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Abstract. Granular self-assembly of confined non-Brownian spheres under gravity is studied by Molecular
Dynamics simulations. Starting from a disordered phase, dry or cohesive spheres organize, by vibrational an-
nealing into BCT or FCC structures, respectively. During the self-assembling process, isothermal and isodense
points are observed. The existence of such points indicates that both granular temperature and packing fraction
undergo an inversion process. Around the isothermal point, a sudden growth of beads having the maximum
coordination number takes place. We show by a density fluctuation analysis that a transition form a disordered
phase to a crystalline structure may be associated to a first-order transition.

1 Introduction

Spontaneous pattern formation by self-assembly is an ap-
pealing research subject given its potentiality as a manu-
facturing process. Self-assembly processes are common
through nature and technology. The formation of reg-
ular cristalline lattices is a fundamental process in self-
assembly and is a method for converting = 100nm struc-
tures into photonic materials [1]. In natural systems crystal
formation is widely present, e.g., in the geological produc-
tion of opals and in the biological formation of proteins
and virus [2]. Some years ago the methodology of self-
assembly has been used for the fabrication of electronic
devices and appears as a practical strategy for manufac-
turing nanostructure. Beyond the technological interest
of self assembly it has always fascinated human curiosity
for its @sthetic aspects. But, the physical processes gov-
erning self-assembly is an open question and the present
manuscript address some issues that may be of interest.
Several years ago we serendipitously discovered that
a collection of dry spheres subjected to vibrational an-
nealing, forming a body centered tetragonal (BCT) lat-
tice in a commensurable container, self-assembly instead,
upon the addition of a small drop of oil, into a face cen-
tered cubic (FCC) [3]. We speculated that the observed
polymorphism was due to cohesion introduced by capil-
lary forces. In the present article, we perform Molecu-
lar Dynamics simulations (MD) with the aim to confirm
our earlier speculations. Intriguingly, we found that the
interrelating dynamics of the grains, subjected to a vibra-
tion that changes with time, gives rise to temperature and
density inversions. This creates two peculiar points easily
recognizable as isosbestic points. When the system starts

*e-mail: jmarcos @u-bourgogne.fr

to cross these points density fluctuations decrease and the
number of beads having the maximum coordination num-
ber (12 for FCC and 10 for BCT) suddenly appear to fi-
nally give place to a granular crystallization. Our density
fluctuation analysis shows that this transition may be asso-
ciated to a first order phase transition.

The grains are indifferent to thermal fluctuations so
one must provide some sort of stochastic mobility. Such
mobility is simply achieved by shaking the box where the
grains are contained. Thermodynamic-like macroscopic
quantities can be well defined to describe the collective be-
havior of these constituents. In these systems, the packing
fraction, pressure and granular temperature are also well
defined [4-14]. However, due to the fact that granular ma-
terials are dissipative and subjected to gravity influence,
they exhibit a non-uniform temperature and packing frac-
tion when energy is injected to them. Indeed, in a vibrat-
ing box filled by spheres one can clearly observe that both
quantities change with height [15] and these gradients per-
sist as we change the frequency of the vibration.

2 Molecular Dynamics

MD simulations were performed for tracking the pack-
ing evolution of dry and cohesive ensembles composed of
mono-dispersed steel beads (radius » = 1.19 x 10~>m and
mass m = 5.54 x 1079kg) inside a container subjected to
a vertical vibration strength. We used ensembles having
666, 1099 and 6120 beads. Given that the results obtained
for 1099 and 6120 are similar to those of 666 beads, we
focus mainly on the results for 666 beads. The dimen-
sions of the container ensures (within a small tolerance)
either a BCT structure (Ly = L, = 2r(1 + (Neeys= =
4) \/§) = 18.87 x 1073m) or a FCC cohesive structure
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(Ly = Ly = 2r(1 + (Neeuts = 5) V2) = 19.3 x 10%m).
The vibrated ensemble is subjected to an iso-gamma cool-
ing, where the dimensionless acceleration, I' = AQnv)?/ g,
remains constant while the frequency v (amplitude A) is
increased (decreased). This iso-gamma annealing drives
the system from a dilute state to a compact state [3]. It is
important to remark that in the absence of annealing there
is no possibility to observe self-assembling (Fig.1).

