH) AdYT 2 £ gop A AT W fop g AT = 0,

Note that ¥ commutes with £} and thus with ﬁ)v(_l (which exists since so # 0). Then
applying E)v(_l to the above relation we get

r—zk— r— -1 r—
(—‘I’fzkﬂ - 92k+2> A AR — g AdYTTR — LY <\I/f2k71 A do 2’“) = 0.
Injecting this in (5.14), we obtain
—1 e
((E)v( - Id) ok + (Id _E)V( )\I/fgk_l) AdyT—2k = 0.

Since £7~2* is injective on C3* and LY — Id is invertible (since so # 1), this yields

LY-gor + U for_1 = 0. (5.16)
Applying E;_lll/ to the above equation we get
Wgor — for_1 ANdd =0 (5.17)

by (5.11); thus (5.15) gives
<‘1’g2k‘+2 - £§f2k+1 AN d19> VAN dyr—2k-2 — 0.

Now repeating this process with k replaced by & — 1 we obtain (\Ifg2k — LY for—1 N dﬁ) A
d¥"=2F = 0. This implies with (5.17) that

(Id —LY) fag—1 A A" 21 =0,
which leads to fop_1 = 0 since .27~ ~1 ig injective on C’O%*1 and ﬁ)v( — Id is invertible on

C*; thus go, = 0 by (5.16), since LY is invertible. We therefore obtained
for =0, k<r/2-1.

Next assume k > (r 4+1)/2. Set k =r — k and

5’2,;“ =TyBor € CIFF B | =TyPopia € CTF 1
Then (5.9) writes
FﬁvBZI?:fl + VF@BWQH =0.
Since 2k + 1 < r and we can do exactly as before to get 52,;_1 = 0 which leads to fogr2 = 0.

Therefore we obtained
Bor =0, k> (r+1)/2+1.

Therefore it remains to show that 82, = 0 and By(,4.1) = 0, where p = [r/2]. We will
assume that » = 2p 4+ 1 is odd and put p’ = p+ 1 (the case r even is similar). Then (5.9)
implies, since f9 = 0 for every k # p,p/,

VIyBoy + 19V B2y =0, T'yVPay =0, VIyBay =0. (5.18)
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We can compute, keeping (5.10) in mind,

vrﬁﬁgp/ =V (gingPI AU+ f2p’—1)
= 0L oy NI+ LY L L goy NOIND+ L goy ANAY + o — LY for—1 AV,

and
LoV By = Do (Vaap + L3929 A0+ W o1 A0~ LY fop 1 ADAD — fopa AlD)
= Wgop AV — fop_1 AdIAD + LY gop A dY + U fo,_1 A dY.
Therefore the first equation of (5.18) implies, since £ ~! gopr N AU = goy,
UL goy — LY fop—1 — fop—1 AdD + Vg, =0 (5.19)
and
9o + U fop 1+ U fap 1 AdD + LY gop A dV) = 0. (5.20)
Applying ﬁ_)v(_l\ll to (5.19) leads to
oy — Ufay 1 — LY fop 1 A + —gap AdD) = 0.
Therefore,
((Id fc)v(‘l) Ufop 1+ (LY —1d) 92;0) A do. (5.21)
As before this gives W fs,_1 + LY-g2, = 0 and thus with (5.20) one gets
LY g2p +Vfop1 =0, @gop + Vo 1=0. (5.22)
Next compute
VTBap = gop A A9 + W fo, 1 AdY? + Uga, A A Y — LY fapr1 AD A d9?
Therefore the third part of (5.18) gives (we take the A component of the above equation)
—LY fop—1 A d9? + Tgo, A dY = 0.

Applying E)V(_I\I/ to (5.22) we get Wgap = fop—1 A diJ; we therefore obtain that fo,—1 = 0 by
injectivity of .#2 on 06_2. Thus g2, = 0 by (5.21).

Finally compute
Vo = Vo1 AN+ Ugay + LY goy AN = 0.
Therefore the second part of (5.18) implies (since I'yV B2y = 0 is equivalent to V /3y, = 0)
U fop 1 + LY g2y = 0.

Therefore by (5.22) we get (E; — Id) g2 = 0, and thus goy = 0. Using (5.19) we conclude
that £)V(f2p/,1 = 0 which leads to fo,,—1 = 0. ]
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5.6. Proof of Proposition 5.2. We start from Proposition 2.3 which gives us, in view of
Lemma 5.6,

_1yr r—1

° rdim C7, =1 =1y
7(C*,Tg) = (—1)7 Mm% det (rw@) I det (mmci@cfjfl) . (5.23)
§=0

where we set as in §2.4
Ct = C*Nker(Vly), C° =C*Nker(T'yV).

We first note that for & € {0,...,7} and 8 € Q¥(M, E), one has

Vg8 = 275 (V8= (-1} ix VB A D+ L (1xVixf = 1xB) ) A0

+(—1)k.grkt1 (ﬁ —VixB+ (=1)*ux (B = Vixf) A 19), (5.24)

[yVj =gkl (w —(=1)kux VB A 19) A+ (—1)F L7 (1x V),

where £77" = (L7 pjy, ) for 0 < j < r. Indeed, using the decomposition (5.1),
Ty = (1) Flux A 4 (84 (~1)FixBAY) A9 A D
= (=D xBAd0TFT L BAdYTTF A,

which leads to
VI8 = (—DFVix A A 1 VBA Y F A0+ (=1)F3 A d"—F+!

— (—1)k+! ((—1)’f+1bvaxﬁ ADA dﬂT‘k“) F(—1)kH (mﬁ (D *ux Vix S A 19) A dgr kL
+ (vg —(—D)Fix VB A 19) AdI™F A+ (—1)F (ﬁ F(=DFixB A 19) A dgrRH
—ixBAdYTFE A Y,

which is exactly the first part of (5.24). The second part follows directly from the decompo-
sition (5.1).
Let us introduce, for k € {0,...,r}, the operator J; : C* — C* defined by
JB=fAI—(=Dkwf (5.25)

for any 8 = f A9+ g € CF with f € C(’f*l and g € CF, and where ¥ is defined in (5.10).
Then we claim that Ji takes it values in C’_]ﬁ. Indeed, we have for any f € C’g_l and g € CF,

VIo(fAD+g) = v(g AdYF NI+ fA dﬁ“kﬂ)
= Wg AdI" P NG+ (—1)Fg AdymHH
+UF AR (—)PLY FAd9TTRE A,

which implies that 8 = f A9 + ¢ lies in Cfﬁ if and only if

(\I/g (DMLY A d&) Ad9"* =0 and (\I/f + (—1)kg> Ad9T R =0, (5.26)
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But now note that if 8 = fAY+g = JpB' = f' A9 — (=1)FTf’ for some ' = f' A+ g then
f=f and g = —(—1)*Uf, and thus § satisfies the second part of (5.26). We also obtain
Vg=—(—1)F02f = (1) LY f A d9 by (5.12), so the first part of (5.26) is also satisfied.

Therefore Jj, : C* — Cfﬁ; moreover it is obvious that Ji is a projector. Therefore we can
consider the restricted projection J| ch Cf_ — C’_’ﬁ, we will still denote by Jy.

The next lemma will be helpful to compute the determinants lying in the product (5.23).

Lemma 5.7. Take k € {0,--- ;7 —1}. Then for any = f AV +g € C-kk with f € C(l)ffl and
g € Ck, one has

(TyV)?8 =LY (£Y —1d) B — (LY — Id) JiB.
Proof. Since k < r we can write, thanks to (5.24),
TyVB=VBAIAdYF L 4 (—1)Fix VB AdYF.
Therefore
VIyVE = —(=DFVBAdY ™ + (—=1)*Vix VB A d9"F
= (-1)F (Y —1d) VB A dY"*
- (LXvLXv,B — LXVB) A9 AdYF
+ (~DkLY - 1d) (w —(~1)kux VB A 19) AdoTk,

where we used VixVp = E;Vﬁ and (xVixV3 = L)V(vaﬁ. Since B € Cﬁ one has with
(5.24)

(vg (= 1)k VB A 19) Ad9TF = (Lxﬁ - vabxﬁ) A dgrhHL

This leads to

VI,V = (LXVLXW - wa) AD A dOTF

+(=1)F (LY - 1d) (Lxﬂ - LXvaﬁ> A dgrhHL
Since txVixVB —1xVE = ([,)V( — Id) vx VB and txB8—txVixs = (Id —E)V()LXB, we obtain
VIyVB = (LY —1d) ixVBAIAAY"F 4+ (=1)F (LY — 1d) Id —LY) exB A d9™F

and thus by definition of I'y

TyVTgVB = —(~1)"(1d —£Y)*ixB A0 + (LY — 1d) 1x V5. (5.27)
Now, writing 8 = f AY + g where tx f =0 and txg = 0, we have

VB=VfAI—(=1)*fAdI+ Vg,

1xVB =LY fAI+ (~D)*VF+ LYy, (5.28)
ixBAY=—(=1)Ff A0
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Injecting those relations in (5.27) we get
TyVIyVB =LY (LY —Id)(f AY +g)
— (LY = 10) (f A0 = (15T + (~DFLYS A D)),
which concludes in view of (5.10) and (5.25). O

We now deal with the case k = r.

Lemma 5.8. One has, for 3 € C7,
TyVp = (~1) ((z; —1d)B + (Id —JT)B>.

Proof. We have
yVB=2"1VB— (-1)"txVBAY) + (—1)"tx V.

Since f € C7 we have with (5.24) that V3 — (=1)"txVB AV = (1xB — txVixB) A do.
Therefore,
FﬂVﬁ = (Lx,B - LXvaﬂ) AN+ (—1)TLXv5.

We now conclude as in the previous lemma, using (5.28). O

We are now in position to finish the proof of Proposition 5.2. We will set, for 0 < k < n,
my, = dimC*,  mQ = dim C¥, mf = dim C%.
First take k € {0,--- ,r — 1}. First take k € {0,--- ,7 — 1}. Because By is invertible on

C*, I'yV induces an isomorphism C_’ﬁ — Cﬁfk*l. Take any basis v of C_’ﬁ. Then I'yV~ is a
basis of Cﬁ_k_l and the matrix of FgV\Ck @cn—k+1 in the basis v @ I'yV~y is
+0C4

(5 o) 5

1d 0
where [(F,gV)Q]7 is the matrix of (Fﬁv)2‘cﬁ in the basis 7. Define
Jy=1d—Jy: C¥ — C*.

Then Jj, is a projector (since Jj, is) and Lemma 5.7 implies that Jj, (and thus .J;) commutes
with LY. Moreover one has

(CoV)? e 7. = (LY —1d)°,  (D9V)? |7, = LY (LY — 1d).

ranjk

As a consequence,
+_,,0
det <(F§V)Z‘Ci) = [s0(1+ 50)]™ ~™E1 (1 4 s59) 2ot = 5™k Mho1 (14 sg)™ T,

because on C*® (and in particular on C%), one has LY} = —soId+v where v is nilpotent,
and one has dimker J, = dimranJ, = mg_l. Indeed, by (5.25) we can view Jj as a map
C’g*l — Cf_, which is obviously injective. We finally obtain with (5.29)

det (Pﬁvycmcfkﬂ) = (=)™ o™E TMR-1 (1 4 sg)™ TR, (5.30)



DYNAMICAL TORSION FOR CONTACT ANOSOV FLOWS 27

We now deal with the case k = r. Lemma 5.8 gives
DoVl j, = (=17 (LY = 1d), TyV|,.; = (-1)"LY.

