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THIN DOMAIN LIMIT AND COUNTEREXAMPLES
TO STRONG DIAMAGNETISM

BERNARD HELFFER AND AYMAN KACHMAR

ABSTRACT. We study the magnetic Laplacian and the Ginzburg-Landau functional in a thin
planar, smooth, tubular domain and with a uniform applied magnetic field. We provide coun-
terexamples to strong diamagnetism, and as a consequence, we prove that the transition from the
superconducting to the normal state is non-monotone. In some non-linear regime, we determine
the structure of the order parameter and compute the super-current along the boundary of the
sample. Our results are in agreement with what was observed in the Little-Parks experiment,
for a thin cylindrical sample.
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1. INTRODUCTION

1.1. The Ginzburg-Landau model in a non-simply connected domain.

Let w and € be two simply connected bounded open sets in R? such that @ C Q. We assume
also that the boundary of Q, 99, is smooth of class C2. The domain 2\ @ is then a non-simply
connected domain with the single hole w.

The main question addressed in this paper is the inspection of the Ginzburg-Landau (GL)
functional

eutv.m) = [

2
<\(v —iHA)Y? — 2|2 + “—yw‘) dx + H2/ lcurl (A — F)?dz, (1.1)
0w 2 Q

where k > 0 is the GL parameter, H > 0 the intensity of the applied magnetic field, and
(1, A) € Hp = H' (Q\@;C) x H, (2 R?). (1.2)
The space H} (£;R?) consists of all vector fields in H'(Q;R?) satisfying divA = 0 in  and

v-A = 0 on 0f), where v is the interior normal vector field of 92. The vector field F is the
unique vector field satisfying

curlF =1 and F € H} (R?). (1.3)
A configuration (¢, A) € H,, is said to be a critical point of the GL functional if it is a weak

solution!® of the corresponding Euler-Lagrange equations, named GL equations in this context,
and read as follows

—(V —iHA)*p = &2(1 = |¢*)e in O\ @,
1 _
~Vt(cul(A - F)) = Elm(i/)(v —iHA)Y) in Q\w, (1.4)
v-(V—iHA)Y) =0 on 0N U dw,
curl(A —F) =0 on w,

where the operator V+ = (—0,,, s, ) is the Hodge gradient.

1.2. Normal states.

A critical point (¢, A) is said to be trivial (or a normal state) if ¢ = 0. It is said to be a minimizer
if it minimizes the functional in the variational space H,, . So one introduces the critical field

He,:=sup{H >0 : I(,A), v #0, (¢,A) satisfies (1.4)}. (1.5)

A result by Giorgi-Phillips ensures that this critical field is indeed finite. The question of esti-
mating the critical field is closely related to the spectral analysis of the magnetic Laplacian in
LX(Q\w),

LY = —(V —ibF)? (1.6)
with (magnetic) Neumann boundary condition on 9QUOw. Here b € R is a parameter measuring
the strength of the magnetic field. The operator LY is actually defined via the closed quadratic
form

H'(Q\@) > ur— Qup(u) :/ |(V — ibF)ul? dz . (1.7)
O\w
b

We denote by A(w,b) the lowest eigenvalue of the operator £, which is given by the min-max

principle as follows

Qw,b(u)
weB @@} [[ulla g
The relation between the eigenvalue A(w,b) and the critical field is displayed via the following
well known result:

AMw,b) = (1.8)

IThe weak formulation of (1.4) is precisely given in [5, (10.9a)-(10.9b)].
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Proposition 1.1. For all k, H > 0, if \(w, H) < K2, then every minimizer of the GL functional
is non-trivial. Consequently the GL equations in (1.4) admit a non-trivial solution.

The proof of Proposition 1.1 simply follows by computing the GL energy &, (tu, F) with ¢t > 0
and u a ground state of the operator £7. The parameter ¢ can be selected sufficiently small to
ensure that &,(tu,F) < 0 = &,(0,F), which in turn guarantees the existence of a non-trivial
minimizer of the GL energy in (1.1).

1.3. The thin domain.
In the sequel, we will introduce a small parameter £ > 0, and choose the hole w in the following
manner

wi=w. ={z €N : dist(z,00) > e}. (1.9)
We will refer to the parameter ¢ as the ‘thickness’ of our thin domain, €., defined as follows
Qo =Q\wz; ={z€Q : dist(z,00) <e}. (1.10)

We define the eigenvalue A(w,b) and the GL energy &, as follows
Ae,b) = Mwe,b) and  E.(,1) =&, (). (1.11)
Also, we shorten the notation for the critical field, introduced in (1.5), and write,
H.(e) == H¢. . (1.12)

A critical point, solving (1.4) for w = w,, will be denoted by (¢, A), me, to emphasize the
dependence on the parameters «, H and ¢.
We can sharpen the statement in Proposition 1.1 when the thickness parameter ¢ is ‘small’.

Theorem 1.2. Given k > 0, there exists eg > 0 such that, for all e € (0,e9] and H > 0, the
following two statements are equivalent.

(A) There exists a non-trivial critical point (¢, A)x He -
(B) H satisfies A, H) < k?.

1.4. The magnetic Laplacian.
Armed with Theorem 1.2, when estimating the critical field H.(¢) in the small ‘thickness’ limit,
e — 04, we are led to estimating the eigenvalue A(e,b), of the magnetic Laplacian EZE. After
doing that, we will find that H.(¢) is asymptotically inversely proportional to e.

For later use, we introduce
09
==
where |0€)| denotes the length of the boundary 9€2.
Since the domain (). is non-simply connected, it is no surprise that the eigenvalue A(e, b) depends
on the circulation of the magnetic field around the hole of the domain. So we introduce the
following quantity,

0]

)
Yo=—7= [ curl Fdr = —-. 1.14
29 Jq 00] (L14)
1.5. Main results.

Our main results, Theorems 1.3 and 1.4 below, display the dependence of the eigenvalue A(e,b)
on the circulation 7, in the ‘thin domain limit’, ¢ — 0.

L (1.13)

Theorem 1.3. For every N > 0, there ewist positive constants eg,dy,dy such that, for all
e € (0,e0], the following holds

(A) Ifeb > dy, then A(e,b) > N ;

(B) If 0 < eb < dp, then ‘)\(8, b) — (%)2 iné n 4+ bL%
ne

2
\ <

1
N -
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In light of Theorem 1.3, we see that

Ae,b) — +o0 (1.15)
eb—+o00
e—0
and
bLAo | 2

Ae, b ™V in

(&, )eb:O <Z> nez
e—0

So it remains to analyze the regime where b o 1, thereby bridging the two regimes appearing

in Theorem 1.3 above.

Of particular interest is the behavior of the eigenvalue A(e, b, ), where

’I’L—FT S [0 ] (1.16)

"412

be = g +e (1.17)

with ¢ € R and a > 0. The constant ¢ will have an ‘oscillatory’ effect that will be discussed in
Subsection 4.4 below.
In the regime (1.17), a central role is played by the following quantities

L
Bn(c,a,e) = |n+ — ('yo (g—i—c) +E) forneZ, (1.18)
T € 2
and their infimum over 7Z:
1
ig(c,a,e) := inf B,(c,a,e) € [0, =]. (1.19)
nez 2

The infimum is attained for one or two minimizers in Z. The minimizer is unique when
% (’yo (% —i—c) + %) ¢ %Z and denoted by ng = ng(c,a,e). If %(fyo (% +c) + %) c %27 we
have two minimizers, ng and ng + 1.

