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Abstract
Consider a two-dimensional laminar flow between two plates, so that
(1’1,.%'2) € R x [_17 1]7 given by V(xth) = (U(l’g),O), where U € 04([_17 1])
satisfies U’ # 0 in [—1,1]. We prove that the flow is linearly stable in the
large Reynolds number limit, in two different cases:

o sup,ei_1,1) [U" ()| + supye_q,1 [U" ()] < minge(_1 1) |U'(2)]
(nearly Couette flows),

o U"#£0in [~1,1].

We assume either no-slip or fixed traction force conditions on the plates, and
an arbitrary large (but much smaller than the Reynolds number) period in
the x7 direction.

1 Introduction

Consider the incompressible Navier-Stokes equations in the two-dimensional pipe
D=Rx(-1,1)

{8tv—eAv+v-VV:—Vp in R, x D (1.1)

V=11 on R, x 9D,

where 7; = (1,0) and v = (v1,v3).
We require periodicity in the z; direction, i.e., for all (¢,x;,z5) € Ry X D we have

v(t, 1 + L, x9) = v(t,x1,29) , (1.2)

for some L > 0, which may be arbitrary large, but must satisfy L < ¢! as e — 0.
An initial condition on v at t = 0 must be placed as well. The vector v = (vy, v)
denotes the fluid velocity field which belongs, for all 7' > 0, to

WT7L = {u c L2<O,T; H2

loc

(D,R?)) |divu =0, u(t,r; + L,x5) = u(t,z1,25) },

where the divergence is taken in the spatial coordinates. Here u € Hf (D))
for some k € N means that for any ¢ € C§(R), it holds that
(21,22) = (x1)u(xy, x5) € H¥(D). Similarly, u € Hf,,.(D) means that for any
¢ € C(R), (x1,22) — ¢(x1)u(zy, 12) € HE(D). Recall that

v =0, Y 4, IV
A% V—’Ulax1 ’Ugax2.

The pressure p belongs, for all T > 0, to
QT,L = {p € L2(07 T Hllc)(:(E)) ‘ VP<ta r + L, x2) = VP<t7 21, x2) } :
The trace of v on the boundary is constant on each connected component of R, x9D:

{op(—1),05(1)} € R?.



The parameter ¢ > 0 denotes the inverse of the flow’s Reynolds number Re > 0.
Beyond the above no-slip boundary condition we shall also consider a prescribed
constant traction force on the boundary, i.e.,

8’01
el S =0 1.3
where s,(£1) € R denote the prescribed traction force on D = R x {£1}.
We consider the stability of a stationary pair (v,p) where the flow v is of the
form, for (zq,x9) € D, A
V(zy,22) = Ulz2) 41 -

For such flows, (1.1) is satisfied for (v, p) if and only if there exists some constant a
and pg such that, for (z1,29) € D,

U'(z1,20) =a ; plry,22) =€ax; +po. (1.4)

Depending on the boundary condition (no-slip or fixed traction force), U should
satisfy an inhomogeneous Dirichlet condition U(£1) = v,(£1) or an inhomogeneous
Neumann condition U'(£1) = s,(£1).

We shall not confine ourselves, however, in the sequel to such unperturbed ve-
locity fields and discuss a more general class of motions (cf. also [12, p. 154]),
which can be obtained if we add a non-uniform body force b(zy, z2) = b(z3)is to
the right-hand-side of (1.1). Such a generalization can be useful if one attempts to
examine the stability of a flow in an arbitrary 2D cross-section but uniform in the
longitudinal direction. The linearized operator associated with (1.1), at the flow
(v,p), assumes the form

(u,q) = To(u, q) := Tu — Vq (1.5)
where
Ju )0 .
Tu=—€eAu+U—-—+ wU's;, inD, (1.6)
8361
where ¢ € 9y, given by
Qu = {p € HL(D) | Vol + L) = V() and [ plar,e2)doide = 0}
(0,L)x (—1,41)

and u = (uq, uy) belongs to either

pa=facwlul,, =0.u],, =0}

:0},
oD

W={ue H..(D,R?*) |divu=0; u(-+L,-) =u(--)}.

or to

6u1

Ers

W@;:{uEW’

:O,Ug
oD

where



Remark 1.1.

e Note that when no-slip boundary conditions, introduced in (1.1), are applied,
then u € Wy. Otherwise, if we select (1.3) instead, then u € We.

e Note that that for any p € Qy, there exists A € R and p such that p(zy,x2) =
Axy + p(x1, x2) with p satisfying the periodicity condition p(-+ L,-) = p(-,-).

We now attempt to define a spectral problem for 7,. We seek an estimate for
the solution (u, ¢q) for some A € C and F in a suitable space of the equation

To(u,q) —Au=F. (1.7)

To this end we need to define the function space in which the solution should reside,
and then to formulate an effective spectral problem involving only u, so that ¢ is
recovered in a final step directly from u.

The local stability of the flow (1.4) has been addressed mostly by physicists and
and engineers [12, 22, 36, 32]. Poiseuille flow (U(z) = 1 — %), which falls outside
the scope of this work, and Couette flow (U(z) = z), have received some special
attention. Thus, for Couette flows it has been established, using a mix of numerical
and analytical techniques that Couette flow is always stable [35, 30], and established
numerically [28] that Poiseuille flow looses its stability for ¢! ~ 5772. In [34] a
survey of results published in Russian is presented where the locus of part of the
spectrum (but not its left margin) for Couette and Poiseuille flows is approximated
in the limit € — 0.

It should be emphasized that experimental observations (cf. [11]) conclude that
Couette and Poiseuille flows loose their stability for Reynolds numbers that are
much lower than e~! = 5772. It is commonly believed that these instabilities arise
due to finite, though small, initial conditions. Thus, it has been established in [§]
that unbounded Couette flows (in R instead of [—1, 1] as is presently considered),
assuming a period L = 1, are finitely stable for O(¢*/?) initial data. From a different
perspective, in [14], Sobolev stability of a Prandtl boundary layer is studied, leading
to a similar problem in D = R x R, for sufficiently small period (L < 1).

To obtain non-linear stability one needs in [8] to use semigroup estimates (and
not only the locus of the eigenvalues as in [34]), associated with time dependent
equation

uy — To(u,q) =0

in Wy or Ws.

Unlike the unbounded Couette flow in [8], the semigroup associated with more
general laminar flows in [—1, 1] is not explicitly known. In the present contribution
we thus consider, in the limit ¢ — 0, velocity fields U € C*([—1, 1]) satisfying U’ # 0
n [—1, 1], of two different types: nearly Couette flows, so that

sup |U"(z)|+ sup |U"(z)] < min |U'(x)],
z€[-1,1] ze[-1,1] ze[—1,1]

and velocity fields for which U” # 0 in [—1, 1]. We prove that these laminar flows are
stable and provide C'(R; £(L?)) estimates for their associated semigroup norm. We

bt



believe that these linear estimates would be useful when considering the nonlinear
stability of these flows in a bounded interval.

The rest of this contribution is arranged as follows.
In the next section we formulate the spectral problem by using Hodge decompo-
sition. Since the standard Hodge decomposition [15] is not a direct sum in this
periodic setup, we define a space of zero-flux perturbations, and then formulate our
main results in this space.
In Section 3 we present the problem in terms of the stream function and its Fourier
coefficients and arrive at the Orr-Sommerfeld operator.
In the next section we consider the inviscid problem (where € = 0) in Fourier space.
Section 5 includes some resolvent estimates obtained for one-dimensional Schrodinger
operators on the entire real line and for their Dirichlet realization in (—1,1).
In Section 6 we consider the same Schrodinger operator on (—1,1) and R, but this
time in a Sobolev space of functions satisfying certain orthogonality conditions (cf.
34]).
Section 7 provides inverse estimates for the Orr-Sommerfeld operator for the fixed-
traction problem, whereas Section 8 provides the same estimates for the no-slip
realization.
In Section 9 we prove the main results.
Finally in the appendix we bring some auxiliary estimates obtained for Airy func-
tions and generalized Airy functions.

2 Spectral problem formulation and main results

We now amend the spectral question presented in (1.7) to a more standard spectral
problem. To this end we use a variant of Hodge decomposition adapted to our
periodic setting (see [15, Theorem 3.4] for the standard case), which allows us to
eliminate q.

2.1 Hodge theory

Let B
H={uc L] (D,R*|u(-+L,")=nu(,")}, (2.1)

loc

where the scalar product for the Hilbert space H is given by

HxHS (u,v)— u-vdridrs,
(0,L)x(—1,1)

and the two closed subspaces of H

Hewt = {u e L (D,R*)|curlu=0; u(-+ L,-) = u(-,-)},

loc
and
Hayy = {u € L} (D,R?)|divu=0; u-n|spp =0; u(-+L,-) =u(-,-)}.

We have



Lemma 2.1.
Hdiv N %Curl - Span(lv O) .

Proof. Let u € Haiy N Heunl, and @ = (g, uy) denote its partial Fourier transform
with respect to xq, i.e.,

1 [* :
u(n,xe) = f/ u(zy, zp)e 2/l dyy (2.2)
0

It can be easily verified that, for any n € Z,

i25ndis(n, z) — ﬁﬁl(n, x9) =0
’i%rmll(n, x2) + d;j&ﬂg(n, x9) =0

712(77/, —1) = 712(77/, +1) = 0.

- ~—

From the above we can conclude that a(n,zs) = 0 for n # 0, 43(0,22) = 0 and

11(0, z9) = Const. 1

With the above in mind, we introduce
HS,, = {u € Hai , (u,(1,0)) = 0}. (2.3)

The orthogonality condition reads
/ ul(ffl,l‘g)dl‘ldl‘g =0. (24)
(0,L)x(—1,+1)

We can now prove the following Hodge decomposition:

Lemma 2.2. Hgiv and Hewn are orthogonal subspaces of H and

H = %Curl & Hgiv .

Proof. Let u € H. Let further ¢, € H} (D) and H} (D) denote the weak solutions
of

—A¢, = divu in D
% =0 on 0D (2.5)
¢e(y)=0¢(-+L,-)+AL in D,
and
—A¢pg = curlu in D
¢a=0 on 0D (2.6)

(bd('v ) = (bd( + L7 ) inD.
In the above

1
A= 2{u,(1,0)). (2.7)

It can be easily verified, by using the Lax-Milgram Lemma, that there exists a
unique solution for (2.6). Similarly, by using (see Remark 1.1) the ansatz

¢c = Axl + QNSCa (28)
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there where ¢.(-,-) = @o(- + L, -), it follows that there exists a unique, solution of
(2.5). (Note that the Neumann condition in the second line of (2.5) is satisfied in

H l;cl / 2(OD) sense.) Equivalently, we can say that g?)c is the unique periodic solution,

orthogonal to the constant function, of

/ (Voo — 1) - Vodaydzs = 0,
(=1,+1)x(0,L)

for every L-periodic v € H*((—1,+1) x (0,L)).
Clearly, V¢, € Hewl, Vidg € HYiy, (u— V. — Vg4, (1,0)) = 0, and, by the
periodicity of ¢4 and V¢,, it holds that

<v¢ca VL¢d> =0.

Finally we set u = v + V. + V¢, to obtain that v € Heyn NHY,, and hence, by
Lemma 2.1, v = 0. 1

2.2 Zero flux solution

Since Wy ¢ HY,, for # € {D, S}, we need to introduce the following spaces, as the
domain of the operator in the spectral formulation

I/V%:{ue)/vo)u1 =0, uy :0}, (2.9a)
oD oD
and 9
0 _ 0| 9t — = } 2.9b
W {uEW Tl = 00| =0}, (2.9b)
where

W ={ue H:,(D,R?*)|divu=0; u(-+L,-) =u(-,), (u, (1,0)) = 0} .

While it seems that the orthogonality requirement (2.4) is an unjustified limitation
of the perturbation space, we show in the sequel how one can solve the stability
problem in Wy from its solution in W%. Hence, (2.4) does not result in any loss of
generality.

Let then P : H — HY,, denote the orthogonal projection on HY, , given explicitly
for some u € ‘H by V¢4, where ¢4 is the solution of (2.6). Rewriting (1.7) in the
form

Tu—Au—F =Vgq,

we observe that Vq € Hey. Then, projecting on HY, , we may write, for u € Wt?

P((T-A)u-F)=0.

With the above in mind, we now define as an unbounded operator on H3;, whose
domain is W' (which is clearly dense in Hg;, )

T, = P%. (2.10)

By this definition we have
(%% — A)u = PF, (2.11)

which appears to be a proper formulation of the resolvent equation.

8



Proposition 2.3. iﬁp is semi-bounded on HY;, and has compact resolvent. Further-
more,
et Th ) < b let (2.12)

Proof. Let u € Wi. As u L Hey we have
/ 1 !
R(u, Thu) = R(u, Tu) = €| Va3 + Rluz, U'ny) > €| Vulf3 — S lscllulls, (2.13)

verifying, thereby, semi-boundedness. More precisely, the resolvent set of ‘Zgg con-
tains {A € C|RA < —1[|U'||~ }. The semigroup estimate (2.12) is then a conse-
quence of the Hille-Yosida theorem. The compactness of the resolvent is proved by
observing that W, is compactly embedded in Hg;, .

Remark 2.4.

e Suppose that for some Ay € R and C' > 0, we have
sup [[(Th — M) <O,

A<Ap
Aep(T})

Then, by the compactness of the resolvent the spectrum is discrete, and hence
it holds that
sup [[(Th - A) 7' <C.
RA<Ag

o [t results from (2.13) that, for any F € H and # € {S,D}, it holds that

B 1
sup I(TF — A) 7' Flli2 < ~||Fl2. (2.14)
RAL 2|V ||oo—e €

If A is in the resolvent set of ¥, we recover u by
u= (%L —A)IPF. (2.15)
Once we have derived u we can obtain ¢ in the following manner

Proposition 2.5. Let (u, A, F) € W), x C x H satisfy (2.15). Then, there ezists a
unique q € Qp, such that (1.7) holds for (u,q, A, F).

Proof. From (2.11) it follows that
T—ANu—-F=G € Heyr-
It remains to prove the existence of a unique qg € Qp, satisfying
Viec = G. (2.16)

This, however, easily follows from the proof of Lemma 2.2, i.e., one obtain qg as the
unique solution of (2.5) with G in the place of u.



Corollary 2.6. If A is in the resolvent set of iﬁp, then for any F € H there exists
a unique pair (g, qo) € Wy x Qp such that (1.7) holds.

We use the term “the zero flux solution of (1.7)” for this solution.

Remark 2.7.

e From the proof of Proposition 2.5 we learn, in addition, that if A € J(CE%D)
and uy is a corresponding eigenfunction in W% then there exists qn such that
(ua, qa) satisfies (1.7) with FF = 0. We cannot exclude, at the moment, the
possibility that A is not a simple eigenvalue.

e The proof shows also that, for any A € ,0(‘333), the map F +— (ug,qo) (as
defined in the corollary) is continuous from H onto Wgé x Qr.

2.3 General solution

Once the zero flux solution of (1.7) has been found in W9, x Qp, we attempt to solve
the problem more generally in Wy x Q.

Proposition 2.8. Let A € p(‘Zﬁ;), then for any F and any v € R, there exists a
unique pair (W, ¢,) € Wy x Qp, satisfying (1.7) and

(u,, (1,0)) =~. (2.17)

Moreover, (u,, Vg,) continuously depends on + in
HQ((OvL) X (_17 1])) X LQ((OvL) X (_]-7 1)) :
Proof.

Fixed traction

In this case, we observe that vi; € We. Let F € H, and (1o, q0) € WY x Qy, satisfy
(1.7) for some A € p(Tg). Set then

Uy :u0+%f1, QyZQO+A%$1-
It can be easily verified that (u,, gy, A, F') satisty both (1.7) and (2.17).

No-slip
Let again F € H, and (ug, q0) € W2 x Q satisfy (1.7) for some A € p(Tp). Then,
set R

§=qo+eyrr ; u=uo+yV(xa2)ir,

where V' € Wy satisfies

As V(zy) = 2 (1 — 23), we have



and hence (1, (1,0)) = 7.
Clearly, A
T(d) — A — V§=F — AyVi, .

To construct (u,,g,) we introduce (@1, §) € W3 x Qy, satisfying
(i) — At — V§ = Vi, .
The existence of (1, ¢) follows from Proposition 2.5. We then set

(W, ¢y) = (W, qo) + Ay(Q1,§) + y(ex1, Viy) . (2.18)

Clearly, (u,,q,) is a solution of (1.7) satisfying (2.17). It must also be unique by
Proposition 2.5. 1

Note that the above non-uniqueness results from the periodic setup we have
chosen. If instead we had selected to work in L?(D) (an infinite pipe) the solution
of (1.7) would have been unique, since the perturbation flux must vanish at infinity,
and hence must be zero on each cross section. Nevertheless, as will become evident
in the sequel the periodic setting offers significant simplification over the infinite
pipe and is not necessarily less effective as an approximation of a more realistic
setup.

2.4 Averaging with respect to r;

We begin by defining the projection p : L*((0, L) x (=1,1)) — L*((0, L) x (—1,1))
by

L
pu(xy, zo) = %/ u(s, x9) ds, (2.19)
0

and then extend it to IT : L*((0,L) x (—=1,1); R?*) — L?((0,L) x (—1,1);R?) by
writing
[Tu = (puy, pus) for u = (uy, usg) . (2.20)
We first show

Lemma 2.9. II is a projection on HY,, .
Moreover for any # € {9, S}, we have HW% C W%.

Proof. Let u € HY;,. Then u = V| ¢y where ¢y is a solution of (2.6). We may then
write, using the periodicity of ¢g4,

Tu = 9y, (pda) 11 - (2.21)

Obviously, divIIu = 0, and the orthogonality of ITu to (1,0) in H follows from

1
/ Oy (pa) dz = 0.

1

Hence ITu € Hg, . It can now be easily verified that TTW), C WJ,. i

11



Lemma 2.10. P commutes with 1II.

Proof. Let F € H. Then, by the proof of Lemma 2.2
F=V,0,+Vo,,

where ¢4 is a solution of (2.6) and ¢, is a solution of (2.5).
Clearly,

ITF = (8:1:2 (p(bd) + A)il + 8:1:2 (pq;cﬁQ )

where A is given by (2.7) (with F instead of u).
Hence

ITF =V (ppa) + Air + V(poe)
and by uniqueness of the Hodge decomposition we obtain
PILF = (O,pda)is -
Next, we compute [IPF. Observing that

PF =V ¢4,

we get .
[IPF = (0,,pd4)11 = PIIF. (2.22)

We can now prove the following commutation result
Lemma 2.11. For any # € {6,D}, ‘Zgg commutes with T1.

Proof.
We simply observe that for all u € W%

TIu =II%u,

and use the commutation of P and II. &

An immediate consequence follows

Proposition 2.12. For any # € {®, &} it holds that

Me '™ = ¢ 7 11, (2.23)

12



2.5 Main results

Throughout this work we assume that:
Assumption 2.13. U’ does not vanish in [—1,+1], or
m := inf }|U’(x)| > 0. (2.24)

z€e[-1,1

The statement of the main results below involves the spectral properties of the
complex Airy operator on R

d2
Lo=——mtiz, (2.25a)
defined on
D(Ly)={uec H*R,)NH;(R,)|2u e L*(Ry) }. (2.25b)
We denote its leftmost eigenvalue [3] by v4. We further set
Jn(U) = min(|U(=1)[, [U"(1)]) (2.25¢)
We also need below
5y(U) = HU . (2.26)
where [[ul[1,00 = [Jf|oo + [[t']]oc -
Finally we define, for any » > 1 and k > 2,
St = {v e C*(-1,+1)), [inlf . [V (z)] > r~ ! and ||V <7}, (2.27)
ze|—1,+

and then set for convenience of notation

S, =Sk (2.28)
For U € §,, ¢ > 0 and L > 0, we recall that

Tp = Tp(U.e, L)
is defined in (2.9b) and (2.10) (where € appears in the definition of ¥ and L is the
x1 periodicity).
For g > 0, we introduce
Q(8) = {(e. L) € (0,1] x Ry, (L) = B/(2m)}

Theorem 2.14. The following statements hold for any r > 1.
1. Forallé > 0, there exist By > 0 and C' > 0 such that, for any U € S, satisfying

0@ > 1 (2.20)
any (e, L) € Q(Boy), and any t > 0, it holds that
Heft‘l}“’;(U,e,L)” < O 2 efet(7r2/475) . (2.3()&)

Furthermore, for all § > 0, there exist ¥ > 0, fo > 0 and C' > 0 such that for
all all (e, L) € Q(By), t >0, and any U € S, satisfying (2.29) we have

||6—t‘3g(U,E,L)(I . H)H < CL%—SG—%—S e—eT[Le]*Q/Cit ’ (230b)
where 11 is given by (2.19).

13



2. For all § > 0, there exist 6 > 0, By > 0 and C > 0 such that, for any U € S,
satisfying 62(U) < 6, (2.30a) holds true for all (e, L) € Q(5y) andt > 0.
Moreover, for all T < J?,{?’ﬂ%ul, there exist By > 0, 6 > 0 and C' > 0 such that,
for any (¢, L) € Q(By), U € S, satisfying 62(U) < 6, and t > 0, we have

le  SBUSD([ —T0)|| < OLYPe s e XLt (2.31)

For the case # = ®, we first define, for some # > 0, the operator £’ whose
differential operator is given by (2.25a) and its domain by

DL ={ue H*Ry) | (e u) =0, zu c L*(R,)}.

We show later (see Proposition 6.4 and Corollary 6.7) that £? is a closed operator

and that )

0
A . 0 v
fl = ég(f)(lnf Ro (L) + 5 )- (2.32)

is finite and positive. For U € §,., ¢ > 0 and L > 0, we recall that
Tp =T L)

is defined in (2.9a) and (2.10).

Theorem 2.15. Forr > 1, the following properties hold.

1. Foralld > 0, there exist By > 0 and C > 0 such that for any U € S, satisfying
(2.29), any (¢, L) € Q(By) and any t > 0 it holds that

et TBUC)|| < Ce-2 gt /4-5) (2.33a)

Furthermore, for all 5 > 0, there exist T > 0, By > 0 and C' > 0 such that, for
any U € S, satisfying (2.29), (¢, L) € Q(By) and t > 0, we have

”eft‘fg(U,e,L)([ o H) H < C«L%7567%75€—5T[L6}*2/3t 7 (233b)
where 11 is given by (2.19).

2. For any 6 > 0, there exist 6 > 0, C' > 0, and 3y > 0, such that for any U € S,
satisfying 62(U) < 6, (e, L) € Q(y), and t > 0, (2.33a) holds true.
Moreover, for all T < ng/gﬂm, there exist 09 > 0, By > 0 and C > 0, such that
for allU € S, satisfying 6o(U) < &g, (e, L) € Q(5y), and t > 0 it holds that

et TRUS ([ — )| < C L3¢ s ¢TI0 (2.34)

3 The Orr-Sommerfeld operator

We focus attention in the sequel on ‘}:3; and its resolvent.
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3.1 Stream Function

When considering a two-dimensional incompressible fluid flow, it is customary to
introduce a stream function, i.e., to let u = V9. Its introduction is again related
to Hodge decomposition theory.

Lemma 3.1. Let u € MY, . Then, there exists a unique ¢ € Hy,,.(D,R?)) such
that V(xy + L,xo) = ¥(xq1,22) and u = V1. If in addition, u € W%, then
Y € HE (D,R?)) and ¢ satisfies 0y, =0 on 0D if # =D and 02,4 =0 on 9D if

oc

#=6,

Proof. Existence and uniqueness of v follow from the proof of Lemma 2.2. In par-
ticular, for any u € H3;, we have ¢ = ¢4 where ¢, is a solution of (2.6). The second
part of the lemma is immediate. 1

We next substitute u = V9 into (1.6) and take the curl of the ensuing equation,
which leads to the following equation, in the distributional sense,

Pj{i@/} =curlF in D, (3.1)
with # € {D, &},
0 0
# o A2 U= _
Py = —€A” + U@xlA U o AA. (3.2)

We treat P/t as an unbounded operator on Lier(D), where

L;er(D) = {U € LZQOC(E) ) u(l‘l + L,l‘g) = U($’1,l‘2)},
is equipped with the L?([—1,1] x [0, L]) norm. Note that additional regularity is

needed while attempting to use results obtained on Lfm(D) for spectral problem

for Tﬁ. We shall obtain the necessary regularity at a later stage. Similarly, we
introduce for k =1,2 and s > 0

HS (D,C*) :={ue H} (D,C"), u(x; + L,zs) = u(xy, )},

per

and assign to it the H'([—1,1] x [0, L]) norm. In the interest of brevity we write in
the sequel H, . (D,C) = H; (D). For no-slip boundary conditions we take

per

D(PY,) ={v € H,

per

(D),v =0 and 0., =0 on 0D} .

For fixed traction, the domain of Pfﬁ is given by

D(Py,) ={v € H,

per

(D),¢=0and §2¢ =0 on dD}.
We can now make the following statement

Lemma 3.2. The operator 77/7\%6 is invertible for each # € {&,D} and A € p(Th).
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Proof. Let ¢ € D(ije) and f € L2, (D) satisfy Pf,e?/f = f for some # € {G,D}
and A € p(%%). Let F denote the unique vector field in #9, satisfying curl F = f.
As

(g - A)VL¢ —F e chrl s
it follows that

IVl < I(SE =M HIF: < 1FF = A7l

Due to the periodicity of our function spaces and the fact that the coefficients of
the differential operator P/t and the associated boundary conditions do not depend
on x1, it is natural to consider the operator in a Fourier space. Hence, we introduce
L2,.(D) 3¢ — (Fy) € (*(2Z) @ L*(—1,+1) satisfying

per

L
(Fob) (o, 2) = ~ / eI (1 ) day (33)
0

L
for a,, = 2mn/L (n € Z).
We then obtain the Hilbertian sum

FPEF " = e (@neno)Ba,s, ®BY) .

where g P
LA
BA dax? dx?’

in which

A:

A % . (3.4)

The unbounded operator Bﬁaﬁ on L?(—1,+1), which is commonly referred to as
the Orr-Sommerfeld operator is given by

d2
6= By p0 = (Ls = BN) (55 —a”) 0 —iBU"s, (3.5)
in which

f=ael, (3.6)

2
Lo =~ +ipU, (3.7)

and, for § # 0, A
A=B"1A—-a?. (3.8)

In the sequel, unless stated otherwise, we consider § and « as independent param-
eters.
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We now define two different realizations associated with the differential operator
appearing in (3.5). The domain of BSa, g, corresponding to the prescribed traction
force boundary condition, is given by

D(B,5) = {ue€ H(-1,1), u(£1) = 0 and u"(+1) =0}, (3.9)
whereas the operator B?,a, 5, corresponding to the no-slip condition, is defined on
D(BY . 5) = {u€ H*(—1,1), u(+1) =0 and u/(+1) = 0}. (3.10)

The domain of Bi% is similarly defined by (3.9) for # = & and (3.10) for # = D.