As before, we obtain

det (rﬂvycﬁr) = (_1)rmr(_1)mj80mi*m9_1(1 + 50)™-1. (5.31)
Combining (5.23) with (5.30) and (5.31) we finally obtain
T(C* Ty) = (—1)7s0™ (1 + s0)* (5.32)
where
J = Z(—l)kmg, K= Z(—l)k(m -md ), L= Z —mg).
k=0 k=0

Note that for 0 < k < r — 1 one has by acyclicity and because 1}9 induces isomorphisms
Ch ~ C"~F (since By is invertible),

+ o — — _ - _ +
my; =m,_, = dimker (V|gn-+) = dimran (V|gn-x-1) = mp_—1 —m,_, | = mpy1 —mj .
Therefore

mi+ml , =m 0<k<r-—1 (5.33)
k k41 k+15 =N > ) .
which leads to mz + m;_l = mg + mg 41+ As a consequence, since mg =mgy = mg, we get
+ 0 _ + 0 _ _ +
my —my = —(m;_y —my_;) == (=1)"(mg —mg) =0,

This implies
my=mf, 0<k<r (5.34)

which leads to L = 0. Moreover, since m% = mgr_ o We get

T 2r n
K= Z(—l)k(mg —ml_ ) = Z - = Z Ykmy = (=1)%m(so),
k=0 k=0

where we used (4.9) in the last equality. Finally, again because m{ = m$,_,,

n

2r
27 = (—1)'ml + > (=1)"m} = (=1)m? = > " (=1)Fkmy..
k=0

k=0
We have
(—=1)m =Y (=1)"my,
k=0
D (=D kmy =) (—1)"(2k — n)my,
k=0 k=0

=

where the first equality comes from (5.33) and (5.34) and the second from the fact that
my = My,_r. We thus obtained

J = Z 41— E)my = Qs
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and finally by (5.32)
7(C*,Ty) = (—1)Ps0 (—s0) 1) m(s0)

_ 1
But now recall from (5.4) that detg, ce (E)V()( Dt (—50)"™50), This completes the proof.

6. INVARIANCE OF THE DYNAMICAL TORSION UNDER SMALL PERTURBATIONS OF THE
CONTACT FORM

In this section, we are interested in the behaviour of the dynamical torsion when we deform
the contact form. Namely, we prove here the

Theorem 7. Assume that (ﬁt)te(_(;,(;) 1s a smooth family of contact forms such that their
Reeb vector fields X; generate a contact Anosov flow for each t. Let (E, V) be an acyclic flat

vector bundle. Then the map t — 19,(V) is real differentiable and we have
d

&Tﬁt (V) =0.

We will thus consider a family of contact forms and set ¥ = 9y and X = Xy. We also fix
an acyclic flat vector bundle (E, V).

6.1. Anisotropic spaces for a family of vector fields. To study the dynamical torsion
when the dynamics is perturbed, we construct with the help of [Bonl8] some anisotropic
Sobolev spaces on which each X; has nice spectral properties. We refer to Appendix B where
we briefly recall the construction of these spaces.
By §B.4, the set
{(t,s), s ¢ Res(LY,)}
is open in (—0,d) x C. Fix A € (0,1) such that
Res(£Y) N {|s| < A} c {0}. (6.1)
Then for ¢ close enough to 0, we have Res(L£Y,)N{|s| = A} = 0 so that the spectral projectors
1 /
I, = — (LY, +5)7'ds : Q*(M, E) — D'*(M, E) (6.2)
2w \s\:/\

are well defined. The next proposition is a brief summary of the results from Appendix B.
We will denote for any C, p > 0,

Qc,p) ={Re(s) > c} U{|s| < p} CC. (6.3)

Proposition 6.1. There is ¢,eq > 0 such that for any p > 0 there exists anisotropic Sobolev
spaces

Q*(M,E) C H} C H* € D'*(M, E),
each inclusion being continuous with dense image, such that the following holds.

(1) For eacht € [—eg,e0], the family s — LY, +s is a holomorphic family of (unbounded)
Fredholm operators H — H3 and H® — H® of index 0 in the region Q(c, p). Moreover

£, € ¢! ([0, ol LM, 1))
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(2) For every relatively compact open region Z C int Q(c, p) such that Res(LY)NZ = 0,
there exists tz > 0 such that

(%, +5) " € C([~tz.tz), Hol (2, L(MT, ) ).
(3) 1L, € C1<[—£0,50]t,£(7{°,7{{)>.

We will thus fix such Hilbert spaces for some p > ¢+ 1. We denote C} = ran II; C H®,
II =1l;—g and C*® = ran II.

6.2. Variation of the torsion part. Let I'; : Cf — C}'* be the chirality operator asso-
ciated to X;, c.f. §5.1. The next lemma allows us to compute the variation of the finite
dimensional torsion part of the dynamical torsion.

Lemma 6.2. We have that t — 7(Cf,T't) is real differentiable and

d . .
a’T(Ct ,Ft) == —tI‘S7Ct0 (Ht’ﬁtl,Xt)T(Ct ,Ft),

. d
here Xy = — X;.
wnere t dt t

Proof. By Proposition 6.1, the operator Ili|ce : C* — C} is invertible for ¢ close enough to
0 and we will denote by @ its inverse. Then for ¢ close enough to 0, one has

7(CP,Ty) = 7(C*,Ty),

where ft = Q' I ce : C* — C® because V and II; commute and the image of a ft invariant
basis of C'* by the projector IlI; is a I'; invariant basis of Cf.

Therefore [BK07¢, Proposition 4.9]

d . 1 . .
ET(Ct JTt) = itrs’c. (Ftrt)T(Ct T,
where ft = %f‘t : C* — C°. Since I'y and II; commute, and by the two first points of

Proposition 6.1, we can apply (A.2) to get
[y = I I ce + tIIETL + 0y co ().
This leads to
IT = IIT|co,

where we removed the subscripts ¢ to signify that we take all the t-dependent objects at
t = 0. Therefore,

1 S 1 .

Strsce (Fr) = Strcn (HFF),
Now notice that T'? = 1 implies [T +IT = 0. Therefore, for every k € {0,...,1},

tron—t IT = tror TTIT = trow IT = — trew I'T
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Therefore we only need to compute trox (FP) for k € {0,...,r} to get the full super trace
trg ce (FI‘) Since n is odd we have

Lty (FF) = Ltwa ()10 = 3 (-1 s, (10T

27 2

k=0
Let k€ {0,...,7} and a € Q¥(M). Using the decomposition
a=(—DFlix,a A + (o + (—Dkux,a A V),

we get by definition of T’

Tia = (=) Lox,a A (d9) R+ (o + (=1)Fex,a Ad) A (d0y)F A9,
Therefore,
D= (—l)k_leta A (ddy) R
(r—k+1D(=DFLix,a Addy A (d9,)"F
(—=1)F (/,Xta A 4 Lx, o A ﬁt) A (d9y)"F A0,
<a + (=1)Pux,a A 1975) A (dDy) R A D,
+ (r—k) (a + (=1)Fix,a A ﬁt) A ddy A (dd) L A0,
Now we use the decompositions
ddy = —ux,ddy Ay + (A9 + ex,ddy ADy),
Oy = 0p( X)) + (D¢ — 0e(X2)0),
Ly, 0= (—1)kLXtLXtOé NV + (LXtoz + (_1)k+1LXtLXtO‘ A Yy)
to get, again by definition,
ITa = (—1)k1! (txa+ (1) ixiga AD) AY
DR (2 ) (C)Fuxga n (@) )
Fr— k1) (27 k) o (1o A (@) + 1xdd A 9) A (@9 F) A
—(r—k+1) ((—1)k_1LX04> A vxdd) 6.4
+(=Dkixan (9 —9(X)V) '
(27 (at (1kixa n9) A @) A (0 - d(X)0) ) A0
+ (a + (=DFixa A 19) 9(X)

+ (r—k) (gr—k) -1 ((a + (-DFixa /\19) A (d19+ Lxdd) A 19) A (dﬂ)r—kz—1>,
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where again we removed the subscripts ¢ to signify that we take everything at ¢ = 0. Now
let Ay, : C¥ — Ck (note that here CF is C¥ Nker tx, cf §5.1, and not CF at t = 0) defined by

Ay = (r — k) (,2”"“) B (u A (dD + 1xedd) A (dﬁ)’“—k—l).
Note that the maps defined by the second, the fourth, the fifth and the sixth terms of
the right hand side of (6.4) are anti-diagonal, that is they have the form (2 S) in the
decomposition C* = C§ A9 C3. Therefore, since A, = 0 (we also set A_; = 0),

i(—nkﬂ tro (Hrf) - ET:(—M“ (trck ey + trey mé(X))
k=0 k=0

+ Z(—l)k—i-l (tr0571 ITA;, 1 + trcg HAk) (6.5)
k=0

=3 (—kt (trck Mg + trgp Hzé(X)).
k=0

But now note that if a = f AY + g € Cg_l A9 @ CE then
DA tza=9(X)(fAD)+IALgg.
This shows that for every k € {0,...,n} one has
trow ey = trek— 9 (X). (6.6)
Injecting this relation in (6.5) we obtain, with 9(X) = —9J(X) and the formula J(X) ]037»*37"_’“ =
fT_kﬁ(Xﬂcgv

r r 2r
S (1R e (Hrf) =3 (-1 (trcg,l I9(X) — trey msl(X)) =Y ()Pt (X,
k=0 k=0 k=0

But this concludes since by (6.6) we have
27
3 (1) gy (X)) = tre ((_1)N+1me)
k=0
O

6.3. Variation of the rest. Let us now interest ourselves in the variation of ¢ — Cgé’oé)(O),
cf. §5.3. For t close enough to 0, let P, : TM — T'M be defined by

P kerd & RX — kerd & RX,
v 4+ puX = v+ uX

For simplicity, we will still denote A*(TP,) : A¥T*M — AFT*M by P,. Then formula (5.4)
of [DGRS18] gives that for Re(s) big enough, ¢ — (x, v(s) is differentiable and we have for
every € > 0 small enough

% log Cx v (s) = (—1)%s t2 (P(g)v( n S)flefg(g;ﬂ))’
t=0



32 Y. CHAUBET AND N.V. DANG

where P = %’t:o P;. One can show that for every k € {0,...,n} and 8 € A*T*M one has

PB=19Nuyp. (6.7)
Therefore (we differentiated at t = 0 but we can do the same for small t)
d 1 —e(rY 4

S log Cx, v(s) = (<1)fs (ﬁtLXt(ﬁ)v(t + o) le LT, )>, (6.8)

Now let us compute the variation of the [0, A] part of (1) (s).
Lemma 6.3. We have

d —1)a+! _
@ log detgr,C{ (,C)V(t + S)( ) = (_1)q+1trs,0t' (ﬂtLXt»C)V(t (»C)v(t + ) 1) .

Proof. We are in a position to apply Lemma A.2 which gives

d —1)et+1 —
N log detgr,C; (ﬁ)v(t + 8)( A (—1)q+1trgr7cto (Htﬁ)v-(t (ﬁ)v(t + s) 1).
Denote A; = Pt_IPt. Then one can verify that

Ly, = P lux P,

which leads to
£;v'ct = —VAux, + Vix, Ay — Aux,V + 1x, AV,

Using
(-D)VNV = V(-D)V (N +1),

(_1)NNLXt = LXt(_l)N_l(N - 1),
and the cyclicity of the trace, we get since (E;t + 5)~! commute with ¢y, and V,
trce ((—1)N+q+1NHt£§t (LY, + S)—l)

= (—1)7 tree <HtAt ((—1)N(N +1)ix,V + (-1)VNVix,

DN - (DN - D0, ) (5, +9) )

= (_1)q+1 tl‘Ct- ((—1)NHtAt£)V(t (ﬁ;t + S)_l)

Therefore using (6.7) again this concludes, because P;—o = Id. u

6.4. Proof of Theorem 7. Combining this lemma and (6.8) we obtain that for Re(s) big
enough and ¢t small enough

¢S (s)

t
QFe <_8/ G
X,V \8 0

(6.9)

+ (_1)q+1
—/ trs,C;Hrﬁtbeﬁ)v(,(ﬁ)V(T +S)_1dT> .
0



DYNAMICAL TORSION FOR CONTACT ANOSOV FLOWS 33

Note that for every s ¢ Res(ﬁ)v(t) we have
£Y,(LY, + )7 =Td—s(LY, + )7,
so that
. rV v -1 _ . . v —-1
trscpllidi Lx,(Lx, +8)7 = trs op ey, — strs o lldie g (Lx, +5)7 (6.10)

We now fix sop € C with Re(sp) big enough so that (6.9) is valid and a smooth path ¢ :
[0,1] — C with ¢(0) =0, ¢(1) = sp and

c(u) ¢ Res(LY), wu € (0,1].
Let 9,tp > 0 small enough so that
dist({ysy = A U (V5N {]s| = AD), Res(/j)v(t)) > 25, |t < to, (6.11)
where Vj is the open d-neighborhood of Im ¢. We moreover ask that
(Res(LX,) N {ls| <A})  {|s| <8} and (Vzn{ls| > A}) N Res(LY,) = 0.
For t € [~to,t] and s & Res(LY,) we define
Yi(s) = (LY, + ) (Id—TI,). (6.12)
Then by (4.3), we have that s — Y;(s) is holomorphic on a neighborhood of {|s| < A} for
each fixed t. This implies

o
Yi(s) =) Yins™, [s| <A, |t <to, (6.13)
n=0

with
1

tn — -
20T [s|=X

Therefore, for every |t| < to one has ||V, |lx—n < 26271 by (6.11) and Proposition 6.1.