Theorem 1.4. If b, is defined by (1.17) for some given ¢ € R and a > 0, then

2 . 2
Ae,be) = % v <%‘”)> FO®E) ase— 0,4,

where ig(c, a,€) was introduced in (1.19).

1.6. Remarks.

(1) The conclusion in Theorem 1.4 is formally consistent with the one in Theorem 1.3. Ac-
tually, for @ = 0 and ¢ = b, we recover the regime (B) in Theorem 1.3, while regime
(A) corresponds to a = +00. Results on the multiplicity of the eigenvalue A(e,b.) are
discussed in Subsection 4.1.

(2) Comparison with the large x regime.

In the interesting paper [7], Fournais and Persson-Sundqvist prove that for the disc
geometry, Q = D(0, R), there exists a thickness gy and a value kg for the GL parameter
such that the transition to the normal state is not monotone. Our contribution goes
beyond that, since for any geometry €2 and for any wvalue of the GL parameter, we will
prove that the transition to the normal state is not monotone for a certain thickness &
constructed in Sec. 4.4 (see Proposition 4.9 and Remark 4.10).

(3) Oscillations for bounded fields.

The interesting contributions by Berger-Rubinstein [2] and Rubinstein-Schatzman [9]
establish oscillations for bounded fields H and particular values of the GL parameter.
They study the convergence of the GL functional & to an effective one-dimensional
functional. Their results continue to hold for H <« % That can be easily checked by
the arguments used in this paper. One significant difference of our results is that they
hold in the regime of large applied magnetic field and yield an estimate of the critical
magnetic field. Also, our arguments differ from those in [9] and are connected to the
spectral theory of the magnetic Laplacian in a thin domain.



THIN PLANE DOMAINS 5

(4) Three dimensional rings.

Shieh and Sternberg [10] study the GL functional in a three dimensional ring (i.e. a
domain of the form {z € R3, dist(z,C) < ¢} where C is a simple closed and smooth
curve) and for an applied magnetic field inversely proportional to e. They identify a one
dimensional limiting problem in the frame work of the I'-convergence and their limiting
problem shows oscillations interpreted in terms of the critical temperature. Our contri-
bution holds in a simpler geometry but it displays the oscillations for the full GL model
and not only in the limit problem.

1.7. Concentration of the GL minimizers.
It is natural to study the minimization of the GL energy, &, for H = £ + c¢. We define the
ground state energy

Egs(k, H,e) = inf{G.(, A) : (,A) € Hy,.}, (1.20)

where the space H,, was introduced in (1.2).

Theorem 1.5. Given r,a >0 and ¢ € R, then, for H =% + ¢, as€ >0 tends to 0,

k%2 —eolc,a,e 2
Egs(k, H,€) = | ;22 ) Q.| + O(e?), (1.21)
where
a? T, 2
eO(Ca a, 8) - E + (le(C, a, 6)) (122)

and ig(c, a,€) is introduced in (1.19).
Moreover, if (1, A)c mx is a minimizer of the GL functional, then

2

2
/ <K|¢|2 _ eof:’ a’e))+> dz = O(2) . (1.23)

We can estimate the circulation of the supercurrent of a minimizing configuration provided
for some ¢ € (0, %), the following two separation conditions hold

(SC)s - dist (% <70 <g + c> + g) ,%Z) >4, (1.24)

and
(SC)5:  K* —eo(c,a,e) > 4. (1.25)

Note that, by Theorem 1.4, the condition (SC)j in (1.25) yields that (e, H) < «?, for H = % +c.
Consequently, Proposition 1.1 yields that the minimizing configurations of the GL functional are
non-trivial, thereby confirming the presence of the superconducting phase. The condition (SC)s
yields that (1.18) has a unique minimizer ng which satisfies ng = O(¢71). Note finally that, if
the constants k and a satisfy the relation

a? T \2
1) =k - — — (—) 0
o(a, k) ==k 5 \g) >0

then (SC)j holds for all § € (0, dp).
For a vector field u, we introduce the circulation along 0f2 as follows

1
u-der = — u-tds,
éﬂ 109 Jaq

where ds indicates the arc-length measure along the boundary 92, and t is the unit tangent
vector along 9 oriented in the counter clock-wise direction.
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Theorem 1.6. Given k,a >0, € (0, %) and ¢ € R, there exists eg > 0 such that, for e € (0, &)
satisfying (SC)s and (SC)5, H = 2 + ¢ and (1, A)-, g minimizing the GL functional,

2

. (I{ —eo(c,a,e)) 4mng _
]é)QJ-dx: s + 0 +o(e™). (1.26)

Here ng € Z is the minimizer of (1.18) and j := Re(iy(V —iHA)1) is the super-current.

The proof of Theorem 1.6 is given in Section 5, where we establish an estimate compatible with
the following expected behavior of the minimizing order parameter (up to a gauge transformation)

(% — (e, aae))Jr 2mngs
K2 P |0Q )’

where s is the tangential arc-length variable of z on 9. The convergence in (1.27) will be made
precise in Section 5 later (see (5.4) and (5.5) in Proposition 5.1).

Interestingly, this is reminiscent of the surface superconductivity regime in type II supercon-
ductors (see [3] and the references therein).

b(a) ~ (1.27)

Notation. Given p € [1,+00] and an open set U C R?, we denote by || - ||, the usual norm in
the space LP(U).

2. PROOF OF THEOREMS 1.3 & 1.4

For the considerations in Theorems 1.3 and 1.4, we assume that b = b. is a function of . We
will deal with the three regimes:

ebe <1, eb.=1, cb.>1.

2.1. Boundary coordinates.

Recall the definition of the geometric constants L and 7o in (1.13) and (1.14) respectively. Let
M : [—L,L) — 09 be the arc-length parameterization of the boundary so that t := M’(s) is the
unit tangent vector of 92 oriented counter-clockwise. Choose ¢p € (0, 1) sufficiently small such
that the transformation

g : (s,t) € [-L, L) x (0,60] — M(s) +tv(s) € Qg (2.1)

is bijective, where v(s) is the unit interior normal vector of 02 at the point M(s).
In the sequel, suppose that ¢ € (0,e9]. We denote by

2
Fls,t) =0~ t+ = K(s), (2.2)

where k(s) is the curvature of 9Q at M (s), and g is the circulation of the applied magnetic
field, introduced in (1.14).
We have (see |5, Lem. F.1.1]):

L €
/ (V — ib.F)ul? de = Q) (v) := / / <|(9tv|2 +a 2(9s — ib. f) v|2>adtds, (2.3)
Q. -LJo
where
a(s,t) =1—tk(s), (2.4)
(s, t) = e=Polsy (D (s, 1)), (2.5)
and ©g(s,t) is a smoth function, 2L-periodic with respect to the s-variable, and depends only on

the vector field F and the geometry of the domain 2. Hence it is independent from ¢ and the
choice of the function w. In fact we can take (see [5, Eq. (F.11)])

t S
ool t) = [ Bals.t)at + [ B(L0)d s,
0 0
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where (see [5, Eq. (F.2)])
Fi(s,t) = a(s,t)F(®g(s,1)) - M'(s) and Fa(s,t) = F(Do(s,t)) - v(s) =0,

since F € HL (Q).
Moreover, we can express the L?-norm of v in the following manner:

/QE |U(ﬂ:)|2dx:/LL /O€|v(s,t)|2a(s,t) dtds . (2.6)

2.2. Reduction of the operator.
Let us assume now that eb. < M, for some constant My > 0. This hypothesis will be valid
when for example (1.17) holds, or when we consider the conclusion (B) in Theorem 1.3.

