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Abstract

We consider discrete behaviors with varying coefficients. Our results are new
also for one-dimensional systems over the time-axis of natural numbers and for
varying coefficients in a field, we derive the results, however, in much greater gen-
erality: Instead of the natural numbers we use an arbitrary submonoid N of an
abelian group, for instance the standard multidimensional lattice of r-dimensional
vectors of natural numbers or integers. We replace the base field by any commuta-
tive self-injective ring F, for instance a direct product of fields or a quasi-Frobenius
ring or a finite factor ring of the integers. The F-module W of functions from N to
F is the canonical discrete signal module and is a left module over the natural as-
sociated noncommutative ring A of difference operators with variable coefficients.
Our main result states that this module is injective and therefore satisfies the fun-
damental principle: An inhomogeneous system of linear difference equations with
variable coefficients has a solution if and only if the right side satisfies the canoni-
cal compatibility conditions. We also show that for the typical cases of partial dif-
ference equations and in contrast to the case of constant coefficients the A-module
W is not a cogenerator. We also generalize the standard one-dimensional theory for
periodic coefficients to the multidimensional situation by invoking Morita equiva-
lence.
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1 Introduction

Most papers on discrete linear time-varying (LTV) systems theory discuss Kalman’s
state space systems over a base field IF; compare Rugh’s excellent book [21, pp.383-
568]. The existence of (unique) states and output for given input and initial state are
obvious for these systems. In this paper we consider arbitrary discrete LT V-behaviors.
Our results are new also for the time-axis N of natural numbers and varying coefficients
in a field, we prove the results, however, in much greater generality: The time axis N is
replaced by any submonoid N of an abelian group, for instance by the r-dimensional
lattices N := N x Z™, r :=r; + ra, of integers. Instead of a base field we employ
an arbitrary commutative self-injective ring IF, for instance a direct product of fields or
a quasi-Frobenius ring or a finite factor ring 7/Zn of Z. We consider the F-module
W := FV of functions from N to F as the canonical discrete signal module over the
natural associated noncommutative ring A of difference operators with variable co-
efficients. Our main result Thm. 2.1 states that W is an injective A-left module and
therefore also satisfies the fundamental principle (terminology of Ehrenpreis 1960):
An inhomogeneous system of linear difference equations with variable coefficients has
a solution if and only if the right side satisfies the canonical compatibility conditions.
We also show in Thm. 2.3 that for the standard partial difference equations and in
contrast to the case of constant coefficients the canonical signal module o W is not a
cogenerator, cf. (22). This signifies that the equations of a homogeneous system of
linear partial difference equations with variable coefficients contain more information
than the module of solutions of the system. In Section 4 we generalize previous work
of many colleagues on one-dimensional discrete LTV-behaviors with periodic coeffi-
cients in a field, cf. for instance, [12], [1], [2], to multidimensional behaviors on the
lattice N = Z" with periodic coefficients in a quasi-Frobenius base ring F and to
the associated ring A, of partial difference operators with periodic coefficients. Via
Morita equivalence we show in Thms. 4.4, 4.6, 4.7 that APMFN is an injective cogener-
ator and that every Apcr]FN -behavior is isomorphic to its stacked form that is a standard
multidimensional behavior over a multivariate Laurent polynomial algebra. In Section
4.4 we also consider the case of periodic trajectories, cf. [23].

The Sections 3.1, 3.2 resp. 4 serve the proof of Thms. 2.1, 2.3 resp. 4.4, 4.6, 4.7. In
Section 5 that was added in the revised version of this paper we explain the connection
of the multidimensional theory of Section 4 with the previous work in [12], [1], [2].

Remark 1.1. (i) History: These remarks concern the history of the module-behavior
duality. The standard operator algebra for linear systems of ordinary or partial dif-
ference or differential equations with constant coefficients in r independent variables
is the commutative polynomial algebra A = F[s1,--- , s, over a field F that acts on
the canonical signal spaces W of r-variate sequences resp. smooth functions or dis-
tributions via partial shifts resp. differentiation. In [18] it was shown that these signal
modules are injective cogenerators, cf. also (20), and thus give rise to a categorical
duality or very strong one-one correspondence between finitely generated (f.g.) A-
modules and the solution spaces of these systems (terminology of Malgrange 1962),
called behaviors by Willems. The proof of the injectivity for partial differential equa-
tions was outstanding analytic work by Ehrenpreis, Malgrange and Palamodov in the
1960s. The duality enables the translation of theorems and algorithms from Commu-
tative Algebra and Homological Algebra into analytic and systems theoretic results.
This procedure was and is called Algebraic Analysis, in particular by Pommaret and
his student and coauthor Quadrat [19] and by other colleagues [20] from Systems The-



2 BASIC NOTIONS AND PRINCIPAL RESULTS 3

ory and Computer Algebra. In 1959 Sato introduced the term Algebraic Analysis for
the advanced algebraic theory of partial differential equations whose most significant
progress is due to Kashiwara [11], but it seems that the word was already used by Eu-
ler. The duality theory with its translation of algebra into systems theory has been used
implicitly, but significantly already in Kalman’s state space, Rosenbrock’s polynomial
matrix, Wolovich’s differential operator and Willems’ behavioral approach to LTI (lin-
ear time-invariant)-systems theory.

For systems of equations with variable coefficients the associated rings A of opera-
tors are noncommutative and the relevant signal spaces are, in general, neither injective
nor cogenerators, an exception is established in [9]. In many cases the operator ring
A is a noetherian domain or, more specifically, an Ore algebra or multivariate skew-
polynomial algebra [20, Def. 3.4]. There is a large body of results and algorithms
on f.g. A-modules in the theory of Noncommutative Noetherian Rings and Computer
Algebra [16], [14], [7], [20], [19] that can, however, be only partially translated into
systems theoretic results and algorithms [20], [19]. The term Algebraic Analysis and
the suggestive systems theoretic terminology for purely algebraic objects are also used
in this more general situation. For instance, a f.g. module resp. some of its distin-
guished elements are called a system resp. its inputs and outputs [8]. But one has
always to keep in mind that the translation of those strong algebraic results into the
behavior of actual signals is not obvious if the signal module is not injective. Rings of
delay-differential or convolution operators are commutative domains, but not noethe-
rian, and the module-behavior duality also holds only partially [10], [20], [6]. In the
present paper the algebra A of difference operators is neither a domain nor noetherian
and it is therefore rather surprising that the canonical signal module is injective.

