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Error estimates for phase recovering from phaseless
scattering data *

R.G. Novikov | V.N. Sivkin *
November 15, 2019

Abstract

We study the simplest explicit formulas for approximate finding the complex scattering
amplitude from modulus of the scattering wave function. We obtain detailed error estimates
for these formulas in dimensions d = 3 and d = 2.

1 Introduction

We consider the Schrédinger equation

—Ap+ov(any=Ey, r€R' d>1, E>0, (1)

v € Loo(RY), supp v C D, (2)

D is an open bounded domain in RY.

Here A is the standart Laplacian in x, v is a scalar potential.
For equation (1) we consider the classical scattering solutions 1" specified by the
following asymptotics as |z| — oo:

cilkl 2] .

) 1
_ ikx
?7[}+(x7 k) =€ + C(d7 |k|) ’x’(d—l)/Qf(k’ |k|m) + O <’$|(d+1)/2> ! (3)

o(d, |k|) = —mi(=2m0) V2| 932 for /=210 = 2me ™/ . k € RY, k* = E,

where a priori unknown function f = f(k,l), k,l € R? k* = [*> = E, arising in
(3) is the classical scattering amplitude for (1).

In order to study ¢)™ and f one can use the Lippmann-Schwinger integral equation
(4) and formula (6):
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Vi, k) ="+ [ Gz —y, k) (v, k)dy, (4)

Rd
eiﬁx
GH k) =~ |y = Gilal Ik, )
f(k1) = (2—71T)d -/Rd e y(z)t(x, k)da, (6)

where z, k.l € RY, k> =1> = E, and G also depends on d. Note that:

cilkllz]

G (z, k) = —iH&(!kaD for d =2, G*(z,k) = ford=3, (7)

4l
where H} is the Hankel function of the first type.
In the present work we also assume that

equation (4) is uniquely solvable for (-, k) € L®(R?) for fixed E > 0,  (8)

where k € R k? = E. For example, for real-valued v satisfying (2) it holds true.

We recall that ¢" describes scattering of the incident plane waves described by
e on the scatterer described by v. In addition, the second term on the right-hand
side of (3) describes the leading scattered spherical waves.

We also recall that in quantum mechanics the values of scatttering functions
Yt (x, k) and f(k,l) have no direct physical sense, whereas the phaseless values
|47 (z, k)|? and | f|* have probabilistic interpretation (the Born’s principle) and can
be obtained in experiments; see [B, FM].

We consider the following problems:

Problem 1. Find v on R? from f = f(k,[) given for appropriate pairs (k,[).

Problem 2. Find f(k,l) from |[¢"(x,k)|? at appropriate points z such that
v € RN\ D and z/|z|=1/]l|

Problem 3. Find v on R? from [¢)|? appropriately given outside of D.

Problem 1 is the classical inverse scattering problem. This problem was studied
in many works; see, for example, [ChS], [E], [M], [N1] and references therein.

Problem 2 is a problem of phase recovering. Note that finding f considered in
this problem and formula (3) also yield approximate finding ¢* for large |z|. In
connection with known results on Problem 2, see |[N2|-[N5].

Problem 3 is a problem of inverse scattering without phase information. In
connection with known results on this problem, see [JL], [N2]-[N5], [K2].

Actually, in the present work we continue studies on Problem 2 in dimentions
d = 3 and d = 2. Problem 2 for d = 1 was solved in [N3]. In addition, results on
Problem 1 and Problem 2 admit direct applications to Problem 3.

Note that Problem 2 is one of possible problems of phase recovering and Problem
3 is one of possible problems of inverse scattering without phase information. In
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connection with results given on other inverse wave propagation problems without
phase information, see [ChS|, [IK], [K1], [N2], [N4], |[KR], [R], |[AHN], [HN], |P] and
references therein.