We can estimate the quadratic form and the L? norm of v as follows. There exist two constants
K >0 and & € (0,1), depending on the domain €2 only, such that, for all £ € (0, &,

(11— Ke)g,“(v) < Q7 (v) < (14 Ke)gy=(v) (2.7)
and
(1-Ke) / / lv|? dtds < Hu”2 a. < (1+Ke) / / lv|? dtds , (2.8)
where
g / / (10001 + 105 = b fo)ol? ) dtds (2.9)
and
fot) = = —t. (2.10)

Actually, this follows from the following two estimates:
1
|a(s,t) = 1] < [|kllce  and [f(t) = fo(t)] < 5 [#]5e?

Let us introduce the eigenvalue A(e, b.) as follows

Ae,be) = inf Do ) . (2.11)
veHN([=LLx O} vll72(_1 1)%(0,0))

By the min-max principle, we deduce the existence of K and ey > 0 such that, for all £ € (0, 0],
|\(e,be) — Ae, be)| < KeMe,b,). (2.12)
2.3. Spectral analysis of the reduced operator.

2.3.1. Fourier modes. We decompose in Fourier modes to obtain the family of quadratic forms

q;bs(vn):/ (1000al? + 1 (L™ 7 = befo)un[? )t (2.13)
0

So we introduce for n,b > 0,

i) = [ (100l + [+ byl ot
along with the corresponding eigenvalue

A(m,e,b:) = inf G (w). (2.14)

wll3 =1
Note that
qz,bg (vn) = (j%,bs (vn)
for
n=mn(n,b.) =nL lm 4+ by. (2.15)
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The eigenvalue in (2.11) can be expressed using the eigenvalues of the fiber operators as follows,
Ae, b)) = irel%)\(n(n, be),e,b:) . (2.16)
2.3.2. Scaling. Now, we assume that b, satisfies (1.17) for some constants a > 0 and ¢ € R. We
do the change of variable 7 = ac ™'t and get
)‘(nagab&‘) — azg_zlu(a75€7a7 C&‘) 9 (217)

where u(a,d,a,() is the lowest eigenvalue in L?(0,a) of the operator defined via the closed
quadratic form, with 6 > 0 and ¢ € R,

HY0,0) > u h?’a’c(u) = / <|8Tu|2 +ol(a+71+ CT)u|2>d7'. (2.18)
0
The formula in (2.17) is valid for n defined by (2.15), @ = a,, § = J. and ¢ = (., where
nm a
ap = f+ (g+0> 70 5 (2.19)
6. =a % and ( = %. (2.20)

2.3.3. The non-trivial regime.
Comparison with the 1D-Neumann Laplacian.
Let L£g be the 1D Neumann Laplace operator defined in L%(0, a) as follows

d2
Dysur Lou= o3 where Dy = {u € H*(0,a) : '(0) = u'(a) = 0}. (2.21)
T
The min-max principle yields the following comparison for the eigenvalues defined via the qua-
dratic form in (2.18) and those of the operator Ly:

,U,n(Oé, d,a, C) > Mn(‘CO) . (222)
It is easy to check that

a

2
Yn e N\ {0}, pn(Lo) = (M> , (2.23)

hence the comparison in (2.22) is not effective for the first eigenvalue u(a,d,a,(), since
11 (Lo) = 0, however, for the second eigenvalue ps(c, d,a, ) we obtain
T

pofe6.a.0) > () (2.24)

a
Behavior of u(«,d,a,() as 6 — 0.

We recall from (2.20) that lir% (- = 0. Fix positive constants (; and A. We will first write
E—r

an estimate of the eigenvalue p(«,d,a, ) that holds uniformly with respect to o € [—A, A] and
¢ € [—Co,¢o]- A standard argument of perturbation in ¢ allows us to expand the eigenvalue
w(a, d,a,C) as follows

M(Oé, 55 a, C) = Ho + 5:“’1 + 0(62) .
6—0
We recall the proof for the commodity of the reader. We introduce a quasi-mode of the form
u = ug + ouq
so that

(-j—; +0(T+a+ CT)2> (uo + dur) = (po + 6p1) (uo + duy) + O(6°) . (2.25)
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Then the natural choice of pg, p1,ug, u1 (depending smoothly on ¢) would be
d2
dr?

(- o) + (74 a6 = O o =0.

We choose g = p1(Lo) = 0 and up = 1, in accordance with (2.23). In order to solve the equation

Up = Ko uo

for uy (-, ¢), we choose p; = p1(¢) so that ((7’ +a+ (1) - ,u1>u0 is orthogonal to ug in L?(0, a),

thereby obtaining the Feynman-Hellman formula,

p1(¢) = % /Oa(T +a+¢r)¥dr=a* +a(l+a+ %a2(1 +¢)%. (2.26)

We note for later use that
p(Q) < ((1+Qa+a))? . (2.27)
With this choice, we solve the differential equation satisfied by wu;, with the boundary con-
ditions u}(0) = u{(a) = 0, and get, imposing that u; is orthogonal to ug, a unique solution

ul('a C)
Now, the quasi-mode u(-, () = ug(-,¢) + duq (-, () satisfies

ul(oa C) = ul(a’a C) =0,

and
2

(=t dlat 7+ = aun(©))u-, )

‘ dr? L2(0,a)
which is valid for 6 € (0,04,4,¢,), Where 04,4, and Cy 4, are constants that depend only on A,
a and (p .

Taking ¢ = (., the spectral theorem and the lower bound in (2.24) then yield that there exist

€4,a and éA,a such that

< Caagy 0 ||u‘|%2(0,a) ’

ple6,,¢) = 61 (0)| < Car (541610 (2:28)

This motivates us to introduce the following quantity
0)— & AN 2.29
m(a,a).—ul()—ﬁ+<a+§> . (2.29)

Remark 2.1. Combining (2.24) and (2.28), we see that, if |a| < A, there exists 6y > 0 such that,
for 6, € (0,00), the eigenvalue u(a,d,a, () is simple.

Minimization of u(a,d,a, ().