(ii) Constructivity: The injectivity, even of a field as module over itself, is not a con-
structive property since, for instance, the Hahn-Banach theorem for infinite-dimensional
vector spaces requires the nonconstructive axiom of choice or Zorn’s Lemma. There-
fore our main Thm. 2.1 is not constructive in general, even in the simplest case of
Ex. 2.2 below. Since the ring A is not noetherian it is, in general, also impossible to
compute the canonical compatibility conditions. To construct at least approximate so-
lutions the theory of this paper has to be extended to topological rings of sequences, for
instances the Banach algebras ¢*(Z), ¢>°(Z) C CZ. All results on periodic multidi-
mensional behaviors over constructive quasi-Frobenius rings like Z/Zn are, however,
constructive and can be used with existing Computer Algebra packages, for instance
[7], [20], [19]. We leave it to these or other experts to actually do this.

Acknowledgement: We thank the two reviewers for their careful reading of and
useful suggestions for the paper.

2 Basic notions and principal results

Instead of a field we use a commutative base ring I that is self-injective or, equiva-
lently, for which an analogue of the Hahn-Banach theorem holds. The ring F is called
self-injective resp. a cogenerator ring if it is injective resp. a cogenerator as module
over itself (cf. (9) and (22)). If FF is a cogenerator ring then it is also self-injective [14,
Thm. 19.18]. A noetherian (commutative) cogenerator ring is called a (commutative)
quasi-Frobenius ring and is artinian [14, Thm. 15.1, §15D]. For any Dedekind domain
D, especially for any principal ideal domain like Z and any nonzero ideal b C D the
factor ring D /b is a quasi-Frobenius ring [14, Example 15.26, (2)]. An infinite product
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of fields, especially an infinite power, is self-injective, but not a cogenerator ring [14,
§19, Exercise 17 on p.539].

Linear difference equations with constant coefficients over commutative quasi-Frobenius
base rings F were first studied by Russian coding theorists, in particular by Kurakin,
Kuzmin, Mikhalev, Nechaev [17], and later in behavioral systems theory, for instance
by Liu, Lu, Oberst [15], Kuijper, Pinto, Polderman, Rocha [13], and in several papers
by Zerz and her cooperator Wagner [23],[24].

Let N be a submonoid of an abelian group, i.e., 0 € N and N + N = N, and
Z = N — N D N the subgroup generated by N. The standard examples for this
situation are

Z:=7",reN;and N:=N*'xZ"? CZ =7Z" XZ™, r=r1+ry. (1)
Consider the standard signal F-module for discrete systems theory
W=F" = {w=(wt)en : N > F, t = w(t)} )

of functions from N to F. For N := N" x Z" from (1) F consists of the typical
multivariate sequences. As usual the F-module of k x /-matrices is denoted by F¥*¢, in
particular we obtain the modules F1*¢ resp. F¢ := F**! of row resp. column vectors.
We identity

(FON = (PN 5 X = (X (1)en = (Xij)i<k j<es

3
Xij c FN, X(t) c Fkxz, X”(t) = X(t)” ©)

The module FV is an F-algebra with the componentwise multiplication (ab)(t) :=
a(t)b(t) for a,b € F and the one-element (1);cy = (t — 1). Moreover N acts on
FY by algebra endomorphisms via

(ioa)(t)=a(t+i), a € PN it N. 4)

The module FV with this additional structure is denoted by K. It gives rise to the
noncommutative skew-monoid algebra or smash product [16, Thm. 1.5.4]

A = N{K :=K[N;o] = @;cnKq' 3 f = Y fid', fi €K,
i€N
with the multiplication

(Z fz‘lqh> <Z fizqi2> = > filivo fi,) | €.

i1EN is€N €N i1,i0€N, i1+i2=1

®)

By definition the family (¢%);cn is a K-basis of A with the multiplication ¢'¢’ =
q'*7. Its introduction serves to transform the additive monoid IV into the multiplicative
monoid {¢*; i € N}. In f = 3. fig" € A almost all coefficients f;, i.e., up to
finitely many, are zero by definition. If

p
N=N"=&,_Ney, €, :=(0,---,0,1,0,---,0), p=1,---,1, 2, := ¢ ©)

then Vi = (i1, ,i,) € N": ¢ =2l .- s 2l = 2

is the usual power product of the 21, - - - , x,- and this motivates the notation ¢’ also for
general N. For N # 0 the rings FY¥ and A have zero-divisors. For nonnoetherian
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F or infinite N neither K nor A are noetherian. Let FMod resp. o Mod denote the
categories of F- resp. of left A-modules. Little is known about o Mod whereas there
are some important results on pMod [14, Chs. 6,7]. The algebra A acts on W = FN
via the action o given by

((Zfiqi)ow> Zfz t+7' (qiow)(t):w(t+i)’ t,i €N, (7)

i€EN iEN

and makes W an A-left module, denoted by o W. The action is extended to the action
Row of amatrix R € A*** onw € W' by

R= (Ruv)1<#<k 1<p<t = Z R’ € AP R, = Z Ruiq’ € A, Ry €K

AR, IV

jEN jEN
¢
Rj = (Ruvj)1<pepicpes € K Row = (Z R, 0 w,,) e Wk,
pn=1,--- .k
Vte N: (Row)(t) =Y Rj(t)w(t+j) € F*.
JEN
(®)
Theorem 2.1. For the signal module AW from (2) and (7) the following hold:
(1)The A-module W is injective, i.e., the functor
HomA(—, W) : aAMod — ]FMOd, M — }IOIIIA(]\47 W), ®

is exact or, equivalently, transforms injective A-linear maps into surjective F-linear
maps.

(2) This implies that AW also satisfies the fundamental principle (terminology of
Ehrenpreis 1960): For R € A*** and u € W* the inhomogeneous linear system

Row=uorVte N: ZRj(t)w(t+j):u(t) (10)
JEN

has a solution w € W' if and only if the given right side u satisfies the canonical
compatibility conditions

Vne AY* . yR=0=nou=0. (11)

This also holds if R is a row-finite matrix with infinitely many rows and columns, cf.
Cor. 3.1.

The necessity of (11) for the existence of a solution w of R o w = u follows from
nR=0=nou=no(Row)=NR)ow=00w=0. (12)

For N = N™ x Z"™ (10) is the typical 1 + ro-dimensional linear system of partial
difference equations with variable coefficients.