We recall that Problem 2 can be solved approximately by the following explicit
formulas of [N2], [N3]:

Re c(d, |k])f(k, 1)\ _ a(r,k)\  (da(ri, k)
<Im o(d. |k]) f(k;,l)) =M <<a(x2, k)) (5@(:62, k))) ! ()
where (10)
a(z, k) = |z V2 (|t (2, k)* - 1), (11)
(12)

1 sin — sin

M= 2sin(¢2 — ¢1) (— CO(;?;)l) COS(S(;Z;)> ’ 13)
21 =sl, xg = (s+ 1), [ =1/]l], (
pj = |kl|x;| = kaj, j=1,2, (
902—901=T(V<7\—k[)a (
da(x1, k) = O(s7), da(xa, k) =O(s77) as s — +oo, (

uniformly in k = k/|k|, [ =1/|l] and 7 at fixed E > 0,
oc=1/2ford=2, 0 =1ford >3, (18)

where k,1 € R, K> =12=FE,5 > 0,7 > 0, sin(p; — 3) # 0.

In order to control error in finding f(k,l) from |7 (z,k)|? at o = 2,25 via
formulas (9-15) it is necessary to estimate da(z, k) = O(s?) in detail. However,
detailed estimates for da(z, k) were not yet given in the literature. For the first time
such estimates are given in the present work, see Theorem 1 and Lemmas 1 and 2
of Section 2. These estimates are proved in Sections 3-5.

Finally, we recall that 2n-point version of formulas (9)-(16) with error term es-
timated as O(s™), s — 400, is given in [N5]. Detailed estimates of this O(s™")
generalizing the estimates (20)-(23) (see Section 2) of the present work will be given
elsewhere.

2 Main results

Let
DCB ={zxcR':|z|<r} (19)

for some fixed r > 0.



Theorem 1. (A) Under assumptions (2),(8),(19) for d = 3, the following estimate
holds, for |z| > 3r:

19" ool 205 p3 \ I I%IIvIZ
) k) < ! 1 : 20
p3 := r(4.5 + 7.65|k|r + 3.91|k|*r?), (21)

where k,x € B3 k* = E > 0.
(B) Under assumptions (2),(8),(19) for d =2, the following estimate holds:

pv2 - p3 ) TR [ locl[oll 2,
sa(z, k)| < [1 1 29
el ( MR TR RN e
0.33 ) s
pri= (o 251+ 5360kl + 214k (23)
where k,x € R? k> = E > 0.
In Theorem 1 we use the notation |||« == | (-, k)|l z_ (D)
Theorem 1 is proved in Sections 3, 4.
In addition, ||¢)" ||« is estimated in Lemmas 1 and 2 given below.
Let
@ = Cold, s)sup (1 + ) v (@)]1k] (24)
re

where Cj is the constant of the Agmon estimate (99) (see Section 5).

Lemma 1. (A)Under assumptions (2), (19), for Q < 1 and d = 3, the following

estimate holds:
vz o 1+7° 2)s/2p1/2
6 Bty < 14/ ALER 25)

where s = (d+¢)/2,e > 0, |k| > 1.
(B) Under assumptions (2), (19), for Q@ < 1 and d = 2, the following estimate
holds:

Va|[vllz o) (1 +72)* 20t

V2¢e[k[(1 = Q) |

10 B L (rey < 1+ (26)

where s = (d+¢€)/2,e > 0, |k| > 1.

Lemma 2. (A) Under assumptions (2), (19), for ||v||, pyr* < 2,d = 3 the
following estimate holds:

1
1™ My <

1= vllz.o)r?/2

(27)



(B)Under assumptions (2), (19), for 2”'M < 1,d = 2 the following

estimate holds:

1

o7 10l Lo (/%
[k 3

(28)

1 ey <
Lemmas 1 and 2 are proved in Section 5.