We are interested in estimating the quantity

po(d,a,¢) == inf p(e,d,a,¢) (2.30)
CVGJE
where o a
jE:{an:T—i—'yog—i—'yoc :nez}. (2.31)
Choose ng = ng(e) € Z so that |ap,| = ing |y, |. Clearly,
ne
el T ]
T AT A

Using the constant function v = 1 as a test function in the quadratic form in (2.18), we get
the existence of g9 > 0 such that, for all 6 > 0 and ¢ € (0, &g,

(g 8,0,C:) < S (C) < 26 (a+ %)2 . (2.32)
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Here we have used for the last inequality that (. tends to 0 and «a = a,, in (2.27).
Noticing that, for |a| > 10(a + 57 ),

inf (a+71+C¢7)2> (9(a+—) ]Cgla) 24(@—1-%)2,

0<7<a

for e sufficiently small, we get by the min-max principle

T\ 2
M(aa 65 a, CE) 2 4 (CL + ﬁ) 5 > H(anoa 55 a, CE) Z //’0(6?&? CE) N (233)

This proves that the minimization in (2.30) can be restricted to a@ € [—A, A] N J. with
A =10(a + 57). In light of (2.28), it is enough to minimize the function in (2.29) with respect
to a. Therefore, there exist dyg = dg(a,c,v0, L) > 0 and Cy = Cy(a,c,y0, L) > 0, such that, for
all §,¢ € (0,50) ,

2

a nim 2
uo(é,a,ﬁg)—<12+ér€1fz T+ T+ +s ‘)5(g00(5+a)5. (2.34)

2.4. End of the proofs.

2.4.1. The regime b, % .
Collecting (2.12), (2.16), (2.17) and (2.34) (with 6 = 0. defined in (2.20)), we get, as ¢ tends
to 0, with b, = 2 + ¢, the asymptotics stated in Theorem 1.4.

2.4.2. The regime eb, < 1.
In this case, we restart from Subsections 2.2 and 2.3. We choose ng(g) € Z so that

no(e)—i—baL—fy0 = inf n+b5L_'y0 ,
ne’ T
and set
B =+ 2200
Clearly,
Brofere € [=503]-

Using the function u(s,t) = emo(€)ms/L aq g test function, we get by a straightforward computation

Ae,b.) < <%>2 B2 e + Olebe). (2.35)

For the reverse inequality, we decompose in Fourier modes and do the rescaling 7 = e~ !¢, to get
the following quadratic form,

1 9 1
-2 2 2| (T -2 2 ™
€ orul® +¢ ‘ —Bn,e +ebeT u‘ > dr > ¢ / € <1—5b Z

/0 (‘ | <L c c ) 0 ( e) L

So, we get by the min-max principle that

Br.e

2
- €b€> lu|? dr .

T 2
zﬁn,s

nez

Ae,be) > int ((1 —eb.) sb€> - (%)zﬁgo(e)ﬁ +O(eb) .

Finally, we use (2.12) to conclude the estimate for A(e, b.) (Statement (B) in Theorem 1.3).
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2.4.3. The regime b, > 1.

In this situation, we can not use the estimate in (2.7), since replacing b. f by b. fo produces a
large error (see (2.2) and (2.10)).

We rescale the variables as follows, t = 7 and s = e 2b_ 0. We obtain two constants k > 0
and g € (0,1) such that, for all £ € (0, gg],

Ae,be) > (1 — ke)A(e, b)),

where ) .
e, be) = Inf Qe(v) .
||U||L2(qr5):1
Here,
TE = [_LEaLE) X (0’ 1)5
L.=¢27'L,
. (v) :/ (7 21070f? + 262105 — ife)ol?) dordr
and ,
felo,m) = tyg— 7+ %Fa(a_Qb;la) .
We now prove that A(e, b.) 0.
e—
Note that
0. (v) > mm(s2,e2b§)/ <|(97v|2 + 10y — ifg)v|2) do dr
Te
and
‘fe(a, T) — fS(T){ < 2||k||oe  where fao(T) =ely— 7.
Consequently,

1
[ (10 +10, —igu) dodr > [ (100 + 510 — if2)oP = Sl lol) dodr
T. T 2

1 2 2 2
> (= _
> (3e(e) ~ 8l )/T (of? dodr

where
e(e) = inf 10-0% 4 (05 — if2(7))v|? dodr .
||U||L2(1rg):1 Te
The min-max principle now yields

1
Ae,be) > §<min(e_2,52bg)) (e(e) - 16||/$HC2>052) .
By decomposition into Fourier modes, we may show that

> inf 1,1
e(e) 2 inf p(a,1,1,0),

where p(a, d,a,0) is the eigenvalue defined via the quadratic form in (2.18), for 6 =1, a = 1 and
¢=0.

Using the min-max principle, it is easy to check that the function o — p(a, 1,1,0) is continu-
ous, positive-valued, and tends to +oo as |a| — +o00. Consequently, it attains its minimum, i.e.
there exists oy € R such that

inf p(a,1,1,0) = p(ap, 1,1,0) > 0.
acR

This proves that liminf e(¢) > 0 and finishes the proof of A(e,b.) — 400 in this regime (State-

e—=04

ment (A) in Theorem 1.3).
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3. PROOF OF THEOREMS 1.2 AND 1.5

3.1. A priori estimates.
There exists eg € (0,1) such that, for all ¢ € (0,g9], kK, H > 0, every critical point (¢, A)
satisfies |5, Ch. 10]

[l <1,

I(V = iHAW 2.0, < & [¥ll2c. 51)
1 )

|V (cul A~ Bl < =I|(V — iHA) 0. ¥ 0. -

2

Noting that the first eigenvalue of the one dimensional Dirichlet Laplacian — th in L2(0, ) equals

(§)2’ we get from (3.1), observing that curl (A — F) satisfies the Dirichlet condition on 0.,
[curl (A — F)[[2,0 = [[curl (A — F)l2,0.

c
< — |[Veurl (A - F) 20,

Ce .

< IV —iHAWl20. [¢]20. (3.2)
Cre

S 7 ¥113.0,

= O(H |[Yl3 . -
Consequently, by the div-curl inequality in (2
|A = Fllgi(q) < Cllewrl (A = F)|20 = O(eH H)|[¢3 0. - (3.3)
By the embedding of H'(2) in LP(2) for p € [2,4+00), we find , using the first line of (3.1),
|A = Fllp0=OEH ) ¢l30, = OEH ™). (34)
We write by Cauchy’s inequality,
IV — iAW g, > (1= (Y — iHF)3g, — ' HA(A - F)olla.,  (35)

where 7 € (0,1) and (¢, A), e is a critical configuration.
We estimate the term |[(A — F)v||3 q. using Hoélder’s inequality and (3.4) as follows

I(A = F)9[3 0. < 1A =Fliallvlia. = OEH?) W[50 111, - (3.6)
Again, Holder’s inequality yields
1130, < 192003 a. = OE) Y. -
Thus, from (3.5) and (3.6), we get the following lower bound,
(7~ iHAY o, > (L-mI(V — HEW 30, — O], (3.7

where C' > 0 is a constant independent from 7 and H.
Using this estimate, we can bound the GL functional from below as follows:

0> &(,A) = (1= nE(W,F) —nr®|[U[3 o, — O~ e’ [Vl 0, , (3.8)

and this is true for any critical configuration (¢, A)y . .

3.2. Proof of Theorem 1.2.
Having Proposition 1.1 in mind, we have only to prove that (A) implies (B).
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Step 1: First restriction.
Using the constant function as a quasi-mode, we get that, for all e, H > 0,
Ae, H) < H?||F||,, (3.9)
where we take the L*>°-norm on €2 in order to get the uniformity in €.
Thus, if H < 0¢(k) with
oo(k) := K/[|Flloc ,
we have \(e, H) < k% and (B) is satisfied.

From now on, we consider H > o((k) and prove that (A) implies (B) under this
additional condition.

Step 2: Second restriction.

We assume that (A) holds. Since A(e, H) — 400 as eH — +oo and € — 0 (see (1.15)), we
find Ag and g¢ > 0 such that, for eH > Ag and 0 < ¢ < g9, A, H) > 2x2.