Example 2.2. In Thm. 2.1 consider the simple data

N:=N, afieldF, A =F[g;0], W:=F", k=¢=1,

d N (13)
R=f=fuq"+ -+ focA, icF, 0#fq, ueW.
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Then there is a solution w € W of

fow=wuorVte N: fy(t)w(t+d)+ -+ fo(t)w(t) = u(t) if and only if

Vg = Zgjqj € Awithgf =0: gou=0o0orVt e N: Zgj(t)u(t+j) =0.
=0 =0
(14
If in (13) f4(t) # O for all ¢ then the standard recursive solution
d—1
w(t+d) = fa(t)™ <U(t) =Y filtw(t + i)) (15)
i=0

holds. Thm. 2.1 implies that there is a solution w of fow = u too if f; € FY has many
zeros provided wu satisfies the necessary compatibility conditions g o u = 0 if gf = 0.
Even in this simplest case of Thm. 2.1,(2), the existence of a solution w of fow = u
is not obvious. If f4(0) = 0 the solution w has to satisfy the linear equation

d—1
> fi(0)w(i) = u(0), (fa(0) =0) (16)
i=0

so the initial values w(0), - - - ,w(d — 1) cannot be chosen arbitrarily.

If AW’ is any signal module and U C A'** is a submodule with factor module
M := A'¥*/U there is the canonical F-isomorphism
Homa (M, W) = B:=Ut={weW 5 VEecU: Eow=0}
Malgrange 1962 (17)
e w, p(E+U)=Eow, € AP

The solution F-module U~ of all linear equations £ o w = 0, & € U, is called the
W'-behavior defined by U or M, and U resp. M are called the equation module resp.
system module of B. If U is finitely generated (f.g.) and U = A'**R, R € AF*¢ for
instance always if A is a left noetherian ring, then

B:{wEW'Z;Row:O}. (18)

These solution modules are ubiquitous in linear systems theory and explain the signif-
icance of the functor Hom (—, W) for this theory. The monoid F-algebra

F[N] = @ienFq' C A (19)

is a commutative subalgebra of A and therefore acts on FV too. For a field [18, Thm.
3.15] resp. for a self-injective ring F [15] the signal module [F[N]IFN is an injective
F[N]-module and hence satisfies the fundamental principle. This follows easily from
the canonical F[N]-linear isomorphisms (M & py;Mod)

Homg ([N F) = FY, ¢ = (9(¢"))ien,
HomF[N](M,IE‘N) =~  Homgpy] (M, Homg(F[N],F)) = Homg(M,F)

(20)
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and the self-injectivity of F. In [5] an analogue of injectivity is proven for the non-
commutative polynomial algebra F(t)[g; o] and suitably defined behaviors where F is
a field and F(t) the field of rational functions in one indeterminate ¢ with the action
(i oa)(t) := a(t + i). There is no continuous analogue of Thm. 2.1 for differential
LTV- systems

d .
d]
> Ri(H) 75 (1) = ult), t R, 1)

and the signal spaces C*°(R) or D’(R) of smooth functions or distributions over ap-
propriate operator rings of differential operators with variable coefficients. In the con-
tinuous case the signal space has to be enlarged to become injective over the larger ring
of differential operators [9], [22], [4].

A module o W’ is called a cogenerator if for every A-module M the canonical A-linear
Gelfand map

pu : M — Homp(Homa (M, W), W'), x — par(), par(z)(@) == @(z),

is injective or n {ker(p); ¢ € Homa (M,W")} =0.

The cogenerator property of o W’ implies in (17) that B =2 Homa (M, W) is nonzero
if M is nonzero and that U = B+ := {{ € A £oB=0}. So B determines U
and U and B = U~ contain the same information. If A W is an injective cogenerator
then the functor (9) induces a duality (contravariant equivalence) between the category
of f.g. A-left modules M = A'**/U (algebra) and that of W’-behaviors U~ (engi-
neering mathematics) [18], and thus enables a strong use of algebraic tools for systems
theoretic applications like in the standard LTI-systems theories. But also the injectivity
alone like in Thm. 2.1 opens many such opportunities. If IF is a cogenerator ring (20)
implies that also gy N]IFN is an injective cogenerator.

Theorem 2.3. (1) For the monoids N = N™ x 72 from (1) the module AW is not
a cogenerator (A = FN[N;o], W := FN). (2) If N is a finitely generated abelian
group and T is a cogenerator ring then AW is a cogenerator if and only if N is finite.

In Section 4 we treat the case of periodic coefficients. We assume a quasi-Frobenius
ring I, the group N := Z" and a subgroup L C N such that N := N/L is finite. This
implies L = Z". We identify F"V with the subalgebra of FV of L-periodic functions
by

F¥ = {beFN; Vie NVie L: b(t+i)=b(t)} C FV, o3
a(t) = a(f) fora € F¥, t e N, T:=t+ L.

The finite group N acts on itself by translation and so doest € N on i € N by
t 4+ := £ + i. This action implies the action o of N on F¥ given by
(ioa)f) =a(f+1i), i€ N, acFV. (24)
This action gives rise to the skew-group algebra or smash product [16, §1.5.4]
Aper = ]FN[N; o] = @jeN]Fﬁqj with (aq")(b¢’) = a(iob)q"™7, i,j € N, a,b € Fﬁ,

obviously F¥ [N; 0] ¢ FV[N;ol.
(25)
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The bijection N = {qi; 1€ N} , i+ ¢', is a group isomorphism. The ring A, has
the commutative [F-subalgebra

Z:=F[L = ®jcrFq C Aper. (26)
If 3,, p=1,---,r isaZ-basisof L =2 Z" = N and

-rp = qﬁp thenZ:F[L] :F[xh.fl—l,"' ,mrmf;l] (27)

is the Laurent polynomial algebra in the x, over IF and thus noetherian since the quasi-
Frobenius ring [ is noetherian and even artinian [14, Thm. 15.27]. By (20) the signal
module zF¥ is an injective cogenerator and there is the categorical duality between
finitely generated (f.g.) F[L]-modules and F| L]]FL—behaviors that are the usual mul-
tidimensional behaviors on the lattice Z" and governed by linear systems of partial
difference equations with constant coefficients. We apply the Morita theory [14, §18]
to show that there is a canonical categorical equivalence o . Mod = zMod. This

per

implies that not only zF”, but also Ape _F¥ is an injective cogenerator Moreover ev-
ery a_..FN-behavior B is canonically isomorphic to its stacked form B that is a zFL-

per
behavior whose kernel representation we describe constructively. The main results are
Thms. 4.4, 4.6 and 4.7. In Cor. 4.13 we also consider the case of periodic trajectories

(ctf. [23]).