3.2 Inverse estimates

The Orr-Sommerfeld operator given by (3.5) has extensively been studied in the
Physics literature [12, 36, 32]. Very few rigorous studies, however, address its spec-
trum (cf. [30] in the Couette case U” = 0) and none, to the best of our knowledge
provide estimates for it inverse norm || (Bﬁaﬁ)*l | in £(L?*(—1,+1)). Assuming that
A€ p(ﬁ#), the inverse of P, . is bounded. To estimate its norm, one needs a proper
uniform bound of ||(Bﬁa’ﬁ)_1|| for all a > 0 and (B}f)_l. Hence we write,

IPE ) < e tmax (sup I(BE o6 IBE) )

nez\{0}
where, for n € Z\ {0}, A = €A,
Ao = BHA —02) =ea (A —a?) = a'A — ea, .

n

Clearly, for any € > 0 and A € R,

sup [|(BY o, 5) 7 < sup (B, ) < swp swp (B0
neZ\{0} a>ay B>pB1 a>aq
A=a"le(A—a?) A=8"1(A—a?)
with

61(6, L) = 6710(1 = 27T/<L6) .
Consequently, for any Ay € R and € > 0, we have, the following inequality

swp (PR < et max (sup s (B ) sw [(85)71).
RA<eAq B=p1 a=0 RA<Aq
Aep(TE) RA<BH (Ao—a?)

(3.11)
Note that Bfa 5= Bf _ap and hence, it is sufficient to consider a > 0 in the above.

We emphasize that the supremum with respect to A, § and « of H(Bﬁaﬁ)_lH is
obtained while ignoring the dependence of 3 on «. Note also that 3; = 1 (€) tends
to 400 as Le — 0. Hence we shall attempt to obtain a bound on ||(Bf\%aﬁ)_1|| for
large values of 3, since we are interested in the small € limit.
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Throughout this work we recall that we always assume Assumption 2.13. With-
out any loss of generality we can assume that

U'>0on[-1,+1]. (3.12)

Indeed, the case U’ < 0 can similarly be treated after applying the transformation
T — —x.

In view of (3.11), we attempt to obtain, in the large § limit, a bound on B}, I
To this end, we introduce

def . o d_2 2 1
Aro = (U +z)\)< o ta ) +U". (3.13)
We define A, ,, for R # 0 or when RA = 0 and S\ & [U(—1),U(1)], on
D(Ayo) = H*(—1,1) N Hy(—1,1) . (3.14)

In the case RA = 0 and S\ € [U(—1),U(1)] we set
D(Auo) = H*((—1,1); |U — v|*dz) N Hy(—1,1), (3.15)

where v € [U(—1),U(1)].

Note that A, , = Ax_, and hence we consider it only in the case a > 0.

One can formally obtain A, , from B, , s by dividing it by £ and taking the limit
3 — oo which corresponds to the limit a~te — 0. This is why it has been commonly
referred to as the “inviscid operator” in [12].

We note that the formal limit of the Orr-Sommerfeld operator as f — oo is very
different from that of the Schrodinger operator —% +iB(U —v) (v =SA). In the
latter case, we expect the resolvent to be small away from the set were U = v. This
fact was used in [3, 4], for instance, to obtain resolvent estimates via localization
techniques. For B, , s, the best one can expect is that v = A, ,¢ would be small
outside a close neighborhood of the set where U = 3\. We note that A, , raises
considerable interest independently of the viscous operator Bfé (cf. [12, Sections
21-24] and [25]).

4 The inviscid operator

We consider here the inviscid operator A, , associated with the differential operator
(3.13), whose domain of definition is given either by (3.14) where R\ # 0 or
SN € [U(-1),U(1)], or by (3.15) in the case A = iv for v € [U(—1),U(1)]. While
the spectrum of A, , has been studied in the context of inviscid (Euler) flows and
their stabilty [12, 25], it appears that its inverse norm has not been estimated in
the literature. The purpose of this section is therefore to offer a systematic study of
A LI, with emphasis on the limit R\ — 0 for v € [U(—1), U(1)].

4.1 The case R\ = 0: preliminaries

We begin by showing that A, , is a closed operator on L?(—1,1). In the cases where
D(A,, is given by (3.14) the proof is standard and will therefore be omitted.
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Proposition 4.1. Let U satisfy Assumption 2.13 and v € [U(—=1),U(1)] . Then
Aiv o, whose domain is given by (3.15), is closed as an unbounded operator on
L*(—=1,+1) and the space

Vi={ue C®(-1,41)), s.t. u(—1) =u(1) =0}
is dense in D(A;, ) under the graph norm.

Proof. Let {u,}5°, denote a sequence in V such that
u, — @ in L*(—1,+1) and Au, — 0 in L*(—1,+1) (4.1)

To prove the proposition we need to show that @ € D(A;, ) and that A;, 4t = 0.
Let U(x,) = v. We use Hardy’s inequality for weighted Sobolev spaces associated

with the intervals (—1,z,) and (x,, 1) separately.

Set then, for k € {1,2}

Wi (2, 1) == {u € H'(z,,1), (U - v)u® e L*(x,,1),u(1) =0} .

Recall the one-dimensional Hardy inequality (see for example [23, Eq. 0.6] or [9,
Lemma 2.1]) which holds for any v € W¢, (x,,1),

vl 2200y < 2[[(@ = 2)V | 2@,00) - (4.2)

Note that (4.2) follows by extension from Hardy’s inequality in (0, 4+00), given for
any v € W(0,+00)) by

V]l 22(0,500) < 2|12 0[] L2(0,400) - (4.3)

Hence, for any u € W7, (z,, 1) (and hence for the restriction to [z,, 1] of any u € V)

Il llz2, 0 < 202 = 2)u" |2, < MU = v)0" (2, - (4.4)

From (4.1) and (4.4) we deduce that u, is a Cauchy sequence in H'(z,,1) and
in H*(—1,z,). Hence there are two corresponding limits u, € H'(z,,1) and u_ €
H'Y(—1,z,), with @_1,,) = u_ and @y, 1) = us. By continuity we have u_(—1) =
0, u, (1) =0 and u_(x,) = uy(x,). This shows that & € Hj(—1,+1). Finally it is
clear that 0 = A;, o0 in D'(—1,+1) and hence u € D(A;, ).

The density argument is a consequence, after localization, of Proposition 2.1 in
[10]. m

The cases x, = £1 are easier, since one can apply Hardy’s inequality only once,
in (—1,1).

Consider the case of Couette flow U = = in (—1, 1), which is one of the most
popular examples of uniaxial flows ([35, 30, 7]. In this case

: ¢
Ao @ (@ =v) (= 75 +0).
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We can construct in some cases the explicit solution of the inhomogeneous problem

A, u=f. (4.5)

o

For example, when o =0, v € (—1,+1) and f = 1. It can be easily verified that
uy(z) = A1(x —v)+ Ay + (x —v)log |z — v, (4.6a)
where
A =—3[(1—v)log 1 —v|+ (1+v)log [1+]],
Ay = %ﬁl—y)log 1—v|—(1+v)log |1+ v]].
It can be easily verified that u, satisfies (4.5).
While it seems at a first glance that AS,, : D(AS, ) — L*(—1,1) is injective for

i, iw,0

all v € R, it is wrong for v € (—1,+1). It has indeed a non-trivial solution of the

form
=r _1 ifv<ux,
pu(x) = {1:—V 1 if
_1+—V — Hr<<v.

(4.6b)

While ¢, & H*(—1,1) for all v € (—1,1), it does satisfy (4.8) in the sense of distri-
butions.

We now look at the injectivity of AS,  when v € (—1,4+1). We have already

w,a
explicitly obtained a non trivial element in Ker.A More generally, we prove

c
1,0

Lemma 4.2. For allv € (—1,1), a > 0, it holds that

Dim Ker A7, , = 1. (4.7)

0

Proof. We observe that if u is in the kernel, we have u € Hj(—1,+1) and

(—d—2+a2>u:c5(x—y),

dzx?
where ¢ is the jump ' undergoes through = = v. Since 6(z — v) belongs to
H7'(—1,+1), we may use the Lax-Milgram Lemma for the Dirichlet problem to
obtain a unique solution u; € Hg(—1,+1) for

It follows that v = cu;. 1

Using [10, Proposition 3.1] and the same argument as in the proof of [10, Theorem
3.1] one can show that A5, ,, which is a bounded operator from the Hilbert space
D(AS,,) into L?(—1,+1), is a Fredholm operator of index 1 for v € (—1,+1).
With the aid of Lemma 4.2, we can then conclude the surjectivity of A, , for any

v € (—1,+1) or more precisely the existence of a right inverse. We note that
surjectivity of Af, , follows from the surjectivity A;, , we prove in the sequel.

w0
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Remark 4.3. When f € C*([—1,1]), we can prove (4.7) in the following alternative
manner. Recall the solution of A§,u, = 1 we have obtained in (4.6). If f(v) =0,
we can solve (4.5) by dividing it by (x—v). When f(v) # 0 we write u = f(v)u,+1,
to obtain

Afu,a,a = f~7 with f~(37) = f(.T) o f(y) o 042(37 o V)U,/,

which can be easily solved as f(l/) = 0. [t is not clear, however, how to extend by
density the above solution to any f € L*(—1,+1).

In the next subsection, we obtain the surjectivity of A;,, (for any U satisfying
(3.12)) via a non-explicit compactness argument.

4.2 Construction of a right inverse of A, ,
We begin by establishing the surjectivity of A;,

Lemma 4.4. Suppose that (3.12) holds, and that X = iv for somev € [U(—1),U(1)].
Then, for any v € L*(—=1,1) and o > 0 there exists some ¢ € D(Ay,) satisfying
Ay o® = v. Furthermore, there exists C' > 0, such that for all v, « and v € L?, ¢
satisfies

191l + [1+ o] HI(U = v)¢"[l2 < C o]z, (4.8)
where ||¢||1.2 denotes the norm of ¢ in the Sobolev space H*(—1,1).

Proof. Let k > 0. With (3.13) in mind, we can use the following alternative form of
Ay o¢ = v, which is valid wherever U # v,

We look first for some ¢, € H*(—1,+1) N Hy(—1,+1) € D(A;,,) satisfying the

regularized equation

—([(U—V)QJF/@Q](U i )/>I+a2(U—V—M)¢H:v. (4.10)

—V+IiK

We may set w, = (U — v + ir) "¢, to obtain
—([(U = )" + &*Jwy) + (U = v)* + K w, = v
Taking the inner product with w, then yields
U = v)* + 212w |15+ 2 ([(U = v)? + K2 g5 = (wi,0) (4.11)

This immediately implies, by the Lax-Milgram Lemma, that w, (and hence also ¢,,)
uniquely exists in H*(—1,1) N H}(—1,1).
Since v € [U(—1),U(1)], there exists z, € [—1, 1] such that U(z,) = v. Let m > 0
be defined by (2.24). Clearly, we have

U—-v)?+r*>m?*(z—12,)°.
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Hence
[0 =) + w2 2w = (e — )l 1
S A N T A NN

Upon translation we apply Hardy’s inequality (4.3), and the fact that w,(1) =0
(permitting the extension wy, = 0 in (1, 400) so that wy € H'(x,,00)), it holds that

I = 2)wilee, 1 = Jlwele, 1

A similar bound can be established on (—1,z,). Hence, by (4.11),
4
fwlls < ol (112)
Substituting once again into (4.11) yields, in addition,
2
(U = v)? + &2 2wy ls < vl (4.13)

We note that (4.12) and (4.13) do not imply convergence of w, in L?(—1,1) to
(U — v)~'¢ where ¢ is a solution of (3.13) (with A = iv). As a matter of fact it
is expected that, in most cases, (U — v)~'¢ will be unbounded in L?. We thus use
(4.13) and (4.12) to obtain that

I64ll2 = [[([U —v+injwi) [l < |[(U=v)* + &7 2w o+ [U'w]l2 < Cllollz- (4.14)

It follows, either by Poincaré’s inequality or by (4.12), that {¢,}?2, is bounded in a
ball of size C'||v]|5 in H}(—1,1). By weak compactness, there exists a sequence f,, > 0
tending to 0 such that ¢, converges weakly in H}(—1,1) to a limit ¢g € Hj(—1,1)
as n — +oo in the same ball, and hence

”¢0HH5(4,1) < Cllv]l. (4.15)

It remains to establish that ¢g is a weak solution of (3.13) for A = iv. We thus write
(4.10) in its weak form for some ¢ € C3°(—1,1)

/(U_V )

7mU/¢H> +a W (U —v—ik)ps) = (¢, v).

(4.16)
Letting k = K, and then taking the limit n — 400 yields by the above established
weak convergence in H' that

(W', (U =v)gg) — (¢, U'dho) + * (@, (U — v)¢o) = (¥, 0) .

Consequently, ¢q is a weak solution of (3.13) satisfying (3.12). Finally, since for all
x # x,, we have

W (U v —ir)gl) = (v

(U = v)lgg — o] = U"¢y,
we easily obtain from (4.15) that

1T =)l < CA+a®) vl

The lemma is proved. 1
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Remark 4.5. As in the case of a Couette flow, one can show that the index of A;, o
as a Fredholm operator from the Hilbert space D(A;,o) (equipped with the graph
norm) into L*(—1,1) is one for v € [U(—1),U(1)]. Since the multiplication by U"
is a compact operator from D(A;, ) into L*(—1,1) we may conclude from Fredholm
theory that

A,,,a:(U—V)<—d7+Oé2)

and A;,.o have the same index. Then, we observe that the multiplication operator
by (U(x) —v)/(z — x,) has index 0, and hence A, and Af, o again have the same
index. Consequently, the index of A, equals to one, and by Lemma 4.4 it holds
that dimkerA;, , = 1. We note that one can construct a direct proof of injectivity

with much greater difficulty.

We have proved above, the surjectivity of A = A;, ,. By Fredholm theory, there

is a natural right inverse 5;;;"’? which associates with v the solution ¢ of A¢p = v

which is orthogonal to KerA;, , in D(A;, ) for the scalar product

(¢>¢) = <¢7 w>u,a = <A¢7 Aw>L2 + <¢7 w>L2 .

Note that (¢, 1), coincides with the ordinary L? product whenever ¢ € KerA4;, ,.
Employing the estimates of Lemma 4.4 we now prove:

Proposition 4.6. Suppose that (3.12) holds, and that A = iv for somev € [U(—1),U(1)].
Then, there exists C' > 0, such that for all v, o
1€ ez, my) + 1E€LE" N 22 paway < C- (4.17)

Proof. We first observe that the solution constructed in Lemma 4.4 satisfies

[9ller < Cl0]]2

To obtain Sffstv we now need to subtract m,,¢, where 7, , is the orthogonal pro-
jector from D(A;, ) onto KerA;, . Obviously,

igh
€ vllE, = llo - Taw®law
< [|0lla.,
< Cllolf3

establishing, thereby, a bound on the right inverse in £(L? D(A;,,)). To estimate
ENEMN 0 L(L?, HY) we observe that by (4.4) there exists Cy > 0 such that for any

w,a

aeR, ve[U(-1),U(1)], and ¢ € D(Ajpq)

1912 < Col|Dllaw -
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4.3 Nearly Couette velocity fields

We now attempt to estimate ||A;}I|| in the case where R\ # 0. We shall begin with
the case where d5(U), defined in (2.26), is small. To this end we introduce

U'(U —v)¢
10, = Sorg+ (LS8 gy "
(6.3 = 300+ { ez (4.180)
1(¢,7)

in 5
pemi(-10\o} (|93
The following result proves that under suitable assumptions on U, the infimum of
Ym(A) over C\ J, where J={A € C|RA =0, v € [U(—1),U(1)]} is positive.
Lemma 4.7. For any r > 1, there exists 69 > 0 and vo > 0 such that for any
U € 82 satisfying 62(U) < 8o, we have

f ym(\U) > 4.1
Al{é\svm( U) > >0. (4.19)

Proof. Writing (¢, \) in the form

1 U//
L, \) = 5ll¢/lI3 + 3‘3<¢7 WZQ '

we attempt to estimate the second term on the right hand side. For some vy > 0 to
be chosen later, we consider two different cases depending on the size of |Al.
Case L\/|ul>+ V|2 < 1.
Integration by parts yields, accounting for the Dirichlet condition ¢ satisfies at
r = =£1,
/

(o700 = (0P ) =~ (o) om0 8.

We estimate the right-hand-side as follows

and
Vm()‘a U) =

(4.18b)

}<<7U”‘¢‘2)/ log (U +1i)\) )| < C S (O)[||¢ 2 4.20
o) 1og (U +iA))| < C() 2(0)[[19 121910 + lIMI5] - (4.20)
Sobolev’s embedding and Poincaré’s inequality then yield that for some C (vo,7) >0,
U'e A "ne
<
)%<¢’U+i)\>‘ < Cl(vg,r) 02(U)]|&||5 - (4.21)

Case IL:\/|u|? + |v|* > .

As U € S, we conclude that there exists C'(r) > 0 such that

w0 )] < (6. )| < ool < SO, )

U+ U+

Poincaré’s inequality was applied to obtain the last estimate. We can now set

vo = 8C in (4.22) and 6,(U) < 6y = Gy i (4.22), to obtain

1
16,0 > 11913

The lemma is proved by using Poincaré’s inequality once again. 1
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If 95(U) is not small we may still show

Lemma 4.8. For any r > 1, there exists o € R such that for any U € 82 we have

inf ~,,(\, U) > .
Aé%\ﬂ( ) > %

Proof. Indeed, we obtain by (4.20), Poincaré’s inequality and Sobolev’s embeddings,
that for any ¢ > 0 and any v > 0 there exists C. ,, such that, for any A € C\ J and
(b € H(}<_17 1)7

1., 1
1(6,0) 2 51613 = CIE1 015 = (5 =€) 1913 = Cenllol}.

For || > vy, semiboundedness of I follows immediately from (4.22). n

We now obtain an estimate for HA;L || which is neither singular as |p| — 0 (unlike
(4.49)), nor does it necessitate any assumption on the injectivity of A;,, . Instead,
we simply assume (4.19). We also observe that m > 1/r for any U € S? where m
is defined in (2.24).

Proposition 4.9. For any r > 1 and p > 1, there exists a constant C' such that for
any U € S? satisfying (4.19) we have:

1. Forallve H'(-1,1),

1
sup e [ AL vl < C 0] - (4.23)
al< (21 oy Log (JRA]=1) 17
0<a
2. For allv e WhP(—1,1),
sup A e vl2 < C (1]l + [[v]lo)- (4.24)
IRAI<(2r) 1\ {(RA=0}
0<a
3. For allv e LP(—1,+1),
sup [RA|PAS L olle < Clolly - (4.25)

[RA|<(2r) 1\ {RA=0}
0<a

Proof.

Proof of (4.23). Let v € H'(—1,1) and ¢ = A;Lv for some A\ = p + iv with
0 < |u] < m/2. We begin by observing that

v 12 20 4112 U’¢
= 4.2
and note that by (4.19), which is assumed to hold here,
v Lo 201 4112 Lo
_— ) = = I(p,\) > = . 4.2
R(o, o) = IO+ ol 4 Ho ) 2 G101, (@)
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The left hand side of (4.27) can be estimated as follows

’ <¢’U+z)\>’

To obtain (4.28), we consider two different cases.
We first apply the following computation, valid whenever v € [U(—1),U(1)], and
0<|pl <m/2,

< Clog (mlpl olltlloe- (428)

f Vi

71 1 dr
f—21n¢|x—xu|2+u/m|2 (4.29)
<m! ITS L dy
- A

< C'mlog (mlp| ).

1
Uik ||y

In the case v < U(—1) we may write

—d:c
f \/ )—v)?+p?

1
</ V(U @)=U(=1)2 42

S m,1 erl

-1 —_— d$7
V @+ )2+ (u/m)?

and proceed as before. The case U(1) > v is similar. Hence (4.28) is proved in both
cases.

1
U+iX ||y

dx

Sobolev’s embedding and Poincaré’s inequality then yield

(6 53| < C log (mlu ™)1/ el (4:30)
Together with (4.27), it implies for 0 < |u| < m/2,

I14ll1.2 < € log (m|u]~H)[[v]lx . (4.31)

and hence also (4.23).

Proof of (4.24).
Let |v| > 2max(|U(1)],|U(—1)|). Then we have

FR@)’ U+

If |v| < 2max(JU(1)], |U(—1)|) we integrate by parts to obtain

)| = cliglaliolls. (4.32)

<¢ Uim> <1°g(U+M) (((ij)/>

Use of Holder’s inequality and Sobolev embedding lead, for every p > 1, to the
conclusion that there exists Cj, > 0 such that

(50 o (U +i0))| < Colllalelly + ] 0l)
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where we have used the fact that the L?-norm (g being the Holder conjugate) of
log (U + i\) can be uniformly bounded for

(IRAL [SA]) € [0, m/2] x [0, 2max([U (1)}, [U(=1)])]

Combining the above with (4.32), and making use of Sobolev embedding once
again yield

/
(8 50| < Gl €l + wlocli o) (4.33)
By (4.27) we obtain that
1 ! : !
S8 < Cllgllspmin(lo/, lolloe) (4.34)

from which (4.24) easily follows for 1 < p < 2, and then for p > 2 by the inequality

[Vll2 < 287220

Proof of (4.25). We first observe that

I (4.35)

’<¢’U+z)\>’ - HUJrz)\

where ¢ =p/(p —1).
If v € [U(-1),U(1)], we estimate the right-hand-side as follows

|

1/q
-1 1 dx
)q =m [f—l ([(xfmu)2+m/m|2}q/2]

1/q
1 00 dx
<m [ffoo W] , (4.36)
1_ 00 T q
=m (&) [f_oo [xafw]

= Cym || 1.

1 ! dx 1/q
-““[/mu+w+mMMw]

and proceed as before. The case v > U(—1) is similar. Thus, without any restriction
on v, we get

If v < U(—1), we write

Cylul 7. (4.37)

Substituting the above into (4.35) then ylelds

(6 )| < Ol il el (4.38)

Combining the above with (4.27), we obtain

1 _
SN < Clul™1¢/1l2 [lvllp (4.39)

from which (4.25) easily follows
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We shall need in Section 8 the following immediate consequence of Proposi-
tion 4.9.

Corollary 4.10. For any r > 1 there exists C > 0 such that for all v € L*(—1,1),
U e S, satisfying (4.19), A € C\ J and o > 0 it holds that

1 < 1/2# . .
[ helhe < O )P e | (4.40)
Proof. Let v € L*(—1,1) and ¢ = A;Lv. By (4.27) we have that
1,09 v
- < . .
1918 < R0, 52— (4.41)
As ¢ € H}(—1,1) we may write
v v v
= — +1 < / 14+ 1/2 Y .
§R<¢’U+z')\> R(0 o >’U+z'>\>_”¢”2 ST |

Combining the above with (4.41) yields (4.40) with the aid of Poincaré’s inequality. &

In the next lemma we address the optimality of (4.25).

Lemma 4.11. Let U € C?([—1,1]) satisfy (3.12). Then, (4.25) is optimal, i.e., there
exists a sequence { ., vp}32, € CN x [LP(=1,1)|N and a € Ry such that ||vg]l, = 1,
e =R\ — 0, and

lim inf | pue PIAL el > 0. (4.42)

Proof. We prove (4.42) for a = 0. Consider then A, for some A = p + iv with
p#0and ve (U(-1),U(1)). Let (¢,v) satisty

Ayo¢p=wv, withv e LP(—1,1) and |jv||, = 1.
We may rewrite this equation in the form
) (b 71
V()| =
Wi (i) | =

Integrating once yields

(U(t) +iN)? (UfM)/(t) — A+ /t v(r)dr .
Integrating again leads to
<Z5(£U) x d T t
Uy +in 0 / RGO iu)z - / 1 (U(t)lJri)\)2( / v(rydr ).

The Dirichlet boundary condition at x = 1 is then satisfied through the requirement
that A; satisfies

s <U<t>di ViR /) OO (/,vyir)ar=o
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Making use of Fubini’s Theorem, we finally obtain

ota) = W)+ N [ o0) [ Gt =4 [ ] G

dt
A, = f j;f (U(T +z>\)2 . (443b)

f 1 (U(T) +2)\)2

We now write

v dr 1 U//( )dT
/t (U(T)+i)\)2 U( / U/(D)2(U(7) + i) (4.44)

It can be verified (as in the proof of (4.29)) that for some positive, independent of
i, constants C and C,

U//

_H)\‘_C'l/\U ) +iX)|hdr < C(1+ |log |ul]) -

Consequently, as u — 0 we have

’/¥ QK film at = /w <h7@7;7;ﬂ at| < Cllog |ul | o] . (4.45)

We seek a sequence { A, v} with v, € LP(—1,1) and py > 0 a decreasing sequence
tending to 0 for which (4.42) holds. Let then

Ak:uk+w

For sufficiently large k we have that x, + 2u; < 1. We then define vy by

1
i) = [ €
0 otherwise .

Clearly [|vgll, = 1, and oyl = /"

By (4.45) we then have as , tends to 0,

gﬁwwlaﬂﬁz@ﬁﬂfﬁW@(ww1M>

We now write, for (z, +1)/2 <z <1,

S u(t ( U+z>\k) )dt

_ 1 1-1/p _ —1/p ruﬂtk
= U@ 0@ +iae) He f

) dt+O(| ] "1P|og pui]) -
(4.46)

(U(t)+l>\k) dt.