3 Proof of Theorem 1 (A)
We have that (see |[N2]):

[Sa(z, k)| = 2|77 [cP|f1” + 2[2| = Re(30™ (z, k)uy (, k) + |27 |60 (@, k)P,

(29)
where f = f(k, 57),
. - ilk| ||
Uy (2, k) == ™" + c(d, |k|)||d—1/2 (k, |k|‘ ‘) (30)
Note that
= o k)dz| < oo : 2
1= gl [ e 0@ @ kel < ol eliolle (32
Further in this section we always assume that d = 3.
The following estimate holds:
2| f|

[6a(z, k)| < fa| 7' 2r°) | fI + 2|]|60" (2, B)||1 + [+ z]joy ™ (, k)" (33)

]
In addition, |§¢™ (z, k)| is estimated in the following lemma:

Lemma 3. assumptions of Theorem 1A, the following estimate holds, for |xz| > 3r :

[ looll0]] 2,

4|z |?

69" (2, k)| < p3(r, k). (34)

Using estimates (29), (32), (34) we have that:

[da(z, k)| < 2|7 (27%)? IEllvllZ, +

1
((27m)7)?

s llvllz, 1 ps
)+ \9C|(—|W+Hoo|\v||m| |2)2§

N 2T &
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_ ISl ol 1+ |W+Hoo|\v|\m)+
- 16m | o \ | drl|
+ i >3 35
+||,¢} H ” HL1 167 2| |37 ‘l" = or. ( )

Estimate (20) of Theorem 1A follows from (35). Therefore, in order to prove
Theorem 1A it remains to prove Lemma 3.

Proof of Lemma 3. Using the Lippmann-Schwinger integral equation (4) and
formulas (6), (31) we obtain

cilklle—y]
0tek) = = | o) o Ry

9 ctlkllzl 1 / —i|k| 2 ( )¢+< k)d

+27 e (Y)Y (y, k)dy =
[ (27)? Jps

= — — v(y)YT (y, k)dy. 36
. ( e sl RGO (36)

From (36) we obtain (37):

ctkllel =kl gilkllz—y|

lw(y)ldy.  (37)

1
0t ) < IRl [

|| [z =y
Lemma 4. Let z,y € R, |y| < r,|z| > 3r. Then:

okl =ik ei\k|\x—y|

(4.5 + 7.65|k|r + 3.91|k|*r2). (38)

] EERIEE

Estimate (34) of Lemma 3 follows from estimates (37), (38). Thus, in order to
prove Lemma 3, it remains to prove Lemma 4.
Proof of Lemma 4. To prove Lemma 4 we use in particular Lemma, 5.

Lemma 5. Let x,y € R, |y| <, |z| > 3r. Then the following estimates hold:

vy P () 41378
—y| = 1— — L L < ;o (39
|£13 y‘ |$| ( ‘x‘g + 2’513’|2 2"%_‘4 + 3($,y) 7‘ 3(1‘,@/)’ — ‘IP ) ( )
2.38r2
[z =yl = || 1_W+L2( y) ) Laz,y)| < EN (40)



Proof of Lemma 5. Recall that

1/2 _ n __ n
(1+¢) nz:% 1= 2n n'24”€ = ;ans Vel < 1. (41)
Note that
o el (-)@2n+1)2n+2)(1-2n)  2(2n+1)2n—-1) 3
T e, T (e D)n+ )41 —-2r—2)  42n+D)(n+1) 2n + 2
(42)
|kni1| < 1, for n € N U{0}.
Therefore,
o o el
\nz:;ané?\S\aslnz:;\é“\§|a3|1_|€|,|8|<1, (43)
03] 6! 6xH5x4x6 1
a g —_— = —.
T 531343 T 5x6%6%43 16
In the present work we use formulas (41), (43) for
2 2
= —‘% + % v,y € R |yl < r,Jz| > 3r. (44)
T
From (44) it follows that:
7 7r
< - < ——. 45
Using (41),(44) we have that
ool =lol [ £ - | = ol (1- 24 LY (1)
r—y|l=lz||——=| = —
|96\ ] 2 |2
P (P 2wy
- 1 — 2L A T k4 R
g ( P P anp s ) TR
where
©© |€|3 1 733 1 r3
R = R < < — <3. 58— 47
o) = |3 'l < ool = < o <39S0 (40
Using (46), (47) and gathering the terms with equal degrees in |z|, we obtain:
vy PP (ay)?
oyl =2 (1- . L 48
o=yl =lal (1= 2 20— S0k L) (49
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\y|4 1:13y|y|2 r3 rs r3 4.137“3
— R 3.58 .
S e T2 Y S g T o TR < TP