Y (s)s " tds. (6.14)

_ _ v
Let Qy(s) denote the Schwartz Kernel of the operator Q(s) = (LY, + ) e E(EXtJrS).
Then [DGRS18, Proposition 6.3] gives that the map
[—to, to] % {|s| = A} 3 (¢, 5) = Qu(s) € DP(M x M,E¥ R E)

is bounded for some closed conic subset I' C T* (M x M) not intersecting the conormal of
the diagonal. Moreover by §B.7, we have that [—tg, o] © ¢t — II; is bounded in D/V{}wau (M x
M,EY K E), and so is the map [—to,to] x {|s|] = A} — (E)V(t + 5)71 IT;. As a consequence
(6.12), (6.13) and (6.14) imply that the map

[—to, to] x {|s] < 35/2} 3 (t,s) > Vi(s) € D(M x M, EV K E), (6.15)
is bounded, where );(s) is the Schwartz kernel of the operator Yt(s)e_s(ﬁ;ﬁs). We also

know that this map is actually continuous, because it is when valued in D™ thanks to the
last point of Proposition 6.1. Therefore we obtained that

0290y, Yils) € CO<[—t0,to},Hol({\s| < 35/2})). (6.16)
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But now apply [DGRS18, Theorem 4] to obtain that
22905, Quls) € co([—to,to],Hol(% n{|s| > 55/4})). (6.17)
Since the flat trace is the usual trace for operators of finite rank,
trZﬁtLXtQt(s) — trsce iy, (LY, +38) 7 = trZﬁtLXt (CY, + s)_l (Id —Ht)e_g([:;ﬁs)
+ trs oo e i, (LY, +s)7* (efg(ﬁ)zﬁs) - Id) .

Then (6.16), (6.17) and (6.12) imply that the right hand side of the last equation is continuous
with respect to ¢ with values in holomorphic functions on (Vs N {|s| > 55/4}) U {|s| < 36/2}
(indeed s — (LY, + ) <e_a(£y‘t+s) — Id) is holomorphic of C?), and so is the left hand
side. As a consequence, (6.10) shows that both members of (6.9) are holomorphic on this

region and
(_1)q+1

t
Q0 =QF 0w (- [ ety i)
0

Comparing this with Lemma 6.2 we obtain Theorem 7 by definition of the dynamical torsion,
cf §5.4.

7. VARIATION OF THE CONNECTION

In this section we compute the variation of the dynamical torsion when the connection
is perturbed. This formula will be crucial to compare the dynamical torsion and Turaev’s
refined combinatorial torsion.

7.1. Real-differentiable families of flat connections. Let U C C be some open set and
consider V(z), z € U, a family of flat connections on E. We will assume that the map
z — V(z) is C!, that is, there exists continuous maps z +— ju, v, € Q'(M,End(E)) such that
for any 2y € U one has

V(z) = V(20) + Re(z — 20) iz, + Im(z — 20)vz, + 0(2 — 20), (7.1)

where o(z — z) is understood in the Fréchet topology of Q! (M, End(E)). We will denote for
any o € C

. (0) = Re(0) iy + Im(o)v,, € QY (M, End(E)). (7.2)

Note that since the connections V(z) are assumed to be flat, we have

[V(z),a:(0)] = V(2)as(o) + a.(0)V(z) = 0. (7.3)

7.2. A cochain contraction induced by the Anosov flow. For z € U let

(0) (—E)v((z))jil Iy(z)

GEENREDS

—1

<

I +Y(2)+ O(s) (7.4)

<
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be the development (4.3) for the resonance sy = 0. Let C*(0;z) = ran IIp(z). Recall from
§4.5 that since V(z) is acyclic, the complex (C*(0; z), V(2)) is acyclic. Therefore there exists
a cochain contraction k(z) : C*(0;z) — C*(0; z), i.e. a map of degree —1 such that

V(2)k(z) + k(2)V(2) = Idge(0;2) - (7.5)
We now define
K(z) =u1xY(2)(Id —IIp(2)) + k(2)II(2) : Q*(M,E) — D/'(M, E). (7.6)
A crucial property of the operator K is that it satisfies the chain homotopy equation
V(2)K(z) + K(2)V(2) = Idge(um,E) - (7.7)

7.3. The variation formula. For simplicity, we will set for every z € U
7(2) = 19(V(2)).
The operators K(z) defined above are involved in the variation formula of the dynamical

torsion, as follows.

Proposition 7.1. The map z — 7(z) is real differentiable; we have for every z € U and
€ > 0 small enough

d(log7).0 = —tr” (az(U)K(z)e_aﬁz(z>> , oeC. (7.8)

The proof of the previous proposition is similar of that of the last subsection, i.e. we
compute the variation of each part of the dynamical torsion. The rest of this section is
devoted to the proof of Proposition 7.1.

7.4. Anisotropic Sobolev spaces for a family of connections. Fix some zg € U. Recall
from §6.1 that we chose some anisotropic Sobolev spaces H} C H®. Notice that

£Y? = £ + B()(X), (7.9)
where 3(z) € Q'(M,End(E)) is defined by
V(z) = V(20) + B(2).

Therefore (7.1) implies that E)Z(z) — E)V((ZO) is a C! family of pseudo-differential operators
of order 0, and thus forms a C! family of bounded operators H®* — H® and H} — H$ by
construction of the anisotropic spaces and standard rules of pseudo-differential calculus (see
for example [FS11]). As a consequence and thanks to Proposition 6.1, we are in position to
apply [Kat76, Theorem 3.11]; thus if § is small enough we have that

R, = {(z, s) € C?, |z — 2| <9, s€Qc,p), 5¢ ope (EZ(Z))} is open, (7.10)
where oo (ﬁv(z)) denotes the resolvent set of EV( 2 on H*, and Q(c, p) is defined in (6.3).

Moreover (7.1) and (7.9) imply that for any open set Z C Q(c, p) such that Res (L (z0 )) NZ =
(), there exists dz > 0 such that for any j € {0, 1},

(€59 +5) " e ({I=— 20l < bz}, Hol(Z.. £ (35.7)) ). (7.11)
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-1
For all z, the map s — (E)v((z) + s) is meromorphic in the region Q(c, p) with poles (of

(2)

finite multiplicity) which coincide with the resonances of E; in this region.
Moreover, the arguments from the proof of [DZ16, Proposition 3.4] can be made uniformly

-1
for the family z — (E)V((z) + s) to obtain that for some closed conic set I' C T (M x M)

not intersecting the conormal to the diagonal and any € > 0 small enough, the map (s, z) —
K(s,z) is bounded from Z x {|z — 29| < dz} with values D(M x M,niEY ® 75E), where

-1 .
K (s, z) is the Schwartz kernel of the shifted resolvent <£)V((Z) + s) e—Lx.

7.5. A family of spectral projectors. Fix A € (0,1) such that

V(=
{s€C, |s| <A} N Res (cx< °>) c {0}. (7.12)
Thanks to (7.10), if z is close enough to zo,
v
{s€C, |s| = A} N Res (,cx“)) =0, (7.13)
by compacity of the circle. For z € U we will denote by
_1 MONEARE
II(z) = 2ir o (ﬁX + s) ds (7.14)

the spectral projector of Ez(z) on generalized eigenvectors for resonances in {s € C, |s| < A},
and C*(z) = ran II(z). It follows from (7.11), (7.13) and (7.14) that the map

2z T(2) € L(H], 1)
is C! for j = 0,1. We can therefore apply A.3 to get, for § small enough,
I(2) e C! <{|z ~ 20| < 6}, cm‘,m)). (7.15)

7.6. Variation of the finite dimensional part. Because (C*(2g), V(20)) is acyclic, there
exists a cochain contraction k(zp) : C*(29) — C*~1(29), cf §2.6. The next lemma computes
the variation of the finite dimensional part of the dynamical torsion.

Lemma 7.2. The map z — c(z) = 7(C*(2),T") is real differentiable at z = zp and
d(log ¢). 0 = —trg e II(20) sy (0)k(20), o € C.
Proof. By continuity of the family z + TI(z), we have that TI(2)|ce () : C*(20) — C®(2) is

an isomorphism for |z — zg| small enough, of inverse denoted by Q(z). For those z we denote
by C*®(z) the graded vector space C*(zp) endowed with the differential

V(z) = Q(2)V(2)I(2) : C*(20) = C*(20).
Then because I' commutes with every II(z) one has
7(C*(2),T) = 7(C*(2),T) (7.16)
By (7.15) we can apply (A.2) in the proof of Lemma A.2 which gives for any h small enough

~

V(20 + 0)1(20) = (20)V(20)11(20) + T1(20) vz (0)I1(20) + 0 (20)—C* (20) (0)-
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Therefore the real differentiable version of Lemma 2.4 implies the desired result. ]

7.7. Variation of the zeta part. We give a first Proposition which computes the variation
of the Ruelle zeta function in its convergence region.

Proposition 7.3 (Variation of the dynamical zeta function). For Re(s) big enough, the map
z > gs(2) = (x,v(z)(8) is C! near z = zy and we have for every € > 0 small enough

2 —1 _ (z0)
d(log gs) o0 = (~1)" et (amw)bx (X +5)  estx )

Proof. Let ¢! denote the flow of X. For v € Gx, dp ‘™ |y will denote dp—t() taken at
any point of the image of ~; this ambiguity will not stand long since another choice of base
point will lead to a conjugated linear map, and we aim to take traces. We have the standard
factorization, for Re(s) big enough and any z near z,

s AR (dp )],
det(I — Py) ~’

n #
) =ep 31 Y G )0 (7.17)
k=0

YEGX

where P, = dp* is the linearized Poincaré map of v, and ¢# (7) is the primitive

m‘Eu@ES
period of 7. Now (3.4) implies

2 5 ) (1) = 6 prvgany (1) — 1 (pwzo)(’v) [ <a><X>> T o(0)(r).
v

As a consequence, the sum in (7.17) is C! near z = 2z for Re(s) big enough, and

0 o=- Y —1)* () T o (o e~ sk )trAk(d@_K(v))H
dogg.)r ==Y (-0t 3 o (ro) [ anloy) ) e HaleE .