3 The proofs of Thms. 2.1 and 2.3

3.1 F¥ isinjective over A = FV[N; o]

The assumptions of Section 2 concerning /N and F are in force. We need several prepa-
rations concerning infinite-dimensional free modules that are exposed, for instance, in
[4, §3.5.2.2]. If V is an F-module and A any index set then

VA = {w=(w\)rer: w: A=V} (28)
is the F-module of all functions A — V. The support of w € V' is the set

supp(w) := {\A € A;w(\) # 0} . Then VA .= {we VA, supp(w) finite} C VA
(29)
is a submodule. The following equations (30)-(33) hold for any ring A. The left A-
module A™) is free and has the A-basis

1 if A
Oxy A€ N, Ox(1) = Oy i= {o i #Z AWM =@ pAdy. (30

If T is another set with its associated free module A(™ there is the canonical isomor-
phism between linear maps and matrices given by

Homa (AT, AM)) =~

{R=(R(7,\)y» € AT Vy eD': supp(R(y,—)) finite}, & =: oR > R
where supp(R(y, —)) == {A € A; R(% ) # 0},
VyeT: @6 ZR% Aoy, Ve AT (nR)(A Zn
AEA yel’

€1V
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The I' x A-matrices with finite supp(R(y, —)) for all v € T" are called row-finite. In
the sequel we choose one such row-finite matrix R € AT*4,
For every M € A Mod with action o there is the canonical isomorphism

Homa (AT M) = MY, & s (®(5,)),er and we identify

32
Homa (AT M) = MY, & = (®(5,))er- G2

With this identification the row-finite matrix R from (31) gives rise to the adjoint map

Ro := Hom(oR, M) : M* — M", (Row)(y) = Z R(v,A) ow(A), yeT.
AEA
(33)
This applies especially to the A-module W = F~. We identify

W= (FY)" = (F)Y =FY, w()(t) = w(t)(y) = w(y,t), YT, t € N.

(34
The elements R(+y, A) have the form

R(v,\) =) R(1,N);¢, Vit € N: R(v,0); € FY, R(7,A);(1) € F. (35

jeN
For
w = (w(A))rea = (WA, J)) (njyeaxn € WA, w(\) () = w(),7), and 36)
u:=Row= (u('y)),yer = (“(%i))(v,i)erxN c WF
we get
u(y) =Y Ry, A ow), ulv,i) = Y R, A);Hw)(i+j)
AEA (X\,J)EAXN
D DR (CRVSOIEEN D a7
(Mk)EAXN, k€i+N
= > H((11), (A R)wh k) = (H - w)(y,4)
(\k)EAXN
where
. R(v,\p_i(i1) ifkei+ N
H((1,i), (0 k) o= § RO Dw=ili) TR € iV
0 itkgi+ N (38)
H = (H((’yvi)v (>‘v k))((—y,i),(k,k))e(FxN)x(A><N) € IF(FXN)X(AXN)'
We conclude
Vwe WA =F"N: Row=H -we W' =F*V, (39)

Here we use the notation H - w for multiplication of infinite matrices with entries in
F. Notice that the matrix H is row-finite since for fixed (,7) € I' x N almost all,
up to finitely many, R(v,\) and almost all R(v, \); are zero. The significance of
equation (39) lies in the fact that it replaces the operator product R o w by the matrix
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multiplication H - w of matrices with coefficients in F. The matrix H gives rise to the
exact sequence of F-modules and [F-linear maps

ker(-H) A, g xN) H (AN it inj(n) =,

(n-H)NJ) = > n(yn)H((v,4),(\5), n € FN n:T'x N - F.
(v,3)€rXN
(40)
Recall that we identify Homp(F(), F) = F’ (cf. (32)). Since pF is assumed injective
the duality functor

Homp(—,F) : yMod — pMod, U +— U* := Homg (U, F), (41)

is exact. Applied to the exact sequence (40) of F-modules it furnishes the exact se-
quence of F-modules

WA = FAN Iy T = TN I e (L H)* with

(42)
res := Hom(inj, F) : F'*Y — ker(-H)*, u ~ u|ker(-H),
where u = (u(7,1))(y,ierx n and u| ker(- ) has the form
u|ker(-H) : n +— Z n(v,i)u(y,i) for n € ker(-H) € FT*N) with
(A/,.i)GFXN b | ‘ (43)
n-H=00rV(\j)€AxN: Y nly,i)H((y.1), () ) =0.

(v,5)eC'x N

Proof. (of Thm. 2.1) (1) (i) Let X ¢ A®) be any submodule. Choose a row-finite
matrix R € A"*? such that X = > yer AR(y,—) € AM Let p € Homp (X, W)
be any A-linear map. We show in (ii) below that ¢ can be extended to an A-linear
map ¢ : AW — W with ¢)|X = ¢. For A = {1} and A®) = A the submodule X
is a left ideal of A with generators R(vy,1), v € T'. According to Baer’s criterion for
injectivity [14, Thm. 3.7] the extendability of each A-linear map ¢ : X — W to an
A-linear map ¢ : A — W implies the injectivity of o V.

(ii) We apply the exact sequence (42) to the chosen R. Define u € W by u(y) =
©(R(7y,—))- In (iii) below we show that u|ker(-H) = 0. From this, (42) and (39) we
conclude that there is w € W such that

u=H -w=RoworVyeTl: u(y) = ZR(’y,/\)ow()\).Deﬁne
A€EA

¥ AN S Wby 9(6y) = w(\) =

44
W(R(, ) = (Z R(v,A>6A> “S R New@) = Y
A A

> R(y, M) ow(N) = uly) = e(R(y,—)) = ¥|X = ¢
A

since the R(v, —) generate X.
(iii) It remains to show that u|ker(-H) = 0. Let & € ker(-H) € FI'*N)_ Consider
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So € FY with §o(t) = o ;. Define

ne A byn(y) =" &(v,0)doq’ € A= (MR)Y(N) =Y (1R
i€EN ~yel'
= > 0 DRd RO = Y (i) (io R(y,N);) a
~ETEN,jJEN ~v€ETiEN,jJEN
=Y > €(7,4)d0 (i 0 R(v, Ar—i) | ¢

kEN \(v,d)€Tx N with k€i+N
45)
We show R = 0 by proving that for all A € A and all k € N the coefficient of ¢* in
(nR)(\) € A =FN[N; o] is zero. But for all k,t € N

( 3 £y, )60 i oR(v,m_i)) (1)

(74,8)ET X N with k€i+N

- > €(7, )00 () R(, N —i(t + 1)