(49)

|L3($7y)

Thus, estimate (39) is proved.
In addition to (46), (47) we also need the following formulas:

s
|£I;‘—y‘ = |$| (1_W+ 2‘ |2 +R2(I,y) , (50)
Ra( ) =13 e’ < ] + R(oy) < LT ass < 188
o(z,y)| = ane"| < |ase| + Rs(x,y 358— < 1.88—.
—~ 8 o |[? ||
(51)
In a similar way with (48), (49) we have
ool = ol (1= 20 + Lalo) ) (52)
r? r? 2.3872
L 1.88 < . 53
‘ 2(33 y)‘ 2| |2+ ‘xP = |$|2 ( )

Thus, estimate (40) is proved. This completes the prove of Lemma 5. [J
Now we are ready to prove estimate (38). We have

kIl =ikl pilkllz—y|

] [z —y|

. 2 - 2
GilElel—ilkl 2 ilklla] (1 — S L))

o 2] (1 - & + La(, 1))
1] €i|k||x\(%—gﬁg,z tLa@w) | oL "
IRt L - | 2 bt Lo(a,y) | |7 1—t
Note that
\e"L—l—iL|<L—2 for Le R amd|L—1—1§\<t2 it <1, (55)
- 27 ’ 1—t 1=t ’
and further
eiL
== <=0+ L+ L/2)1+ 1+ /(1= [t])] <
2
<L+ L*)2+t+ +(L+L*/2)(t +t2/(1 - |t])). (56)

1 —t]



In our case:

2 2 Kl (r2 2 4133 2.38k|r

2z2 2| e\ 2 "2 |z ’

]
(57)
2|7.12,.4
L2y < 2SI
2]z?
Ty r 2.38r2 r 0.8 _1.8r
1] =|—5 — La(,y)| < =+ - < + 7 <
oF T RE SRR ST
27"2
12 G _Llgt1 0
1—t =~ 1-18/3 |z[2 04 " |z¥
Finally,
1 e'l < 2.38]k|r?  2.382|k>rt  1.8r 8177
T I T T I T
+(2.38\k\7“2 2.382|k|27"4)(1.87“ N 8.17"2) <
] 2|z [ a7
3.06[k|r? | 306K | L&r 817 5(3.06|l€]r2 3.062\k\2r4)
. 2|z? B e 20 77
< ﬁ(4.5 + 7.65|k|r + 3.91|k|2r2). (58)
T

Estimate (38) follows from (54), (58), that proves Lemma 4. 0.
This also completes the proof of Theorem 1A. [.

4 Proof of the Theorem 1(B)

Proceeding from (29)-(31), for d = 2, we have:

. olf
[a(a, k)| < Ja| Pl IfP + 2|2 200" (o, ) (1 + ‘|$||‘1/2‘) + |22 89* (2, k)P,

(59)
where
¢ =c(2,|k]) = —mi(=2mi) 7 |k|T = —(1+ )72k V2, (60)

Now | f] is estimated in (32) for d = 2 and |69 " (x, k)| is estimated in the following
lemma:



Lemma 6. Under the assumptions of Theorem 1B, the following estimate holds for
|z| > 3r:

Wllz ¥ locpa((E], )

+

|0 (2, k)| < NERIEEEEE (61)

Using estimates (59), (32), (61) we have that
12 [1pl12
s, k)] < fa 2y I 62
m
RO S A PP WY 1 ;S
NI TE el D R IR S TR R IE 6 AP

Estimate (22) of Theorem 1B follows from (62). Therefore, in order to prove
Theorem 1B it remains to prove Lemma 6.