The lower bound in (3.8) used with n = ¢, and the min-max principle, yield that,
0> (1-e)(Me. H) = &%) [Ul30. — er?[¥ll5.0, — C* [l 0.
> (1= 20)r"[¢30. — C°l[Wllf . -
Noting that, because || < 1,

3
2 1
meﬂ6:<x¥wﬁm) < 912, < 19} ]2, .

we get, for some positive constants Cy; and eo(k),
0> (1 -2 = Coe®)R? Y30, »

for € € (0,e09(k)] and any 1 corresponding to a critical configuration.
This proves the existence of a positive £1 (k) such that 1) = 0 when € € (0,2 (k)] in contradiction
with (A).

Hence at this stage, we have proven the existence of Ay and e; such that if (A) holds then
H < Age™ ! for e € (0,1].
Step 3: Proof in the remaining case.

We assume that (A) holds and that 0 < o¢(k) < H < Age~!. There exist g and A such that,
for all € € (0, &],

Me,H) <A. (3.10)
)

This simply follows after combining (2.12) and (2.35
We introduce

. 4
A =[Pl — IV —iHAW|3 o, = K[ )10, - (3.11)
The hypothesis on the non-triviality of 1) ensures that A > 0. Also, as a consequence of the first
inequality in (3.1), we get

0<A <K =0(). (3.12)
Notice that the Holder inequality yields that
Rl 0, < #2112 4]0, < CVEAY. (3.13)

By (3.7) and the min-max principle, we write, for any n € (0, 1),
(V= iHAW |30, = (1= n)A(e, H)[¢l30. — Cn '’ [0]lSq. » (3.14)

and we infer the following lower bound,

A2 (M, H) = )¢50, —nMe, H)[Y30, — Cn e W[l 0, - (3.15)
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Using (3.10), (3.11), (3.12), and (3.13), we get, from (3.15) with = eAY/? (note that n € (0,1)
by (3.12) for € small enough),

—(1= Ce)A > (M, H) = #) Wl .
But A > 0, by our hypothesis, hence this yields for € small enough that
e H) = w930, <0,
which implies (B) after observing that [|¢|20. # 0.

3.3. Proof of Theorem 1.5.
Let (¢, A)x m, be a minimizing configuration for H = ¢ + c. We start with the inequality in
(3.8) with n = e. Since |[¢)| < 1 everywhere, (3.8) yields, for some constant C' > 0,

(U, A) = (1 - )E(, F) — Ce2. (3.16)
The quadratic form part in £.(¢, F) can be bounded from below by the min-max principle and
Theorem 1.4, so that

2
E(,F) = (eole,a,2) — 62+ 0)) [0l 0, + 5 I¥l4 e

) (3.17)
K
> = (8* = e(c,0,6) = 0()) , [[¥llz0. + S IWll1g. = R
We rewrite R in the form
2 2 2 2
1 Kk —eo(c,a,e) — O(e) Kk —eo(c,a,e) — O(e)
R:5/ (mw\?—( ) g L 2 Leja,
Q. K 2K
and get
k% —eo(c,a,¢€) g
EF) >R - Lo, - o). (3.18)

2k2
After inserting this lower bound into (3.16), we get the lower bound part in Theorem 1.5.
To obtain the matching upper bound, we write

Egs(’{a H,&) S g&(ua F) )

and choose as function u(z) = u(s(x),t(x)), which is defined in the (s,¢) coordinates by

K™ —¢olca V2 nows
(s, t) = v(s) exp(—ngoo(s,t)), v(s) = G 90(/{, ’6))+ exp <z OL > .

Here ¢ is the smooth function introduced in (2. 5) and ng € Z is defined just after (1.19).

Collecting (2.3), (2.7) and (2.8), with the choice b. = H, we get
E(u,F) < (1+0(e / / ( (05 — iH fo)v|? — K2|v|* + |v|4> dx + O(e / / lv|2dtds
(k% = eo(c,a 5))

< (14 0(e)) (2Le) £+ 0(2).

2K2
The last statement in Theorem 1.5 follows immediately of the upper bound, and the more
accurate lower bound of & (¢, F):

(KZQ —eo(cya, 5))2
21%2 +‘Q€‘ ZR+

k2 —eolc,a,e ?
- Y oy

2 2
(/<; eo(c,a,a))+ 0.

E(V,F) +
(3.19)

together with (3.16).
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4. ANALYSIS OF GROUND STATES AND STRONG DIAMAGNETISM — APPLICATIONS

We discuss in this section some consequences that we obtain from the statement of Theorem 1.4
or along its proof.

4.1. On the multiplicity of the eigenvalue A(e,b.).

Along the proof of Theorem 1.4, we get some information regarding the multiplicity of the
eigenvalue A(e,b.) when (1.17) holds. Interestingly, we get that A(e,b.) is simple when the
‘separation’ condition (SC)s is satisfied.

Proposition 4.1. For any § € (0, 3), there exists €9 > 0 such that, for all € € (0,e0] satisfying
the separation condition (SC)s (see (1.24)) the eigenvalue (e, be) is simple (where b is given by

(1.17)).

-1
Proposition 4.1 can not be used for the sequence <€n =aq <ﬁ (’T—L" — a) c> > since for
n>1

any 6 > 0 the values ¢, violate the separation condition (SC)s for n large enough. Proposition 4.2
addresses this degenerate situation, but unfortunately, it does not provide the exact value of the
multiplicity.

Proposition 4.2. There exists g > 0 such that, for all € € (0,eq], the multiplicity of A(e,be) is
< 2.

Proof of Proposition 4.1.
From Theorem 1.4, we can choose €9, M > 0 such that, for all € € (0,eg], the eigenvalue
A(e, b-) satisfies
a? T, 2
Ae, be) < 3 + (zl()(C, a,e)) + Me, (4.1)

where b, = £ +c.
Let us denote by $), . the self-adjoint operator defined by the quadratic form in (2.18) for

@ = oy, § = 0; and ¢ = (. given in (2.19) and (2.20). We also denote by (4($nc)),~, the non

decreasing sequence of eigenvalues of £, . counting multiplicities. Note that, for all k& > 1, the
eigenvalue fu;($p c) is simple, and by (2.24),

p2(Hne) > <E>2 : (4.2)

a

Now, using (2.7)-(2.9), the min-max principle and the decomposition into Fourier modes (see
(2.13), (2.17) and (2.18)), we get that,

A (ﬁf;) > 6711 — Ke)x (@f)n,g) , (4.3)

where K > 0 is a constant, and for an operator 3, A (B) denotes the k’th min-max eigenvalue

of B.

As a consequence of (4.3),

(Ebf % + (Z io(c,a 5))2+M€>
< Card <{(n, k) € Z x N* : pp(9n.e) < 0-(1— f(e)%i—; + <%io(c,a,s)>2 + Me) }) ,
(4.4)

where N (Efjg, A) denotes the number of eigenvalues of the operator Efjg below A, counting mul-
tiplicities.
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For 0 < Ke < 1, we have (1 — Ke)~! < 1+ 2Ke and consequently,

2 T 2 2

5.(1— Ke)! (% + <Zi0(c,a,e)> n Me) <6.(1+ 2Ke)<i2 + (%io(c, a,e))2 + Me) .