As

Ttk dr Tyt pik dr 1
_ < (C 1+1 -
/my U'(U + i\g) / T [0 (T — 20) + iur] ’ < Cpe (1 +1og ")
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where J, = U'(x,), we obtain, for (z, +1)/2 <z <1,

[ w0 <m

Consequently,

[ o (W

Substituting the above into (4.43a) and (4.43b) yields, for all (z, +1)/2 <z <1,

71/p Tyt k

t) dt = =P log [,(r —a) il + O 7).

v

JZ

v

z —-1/p
t) dt = —E log (1—iJ,) + Ol 7| log ). (4.47)

—1/p

oulo) = ~(U ) +in) g 1-1)|

THU(r) +idg)~2dr
[LU(r) + M) 2dr

]+omb”ﬂmgmw,

where ¢y, 1= A;klvovk )
Clearly, for all (x, +1)/2 <z <1,

1

lim [ (U(7) +i\,) 2dr = /I(U(T) —v)2%dr >0,

k—o0 =

the convergence being uniform in x.
We now prove (4.42) by establishing that

lim inf {27 | el 2o, +1)/21) > 0.
which will immediately imply liminfy_. [s]"/?|| ¢k z2(-1.1) > 0 and consequently

(4.42).
To this end we need to prove that

1
| / (U(r) +ixe) 2| <O (4.48)
-1
We now use (4.44) together with the fact that U € C3([—1,1]) to obtain that

1 dr 1 U" log (U + iXp)1 N AN
U +ir)2 L - log (U+i)g) dr .
/1 (U(7) +iA)? [ U'(U + i) U] }_1+/1(|U,|3> og (U+iAy) dr

Since U’ > 0 and |U(£1) + i\;)| > C(1 £ z,,), for some C' > 0, we can conclude
(4.48) from the above. 1

4.4 Non-vanishing U”

We dedicate this subsection to the case when U € C?([—1,+1] and U” # 0 which
may result from a combination of non-vanishing pressure gradient and relative ve-
locity between the plates at x9 = +=1. We begin by establishing the following, rather
straightforward, result.
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Proposition 4.12. Suppose that U" # 0 on [—1,+1], then, for any A € C for which
RA # 0 and o > 0, Ay, is invertible. Moreover, for any r > 1 there exists C' > 0,
such that, for any X\ with RA\ # 0, a > 0, and U € 8? satisfying (2.29), it holds that

_ d 1+ |RA|V/2

! — A< O—F— 4.49
I+ [ 4] = ey (4.49)

Proof. For a pair (¢,v) such that v = A, ¢, with A = p + iv, we write,
5l Y N <¢ 4.50

Consequently, since U” # 0 (hence has constant sign) we obtain
o) C

_ | < — . 4.51
=gl < G o

Let v9 > 0 be chosen at a later stage and consider the following two cases.
In the case \/|u|? + |v|?> < vy, we immediately deduce from (4.51) that there exists
C(vp) such that

C(v
19l < CE o, (452
|l
In the case \/|u|?> + V|2 > 1, as
v A2 20( 4112 U'(U—v)¢
W6 i) =W+l + (o oy 200) ()

we can use (4.51) once again to obtain that, for vy > 2sup |U|, there exists C' > 0
such that
C C

—)lo||? <
L

Since ¢ € H}(—1,1) we can use Poincaré’s inequality to obtain for sufficiently large
vy that there exists C' > 0 such that, for any o > 0 (and || > 1),

o]l -

63+ (a2~

C
6112 < - loll, (454)
which, combined with (4.52) yields (4.49).

Once injectivity of A, , is established, we may apply Fredholm theory to prove
its surjectivity. By the compactness of the multiplication with U” from D(A, )
into L?*(—1,+1), we can conclude, as in Remark 4.5, that the index of A, , is the

same as the index of (U+i)\)(— % +a2> . Since for p # 0, U +iX # 0 on [—1, +1],

it follows that the indices of A, , and —% + ? from H?(—1,1)N Hj(—1,1) onto
L*(—1,1) are the same. Consequently, the index of A, , is 0 and surjectivity follows
from injectivity.
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It should be noted that (4.9) is unsatisfactory. Clearly, it is significantly inferior
to (4.23)-(4.25), where a bound of O(|RA|~Y/?) for ||AX£4|| is obtained. We seek,

therefore, a better estimate for HA;LH that will be applicable in Sections 7 and 8.

Proposition 4.13. Let r > 1 and p > 1. There exist g > 0 and C' > 0 such that
for allv e WY(—=1,1) and U € 8? satisfying (2.29) we have

]' —1
sup — A 2 <O V], 4.55a
A <0\ (RA=0) log (|§R>\|_1) || A, ||1 2 || || ( )
0<a
sup  [JAT vl < C (101 + [v]leo) (4.55D)
IR <pao \{RA=0}
<«
and

sup  [RA[VPIAS Ll < C ol - (4.55¢)

[RA|<po\ {RA=0}
0<a

Proof. In the case where v € [U(—1),U(1)] we (uniquely) select z,, € [—1,1] where
U(z,) = v. Otherwise if v > U(1) (v < U(—1)) we set z, =1 (z, = —1).
Step 1: For p > 1 and R\ # 0 define Ny, , by

[

Tl 1)

We prove that there exists C > 0 such that, for all e > 0 and 0 < |u| < 1 it holds
that

v Ny (v, A) :=min (H(l + )12

[o(x,)| < C (72N (0, 0) + (|l +e2)l|¢]12) (4.56)
for all pairs (¢,v) € D(Axa) x WH(=1,1) satisfying A a¢ = v.

As

we may use (4.50) to obtain

36, ) 2 il (g 316 — [ofe) — 0l ) . (457

We note that, for any p > 1, there exists C' > 0 such that

(6.0t)| =[(0'o+ 00105 +iN)|
< C ([19l12llvlloe + llellollv’llp)
< Cl¢'ll2llvllp-

The constant C' depends on a uniform bound of |[log(U + i))|2 and
| log(U + A)||p/(p—1)- On the other hand, observing that

6(2)| = |¢(x) — p(£L)] < [|¢/]|2(1 £ 2)7
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we may conclude that

{6 )| < 191

and hence, there exists C' > 0, such that

(1+ .)1/2 L

v
< C||¢'ll2 Ny (0, ) 4.
(6 )| < Ol N (0, ) (4.58)
Substituting the above into (4.57) yields

‘U”|1/2 2

/ — ¢(z,) |2
" < lufsup | 2 %)

U—+iX 2

1]
7|(]§(qu) ?

+Cl¢ 12Ny (v, A) -

We now observe, as in (4.36) (but with a lower bound in mind), that, for some
positive C' and C' (note that |p| < 1), it holds

1

1
5” (x —x,)% + p?

>_—
e

|U// 1/2
HUJrz)\

Hence, for another constant C' > 0, we get

o= ¢(x) |2

o)l < ¢ [Jul| 25252

16/ (0, 1) (4.59)

To estimate the first term on the right-hand-side of (4.59) we first observe that for
some C' > 0 we have

’U(x)+i)\’ S oy e L.

Then we notice that for any w € H} (R, ) we have by (4.3) and some integration by
parts

1
l(w)lls = llzw'llz = Zlwl-

Using a constant smaller than 1/4 on its right-hand-side, the above inequality can
can be extended in an interval (a,b) to the space {w € H'(a,b), v(a) = 0} . We
thus apply it to w = (¢ — ¢(x,))/(z — x,) in (—1,z,) and (z,, 1) to obtain

(b—(b(l’,,) 2 /112
‘m QSCH¢H27

which when substituted into (4.59) readily yields (4.56) via Cauchy’s inequality.
Note that, for v & [U(—1),U(1)], (4.56) is trivial as ¢(x,) = 0.

Step 2: Let d = min(1l — x,, 1+ z,). We prove that for any A > 0, and d; > 0,
there exists Ca g, and piaa, such that, for o® < A, z, € (=1,1), |p| < paa, and
d Z dl )

11,2 < Caar Ni (v, A) - (4.60)
holds for any pair (¢,v) satisfying Ax o0 = v.
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Let x € C§°(R, [0, 1]) satisfy

(@) {1 Iz < 1/2

0 |z|>1.
Let xq4(x) = x((x — z,)/d) and set

¢ =+ o(x,)Xa- (4.61)

Note that by the choice of d, ¢ satisfies also the boundary condition at +1.
It can be easily verified that

Asap = v+ o(2,) (U + i)}y — o*xa) — U'Xxa) -

By construction we have that w = (U — v)"'¢ € H?*(—1,1), and hence we can
rewrite the above equality (using (3.13) twice) in the form

- ((U— 1/)2( Ld )l)/+0z2(U— v)p

U—-v
= v+ ¢(2,) (U = v)(xg — &*xa) = U"xa) +ip(¢" — a*9)
_(U—I/)U_'_(b( )((U— )( no_2 )_Ul/ )+ U/I¢
T U in Ty V){(Xa — @ Xd Xd Z'MU+Z')\.

Taking the scalar product with w and integrating by parts then yield

v
2 U +in
1/

+ &(2,) (@, Xoq — 0’ Xa) +i/~t<w, U+¢2A>- (4.62)

10 = wy3 + 2l = { ) — (w, 6(2)U"xa)

As in the proof of (4.58), the first term on the right-hand side is estimated as
follows

(oo g | S Il (L4925 | < CUG e + 210w DN (0, )
(4.63)

To estimate the second term on the right-hand-side, we note that by Hardy’s in-
equality, we have

A 1
il < Cllg'ls < C (1162 + 7 16()1) (4.64)

From (4.64) we get

w0, 60" < Cad 6@l (6] + glo@)]) . (465)

Then, we write for the third term on the right-hand-side of (4.62), using inte-
gration by parts and the upper bound on o?

A 1
oot = atxa)] < ¢l + Cllglls < € (WH@’HQ T Hcp!b) .
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Consequently, by (4.61),

6] 1 X — 0xa)| <
< Clo@,)| (= (1912 + Fslo()]) + (16l + a o)) -

Hence, using Poincaré’s inequality,

1 1
912X = a®xa)| < O 0@ )| (11912 + 101
from which we conclude the existence of C' such that for any ¢; € (0,1), we have
1
9@, xi — a*xall < C (2l + o)) (4.66)

To estimate the last term on the right-hand-side of (4.62), we use (4.64), (4.37),
and (4.64), to obtain

(w02 < Cllulalélle [ 5], < Ot 06le (161 + 51t
(4.67)

Substituting (4.67) together with (4.63), (4.65), and (4.66) into (4.62) yields that
there exists C' > 0 such that for every 0 < ¢; < 1 it holds that

1 _
U=/ ool < € ((r+i 01+l )+ N (0.0)2) (4.68)

By Hardy’s inequality (4.2), Poincaré’s inequality, and (4.56) we obtain, for
0<|ul<1,e€(0,1), and g, € (0,1), that

g1/2 T m|1/2

1/4 1/2
HwHZ < C([|M| +£‘:1 + [Eld]l/Q

1112 + el 72N (0, 1))

Selecting e = 7 then yields, for any |u| < pagq,, and g € (0, 1),
lwllz < C (I (1 + |4 erd) ™) + d7 7)) ¢l + Cledd) 2Ny (0, 1)
As d > d; we then write

Jwlls < O (a1 + [ul eadi] %) +dy ey ) [0l + Cletd] 2N (0, ) -
(4.69)
Recalling the definitions of ¢, ¢ and w, we immediately conclude that

16'll < (U = vy’ [la + |U"w]|z2 + Cd 2| g(a,)]
which together with (4.56) gives
_1 1
16/l < 1T = v)'[ls + [U"w]ls + C([dy*e) 7 Ny (0, 2) + d 2 (Jul +20) €]
(4.70)
Substituting (4.69) and (4.68) into (4.70) yields
— 1 1 -1
16112 < Cln) (o™ N0, 0) + (ulF + |l Zer® + )1 ]])
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Hence, we can choose first ¢ and then pa4 > 0 such that (4.60) follows for
| < prag, and d > d;.

Step 3: We prove (4.60) under the assumption that

1
a? > Oy = ZCgéz(U)‘*, (4.71)
with
Co=2  sup | log (U +iN)||2 - (4.72)
lul<1

velU(=1),U(1)]

We recall (4.26) which reads

R(6, ) = 161 + 0?91} — R(076, ).

For the last term we have, using Poincaré’s inequality and Sobolev’s embeddings

(76,5} < [{(E0) o+ )
< Jl10g (U + N ll8le (2 % |19 + || (%) ]| 1ol

< Coda(U1 0132101157,

where C is given by (4.72).
Consequently, by (4.58)

1113 + 218112 < Coda(U)[|¢']13 2161152 + Cll¢' |2 NE (v, A) .

Using Young’s inequality we obtain

SIF1E < (G480 = 0?81 + CNG (0, A7 (473)

Hence, for a? > Cp (4.60) follows immediately from the above inequality in con-
junction with Poincaré’s inequality.

Step 4: We prove that there exist dy > 0, pg > 0 and C' > 0 such that, for all
d<dy,ve[U(-1),U()], a>0 and |u| < uo,

1112 < ONG (v, A). (4.74)
holds for any pair (¢,v) such that Ay .¢ = v.
Without any loss of generality we can assume that d =1 — x,. As
(U -UQ) (=" +a%¢) =U"¢p =v — (U(1) — v +ip)(—¢" + a’9)
or equivalently, by (3.13),
(W -vP () ) + W - U0

U-U1)o
= ! U+§‘>\)) +(UQ) —v+in)grs -
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Taking the scalar product with (U — U(1))"'¢ and integrating by parts then yield

| - v (=T ) [l + @1l

- <¢, ﬁ> +(U(1) + M)<U _¢U<1), UUL‘ZZQ . (4.75)

For the first term on the right-hand-side of (4.75) we use (4.58).

Next, we estimate the second inner product on the right-hand-side of (4.75) by
splitting the domain of integration in two sub-intervals: (1 —2d,1) and (—1,1 —2d).

The integral over (1 —2d,1). To estimate the integral over (1 — 2d,1) we use
the identity

1 1 1 1
[U(1) = U)(U +iX)  U(1) +iA [U Tir U —-ul’
to obtain that

. 1 U//‘(b‘Q B
U@+ / OECEE

1 U”‘(b‘Q 1 U//‘(b‘Q
- da:—l—/ ————dx. (4.76
/12d U+A 12q U(1) = U ( )
As

1 U//|¢|2 U// ) 1 U//
e =gl les @ |~ [ (GloR) lhos (U + il

we may conclude, having in mind that p and d are bounded, that

1 U//‘¢‘2
1oa Ty ] < C

1" 1 .
G| (arog o3+ iy (19116 + 1912) | 1og (U + )| da)
< Cdl/2|!<b’H2
(4.77)
Furthermore, employing Hardy’s inequality and Cauchy-Schwarz inequality yields

" 2
[ | < ool
1 2d

Substituting the above inequalities into (4.76) yields

o [ e <ceten. @)
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The integrals over (—1,1—2d). We now estimate the integrals over [—1, 1 — 2d]
for the inner products on the right-hand-side of (4.75). To this end we write, using
Hardy’s inequality (4.2) and lower bounds of |U + i)A|,

’/ lﬂﬁU+mfw

, 1-2d 1 1/2
<Cllalol| [ )
< C max(d, ) 13- (479

Returning to the estimate of the right hand side of (4.75), we use (4.79), and the
fact that |U(1) —v| < Cd (following from by definition of d) together with Poincaré’s
inequality, to obtain

U”Wz 1/2)] 47112
— < .
and
U//(b
mW/ 7 o] < Clu o
) vl
Combining the above and (4 78) yields

¢ U'¢
U—UQ1) U+iA

() = v+ i) < ca 3. (@s0)

Substituting (4.80) together with (4.58), and (4.76) into (4.75), yields

[ = o) (=) |, < € (2 + 1 21 + 191225, 0.)

From Hardy’s inequality in the form (4.2) we then conclude

HF_UTH<CWW+WWW¢M+MM LW, N).

Combined with the following straightforward observation

_JL_‘
U—-U()ll2

191k < | - v ) (=) (181)

this yields,

1613 < C(1d"? + [l S |13 + 10112N (0, 1)) -
Hence, there exists dy > 0 and gy > 0 such that (4.74) holds for all d < dy and
1] < po.

Step 5: We prove that there exist C > 0 and po > 0 such that (4.74) holds for
allv € R\ [U(-1),U(1)] and |pu] < po.
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Without any loss of generality we assume v > U(1). We begin by rewriting
Ay ¢ = v in the form

ANAN B v+ U (U—-vjv—iplU"¢
_<<U_”)2<ﬁ)> T (U =)o =v—ipgr o = Utin

Taking the inner product with ¢/(U — v) on the left yields

H<U_ I/)(U(é 1/)/
Let

z+a2|!<b|!§ = (0. 5775) w<U‘f — UUEQ. (4.82)

@ — {¢<x> re[-1,1]

0 lz| > 1.

o Ul(x) r e [-1,1]
Ul +U1)(x—-1) x=>1.

Let #, > 1 denote the unique zero of U — v. We may now use Hardy’s inequality
to obtain the existence of C' > 0 such that for all v € R\ [U(—1),U(+1)], all
¢ € Hy(—1,+1),

2

0 =n()

2 ) L2(~1,4,)
> 1119 4.83
= . (1.59)
_ ;H o |I”
T Cl|U-v 9"
Next we use the analog of (4.81)
112 (b 2
182w -0 (7)) |, + 2oz
1913 < 2| - () [+ 2w )
which leads, together with (4.83), to
92 < I - ) (52—)’ (489
2= U—v/ll2 '
On the other hand we have from (4.82) and (4.37)
o \|? / + ¢ 1
|O=(E=) | < 101285 0.0 + |75 |16 lec] |
< Cll¢/lla (N, (0 0) + 2|55 ) -
Combining the above with (4.83) yields first
|- (), < vz, om + ]| - n () )
U—-v/ll2 ™ PR a U—uv) 2’
hence, for sufficiently small |u] ,
Y 5 A7
H(U — ) (U 2 V) S20NE, ). (4.85)
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Finally, using (4.84) once again leads to the existence of C' > 0 and py > 0 such
that if | < po
+
1¢'l2 < C'N;, (v, A), (4.86)

and we obtain (4.74) in this case as well.

Step 6: Prove (4.55).
By (4.74) (established in steps 4 and 5 for d < dy) and (4.60) (proved in steps 2

and 3 for d > dy = dp), there exist C' > 0 and po > 0 such that for |u| < pp we have
Igll2 < C NG (v, A) (4.87)

As N;> (v, A) < ||v]|1p, we can immediately conclude (4.55b). To conclude (4.55a,c)
we first observe that

v
Nuip(v: ) < 2HU + Al
and then use Holder inequality
| <ol | =]
U+iXlh U+idllg

valid for any 1 < p < oo, together with (4.37), and (4.29). n

For later reference we also need the following estimate which can be deduced
from the proofs of Propositions 4.12 and 4.13.

Proposition 4.14. Let r > 1. Then, there exists C' > 0 such that, for all
v e L*(—1,1), A such that R\ # 0, and U € 83 satisfying (2.29) it holds that

A holle < |1 2)72 (4.88)

v
U+ 1A H1 '
Proof. Let py be as in the statement of Proposition 4.13. Let A = u + v,
v € L*(—1,1), and ¢ = A;’Lv. For |u| < po, (4.88) is an immediate result of
(4.87).

Consider then the case || > po. By (4.50) and (4.58), we obtain that

l min, 10" e ) < {0 i) | € o1, (0,).

Consequently, as || > po, there exists C'(uo) > 0 such that
|7

U+

Then, we use (4.53) to establish that

1616+ @01} < {6, 5| + [z e

from which we conclude, with the aid of (4.89), that

16713+ a2l9l3 < € (161275 5 (0, )] 01l + 1671285 (v, ) )

Using Poincaré’s inequality we can now establish (4.88).

2
< CUI N0, ). (4.89)

40



5 Some Schrodinger operators and their resolvents

In this section we derive several refinements of estimates obtained in [21, 4] for the
resolvent of Lz = —% +1pU, (as in (3.7)) defined over different domains. As in
the rest of this contribution, we are assuming (2.24). These estimates will be used
in Sections 7 and 8.

5.1 The entire real line
We begin by stating the following result on R.
Proposition 5.1. For U € C'(R), let ZBJR be given by

- 2 -
Lor = a2 + 18U, (5.1)
with domain B
D(Lsr) = {u€ H*R) |zu € L*(R) }. (5.2)

Then, for all positive T, m, M, C, and €, there exist 5y > 0 and C’, such that for
all B> By and U € CH(R) satisfying

<U'(z) <
{0<m_U(x)_MforalleR (5.3)

|U’(x) — U’(y)| < Clz —vyl¢, foralz,yeR st |z —y| <1,

it holds that

sup  (1+ BYERA(Lar — BN+
RALYB—1/3

~

d ~ C
—1/3 —(Lar— BN < = . (54
B m;?;—us” dx( gr— BA) T < a5 (5.4)

and

sup (T — SN (L — BN 7Y <
RALKYTB—L/3

(5.5)

|

Proof.

The estimation of the first term on the left-hand-side of (5.4), can be obtained, for
—1 < BY3u < Y (with g = R\) as in the proof of [21, Theorem 1.1 (ii)]. The
difference is that the interval is infinite and that we impose here less regularity on
the potential. To accommodate C¢ potential in the proof in [21], we construct
a partition of unity composed of intervals of size %), and select p € (ﬁ, %)
instead of p € (3, %) (as in p. 16, line 6 in [21]). The remaining details are skipped.
We now observe that

R{u, (Loz — BAu) = |l'l5 = Bullull3 (5.6)
For pn < =73, we deduce
c . ~ 200 ~
< _ < _
[ull2 < Bl I(Lsr — BA)ull2 < B +61/3|M)H<£6,R BA)ullz,
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which gives the estimate of the first term on the left-hand-side of (5.4) for
61/3M < —1.

To estimate the second term on the right-hand-side of (5.4), we return to (5.6) to
conclude from the bound of ||(257R — BA)7Y|, we have just obtained, that

ol < 575 1(Bas = BN)ula 6.7
Finally, to prove (5.5) we use the identity
S((U = v)u, (Lom — BAu) = BT = v)ull3 + S(T'u, '),
to obtain with the aid of (5.4) that
BIT = v)ull3 < I(Lsr — BAull2|(T = v)ulla + %”(Zﬁ,R — BA)ull3,

from which (5.5) easily follows. &

5.2 A Dirichlet problem

We now obtain some resolvent estimate for the Dirichlet realization E? of Lz in
(—=1,1).

Proposition 5.2. For anyr > 1 and T < an/?’%z/l, there exist C' > 0 and 5y > 0
such that for all U € 8% and 8 > [y

d
sup [[I(£5 = BN+ 87— (L5 = BN

RALYB—1/3
B d? B C
+ 2/3”@(5’33 — BN < IR (5.8)
and o
sup [|(U = SA(LF — BN < = (5.9)
RA<TB-1/3 B

Furthermore, for every 1 < p < 2 there exists C, > 0 such that for all f € L*(—1,1)

d _ C
swp | (28 = N < (5.10)
rA<Yp-1/3 1 AT P [76p
Proof. By [21, Theorem 1.1] we have, under the assumptions of the proposition,
_ C
1(£5 — BN < s (5.11)

We next observe that for any u € D(Eg)
Ru, (LF = BAu) = /[ — Bullullz,
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which together with (5.11) yields
: C o
lell> = Zl(£5 = BA)ulla. (5.12)
To complete the proof of (5.8) we write, with © = R,
=R, (L5 = M) = [u”|5 = Bull'|; — BV, ) .
From (5.11) and (5.12) we then obtain that
lu”ll2 < CII(LE — BA)ull2,

completing, thereby, the proof of (5.8). We establish (5.9) in the same way we have
established (5.5).

It remains to prove (5.10). Let f € L*(—1,1) and u € D(L3) satisfy
(L5 —BNu=f. (5.13)

Let n and 7 denote C'*° functions such that

_ 0 |t <1/2 -
t) = dn(t)=+1—n(t)>. 5.14
70 {1 by i) = V=0 (.14
Let x, € [—1,1] be such that U(z,) = v (otherwise, if U(x) # v for all z € [—1,1],
we arbitrarily set z, = —2).
Let
m(z) =76z — 2,)) g, (z — @) . (5.15)
As

ROE(U — v)u, (L3 — BA)u)
= lm|U — v|"2u'||3 + R, (U'ny + 2(U — v)n), Ju,u') — pBl|n,|U — v 2ulf3,

we obtain, observing that |(U — v)n,,| is uniformly bounded,

U = w2413 < (U = v)ullz]| fll2+
C (B2 n|U = v]ull3 + [lullzflw']l2) - (5.16)
Furthermore, since
S(pu, (L5 = BAu) = Bl |U = v[V2ull3 + 23 (nu, nou') (5.17)

we obtain

1|0 = v 2ully < Z(lull2ll £ll2 + 82 [lull2llw ]2,

™|~

and hence, by (5.8),
C
I, |U = v] 2]y < Wllfﬂz-
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Substituting the above into (5.16) yields, with the aid of (5.8) and (5.9),
C
U = |24y < il 2
Setting 7, () = n,(—x), we obtain in a similar manner

C
Sl Il

and hence, with the aid of (5.8), we can conclude that

U+ Xl < U = v]Y2u 2 + ||y, |U = w2l + CB0 |
< CB2Ifl2-

We can now conclude, assuming first || > T871/3/2, with the aid (4.36),

g U = w24 |12 <

' llp < MU+ X2 o]0 + N7 2 < CB™ |||z (5.18)
Otherwise, if || < YB71/3/2, we rewrite (5.13) in the form
(5 =BG~ +ivlu=f = (X575 = )
to obtain from (5.18) that

_24p
Il < CB7% (I fll2 + B22|full2)
The proof of (5.10) can now be completed using (5.8).