The interacting force acting between two colliding par-
ticles i (mass m;) and j (mass m;) is given by ﬁ,-j = ﬁN+ﬁT.

. . =g —
The former term is given by: F" = knfijﬁ - %meff\/n,
= =7 . .
where V, = |0, - i, i = 771> ka is a material con-
. =7,

stant associated to the hardness of the beads and &;; =
R; + R; — |F; — 7|, representing the overlapping between
particles (R;, 7, U; are respectively, the radius, position and
velocity of particle 7). The second term in Il represents
the energy dissipation by the collision and is proportional
to the relative velocities of the particles. Where vy, repre-
sents the damping coeflicient, m,rr = mm;/(m; + m;) the
effective mass.

The tangential forces, F T are modeled by using the
tangential relative velocities. For two colliding particles
the relative velocity of the spheres at the point of contact
is given by: " | = & — (it - 0;), with 0}; = 0; — 0 + Rift X
Wi+ R;itx w; with &; , @; the angular velocities. We use the
force model introduced by Cundall [16], where the static
friction is described by a spring acting along the tangen-
tial direction of the contact plane. The spring elongation is
given by: {(t) = ft : vz;l(t’) dt’. This equation allows to de-
termine the restoring tangential force, |k,{|, (k, represents
the spring stiffness) which is limited by the Coulomb’s
rule. Henceforth, the tangential force can be written as:
F' = —sign(@”)) = min(lk,Z], | F"|) where p is the friction
coefficient of the beads and F7 = FT7with 7 = #+. In
our simulations we consider the restitution coefficient in-
dependent of the impact velocity. The parameters used in
the simulations are: k,(N/m)=81293.298, v, (s~1)=0.245,
¥:(N/m)=0.122, u =0.5, € =0.9, m,rp(g)=2.77 x 107,
7.(sec)= 5. The capillary forces of wet particles repre-
sented in our simulations are given by:

Fun(s) = rAno[A (tanfse; (;e)ciﬂl)) +1] tan(ﬁ)’ )

where A = (1 + 2‘—"r), s the separation between beads, o the
liquid surface tension and 8 the meniscus angle formed by
the liquid between two interacting beads. The parameters
used here are: o = 0.03(Nt/m), 1 < s < 60(um) and

B = 12.5° (see Ref.[17] for more details).

3 Temperature and density inversion

The simulation box height is divided in bins, bing, of
thickness zx+; — zx equal to two beads diameter. The
system vibrates at a fixed frequency v; which is active for
a period of time (five seconds). In these time intervals,
the local granular temperature Ouv(bing,v;) [13], and
the local packing fraction pi(bing,v;) are estimated by
bin. Every 6 ms the instantaneous state of the system

is sampled for calculating the mean temperature and
packing fraction (Fig.1 and Fig.4). We use the Voronoi
tessellation to calculate the volume variation, V,,,(i),
associated to each particle i [18] for all the frequencies v;.
Then pi(bing,v;) = (Vi/Viro(@)) ¥ i € bing, where V; is
the volume of the spheres. The brackets represent average
over particles and time.

In Fig.1 we show snapshots of the system for several
frequencies of a) dry and c) wet beads, respectively. The
colorbar is proportional to the granular temperature (red
for hot and blue for cold). From the first figure, we can
easily notice that at the beginning of the annealing there
is a temperature gradient along the direction of gravity
(warmer at the bottom and colder at the top). As the an-
nealing continues, the gradient eventually disappears at
a given frequency v, = 34Hz (temperature homogene-
ity represented by uniform white color). Above this fre-
quency, a temperature inversion appears (the bottom be-
comes colder than the top). The mean local temperature
curves for each bing, as a function of frequency, are given
in Fig. 1(c, d). Accordingly,

(v (bing, v)))

=0. 2

When the system crosses the region of the isothermal point
established by the Eq.2, the maximum coordination num-
ber suddenly starts to increase as seen in Fig.2 where we
show, for each annealing frequency, the mean number of
particles having the maximum first neighbors (10 for BCT
and 12 for FCC). While the BCT lattice can form only
with the annealing of the system, the FCC structure re-
quires also cohesion. Fig.3 shows how the mean Voronoi
volume decreases during the annealing process and we can
readily see that near 100 seconds an intriguing change of
regime occurs (detailed below). Above this time the men-
tioned volume per bead remains unchanged.