(v,4)ET X N with k€i+ N

_Jo ift#£0
Z(y,i)eFxN, k€i+N £(v, i)R(’Ya /\)k—i(i) ift=0
0 ift A0
a Z(’Y,i)EFfo(’Yvi)H((’Yﬂi)v()‘7k)) = (£ H)(A\ k) fekeTCH) 0 ift=0
= nR=0.
(46)
From nR = 0 we now infer
nou=>Y n(y)ou(y)=>_ ny)epR(y,-))
yel’ yel
=¢ | 2RO, | =¢mR) = ¢(0)=0
yer (47)
Sonou) | (0= > &, 1)8(0)ul(y)(0 + 1)
yel (v,4)ETXN
= 9 7 k H = O
X o) g wlkerCH)
(2) Part (2) of Thm. 2.1 is proven in the more general Cor. 3.1. O

Corollary 3.1. (cf. [4, Cor. and Def. 592, Remark 593]) If R € A" is any row-finite
matrix and u € W' is any right side the linear system

Row=u, we W" orvVyeT: ZR(W,)\)ow()\):u('y) (48)
AEA
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has a solution w € W™ if and only if u satisfies the canonical compatibility conditions
vne AD
nR=0, ie, VA€ A: Zn(v)R(%)\) =0=nou= Zﬁ(V)OU(V) =0
yel’ yel
(49)
Proof. Recall that we identify Homa (A W) = WA and Ro = Hom(oR, W). Let

U = ker (oR CAD A<A>) - {77 e AD, yR = 0}

= U 25 AD 2F AL exact (50)
— A foy ppr HomE W) g s (U, W) exact

W injective ,Homa (—,W) exact
where inj(n) = 1 and Hom(inj, W) : u — (n — n o u). As asserted we conclude

RoW?" =im(Ro) = ker (Hom(inj, W)) = U+ = {ueW"'; vneU; nou=0}.
(5D
O

3.2 TF% is not a cogenerator

We use a commutative self-injective ring F as before and a monoid N = N x Z™
from (1). We prove Theorem 2.3 by a counter-example with a suitably chosen

f e Awith A/Af #0, but Homa (A/Af,W)=2{weW; fow=0}=0.

(52)

The part (2) of Thm. 2.3 will be shown in Cor. 4.14.

(1) We first assume N = N and A = @;enFq’. In this case we interpret ¢ := ¢' as an

indeterminate and ¢* = (q')? as its i-th power.

(i) Below we choose a suitable nonzero f; € FY and define the skew-polynomial

f:= fiqg —1 € A of g-degree 1 such that the properties of (52) are satisfied and thus

refute the cogenerator property of o W. It is obvious that A = A f if and only if there

isag= Z?:o g:q* with gf = 1. But

d d d
9f => g’ (fra—1)=> gilio f1)g ' = > gid’
=0 1=0 =0
(53)
d .
= ga(do f1)g™™ + > (gia((i=1) o f1) — g:1) ¢" — go-

i=1
We conclude that
gf:1 — 90:715 V’L:17 7d: glzgz—l((lil)ofl)a gd(dofl):()
— go=-1,Vi=1,---,d: gg=—((i—1)o f1)*---* (Lo f1)* f1 and

(do f1)*---x(lo f1)* f1 =0.
(54
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Hence

A=Af < 3d>1with(do f)*--* (Lo fi)* f1 =0

<~ Id>IWVteN: fit+d)* fr(t+d—1)x---x f1(t) =0. (>3)
(ii) We define f; € F and f by
Cf1oitt#2nnen
fit) = {0 o on » fi=rfg—1 (56)

For arbitrary d > 1 choose n with 1 < d < 2" — 1 and ¢ := 2™ 4+ 1. Then

M <t =2"41<t+d<2"+1+2"—1=2""!
= filt+d)=--=fi(t) =1 (57)
= fit+d)filt+d—1)x---x fi(t+1) = f1(t) = 1.

Equations (55) and (57) imply Af C Aand M := A/Af #0.
(iii) For f = f1q — 1 from (56) we show that the associated behavior

B:i={weF; fow=0}={welFY; #eN: filt)wt+1)=wt)} (58)

is zero. By decreasing induction the equation w(t — 1) = f1(t — 1)w(¢), t > 1, shows
that w(tg) = 0 for some ¢ implies w(t) = 0 for all ¢ < ¢y. But for all n and w € B
we have

0=Ffi2Mw(2"+1) —w(2") = 0w(2" +1) —w(2") = w(2") =0 = (59)
Vvt <2": w(t)=0=—=w=0= B=0.
(2) (i) In the next step we assume N = Z and define fZ € FZ with f; € FY from (56)
by

zZ fi(t) ift=0 4 z z zr, -1
t) = , = — 1€ A% :=TF"[q, ;0],
fr) {0 gp oo T = [9,07 "5 0]
BY:={weF% ffow=0} ={weF; WeZ: flthwit+1)=w()}.
(60)
We infer that w(tp) = O for some ty € Z implies w(t) = 0 for all ¢ < t,. But
fE@™) = f1(2") = 0and 0 = fZ(2")w(2" +1) —w(2") = w(2") imply w(2") = 0
for all n € N and therefore w = 0 and B% = 0.

(ii) We show A% f# C A%: Assume on the contrary that g* = 3=, , g7¢’ € A” with
g”f% = 1. A slightly simpler computation than (1)(i) above implies

Vi€Z:gi (((G—1) o ff)=g5+6j0. (61)

Since almost all g]Z are zero there is some n < 0 such that g2 = 0. Equation (61)
implies by increasing induction from n to 0 that

Vj<0:g¥=0, g =—1. Define Vj>0:g; ::gJZ|N€FN(T—U>
. , : (62)
go=—-1Vj=1: g;a((G—1)of1)=gyg; 50 O g (hg—1) =1
jEN
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This contradicts (1)(ii) and hence AZf%Z C A”Z. We conclude AZ/AZf% = 0, but
B% = Homyz (A%, FZ) = 0 and therefore that FZ is not an A%-cogenerator.
(3) () Let
N=N; xNy>t= (tl,tg),i = (il,ig),
Ak = FNk [Nka O] = @ikGNkFqui:ka k= 13 2;

A =FNN2 NG Npjo] = @iy imenF ', 1) = g g3’ ©2
W = FNixNa — (pN1)Nz,
We assume that there is an f = ZjleNl fjlq{l € A;suchthat A; f C Aq, but
0=8;:={w e FV; fow; =0} =
wy € FN; Vi € Ny Z fi(t)w(ts +51) =0 p = (64)

J1€N:
Homa, (A1/A;f,FM).