Proof of Lemma 6. Using the Lippmann-Schwinger integral equation (4) and
formulas (6), (31), (7) we obtain

1 (1) T —
utleg) = [ D (Rlle =9, )0 (g, k) dy+

e 4

23/2 gilkllal 1

; —ilk| - _
+(1 + Z) ‘k‘l/Z |ZE|1/2 (277')2 /R2 € U(y)¢ (ya k)dy

::/ _jﬂﬁqmu—yb+cpmkmmwma
w 1 A( k[l 17

) v(y) " (v, k)dy.  (64)

From (64) we obtain (65):

Hy (Klle —yl) | (1+ el
5+k<+-koo/—” dy.
09" (z, k)| < (l9T (-, k)l RZ‘ n HRTEE T [v(y)|dy

(65)
Lemma 7. Let x,y € R%, |y| <, |z| > 3r. Then
(D) il ] k] 22
iHy (ke —yl) (1 +d)e i

_ — M, + My, wh 66

‘ 1 Az | M M where o (00)

\/§ 2.2
M, < MEBIETEE (1.77 + 3.79]k|r 4+ 1.51|k[*r?) ; (67)
3V3
M, < . 68
= S I (68)
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Note that

M, + My, <
PR 4w k) 2[ 32\ 16v/2 k|

Estimate (61) of Lemma 6 follows from (65)-(69). Thus, in order to prove Lemma
6 it remains to prove Lemma, 7.
Proof of Lemma 7. To prove Lemma 7 we use, in particular, estimate (39) of

Lemma 5, which remains the same for d = 2. Besides, we use, in particular, Lemma
8.

> 3v/3
var ( V3 +1.77+3.79|k|r+1.51k2r2). (69)

Lemma 8. For Hankel funtion the following representation holds:

9 /2 | 1
H kel = () e n(alla)). RlD] < g (70
’ | k||| 8| |||
Lemma 8 is proved at the end of this Section.
Using formula (70) we have
il (kllr =yl |, (i)
4 A(mlkllz)2 |~
; 5 12 | (14 0)elllel=itkEx
S e ilkllz=yl=im/41 2 h(lkl(z — <
() ¢ b =D+ ey |
1 V2 V2. ekl kIl =kl Ty
< |ivaE Q) —
= 4(n|k)Y2 iv2( 5 ' |z — y|1/? +(1+1) |z[1/2 +
1 2 V2o
+ - =: M + M. 71
H(Fm=y) ey ™
The term M5 can be estimated easily:
3v/3
M, < < > 3r. 72
2 = 64(7T|k||$‘)1/2’]{7”33|"y| —T7|'T| Z Ir ( )

Lemma 9. The term M can be estimated as follows:

V2
(m|k)!/2] 32

M, < I (L.77 4+ 3.79|k|r + L.51|k|*r?) , Jy| < r || > 3r.  (73)

Proof of Lemma 9. One can see that

V2 Gkl =ikl gilkl|lz—y]

M, = - .
A(m|k)2 | ||t |z — y[1/2

(74)

Further, we obtain

11



- T 2 12
y V2| eilkllal=ilklE eﬂMmK—@%+ﬁ$—;%ﬁld%w)
1 < — =
4

(w2 | |x[1/? || 1/2( 5 + La(x, y))
V3 ilkllal (2 — S 4 Lo a.9)
— |- — . (75)
A(r|k[|z) (1= 507 + La(z,y))

Here we use the same expantion as in (39) and the following additional expantion:

2wy | Jy\"*
o g2 = o] 2 (1 SpEt ) = (1 g e D)) (70
To complete the proof of Lemma 9 we use, in particular, the estimate for Lj in

(39) and the estimate for Lo given in the following Lemma.