We can now deduce the following corollary
Corollary 5.3. Foranyr > 1 and T < J,%/?’?Rm, there exist C' > 0 and By > 0 such
that for allU € 8%, B> By, 2 <p < oo, and f € L*(—1,1) it holds that

_ 3p+2
sup [[(L£5 = BN fll, < CBTE || fla (5.19)
RALSTB—1/3

Proof. Let f € L*(—1,1) and set v = (LF — fA)~'f. By (5.8), there exist C' > 0
and [y such that, for 5 > [

C _
[o]l2 < m!\fﬂ% and [[']l2 < CB72|| £z (5.20)

Consequently, using the interpolation inequality

2 1—2
[oll, < loll3 o]l ™,

and the Sobolev embedding

1 1
lollee < V210ll3 17113,

we can conclude that

p+2
2p

p=2 p-2 _
[v]l, <22 [lufly” [V, < CB

3p

+2
RN Py
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For later reference we also need the following refined estimate.

Proposition 5.4. For anyr > 1 and T < Ruy, , there exist C > 0 and Sy > 0 such
that, for allU € S,., 5 > Py, and f € L>®(—1,1),

C
sup [|(£F = BN 2 < WHfHoo- (5.21)

RAST /3 5-1/3

Proof. Let n be given by (5.14) and for any x € [—1,1],

na(t) = (B2 (t — 2)) 1 (t) -
Let further
Me2(t) = n(B7°(t - 2)/2)1-1(8)
implying that
Nz Nz2 = Nz -
Step 1:  We prove that, for any v € [U(—=1),U(1)], there exist C' > 0 and [y
such that, for all B> B, v € [—1,1], f € L®(—1,1), RA < Y573,

C Bz — x| +1
(U = v)navll3 < @Hm«fH% +C 55 17220113 (5.22)

where x,, € [—1,+1] is chosen so that U(z,) = v and
v= (L5 - BN'S. (5.23)
Clearly,
S (U =)o, (L5 = BN = BIIU = v)navlls + {2 (U — v)]'v,0")

which implies

C C
(U = v)navlz < @II%J‘II% + =2 (Sgpln;(t)(U(t) - V)I) 120" l[2ll e 2vl2 - (5.24)

B
To estimate ||n,v’||2 we use the identity
Rnzv, (L5 — BA)) = ()15 = 05wl — uBlnavll;, (5.25)

from which we easily conclude, using the fact that %u is bounded by assumption,
that

In2'113 < CB~*2(ne f113 + B2 |ne 20113) - (5.26)
Finally we note that
CYHr—ux,|<|U(@)—v| <Clz—m,|. (5.27)

Suppose first that |z — z,| < 3571/3.
Since by (5.27) it holds that (sup, |7.(¢)(U(t) — v)|) < C we may use (5.24) to obtain

C C
(U = v)nevll3 < @Hmflli + E|lnxv’llzllmvzvllz-
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which together with (5.26) yields (5.22).
Suppose now that |z — z,| > 3371/,
This time we have by (5.27) that (sup, |7.(£)(U(t) — v)|) < CB3 |z — z,|, and hence
we get from (5.24)
2 C 2 [z — x| /

I =vimevllz < Z3linefllz + €5 [ne2vlalinev'll>- (5.28)
To estimate the last term on the right-hand-side of (5.28), we use (5.25) once again
and get instead of (5.26)

f
vl < C (8 maavllf + 10 = vhmvllo| =] ). (5:29)
or, alternatively, for any ¢ > 0,
1/2 _ 1/2
/ 1/3 p B |z — x| } f H >
0/l < € (8" el + 07— U = vhmaolle + S — = )

Substituting the above into (5.28) then yields

1 |z — x|
1 =)l < © (Gllnef I3+ =5 Ineavlfi
|z — z, |32 f S|z — x,|'/?
g el e g |, + TG e b~ el )

Observing that

f
’%U—l/ 2

yields (5.22) by choosing a sufficiently small value of 6.

I

2

< Clx — ZL‘V|71’

2

To proceed to the next step, we need to define, yet, two additional 5 dependent
cutoff functions. Let then for s > 2, 9y and 7, in C*°(RR, [0, 1]) satisfy

1 t— 5 < —1/3
ns(t):{ | | < 5 and 7y = /1 —n2.

0 [t—ax,|>(s+1)3713
We further require that there exists C' and [, such that for any s > 2 and g > f
Iille < CBY 5 0l < CB*2.

Step 2: We prove that there exist so > 0, and C > 0 such that, for all s > s,
there exists (5 such that 5 > (s

I7solls < CE™2IFI% + s~ vl13) | (5.30)

for any pair (f,v) satisfying (5.23).
By (5.22) we have

C C
Ina0l5 < m”ﬁxﬂ\g + T2 |/81/3”TIJB,QUH§' (5.31)
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We now integrate the above inequality with respect to z over (—1,x, —s37Y/3/2)U
(z, +s57Y3/2,1). By changing the order of integration we obtain that for all s > 4

f55—1/3/2<‘x_$y| 1[_171}(:p)||77$v||§ dx
= f,l,l |v[?(t) dt fsﬁ*1/3/2<|mfx,,\ 1 1]( )1 (51/3< t)) dx
> f—1,1 |ﬁ5v|2(t) dt fsﬁ—l/?’/k\x—xul 11 (2 (z)n (61/3( t)) dx
> B3 isvl3 -

Note that

/ ) (3 e = 54 ([ Pr)ir) 2 7,
sf7Y3/2< |z~ 8/2<|T+B/3 (t—z,)|

for any ¢ in the support of 7,. We rewrite the above in the form

=

]2 < 53 / 1 () e0] 2 dr. (5.32)
sB=1/3 2<|x—ay|

As [[n.f112 < 28713 f||% we have

Jog-13 jpctomz, 110(@) a1 f1I3 d !
- QB*7/3||f||§O f55_1/3/2<\x—$y| 1[7171}(‘75) o=z, dx (5.33)
<CB2 £ -

Finally, we have for all s > 16,

Jog-113 joctp—a) Li-11(2) W 72,2013 de
1/3 z 2
< Lo PO L ) LS 0

S ﬁ—l/S fsB*1/3/4<\t7:vV| 1[—1,1}@) lOg Ii iyl+§g /3 ‘U( )‘zdt
—1/3
< 5 lvll3-
Note that n(3Y3(z — t)/2) vanishes for sf='/3/2 < |z — x,| (for » > 16) and
[t —x,| < s37'/3/4. Note further that

It —z,| + 28713 o 1+8/s _
t—a,| — 26173 = ®1_8/s

Combining the above with (5.33), (5.32), and (5.31) easily yields (5.30).
Step 3: We now prove (5.21).
Writing

0 < log

(L3 = BN (nsv) = 0o f + 200" + v
we obtain from (5.8) and the definitions and properties of the cut-off functions 7
and 7,
Insvll3 < COB™2nsfII3 + B ne,v'll3 + 15s/20113) (5.34)
where x, =z, + %6‘1/3.
We now use (5.29) (with z = x;) together with (5.22) to obtain that

e, t/13 < C (82 o201 + U = ), )
< C(BP e vl3 + 57 BB e 2 + 587 e 2012) 70, 1)

47

e s



from which we can conclude, using the inequality 752 > 7,2 for s > 16, that
Ine, 0113 < CB*2|[7 p20l13 + B |, £113) -
Substituting the above into (5.34), yields that, for some C' > 0, it holds:

Insvll3 < Co(B72IFII% + Nisrzvll3)

Using (5.30) (used with r replaced by § and for s large enough) then yields

Insvll3 < CB2Nf 1% + s vll3) -

Combining the above with again (5.30) yields (5.21), by choosing a sufficiently large
value of s. 1

5.3 L' estimates

In this subsection we establish new L' estimates for the resolvent of Z@R, defined
by (5.1) and (5.2). We first observe that the proof of Proposition 5.4 can be applied
to the entire real line case, replacing the estimates of resolvent for the Dirichlet
problem (£3 — SA)~! by the corresponding estimates of the resolvent (Lgpr — 8A)~"

for R\ < B_%T. Hence, we may state the following
Lemma 5.5. For anyr > 1, any T > 0 and a > 0 there ezists C' > 0 and 5y > 0
such that, for allU € S,, g € L*(R) N L>(R) and 38 > B,

~ _ C
sup (Lo — BN gllz2(-aa) < z751l9lloo - (5.35)
RALSYB—L/3 5

We continue this subsection with the following L! estimate

Lemma 5.6. For anyr > 1 and ¥ > 0, there exist C' > 0 and By > 0 such that,
for all B> By, U € S, RA < TJ,%L/:%B*U?’, and any g € L>®(R) supported in [—1,1],
we have

(s = BN glla11) < Cmin(B~lgll2, 8~ og Blg]loo) - (5.36)

Proof. Let T denote a fixed positive value and R\ < Y3713, Let further g € L®(R),
supported on [—1,1], and v € D(Lzr) satisfy

(Lpm — BN =g. (5.37)
By (5.4)-(5.5) and (4.37), we have
ol —1ny < N = v+ B3 M2 |(U = v + 872l < CB/g]2,

which proves the first inequality of (5.36).
Let x, € R satisfy U(z,) = v. Let  and 7, be given by (5.14) and (5.15) and

G(@) = m(z) n(lz = 2,[/6).
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Taking the inner product of (5.37) with (?v yields for the imaginary part (see (5.17)
with 7, instead of ()

BIGIT = w203 + 23w, (G)) = (G, Gg) - (5:38)
By (5.35) we have that
1620l < o lole (539)
To estimate ||({,v)|l2 we use the identity
IGo) 113 = RABIGolz = Gz = R{CGv, Cug)

to obtain from (5.4), (5.35), and (5.39)
1GoY 2 < Slghe + 1Gollgle
Substituting the above into (5.38) yields
1618 = 20l < € (Slglle+ 571G 10 . (540

As " -
Il < NGITU = vI"*0llal1 4y 1 5-178 4,16 [U = 27122

< Cllog )2 16|10 = v 0l
we obtain from (5.40) that

(5.41)

HCI/‘(? I/‘I/Q H <C(logﬁﬁ)§

19]loo -

Then, using (5.41) once again yields

IICuv||1<C /5’ ||g||oo>

from which we easily conclude that

_ - logﬁ
11z 43 0]l < 1G0]1 + CB™Y 1y, 4 ip-1iy0]2 < C

9loc -

In a similar manner we obtain that

. log 8
g

||1(1'u_371'1/)v||1 —
This proves (5.36) in the case where (—1,+1) C (z, — 3,z, + 3).

It remains to prove (5.36) in the case |z,| > 2. By (5.5) and the fact that g is
supported on [—1, 1], we have that

~ C
ollz210) € V21Iollzara) < CIU = v)ollreay < Flall= 3 < gl

The lemma is proved 1
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A similar statement can be proved in the Dirichlet case.

Lemma 5.7. For anyr > 1 and T € (0,Rvy), there exist C > 0 and Sy > 0 such
that, for all B > By, U € 8% and R\ < JPYBY3 and for any g € L>(—=1,1) we
have

1(£5 = BN gl < Cmin(575°glls, 57 1og B9l o) - (5.42)

The proof is similar to the proof of Lemma 5.6 and is therefore skipped.

6 No-slip resolvent estimates

6.1 A no-slip Schrodinger operator

We begin by providing a short explanation of the difficulties arising when the no-slip
boundary condition (3.10) is prescribed. Complete details will be given in Section
8.
In the zero-traction case, estimating ¢ € D(Bia’ﬁ) satisfying Bf’m 5 ¢ = [ for some
f € L*(—1,1), we may write, by (3.5),

2

(= o iBU — X)) (4" +a%0) = iBU" 6 + 1

Since by (3.9), it holds that —¢” + ¢ satisfies a Dirichlet condition at +1, one can
now use, for instance, (5.8) and (5.21) to obtain

I =" + a6l < CBY ]l + B2 fll2

Such an estimate is particularly useful in the case o > 36, but also in other cases
(detailed in Section 8).
Similar estimates can be obtained for v = A, ,¢ and © = (U + i\) 1.

If we now consider the same problem in the no-slip case the above approach
is inapplicable. Thus, for ¢ € D(Bfﬁaﬂ) satisfying B?,a, 5 ¢ = [, we can no longer
use neither (5.8) nor (5.21), as —¢” + a?¢ does not satisfy a Dirichlet condition at
x = £1. However, integration by parts easily yields that for all ¢ € D(sza’ﬁ) we
have

<6:|:aa:’ —gb” + 042¢> =0.
If we consider v or ¥ instead of —¢” 4+ a%¢ we can still obtain similar orthogonality
conditions (see (8.22) and (8.32¢)). These conditions read

(v, ¢£)r2(<141) =0, (6.1)

where (_ and ¢, are linearly independent, 3 dependent, and belong to H'(—1,+1).
With (3.5) in mind, we let Eg be the differential operator —d?/dz?* + iU with
domain

D(LS) = {u € H(~1,1)| (e,u) = 0}. (6.2)

For convenience we require that (4 satisfy

{c%(% é((—li)} - B ﬂ (6.3)
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Note that (4 = e*** do not satisfy the above requirement, and we shall therefore
need to replace them by a pair of proper linear combinations of them [34] (a more
detailed explanation is brought in Section 8). We seek resolvent estimates for Eg in
the following. In the absence of a Dirichlet boundary condition, it seems reasonable
to approximate the solution of

(L= BAv =g, (6.4)

by a sum of a solution in R of the inhomogeneous equation and a linear combina-
tion of two independent approximate solutions of the homogeneous equation whose
coefficients will be determined by the above integral conditions. Using affine ap-
proximations of U in (—1,+1) or extensions outside of (—1,+1), the approximate
solutions can be described by a pair of dilated and translated Airy functions in
(—1,400) and (—o0, +1).
The solution in R.

We now explain our construction of an approximate inverse in R by defining first a
natural C'-extension U of U outside of [—1, +1], satisfying (5.3), by

Ul(x) x € [-1,1]
Ulx)=qU1)+ U (1)(z—1) x> 1
U-)+U(-1)(z+1) z<-—1.

We note that U satisfies the conditions of Proposition 5.1. We also extend ¢ by

(e) = {g<x> v €-11]

0 otherwise ,

and set

u= F(,M)(E@R —BN)7'g. (6.5)
where ZBR is defined by (5.1) and (5.2) and I'(_; ;) denotes the restriction to (-1, 1).
Boundary terms.

To obtain the boundaries effect, we replace U(z) by its affine approximation at +1
and consider the L? N L! solutions 14 of the approximate problems

(—d?/da?® +iB[U(=1) + J_(z + 1)] = BA)yp_ =0 in (=1, +00) 66
(o) da = (J_B) 7, (6.6)
and
{ (=d?/da® +if[U(1) + J (2 — 1))] = BA)Yy = 0 in (o0, 1) 67)
f Uy (x) do = (Jo5)73, )
with

Ji = U'(£1).

Except, perhaps for some particular values of A, the above solutions are unique,
and 1. rapidly decays as * — Foo, but their existence (due to the additional
integral condition) could depend on (f3, A, J1) as is clarified below. We express 9.
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using Airy functions. Having in mind the definition of the generalized Airy functions
(35, eq. (39)] or [30, Lemma 2| (for more details see [12, Appendix| or our short
review in Appendix A). These solutions are given, assuming that the denominator
does not vanish, by

Ai((J-B) 2O [(1 + @) +iJ 7 (A — iU (=1))])

V_(x) = e™/° , 6.8a
(@) A (i3I 2PN — iU (1)) (6.82)
and
e AL((JLB) B0 [(1 — 2) + i (A +iU(1
57 = s MID PE —) $ TRO LW
Ao(zﬁl/3J A+ 1U(1)] )
where Ag is the holomorphic extension to C of
“+o00
x— Ag(x) = ei”/6/ Ai (e™/5¢) dt . (6.9)

Much of the properties of Ay are recalled (mainly from Wasow’s paper [35]) in
Appendix A. It has been established in [35] (see also Appendix A) that The zeroes

of z + Ag(iz) are located in the sector argz € (§, 7). Let
Sy={z|Ap(iz) =0},
and further define
97 = inf Rz (6.10)

z€8\

In addition, we prove in Appendix A.2 that S, # 0 and(relying on [35]) that ¥] > 0.
It follows that the denominators in (6.8b) and (6.8a) do not vanish, if

RA < 0} BRI

where J,,, is given by (2.25¢).
The functions . are not exact solutions of (—d?/dx?® + iBU — ) = 0 and
hence we must introduce a correction term. We thus consider

— @ 4 B(U + A f ~1,1
gj: — ( dx + ZB( + t ))wi orx E ( ? ) (611)
0 otherwise ,
and then introduce _
@:I: = F(,l,l)(ﬁﬂ[@ — ﬁ)\)ilgi . (612)

This correction term can be estimated as follows

Lemma 6.1. For any r > 1 and T < ¥}, there exist C' and By such that, for all
U e 8%, \ e C satisfying

BYARA < Y23 (6.13)
and 3 > By, we have
(U +iNTslla + 710w ls < OB (6.14)
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Proof.
A simple computation shows that:

g+ =18 [U = U(F1) — Je(z F1))] ¢+ in (=1,1).
Let
A =p—i(U(£l) —v). (6.15)
We note that § .
Vale) =Ty (B (1 F ) (6.16)

where U, is defined in the appendix (see (A.42)).
Using translation, dilation, and (A.43a), we can conclude that, under the assump-
tions of Lemma 6.1, it holds, for k& € [0, 4], that

I(LF 2)* Yello < C 1+ Ae| 650 04200 (6.17)
Hence, as |g+(z)] < CB(1 F z)?|v+(x)|, we have
lgxllz < CBYO[L + [Ag] 52721 (6.18)
By (5.4) and (5.5) we have
I(U +iN)oslls + 57 [[oxlls < CB7O[1+ [Ax] 817721, (6.19)

establishing thereby (6.14).
1

We are now ready for introducing a solution of (6.4) in the form
v :A+<w+ _6+>+A7('l/}, _67)+u (620)

We observe that (L3 — S\)v = g for any pair (A_, A} ). Therefore, one can attempt
to find two linear forms g — A_(g) and g — A, (g) such that v belongs to the
domain of Eg , hence is the solution of (6.4). This is the object of the next lemma.

Lemma 6.2. Let 0 > 0 and C; > 0, and suppose that (_,(, € H'(—1,1) satisfy
the conditions (6.3),

[C2]lee < C¢, (6.21)

and
k]2 < 685 (6.22)

Let further r > 1 and T <9} . Then, there exist By > 0 and 0y > 0 such that for all
B> B, 0<0 <6y, UecS8? and \ € C satisfying

BYSRA < JABY, (6.23)

6.4) and (6.20) hold true withv € D(L?) and Ay = A, g) denoting a pair of linear
¢

forms Ai(g) : L=(—1,1) — C. Furthermore, there exists C > 0 such that, for all

B> B, U€S? and g € L=(—1,+1), we have

A (9)] < Cmin(572|gll2, 8722 1n 8 [|g]loo) - (6.24)
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Proof. In view of the discussion preceding the statement of the lemma, it remains
to show the existence of AL (g) satisfying (6.24).

Taking the inner product of (6.20) in L?(—1,+1), first by ¢, and then by (_
while having (6.1) in mind yields the following system

i sttt} ot R

We now write
(Cestha) = (L) + (G — Lobs) (6.26)
For the first term on the right-hand-side we have

(L) = (1B — / (@) de.

The integral on the other side can be estimated as follows: we first write

[ v da] <+ 0Pl
1
Then, using (A.43b), (6.16) and dilation, we obtain for all s € [0, 3],
11 F 2) 0l < 1+ [A| 81272 70402, (6.27)

The above estimate for s = 3 yields,

) / b (z) dx’ < Cp3.
1
A similar estimate can be obtained for (1,1,). Consequently we have

(Lgg) = (JoB3) "1+ 0(871)]. (6.28)

For the second term on the right-hand-side of (6.26) we use the fact that, for all
x € [—1,1], we have by (6.3)

[Ce() =1 < [1F 2] 2(Ic |2

We obtain, using (6.27) with s = 1 and (6.22),

2
(G = 1,00)] < [ICIalI[L F 2]l < C(T)8pB8717. (6.29)
Furthermore, by (4.36) and (6.19), we have

(G 02)] < 20U — v+ B Y |(U — v +iB7) 0

< C B3+ |Ae|BY33/4 (6.30)

By the above, (6.28), and (6.29), there exists C' > 0 and [y, such that, for any
B> By and any A satisfying ®A < TB~Y/3, we have

(G, (s — By,)) — (JeB) V3 < C(0 B2+ 87203 (6.31)
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As (4 (F1) = 0, we obtain as in (6.29)

(G, )| S C O 8712 (6.32)

Furthermore, as in (6.30) we obtain that
(Cor 0)] < OB [+ s 82721 (6.33)

Substituting the above, together with (6.31) and (6.32) into (6.25) then yields, for
0y small enough, and S large enough, the invertibility of (6.25) together with the
estimate

A2 (9)] < [{Ce, u)|(J£B) P [1 + O] + COoB™2[{Cx, )] - (6.34)
By (5.36) we obtain that
[{Cey u)] < Cmin(B7Y2||glls, 72 log Bllglloc)

Substituting the above into (6.34) yields (6.24). 1

Remark 6.3. We may replace in Lemma 6.2, Lgg by L3 in (6.5) and (6.12), but
under the condition Y < J2l*Ruy. In this case, we have by (6.20) (with L3 instead
of Zg,R) and having in mind the Dirichlet condition at £1,

v(£]1) = Asthe(£1) + Axp(£1).

By (A.35) we have
[V (FD] < CIL+ Ae] V257,

and by (A.43c)
[ (£1)| < CB7Y3[1 + |\e| B3] 2.

Combining the above with (6.24) yields that

oD < C 1L+ AL] 25701 672 lg]l2.

6.2 A no-slip Schrodinger in R,

In the previous subsection we have considered a space of functions satisfying the
orthogonality condition (6.1). We have assumed that the functions spanning the
orthogonal space (; and (_ satisfy the bound

Ickllz < 08¢,

where 0 € (0, 0] for some sufficiently small 6, > 0 .
Of particular interest is the example (4 = e~*1F2) (or a proper linear combina-
tion of them satisfying (6.3)). In this case, we have

I(e*F Y]z = Va2,

for sufficiently large a.
Consequently, as long as a < (Y2, Lemma 6.2 is applicable in this case. We,
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however, need to consider also the case where o ~ B3, or even a > /3. These
cases can, nevertheless, be treated using localization techniques as in [20, 4]. To this
end we have to consider a localized version of £, near x = 1. This subsection is
devoted therefore to the study of the ensuing linearized operator.

We begin by establishing a proper spectral formulation for the problem.

Proposition 6.4. Let, for some 6 > 0,

0 .
L7 = o +ix, (6.35a)
be defined on
D(L%) = {ue HXR,) | (eg,u) =0, zu € L*(Ry)}. (6.35b)
where
eo(x) == e 0.

Then, L° is a closed operator with non empty resolvent set and compact resolvent.
Moreover L° has index 0.

Before proceeding to the proof of the proposition we establish the following H*
estimate of any v € D(£Y) in term of the L*norm of L% and wv.

Lemma 6.5. There exists some constant C(0) such that, for any A € C and any
v € D(LY), we have

[0']lz2 + [0(0)] < CO)[(L + [RAI2sign RA) o]l + (L7 = A)vll2] (6.36)
Proof. Let v € D(L%) and g € L*(R, ) satisfy
(L= Nv=g. (6.37)
Taking the inner product with v yields
115 = Alloll? + v, v) +'(0)5(0) = (v, g) (6.38)

To obtain an estimate for the fourth term on the left-hand-side of (6.38) we need
an effective bound on v/(0).
Integration by parts yields, with the aid of the fact that (ep,v) =0,

—(ep,v") = v'(0) + O v(0).
Taking the inner product of (6.37) with e, we then obtain
V' (0) + 0v(0) + i{xey, v) = (ey, g), (6.39)
from which we conclude that

[9(0)0'(0)] < 0 [v(0)* + [0(0)] (Ivll2 + 6v2]gll2) - (6.40)

293/2
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As
[w(0)[* < [[V/[l2]v]l2, (6.41)

we obtain, using (6.40) that

ﬁ'”@” (Iloll2+6v2g]l2) - (6.42)

Combining the real part of (6.38) with (6.42) yields

i} 0
[2(0)"(O)] < Zl1V'l2][oll2 +

[0(0)|(lvll2 + 6v2[|gll2) . (6.43)

0 1
[0']|5 = pllv]3 < SIVll=lvllz + [loll2gll: + 5757

Consequently, we obtain (6.36). B

Proof of Proposition 6.4.
Stepl: We prove that £7 is a closed operator.

Let {(vn, £ v,,)}22, € [D(LY)]N < [L3(R,)]N converge, as n — oo, in L?(0, +00) x
L*(0, 400) t0 (Voo, goo)- We need to establish that vy, € D(L?). The orthogonality of
Voo With ey immediately follows from the L? convergence. From (6.36) (with A = 0)
we conclude that v, is a Cauchy sequence in H'(R,) and hence must converge to
Vo in the H'(R,) norm.

Let x € C*°(R) be supported on [3,+00) and satisfy x =1 for z > 1. Clearly,

d2
( o5t w) (Xvn) = Xgn + 2X'v; + X"vn -
Since we can smoothly extend yuv, to H*(R), it follows from (5.4) and (5.5) (with
B =1and U = z) that yv, and xxv, are Cauchy sequences in H*(R) and in L*(R)
respectively. Hence, its limit yv., satisfies v, € H*(R) and xav,, € L*(R). By
the H'(R,) convergence of {uv, }°2, it follows that v, is a weak solution of

"

Vg = —Joo + 10V .

Since the right-hand-side is in L?(R.), it follows that v, € H*(R,) and hence L’
is closed.

Step 2: We prove that £% — X has index 0.

Let £ : H?(Ry)NL*(R*; 22dx) — L*(RT) be associated with the same differential
operator as £?. Clearly, £ is a Fredholm operator of index 1. Indeed, it is clearly
surjective (we can find a unique solution satisfying a Dirichlet condition at x = 0)
and it is easy to see that the kernel has dimension 1 (span{Ai(¢”/6.)}. Consequently,
for any A € C, £ — X has index 1. We now observe that £, is obtained by imposing
a single orthogonality condition in the domain. Hence the index of £ — X equals 0.