Thus, there exists K; > 0 such that, for all € € (0,1/K),
- 2 2 a? T 2
L= Rey (G + (Folewa) +Me) < ox(G5 + (Fiolero.0)) + fac)
e ( £) TR Llo(c,a,a) + Me) <0, o Llo(c, a,e)) + Kie

= 55(;rel£m(ag, a) + Kla) ,

where m(ay, a) is introduced in (2.29).
Furthermore, by (4.2), for all £ > 2,

5€<;r€1£m(ag, a) + K1€) < k(D) -

Thus, we infer from (4.4),

2 2
N (Ebf 24 (Z o(c,a 6)) —|—M€>
< Card <{n €Z : p1(Hne) < 0 (mf m(ayg,a) + Kle) }) . (4.5)

The condition of separation ensures that there exist a unique ng € Z minimizing the problem in
(1.18) and do > 0 such that, for all n € Z \ {no} and ¢ € (0, go] satisfying (SC)s,

m(am,a) > m(an,,a) +dp . (4.6)
Using (2.33), we can restrict to counting the set of n € Z satisfying the conditions

T

lag,| < 10(a + E) and 11 (Hn) < 55(m(an0,a) + Kla) .
For n € Z\ {no} and |a,| < 10(a + 57), we know, thanks to (2.28), that
,Ual(f)n,e) = 56m(an7 a) + 0(56) .

We infer from the condition in (4.6), that, for ¢ sufficiently small,

d
/‘l(f)n,s) > 55 (m(ano,a) + EO> .

Consequently, for e sufficiently small,

(ﬁbf a—+ (z olc,a 6))2+M6> <1

which, when combined with (4.1), yields the simplicity of the eigenvalue A(e,b.). O

Remark 4.3. Collecting (4.3) and (4.6), we get under the assumptions of Proposition 4.1 that

the spectral gap between the first and second eigenvalues of Ef}s satisfies for ¢ sufficiently small,
do

Ao(g,be) — A(e, be) > 5 (4.7)

Proof of Proposition 4.2.
The problem in (1.18) may have at most two minimizers. Let ng be the smallest minimizer of
(1.18). There exist d’ > 0 and €y > 0, such that for n € Z\ {ng,ng+ 1} and ¢ € (0,£¢], we have

m(ap,a) > m(ap,,a) +d . (4.8)
Consequently, (4.5) yields the existence of €9 > 0 such that, for € € (0, gg],

2
<£ZEE 611_24_(2 (cas)) +M€>§2
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where M is the constant in (4.1). O

Remark 4.4. Assume that 0 < ¢ < g¢ and the problem (1.18) has two minimizers ny and
mo = no + 1. Then, there exists M’ > 0 and a possibly smaller gy > 0 such that, for e € (0, o],
the second min-max eigenvalue satisfies,

2

2
Ao (g,bs) < Cll—2 + (%io(c, a,s)) + M'e. (4.9)

This can be achieved by using the min-max formula with the two dimensional eigenspace
Vo := span (vno, vmo) , where, for every integer n, the function v, is defined as follows,

vn(s,t) = exp <—i%s) Up (bglt) , (4.10)
with u, the normalized ground state of the effective operator £, . .
-1
This case covers the sequence (ey,),~; with &, = a (ﬁ (”—L” — a) — c) , where, by Theo-
rem 1.4,
2 2

a ™
)\(en,ben) n—)A—J}—oo E + m .

An interesting question would be to determine the gap Aa(ey,be,) — A(en, be,,) -

4.2. Structure of ground states. When the separation condition (SC)s holds, the eigenvalue
A(g, be) is simple. We can prove that the ground states of the operator EZEE have a simple

structure. We denote by II. the orthogonal projection on the space of ground states of Efjg and
will have:

Proposition 4.5. For any § € (O,%), there exists €9, My > 0 such that, for all e € (0,ep]
satisfying condition (SC)s, we have

|uo — Meupll2,0. < Moe,

where
e b. is given by (1.17),
e ug(xz) = exp < — ibgcpo(s,t)) exp in(l)jrs , (x=Do(s,t)),
® ng € Z is the minimizer of (1.19),
e g is the function in (2.5), and ®q is the diffeomorphism introduced in (2.1).

Before the proof we recall an abstract lemma in Hilbertian analysis which reads in our appli-
cation as follows:

Lemma 4.6. Assume that ¢ € (0,1), K >0 and v € H*(Q.) satisfy

Qe (v) = /Q (V — ibF)of? dz < Ae,be) ollZ.0, + K- (4.11)
Then
Qe p. (v —1TLv) < A(e,be)|jv — HgvH%QE + K, (4.12)
and
<)\2(6, be) — A(e, b€> lo = TLv|3q, <K. (4.13)

Here b, is given in (1.17).

We will use Lemma 4.6 in the proof of Proposition 4.5 and also later in Section 5. For the
convenience of the reader, we recall its standard proof.
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Proof of Lemma 4.6.
We start by observing the following two identities

vl50, = llv —ILv|5 o, + [Hevl3 0, ,
and

Qz—:,bE (U) = Qs,bg (U - Hav) + Qs,bg (Hev)
= Qa,bg(v —ILv) + A(e, bz—:)HHE-:UH%,QE .

This implies through (4.11) the inequality (4.12).
Now, we write by the min-max principle,
Qep. (v — [Mev) > Ao (e, be)l[v — HEUH%,QE .
Collecting the foregoing estimates and (4.11), we get
Mo(e,be)llo ~ TevlBg, + Mo, be)TevlB g, < Me,be) (o — vl + Mo, ) + K
which gives (4.13) and finishes the proof of Lemma 4.6. O

Proof of Proposition 4.5.
Let eg(c,a,e) be the quantity introduced in (1.22). It is easy to check that

/ lug|? dz = 2Le + O(£?),

€

and
Qpeluo) = [ (V= bF)uol d < 2L co(cs0,8) + O2).
Qe

Now, using Theorem 1.4, we may write

Qe b. (u0) < A(e,be)l[uol3 o, + O(?) - (4.14)
By Lemma 4.6, we deduce that

(Nae,be) = Ale,be) ) 1o — ool 3., = O(2).

To finish the proof, we use the lower bound of the spectral gap given in Remark 4.3. U

Remark 4.7. Proposition 4.5 yields the existence of My such that, for all € € (0,g0] and u €
L*(9.),

< Mye'? |ulz,0, -
2,0,

1
Mou— ——
H el |Q€| <ua u0>u0

Indeed, since the eigenvalue A(g, b.) is simple, the corresponding eigenspace is spanned by the
following normalized ground state

1

—  TLug
[Meugll20. =

Ue =

and

Mow = (u, ue)ue .
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4.3. Breakdown of superconductivity. A celebrated result by Giorgi-Phillips [4] establishes
the breakdown of superconductivity when the parameter measuring the strength of the magnetic
field is sufficiently large. One consequence of the main results of this paper is the following
‘quantitative’ version of the breakdown of superconductivity.

Proposition 4.8. Given x > 0 and a > 2v/3k, there exists eg > 0 such that, for all ¢ € (0, ],
all H > %, every critical point (Y, A)x n e is trivial.

Proof. We first see from Theorem 1.3 (assertion (A), with N > k?) together with Theorem 1.2,
that this is true for H > d?o.