This assumption implies that o, FV* is not a cogenerator. In (1) and (2) above we have
constructed such an f for the case that N; = N or V; = Z. We are going to derive the
same for AFY. Define

F= Y Fjq'€A, Vj1 €NVt =(t1,t) € N: Fj (t1,t2) := f;, (tr). 65)
J1EN,
We consider the behavior

B:={weF"; Fow=0}=

w e IFN; V(tl,tg) € N1 X Ny : Z Fjl(t1,t2)w(t1 +j1,t2) =0, =
J1E€EN1
(66)

’UJEIFN; V(t1,t2) € Ny X Ny : Z fjl(tl)w(tl +j1,t2):0 —
J1ENY

Yw € BVty € N : (U}(tl,tg))tle]\fl € B;.
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Since B; = 0 this implies that also B = 0.
(i1) We show next that AF' C A. Assume

G = Z Gihhqilq;z € A with

(i1,92)EN
1=GF = Z Giy iy ((i1,12) 0 Fj, ) q(1F91i2)
i1,%2,71
= G, i, ((2 ,i2) o F; (k1,72)
i1Fj1=k1 Z Z i ((i1,92) 0 Fy ) | @

(k)l,ig)eN i1+j1=k1
= V(k1,i2) €N > Giyay((in,i2) 0 Fjy) = 8y i0),(0,0)
i1+j1=k1
— V(kl,ig), (thtg) € N:
> Givis(ty, ta) £, (b1 +i1) = 8(kyin).(0,0)
i1+j1=Fk1

= Vki,t1 € Ny : Z Gil,O(t170)fj1 (tl + il) = (Skl,O
p=t=0 i1+j1=Fk1

= with g;, (t1) := G(i,,0)(t1,0), g;, €FV

( > gmz?) > | = < > gng?) f=1= A f=A,.

i1 €N, J1EN, i1 ENy

(67)

This contradicts the assumption A; f C A; and hence
AF C A, but Homa (A/AF,FY) >~ B =0. (68)

This implies that also A" is not a cogenerator.

If N = N x Z" from (1) and 1 4+ r2 > 0 then N admits a representation N =
N1 x Ny where N; = N or N; = Z. The application of (1), (2) and (3) then implies
that FV is not an FV [N; o]-cogenerator.

4 Partial difference equations with periodic coefficients
over quasi-Frobenius rings

4.1 Morita equivalence

The assumptions and notations are those from (23)-(27). For notational simplicity we
write again A := Ape. The algebra A = FY from Section 3 is not used in the
remainder of the paper.
The elements of N = Z" are t,4,j,k,£,m etc., the elements of N are t := t +
L.,i,j,k, ¢, m. The F-algebra FV has its (finite) standard F-basis

&, 1 €N, &(l) =65 FY = O;cnles,

1,10

7 = 03560 D €5 = (1) = lgw. )
i€EN
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The €; are complete orthogonal idempotents of FV. From (25) we infer

A =FY[N;o| = Gy jenFead, des=(Goe)d =6 507, ¢’ = ;.
(70)

Remark 4.1. If F = C is the field of complex numbers the functions in C¥ can be
described by the discrete Fourier transform (DFT). Let d := £(N) be the order of N.
Then there are nondegenerate symmetric biadditive resp. bimultiplicative forms j e k
and < j, k >:
<——> NxN % 7Z/zd — S':={2€C; |z|]=1},
(G.k) +— jek +— <jk>=exp(2rijek/d)

With these data the DFT and the Fourier inversion formula are given by the inverse
isomorphisms

In the simplest case one has
N=Z7ZdCZ N=17/Zd, jek = jk, <j k>=exp(2mijk/d).

In other words, the d-periodic functions a : Z — C with a(j) = a(j + d) forall j € Z
have the unique basis representation

a(j)=d™" > a(k)exp (2mijk/d), C** =ty Cexp (2mi(—)k/d)
kez/zd

Equation (70) implies the equivalence

Z a(i, j)e;q’ € center(A)

i€EN,jEN
< VkeN, meN: Z a(g,j)egqj g™ = exq" Z a(f,j)egqj
i€N,jEN i€N,jEN
= VkeN, meN: Z a(i, )eep_q ™ = Z ai, f)epes_ @™
i€EN,jEN i€EN,jEN
< Vk,m,j € N : Z a(i, §)0; 565 = Za(f7j)5z,z+m€§
iEN i€EN
<~ Vk,m,j€EN: a (7_]]€E3 E—Fm,j)ﬁg
— 0 if j A0
< Vk,m,j € N: a(k —j,7) 157&,
a(k+m,j) ifj=0

= center(A) = Z = ®;c.F(Y )¢ = @jerFe.
iEN

.

(71)
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Choose any section o : N — N of the canonical map N — N/L such that

o(i)=0(@))+L=dandthus L x N = N = L+ o(N), (t,7) — t+c(}),

is bijective. Then V¢t + o(j) € N =L+ o(N): ¢ = ¢lg7D 2
— A = @;73€N7t6LF6§qtqa(-j) = @;,jeﬁqu”(-j)

Further Vi € N : q*”(g) eaq"@) =€

Hence A is a free Z-module with the finite basis e;.q"@, i,7 € N. Since Z is noethe-
rian so is A both as module over its center Z and as ring.
We consider the signal F-module W = F¥ that is also an A-module with the action

S aid)ow| ()= ajw(t+4), we W:=F", te N,
JEN JEN
(73)
Z a(i,j)eq’ ow | (t) = Z a(i, §)o; yw(t + j), a(i,j) € F.
i€EN,jEN i€EN,jEN

The orthogonal idempotents €; of K are also such in A and hence

A = @EGNAG; with Ae; = Aqig(j)eaq”(j) = Aeﬁq"(j)7 Ae % Ae;, f— fq"(j).

. (74)
Here we used that ¢/~ are invertible. So the direct summands Ae; of A are all
isomorphic to Aeg. Since A is a progenerator of AMod [14, p.54], i.e. a finitely
generated projective module and generator, the cyclic module P := Agg is also a
progenerator. Consider the F-algebra B = Homa (P, P). It acts on P from the left
via bz := b(z) for b € B and € P and makes it an (A, B)-bimodule since a(bx) =
ab(z) = b(ax) fora € A,b € B,z € P. Let Modg be the category of B-right
modules. The bimodule P induces the Hom-functor

Homa (P, —) : AMod — Modg, M — Homa (P, M) with

(pb)(z) := @(bx) = p(b(x)), ¢ € Homa (P, M), b € B=Homa (P, P), z € P.
(75)
According to the Morita equivalence theorems the following result holds:

Result 4.2. (c¢f. [14, §18C, §18 D])
1. The functor Homa (P, —) is a categorical equivalence and, of course, exact.