- Cohesive X

300F —+—Dry

250f
$200F
v
§150F
wv
100f
50F

By 0 60
Figure 2. The mean number of particles having the maxi-
mum coordination number. The maximum coordination number
sharply grows around 34-36 Hz, when the temperature vs fre-
quency profiles cross.

Previous studies have shown how the density and the
temperature of a vibrated granular system changes with
height [15]. For the studied system presented here we find
similar temperature profiles. Concerning the local density
pi(bing, v;) as a function of the container’s height, Fig.4
shows distinctive crossing points. These points define a
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Figure 1. a) Snapshots of the dry system at 22, 32, 42, and 62 (Hz). The system crystallizes into a BCT structure; b) Granular
temperature versus frequency for each bin,. We clearly observe an inversion beyond the isothermal point. Panels ¢) and d) are for the
cohesive system crystallizing into a FCC. The colorbar indicates that particles with the highest and lowest temperature are in red and

blue respectively.
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Figure 3. Time evolution of mean Voronoi volume of beads dur-
ing the annealing process for a BCT and a FCC structure. It is
interesting to remark that near ninety seconds the Voronoi vol-
ume decay shows a change of regime.

small region of constant packing fraction that does not de-
pend on vibration conditions. We call it isodense point.

Then, it is possible to establish that: W i = 0,
J 117%%

For the dry (BCT) and cohesive (FCC) structures kk* =9
or (6), respectively.

4 Phase transition

For characterizing the transition obtained from a disorder
ensemble of steel beads to a crystalline structure (Fig.1)
we use concepts from statistical mechanics. An efficient
way to track a transition is to follow the time evolution of
the thermal compressibility, y7. This quantity in the grand
canonical (GC) ensemble can be computed from density
fluctuations [19] according to the following expression:

(5N?)
N

N
TksTxr = ( oc =T71(V) 3)

10 b 15 20 25
62 Hz

303}

Figure 4. Local packing fraction for some frequencies as a func-
tion of height (bin;) using Voronoi tessellation. a) BCT crystal
and b) FCC crystal. Isodense points appear near the final heights
for each lattices.

where kg is the Boltzmann constant and 6N the fluctua-
tions associated to the number of particles N inside a vol-
ume V. Actually, the thermodynamic factor I'"! gives a
measure of the deviation from the ideal behavior of the
system. Given that the system sizes simulated are not in-
finite, we compute the temporal evolution of the density
fluctuations by considering (for each configuration) spher-
ical volumes randomly located within the simulation box
and by discarding the container surfaces. These spheres
have a radius equal to 7.0x 1073 cm. Even when this choice
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is rather arbitrary, it has to be taken between twice the par-
ticles size and half the simulation box size [20]. We tested
different sizes from 2.0x1073 to 9.0x107% and we verified
that the results are similar. Fig.5 shows that by starting
from a disordered system I'"! starts to increase indicat-
ing the re-organization of beads into an ordered structure.
Afterwards an abrupt discontinuity of ™! appears which
may be associated to a first order transition. The behav-
ior I'"! observed for ensembles of beads leading to a BCT
or FCC structure are differentiated by the time at which
the transition occurs. In Fig.5 we can readily notice that
the transitions to a BCT and FCC structures are accompa-
nied by the presence of small peak around 1600 and 1700,
respectively, which can be seen as precursors of the tran-
sition. Our results suggest that the transition occurs by
jumps to well differentiated stable states for reaching the
final state. This conjecture is under analysis and will be
presented elsewhere.

20— =

precursor jimps

| | | 1 | 1
600 800 1000 1200 1400 1600 1800 2000
Time step

Figure 5. The I'"! time evolution shows a phase transition for a
BCT crystal and a FCC crystal around 1650 and 1800 iterations
steps (= 100 sec), respectively. Notice that the transition is char-
acterized by a grow of I'"! and the presence a small peak before
the transition takes place.
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