Assuming now that H < Ci_—o, we prove it by contradiction. If there were sequences (Hy,)n>1
and (€y,)n>1 such that e, — 0, H, &, — « for some a € [a,+00), and a non trivial minimizer,
then an easy adjustment of the proof of Theorem 1.4 yields that

2

«
A(&n, Hn) ~ E

. 2
+ <flo(0’a’€n)) :
Consequently, we get A(ep, H,) > x% for n large enough, because ?—; > k2. Theorem 1.2 leads to
a contradiction. O

4.4. Lack of strong diamagnetism and oscillations in the Little-Parks framework.

The behavior of the eigenvalue in Theorem 1.4 shows a pleasant connection to the oscillatory
behavior of the Little-Parks experiment. The following statement displays counterexamples to
strong diamagnetism.

Proposition 4.9. There exists a sequence (en)n>1 C Ry which converges to 0 such that, for
all N > 1, the function H — X(en, H) is not monotone increasing.

Proof. Choose a > 0 so that
a2<2<a2+1(7r)2
— <K —+-=(=]) .
12 12 4 \L

Let us define the following sequence

aLfyO

a\—1 a
En = <N—§) for N € N (5, +5).

™

Define H{ < HY < HP by

g _ 4 7 @2 _* [z _ 2 T
N z’::N 2"}/0[/ ’ N e’;:N ’ N e’;:N 2’)’0[/
Then, we notice that, as N — +o0,
2 1 /m\2 2 a2 3 a2 1 /m\2
NG H(I)Na— _(_) 2 NG H()N— 2 NG H()N— _<_> 2‘
(En, Hy') 5Tal\g) > (En, Hy') TR (En, Hy') ptily) >#
Hence we find Ny such that the statement of the proposition holds for enx = x4, - O

Remark 4.10. Along the proof of Proposition 4.9, we obtain the two remarkable observations:
e For N sufficiently large H](\}) < H](\?) while A(éN,HJ(\})) > A(éN,H](\%)).

e By Theorem 1.2, for large N, the minimizers (¢, A)
while any critical point (¢, A)

y . , 1 = 1,3, are non-trivial
"‘@7H1(\7})75N? [ 5

e HD iy is trivial.
Thus, the transition from the superconducting to the normal state is not monotone, which is in
agreement with the Little-Parks experiment.
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5. STRUCTURE OF THE ORDER PARAMETER AND CIRCULATION OF THE SUPER-CURRENT

5.1. Hypotheses. Throughout this section, we work under the following hypothesis on the
parameter H:

H=b. ::g—i—c (5.1)

where a > 0 and ¢ € R are fixed constants.

The results of this section will concern an arbitrary minimizer (¢, A). g of the GL functional,
provided H satisfies (5.1), and ¢ satisfies the ‘separation’ conditions (SC)s and (SC)j introduced
in (1.24)-(1.25).

5.2. Approximation of the order parameter.
In light of Theorem 1.5, we introduce the following quantity
2
k* —eo(c,a,¢)
AL = — =2 (5.2)
where ¢q(c, a, ) is introduced in (1.22). Note that, under the hypotheses in Subsection 5.1, there
exists a constant ¢y > 0 such that, for all € sufficiently small,

Let ug be the function introduced in Proposition 4.5. We will prove that, up to multiplication
by /A% and a complex phase, the function uy provides us with a good approximation of the GL
order parameter .

Proposition 5.1. There exist constants C,eq > 0 such that, if

e ¢ € (0,e0] satisfies the separation conditions (SC)s and (SC)j ;
o H satisfies (5.1);
o (Y, A): m is a minimizer of the GL functional in (1.1);

then, there exists a. € C such that |a.| =1, 9 satisfies

[ = acv/Az uollyq, < Ce, (5.4)
and its trace on 0S) satisfies
HT’Z)/aQ — Qe V Ai (uo)/aQHLQ(aQ) S 051/2 . (55)

Proof.
Proof of (5.4). Collecting (3.16) and (3.19), we infer from Theorem 1.5,
1
E(¥,F) = —5(A)*[0| + O(%). (5.6)

Furthermore, it results from Theorem 1.5 (see (1.23)) together with the definiton of A in (5.2)
that

|16l = az]|, =0 and || l¢] - VAT | = 0. (5.7)
Consequently,
Wlia. = (A% +O(?)  and |93, = AIQ:| + O(?). (5.8)

Note that (5.2) yields that x?(—(A%)? + AS) = ASe(c, a,e), which in turn yields the following
identity,

K> K2
=5 (A1) + K lI¥lE 0. — S I¥llie. = (A% cole,a,8) + O(?)
= eo(c,a,8)[Y 50 +O@E?).
Now we insert this identity into (5.6) to get (see (1.1) and (1.11)):

A\N—HWWPM=mmm@Wﬁ%+0@%
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Recall that H = b, with b, given in (5.1). Using Theorem 1.4 and the definition of ¢y(c, a, &) in
(1.22), we get further

/Q (V= ibF) P dz = (Mbe,€) + O(e) [0, + OE)

< A=, ) [9lf3 0. + O(?).
Now, we can apply Lemma 4.6 (with v = 1)). Using the estimate in (4.7), we get

19 = Tell2,0. = Ole), (5.9)
and
|(V —iHF) (¢ — ILy)|, o = O(e). (5.10)
Let ug be the function introduced in Proposition 4.5. By Remark 4.7, we know that
M — (i uo)uo| = O, = O) (511)
|Q€| 2,0

We can estimate (¢, ug) as follows.
On one hand we have

(Metp, ) = T30,
= [Wlzq. — I —Tv[3 0, = AZIQ:] + O(?),
by (5.8) and (5.9).
On the other hand, using (5.9) and (5.11), we have

(Metp, ) = == 1, u0) > + O(e) [¢l2.0. =
thereby obtaining that
(W, u0)? = Q] (AL + O(7?)) = |2 PAL + O(7/2).

w0 + OE2),

jo

1
2|

Now, we set

U
" QZ,UEQ 12
We observe that
0e/BE — - (w,u0)| = 0(=12), (5.13)
and, after collecting (5.9) and (5.11),
!’1&—@5\/1\72110“2796 =0(¢e). (5.14)
U
Proof of (5.5). We first compute,
[(V = i HE) (It — acr/A5 o) |5 = [[(V = iHF)Ly|3 o, + H(v — iHF)ac/A5 w5
+ 2Re((V — iHF)ILy, (V — i HF)a.\/AZup) -

We perform an integration by parts to rewrite the last term of above in the form
(V —iHF)9, (V — iHF)ac/Asug) = (—(V — iHF)*TI1), ae/Adug)
= Ae, H)(TL.t), ac/Asup) .
We then insert (4.14) and get,
(V= i HF) (It — ac /A5 o) |5 . < Ae, BTt — acy/AS o) |5 + O(?)
=0(e%),
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where we used (5.11) and (5.13) for the last statement above. Combining this estimate and
(5.10), we get

[(V —iHF) (¢ — a:/As uo)]| 5. = O(e).- (5.15)

Let us introduce the function

P — az/AL uo‘ .
By the diamagnetic inequality, we infer from (5.15),
[Vw|j2,0. = O(e). (5.16)

w =

Define now the re-scaled function
[—L,L) x (0,60) 2 (5,7) = e (s,7) = (s, 65 eT)
where W = w o &g, Py is the transformation introduced in (2.1), and ¢y € (0, 1) is a sufficiently

small constant so that the transformation ®q : [-L, L) x (0,£9) — €2, is bijective.
We can define a function w, € H 1(950) by means of the function w. as follows

we(z) = we(s, ) for z = (s, 7).
Consequently, we obtain from (5.14) and (5.16),

el o) = O?).