Step 3: We show that p(Lg) # 0.
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We prove that there exists ji < 0 such that for all R\ < fi the operator £% — X
is injective. Combined with the above zero index property, it would yield that the
resolvent set contains the half plane ®A < fi. The injectivity follows from (6.41)
and (6.43), by which there exist py and C' > 0 such that for all R\ < o, we have

[vll2 + 1ll2 + [v(0)] < Clgll2 - (6.44)

Finally, the compactness of the resolvent follows from the fact that D(L?) is
compactly embedded in L*(R,). 1

The previous proof has also shown to us that £? is semi-bounded. The next
proposition provides a a more explicit lower bound for the spectrum as a function
of 6.

Proposition 6.6. For all 0 € R, we have
1
po(0) = inf R (L) > —3 min(6%,67?). (6.45)

Proof. Suppose that for some positive 6y there exist Ao € cr(ﬁéo) and vy € D(Eéo)
such that A
(EGO - )\0)’00 =0. (646)

Since vy is an L? solution of the complex Airy equation in R, it is expressible, up
to a multiplicative constant, in the form

vo(x) = Ai (e™8(x +1i)g)). (6.47a)
The orthogonality condition for v, reads
F(Xo,00) =0, (6.47b)
where
FO\0) = /R (@) AT (¢ X)) (6.47)

Step 1: We prove that the set {# € (0,+00), 3N € o(Ly) with RA < R4} is
open.

We use the implicit function theorem. If indeed F' ()\0,«90) = 0, we get after
integration by parts that

aF N S Al 127
5()\0,90) = —iAi (62 /3)\0> 7£ 0.

Hence there exists a neighborhood of 0o and a C'- solution A(#) in this neighborhood
such that A(0y) = A .

Step 2: Let ¢ < Rvy. Consider the set

S(e) := {(\,0) € C x (0,+00) , R\ < £ and F(A,0) = 0},
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which can be described as a countable (or finite) union of simple analytic curves
denoted by {A\g(f)}rex, each with an interval of definition (6g,0;). Let further
pi(0) = RAL(0). We prove that for all & € K and 6 € (6, 0;)

p(0) +60%/2 > (ur(0y) + 07 /2) exp { — M dr} , (6.48)

where

vp(,0) = Ai (™% (z 4 iM(0))) .

Let k£ € K. For convenience of notation we set
AO) = Xe(0), () = RA(0) and v(0) = vi(0) .
By (6.47b,c) we have that
F(X\#),0) =0, V0 € £(0). (6.49)
Differentiating this identity with respect to 6 yields
(/3 A d\

750 11(0) = 1:(6) = 0, (6.50a)
where
1(0) = /R eo(z) Ai'(e7/%(z + iN(6)) da (6.50b)
and
I(0) = /R zeg(x) Ai (™5 (x4 iN(0))) d . (6.50c¢)

Integration by parts yields, in conjunction with (6.49),
L(0) = —e ™/OAi (23 )0(0)) . (6.51)
We now write, with the aid of (6.49) and Airy’s equation
L(0) = fR+(ZE +iA(0))ea(z) Ai (/5 (z +iX(0))) dx
= ¢7im/6 Jr, eo(z) Ai "(e™/6(x 4+ i (0))) dx .
Integration by parts and (6.51) then yield
L(0) = —e BAL (e2™BN()) 4 1AL (¥ (0)) .
Substituting the above, together with (6.51) into (6.50) yields

A 9.0(0,0)
%(0) ’U( ’ )

Taking the inner product of (6.46) with v(-,6) we obtain for the real part

— 0. (6.52)

10:0( )13 — u(@) v (-, 0)[I3 + R{D(0, 0)0:v(0,60)} = 0,
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where p(0) = RA(0).
Combining the above with (6.52) then yields

TP oy LR YT
@ wer M oap

We then have on the branch
d(u+6°/2) N v(-,0)]3

o7 ‘U(O’G)‘;(M+92/2) >0

Solving in [fy, 67] vields (6.48).

Step 3: We prove that along every curve in %(0)
RA(O) = pu(0) > —072/2. (6.53)

From (6.43) with ¢ = 0, and (6.41) we obtain that

1 1 1/2 3/2
1015 = w@) 1013 < a0/l 0115

The above, in conjunction with Young’s inequality yields u(6) > —072/2 which is
precisely (6.53). In particular it implies that

liminf inf RA>0. (6.54)

0——+o00 F(X,0)=0

Step 4: We prove (6.45).

If infy inf () g)—o RA > 0 then (6.45) readily follows. Hence, we can assume that
there exists (Ao, 90) such that Ay < 0 and F( )\, éo) =0.
We then look at {A\;(0)}rex inside X(—¢) where ®A\g < —e < 0. By (6.54), all
branches exit X (—e¢) for sufficiently large 6.
We now observe that

F(A(0),0) =0= p(0) >0,.
Indeed, as _
F(X,0) =e s Ag(i))

we can apply Corollary A.4. Hence, these branches must lie outside 3(0) for 6 €
0, 0;,r) for sufficiently small 6;,,; > 0. Assume that ¢ is chosen small enough so that

—+ 02f>0

Consider any branch A(f) in ¥(—¢) with 6 in some interval [0(g),0*(¢)] C (0, +00)
such that ®A(0(e)) = RA(0*(¢)) = —¢
We can then use (6.48) to obtain
p(0) +02/2 = (u0(e)) + 0()/2) exp { — [ o R}
CCernr e R
(—e+062.,/2) exp{ fe © Tol |U0”)2|2 d@}
0.

VoV
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This completes the proof of (6.45). 1

Corollary 6.7. It holds that

X : : 62
fim, := inf inf | <§R)\ + 5) > 0. (6.56)

0eR L Neo(L?

The proof of (6.56) with the non strict inequality follows immediately from (6.45).
Note now that by (6.55), taking into account that u(6) + % o 0 and that
—+00

1(0) > 0 we can conclude the strict inequality in (6.56).

The adjoint operator
We note that D(£?) is not dense in L*(R,). We thus introduce Hy = D(A), and
then define

D(A") ={v e H s.t. D(A) 3 uwr> (v, Au) extends as a continuous linear map on Hy} ,
(6.57)
and set A*v to be the unique (by Riesz theorem) y € H, for which

(v, Au) = (y,u) .
The standard definition is recovered when Ho = H. Note that
(A= X)* = A* — Ny, ,

where Iy, is the projector on Hy. We further note that A*A is an unbounded
operator on Hy.

In the particular case A = L%, H, is the orthogonal complement in L?(R,) of
eg. Hence, Iy, = [ — Py, where, for any v € L*(R,),

1
Pyu(z) = %<69, u)eq .

We next provide a more explicit representation of (£%)*.

Lemma 6.8. We have
D((L£%)) = H§(Ry) N L*(Ry; 2%da) (6.58a)

and for any v € D((L%)*),

(L0 = (I — Pg)( G ix)v. (6.58h)

dz?
Proof. The proof is reminiscent of the analysis of selfadjointness for (1D)-problems
in [29]. Let ¢ € C5°(R™) and then set u = (I — Fp)¢ € D(Ly). Let v € D(L}), where
D(L}) is defined by (6.57). From the definition we deduce that the distribution
Coo(Ry) 2 9= (v, Lo(I — Po)d) 12w,
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should extend as a continuous linear map on L*(R*). We then observe that

2 2

(v, Lo(I — Py)¢p) = << - % — i:p)v, gb> - <v, (— % + ix>69>(69, o).

The second term on the right hand side defines a linear form on L*(R,). Hence,
from (6.57) we get that ¢ — ((—d?/dz*—ix)v, ¢) is a distribution in L?(R, ). Hence,
it holds that (—d?/dz* — iz)v € L*(R,). We can thus conclude that v € H*(R,),
v € LA(Ry).
We now compute (v, Lou) using integration by parts to obtain
d? d?
<v, ( —ost m’)u> = —u/(0)9(0) + u(0)7'(0) + << =i ix)v,u> .

To conform with (6.57) u +— —u/(0)v(0) 4+ «(0)2’(0) must be a continuous map on
(I — Py)L?. This, however, is possible only if v(0) = v/(0) = 0 (consider the sequence
Up = Xn — Paxn With x,(z) = v/nx(nz)), leading thereby to (6.58a). Consequently
for any v € D(L}), we have

(0~ i) = (o i)o)

Having in mind that

(v, Lou) = (Lyv,u) , (6.59)
leads to »
Lov=(I— Pg)( — a5 —ix)v.

We can then extend (6.59) by density to any u € Hg.

Proposition 6.9. The cigenfunctions of L are complete in (I — Py)L*(R,).

Proof. We take a similar approach to the one in [5].
Step 1: By the semi-boundedness of £? and (6.58a) there exists ¢g > 0 and
fio € R_ such that for all u € D(L?)

coll =" +aully < 2eo(llzulls + [lullzo) < | —u” + (iz — fio)ull3. (6.60)

Step 2: We now show that the resolvent of £% is in S, for every p > 3/2, where
S, denotes the Schatten of order p.

By the Max-Min principle the singular values (i, ),en+ of the operator (£%— o)~}
satisfy for k£ € N

| — " + iz — fio)ull3

—92 .
= Imax min
ikt = 2580 weuinb(cs) [ull3
Let further
) . ” —U”—FSL’UH%
Kppp =  Max mn
Upe(L2(R4))* welU-nD(Ly) [Jull3
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By (6.60) we have, for n € N*,
k2 < com,?.

Finally, let

I : | —w” + zull3
’%k—i—l = max min TR E—
Ur€L2(Ry)k weULENH2(Ry)NL2 (R4 ;a2dx) || u|l3

In view of the additional constraint embedded in D(L’) we have
Kn < Kp, -
By the Max-Min principle the 2 are eigenvalues of
Ay = (=d?/dx® + z)?
defined on
D(Ay) = {u € H*R,) N L*(R,;z*dx) |u"(0) = (—u” + 2u)'(0) =0} .

Let A = a2, where a > 0, denote an eigenvalue of Ay. (Note that A = 0 is an
eigenvalue.) Let u, denote the corresponding eigenfunction. As

(—dd—;+a:>2— 2:(—5—;+x+a>(—dd—;+x—a),

we easily obtain that, up to a product by an arbitrary constant,
1 .. .
Ug = —2—A1(:L’+oz) + A1 Al (z — ),
!

where A; has to be determined from the requirement u, € D(Ay). It can now be
easily verified that o € o(Ay) if and only if
Ai'(a)  Ai'(—a)

50) = =3 + AT = (6.61)

Let {w,}22; C R_ denote the zeroes of Airy’s function Ai (z). By computation of
its derivative d(«) is a monotone increasing for a € (—wy,, —wy,+1) and tends to +oo
at the edges. Consequently, there is precisely one solution of (6.61) in (—wy,, —wWp11)-

As —w, ~ n?*/? we may conclude from the foregoing discussion that & ' ~ n??

as well. Consequently, there exists C' > 0 such that, for sufficiently large n ,

Mnﬁm-

As a result, for all p > 3/2 it holds that
Z b < 0o
n=1
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Step 3: We complete the proof of the proposition.

We take a similar approach to the one in [5]. By (6.41) and (6.43) we have, for

sufficiently large —R\,

0y < €0
122 =27 < Ty

Let v = (£ — \)~lg for some g € L?*(R,). From the imaginary part of (6.38) we
learn that
—SAJoll3 + [l2120]l; = S(v. g) — 3{v'(0)0(0)} .
With the aid of (6.36) and (6.42) we then obtain that
=SAlloll3 < COIL+ |l 2)lol3 + gll3] -
Hence, there exists ' such that if =3\ > C (1 + |u|"/?), then

2?2 < SO
A

From the foregoing discussion we may conclude that every direction where
7/2 < arg\ < 27 is a direction of minimal growth for (£’ — A\)~!. Following
the arguments of the proof of [2, Theorem 16.4] (cf. also [16, Theorem X.3.1 |
or [13, Corollary XI1.9.31])) we can conclude that the eigenspace of £? is given by
D7) = (I — P)LA(R,). 1

Proposition 6.10. Let jio(0) = infyc, oy RA. Then,
lim p(0) = Ry, (6.62)

0—+o0
where vy the left most eigenvalue of Ly the Dirichlet realization of £ in R, .

Proof. We begin the proof by applying Rouché’s Theorem, in the large 6 limit, to
the holomorphic functions #F (), 6) and Ai(e*5)) inside a disk of radius 7 > 0
centered at v, and containing no other eigenvalue of £,. As A — Ai(e*5)) has a
unique zero in this disk, Rouché’s Theorem would show the same for the zeros of
F(-,0). It is therefore necessary to compare the two functions for A € 0B(vy, 7). We
thus write

OF (X, 0) — Ai(e™3)) =6 / e I [AL (PN 4 ™/0x) — Ai (272 N)] dx . (6.63)

Ry

We bound the right-hand-side in the following manner
9/ 67€m|Ai <€i27r/3>\ + eiw/Gx) — Aj (€i27r/3)\)‘ dx
Ry
< 6/ e 2| AL (€0 (. + i\ || 20,0 d
Ry

c : i ;
< S A (@O 4+ M2 (6.64)
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From this, we obtain the existence of rqy > 0 and C' > 0 such that, for any r € (0, (]
and any A € 0B(vy,r), we have

\WNAG)—AM¥”“M|g-%ﬂAMé”BML
rfz

It follows from Rouché’s Theorem that for sufficiently large 6, F'()\, 0) has a unique
zero in B(vy,1).
At this stage we have obtained

lim sup p(0) < Ry .

60— —+o00

Using the arguments as above and supposing now that r < |A — 14| < R and
RA < Ry, we can establish that

OF (X, 0)
Ai (e27/3)\)

C(R,7)
01/2

—1 < (6.65)

Consequently, we obtain that, there exists 6;(R,r) such that, for all > 0,(R,r)
F(A, 8) does not vanish in (B(vy, R) \ B(vy,r)) N {RA < Ry }.

To complete the proof we need yet to establish that there exists Ry > 0, and
05(Ry) > 0 such that for all 8 > 05(Ry) we have that

B CNIR00)
RASR AL (273 )
[A—v1|>Ro

’ > 0. (6.66)

To this end we set as in (A.6)

F()\,H) . —0x , —(—\)1/2g —0x
7Ai(ei2ﬂ/3)\) = /RJre e dx+/R+e w(x)dx.

To bound the second term we use (A.14) and (A.17) (with py = Rvq) together with
Sobolev embeddings to obtain

]l < fwllallw'z < CIN72.

Hence,

(6.67)

Ai (e27/3))
from which (6.66) easily follows. &

0
) o 1’ S C|)\|_1/4

6.3 No-slip operator on (—1,1) for large «

Consider Eg, defined in (6.2), with (+ = 34, where 3. € C?(—1,1) is the solution of

{_3/:{: + 0423:|: =0 forx € <_17 1) (668)

30(£1) =1L and 30.(F1) = 0.
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An immediate computation gives
sinh a(1 + )
sinh 2«

3+ () = (6.69)

and a similar formula for 3_.

We attempt to obtain a resolvent estimate for Eg in the case a > 6,53 where
0, > 0. If we try to use the arguments of Subsection 6.1 we would encounter a
problem while attempting to use (6.29). It can be verified from (6.69) that

34 — e ®0FD)|| o < Ce™2 < Ce 20187 (6.70)

Then, one can deduce in the same manner that for some C' > 0, C; € (0,1), and
sufficiently large [,

I3 lls > a2(1 — Ce™2) > 16, V0.

Thus, the error introduced by (6.29) is not necessarily small and one needs an
alternate route for the estimation of ||(£§3 — A7

Since for a > 6,83 we need to consider, in the next section, only the case
(+ =~ 3+, we focus attention here on the resolvent of Eg in that case. Thus, we
no longer approximate (+ near z = +1 by 1, as in Subsection 6.1, and use instead
the approximation (+ ~ e *0¥%) as observed in (6.70). Note that Eg depends on
a through the orthogonality conditions appearing in the definition of its domain.
Consequently, we need to renormalize 5 from (6.8b) and (6.8a) in a manner that
would suit the approximation used for (.
For some 6 > 0, the renormalization factor will be defined by

F(\:,0)

we (B, A, 0) == m, (6.71)
where, (see (6.15) for the definition of A1),
Ao = BRI — iU L)) = BRI (6.72)
We now define
Yro=wx(B, A, 0, (6.73)

where 11 was introduced in (6.8b)- (6.8a).
The above normalization provides the approximation ((i, vy ) ~ (Jiﬁ)*%, in the
limit 5 — oo, as in Subsection 6.1 (see below (6.84)).

We similarly introduce with the notation of (6.11) and (6.12)

g+60 = wﬂ:(ﬁa )‘7 e)gﬂ: and 6:|:,9 = Wi(ﬁ, )‘7 9)6:|: . (674)
We can now state:

Proposition 6.11. Let r > 1, 6; > 0 and >« > 0. Then, there exist By > 0 and
C(5) > 0 such that, for allU € 82, B> By and § = a3 > 0,

sup (L5 — BA) | < C(s) 8723, (6.75)
RA< (f10(0)—5)51/3

where

f0(6) = min( T o (J-20), T2 o (7, /%0)) . (6.76)
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Remark 6.12. In the sequel we apply Proposition 6.11 with 61 = 6y where 6y is
defined in the statement of Lemma 6.2.

Proof.
The proof goes along similar lines to the proof of Lemma 6.2. Let A\ € C satisfy

BYBRN < Y (8, 32) == f1p(A) — .
Furthermore, let the pair (g,v) in L?(—1,1) x D(Eg) satisfy the relation
(E% —BANv=g.
We assume, as in (6.20),

v=A4(9) (W0 — Vi) + A(g) (Vg —V-p) +u, (6.77)

where u is given by (6.5), and then estimate AL (g) in the relevant regime of «v values.
We first estimate the renormalization factor. We note that

Ao(ids)

wi (BN 0) =e ™6 =L
A0 F(he, 05

and from (A.44) which reads,

) Ao (i)

~

<CG)(1+0),

~ A~

FO\, 0)

sup
RASY(0)

we obtain that there exist C'(») > 0 and [y(s), such that for all 8 > 6,
RN < Y(0, 2)3713, and B > By(3) we have

we(B,),0)] < CH. (6.78)

We can now use (6.17), (6.18) and (6.19) to obtain that

[hsplla < CO[L+ [Ae|/2BY0)1 25710 (6.79)
ﬁ1/6
g+l < CO T T [ 23 (6.80)
and
—5/6
IV = v+ 8 )sgllo + 6 glle < CO—L (6.51)

[T+ Dl PR

We note that (6.25) remain valid in the case 6 > 0, i.e.,

ricpmto ] d I | R

We now write
(4, ¥10) = (70D 9y o) + (32 — e *UED gy ).
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Since by (6.78) and (A.43b) we have that

[Yrali < CGO|ps| < COBYVE,

we can easily deduce using (6.70) that for sufficiently large /3
3+ — eia(lim)awiﬂﬂ < 6672961/3||¢i,6||1 < vaﬁf%ef(hﬁl/s .

Furthermore, as

/W e~ 1D A ((J_B) e ™/5[(1 + 2) + iJ 7 (A — iU(=1))]) da

1

_ (Jﬁ)us/R e—eji/sgAi (e@'w/ﬁ [§ + Z'J:2/3ﬁ1/3()\ _ Z'U(—l))}) dé¢

(6.83)

= (J_B) " VPF (s, 005,

we have that
(€004 o ) = (J_B)73 — (1, e+ g,y
Since by (6.83) we have
[(Looe™ M, 4 g) < O™ Py gl < O3,
and hence we obtain
(et g g) = (JB) [+ O ™),

and a similar estimate can be obtained for (e=*1=%) 1, ).
We now write

_pRl/3
[Gs )] < lWpllorcroe™ ™ + gl I3+l ol
and then use (6.83), (6.78), and (A.43c) to obtain that

|Gy, g)| < CB73.

Bounds for (34, u).
Set,

X— A if [RA| > max (1, [Pl ) g-1/3
As 5 |RA| > 1 and |RA| > |RA[, it can be verified that
L+ [RAPBY? < 2RAP? 577,

and hence )
14 B*BIAL? <28%3|U(£1) + i),
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(6.84)

(6.85)
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We now verify that A K
152(U +i\) %o = [U(—1) + A2 (6.88)
Indeed, we have

B2|U +3N72) =52 |U + A 74( = 208"3[(U — SN2 + [RA]?] +2U7 (U — 3N))

= 32U+ A~ 20872 (U - 90 + 2;;{/3] + s — 28R

which is non positive by (6.86).
Hence the maximum of 32|U + iA|~? is obtained at z = —1. A similar inequality

can be established for 33 |U + iA|~2. Combining (6.87) and (6.88) yields
mgU+M>Wm<wﬂwniﬂU+ﬁrwma

< P sy 1 iy 2

. 671/6

< .
> 09[1 + 61/3|>‘i|]1/2

Note that the replacement of A by A avoids the burden of a vanishing denominator.
We now write

(6.89)

[ )] < 132 (U +30) 72 (U +0) 0o (6.90)

To estimate ||(U4iA)"/2u|« in the right hand side of (6.90) , we first obtain a bound
for |||U — v|*?u|| . Thus, integration by parts yields for all (z,z¢) € [—1,1]?

(U — 1/)|u|2}20 = 2?)?/ (U —v)ud dt —/ U'|ul?dt .
z0

zo
From which we conclude, by integrating the above for z € (—1,41) and Cauchy-
Schwarz inequalities, that

U = v 2ull3, < CUNU = vlullolle|l2 + ull3 + U = Y2 ull3) -
By (5.4) and (5.5) we then have

T = v 2ull3, < 64/3”9”2

We now write

U+ 82l < 201U = o 2ull + (RN +26°) Jull2)

< C(BPlIgll3 + (IRAL +2671°) Jull2llw/]l2) -
By (5.4) we then have

. C
(IRAI +2671) JJull2 < Flall2

and hence, using(5.4) once again to estimate ||u'[|2, we may conclude that

2 C
(U + X))l < allgle- (6.91)
Combining the above with (6.89) and (6.90) yields
C
B8 lgll. - (6.92)

<
(32, w)| < o[ + ‘)\i‘ﬁl/3]l/2
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Bounds for (3.,040).

The estimation of (31,74 ¢) follows a similar path to that of (31, u). We begin
by writing A A
|G 0.0)| < M3 (U +i0) 2 (U +A) 20l oo -
Since 04 g, given by (6.74) satisfies the same problem as u with ¢ replaced by g4 g
we may conclude as in (6.91) that

o C
(U + X)) 254 g[| o < WHQLGHQ-

Consequently, by (6.80) and (6.89)

ﬁ—2/3

(35 V.0)| < TFNIMETEE

(6.93)
In a similar manner we can obtain that

~ 672/3 /3
|Gy Da0)| < S S WEDETT P < cps, (6.94)

As in (6.31) we can now write, in view of (6.93) and
(3, (0 — T 9)) — (JB) V3| < OB/,
Combining the above with (6.85), (6.93), and (6.94) yields
[A+(9)] < OB, w)| + CB7*P (57, )] -

The above, together with (6.92) yields

Cp 2 L g1 1 Il
o \Txpare P g ) ol

As [N\ —A_|=|U(1) — U(—1)|, we obtain for sufficiently large

[A+(g)| <

Cp1/2 1

(6.95)

Combining the above with (6.77), (6.79), and (6.81) yields (6.75). 1

7 Zero traction Orr-Sommerfeld operator

7.1 A short reminder

We recall for the commodity of the reader that B, 5 is defined by (3.5) and (3.10)
Le. 2 N
Bras = (Lg = BN (5 —a?) = iU",

70



with domain
D(Bgﬁaﬁ) ={uec HY(-1,1)NnH}(~1,1)|u" € H}(~1,1)}.

Here
2

da?
and L3 is the Dirichlet realization of Lz in (—1,+1).
Finally we recall that the inviscid operator A, , associated with U is defined by

Lz = +1i6U ,

Apo = (U—l—i)\)(—d—2+a2> +U”

da?

with domain D(A,,) = H*(—1,+1) N Hg(—1,+1).

7.2 The case U" #0.

We now prove

Proposition 7.1. For all r > 1 and 6 > 0 there exist positive By, T, and C such
that, for any 6 > By and U € S, satisfying (2.29), it holds that

d (1 :
sup [|(BYas) || + Hd_ o (BSap) | <CB (3-9) (7.1)
mgoiifl/s T

Proof. Let A = pu+ iv. Let further 0 < T < Ry and suppose u < Y373, Let
¢ € D(BY, ) and f € L*(—1,+1) satisfy

B)Cti,a,ﬁqs = f (72)
and
vi=A\a0. (7.3)
We note that v € D(E?) and, defining g by
g:= (L5 — AB)v, (7.4)
we have
g=—(U+iNf+20 (¢ —a®¢) + U"(¢" = a’¢) — (U"9)". (7.5)

By (5.19), there exist C' > 0 and 5y > 0 such that, for § > 5y and p € (2, +o0] we

have
p+2

A 3pt2
[v]l, <CB™ % [|gll2 - (7.6)
As

R(U) (0 = 0%0). BS0) = (U") (6 — a?0) 3+
FR(U)) (@ - %), — %) - Bullo” — o3, (17)
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we easily obtain that

169 = a®¢ll2 < CUIFll2 + |l 28'2)1" = a?6l) (78)
We now write,
(L5 = BN(¢" — a?¢) = ipU"d + f . (7.9)
With the aid of (5.8) and (5.21) we then obtain
6" = a?6|l2 < C(B [l ¢llo + B2 f1l2) (7.10)
Substituting the above into (7.8) then yields
16 — a?¢lls < CII fllz + [l 282]1¢" — a®¢ll2) (7.11)
To bound ||(U"¢)"||s we first use the fact that
(¢",¢" = a’p) = [1¢"[l5 + o*[|¢]15. (7.12)
Then, by (7.10) we obtain that
16"[l2 < C(BY°lI8lloc + 5721 Il2) (7.13)
and
1T")"l2 < C(BY°l1lloe + B2 fll2 + llo12]) - (7.14)

We continue the proof by considering BSa, s in a few different regimes of A values.