Now a slight extension of Guillemin trace formula [Gui77] gives, in D'(Rxo),
7 (%) tr AFdp—t0)
= t 2 X)) ————=0(t—L(7)),
B (ro) [ (@) ) i epypett=to0)

where ¢ is the Dirac distribution. But now recall from §4.4 that | det(I —Py)| = (—1)9det( —
P,). Therefore, if ¢ > 0 satisfies € < ¢(y) for all y, arguing exactly as in [DZ16, §4], with
(4.2) in mind,

tr” oz, (a)(X)e_m?vf

V(zp)

-1
d(log gs)zo0 = e (~1)7 try, (%(o)(X) (LX) +5) oot )

Now it remains to turn the graded trace trgr into a super trace trg keeping in mind the
relation tr?g]r = t12 (N-) where N is the number operator, cf. §3.4. Note that o, (0)(X) =
[0z (0),tx] = sy (0) 0 tx + tx © azy(0). We therefore have

Naz (0)(X) = Nlazy(0), x]
= Na,(o)ix + tx(N — 1)a, (o)
= Nag,(0)tx — (N — Dagyex + [(NV — 1)a, tx].
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V(zg)

-1
Since tx commutes with ([,)V((ZO) + 8) e=£x"" one finally obtains

2 -1 V(zg) p -1 . rV(20)
Nag, (0)(X) = az(0)ex (CZ( o) 4 S) e tx "y [(N — 1Daz, (o) (ﬁ)v(( o) 4 5) e Lx LX:| :
This concludes by cyclicity of the flat trace. O
The following lemma is a direct consequence of Lemma A.2 and the fact that Ip(zg) =
TI(z0) by (7.12).

2 (1)t
Lemma 7.4. For Re(s) big enough, the map z +— hs(z) = detg, ce(2) ([,)V(( ) + s)

Cl! near z = zy and
-1
d(log hs)zog = (_1)q+1trs,C’(z0) (HO(ZO)QZO (U)LX (L)V((ZO) + 5) > .

7.8. Proof of Proposition 7.1. Combining the two lemmas of the preceding subsection we
obtain for Re(s) big enough, the map z — {g?’gz)z)(s) = gs(2)/hs(2) is real differentiable at

z = 29 (and therefore on U since we may vary zp). Moreover for every £ > 0 small enough

-1 .

d <log f;) o= (-1)7"! <e€5tr2az(U)LX (ﬁ)‘?(z) i s) e*sﬁz( )

o (7.18)
V(2) -1

— trg ooy Ilo(2)az (o)t x (EX + 3) )

This gives the variation of Cg;\’;(zl)(s) for Re(s) big enough. To obtain the variation of
b(z) = g?’ggl) (0), we can reproduce the arguments made in §6.4 to obtain

(~1)71d (logb), o =t} (ax(@)ux Y (2)(1d ~To(2))e %) trg onge) (o) ()ex Qs () )

where

—)" V(z n—1 . .
Q) =3 n!) (X)) ere) e,
n>1
Recall that if ¢(z) = 7(C*(2),T') one has 7(2) = ¢(2)b(z)("1?. Therefore Lemma 7.2 gives,
with what precedes,

V(z)

d(log).0 = —tr2 (a=(0)K (2)e %) —trycugey (To(2)=(0) (k(2) (10 =55 ) + 15 Q1 (2)))
(7.19)
We have Id —e<£X " = —EZ(Z)QZ(E), which leads to

V(z) 2
txQx () + k(2) (Id —eEx ) = <LX — k(z)ﬁz( )>Qz(€).
But now since k(z) is a cochain contraction, we get

ix — k(2)LYP) = [V(2), k(2)ix]-
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Because V(z) commutes with IIp(z) and E)v((z), we obtain with (7.3)

V(z)

[V(z), Ho(z)az(o)k(z)u@z(s)} - Hga(LXQZ(E) +k(2) (Id oL ))

This concludes by (7.19) and the cyclicity of the trace.

8. EULER STRUCTURES, CHERN-SIMONS CLASSES

The Turaev torsion is defined using Euler structures, introduced by Turaev [Tur90], whose
purpose is to fix sign ambiguities of combinatorial torsions. We shall use however the repre-
sentation in terms of vector fields used by Burghelea—Haller [BH0G]. The goal of the present
section is to introduce these Euler structures, in view of the definition of the Turaev torsion.

8.1. The Chern-Simons class of a pair of vector fields. If X € C>°(M,TM) is a vector
field with isolated non degenerate zeros, we define the singular 0-chain

div(X)=- Y indx(x)[z] € Co(M,Z),
zeCrit(X)

where Crit(X) is the set of critical points of X and indy(z) denotes the Poincaré-Hopf
index of x as a critical point of X 2. Note also that div (—X) = —div(X) since M is odd
dimensional.

Let Xg, X1 be two vector fields with isolated non degenerate zeros. Let p : M x [0,1] — M
be the projection over the first factor and choose a smooth section H of the bundle p*T' M —
M x [0, 1], transversal to the zero section, such that H restricts to X; on {i} x M for i =0, 1.
Then the set H~(0) C M x [0,1] is an oriented smooth submanifold of dimension 1 with
boundary (it is oriented because M and [0, 1] are), and we denote by [H ~1(0)] its fundamental
class.

Definition 8.1. The class
p«[H1(0)] € C1(M,Z)/0Cy(M,Z),

where p, is the pushforward by p, does not depend on the choice of the homotopy H relating
Xo and X1, cf. [BHOG, §2.2]. This is the Chern-Simons class of the pair (Xo, X1), denoted
by CS(X(), Xl)

We have the fundamental formulae
3cs(X0,X1) = le(Xl) — diV(XQ),

8.1
CS(Xo,Xl) +CS(X1,X2) = CS(X(),XQ), ( )

for any other vector field with non degenerate zeros Xo. Notice also that if Xy and X; are
nonsingular vector fields, then cs(Xo, X;) defines a homology class in Hy(M,Z).

2indx (z) = (—1)3™F) @) if 1 is hyperbolic and Es(z) is the stable subspace of x
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8.2. Euler structures. Let X be a smooth vector field on M with non degenerate zeros.
An FEuler chain for X is a singular one-chain e € Cy(M,Z) such that de = div(X). Euler
chains for X always exist because M is odd-dimensional hence x(M) = 0.

Two pairs (Xo,ep) and (X1,e1), with X; a vector field with non degenerate zeros and e;
an Euler chain for X;, ¢ = 0,1, will be said to be equivalent if

e1 =eg+ CS(X(),Xl) € Cl(M, C)/@CQ(M, Z). (8.2)

Definition 8.2. An Fuler structure is an equivalence class [X, e] for the relation (8.2). We
will denote by Eul(M) the set of Euler structures.

There is a free and transitive action of Hy(M,Z) on Eul(M) given by
(X,e]+h=[X,e+h], heH(M,Z).
8.3. Homotopy formula relating flows. Let X, X; be two vector fields with non de-

generate zeros. Let H be a smooth homotopy between Xy and X; as in §8.1 and set
Xy = H(t,-) € C°(M, TM). For ¢ > 0 we define &, : M x [0,1] — M x M x [0,1] via

O (z,t) = (e_ax’f(x),:c,t) , zeM, tel0,1].
Set also, with notations of §3.3, H. = Gr(®.) C M x M xR. Then H. is a submanifold with
boundary of M x M x R which is oriented (since M and R are). Define

[H:) = (@), ([M] x [[0,1]]) € D™(M x M xR)

to be the associated integration current, cf. §3.3. Let g be any metric on M and let p > 0
be smaller than its injectivity radius. Then for any =,y € M with dist(z,y) < p, we denote
by P(z,y) € Hom(E,, E,) the parallel transport by V along the minimizing geodesic joining
x toy. Then P € C®(M x M,7{EV @ w3 F) and we can define

Re=-m[H]®PecD" Y M x M,mtEY @ m3E),

where m: M x M x R — M x M is the projection over the two first factors. Note that R.
is well defined if € is small enough so that

dist (m,e_sxt(:v)) <p, se€l0,e], tel0,1], ze€M, (8.3)
which implies supp m.[H.] C {(z,y), dist(z,y) < p}. Now, let
R.:Q*(M,E) — D* ' (M, E)
be the operator of degree —1 whose Schwartz kernel is R..

Lemma 8.3. We have the following homotopy formula

eLy

[V,R.] = VR. + R.V = ¢ %% — o=, (8.4)

Proof. First note that because M is odd dimensional, the boundary (computed with orien-
tations) of the manifold H. is

OH. = Gr(e =X0) x {0} — Gr(e~X1) x {1},
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Therefore we have, cf. (3.1),
(=) aM* Mz, [H.] = m,[0H.] = [Gr(e **)] — [Gr(e™=¥1)]

where [Gr(e ®X7)] denotes the integration current on the manifold Gr(e **?) for i = 0, 1.
Now note that we have by construction VE'REP — (. Therefore

vEEER, — (1 ([Grle )] - [Gr(e )] ) &

Note that by definition of e FX; (cf §4.2), the formula (8.3) and the flatness of V imply

that the Schwartz kernel of e % is [Gr(e™*X#)] ® P. This concludes because the Schwartz
kernel of [V, R.] is (—1)"VF'®ER_ cf. [HLJO1, Lemma 2.2]. O

The next formula follows from the definition of the flat trace and the Chern-Simons classes.
It will be crucial for the topological interpretation of the variation formula obtained in §7.

Lemma 8.4. We have for any o € Q*(M,End(E)) such that tr « is closed and € > 0 small
enough

tr’ aR. = (tra, cs(Xo, X1)). (8.5)
Note that because H is transverse to the zero section, we have
WF(R:)NN*A =0, (8.6)

where N*A denotes the conormal to the diagonal A in M x M, so that the above flat trace
is well defined.

Proof. We denote by i : M — M x M the diagonal inclusion. Note that the Schwartz kernel
of aR, is (—1)"m5a A Re = —m5a A R, since n is odd. From the definition of the super flat
trace tr%, we find that

tr aR, = <tr i* (mya ATy [H:) ® P), 1>, (8.7)

where mo : M x M — M is the projection over the second factor. Of course we have
i*P =1dg € C*°(M,End(F)). We therefore have

tri* (mya AmHe ] @ P) =tra Ai*m]H:] = tra A p.j*[H:]
where j : M x [0,1] — M x M x [0,1], (x,t) — (z,x,t). This leads to
tr’aR, = (tra Apg*[H:], 1) = (p* tro, j*[H.]).
Now if ¢ is small enough, we can see that j*[H.] = [H~1(0)]. Therefore

tr’aR, = (tr a,p*[Hfl(O)D = (tra, cs(Xo, X1)).
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9. MORSE THEORY AND VARIATION OF TURAEV TORSION.

We introduce here the Turaev torsion which is defined in terms of CW decompositions.
In the spirit of the seminal work of Bismut—Zhang [BZ92] based on geometric constructions
of Laudenbach [Lau92], we use a CW decomposition which comes from the unstable cells of
a Morse-Smale gradient flow induced by a Morse function. This allows us to interpret the
variation of the Turaev torsion as a supertrace on the space of generalized resonant states
for the Morse-Smale flow. This interpretation will be convenient for the comparison of the
Turaev torsion with the dynamical torsion.

9.1. Morse theory and CW-decompositions. Let f be a Morse function on M and
X = — grad, f be its associated gradient vector field with respect to some Riemannian
metric g (the tilde notation is used to make the difference with the Anosov flows we studied
until now). For any a € Crit(f), we denote by

W (a) = {y € M, lim et)?y = a} , W%a) = {y € M, lim e_t)zy = a} ,
t—o00 t—o00

the stable and unstable manifolds of a. Then it is well known that W?*(a) (resp. W¥(x)) is a
smooth embedded open disk of dimension n — ind(a) (resp. inds(a)), where inds(a) is the
index of a as a critical point of f, that is, in a Morse chart (z1,..., 2z,) near a,

flz1yenzm) =fla) =28 —- = z?ndf(a) + zfndf(a)ﬂ +o 2
For simplicity, we will denote
la| = ind¢(a) = dim W*(a),
and we fix an orientation of every W*(a).