By the trace theorem, we deduce that

e |2 (00) = OE?).

Having proved (5.4) and (5.5), we have achieved the proof of Proposition 5.1. O
5.3. More a priori estimates.

Using the curl-div estimate, we can write,
|A = Fllinq) < Cllerl (A — F) 20 = O, (5.17)

where we used (3.1) and (3.2) to get the estimate O(g?).
Also, the following estimate holds (see [1, Lem. B.1])

|A = Fllg20) < C[[Vewrl (A = F)| 2 () = O(¢?) (5.18)

where we used (3.1) to get the estimate O(g?).
Consequently, the Sobolev embedding theorem yields, for every a € (0,1),

IA = Fllcoag) = O?). (5.19)

5.4. Proof of Theorem 1.6.
With the following notation
(a,b) = Re(ab) (a,be C),

we may express the super-current as follows
J= @, (V—iHA)p).

We will prove (see (1.26)) that
1 41y
— t-jds = A
109 Joq " 109

where t is the unit tangent vector of 0f) oriented in the counter-clockwise direction, and ng € Z
is the minimizer of (1.18). Note that ng depends on ¢ and is O(e~!), as ¢ — 0.

+o(e™) (e —=04), (5.20)
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Lemma 5.2.
/ t-jds=—HAL|Q| +/ t- (i, Vp)ds +o(e™1) (e = 04).
o0 oN
Proof. We perform the simple decomposition

j=—HA[P + (i, Vo).
In light of (5.5) and (5.19), we write,

/ t-A\zMst:A,i/ t-Fds+o(l) (c—0,).
o0 o0
By the Stokes formula,
/ t-Fds=/curlex:|Q|.
o0 Q
O

Let @y be the transformation introduced in (2.1). Denote by Y=o i 1 and define the
function u = @ o ®q as follows

[—L,L) x (0,€) 3 (s,t) > ii(s, t) = (AZ)"zat etHeolst) g=inoms/Lyjy (g 4) (5.21)

where g is introduced in (2.5) and . is the unit complex number defined in (5.12). Thanks to
(5.3), u is well defined by (5.21) and satisfies

(s, )] < —=(s,1) (5.22)

< —.
NEY

Furthermore, it results from (5.5) that ﬂ‘t:o converges to 1 in L?([~L, L)).

L 5
/ / (19 + 052 ) dds = O(c) .
—LJO

Proof. By a computation analgous with the one in (2.3),

NG

Lemma 5.3.

L 5 ~ ‘ ~ I£2
e ) =a:1+06) [ [ (0P + 10, + V)R )dtds = i, + 61,

where

Ve(s,t) = Zno + Hf(s.1).

and f is introduced in (2.2).
Consequently, we infer from (5.6) and (5.8),

L e L e
/ / |0,a|?dtds = O(¢) and / / (05 — iV2)a|?dtds = O(e) .
—LJo —L JO

To finish the proof, it remains to to prove that f—LL Jo 10s0|* dtds = O(e). To that end, it is
enough to prove that f_LL Jo Veal? dtds = O(e).

Since ng minimizes (1.18),

< (5.23)

DN | =
(S

< Bno(c,a,e) +

L /a a
no—i-—(——i-C)’)/o —
T \¢€ 2
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Since H = 2 +cand t € (0,¢),

Ve(s,t) =

HL HtL Ht’L
<no + 'yoﬂ + + k(s))

T 27

% <g n c> 70> + O(Ht) + O(Ht2)

I
SESIEIISTE
= —
T3

o

+

(ol

Now, the foregoing estimate and (5.22) yield,

L e L €
/ / \Vea|*dtds = (9(1)/ / [u|2dtds = O(e).
—-LJO —LJO

O
Lemma 5.4. ) A
— . =A— .
Proof. Notice that
L
/ t- (’LT,Z), V?,Z)) ds = / (Z¢’ 83¢)|t:0 dS,
oN —L
where (see (5.21))
S T - -
(1), 881/’)‘15:0 = Ai( — HOsp0(s,0) + noE) |a(s, O)]2 + A% (ia, 8Su)‘t:0 .
Consequently,
L 2 L
| @000 g ds =0T [ ats0)Pds - A H [ dun(s0)a(s,0) ds
-L —L ~L
: (5.24)
+ Ai/ (it, Bst1)|,_, ds ,
-L
with .
u(s,0)|“ds = 2L +o(1) = +o(1), 5.25
%ds = 2L o0
-L

since @ — 1 in L?([~L, L)), as € — 0.
We estimate the integral of 950 (s,0)|i(s,0)|2. By the periodicity of the function ¢y,

L
/L 65@0(‘9’0) ds = SDO(L’O) - 900(_L’0) =0.
Using (5.22),
L
' / Dl 0)(a(s,0)F 1) ds

since @ — 1 in L?([~L, L)). Thus,

1 L B
< (1 T ﬁ) foeolle [ [1i(s,0)] ~ 1] ds = o(1).

L L L
/ spo (s, 0)\&(3,0)]2 ds = / Oso(s,0)ds +/ 884,00(3,0)(\&(3,0)]2 —1)ds =o0(1). (5.26)
L —L —L

It remains to estimate the integral of (iu, dsu In fact,

izo:

L L 5
/ (it, 0st1)|,_ ds = / / O (xe(iw, O50)) dtds (5.27)
—L —-LJO

where x.(t) is a cut-off function in C£°([0, +o0) satisfying x. = 1 in [0, 5), supx. C [0,¢),
0<xe<1and |Vyx:| =0O(c 1) in [0, +0c0).
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Note that
Oy <Xs(iﬁ7 3521)) = (@Xs)(iaa asﬁ) + Xa(iatQL 3SU) + (iX6a7 3t35ﬁ) .
Using Lemma 5.3 and the Cauchy-Schwarz inequality, we get
L €
[ [ ol o.) dids < 0l [osila. = O0).
-LJo
and
L €
| [ et o) deds < Il 0l 0.0, = OC).
-LJo

As for the term (ix.@,0.0su), we do an integration by parts in the s-variable and use the peri-
odicity with respect to s to get

L e L e
/ / (ixeU, 0 0su) dtds = —/ / (ix0st, Opr) dtds .
-LJo -LJo

Now, by Lemma 5.3 and the Cauchy-Schwarz inequality,

L €
‘/ / (ixeT, 0,0s1) dtds
—LJO

Collecting the foregoing estimates, we infer from (5.27),

< [Ixelloo.c10rtl2.0. [0sul[2.0. = O(e) -

L
/ (it, 851)|,_, ds = O(1). (5.28)
-L
Inserting (5.25), (5.26) and (5.28) into (5.24), we finish the proof of Lemma 5.2. O

Proof of (5.20). By collecting the formulas in Lemmas 5.2 and 5.4, we obtain
2w )

— t-jds:A‘;(——ny)—i—og_l.
29 Joe oy~ Hwo) ol

This fomula yields (5.20) since ng = —F H~o + O(1), by (5.23). Having proved (5.20), we have
finished the proof of Theorem 1.6. O
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