Case 1: Bounded ||
Suppose first that
W[ <Co ;5 0<|ul<TBY, (7.15a,b)

where Cy € R,. The value of Cj to be selected above will be determined in a later
stage.
Using (7.10) , (7.11), and (7.14), we obtain from (7.5) that

lgll2 < CUIFlla + (V2822 + BYO) [ @lloo + I6]]1.2])
or by Sobolev’s embedding

lgll2 < CUIFllz + (112822 + BY) 6 ]112) (7.16)

(7.3), we may apply Proposition 4.13 to the pair (¢,v) to conclude, by (4.24), that
for any ¢ > 1 there exists C' > 0 such that

16ll12 < C([[0"llg + lIvlleo) - (7.17)
Similarly, by (4.25), for any p > 2 there exists C' > 0 such that

TR ) P P e T P (7.18)
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Hence,
lgllz < C (I1Flla + 127282 0]l + B[ [lg + [[v]lo0)) -
We may now use (7.6) to obtain, for p > 2,

2B o), < Cluf* 7856 g
fmnl_1 2 p=2  3pt2
<SCTEegsTm e gl
= O 75lg]le
Applying (7.6) (which is valid for p = 400 as well) once again yields

pellvllee < CBo2lgll2 = CB7 (g2

Finally, we apply (5.10) (with ¢ = p) to the pair (v, g) satisfying (7.4)) to conclude,
for 1 < ¢ < 2, that

C
gl

B3r

Bl <

Combining the above we then obtain, for sufficiently small T and 371,

lgll2 < C1fl2- (7.19)
From (5.10) and (7.19) we now get, for any p € (1,2),
_z4p 5 o 2P
1Nl < €575 llglla < CB7 o || ]2

From which we deduce, for p sufficiently close to 1 and sufficiently small § > 0, the
existence of Cs > 0 such that

111, + 1ol < C58~ =0 .

We now return to (7.17) to conclude that

16l11z < G55~ E=9) 1,. (7.20)

Hence (7.1) is proven in Case 1 for sufficiently small T > 0.

Case 2: R\ unbounded negative

Next, consider the case where (7.15a) is kept in place but instead of (7.15b),
p < —YB7Y3 is assumed. In this case we return to (7.7) and use the positivity
of —fu for the last term on its right hand side. In a similar manner to the one used
to derive (7.8) we establish the existence of 5(T) > 0 such that for all 5 > 5(Y),

" c
l¢" — ool < W!\f”z-

Since ¢ € Hj(—1,1) it can be easily verified that

4
9l < ~ 16" — a6l (7.21)

and hence for any T > 0, there exist C' and Sy such that, for all @ > 0 and all
B = Bo

¢lli2 < CB722 fll2,
establishing (7.1) in Case 2.

Remark 7.2.
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Case 3: |$)\| unbounded
Consider next the case, where instead of (7.15) we have

V[ = Co. (7.22)
In this case we write
—S{¢" — a’, BY¢) = B[(¢" — a®¢, (v = U)(¢" — a®0)) + (¢ — o0, U" )]
As ¢ € Hi(—1,1) we have that
9]l < gll6" — %l
and hence, under (7.22),
(0" a0, (v=U)(¢"~0?0)) +(¢"~a%, U"9)| = (Co—|IU =47 2|[U" [l ) 6" ~a*6 5 .

Selecting Cy > ||U||s + 47 2||U"|| oo we then obtain

C
6" — a®ll2 < =l £ 12

We can now conclude from (7.21) that

C
EHJCHQ-

As (4.23)- (4.25) are not valid for g = 0, we need to establish (7.20) for the case
w=0. Let

[0l12 <

Booo=1f.
Then, we may write by (7.7) that
6" + ol < CIf |2

Then, as
B ig1a=0"+a0+f,
we may conclude (7.1) from (7.20).

7.3 The nearly Couette case

We now proceed to consider the nearly Couette case addressed by both Theo-
rems 2.14 and 2.15. Let U € C*([—1,1]) satisfy (2.24) and recall the definition
of 05(U) from (2.26),

02(U) = [|U"||1,00 -

We next recall from (2.28), for some r > 1,

S, ={veCY[-1,1])], inf o' >1/r and ||v|l4e <7}.

z€[—1,1]

We shall consider the case where d5(U) is small. Note that in contrast with the
assumptions of Proposition 7.1, U” may change its sign.
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Proposition 7.3. For any r > 1 and Y < Rvy, there exist § € (0, i), and positive

Bo and C, such that, for allU € S, satisfying 0 < 62(U) < 0 and all 5 > py,
C

- d _
sup |[(BSa) | + || (BSas) || < - (7.23)
BL3RA< I3y

0<a
Proof.
Note that by (2.28)

r>m > ! . (7.24)
r

As in the proof of Proposition 7.1 we separately consider different regimes of A € C.
Case 1: Ry /2 < J;LQ/?’BI/% <Y or Y3 < —an/?’%z/l/Z

Let f € L?(—1,1). Using the definitions (7.2)-(7.3) we further set

v
CT U+
Clearly
B U’/(b "
D _ _ _
(L9 = BA)I = f+ (U . M) (7.25)
We now write
loll2 < (U +iA)(LF = BA) Rl
By (5.8) and (5.9) we then have
C
[o]l2 < Ellhllz- (7.26)

Next, we turn to estimate [|h]|o. Clearly, by (7.25),

gb”. &(1+ﬁ)
+H|U(i<zb)\\3H+H¢<l |U+z>\\2)H) (7:27)

2l < 11+ )

where we have use that fact that

30 o)
U +i\ — 2 U+ A2/

For the third term in the right-hand-side of (7.27) we have
< CBBYY ] (7.28)

’¢,<1+m> 2

We now turn to estimate the second term on the right-hand-side of (7.27). Here we
write o

U+ i)ll2

< CBP¢" s

1)



Then, we use (7.13) (which remains valid in the nearly-Couette case) to obtain

|| <o) Bl + BV F ).

Sobolev embedding then yields

¢I/
HU+Z)\

Cr) (B¢l + B2 Fll2) (7.29)

Finally, we turn to estimate the last term on the right-hand-side of (7.27).
Suppose first that for some z, € [—1,1] we have U(z,) = v. Clearly, as

1
U () +iA| > ‘m(:c — )+ TR /3*1/3‘ (7.30)

it holds by (7.24) that

U”¢ ¢
<C§ H
H |U +iAJ? 2 (x — ) +1i TR0, B-1/33 12
Hence, we obtain
U”QZ) e 256
H U + iA]? H2 < GO lloo - (7.:31)

Substituting the above together with (7.29) and (7.28) into (7.27) yields with the
aid of Sobolev embedding and Poincare inequality

Bl < 11 ll2 + Cr) (8% + 52 612
which for 5 > 5y(0) gives
hlls < [1fll2 +C(r) 8 87 [ ]2 (7.32)
By (7.26) we then have

C
[oll2 < Ellfllz+C(T)55*1/6||¢>||1,z- (7.33)

The proof can now be completed, for Rvy/2 < J;LQ/?’BI/‘?M < T or
B3 < —JT%L/?’?RM/Z, by using (4.25) with p = 2. In the case where U(z) —v # 0
n [—1,+1], we may still apply the previous arguments by replacing (7.30) with

\U(x) +i\ > m(z+1) + %u;/?’afeulﬁ—l/?’ (7.34)
where £ denotes + for v < inf U(z) and — for v > sup U(z).
Case 2: 8'Y3|u| < J2*Ruy /2
Let

- (5 ),
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and then write

B, .pusnth = f — s67(¢) — 0%¢).
Since R(A + s871/3) = B=1/3J2/*Ru, /2, we can use (7.23) to obtain that
8]l < CB=CIIfllz + 876" — a?6]l2). (7.35)
We now recall (7.9)
(L5 = BN — a’d) = ifU"p +
and then use (5.8) and (5.21) to establish that
6" = a®¢lla < CB™2[f 112+ 081 6]l) (7.36)

Substituting the above into (7.35) yields

I8ll12 < CB=°I1fll2 + 616 ]loc) -

Using Sobolev embedding yields (7.23) , for sufficiently small § and 83y < Y. 1

8 No slip Orr-Sommerfeld operator

In contrast with the prescribed traction condition, the auxiliary function v = A, ,¢,
does not satisty, if ¢ € D(B)?aﬁ), a Dirichlet boundary condition. Consequently,
special attention must be given to the behaviour of v near the boundary through
(6.20) for instance. Since ¢ satisfies a Dirichlet boundary condition, we expect that
the rapidly decaying boundary terms ¢y — 04 in (6.20) should have a negligible
contribution to ¢ compared with that of u (i.e., [|A} (Vs — 02)]l12 < |45 qull12).
The next subsection is dedicated to the establishment of such estimates.

8.1 Preliminaries

We recall that Jo = U’(£1) and that 9] and 14 are respectively defined by (6.10),
(6.6) and (6.7). The next lemma holds true under the assumptions of either Propo-
sition 4.9 or Proposition 4.13.

Lemma 8.1. For anyr > 1 and T < ¥, there exist positive constants C' and [y
such that, for all 8> By, A € C for which R\ < =3I, and U € S, satisfying
either (2.29) or (4.19), it holds that

JA QU +iN) 12 < C 1+ BN B (8.1)

where
A =p+i(v—U(£1)). (8.2)
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Proof.
Let ¢ = A/(,L(U +iX)e. We write

’<Ufz’x U+ M)wiﬂ < (¢ — (1)1 - (8.3)

As
[6(2) = (£1)] < 0ll1all1F )12, Vo € (-1,1),
we may write
1(¢ = d(E1)xllh < [l@llaall (1 F )P
It follows from (6.27) (with s = 1) that for some positive C

I(1F 2) 2]l < C L+ A8 712, (8.4)
In the case where (4.19) is satisfied, we may use (4.40) so that

9],z < ClI(LF )29y,

which, combined with (8.4) yields (8.1).

In the case where (2.29) is satisfied, we may use (4.88) for v = (U + i\)Y4 to
obtain that

H-"KL(U + XYl < Cl(1F 1’)1/21%”1 .
Then, we apply (8.4) to obtain (8.1). 1

We shall also need the following

Lemma 8.2. Let r > 1 and Y < O}, Let further (\,\) € C? satisfy A — X € R,
R\ and R\ are in (—oo,ﬁ_l/gJi/gT) and |RX — RA| < 205373, Then, there exist
positive C' and By such that, for all B > By, and all U € S, satisfying either (2.29)
or (4.19), it holds that

AL + N (Lpr = BA) e (Wlha < C L+ ]850 (85)

where

~ ez N) 2 e [-1,1]
V(@A) = {0 2] > 1.

Proof.
For later reference we note that the requirement set above that |\ — A| < 2097 571/3
implies the existence of C' > 0 such that

SI+ A8 < [+ Aal8Y%) < OT1 + Pl 5]

and

SO+ 8l < (1 6l < OO+ 57l
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where ji = R\
Step 1: We prove that there exist positive C', and fy such that for all 5 > [
and k € {0,1,2}

10 F ) Loz — BR) DN 2 < CB O L4 B2 (3.6)

For convenience of notation we prove (8.6) only for (£sz — BA) "', (A). The proof
for (Lgr — BA)""p_(\) can be obtained in a similar manner.

Let u, = (1 — 2)¥(Lsr — BA) 10, for k € {0,1,2,3}. For convenience we also
set up = 0 for all £ < —1.

The case k= 0.
For k = 0, we observe from (5.4) and (6.17), that we have

< 1+ B3NV 7
We note that (8.6) for £ = 0 does not follow from (8.7). Some additional estimates
for large values 3%/3|v| should be obtained to this end. For k € {1,2,3}, we now
write:

(Lagr — BN ug = (1 — )y (N) — 2kl + k(k — 1)ug_s . (8.8)
By (5.4) it holds that
C -
Jugll2 < 321 + 51/3|M|)(H(1 — )" (A)ll2 + [[uf 1 ll2 + (k = DfJur—all2) . (8.9)
As B .
R(up—1, (Lor — BN ue—1) = |luj 113 — Bitflue—ll3, (8.10)

we obtain, as ji < 8~/3J7%Y, that

o alla < € (B luialle + 877210 — 2 B (W)
+ (k= Dllug_sll2 + (k= 1)(k — 2)||Uk—3||)) - (8.11)
Substituting the above into (8.9) yields, for k =1,
luallz < €831+ B2 ™ (10 = )P Wl + B uolla + 83102V 2) -

Using (6.17) for k = 0 and k = 1, which holds as 3R\ < T < Ji/gﬁ’l', yields

(L4 BB+ B3 ugll2) - (8.12)

[ur ]2 <
L+ A
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From (8.7) and (8.12) we then get
lurlle < C 8770 (14 B2 ul) L+ B2 ALV (8.13)
Using (8.13) we can now complete the proof of (8.6) for k = 0. To this end we write
372 + \illlluoll < (872 + [uD)lluollz + IIU = UW)Juollz + II(U = o]z
From (5.5) and (6.17), we deduce that
1T = v)uolls < OB [e(W)ll2 < CBT7C [L+ BV AL 721
On the other hand, we have, by (8.13)

IV = U@uollz < Cllun -
< OB7s(1+ B2 ul) L+ B3 ALV
< CBTH[1+ B3N

Together with (8.7), we obtain

luolls < 5L+ B2 AL 721, (8.14)

C
7
which proves (6.11) for k =0.

The case k=1.
By (8.10) we may write, instead of (8.11),

lupllz < C (B2 + BN 2 lluollz + 572 [L 4+ BN 2 e (Nl2) -
Hence, by (6.17), it holds that

luglls < Zi7 1+ B3 AL, (8.15)

C
B2
which, when substituted into (8.9) for k = 1, yields

C
<
sl = s BT

Substituting into (8.11) yields, for k =2,

[+ B2 A

¢ [1+ 837, (8.16)

||u'1||2 < W

and hence, by (8.9) for k = 2,

1/3 ~1/4
sl < sl + Bl (3.17)
As above we now write
B2+ Illllunllz < (872 + [uDlwilla + Clluzlls + (U = v)wllz,  (8:18)
to obtain from (8.17), (8.16), (5.5), and (6.17) that
C _
[ua]]2 < W[l + BB (8.19)
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The case k =2
We briefly repeat the same argument as in the case k = 1. By (8.10) with £ = 2 we
may write (instead of using (8.11))

il < C(BYP ALY AL 2 a6 (182 I |72 (L=2) b (V)| s ) -
From which we obtain, with the aid of (8.19) and (8.15)

/ ¢ -
[ [l2 < W[l + B (8.20)

Substituting (8.20) into (8.9) with k£ = 2 then yields with the aid of (8.14)

C
<
luzlle = Gami gy

Substituting the above, (8.20), and (8.14) into (8.11), with k = 3 yields

[1+ B3N] 734

[1+ B3N]3/

C
Lle <
Il = Gt gapn

From (8.9) with k£ = 3 we then obtain

1/3 —3/4
”U3H2 < 611/6(1 +61/3|M|)2[1 +ﬁ ‘)‘JrH :

As in (8.18) and (8.19) we can now obtain that

S W

a2 < B

Combining the above with (8.19) and (8.14) yields (8.12).

Step 2: We prove (8.5).

We first observe that by interpolation (8.6) holds for any & € [0, 2]. If the conditions
of (4.9) are met, we may now obtain (8.5) from (4.19) as in the proof of (8.1).
Otherwise if the assumptions of Proposition 4.13 are met, we may conclude (8.1)

from (4.88). 1

8.2 Nearly Couette flows

We begin by considering the case where the flow U is nearly linear, as in Subsec-
tion 7.3.

8.2.1 The case 0 < a < o33

Let B3, 5 be defined by (3.5). We can now state and prove
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Proposition 8.3. For every r > 1 and T < v, there exist positive 6, [y, o, and
C' such that, for all U € S, satisfying 0 < §2(U) < & (where 5 is given by (2.26))
and 3 > By, it holds that

d
sip |[(BRag) |+ |7 (Bap) | < OB (8.21)
RA<TY J2/33-1/3 X
0<a<appl/3

Proof. Let ¢ € D(B?,aﬁ) and f € L*(—1,1) satisfy B)?aﬁgb = f. Let A\ = pu+iv. Let
further v be given by (7.3), and set © = (U +14)\)'v. Without any loss of generality
we select

T >97/2.

Step 1: We prove (8.21) for A € C satisfying either 97 /2 < I BBYBRA < T or
“3r < RA < —JPB397 /2, and |SA| < 3.

Let ¢+ € C?([—1,1]) satisfy the problem

{—(U +IACE A+ (@?[U +iN +U")C =0 in (=1,1) (8.22)

Ce(#1) =1 and (4(F1) =0

Note that the differential operator on the left-hand-side is identical with that of A, ,
given by (3.13). We now write

Cx(w) = () + exp{—a(l F 2)}ix(x) (8.23)

in which 74 (z) = n(1 F ), where 7 is given by (5.14), and () € D(A) ).

(% and (4 estimates
We begin by establishing L>° and W' estimates for 2. To this end we first write

AraC) = —(U"1 + 20(U + i\ iy + 7L(U + X)) exp{—a(1 F z)} . (8.24)

Note that since the derivatives of 7 are supported on [—1/2,1/2] we have, since
|| is bounded,

1a(U+N AL (U+iN)) exp{—a(1F)}]], . < CO+V])(1+a®)e™? < C(1+[v]) .
Note further that, for all 1 < ¢ < 2, we have
|U" 7+ exp{—a(1 F )}, < C(1 +a)~/4.

and
|0 exp{=a(1 F )}y < C(1+a)' 72,

Consequently, for all 1 < g < 2, we have

[AraC]], < CO+ v+ (1+a) V%) < C1+v]). (8.25a)
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and
[AraCl]l,, < OO+ lp|+a' 9. (8.25h)

Observing that
. — 1 /
R(C (U +i0) 7 Anall) = SI(Q) P+ IGF +T(CL )

we deduce from Lemma 4.7 that, for sufficiently small § there exist 79 > 0 and C' > 0
such that, for any o > 0 and any A € C\ 7, (recall that |RA| > Jo/>3-1/397 /2 in
this step)

§R<§:?:7 (U + i)‘)_lA)\,ag:(l):> Z

1
I3+ (o + )G = C(1+ ) 21512 (8:26)

Consequently, by (4.33) (which is applied with ¢ = p, ¢ = ¢} and v = A, ,(}) and
(8.25), for any 1 < ¢ < 2 there exists C;, > 0 such that

IR MG2115" < Cy (14 )77 (1(AraC) llglIC2loo + 1AxaC Nl (L) 1l0)
< Cy(1+ [v]) (1 o)™ () o

(We use the fact that ¢ < 2 and Poincaré’s inequality to obtain the last inequality.)
We may thus conclude that

1O 152 1C2 1 < Cu(1 + [w)) (1 4 )~ Vart/2,

Hence, for g = %, we get

162 loe < NG 1 NCEIE" < Gyt + Il (L + )%,

which finally implies
12 e < C (A +1v]). (8.27)

By (8.26) we also have that

RICL. (U +0) A3 > S,

and hence
||(C;):),||2 < Cq(l —+ |1/|) (1 + a)—l/‘]-ﬁ-l .

For q = % we may thus conclude

W=

1)l < CA+ D1 +a)s. (8.28)

As (8.27) and (8.28) are unsatisfactory for large values of v, we use the fact that

R(U = )¢, (U +iN) " Avall) = (U = )CR)II5 = IU'CIE + o?(U = w)EEll3
—R(U = w)*¢L, (U +iA) U CE) .
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Assuming |v| > 2|U|, we first obtain, for any € > 0

ell(U = v)E2l3 + gHAA,aCiH% > (U = v)c2) 1l = CNU = )2l 22 -
Poincaré’s inequalit then yields, for sufficiently small € > 0
Az < O Az + 1¢21).
which implies, for sufficiently large |v|
1¢2 ]2 < C. (8.29)
We can now use (8.25a), (8.27) and (8.29) to obtain, for any v,
[z < C(1+a)s. (8.30)

Combining (8.29) with (8.27) implies, in addition, the following refinement of (8.27)
to any v

1¢2 ]l < C (8.31)
Substituting (8.30) and (8.31) into (8.23) respectively yields
¢4l < C(1+ 045/251/6) . (8.32a)
and
[Celloo < C-. (8.32b)

Application of Lemma 6.2
It can be easily verified that
((s,0)=0. (8.32¢)
We can thus consider the problem
2

<—£%+ﬂ%U+M06:h
where 0 satisfies (8.32c) and h is given by (see (7.25))
U'¢ )”
U+i\

By (8.32) we may now use Lemma 6.2 to conclude from (6.20) (applied for (g, u,v) =
(h,u,v)) that © admits the decomposition

n=r+(

v =A(h)(Wy —04) + A_(R) (Y- —0-) +u. (8.33)
where Ay (h) and 4 respectively satisfy (6.24) and (6.14), and @ is given by
i =T 11(Lom — BN 'R, (8.34)
where
R

By (5.4) we then have
lalls < GBI, (8.35)
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Estimate of h.
Since (7.27), (7.28), and (7.31) are still valid, we obtain

¢/I
U+iXll2

[Blla < 117112+ C (6 87 + 83 6z + |

which leads for 5 > () to
¢/I

12]l2 <

(8.36)

To bound the last term on the right-hand-side we write, recalling that |u| > JeP B —13y9r /2
in this step,
¢//

< CEB . (8.37)

Then, we use the fact that by (7.3) and (3.13)
16" = a?ll2 < [[8]l2 + [|U"(U +iX) ]|z
As in the proof of (7.31), we get
[U"(U +iX)" ¢l < COBY°||¢]|oc -

We now obtain a bound for the norm of v by estimating each term appearing in the
right hand side of (8.33). By (6.14) we get for v,

ol < Cpz,
By (6.17) (for k = 0) we get for ¢y,
Il < CB78[1+ [Ag] 847, (8.38)
and by (6.24) we get for AL(h)
[Ax ()] < C 5% hll>. (8.39)

Together with (8.35) for @, we then have
I9]l2 < CB~2[1 + [\s] B33 |12,

where A1 is given by (6.15).
Since (7.12) remains valid for no-slip conditions we may conclude that

16"]l2 < C(B7*[1+ [\s |85 |ll2 + 68" @l|oc) -

Since |Ax| is bounded in this step, we obtain

16"z < C(B72hll2 + 68" 6]lsc) - (8.40)
Combining the above with (8.36) and (8.37) yields
1hll2 < (1 +CB=Y|£ll2 + CI87° | 6ll12. (8.41)
For later reference we note that by (7.31), (8.40) and (8.41) we have
U'¢ /4 5/6
| () [, = C 11 + 68 6. (8.42)
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Estimates of ¢
Next we set, with (8.33) in mind,

V=10, + vy +v_,

where
ve = As(R)(U + M) (Yx — ),

and

Ve = (U + Ny i = (U +iNT 11 (Lag — BA) .

Set further
O+ = A;,Lvi ;o Qo = A;ixvo-
Clearly,
gb = ¢0 + ¢+ + gb— .

To estimate ¢4 we write

¢r = As (D) AL LU + i) — Ax(h) AL L(U +iN)Ds .

For the first term in the right hand side, we use (8.1) to obtain
AL AU + il < CB72|Ax(h)].
Using (4.25) with p = 2 and (6.14), yields for the second term
1AL (R)AS L (U +iMN)x |12 < CBTHAL(R)].
Hence using (8.39), we obtain

I6<lhe < CB M fll2+6870léll2) -
To estimate ¢q we first recall that by (8.34) and (8.44)

Vo = (U + Ny i = (U +iNT 11 (Lag — BA) .

By (5.4) and (5.5) we then have
C
lvoll2 < Zl17ll2

and hence by (8.41)
lvollz < CB7HIfll2 + CB™° 612
By (4.25) (with p = 2), and the definition of ¢, we obtain

16oll2 < CBCN fll2 + 8l 01,2) -

Substituting (8.49) and (8.47) into (8.45) yields,for sufficiently small &

18]l12 < CB9f|l2,
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which is precisely (8.21) established in this step for all A € C such that |SA| < 3r,
and either 97 /2 < 51/3J7;2/3§Tﬁ)\ <Y or —=3r < 51/3%;2/33?)\ < —97/2.

Step 2: We prove (8.21) for sufficiently small oy and \ satisfying 51/3J;2/3|§R)\| <
V7/2 and |SA| < 3r.

Let 34+ € C*([—1,1]) be given by (6.68). Note that
el =1 5 llselhe < C(1+a"?) < C14ag?8"°). (8.50)
By (3.10), (6.68), and two integrations by parts, it holds that
(30, =" +ap) = 0. (8.51)

As (7.9) is still valid, and in view of (8.50) and (8.51), we can apply Lemma 6.2,
assuming that «q is small enough, with (4 replaced by 3+, to obtain for

g=f+ipU"¢ and v = —¢" + a’¢,

that
—¢" +a’¢p =By (s —0y) + B_(¢p- — ) + 1ﬂ(f1,1)(£~5,1R —BAN)7g, (8.52)
where
By = AL(f +iBU"9),
and

(f +ipU"¢)(z) = €[-1,1]

0 otherwise .

§=r(f+iBU"9)(z) = {

By (6.24) and the fact that |U” || < d in this nearly Couette case, it holds that

|Be| < C(B72 £ll2 + 8" 1og 8| ¢lloc) (8.53)
By (6.14) together with (8.53), we have
1Bxvslls < CB7 N fll2 + 687 log Bl 6llc) (8.54)

By (5.4) and (5.35) it holds that
(Lo = BA) (S +iBU" )l < OBl + 68" (16 ]lo)
Combining the above with (8.52) and (8.54) then yields

lwolla < CB722N fll2 + 38" °lI¢lloc) (8.55)

where
wo = —¢" +a’p — By — B_ip_ .
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As in the proof of Proposition 7.3, we use the result of the previous step by consid-
ering A\ + Yo~ /? for a suitable value of Ty. We choose Y such that

J,?f’% < BYBRN+ Yo < T (8.56)

We now write

Bf+T0ﬁ71/3,a¢ = f —YoB**(wo + Byiby + B_y_),

and introduce the following decomposition of ¢

¢ = xo— Yo (Bixy + B-x-), (8.57)

where

Xo = (BYirs-1/s.0) (f = ToBwo)  and  xx = (BY p 5-175,4) Vs

For convenience we set

A=A+ To8713.

We may now apply (8.21) (with \ replaced by \) to obtain, with the aid of (8.55)
that

Ixollz2 < CBCN fll2 + 810l (8.58)

Estimate of y. .