We assume that X satisfies the Morse-Smale condition, that is, for any a,b € Crit(f), the
manifolds W#(a) and W*"(b) are transverse. Also, we assume that for every a € Crit(f), the
metric g is flat near a. Let us summarize some results from [)inl0, Theorems 3.2,3.8,3.9]
ensured by the unstable manifolds of f. We would like to mention that such results can be
found in slightly different form in the work of Laudenbach [Lau92] and are used in [BZ92] °.

First, W"(a) admits a compactification to a smooth |a|-dimensional manifold with cor-
ner W"(a), endowed with a smooth map e, : W' (a) — M that extends the inclusion
W"(a) C M. Then the collection W = {Wu(a)}aecm(f)

a CW-decomposition on M. Moreover, the boundary operator of the cellular chain complex

and the applications e, induce

is given by
oW (a) = Y #L(a,b)W"(b),
b|=[al—-1
where L(a,b) is the moduli space of gradient lines joining a to b and #£L(a,b) is the sum of

the orientations induced by the orientations of the unstable manifolds of (a,b), see [Qinl0,
Thm 3.9].

3A difference is that Laudenbach only needs to compactify the unstable cells as C''~manifolds with conical
singularities whereas Qin proves smooth compactification as manifolds with corners
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9.2. The Thom-Smale complex. For £ =0,...,n, we set

CW,EY) =P Cr(W,EY), C:(W,E)= & E 0,...,n.
k=0 a€Crit(f)
la|=k

We endow the complex Co(W, EV) with the boundary operator V" defined by
Z Z e Py(u), a€Crit(f), weE),
|b|=lal—1 v€L(a,b)
where for v € L(a,b), Py, € End(Ey, E)) is the parallel transport of V¥ along the curve
and e, = £1 is the orientation number of v € L(a,b).

Then by [Lau92] (see also [DR17¢] for a different approach), there is a canonical isomor-
phism
H,(M,VY) ~ H,(W,VV),
where Ho(M, V") is the singular homology of flat sections of (EY, V") and He(W,V") de-
notes the homology of the complex Co (W, EV) endowed with the boundary map dV". There-
fore this complex is acyclic since V (and thus VV) is.

9.3. The Turaev torsion. Fix some base point x, € M and for every a € Crit(f), let 7,
be some path in M joining z, to a. Define

e= > (=D, e Ci(M,7). (9.1)
a€Crit(f)

Note that the Poincaré-Hopf index of X near a € Crit(f) is —(—1)1%! so that
de = div(X) (9.2)

because Y, ccyig( f)(—l)‘“| = x(M) = 0 by the Poincaré-Hopf index theorem. Therefore e is

an Euler chain for X and

e =[X, €]
defines an Euler structure. Choose some basis u1,...,uq of E . For each a € Crit(f), we
propagate this basis via the parallel transport of V along +, to obtain a basis u1 4, ..., U4, of

E,. We choose an ordering of the cells {Wu(a)}; this gives us a cohomology orientation o (see
[Tur90, §6.3]). Moreover this ordering and the chosen basis of EY give us (using the wedge
product) an element ¢ € det C,(W, EV) for each k, and thus an element ¢ € det Co(W, EV).

The Turaev torsion of V with respect to the choices ¢, 0 is then defined by [FT00, §9.2
p. 218]

Teo (V) ™" = @0, wvvy(c) € C\ 0,
where ¢, (w,vv) is the homology version of the isomorphism (2.1). Note that VY (and not

V) is involved in the definition of 7, ,(V). Indeed, we use here the cohomological version of

Turaev’s torsion, which is more convenient for our purposes, and which is consistent with
[BKO7b], [BKT08, p. 252].
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9.4. Resonant states of the Morse-Smale flow. In [DR17¢], it has been shown that we
can define Ruelle resonances for the Morse-Smale gradient flow E)VZ' as described in §4 in the
context of Anosov flows. More precisely, we have that the resolvent

(E)'% + s)fl . Q*(M,E) — D'*(M, E),

is well defined for Re(s) > 0, has a meromorphic continuation to all s € C. The poles of
this continuation are the Ruelle resonances of L',)V? and the set of those will be denoted by

Res(ﬁ)vz). In fact, the set Res(/l)v?) does not depend on the flat vector bundle (E, V). Let
A > 0 be such that Res(ﬁ)v?) N{]s| < A} C {0}; set

- 1 -1
I=— v d .
27 e (CX + s) s (9.3)

the spectral projector associated to the resonance 0, and denote by
C* =ran Il C D'*(M, E)

the associated space of generalized eigenvectors for ﬁ)vz. Since V and L')v% commute, V induces

a differential on the complex Ce. Moreover, II maps D}' (M, E) to itself continuously where

r= |J NWa)cT*M
a€Crit(f)

9.5. A variation formula for the Turaev torsion. Assume that we are given a C' family
of acyclic connections V(z) on F as in §7. We denote by II_(z) the spectral projector (9.3)
associated to V(z) and —X, and set C* (z) = ran II_(z). By [DR17c] we have that all the
complexes (C*(z), V(z)) are acyclic and there exists cochain contractions k_(z) : C® (z) —
él_l(z). As in §7.3 we have a variation formula for the Turaev torsion.

Proposition 9.1. The map z — 7(z) = T.,,(V(2)) is real differentiable on U and for any
zeU
d(log7).0 = —tr, 6.(2)ﬁ_ (2) o (0)k—(2)— /tr ay(o), oceC

e

where a, (o) is given by (7.2) and e is given by (9.1).

The rest of this section is devoted to the proof of Proposition 9.1. For convenience, we
will first study the variation of z — 7 ,(V(2)").

9.6. A preferred basis. Let a € Crit(f) and k = |a|. We denote by [W*(a)] € D%”_k(M)
the integration current over the unstable manifold W*(a) of X, it is a well defined current
far from OW"(a). We also pick a cut-off function x, € C*(M) valued in [0, 1] with x, =1
near a and Y, is supported in a small neighborhood Q, of a, with Q, N OW%(a) = 0. Recall
from 9.3 that we have a basis u1q,...,uqq of E,. Using the parallel transport of V, we
obtain flat sections of E over W"(a) that we will still denote by w14, ..., uqq. Define

fja = ﬁ(xa[W“(a)] ® uj,a> eCmt =1, .d (9.4)
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By [DR17b] we have that {@j,, a € Crit(f), 1 < j < d} is a basis of C*. Adapting the
proof of [DR17a, Theorem 2.6] to the bundle case, we obtain the following proposition which
will allow us to compute the Turaev torsion with the help of the complex C*.
Proposition 9.2. The map ® : Co(W, V) — C"* defined by

(I)(Uj,a) = fL]’,a, a € Crit(f), j=1,...,d,
is an isomorphism and satisfies *

PodV = (-1)°Vod.

An immediate corollary is that (using the notation of §2.2)
70(VY) = wo,aww) (W) = 7(C*, ), (9.5)

where u € det Co(W, V) (resp. @ € det C*®) is the element given by the basis {uja} (resp.
{11;,,}) and the ordering of the cells W*"(a).

9.7. Proof of Proposition 9.1. For any a € Crit(f) we denote by Py, (z) € Hom(E,,, E,)
the parallel transport of V(z) along v,. We set
uja(2) = Py, (Z)P{}(zO)ujya
and
a(2) = 1) (XalW"(0)] © uja(2) )
where again we consider u;,(z) as a V(z)-flat section of E over W*(a) using the parallel

transport of V(z). The construction of Ruelle resonances for Morse-Smale gradient flow
follows from the construction of anisotropic Sobolev spaces

Q*(M,E) C H} C H* ¢ D'*(M, E),
see [DR16], on which EY + s is a holomorphic family of Fredholm operators of index 0 in the

region {Re(s) > —2}, and such that V(z) is bounded H$ — H*. Every argument made in
§7.4 also stand here and z — II(z) is a C! family of bounded operators H* — 7-['

Note that by continuity, II(z) induces an isomorphism C*®(z) — C*(z) for z close enough
to zero. Let @(z) € det C*(z) be the element given by the basis {tja(2)} and the ordering
of the cells W*(a). Then by (9.5) and (2.5) we have

reo(V(2)") =7 (C*(2), al2)) = [a(2) : T(=)a(z0)]7 (C*(2), TM(2)ia(z0) ), (9.6)

where ﬁ(z)~(zo) € det C*(2) is the image of u by the isomorphism det C*(z) — det C*(z)
induced by II(z), and @(z) = [a(2) : I(2)a (zo)]H(z)u( 0)- Doing exactly as in §7.6, we obtain

that z — 7(2) = ( *(2), ﬁ(z)ﬂ) is C! and
d(log #)2y0 = —tr, & T1(20) s (0)k(20). (9.7)

Therefore it remains to compute the variation of [@(z) : ﬁ(z)&(zo)] This is the purpose of
the next formula.

4(=1)* comes from & = (—1)%¢*1d comparing the boundary @ and De Rham differential d
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Lemma 9.3. We have

_ _1yn—lal
la(z) : T()alz0)] = [ det(P%(z)P{ll(zo))( v

a€Crit(f)

Proof. By definition of the basis {uq ;} in §9.3 it suffices to show that for z small enough

d
(2)iiq; = » AL (2)ila;(2), a€Crit(f), 1<ij<d, (9.8)

where the coefficients AZ”( ) are defined by ug(20)( ZA 2)Uq,;(2)(a).

Consider the dual operator EYEA?)V :Q*(M,EY) — Q'(M, EY). The above constructions,
starting from a dual basis si,...,sq4 € E) of ui,...,uq, give a basis {sq;i(z)} of each
L(W*(a), V(2 )¥) (the space of flat section of V( )Y over W#(a)), since the unstable manifolds
of —X are the stable ones of X. Let C'( ) be the range of the spectral projector IV (z) from
(9.3) associated to the vector field —X and the connection V(z)¥. We have a basis {84,i(2)}
of C%(z) given by
0i(2) = T (2) (a7 (0)] @ s0,4(2) )

We will prove that for any a,b € Crit(f) with same Morse index we have for any 1 < i,j <d,

<§a,j(z)a ﬂa,i(20)> _ {<Sa,j(2)(a)7Uag(z())(a»Eg,Ea llff(:;l;; ‘ (9'9)

First assume that a # b. Then W*(a) N W#(b) = () by the transversality condition, since
a and b have same Morse index. Therefore for any t;,t2 > 0, we have

<et D (Xb[WS(b)] ® Sb,j(z))7 et (XG[WU(U’)] ®© u“’i(z))> =0 (6.10)

since the currents in the pairing have disjoint support because they are respectively contained
in W#(b) and W*(a). Now notice that for Re(s) big enough, one has

Vi -1 o V(Z) -1 o0 V(zg)
(EV(f) + s) —/ e Rt e ¥dt  and (EY(ZO) + s) —/ e x ’ e~ tsdt.
X 0 X 0

Therefore the representation (9.3) of the spectral projectors and the analytic continuation of
the above resolvents imply with (9.10) that (3, (2), @a;) = 0.

Next assume that a = b. Then W*(a) N W*(a) = {a}. Since the support of 5, ;(z) (resp.
Uq,i(20)) is contained in the closure of W*(a) (resp. W*(a)), we can compute

(1) (a2 (@0] 05 (2)). T (V@) 0 00 )
= (XalW* (@) © 505(2), XaW"(@)] & uai(20) )

= <[a], <$a’j(2),ua,i(20)>EV,E>7
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where the first equality stands because s,(z) = [W*(a)] ® s4,;(z) near a by [DR17b, Propo-
sition 7.1]. This gives (9.9).
This identity immediately yields (9.8) with Af“(z) = <3a7j(z)(a),um(zo)(a»Ev . since

we have

(2) = > (3a;(2),)ila,;(2) (9.11)

a,t

0

Using the lemma, we obtain, if p(z) = [a(z) : ﬁ(z)ﬂ(zo)],

dlogp)egr = Y. (1) er(A,, (20,0) Py, (20) ")
a€Crit(f)

where Ay, (20,0) = d (P,), 0. Since n is odd, we obtain by definition of e and (3.4)

dlogp)zo = > (=1l [ tray (o) = / tr o, (0).
Ya €

a€Crit(f)
This equation combined with (9.6) and (9.7) yields, if 7V(z) = 7,(V(2)Y)

d(log )20 = —tr, 5. T(20) 0 (0)(20) + / fr sy (o).