2. The quasi-inverse functor of Homa (P, —) is the functor

Modg — aMod,Y — Y ®g P with
aly@zx) :=y®az, a € A, y €Y, x € P, especially (76)
Homa (P,A) ®g P % A pRx— p(x).

3. The canonical map A — Homg (P, P), a — (z — azx), is a Z-algebra iso-
morphism.
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We modify and simplify Result 4.2 due to the special P = Aeg: There is the
standard algebra antiisomorphism

® : B = Homa (Ae€g, Aey) = egAeg, b— b(ep), since
anti
Vb e B : b(ey) = bleg)eg = b(e%) = e5b(ep) € egAep, )
Vbl, b2 €eB: (blbg)(éa) = bl (bg (66)66) = bg (Gﬁ)bl (66)'
We compute €A, Aegand e5Aeg as free Z-modules:
E{C]j € = €{€_jqj = (5;7_36;4(]]., 66656]]‘ € = (5;7_566656]]‘ = 667;(56365qj —
egA = €5 (@feﬁ,jeNFequ) = ®jENF€6qj = @jeNZ€6qa(j)
j j o) (78)
Ay = (EBzeﬁ,jeNFezq ) €5 = Sjenle_j¢' = &jex2e_347,
A€ = & (@ZEN,jeN]FEf‘Zj) g = ®jerFegy’ = ©jeLFq’ 5 = Leg = 2.
Since Z is commutative the antiisomorphism @ is indeed a ring isomorphism and left
and right modules over

B = egAeg = Zeg = center(A) = Z (79)

coincide. In particular, Modg = zMod and A¢j is an (A, Z)-bimodule with the
multiplications

a1 (azeg) = (araz)ey and (azeq) f = (az2¢5)(feg) = faseq, a1,a2 € A, f € Z.

For every M € AMod we get the Z-isomorphism o0
Homa (Aeg, M) %’ M, ¢ — o(eg). 81
With the preceding modifications Result 4.2 obtains the following form:
Corollary 4.3. 1. The functor
aMod — zMod, M — egM, (82)

is a categorical equivalence, in particular exact and for M, My € AMod there
is the Z-isomorphism

HomA(Ml, Mg) = Homz(GaMl, EﬁMg), G— G|€6M1. (83)

2. The quasi-inverse functor of M s egM is the functor

ZMOd — AMOd, Y — A66 Xz Y. (84)

3. The canonical map
© : A — Homgz(Aeg, Aeg), with O(a1)(azep) := a1az6g, (85)

is a Z-algebra isomorphism.

Since Aeg has the Z-basis e_Eq”(E), k € N, the Z-algebras in (85) are isomorphic

to the matrix algebra ZNVxN
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4.2 Stacked modules and behaviors
For the A-signal module W = F" we compute e5 o W by
Vw € WVt € N : (egow)(t) = eg(t)w(t) = o5 zw(t) =
goW ={weF"; w|(N\L)=0} =2F" w+ w,

w(t) ift=0ortelL (86)

here w(t) = ‘
where w(t) {o if7£0orte N\ L

IdentifyeaoIE‘N:]FL CFN, w=w, and define W = FL c W = FV.

This identification signifies that @ € FL is extended to w € FY by w|(N \ L) = 0.
Then W is a Z-submodule of W since

) P~ w(t+1i) iftel
VieL: (q ow)(t):{o it teN\L" (87)

Theorem 4.4. With the identification from (86) the signal modules AFN and zF" are
related by FL = €50 FN. Since zFL is an injective cogenerator due to (20) or [15] the
categorical equivalence from (82) implies that A" is also an injective cogenerator.

For any M € AMod the equivalence AMod — zMod, M > e; M, furnishes

Homa (M,FY) = Homg(egM,egoFY) = Homg(egM,FL)

® — D|egM (88)
Forz € M, je N, w:=(x), W := ‘p(fﬁqg(3)$) = 66(]"(3) o w this implies
N: @ 7 — 0D o
Vt € LVj € N : w;( ) =w(t+o(y)), ejowm)q j Owj
w = 63 ow = Z q_UG) 1o w; (89)

JEN JEN

Hence uAr eW =FLis given by and determines the values of w on the residue class
j=o(j ) + L. Equation (89) also holds if for a finite index set A the modules A, FV
resp. FL are replaced by A®, (FV)A resp. (FM)L.

In the sequel we use the notations from (30) and (34) for finite index sets A and T'.
Assume that w = (wy)aen € M = M®) is a finite family of generators of M,
e, M =5 AEA Aw,. Consider the free A-module A* = A®) with the elements
& = (&(A))rea : A — A and the standard basis 6y, A € A, with §5(u) = dx,, and
§ = xea §(N)da. Define the canonical map

cany : AN = M, 6y — wy, & — Ew = Z{()\)WA,
AEA (90)
U :=ker(cany) = {£ € A" éw =0} = AY/U = M, ¢+U=¢w.
1dent.

With the identifications from (34) we get

= (PN = VA = (7)Y 5 w with o

w()\)( ) =w(\t) =w(t)(\) for A € At € N.
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There results the Z-linear isomorphism (cf. (17))

HomA(M,W)M1 ~ 19623:: Ut = {w€ Wh veeU: §<>w:()}7
algrange
O w, w(d) = B(wy), BEW) =Eow:= > &(A)ow(N). ©2)

AEA

The Z-module B is the a W -behavior associated to the equation module U or the sys-
tem module M. Consider two f.g. A-modules A% /U;, i = 1,2, with their associated
behaviors B; := Ut C WAi. Define the Z-module Hom(By, B1) of behavior mor-
phisms as

Hom(Bs, By) := {® € Homgz(Bs, B1); IP € A *42 with (x)} where

(*) : Ywy € Bg, wq = (I)(IUQ),V)\l S A1 : w1(>\1) = Z P()\l,)\g) Ow2(>\2).
A2€A2
(93)
Since o W is an injective cogenerator standard algebraic arguments imply

Corollary 4.5. (cf. [5, Cor. 2.6]) There are canonical Z-isomorphisms

{Pe AM*Ri /P C U} /{P e AM*hey AMP C UL}
= Homa (M1, My) = Hom(Ba, By), P+ (0P)ing — P o where (94)
P=P+{Pec AV AMP C U}, (0P)ina(& + Ur) = &P + Us.
In other words, the functor M = AM/U +— B := U* is a duality or contravariant

equivalence from the category of A-modules with a given finite family of generators
and the category of AW -behaviors.