Lemma 10. Let z,y € R% |y| <r,|z| > 3r. Then:

2

|Lo(z,y)| < 1. 81‘ B (77)
Proof of Lemma 10. Recall that
1/4—k+1
1 1/4 " 1, wh = _ .
(1+¢) ang €] <1, where b, H - (78)
n=0 k=1
Note that
b1 1/A—n—1+1 5
lny1 = = = (-1)(1 - —),
T, n+1 (=1 Mn+D)
|lna1] < 1, for n € N U {0}.
Therefore,
el?
30l < Ible? + Il ot (79)
n=2
|bo| = 3/32,|bs| = 7/128.
In the present work we use formulas (78),(79) for
2 2
= —%Jr%,x,yERQ,\y\ <r,|x| > 3r, (80)
T

12



7 Tr
< — < ——. 81

Using (78), (80) we have that

1/2 1/2 2zy |?J|2 v 1/2 LY ‘9‘2 2
e —yl =2 (1 -5+ 5 ) =l - + e T i@y),

x> | 20|*  Afxf?
(82)
where
~ - g’ 37 T T
R — bne"| < |bole® + |b < —= =<
| 2($,y)| |; 8‘—‘2|€ +|3|1—|8|_323 |x|2+12833|$|32_
72 T*T73%9 7 7
< < 1.56——= 83
_<32*3+128*33*3*2> |z|? — |z |2 (83)
Using (82), (83) and gathering the terms with equal degrees in |z|, we obtain:
N W2~ 2 2 2
L = R < —— 4+ 1.56—7— < 1.81—5. 84
| 2($,y)| 4‘$‘2+ 2(«1;,:(/) = 4|x|2+ ‘$|2 = ‘$|2 ( )
Lemma 10 is proved.
Returning to the proof of Lemma 9, we rewrite (75) as:
NG} il
M, < 11— . 85
b= 4(7T|k|g;)1/2| 1 (85)
We have
il
1 S (L L+ 2/2)( 4 4 21— 1) <
2
<L+ L%)2+t+ — (L+L*/2)(t+ /(1 —1)). (86)
In addition:
7 7 41373 |k|r? 413, _ 2.38|k|r?
L < |k < 1 < ; 87
]43|2T’4
22 < 2848, 88
/ — |$|2 ) ( )
b 1s <1l (89)
B N ol o
£ (LI 2
< < 1.9558—; 90
-t 1-111/3 " 22’ (90)

13



2.38]k|r? N 2.84|k|?r* 7

(L+L*/2)(t+2/(1 1)) < ( )(1.11— + 1.9558—) <

R P Pl I e

2.38]k|r?  2.84[k|*r!
< 0.59( + ). (01)

|z |z
Using (86)-(91), we obtain:
iL 2 2,4
|| 238 150K 284x LEORPY o
= 2] EE 2]
< ﬁ (1.77 + 3.79[k|r + 1.51[k[2r?) . (92)

The estimate (73) follows from (85) and (92). This completes the proof of Lemma
9. 0

Proof of Lemma 8. For H{ the following equality holds, for s > 0, see in [S]
formula (43) for v =0, 5 = 0:

9\ V2 gis—in/4 oo i\ V2
H(l) — _ / —Uu —1/2 1 - d . 93
o (5) <m> ra/2) f, © " o " (93)

Then we apply the Teylor’s expantion with one term and the integral reminder
to the function g(t) = (1 + 24)1/2 ¢ = 0,1,u, s € R. We obtain:

. -1/2 1 -3/2
i 1/2 u ut
1+ — =1 1—— . 4
( T 23> o 0! 2@5/ ( 22':5) dat (94)

Co\ —1)2 ~3/2
(1+3:)
2s

dt <14~ (95)
Using (93), (95), we obtain:

So,

<1+ 1——

) / el im/4
s

(%)1/2 pis—ir/4

1y (s) - (&

1 X -1)2 r'@/2) 1
S LT(1/2) /0 e tu Pudu < o = g (96)

Estimate (96) implies (70). O

5 Estimates for |||«

The Lippmann-Schwinger integral equation (4) can also be rewritten as:

14



(I = AT([kD)e" (- k) = g (-, k), (97)

where

§0+ (xv k) - Aisij(x? k): 900+($> k) - Aiseikxv (98)
AF(Jk]) = AT G (JE)AT* (A% ),

where [ is the identity operator, A denotes the multiplication operator by the
functions (1 + |z|?)Y/2, G*(|k|) denotes the integral operator with the Schwartz
kernel G (x —y, k) of (4), (5), v is the multiplication operator by the function v(z),
s=(d+¢)/2,e >0, ke R\ {0},r € R%.
We recall that the following Agmon estimate holds:
A G (DA Nty < Cold Ko > /2,6 > 1, (99)

see, for example, [E], [N1]| and references therein.
Using (99) one can see that

IAT (D Lo(rt) = Lo(rty < @, > 1/2, [k > 1, (100)

Q := Co(d, 8)||A*v||s0| k| . (101)
As a corollary of (97), (98), (100), we have that if Q < 1,s > d/2, |k| > 1, then:

lpg [ 2,(re)
lo™ rarey < -0 (102)

where

. dx 1/2
= —_ =: I4(s). 103
HSOO HLQ(Rd) (/Rd (1 n ‘Q}"Q)S) d(S) ( )
Proof of Lemma 1. Using (97), (98), (102) we obtain that

[UF (2, k) — ™| <

[ 6= uknt) <u> ot /«))dy\ < oy

_l’_
¥ °7k 2
<o (Rl ) < 2L o), e

J(z) = (/B G (x —y k)o(y) <y >* \Qdy> 1/2- (105)
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For d = 3 we have:

dy < r2dr
12 s/‘—————g4¢/ _ridr
e < [ vy =17 Gy
A (/1 r2dr /OO r2dr )<
’7"— —
o (1 + r2 o (4?25 ) —

1 2d7~ 1 1 10
- —4r (= < 106
(3 r25> 7T(?)Jr(2s—1)>— 3" (106)

‘](x)‘(/Brvféz)z(itifdyy/ Dl 1) (/

IA

I /\

1 1/2
dy) (107)

’ [oll .y (1 +72)*/%r 1/2
<—v 1 4 72)3/? /d 12 = .z € R,
vl (p)( )72 (4 i ) A = N
(108)
For d = 2 we have:
dy
©o 17, / eg (y, dy—/ —
H HL ‘ 0 )l 2 (1+|y|)
/Oo dr? < /OO dz o2 (109)
= ——— <7 = —
o (477 Jo (142 &
1/2
H k: €T — 2
(/’ Al )|v@)%l+w2f@0 <
< ol (147725 HE QR )P (110

From (93) we obtain:

1/2 00
(1) 2 1 / —uy,~1/2
H < (£
'O(QL—Cm) 012 )y ©

Hence, we have:

" 1/2 9 1/2
Hy'(|k|lz —y 2dy) §</ —dy> <
<LQ o (IKllz =) o 7lElle —y

" 2 1/2 r
< (/ 2mr dr) =2,/ (112)
o Tkl ||

Estimate (25) follows from (104), (106), (107).
Estimate (26) follows from (104), (109), (110), (112).
Lemma 9 is proved.

zu
1
* o 2s

s

~1/2 9\ /2
dug(—) . (111)
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Proof of Lemma 2 (A). Using the Lippmann-Schwinger equation (4) for d = 3,
we obtain that

dx "2
[ oo <1+ HWHooHvHoo/ S T4 [ lsollv]loo [ —dr <
B, 4m|z| o T

2
.
S LA [ locl[v]loo (113)

Estimates (27) follows from (113).
(B). Using the Lippmann-Schwinger equation (4) for d = 2, we obtain that

Hi (|| |k])|d Hlsllvlle 7/ 2 "
[0 oo < 1+ |80 ||oo] v Hoo/ [ Ho (|[k])]dz <1+ K% H [ v]] / omrdr <
4 |k

||w+\|oo|\v\|oor
S B R e N S (114

Estimates (28) follows from (114).
Lemma 10 is proved.[]
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