The proof is almost finished. But since we need to formulate our results in terms of the
cohomological torsion, we still have to make some tedious formal manipulations to pass to
the cohomological formalism. The first step is to replace V by the dual connection V" in the
above formula. We also introduce some notation. The operator IT was the spectral projector

V(zo)v
Ty (

on the kernel of L’)Y(. Now we need to work with the spectral projector on ker(L£ resp

ker(ﬁY;O))) that we denote by ﬁi(zo) (resp II_(zg)) where the + (resp —) sign emphasizes
the fact that we deal with +X (resp —X). Now note that

V(z)Y = V(z)" - T(@Zo(z — zo)) +o(z — 20).
Therefore, applying what precedes to 7(z) we get

d(log 7):p0 = —tr_g (ﬁi(zo)(fazg(a))zéi(zo)> + / tr (~Tazy(0)) (9.12)

Vot

Wherf ﬁ\fr(zo) is the spectral projector (9.3) associated to V(z)Y and +X, 6\',+ = ran ﬁi(zo),
and kY (zp) is any cochain contraction on the complex (CY ,, V(20)"). Now, we have the iden-
tification
~k v ~n—k
<C\/, +> ~ O,
where C*® is the range of II_(z), the spectral projector (9.3) associated to V(z) and —X.
It is easy to show that under this identification, one has

(T (Tora () z0)) = TL (zo)ens () (z0) + [T (z0)aa () b (z0)]

where for any j € {0,...,n}, we set

k- (z0)lgns = (=17 (B (20)l gyia)  : C277 = €27
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Then k_(zp) is a cochain contraction on the complex (5:, V(z0)). As a consequence, since
n is odd,

tr, e (T (20) (=T 00(0) Y (20)) = tr, g T1- (20) 0 (0 (20).
This concludes by (9.12) since tr(—78) = —tr 8 for any 8 € Q}(M,End(E)).

10. COMPARISON OF THE DYNAMICAL TORSION WITH THE TURAEV TORSION

In this section we see the dynamical torsion and the Turaev torsion as functions on the
space of acyclic representations. This is an open subset of a complex affine algebraic variety.
Therefore we can compute the derivative of 7y/7,, along holomorphic curves, using the
variation formulae obtained in §§7,9. From this computation we will deduce Theorem 4.

10.1. The algebraic structure of the representation variety. We describe here the
analytic structure of the space

Rep(M, d) = Hom (1 (M), GL(C%))

of complex representations of degree d of the fundamental group. Since M is compact, w1 (M)
is generated by a finite number of elements c1,...,cr € 71 (M) which satisfy finitely many
relations. A representation p € Rep(M,d) is thus given by 2L invertible d x d matrices
plci),...,plcr), p(cl_l), .. .p(czl) with complex coefficients satisfying finitely many polyno-
mial equations. Therefore the set Rep(M,d) has a natural structure of a complex affine
algebraic set. We will denote the set of its singular points by (M, d). In what follows, we
will only consider the classical topology of Rep(M, d).

We will say that a representation p € Rep(M,d) is acyclic if V,, is acyclic. We denote
by Rep,.(M,d) C Rep(M,d) the space of acyclic representations. This is an open set (in
the Zariski topology, thus in the classical one) in Rep(M,d), see [BHOG, §4.1]. For any
p € Rep,.(M,d) we set

T9(p) =T9(Vyp)s  Teo(p) = Te0(Vp),
for any Euler structure ¢ and any cohomological orientation o.

~

10.2. Holomorphic families of acyclic representations. Let py € Rep,.(M,d)\X(M,d
be a regular point. Take § > 0 and p(z), |z| < J, a holomorphic curve in Rep,.(M, d)\3(M, d)
such that p(0) = pg. Theorem 4 will be a consequence of the following

Proposition 10.1. Let X be a contact Anosov vector field on M. Let e = [)A(;, e] be the Euler
structure defined in §9.3. Note that —cs(—X, X) +e is a closed cycle and defines a homology
class h € Hi(M,Z). Then z— T9(p(2))/Te,o(p(2)) is complex differentiable and

(o) )
& <n,u<p<z>><d el W) 0

for any cohomological orientation o.

Proposition 10.1 relies on the variation formulae given by Propositions 7.1 and 9.1, and
Lemma 8.4 which gives a topological interpretation of those.
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10.3. An adapted family of connections. Following [BV17, §4.1], there exists a flat
vector bundle E over M and a C! family of connections V(z), |z| < 6, in the sense of §7.1,
such that °
Pv(z) = p(2) (10.1)

for every z; we can moreover ask the family V(z) to be complex differentiable at z = 0, that
is,

V(z) =V +za+o(z), (10.2)
where V = V(0) and a € Q'(M,End(E)). Note that flatness of V(z) implies

V,a] =Va+aV =0.
10.4. A cochain contraction induced by the Morse-Smale gradient flow. Let
-1 I ~
v —

-1
be the Laurent expansion of ('CY)} + s) near s = 0. The fact that s = 0 is a simple pole
comes from [DR16]. As in 7.2, we consider the operator
K= zV(d-II_)+ kIl : Q*(M,E) - D*(M,E),

where k_ is any cochain contraction on C* =ran II_. Note that we have the identity

[V,K]=VK+ KV =1d. (10.3)
The next proposition will allow us to interpret the term tr 5.ﬁ_(z)az (0)k_(z) appearing in
Proposition 9.1 as a flat trace similar to the one appearing in Proposition 7.1. This will be
crucial for the comparison between 7y and 7 ,.

Proposition 10.2. For e > 0 small enough, the wavefront set of the Schwartz kernel of the

~ ~ _~rV
operator «_ Y (Id —IL_)e 2% does not meet the conormal to the diagonal in M x M and
we have for any a € QY (M,End(E))
—eLV

trZaL_;(}N/(Id —II_)e “"-% =0.

We refer to appendix C for the proof. An immediate corollary is the formula

f_ak =tlaKe % 4
tr, o Lok = triaKe X, (10.4)
~ ~ .V ~
Indeed, since EY;(H_ = 0, we have Il_e ik = II_. Moreover, since the trace of finite
~ . ~ o~  _.pV._
rank operators coincides with the flat trace, we have tr, 7o Il_ak_ = tr_ 7. II_ak_e iz =

eLV

trgal;_ﬁ_ef -X. Therefore we obtain with Proposition 10.2

eLy

eV -~ .V
tr_mdl ak- = tlar_gV(Id—T1_)e "% 4 trilak_Tl_e %,
which gives (10.4).

5Tt is actually stated in [BV17, §4.1] that one can find a C* family of connections satisfying (10.1); however
looking carefully at the proofs one can choose the family V(z) to be C* in z.
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10.5. Proof of Proposition 10.1. Note that we have by (10.1)

T9(p(2)) = T9(V(2));  Teo(p(2)) = 7,0 (V(2))-

We will set f(z) = 19(V(2))/7e,0(V(2)) for simplicity. Now we apply Proposition 7.1, Propo-
sition 9.1 to obtain that z — f(2) is real differentiable (since z — V(z) is); moreover it is
complex differentiable at z = 0 by (10.2) and for £ > 0 small enough we have

d ~ .V
o log f(z) = —trZozKe_‘EL; +traKe 6L*X—i—<tr a,e), (10.5)
Z1z=0

where we used (10.4). Let
A=VV*+ V'V : Q*(M,E)— Q*(M,E)

be the Hodge-Laplace operator induced by any metric on M and any Hermitian product on
E. Because V is acyclic, A is invertible and Hodge theory gives that its inverse A™! is a
pseudo-differential operator of order —2. Define

J=V*A~! . D'*(M,E) - D* (M, E).
We have of course
V,J]|=VJ+JV = IdD/.(M,E) . (10.6)

Let R. be the interpolator at time £ defined in §8.3 for the pair of vector fields (—)NC,X).
This implies with (8.4)
P v
V,R.] = e LY _ o ok, (10.7)
Now define
~ _ v 12
G.=J (Ke*€£¥ ~Ke ®ix — RE) . Q*(M,E) — D"*~2(M, E).
Let us compute, having (10.6) in mind,
~ .,V - __pV
V,G.] =VJ (Ke—fﬁ)'? ~RKe iz RE) —J (Ke—fﬁ?? ~RKe iz R5> v
~ _¢ A\ _ ~ —& v _
— (Id—JV) (Ke’sﬁ; ~ Ke s - R5> "y (KVe LY Kve Fox - Rgv)
~ v ~ v
— Ke % _ Ke % “R.—J ([v, Kle™£X — [V, Kle ““% — |V, Ra]) ,

el

_~rV
where we used that =X and e ““~X commute with V. Now note that (7.7), (8.4) and

(10.3) imply
~_ Y _ v _ Y
[V,K]e_‘aﬁ; —[V,K]e £z - V,R.] = S s (e_aﬁ)z —e EL*??> =0.

Therefore we obtained
~ YV
V,Ge] = Ke s£X — Ko ®“x — R..

Because [V, a] = 0 we have

~ _-rV
V,aG] = —a (Ke_aﬁz — Ke % — RE) .
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Using the notations of §3.4, WF(J), WF(«), WF(V) are contained in the conormal bundle
of the diagonal N*A since J, o, V are pseudodifferential operators; moreover, equation (8.6)
shows that

~ _-rV
WF (Ke X = Ke ™5 — R.) N N*A = 0.
It follows from wave front composition [Hor90, Theorem 8.2.14] that WF(aG.) N N*A = ().
0

The operators V, aG, satisfy the assumptions of Proposition 3.1 which gives trg [V,aG] =
and therefore (10.5) reads

d
— log f(2) = —trzaR€+<tr a,e). (10.8)
dz z=0

The identity [V, a] = 0 also implies that d tr a = tr VE®E ¢ = tx[V, o] = 0. As a consequence
we can apply (8.5) to obtain

tr’aR, = (tra, cs(—)?,X)>.

Now note that 8(—08(—)?,)()4—6) = —(div(X) — div(—)?)) +div(X) =0 by (8.1) and (9.2)
since X is non singular. Therefore we obtain

d

p log f(z) = (tra, h)

z=0

where h = [—cs(—X, X) + ¢] € Hy(M,Z). Finally, let us note that by (3.4),

o log(det p(z), h) = —(tra, h),

2=0

since p(z) = py(;). Therefore the proposition is proved for z = 0. However the same
argument holds for every z close enough to 0, which concludes.

10.6. Proof of Theorem 4. By Hartog’s theorem and Proposition 10.1, we have that the
map

o 77:90(([;)) (det p, ) (10.9)

is locally constant on Rep, (M, d) \ £(M,d).

Moreover, we can reproduce all the arguments we made in the continuous category to
obtain that p — 79(p)/Te.0(p) is actually continuous on Rep,.(M, d). Because Rep, (M, d) \
Y(M,d) is open and dense in Rep,.(M,d), we get that the map 10.9 is locally constant on
Rep,.(M,d).

By [F'T00, p. 211] we have, if ¢’ is another Euler structure, 7. ,(p) = (det p, ¢’ —¢)7c o(p). As
a consequence, if we set ¢y = [—X, 0] which defines an Euler structure since X is nonsingular
(see §8.2), we have ¢ — ¢y = h and we obtain that p — 79(p)/7e,.0(p) is locally constant on
Rep,.(M,d).

Now let  be another contact form inducing an Anosov Reeb flow and denote by X, its
Reeb flow. Then if ¢, = [- X, 0], we have

ey — ey = cs(X, Xp)
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by definition. Therefore 7., o(p) = T, ,0(p){(det p, ey — ¢;) = T, o(p){det p, cs(X;;, X)) and we
obtain that )
Ty\p
pr (det p, cs(X, Xy))
o (p) !

is locally constant on Rep,.(M, d). By Theorem 7 we thus obtain the second point of Theorem
4.