We seek an estimate of ||x.||1.2. To this end we repeat the same procedure applied
in step 1. For convenience of notation we consider only x, in the following. The
same estimates for y_ can be obtained in a similar manner. Let then

i

W, = — " 4 a2 4 _ 7
+ X+ X+ U—i—i)\XJF
and
e )
H, = ( — S +iBU+ zA)>w+. (8.59)
It can be easily verified that
U//XJr 1
Hy =g+ ()
+ =1y U+ ix

and that ((x,w) = 0. Consequently, we can use Lemma 6.2 with A replaced by A
With the notation ¢y = 14 (N), ¥y = o (N) ,and 94 = 94 (N) (as defined in (6.12))
Lemma 6.2 yields

~ A ~

Wy = By (Y — 03) + B_(- —0_) + (Lap — BN H

where By = A.(H,) and
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Moreover, we have that R :
|Bi| < CB72[[Hy|f2. (8.60)

We now follow the arguments of the previous step with (x4, ¢y, H 1, ) respectively
replacing (¢, f, h, ). We then reach by the equivalent of (8.42)

1Hllz < 1+ CB™Y )]z + COB x|z,
from which, using (6.17), we get
IHoll2 < CHTYEM+ V457 + CO6™ s 2.
Hence, by (8.60) for £ = 0, we get
[Bel < CE7PIA+ 5]+ 08l |h.2) (8.61)

As above we set ) A )
X+ = ¢+ +o_ + ¢, (8.62&)
where
Oy = BiAila(U +iN (e — 1) 5 g, = A;_,L(U +iNT Ly (Lar — BN H,
(8.62b)
By (8.1) and (8.61) we have

671/6
1+ \5\1|1/455]

|Bal AL (U + i ip < C(B77/° + 6 Ix+liz)

Note here that as |\ — | = To8~ /3 we have used that, for some C' > 1,
O+ e8] < [L+ [Ae] VB3] < O[L + a5
Moreover, by (8.61), (6.14), and (4.25) (with p = 2) it holds that
| B.| IA5 (U + iNvLll2 < CBRI + AL V48] + 687 x4 1) -

Combining the above yields

6_1/6
=l le) (8.63)

5 <C(pT0 45
I6alha < €37+

Next, we estimate ||¢,/|1.2. By (8.5) we have
677/6
1+ |v—U(+1)| 85

AL (U + Ty (Lor — B3) i1 < C (8.64)

Furthermore, by (5.5), (5.4), and (4.25), we have

" "
U ) (8.65)

U’/X+ )//
U+ i\

HA;L(U + i1y (Lap — 55\)_1( " < %H <U s

2
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By (8.42) with x, instead of ¢ and v, replacing f, it holds that

[Gs)

Combining the above with (8.65) leads to

< C(B712[1+ e8] + 667 s 2

2

UI/X—I— "
U+i5\>

which, together with (8.64), yields

HA,{,L(U—HX)F[—L” (Lar—BN)"! (

< OB+ B0l 2

1,2

[6oll2 < C(877% +8llxlz)
Combining the above with (8.62) and (8.63) yields, for 6 > 0 small enough,

Ix+lle < CB77°.

In a similar manner we obtain
Ix-lla < CB75.

Substituting the above, (8.58), and (8.53) into (8.57) yields that (8.21) holds for
IRA| < B=V3J2%0r /2

Step 3: We prove (8.21) for A € C satisfying A < —3r.
As f =B}, 3¢ and

R0, Bo50) = 19”112 — (Br— o) |0/l = Bue®|lollz — BT, &),

we can conclude that
BErid' I — 1U sl ll2llll2) < loll2ll f]l2-
Since ¢ € Hi(—1,1) it holds that
T
1¢'lla > = 11¢ll2,

and hence (recall that |U’]| < r and 3r > 3 > 2/m) we can conclude that there
exists C' > 0 such that

C
&'z < =11 fll2 (8.66)

completing, thereby, the proof of (8.21) for R\ < —3r.
Step 4: We prove (8.21) for A € C satisfying |SA| > 3r.
An integration by parts yields
(¢, BRas®) = Bv (16115 + a®ll3) =B (U, &) + a* (U, 6) + R(U'¢, ¢') + (U"9,9)) .
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and as 1
§R<U/¢7 (b/) - _§<U”¢7 (b) )
we obtain that

1
/3<M — Ul = §HU"Hoo> 18115 + *B(lv] = 1Tl 6l15 < [I@llall£]l2

As . 9
A= Ul = G0 e > ] = o7

we establish (8.66) whenever |v| > 3r.
The proposition is proved. &

8.2.2 The case a > a# /6
We separately treat the case # = ® and the case # = G.

Proposition 8.4. For anyr > 1 and any s > 0 there exist By > 0, &® > 0 and C
such that for all 5 > Py and U € S,

sup (0 B2 1+ [ (82,07 ) < €577 so)

RASB™L3 (o (B~ 3a)—»)
a®pl/6<a)

Proof. Let 3+ € C*([—1,1]) be given by (6.68). By (6.75), (7.9), and (8.51), we have
I =¢" +626°¢ll < C(B2Igllz + B~ fl2) (8.68)

where § = af~1/3,

Hence,

19115 + 628°||9ll5 = (—=¢" + 28759, ¢) < C(B2(|9ll5 + B fll2ll6ll2) - (8.69)
As 0 > a® 376 we obtain that for sufficiently large o® and S,
C
Iolls < 11,
which implies

<Y< &
_96 Z_O[@B%

a2 1£l2-

Returning to (8.69), we get

2 C
I¢'ll2 < B75 1 fll2 l9ll2 < 92—52||f||§,

hence

C C
<

1912 < eﬁllfllz <= i

/112
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Remark 8.5. Using the definition of [iy from (6.76) yields that
fio(B7Pa) %2 + o = AP min (T2 uo (17 20) + 62, T2 1o (J170) + 67)

where § = B~13a. Let 04 = J_1/30.
Using the definition of i, from (6.56) we then conclude

T o (T210) 4 6° = 2o 6s) + 61) = T3 i
Consequently we obtain that
/10(/8_1/304)62/3 _'_&2 > ﬁ2/3¢]§1/3Am.

By the foregoing discussion, we may conclude from (8.67) that

_ d _

sup (@ + @[ BRas) |+ |7 (BRa) ™! 8.70)

RABV3(I2 3 i —re—p~ F a?)
961/6<a

)s%-(

A similar estimate holds true also for BY, 4.

Proposition 8.6. For any r > 1 and Y < Ruv, there exist positive By, a® and C
such that for all > By and U € S, such that

d
aup <(1+a>u<za§aﬂ>—1u " Hd—wgﬁ,aﬂ)—l”) <oph. (s
RA<TY J2/33-1/3 X

aS8l/6<q

Proof. To prove (8.71) we note that by (7.9) we have
6" = a?lla < C(B2 Nl + B~ ll2) -

Consequently,

16113 + ?ll¢l3 < C(B211¢lI3 + 8771 fll2llll2) -
from which (8.71) follows as in the ©- case. 1

8.3 Strictly convex/concave flows
8.3.1 Large «a or ||

If we assume large « or |v| we may obtain resolvent estimates for all U € C*([—1,1]),
without the necessity to assume any further restrictions on U as in the nearly Couette
case or in the case U” # 0.

Proposition 8.7. Let r > 1, T < min(Ruvy,9]), and # € {S,D}. Then, there
exist ag > 0, @ > 0, v > 0, By > 0, and C such that, for all 5 > By and U € S,
satisfying (4.23)-(4.25), it holds that

d
sup | (Bog) M|+ |- (Blap) M < OB, (8.72)
RA<T I3 3—1/3 X
a1<a<appt/?
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and

d
op B Bt <eae (s7)
RASY I3 -1/3
A(SM\[U(=1),U1)])>B~1/3

(
0<a<ay

Proof. Let f € L*(—1,1), ¢ € D(Bﬁaﬂ) and h satisfy

U "
Bffaﬁ<b: fand h = f+ <U+qz)\) )

Proof of (8.73).
Consider first the case d(SA\, [U(—1),U(1)]) > 7873, Here, following the same
derivation as in (7.27)-(7.31) (for # = &) and (8.37)-(8.41) (for # = D) (the role

of ¢ being replaced by %, which is small too) we obtain

C
12l < [ f1l2+ ;55/6||¢||172- (8.74)
For sufficiently large 7 we can thus follow the same steps of either the proof of
Proposition 7.3 starting from (7.32) now replaced by (8.74), or the proof of Propo-
sition 8.3 starting from (8.41), now replaced by (8.74), to obtain (8.73).

Proof of (8.72).

Case 1: |RA| > J2/*8- 13 min(97, Ry ) /2. To prove (8.72) for # = D we repeat the
same procedure used in the proof of Proposition 8.3 to establish (8.48) with § = r
(note that we always have d>(U) < r and recall that vy is defined by (8.44))

C
[o]]2 < EHfHQ + OB ¢lhe (8.75)

In the case # = & we repeat the same steps as in the proof of Proposition 7.3 to
establish (7.33) with 6 = r. For convenience we use the notation v, instead of v

(which is defined by (7.3)).

We now estimate ¢, = A, ! v,. To this end we rewrite (4.27) in the form

¢0 1 /(12 2 2
R( G vo) 2 I+ (07 + (A D)l

The left-hand-side can be bounded by (4.38) (for p = 2) to obtain

1
SIE6l15 + (0 + 3m A UD@oll* < CBY [ @ollocllvoll2 -
Since by Lemma 4.8, 7,,(A, U) > 79 > —oo we pick a € R such that

a® > sup(1, —27) .
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Then we write

1
allgoll% < allgfllzlgollz < S((I05]13 + a?[Bol13) < CBYEGolocl[voll2 -

Consequently,
C 1
[@olloc < =55 ][vo]l2,
e

and o0
”(bOHiQ < ?61/3””0”3 .

By (8.75) and (8.77), we deduce

~

c C
[Poll1,2 < —aﬁ S8 flle + —

\/— \/a”(bHIQ

(8.76)

(8.77)

(8.78)

In the case # = & we have ¢y = ¢ and hence (8.72) immediately follows. In the
case # = ® we continue as in the proof of Proposition 8.3 to establish (8.47) with

0 = r, or explicitly,

[6]l12 < CB N flla+ B d1,2) -

The above, combined with (8.78) and (8.45) yields for v > &; with a; large enough

and 8 > [, with 3y large enough
Jolha < (= +50) 3l e,
from which (8.72) readily follows.
Case 2: |RA| < min(Ruy, V7)) Q’IJY%Lﬁ_%.
For # = & we use (7.36) for § =, i.e.,

16" = a?lla < CB*2N fll2 + 186 ]lsc) -

Then, as
BAG+3571/3,Q,5¢ — F— s823(¢" — a20).
we may use (8.78), having in mind that ¢g = ¢, to obtain that

¢
6112 < =67 (1112 + 576" - 6]l

Substituting (8.80) into the above yields (8.72).
For # = © we first obtain (8.55) with 6 = r, which implies

lwollz < CB™*2 flla +18°lI¢lloc)

where
wo = —¢" +a’p — By — B_ip_,

94

(8.79)

(8.80)
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and
By = AL (f +ipU"9).
As
BY vog-1/sap® = f = VoB**(wo + Bypy + B_y),
where T satisfies (8.56), we can write as in (8.57) that
¢ = xo — Yo (Bixy + B-x-), (8.82)

where

Xo = (Bf_proﬁ—l/S,aﬁ)il(f - T062/371}0) and  x+ = (Bf_prog—l/s,a)il?/}i-

The estimation of x( can be done with the aid of (8.79) and (8.81), yielding

Iolla < (<= +879)8( 1l + o) (5.59)
To estimate x, (or y_) we write
X+ = X4+ X5
where N o ,
Xy = AL (U i (Ban = B0 (5755)
As

[(G2L)], < (57 + 5 herdha)

we can conclude from (5.4), (5.5), and (8.77) that

c
It lle < ﬁ(ﬁ 76+ Ixelle) -

The estimation of x% in the proof of Proposition 8.3 does not involve ¢ at all, but
only r and hence we can conclude by (8.63) and (8.64) that

]2 < OB+ 87 xth2)-

Consequently we obtain that for sufficiently large «

x4l < CBTT/S.

A similar estimate holds for x_, and hence we can conclude (8.72) from (8.83),
(8.82), and (8.53). 1

95



8.3.2 The case U" #0
Lemma 8.8. Let r > 1 and 0 € (0, L]. Then, there exist By >0, T >0, and C' > 0

’ 2
such that for all B > By and U € S, satisfying (2.29), it holds that
C

B1/2 —

d
sup [[(BRas) "+ | (BRap) ' < (8.84)

RALST IS B1/3
0<a<é,

where &y is the same as in Proposition 8.7.

Proof. Let ¢ € D(sza’ﬁ), a<a, f= szaﬁ ¢ and vy € H?(—1,+1) defined by

v = Asad + (U +iN)[¢" (1) + ¢"(=1)d_] (8.85)

where )
Yy = s O4 /Y (£1) (8.86)

in which v is defined in (6.8) and ©,(z) = 1 — (1 F z), with 7 given by (5.14).
With u(x, \) given by (A.4), we have

b (2, N) = u((JeB) VP F 2),id P BN ) (8.87)

Hence we may thus use all the estimates derived for u in the proof of Proposition A.1.

Note that vy € Hi(—1,1) and hence we may introduce
go = (E? — BA)vg .
We have
9o = U+ (=f +¢"(1)g1 +¢"(=1)g-) — (U"9)" = 2U"0 —U"00,  (8.88)

wherein ,

g = (— o B0 — )

and U
vp = % =—¢"+a’p+ ¢”(1)@ZJ+ + ¢”(—1)¢— .
We note that
(L3 — BN —iBU"p = —f + ¢"(1)gs + ¢"(—1)g- . (8.89)

As in the proof of Proposition 7.1 (see in particular (7.7)) we can integrate by
parts to obtain

— R(U") 9, (LT — BN — iBU" ) = ||(U") 0|13+
+RU(U") ) 0o, ) — B || Bol[3 + BR(G"(1)dby + ¢"(—1)_, i) . (8.90)

We begin the estimation by obtaining a bound for the last term on the right-hand-
side.
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Estimate of BR(¢" (1), + ¢"(=1)i_, i) .
We first write

o(z) = / (—)d"(€) dE = ¢"(1) / (6—)is (€) det / (6—)[6"(6)—¢" (1)1 (€] dt

1 ~
wile) = [ (€= a)in(6)de.
It can be easily verified that w’, (£1) = 0 and w, (1) = 0. Hence,
R(S" (D, i¢" (Lwy) = |¢"(1)PR(w!, dwy) = 0.

We then obtain for = € (—1,+1), using the fact that Ui =0,

S €= )"(©) = 0"y () dg| =] [(€ ~ 2)[Bal©) + a20(6)] dg
< Ol +all¢l2)(1 - 2)°2.

We thus get, as a < ay,

[R(" (1)d4,i0)| < 6" (V)] (I1Tll2 + aZ[[' )| (1 — 2)> 241 -

Using (8.87), (A.32), translation and dilation (see the proof of (6.15)-(6.16)) we may
conclude that

(1= 2)*p ||y < CBTETDB[L 4 ALY 76HD s <3,
and since o < @& we can determine that
BIR(S" (1), id)| < C[1+ |AL| 8377 B7Y0 " (D[]l + |¢']l2) . (8.91)

Estimate of |05

Next we obtain from (8.90) and (8.91) that

155112 < Clioalla(lfllz + 16" (D] g+ 12 + 16" (=1 ]g-1l2)
+CTFP[on 3 + CIL + AL 8°17287 0" ()] (lvall2 + [l¢'ll2) - (8.92)

By (8.53), which is valid here with 6 = r and Remark 6.3, we have that
[@"(ED] < C[L+ A 2BY1 (B0 fll2 + B2 Log Bl|¢lloc) - (8.93)
Furthermore, by (6.18) we have that
192l < CBYOIL+ (ALY (8.94)
which, when substituted into (8.92), yields, with the aid of Sobolev’s embeddings,
1512 < CIfll2 + 5/° log Bll¢lh.2) + L8| o]l2 (8.95)
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Estimate of ||0g]|.
By (5.21) and (8.89) we have that

9nll> < C(BY%[10lloc + B2 fll2 + 16" (DI 13+ ll2 + 16" (=1)[ [1-l2]) -
Hence, by (8.94) and (8.93) we have that

19nll2 < C(BY°lIglloc + B2 f2) -
Substituting the above into (8.95) yields

1Tl < CUIFlla + (Y252 4 50 log B)|6]]1.2) - (8.96)
We now combine (8.88), (8.96), (8.95), (8.93), and (8.94) to obtain that
lgollz < ClIfll2 + (XV28Y2 + 5% log B)||¢]1) - (8.97)

Proof of (8.84)
We continue as in the proof of Proposition 8.3. We first write, in view of (8.85)

6=+ +0-, (8.98)
where
Op = -A;,}IU@ D e = A;,}l([U + M]W(il)lﬁi) :
By (8.1) and (8.93) we have
I6£ll2 < CL+ ML V2BY072(8722] fl|2 + B~ log Blldlh.2)
and hence, by (8.98),
1612 < CIL+ AL 2BY02(8722) fll2 + 871 log Blldollrz) (8.99)
Substituting the above into (8.97) yields, with the aid of (8.98)
lgnll2 < CCIfllz + (X252 + 5% log B)|6o]l1.2) -
By (4.24) and (4.25) we then have for any ¢ > 1 and p > 2

3p+

lgnlla < C(Ifll2 + Y2725 0" sl + 8/ log B(llvglly + llvlle)) - (8.100)
By (7.6) there exists C' > 0 such that for all p > 2 (including p = oo) it holds that

3p

_3p+2
[voll, < CB™ o [|lgalla- (8.101)

Similarly, by (5.10), for all 1 < ¢ < 2, there exists C; > 0 such that

_2+q
1vollg < Cq 87 [lgall2- (8.102)

Substituting (8.101) and (8.102) into (8.100) yields, choosing T > 0 small enough
and fy large enough, the existence of C' > 0 such that for g > 5,

lgoll2 < Clf]2-

Using (4.24) and (4.25) once again upon (8.101) and (8.102) and the above inequal-
ity readily verifies (8.84). 1
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We can now conclude.

Proposition 8.9. Let r > 1 and § > 0. Then, there exist By > 0, T > 0, and
C >0, such that for all § > Py and U € S, satisfying (2.29), it holds that

d C
BY )M+ |— B2 )7 < _ 8.103
mw_laigm_lm!!( naot) "+ |2 (BRas) | < = (8.103)
<o

The proof follows immediately by combining (8.70), (8.72), and (8.84) for suffi-
ciently small valeue of T > 0.

9 Semigroup estimates

In this section we prove Theorems 2.14 and 2.15.

9.1 Preliminaries

For § € {6,D}, let F = (F}, Fy) € H}

loc

(D,R*)NH, A € C, and u € W] satisfy
(%4(U,e,L) — A)u = PF . (9.1)

Recall that by writing u = V1) for some ¢ € D(PL) we have established in (3.1)
that

73/{75@/) =curlF inD. (9.2)

This gives, for A € p(Th),
u=V,(Pi,) ewlF = (Tp(U,e,L) — A)"' PF . (9.3)
To estimate (T4(U, e, L) — A)~" we seek therefore a bound for (PKE)_l, for A in a
suitable region of C. We later derive the properties of the semi-group e~t%h from

these re§olvent estimates.
Let Ag € R and € > 0. We seek a bound for the £(L?,,, H,) norm of (P} )~! in

per> *Lper
the domain in RA < Ay with Ag = eAg. Recall that P}i\,e depends on L > 0 through
the periodicity condition appearing in the definition of its domain.
As in Section 3 we can rewrite (3.11), which provides an £(L2,,) bound for (Pi,e)’l
to the following £(L2,,, H,,,) estimate

per

sup [|(P ) ez, m ) < € max(Bi (R, e, L), BE(Ao),  (94)
RA<Ag

where,

R _ d -

Bihoe L) = s s [[(1+a)B )+ | (B0 ] 95)
B>p1(e,L) a>0 T

RALBH(Ag—a?)

in which (e, L) = (2m)/(Le), and

« B d B
Bi(ho) = suwp [I(B}) 7] + || (B}

RA<Ag

] . (9.6)
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9.2 Proof of Theorem 2.14
9.2.1 (Pg,.)' estimates

Estimation of BS(Ag,e,L). A )
We begin by showing that for all 6 € (0,1/3), Ag > 0 and apr > 0, there exist Sy > 0
and C' > 0, such that, for all 5 > 5,

_ d _ 1346
sup (14 a)(BS0) I+ || 2 (BSa ) || s €87 (o)
0<a<ay B/0 v
RA<SB A

Indeed, let

S1<67A0) ={(M\,a) € R® | RA < 571[\0 ; 0<a< OZMBI/G}a
and

S8, T) = {(RA,0) € B2 RA< 57T 5 0 < < ay 87}

Then there exists Go(Y) such that for all 8> By(T) we have Sy(3, Ag) C Sa(5, ).
By (7.1) we have that for sufficiently small T > 0 there exists 5;(Y) > 0 and
C' > 0 such that

d N
su 14+ o 86a 1+ ||— Bea -1l <c _1/3+6, 9.8
e[+ a)(Bs) | =B8] <o (9.8)

for all 3 > By(T). For such sufficiently small T we may then write, for all
6 > BO = maX(ﬁO(T)vﬁé(T))v that

. d . o
swp 1+ @) (BF00) 7+ [ 7 (85007 || s €87,

(RX,a)eS1(8,A0)

which is precisely (9.7). Consequently, for all L > 0, ¢ > 0 such that Le < ;—Z we

have

- d - 17348
swp sup (14 @) (B p) M+ | (B | < € 1y

B2p1(e,L) 0<a<an BH/6
RA<SB™1Ag
(9.9)
On the other hand, it follows from (8.71) in a similar manner that for any Ay > 0
there exist a® > 0, B > 0, and C' > 0, such that for all 8 > 3{ we have

d
sup  [[1(1+@)(BSap) M+ || - (BRap) || s €8 (9.10)

CVGBI/GSCV
RA<B 1A

As aresult, for all L > 0 and € > 0 such that Le < ¢y := 27/(max (3, o)) (implying
that B1(e, L) > max(/, fp)) it holds that

. d .
swp  sup 1+ @) (B )+ || (BSa)
B>P1(e,L) a®p1/06<qn T
RA<B LA

| <cmenyr.
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Combining the above with (9.7) for ap; = a® yields that for any 6 € (0, 5) and
Ay > 0 there exists C' > 0 and ¢, > 0 such that for all L > 0 and ¢ > 0 satisfying

Le < ¢y we have

- d - ~1/346

sup s {14+ @) (B p) 7 + || (B 7Y|] < € B, 1)

B>pi(e,L) 0<a x
RA<B A

We now observe that

A d
B (Mg, 6, L) < sup sup [H(l +a)(BS o s) 7t + H_ (BS, )
B2pi(eL) 0<a dz

RA<LB 1A

1]_

Hence we obtain that for any Ag and 6 € (0, 5) there exists ¢g > 0 and C' > 0 such
that for all L > 0, € > 0 satisfying 0 < Le < ¢ it holds that

BS(Ag,e, L) < C By(e, L)~/3+7 . (9.11)
BS(A,) estimation.
Recall that g P
o -
P=———A—.
BX dzt dx?

As for any ¢ € D(BY) we have ¢" € Hj(—1,1), we easily obtain that

1
==

H da:2

Since D(BY) C Hy(—1,1) we obtain that for all 0 < Ay < 72/4

BS(Ao) = sup [(BY) 1H+Hd (BS) (§+%)m (9.12)

RA<Ag

In conclusion, we have established the following

Proposition 9.1. For any 0 < Ay < 7%/4 and C' > 2/7 + 4/7% there exists €g > 0,
such that for all positive L and € for which 0 < Le < ¢y and U € S, satisfying
(2.29), it holds that

C
sup ||(7D/%,e)_1||£ L2, HLy) S o (9.13)
RA<eAg (e ) 6(77'2/4 — Ao)

9.2.2 Estimation of e t¥5(Uel),

Proof of (2.30a)
Let 6 > 0 and set Ag = 72/4 — 5. We can now combine (9.2), (9.3), and (9.13) to
obtain,

C C
sup  |uflz < — [eurl Flj; < —[[F||12. (9.14)
RA<Ze(n2/4—5) € €
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It has been established in (2.14) that

1
sup [ufli2 < —[|F|2, (9.15)
RAL—|U" |0 /2 —€ €

which already implies, having in mind the definition of H in (2.1),

7 C
Sup I(FE = A)Hlean < — (9.16)
RA<—||U"[|oo/2 —e €
To estimate the resolvent for A € C satisfying —||U"||s0/2 — € < RA < e(n?/4 — §),
we introduce w = —||U’||/2 — € and use the resolvent identity

(T2 —AN)"'= (T2 +w+iSA) T+ (w+RA)(TE-A)HIR+w+iSA), (9.17)
to obtain that
(TP — A) Ml
< (FB 4w +iSA) ey
Hw +RANER = A) e, (0.c2).0 (FB +w + SN cpwm,, (0.c2)) -

per

With the aid of (9.14) and (2.14) we then obtain that for each § > 0 there exist
C > 0 and ¢y > 0 such that for all € € (0,1], L > 0 satisfying 0 < eL < ¢

C
sup (ER(U. e, L) = N) gy < 5

. (9.18)
U oo/ 2—eSRAZe(n /4—5) €

We can now use [19, Proposition 2.1] (or [18, Proposition 13.31]), which we
repeat here for the benefit of the reader

Proposition 9.2.
Let S(t) be a strongly continuous semigroup, defined on a Hilbert space H, which
satisfies for some M > 1 and © € R,

IS()] < Me*". (9.19)

Let —A : D(A) — H denote the generator of S(t). Suppose further that for some
w > w there ezists r(w) > 0 such that

1

sup [|(A—2)71| < . 9.20
sup (4 =27 < (9.20)

Then, .