Finally assume that dim M = 3 and b(M) # 0. Take R a connected component of
Rep,.(M,d) and assume that it contains an acyclic and unitary representation py. We
invoke [DGRS18, Theorem 1] and the Cheeger-Miiller theorem [Che79, Miil78] to obtain
that 0 ¢ Res(ﬁzpo) and

IT9(po)| = |CX,V,,O(O)|_1 = Trs(po),
where the first equality comes from (5.8) (we have ¢ = 1 since dim M = 3) and 7rs(pg) is the
Ray-Singer torsion of (M, po), cf. [RS71]. On the other hand, we have by [F'T00, Theorem
10.2] that Trs(po) = |7e,0(p0)| since pg is unitary. Therefore the map p +— 7y9(p)/7ey,0(p) is of
modulus one on R. This concludes the proof of Theorem 4.

APPENDIX A. PROJECTORS OF FINITE RANK

A.1. Traces on variable finite dimensional spaces. In what follows, we consider two
Hilbert spaces G C H, the inclusion being dense and continous. We will denote by L£(H,G)
the space of bounded linear operators H — G endowed with the operator norm. Let § > 0
and IIy, |t| < 6, be a family of finite rank projectors on H such that ran IT; C G. Assume that
t — II; is differentiable at ¢ = 0 as a family of bounded operators H — G, that is,

Ht =+tP+ O’H_>g(t) (Al)

for some P € L(H,G), where IT = IIy. Denote C; = ran II; and C' = ran II. Note that by
continuity, II;|c : C — C} is invertible for [¢| small enough; we denote by @ : Cy — C' its
inverse.

Lemma A.1. We have
(i) P =TIP + PII,
(ZZ) Qth = HHt + 0’;-[_>g(2).
Proof. Using (A.3) and II? = II; we obtain (7). This implies
T, 0T oI, = (n FiP 4 o(t))n<n FtP+ o(t))
— 11+ t(PH + HP) +o(t)
=TI+ tP + o(t)
= Ht + O(t),

where all the o(t) are taken in £(H,G). Therefore Q; o II; o Il o IT; = QI1; + o(t). Since
Q; o II; o IT = II by definition one obtains

Qi olly =1l oIl + o(t),
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which proves the first part of the Lemma. The second part is very similar. ]

Lemma A.2. Let Ay, |t| < 0, be a C* family of bounded operators G — H such that Ay
commutes with I1; for every t. Denote A = Ay. Then t — tre,(A) is real differentiable at

t=0 and d
— tre, (At) = tro (HA),
dt],—o

where A; = %At. If moreover A is invertible on C' we have

dt

_ deta,(4) = e (HA(A|C)*1> .

Proof. We start from
tre, (At) = trc(QtAth).
Now since A; commutes with II; we have by the second part Lemma A.1
Qi AJLIT = I AL 4 oc—c(t)

— TTAII + 1T (A + PATI + HAP)H +ocsc(t).

But now the first part of Lemma A.1 gives IIPII = 0. We therefore obtain, because A and
II commute,

Q: AJLIT = TLAII 4 tITAII + o (1), (A.2)

which concludes. O

A.2. Gain of regularity. Assume that we are given four Hilbert spaces € C F C G C H
with continuous and denses inclusions. Take also IT;, |t| < ¢ a family of finite rank projectors
on H which is differentiable at ¢ = 0 as family of bounded operators G — H (note that this
differs from the last subsection where we had H — G instead), that is

I, =1+ tP + og—n(t) (A.3)
for some P € L£(G,H). We will denote Cy = ran(Il;) C H and C = ran(II).

Lemma A.3. Assume that I1; is bounded £ — F and that 11; is differentiable at t = 0 as
a family of L(E,F). Assume also that rankIl; does not depend on t. Then P is actually
bounded G — F and

II, = IT + tP + og_, 7 (t).

Proof. Because £ is dense in H we know that C C F. There exists ¢!,...,¢™ € & such
that ©!, ..., is a basis of Cy for t small enough where we set ¢/ = II;(¢7) € F. Denote
35{ = H(gp{) € C. Thist — g?:{ € O is differentiable at ¢t = 0. Let v/},..., /" € C* be the dual
basis of @}, ..., @ Because C is finite dimensional, IT is actually bounded H — F. As a
consequence the map

t|—>€g :I/gOHOHt ed
is differentiable at ¢ = 0. Noting that

m
M=) ¢let:G—F
j=1
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we finally obtain that ¢ — II; € £(G, F) is differentiable at ¢ = 0. O

APPENDIX B. CONTINUITY OF THE POLLICOTT-RUELLE SPECTRUM

We describe here the spaces used in §6,7. In what follows, M is a compact manifold,
(E,V) a flat vector bundle on M and Xy is a vector field on M generating an Anosov flow,
cf. §4.1. We denote by T*M = E}, , ® B, @ Ef , its (dual) splitting.

B.1. Bonthonneau’s uniform weight function. We state here a lemma from Bonthon-
neau which is [Bonl8, Lemma 3|. This gives us an escape function having uniform good
properties for a family of vector fields. A consequence is that one can define some uni-
form anisotropic Sobolev spaces on which each vector field of the family has good spectral
properties. In what follows, | - | is a smooth norm on 7*M.

Lemma B.1. There exists conical neighborhoods N,, and N5 of E, , and EY,, some constants
C,B8,T,n >0, and a weight function m € C*(T*M,|[0,1]) such that the following holds. Let
X be any vector field satisfying || X — Xollcx < n, and denote by ®' its induced flow on T* M
and by E} and E? its (dual) unstable and stable bundles. Then

(1) E} C N, for e =s,u and for anyt >0, &, € E and & € E¥ one has

1 1
@)l = Ze™leul, 1071 (E)] = Fe &l
(2) For everyt > T it holds
ot <CNS mX¢> CN, o <ENu N XL) c N,

where X+ = {6 € T*M, £- X =0}.
(3) If X is the vector field on T*M induced by ®', then

m =1 near Ng5, m = -1 near N,, Xm > 0.

B.2. Anisotropic Sobolev spaces. Take the weight function m of Lemma B.1. Define the
escape function g by

g(xag) :m(x,f’)log(l—i—\{]), (.CE,{) eT"M.

We set G = Op(g) € V(M) for any quantization procedure Op. Then by [Zwol2,
§68.3,9.3,14.2] we have exp(+uG) € WHT(M) for any p > 0. For any g > 0 and j € Z
we define the spaces

Mo = exp(—uG)H? (M, A* ® E) C D'*(M, E),

where H7(M,A®* ® E) is the usual Sobolev space of order j on M with values in the bundle
A® ® E. Note that any pseudo-differential operator of order m is bounded M = MG iom
for any p, m,j.
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B.3. Uniform parametrices. Let us consider a smooth family of vector fields X;, [t| < ¢,
perturbing Xg. For any ¢, p > 0 we will denote

Qc, p) = {Re(s) > ¢} U{[s| <p} CC.

The spaces defined in the last subsection yields an uniform version of [DZ16, Proposition
3.4], as follows.

Proposition B.2. [Bonl8, Lemma 9] Let @ be a pseudo-differential operator micro-locally

supported near the zero section in T*M and elliptic there. There exists c,eq > 0 such that

for any p >0 and J € N, there is pg, ho > 0 such that the following holds. For each p > po,
0 <h < ho, j€Z such that |j| < J and s € Q(c, p) the operator

v —1 . ° °

EXt —h Q+S 'H,U«G,j+1 _>H,U«G,j

is invertible for |t| < eo and the inverse is bounded He; — M ; independently of T.

B.4. Continuity of the Pollicott-Ruelle spectrum. We fix p,J > 4 and pug, i, ho, b, j
as in Proposition B.2. We first observe that

(LY, +3) (LY, —h7'Q+5)  =T1d+h'Q (LY, —h'Q+s) . (B.1)

exE
By analytic Fredholm theory, the family s — K(t,5) = h~1Q (E)V(t —hlQ + 5)71 is a
holomorphic family of trace class operators on H}, i ; in the region Q(c, p). We can therefore
consider the Fredholm determinant

Since @ is supported near 0 in 7*M, it is smoothing and thus trace class on any H

D(t,s) = detys (Id+K(t,s)).

J
It follows from [Sim05, Corollary 2.5] that for each ¢, s — D(t,s) is holomorphic on Q(c, p).
Moreover (B.1) shoes that its zeros coincides, on Q(c, p), with the Pollicott-Ruelle resonances
of E)V(t. Moreover we have for any s € Q(c, p),

(c%. ~n7'Q+ s>_1 ~ (L%, - 'Q+ s) B

(B.2)
_ -1 B 1
= (L%~ Q) (LY, - L%, ) (£, —n '+ s)
We have
£y - £y
t ’ VvV - ° .
ﬁ Q EXt m ﬁ(H,UG,j-‘rl’HuG,j)' (BS)

. d
where X; = &Xt and E(H;G,jﬂ’ H;G’j) is the space of bounded linear operators H;G,jﬂ —

¢ ; endowed with the operator norm. We therefore obtain by Proposition B.2 and because

@ is smoothing (and thus trace class 1}, ; — M, for any p, j, j') that K(t',s) — K(t, s)
as t' — t in L1( nGo) locally uniformly in s, where £1(H:LG,O) is the space of trace class
operators on ’H;Gp endowed with its usual norm. As a consequence we obtain with [Sim05,

Corollary 2.5]
D(t,s) € C°([—eo, o]t Hol(Q(e, p)s))- (B.4)
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B.5. Regularity of the resolvent. Let Z be an open set of C whose closure is contained
in the interior of Q(c,p). We assume that Z N Res(ﬁ}o) = (. Up to taking gy smaller,
Rouché’s theorem and (B.4) imply that there exists 6 > 0 such that dist (Z, Res(ﬁ}t)) >0

for any |t| < e0. As a consequence we obtain that for every |j| < J the map (E)V(t + 3)_1 :
G — Hpg,; is bounded independently of (t,s) € [—e0,€0] X Z. Noting that

(c}t + s)fl - (E)'}t/ + s)fl
t—t

LY — LY -1
% (E}t, +s) , (B.5)

= —(E;t + 5)

-1
we obtain by (B.3) that ¢’ — ([I)V(t/ + s) is continuous in L(Hp; ;1. M ;). Therefore
applying again (B.5) again, we get that

-1 () °
(,C)VQ +35) € C'([~eo,c0)t, Hol(Zs, L(Hug,jH,H#GJ,Q)). (B.6)

Note that here we need |j — 2|, |j + 1| < J.

B.6. Regularity of the spectral projectors. Let 0 < A < 1 such that {|s| = A} N
Res(LY,) = 0. Applying the last subsection with Z = {|s| = A}, we get {|s| = A} N
Res(ﬁ)v(t) = () for any [t| < ep. We can therefore define for those ¢

1

—1
S £y ds: o — Hog o
t= o0 |s\:/\( X, ts) ds Huc; = Muc,j

Then (B.6) gives that IT; € C' ([~e0, g0lt, Zs, L(Hq 11, Higj_o). This is true for j = 3 and
j = —1 because J > 4. Moreover by Rouché’s theorem, the number m of zeros of s — D(t,s)

does not depend on t. Noting that
0K (1, 8)(1+ K(t,8) "' = —K(t,8) (LY, —h7'Q +5) ' (1 + K(t,5)) ",

we obtain by [DZ19, Theorem C.11] and the cyclicity of the trace that m is equal to

i. tr/ OsK(t,s)(1+ K(t,s)) 'ds
[s|=A

2mi
= —i tr/ (C;t —-hQ+ s)_l (1+ K(t,s) ' K(t,s)ds
211 |s|=X
_ 1,“/ (LY, —h'Q+s) (14 K(t,s) ",
21 ls|=A

where we used that s +— (E;t —-hQ + 5)71 is holomorphic on {|s| < A}. The last integral
is equal to trII; = rankII; by (B.1). As a consequence we can apply Lemma A.3 to obtain
that

Ht € Cl([—Eo,éo]t,ﬁ(H;GD, l.lel)' (B.7)
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B.7. Wavefront set of the spectral projectors. Let (E,V"Y) be the dual bundle of
(E,V). Then (4.2) implies, for any Re(s) > 0,

—1 v -1
<<£§t + s) u,v> - <u (EYXt + s) u>, we QF(M,E), veQ "M, EY), (BS)

where (-,-) is the pairing from §3.2. This shows that Res(ﬁy)v(t) = Res(LY,). Therefore we
can apply the preceding construction with the escape function g replaced by —g (the unstable
bundle of —X; is the stable one of X; and reciprocally) and we obtain that

= (EV;V< +3)_1d5 € C'([~e0s€0lts L(H 0o HE 1))
2mi Jlgea VT .