— 2M(w—w)\ _

Bl < M1+ Z= ) et 21
ISt < 37 (1+ 2 =2y o (9.21)
We now apply (9.21) to S(t) = e tTBWeL) By (2.12) it follows that (9.19) holds
for M =1 and @ = —||U’||w/2. By (9.16) and (9.18) we have that (9.20) holds for

w=e(m?/4 —6) and r(w) = 2/C. )
Consequently by (9.21) , we obtain that for any §, there exist C' > 0 and ¢y > 0
such that for all € € (0,1] and L > 0 satisfying 0 < Le < ¢, we have

||67t‘21§(U,e,L)|| < %efet (2 /4—6)
T €

This completes the proof of (2.30a).
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Proof of (2.30b).
Let IT be defined by (2.19). We have (see (2.21)) that

Hu=1IIV ¢y =V py.
We also have from (9.2)
Py.(I—p)y=(—p)cwlF inD. (9.22)

and from (9.3)
(I-Mu=V.(I-p)(Py.) (I —p)curlF. (9.23)
Hence
17 =Mully = [[VL(I =)l
< suppe 11+ 0n) (BS, o5 ) 7+ 12 (BS,5) T I1(T — p)el Fl,

We can thus conclude, as in the proof of (2.30a) but with Ao being replaced by
YBi(e, L)3, that

1
sup (I —Tully < =BS(YBy(e, L) e, L) ||(I — p)curl F||;.
RA<eY B (e,1)2/3 €

2
Consequently, we obtain, using the fact that 335~ < B_% for g > By,

1 _
sup (7 =TDulla < = sup  sup  [[[(1+a)(BY,5) " I+
RA<eTB/® €p>p1 >0
RASTB1/3

d

+”%

(BYas) I = p)ewrl F>.

We also note that
(I —p)curl F = curl (1 — II)F.

As in the proof of (2.30a) we can use (9.8) and (9.10) to establish that for all
0 € (0,1/3) there exist T, ¢y > 0 and C such that for all positive L and efor which
0<el <e¢

sup (I —ully < Ce Bule, L)~ 3| jcurl (I — IDF ||, . (9.24)
RA<LeY By (e,10)2/3

As in the proof of (2.30b) we need yet to establish a bound on ||V (I — IT)ul| for
A < —1||U"||oc — €. To this end we first recall Lemma 2.11 to obtain

(Tp(U,e,L) = A)(I —Iu = (I —1II)F,
Using (2.13) with u replaced by (I — IT)u, we get
e[ V(I =[5+ (I = p)us, U'(I = puz) — Al|[(I — Iul3
=(({ —IMu, (I —IHF), (9.25)
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which implies
1
e[lV(I —Tul3 < (JA] + §||U/||oo)||(j_ Mu||3 + [[(1 = Mul| (I — IF||, (9.26)
and therefore leads to

1
sup (I —Mull12 < =||(I —IF|,. (9.27)
RA<—1[|U7]| 0 —e €

Consequently, as above, we may apply (I — II) to the resolvent identity (9.17) to
establish that, for e € (0,1], L > 0 such that Le < ¢,

sup (I — )(TS(U, e, L) — )| < CLM30¢5/3-5 (9.28)
RA<LeY By (e,L)2/3

As by (2.12)
e S UeD (T — M| < V12,

We may apply, as above, [19, Proposition 2.1] to S(t) = e **#(I — II) to establish
(2.30D).

Proof of Part 2.

The proof of part 2 is obtained in the same manner.

For the first statement leading to (2.30a), we replace Proposition 9.1 by the following
result

Proposition 9.3. For any 0 < Ay < 7%/4 and C' > 2/ + 4/ there exists ¢y > 0
and 0 > 0, such that for all positive ¢ and L for which 0 < Le < ¢y and U € S,
satisfying 0o(U) < 0, it holds that

sup ||(PS,E)71||E(L§W,H;W) S (9.29)
RA<eAg E(T — Ao)

Proof. As the estimate (9.12) of BS(Ay) is unaffected by the change of U in this
part, we have only to prove that (9.11) still holds under the new assumptions. Recall
that (9.11) follows from (9.10), which remains valid in this part, and (9.9) which
needs to be remanded to fit this case. To this end we use (7.23) which gives the
improved estimate

_ d _ -
sup sup [(14a)(BS a.5) 1”+Hd_<8§5’°"5) ! ] < CBi(e, L)~ (9.30)
ﬁZﬁI(E,L) OSQSQA161/6 Xz
RA<B~ Ao

Combining the above with (9.10) yields
BY(Ag,e, L) < C Bu(e, L)™/2,

which together with (9.4) yields (9.36). &
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The proof of (2.30a) proceeds from here in the same manner as in Part 1.

We may conclude (2.30b) by following, once again, the same steps as those used in

the proof of part 1 of the theorem. We use again (7.23) to establish, for T < J3 Ry,

d
swp sup[|(1+0) (BS ) | (BSap) || < CBue 1), (93)
ﬁZﬁI(E,L) OSQSQA161/6 Xz
RASYB~L/3

Together with (8.71), (9.31) yields, as in Part 1,

Sup (I = ID)(TS(U, e, L) — A) || < CL¥3e 5 . (9.32)
RA<LeYB1(e,L)2/3

from which (2.30b) is verified by following the same route used in Part 1.

9.3 Proof of Theorem 2.15

Since the proof is similar to the proof of Theorem 2.14 we address here only it main
ingredients.

Proof of Part 1 For the first part of the Theorem we use (8.70) and (8.103) to
establish that for any Ay and § € (0, %) there exists ¢ > 0 and C' > 0 such that for
all positive L and e satisfying 0 < Le < ¢y we have

B2(Ag,e, L) < C By(e, L) /3 (9.33)
which is similar to (9.11) in the case # = &.

To bound BY (f\o) we use integration by parts to establish for any ¢ € D(Bf)

—R(BY o, ¢) = ||¢"|> — RA[|¢/| |

As ¢ € H}(—1,1) we obtain, for RA < %27
2

~R(BY6,0) = (T — RA) |2,

Upon the above inequality we use the fact that ¢ € H} to obtain the equivalent of
(9.12) for all 0 < Ag < w%/4,

. _ d _
B (Ao) = sup (8D)7!) + ||~ (BY) !
RA<Aq

< <% n %)M. (9.34)

Combining the above with (9.33) and (9.4) we may conclude that

Proposition 9.4. For any 0 < Ay < 72/4 and C' > 2/7 + 4/72 there exists ey > 0,
such that for all positive L and € > 0 for which 0 < Le < ¢y and U € S, satisfying
(2.29), it holds that

C
sup (PR lews,,.m,) < —————-
RA<eho ’ Epors Hger) e(m?/4 — o)
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We may now proceed as in the proof of (2.30a) to establish (2.33a).
To prove (2.33b) we use (8.70) together with (8.103) once again to obtain
B2(YBy(e, L)*3, 6, L) < C By(e, L)~ /3+9 . (9.35)
From the above, we can obtain as in the proof of (2.30b) that

Sup (I —I)(Z2(U,e, L) —A)7H| < CLY/3=3.—5/3=6
RA<T B (e,1)2/3

We can now establish (2.33b) in the same manner as in the proof of (2.30b).

Proof of Part 2 As in the proof of Part 2 of Theorem 2.14 we establish from
(9.34), (8.21), and (8.70) that

Proposition 9.5. For any 0 < Ay < 72/4 and C > 2/ + 4/72 there exists ¢ > 0
and 6 > 0, such that for all € € (0,1] and L > 0 for which 0 < Le < ¢y and U € S,
satisfying 0o(U) < 0, it holds that

sup H(P/?,s)il”ﬁ(ﬂ "l ) < — s~ - (9.36)

periiper

RA<cAo e — Do)

We then continue as in the proof of (2.33a).

To establish (2.33b) in Part 2 we use (8.21) and (8.70) to show that
BY(YBi(e, L)*?, e, L) < C Bu(e, L)

Then we can continue in the same manner as in the proof of (2.33b) in the first part
of the theorem.

Acknowledgments: Y. Almog was partially supported by NSF grant DMS-
1613471. Both authors would like to thank Pierre Bolley and Nader Masmoudi for
for some fruitful discussions with B. Helffer.

A Basic properties of the Airy function and Wa-
sow’s results on A

A.1 Airy function properties

In this subsection, we summarize some of the basic properties of Airy function Ai (z),
and the generalized Airy function Ay(z), that are being used throughout this work
(see [1] for details) and establish some new inequalities satisfied by these functions.
We recall that Airy function is the unique solution of

(D? 4+ z)u =0,
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on the line such that u(z) tends to 0 as * — +oo0 and Ai(0) = 1/ <3§ r (%)) .

Standard ODE theory shows that Airy function is entire and strictly decreasing on
R, but has an infinite number of zeros in R_.

Airy function satisfies different asymptotic expansions as |z| — oo depending on
arg z. We bring two of them here

1 2
Ai(z) = §7r’§z’1/4 exp <—§z3/2) (1+ (’)(\z|’g)), for |argz| <7, (A.la)
T

1 2
Ai(— — 35 -1/4 “.3/2
i(—2) T2z sin { 2 + 1

2
) (1 +@(|2|_%)), for |argz| < ?ﬂ (A.1Db)
Moreover the O(|z|73/2) estimate is, for any 6 > 0, uniform when |arg z| < 7 — 6 in
(A.la) or |arg 2| < 27/3 —¢ in (A.1b). In particular, Ai(z) is rapidly decreasing at
oo if z belongs to a sector |argz| < § — 0, with § > 0.
The following moment estimates are needed in Subsection 6.1.

Proposition A.1. Let < A\ >:= /1 + |\%2. For every po > 0 there ezists C > 0
such that, for any A with RA < pg, we have,

/ 2| Al (e/0z 4 i) Pde < C < A >F L e a®METINY D h 0 < k<4

0
(A.2)
and

3+2s

/ 2| A (e/O[x +iN]) | de < C < A >0 e 3METINY g0 < s <30 (A3)
0

Proof.

If |A] < 3uo then, by (A.la), all the estimates of the proposition are satisfied for
some C' = C(pp). Hence, we can consider from now on the case where || > 3.
Note that by interpolation, it is sufficient to consider k € Z.

Proof of (A.2) for k=0.

Let ‘
ALz + 4]

= ‘ A4
u(w) = S (4.4)
which is well-defined for
V(po) == {RA < po} N{|Al > 3po}
since the denominator can vanish only when arg A = /3.
It can be easily verified that
—u" 4+ (iz = Nu=0 forz>0 (A5)
u(0)=1.
Let further L
w=u — ey(x) with ey (z) := e~ e (A.6)
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where (—\)z is well-defined for A € V(o) as
1 1
—T + arccos (5) < arg(—A\) < m — arccos (§>
Note that for A € V(o)
1 1 1 1
§R(—)\)% > |)\|% sin <§ arccos <§)) > |3u0|% sin (5 arccos <§>) >0, (A.7)

implying, for any po > 0, the existence of C'() > 0, such that, for all A € V(uy),
it holds that )
leallz < C(uo)|A[77 (A.8)

Substituting into (A.5) yields
(L4 — Nw = —izey(z), (A.9)

where £ is associated with the differential operator —d?/dx? + iz and is defined on
the domain

D(Ly) ={u € H*(Ry) N Hy(Ry) |au € L*(Ry) } .
It has been established in [17, §5] that, for any i € R*, there exist (1) > 0 and
C'(f1) such that
I(£ =X)7H < C(in), for [SA] = wo(f2) and [RA] < i (A.10)
In addition, we have
(L = N7 <O, for RA<O. (A.11)

Denote by {v,,}5°, the eigenvalues of £, and recall that they are located on
the ray arg A = /3 (see [3, §2.2]). Observing that V(u) does not contain any
eigenvalue (a consequence of the fact that arccos1/3 > m/3) and combining the
above with (A.10)-(A.11) yield the existence of C'(p) > 0 such that

sp [1(£4 — N7 < Cluo). (A12)
AEV(po)

Hence, for A\ € V(ju0),
[w]l2 < C(po)[lzexllz -

Using (A.7), we obtain that
lzexllz < C o) A7, (A.13)

and hence

lwllz < Cpo) A1 (A.14)
By the above, (A.6), and (A.8), we thus have

lullz < C o)A 7. (A.15)

To prove (A.2) for k = 0, we need to establish yet an upper bound for Ai (e5 \),
for A € V(pp). This is an immediate consequence of (A.la). We observe indeed that
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for any € > 0, arg A € (=5 +¢,5 —¢) as [A\| = +oo with RA < po. This implies that,
for any € > 0, there exists \g(€, o) > 0 such that for |A\| > Ao(€) and RX < py,

arg ()\exp 2%”) e(—2X—eI+e).

Consequently, for any ug > 0, there exists a constant C(ug), such that for all
A€ V(,uo) . 1 2 i27 /3 \\3/2
|Ai (25 \)| < Clpg) < A >77 e 3 RUETNYE (A.16)

Together with (A.15), (A.16) yields (A.2) for k =0 and A € V(uo).

Proof of (A.2) for k£ = 1.

We begin by deriving an estimate of xw. To this end we observe that
(D? + iz — \)(zw) = —iz’ey — 2w’ .

Following the same procedure applied in the previous proof, we need an estimate of
w’. To achieve this end, we first observe that

R((D3 + iz — Nw, w) = [[w']* = RA||w|]3,
which leads to the estimate
lw* < pollwlz + llzexll flwllz-
Implementing (A.13) and (A.14) leads to
lw'll < Cluo)l A% . (A.17)
We observe in addition that
la®exllz < Cluo)|AI7F

Proceeding as in the proof of (A.2) for k = 0, we obtain (A.2) for k = 1.

Proof of (A.2) for k= 2.
In this case the approximation of u by e, is unsatisfactory. To improve it, in light
of (A.9), we solve in H*(R™") the problem

{(—%—A)f,\:—ix@\ forx >0, (A18)
fr(0)=0.
We look for f) in the form f), = pye, which means that p, must satisfy
1 .
px(x) = 2(=A)2p)(x) =iz, pA(0) = 0.

We search for a polynomial solution. A simple computation leads to

fr = paex with py(x) = i ((=A) 222 — X 'a) (A.19)
We now write

u=-eyx+w=-ey+ fr+w, (A.20)
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to obtain
(Ly — Nwy = —ixfy = —ixprey . (A.21)

In order to prove (A.2) (k = 2) we observe first that

w1~

3
ST <At A <C< A>T (A.22)

=0

Hence, it remains necessary to obtain an estimate of z?w; in L?. Here we use the
fact that (A.9) is similar to (A.21), the only difference being that the right-hand-side
is given by —ixf) instead of —ixey. Note that ||z fy||2 is much smaller than ||xze, ]2
as |A| — oc.

By (A.12), (A.21) and (A.22) (for £ = 1), we then have

C

|)\|—9/4 9 (A.23)

Jwil2 <

which is significantly smaller than the bound provided by (A.14) for w. We continue
as in the case k = 1. We first use the identity

R(ws, (L = Nwr) = [lwi]l3 — pllwll3

to conclude with the aid of (A.21), (A.22), (A.23), and recalling that p < pq,

il < - (A21
Then we write
(Ly = N)(zwy) = 2(Ly — Nw; — 2w] = —ix’ fr — 2w} (A.25)
Combining (A.24), (A.21), and (A.12) yields
ol < % (A.26)
From (A.26) and (A.23) we get in addition
o2l < ol |32 < (A.27)
tll = Hleenllaleoalls™ < {37 |
Next, we write
Rlzwi, (Lo = N)(zwr)) = [[(zw)'[lz — p zwll2
to conclude from (A.25) and (A.26) that
el < 5 (A.25)

Upon writing

(Lo — N)(2%wy) = 2Ly — Nwy — 2(zwy) = —iz® fr — 2(zw,),
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we use (A.28), (A.21), and (A.12) to obtain

C

|A|—9/4 9 (A.29>

lr* w2 <
which can be used, together with (A.20) and (A.6) to obtain (A.2) for k = 2.

In a similar manner we obtain the estimates for k € {3,4} . We note in particular

that o
4 4
[z w2 + [ (2 w1)'[2 < e
and hence, by Sobolev embeddings,
C
4
2w [loe < e

Combining the above with (A.6) and (A.20) yields, for k € [0,4],

C
A2

¥ u]l o0 < (A.30)

Weighted L' estimates.
Recall that in deriving (A.2) we needed to establish that, for £ = 0,...,4, it holds
that
2l <C < A >0 (A.31)
By interpolation it is enough to treat the case when s is an integer. Then we use
Holder inequality and (A.31) for k = s and k = s + 1 to obtain, for s < 3,

lzsu| < ||z +i< A >"2]ztulo)|[z+i < A >"2]71,
< (Il *tullat <2 >7F losulls) o +i < A>7H e (A32)

s+1

<O < A> 7z

We then recover (A.3) by using (A.16). 1

A.2 Definition of A, and the locus of its zeroes.

Let Ay : C — C be given (see (6.9)) by the holomorphic extension to C of
+o0
R>z— Ao(z) = 6”/6/ Ai (e™/5t) dt .

To use the results of Wasow [35] (see [35, Eq. (39)]) and justify this holomorphic
extension we observe the following relation

Lemma A.2.

Ag(2) = —p(—e™52) . (A.33)
where 1 is the holomorphic extension of the real function
x 1 x
Rz (z):= / Ai(—t)dt = 3 +/ Ai(—t)dt . (A.34)
—00 0
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It has been proved by Wasow in [35, Section 3] that the zeroes of ¢ are all located
in the sector |argz| < .

Proposition A.3. The zeroes of 1 belongs to —m/6 < argz < w/6. Moreover 1)
has no real zeroes.

Sketch of the proof. To establish that result is a combination of the argument prin-
ciple and Rouché’s. The change of arg v is estimated along the path I' = T'y U, UT'3
where, for some R > 0

Iy ={z=red™0<r <R} ; Ty={2=Re’|n/6<bO<7} ; T3=[-R,0].

Since Ai(z) is real and positive for z € R, it follows that argty does not change
along I's. Along I'y one uses (A.1), with a bound on the remainder. Finally, to
estimate Aargt along I'; one uses the power series of Ai(t), for 0 < |t| < 9, and
(A.1) for [t| > 9. The tails of the ensuing power series of R and It are Leibniz
series with terms of alternating sign and decreasing moduli. Thus, one may trun-
cate the series into finite sums, and the remainders can be easily estimated. Once
the above procedure is applied, one can establish that |Aargty| < 27 and hence
that Aargty = 0 along I'. Since ¥(z) = 0 = ¥(2) = 0, the first statement of the
proposition follows.

The second statement is proved in [35, p. 199]. B

Corollary A.4. Let Ay(iz) =0. Then, 1/6 < argz < 7/2.

We continue with the following result stated in [35] (Eq. (35)) which allows us
to obtain additional information on the location of the zeroes of Ag. It is also serves
as a useful tool in some of the proofs in Subsection 6.1.

Lemma A.5. Let 1(z) = ¢(—z). For any 0 < § < m there exists Cs; > 0 and
r0(0) > 0 such that for all |z| > ro(d) in the sector |argz| < m — 0 it holds that

~ 1 2 2
P(z) — w2273 exp ( — —z3/2) exp < — §z3/2)

2 3

Cs
— |Z‘7/4

. (A.35)

The proof is a rather standard application of the method of steepest descent
method [26, Chapter 4] and is therefore being skipped.

A.3 Asymptotic of the zeroes

In Subsection 6.1 we also need to establish the following lemma about the asymptotic
behavior of the zeroes of Ajy. A similar statement for ¢ is made in [35, § 3] without
a clear proof.

Proposition A.6. Let Sy denote the set of points X € C satisfying Ag(i\) = 0.
Then, for any R > 0, So N B(0, R) is finite and its cardinality tends to +00 as R
tends to +00. In particular Sy is non empty. Moreover, for any € > 0, there exists

R such that, for A € So N B(0, R)¢,
larg A — /3| < e. (A.36)
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Proof. 3
We apply Jensen’s formula [24, Theorem 1.7] to ¥ (z) = ¥ (—=z).

log ¥(0) + Ny (R, 0) = % /_ log |1/(Re')| df . (A.37)

In the above N;(R,0) is the Nevanlinna counting function,

R
N3(R.0)= > log|—|,
la[<R
¥(a)=0

where we have used the fact that all zeroes of ¢ are simple. We recall from [35] that
none of them is real, and all the zeroes of ¢/ = —Ai lie on the negative real axis.
Note that if Sy = @) then N;(R,0) =0 for all R > 0. Recall from the definition that

¥(0) = 1/3 and hence if we show that the first term on the right-hand-side of (A.37)
is unbounded as R — oo, we may conclude the first statement of the proposition.

It follows from (A.35) that for any Cy € (0, 2) there exist 6 > 0 and ro > 0 such
that for all R > ry we have

b
/ log [(Re)|dO > CoRY? (A.38)
—m+d

Indeed, using Lemma A.5, we eastablish the existence for any 6 > 0 of ro(d) and C
such that, for all R > ry(9),

f ) log ‘WR@ZG)‘ do 32(1 — CR7Y) fj-@ — Cos <39> de

T+0 2

> <R
> 8R32(1 — CR™) cos(36/2) .

To estimate the integral for |argz| € (m — 6, 7) we write, owing to the concavity of
R* 3z~ loguw,

/ log |(Re™®)| d = 2 / log |(Re™®)| df < 25 log (i / [J(Re®)|d6)
\0|>7r—$ =3 5 =3

A (A.39)
Since by (A.34) we have, for any 0 < 0 < 7/3 and R > Ry,

T Ro T R T
/ |¢(Rei9)|d9g/ / |Ai(sei9)|deds+/ / |Ai (se'?)| dfds
7r7(§ 0 W*S Ro 7"75

where Ry is fixed, but sufficiently large so that Ai(se®) obeys (A.1b) for all s > Ry.
For the first term on the right-hand side there exists C'(Ry) > 0 such that

Ry
/ / |Ai ( se’ |d0d$ < C(Ryp) 5.

For the second term we use (A.1b) to obtain the rather crude estimate for R > Ry
R pr X
/ / |Ai (s¢)| dfds < CH(R — Ry)e™ 31 cosBm=0)/2)
Ry Jm—6
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Consequently, for every C > 1 there exists Ry, such that, for all R > Ry,
/M - . 2 A .
log (3 / | (Re™)| de) < SCLRY? cos(3(m — §)/2) < CLEY?. (A40)
T—0

This implies, by (A.39), the existence, for any 0 < & < 7/3, of Ry > 0, such that
for R > Rs

/ log |y (Re™)| df < 26°CLR¥?.
|6

|>m—0

Combining the above with (A.38) yields, by fixing 6 small enough, the existence
of Ry and Cy > 0 such that for all R > R3

1 4 ~ ) A
2—/ log [¢(Re®?)| df > CyR/?.
™ —T

The proof shows that the above bound holds true for any Cy € (0, %) for R3(Cy)
large enough. Hence, we get a lower bound for Nj(R,0) which implies the first
statement of the proposition.

To prove (A.36) we notice that for any 6 > 0, it holds by (A.35) that there exists
7o > 0 such that ) cannot have any zeroes, for [z| > 7 in the sector |argz| < m—9.
We then observe that Ag(i\) = —(e*™/32). 0

We can now immediately draw the following conclusion.

Corollary A.7.
inf RSy =9 > 0. (A.41)

A.4 Normalized Airy functions

We complete the appendix with some corollaries of (A.2)-(A.3) and (A.35) needed
in Subsection 6.1 and with other estimates needed in Subsection 6.3.

Proposition A.8. Let Uy € L?(R,) be defined by

Ai (/5 (z +4N))
v = : A.42
(o) = S (A42)
Then, for any 61 > 0 there exists C > 0 such that for all RN < 97 — o
|25 W] < C < A> 5 forke(0,4], (A.43a)
|25yl < C < A>3 forsel0,3], (A.43b)
1250, || < C < A>T forsel0,4]. (A.43c)

114



Proof. Let |[A| > 397 (the proof for [A[ < 397 follows by continuity as the denomi-
nator is bounded away from zero). As Ag(i)) = —1)(e?™/3)\) we obtain from (A.35)
that for any 6 > 0 and |arg A\ +27/3| < 7

) C 2 27
‘A0<Z>\)‘ > w—3/4 exp{ — §§R{(e 2 /3)\)3/2}} 7

which combined with (A.2) and (A.3) yields (A.43a,b). The proof of (A.43c) follows
from (A.30). n

We also need, in Subsection 6.3 the following estimate
Lemma A.9. Let 2 > 0 and, for 0 >0, Y(0) = po(0) — > where
po(0) = inf Ro(L?) .
Let F'(X\,0) be defined by (6.47c). There exists C(») > 0 such that, for all 6 > 0,

Ao(iN)
sa<r(0) | F(A,0)

] < C()(1+0). (A.44)
Proof. Let R > 0 be determined later.
The case || < R.

Let 0, () satisfy
sup po(f) < Ry + g

0>01 ()
By the continuity of (X, 0) — Ag(i\)/F(X,0) on B(0, R) x [0, 0;(3)], we have
Ao(iN) ‘
sup < C(sR). A.45
(AT O)NB(0,R) , 0<0<0; | (A, 0) (o B) (4.45)

In the case 0 > 0,(3c) we write, as in Subsection 6.3 (see (6.63)),

OF (X, 0) — Ai(e™3)\) =6 / e T [AL (PPN 4 ™/0) — Ai (23] dux

R4

and deduce (see (6.64)) that, for |[A\| < R, we have
0F (X, 0) — Ai (€/3))| < C(R)O> .

We may now use the fact that Y(0) < Rvy — 5/2 to get the existence of 0(s, R) >
01(>) and C(s, R) > 0 such that, for 8 > 0(s, R), |A\| < R and R\ < Y(#) we have

C(s, R)
> .
FO0) 2 S

For 0 € [01(5), 0(5, R)], we use the continuity of |F'(\,8)| to get a uniform lower
bound for it. Consequently, we obtain that

’ Ao(iN)
sup
ma<rona<r | F(A,0)

< CGeR)(1+0). (A.46)
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The case |\ > R.
If |\| > R we may use (6.67) which reads

’[0 + (=N)YAF(),

0) -1
— < /4
) 1) < CIAV4,

to obtain for R large enough with the aid of (A.1), (A.33), and (A.35) that,

Ao(z’)\)’<’ Ag(iN) ”Ai(ei2”/3)\)’< 0+ | A2
FOLo) | =A@ sl T Fone) | =Y T

Combining the above with (A.45) and (A.46) yields (A.44). 1
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