Note that (B.8) implies
(Mu,v) = (u,Iv), weQ¥M,E), veQ" %M EY). (B.9)

We denote Cp = ran Iy, C}* = ran I} and m = rank II; = rank ITY. Take ¢!, ..., o™ ¥, ... ™ €
Q°*(M, E) such that Hy(pl),...Ho(p™) is a basis of C§ and (Igy?,17) = 0 if i # j and
(Ilpp", 1;) = 1 otherwise. For ¢ small enough we set

ol =Ty', ¥ =TIy,

Like in the proof of Lemma A.3, (B.9) implies that
i=1

where ¢ — m;;(t) is continuous near ¢t = 0 and m;;(0) = d;;.

Next we show that there exists open conic neighborhoods of N, and N such that, uni-
formly in ¢ € [—&p, 0],

WF(¢)) € Wy, WF@) cWs, WunW,=0, i=1,...,m. (B.11)

This means that the map [—ep,e0] > t + ¢} (resp. i) is bounded in D{/{/u (M, E) (resp.
D{/{,S(M ,EY)). To proceed, we note that we can construct two weight functions my,, ms
satisfying the properties of Lemma B.1 such that {m, <0} N{ms > 0} = 0 (for example by
choosing well the y from [Bonl8, p. 6]). Let G, Gs € U9+ (M) be the associated operators
from §B.2. Up to take g smaller, we obtain with (B.7) that the map ¢ — ¢} is bounded in
H? .0 for p> 0 big enough. For any x € C>°(T*M, [0,1]) such that supp x C {m,, > ¢} for
some 0 > 0 we have by classical rules of pseudo-differential operators

| OPCOGl s aerm < Cullgillas,, ) < Ch t € [~20,e0l,

for some constants C,,, CL independent of . As a consequence we obtain (for example using
[DR17a, Lemma 7.4]) that [—eg, 0] D t — ! is bounded in D/v{,u(M, E) where W,, = {m,, <
0}. Doing exactly the same with —m, and —X; we obtain that [—eg, o] > ¢ + ¢! is bounded
in Diy, (M, E) with W, = {—m, > 0}. This shows (B.11).
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APPENDIX C. THE WAVE FRONT SET OF THE MORSE-SMALE RESOLVENT

The purpose of this section is to prove Proposition 10.2. For simplicity we prove it with
for X instead of —X. We will denote II the spectral projector (9.3) for the trivial bundle
(C,d). We will need the following

Lemma C.1. Let ¢ > 0 and a € Crit(f). There exists § > 0, a closed conic set I' C
T*(M x M) with T N N*A(T*M) = 0 and x € C>®°(M,[0,1]) such that x = 1 near a such
that

Kxtre = OD’"(MxM) (e—t5)7

where fort >0, Ky is the Schwartz kernel of the operator ye tEx (Id —ﬁ) X

Proof. Because X is C*-linearizable, we can take U C R" to be a coordinate patch centered
in @ so that, in those coordinates, e 7** (2) = e 7*4(z) where A is a matrix whose eigenvalues
have nonvanishing real parts. Denoting (z,...,z") the coordinates of the patch, X reads

Joi9.
E A;2'0;.
1<i,j<n

We have a decomposition R" = W* & W* stable by A such that A|pw (resp. Alws) have
eigenvalues with positive (resp. negative) real parts. We will denote A, = Ay« @ Idys,
As = Idww« ®A|ws and 6 > 0 such that

d < inf |Re()N)|
A€sp(A)

where sp(A) is the spectrum of A.

Let x1,x2 € Q*(M) such that supp x; C supp x for i = 1,2. For simplicity, we identify
4 and its action on forms given by the pull-back.

(Kyts X1 ATix2) = (x2, e A1d —11)yy)

- (e <X1 iz, [ wion))
= (ey, e Muyg) — / UXQ/ TEX1

1
= /0 /U@T (etAsW;jxg A e_tAUTr;TXl) dr,

where 7, -, s - : U — U are defined by my, (24, zs) = (Ty, T2s) and m - (24, T5) = (TZy, Ts).
Now write x2 = >~ 1y, Brdxls A dxls. We have

Or Ty X2(Tu, T5) = Or Z 751 B (@, T )dal A dzls
I
I

ZT' Ll(@,,81) (@u,7as) (z5)dale A dals.
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Therefore

Oreltems xa = (usyrlfslflm(xu,TetASmS) — 702, 81) (2 700) (etAst)) e eda’,
I

Because [e!4sz,| = O(e ) and |I,|et4sdz! = O(|I;|e~%5l), and repeating the argument for
Dre~tAu T,+X1 We obtain
Or (etAsﬂ'* X2 A\ eftA“W:,TXQ = Oxixo (eité)' (C.1)

u,T

Replacing X1 and X2 by Xlei<§"> and X2ei<777'> Wlth €777 c Rn one gets
<’Cx,ta7ﬁ‘ <X16i<£">) A TS <X29i<7la'>)>

1
. s . — Au
:/ / By (Mt xa Ao tumt xp) il @umm) ) gileT A (T w) ) g
o Ju

1
+ / / edemt xo Aemturl x10- (e“e“‘s(Iu”s)meﬂe’“‘“ (muvf”s)v@) dr.
0 JU

Denoting g(7, Ty, Ts) = ei(e s (zu,mas)m) gile™ % (T2u,25),6) we have

0rg(T, Ty, Ts) =i (<etAsx57 ns) + <e_tAufEua €u>) (7, Ty, T5) = OCOO(M) (e_t6)7

because |ef4sz,|,|e vz, | = O(e™). By classical arguments we therefore obtain for any
N € N (repeating the process that led to (C.1))

<’Cx,t,ﬁ (X1ei<§1">) ATy (X2€i<§27'>>>
—td tAs —tAy ! tA, _iA, _N
< CONyx1,x28 (1 + [ ms| + Je gu‘) (1 + |re" e ns 4+ &| + |Te §u+ 77u|) dr,
0

where £ = (&, &) and ) = (ny,ns). Now assume (§,n) is close to N*A(T*M), say
3 €l

+n‘<yand1—y<<1+1/
€l Il ul

for some v > 0. Then we have for any 7 € [0, 1] we get
’TetAsns + &)+ ‘TeitAuﬁu + | > (1 - eité(l + V)) (1€s + [mul)

As a consequence if v > 0 is small enough so that (1 + V)e_(tJrE)‘s < 1 for every t > 0 we
obtain

(e mt (31 €) Ay (e ))] < Ch gy (L I+ )Y,

which concludes. O

Proof of Proposition 10.2. Fix e > 0. For a € Crit(f), take 04,4, o as in Lemma C.1. The
proof of Lemma C.1 actually shows that for Re(s) > —J the integral

GXa,g,sz/ e_tsxae_(t+€))?(1d —ﬁ)xadt
0

converges as an operator Q*(M) — D'*(M). Moreover its Schwartz kernel Gy, - s is locally
bounded in Dilz (M x M) in the region {Re(s) > —d}. We will need the following lemma.
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Lemma C.2. For any p > 0, there is v > 0 with the following property. For every x € M
such that dist(z, Crit(f)) > u, it holds

dist (:U,e_(tﬁ))z(;r)) >v, t>0.

Proof. We proceed by contradiction. Suppose that there is u > 0 and sequences x,, € M
and t,, > € such that dist (xm,e*tmx(xm)> — 0 as m — oo and dist(xy,, Crit(f)) > u.

Extracting a subsequence we may assume that z,, — x, t,, — oo (indeed if t,,, = tx < 00
then z is a periodic point for X, which does not exist) and for any m,

e X (z,) — a and " (2,,) — b as t — oo,

for some a,b € Crit(f). Since the space of broken curves L(a,b) is compact (see [AD]), we

may assume that the sequence of curves v, = {etX (xm), t € R} converges to a broken curve

0= (4...,09) € L(a,b) with #/ € L(cj_1,c;) for some ¢y, ...,c, € Crit(f) with ¢g = a and
cg = b. Because z,, — z, the proof of [AD, Theorem 3.2.2] implies x € ¢/ for some j so that
e Xy — cj—1 as t — oo. Therefore replacing x by e X for t big enough we may assume
that = is contained in a Morse chart Q(cj_1) near ¢j_;. Then ¢j_; # a. Indeed if it was

not the case then we would have e "Xz, — ¢ as m — o (since x,, would be contained

in Q(a) N W#*(a) for big enough m and t,, — o0), which is not the case since z # ¢ and

dist ( xm,e "X (zm)) — 0 as m — oo. Therefore the flow line of z,, exits Q(c;j_1) in the
past. We therefore obtain, since e tmX g
This is absurd since the sequence (indf(c;))

m — , that there is i < j — 1 so that ¢; = ¢;_1.

i=0....q is strictly decreasing. O

By (9.11) we have supp K5 N A = Crit(f), where K is the Schwartz kernel of Il and A is

the diagonal in M x M; the same holds for e~ (t+aXT] = 1 (see [DR17al]). Moreover Lemma
C.2 implies that if xy € C*°(M, [0, 1]) satisfies x = 1 near A and has support close enough to
A we have

Xef(tJrs)XX _ Z Xaef(tJrs)XXa.
a

Let 0 = mingecyit(f) da- For Re(s) > 4,

Gyes = / e_tsxe_(t+5))~( (1d —II)xdt
0

defines an operator Q®*(M) — D'*(M), whose Schwartz kernel G, . ; is locally bounded in
D(M x M) in the region {Re(s) > —d}, where I' = Usecuis(s) Ta-

Now for Re(s) > 0 we have

(Lg+ s)_l :/0 et5etX dt,
Therefore for Re(s) > 0 it holds

Gres =X (Lg+5) " (1d—Te Xy,
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Since both members are holomorphic in the region {Re(s) > —d} and coincide for Re(s) > 0,
they coincide in the region Re(s) > —d. Let 8 € Q'(M). We can compute for Re(s) > 0,

~

since ¢ ¢I1 = 0 by [DR17a],
tr Bz (Lg+ s)_l (Id —I)e %% = tr” BrgGyes

o0 ~

_ / et fuze+I% (1 i)
0

o0 ~

:/ e_tstrzBL;(e_(Ha)X,

0

where we could interchange the integral and the flat trace thanks to the bound obtained in
Lemma C.1. Now the Atiyah-Bott trace formula [AB67] gives

trZﬂLge_(HE)i =0

since X vanishes at its critical points. By holomorphy this holds true for any s such that
Re(s) > —4. In particular if A > 0 is small enough

-1

~ ~ > 1 L=+ ~

tr2Bu Y (Id —M)e ™ = —— / trbﬁw@ﬂd —T)e *£xds = 0,
2 Ji5]=2 s

~

_ ~ II

where (L5 + s) R g O(s). Therefore Proposition 10.2 is proved in the case where
s

(E, V) is the trivial bundle. The general case is handled similarly. t
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