From
o(j : A a(j
A= Z Zeq ) we infer egA” = EBG,/\)ENX,\ZEM (1)§y. 95)
1,jEN
We identify this free Z-module with ZV > via
gAY = ZVN 65y = a” D (96)
The exact sequence of A-modules
0— U Y AA @2 47— 0 induces the exact sequence of Z-modules
inj = any, =AM
0— €6U —J> EGAA = GB(E,A)EﬁxAzeﬁqa(j)(s)\ @ —|9 EﬁM —0
ol e o(j _ o5 P NxA
with w5 | 1= canw(egq Wgy) = €54 Dw,, W= (w; ’\)(},A)eﬁxA € egMN*A,
hence egM = Z Zws .
(G,ANENXA
o7
We define
U:= U C AN = ZN >N and identify
(98)

GﬁAA/GﬁU = ZWXA/ﬁ = GGMV Eﬁqa(‘;)d)\ —+ ﬁ = V/\\IE’A.



4 PERIODIC COEFFICIENTS 21

As in (91) we also identify

WNXA _ (IFL)NXA —_ ]FLXNXA = (IFNXA)L > w with

W5, \)(t) = w(t,7,\) = w(t)(j,\) fort € L, 7 € N, X € A.

99)

In this case the Malgrange isomorphism (cf. (17), (92)) furnishes the Z-isomorphism

Homg (egM, W)y~B:=U":=

@e YN v eT(CZV N gow= Y nGNo@(FA) =0y,
GNENXA
P =0, p(W5,) = 0(j, ).

R - R (100)
The Z-module B is the z W -behavior associated to the equation module U and the sys-
tem module e5 M. Since ZW is an injective cogenerator due to (20) or [15] the assign-
ment Y — Homz(Y, /VI7) establishes the standard duality between finitely generated
modules over the Laurent polynomial algebra Z = F[L] = Flzy,z; ', 2, 2!

and the associated Z/V[7—behaviors.

Theorem and Definition 4.6. For the data from (90)-(100) there is the commutative
diagram of Z-isomorphisms

~ 1= I I
B — B, W w , where
N N

FNxA ~ ]FLXNXA

w()) = B(wy), DG, \) = @ (eﬁqff@m) LD o@m(F, ) = e
Vie I¥j e NYA € A (5, () = w\)(t + (7)),
VAEA: w\) = Gow) =D ¢ 7D ow(f,N).

JEN JEN

So the values w(j,\)(t), t € L, coincide with the values of w(\) on the residue class
j = L+ o(j). Therefore w and @ resp. the AF™N -behavior B and the zF*-behavior
B coincide up to a reordering of the components of the trajectories. The module ezM
resp. B are called the stacked form of M resp. B.

Proof. The commutativity of the diagram is a consequence of (89). The upper hor-
izontal isomorphism follows from (88). Since the vertical maps are the Malgrange
isomorphisms also the lower horizontal map is an isomorphism. O

In other words, the behaviors defined by linear partial difference equations with pe-
riodic coefficients are fully reduced to well-studied multidimensional behaviors defined
by such equations with constant coefficients. In Section 5 we explain the connection
of our theory with the work of our predecessors in the one-dimensional case.

We finally derive a kernel representation of B from a given one for B in (101): Since A
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is noetherian the submodule U is finitely generated. Therefore assume that U is given
for finite T and R € AT*" as

=A"R=>AR(y, v,=) =Y _ R(,\)6: C A*, Re AT,
yel AEA

(102)
hence B = {wEWA; Row=0orVyel: ZR(’V,)\)OIU()\) :O}.
AEA

We write R(~, ) as

= > R((k), (¢, Nerg”® € A = @EEEWZGEQU@ and
kleN (103)
t(j,0) = o(j) +o(l) —o(j+0) € L, a(j) +o(l) =o(j +0) +t(5,0),

and compute the Z-generators of Z-submodule U= egU by

egU = Z egAR(y,—) = Z egA Z R(7y,\)dx

~yer yer AEA
= 3 FlLlgge? ST R((k), (€ N) g o,
~eli,jEN \EAkEN
= F[L] Y R((k,7), (€, \)egeg_5¢7 76,
.7 \E0
= ZF ZR (0, 0)egq" 070D 5, (104)
' W3
= Z FIL) Y R(G, ), (7= T, 0)a" 0™ egq” ™,
J m 7_ —
— U= €6U = Y F[Il Y R(G, (@, 0)ega”™ay

(G,)ENXT (MmN EN XA
where V(j,7) € N x T, (m,\) € N x A :

R((G.~), (M, \) == R((F,7), (@ — J,\)g"0™9)| R e ZNVXDIx(Vx),
Theorem 4.7. In the Z-basis

Smn) = €0q” ™3y € gAD = ZNXA (m,\) € N x A, (105)

of egAA the submodule U = egU is generated by the family

> R(G):0)dm, (G:7) €N T, (106)
(m,\)EN XA

where R and t are taken from (103) and R from (104). For the AFN -behavior B and
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the zFE-behavior B this implies the kernel representations

B:{we(]FN)A; Vyerl: ZR(%)\)ow()\)zo}%g:

AEA

e )NV eNKT: Y R(G,7). (M) o d(m,\) =0
(m,\)EN XA
(107)

In the following fashion the behavior Bis canonically an o W-behavior. Assume,
more generally, any finite presentation or exact sequence of Z-modules

zo =5 zn M —0
77 — ﬂSa g g fV = ZT{EH g(ﬂ-)vﬂ' ' (108)
S e 7o egM = Z Zv,, v =V := (Va)ren € eaMH,
well
and the associated Z/W—behavior
.= {6 eW™ Sov= o} > Homg (egM, W). (109)
The Morita equivalence induces the exact sequences of A-modules
e__ oS m,_
A — Alg — M — 0 (110)

neg = negS =S¢, Eeg = LV =£V

With .
Homa (Aeg, W) ZegW ={veW; (1—¢)ov=0}=W (111)
the exact sequence (110) implies the o WW- behavior
Clz{UGWH;SO’UZO, (1—66)01):0} :ACACWH. (112)

0

i
3

Corollary 4.8. With the data from (108)-(112) any ZW-behavior C gives rise to the
AW -behavior Cq, and indeed C = C; with the identification

IFL:W:egoW:{wEW;w:eaow}CW:FN. (113)

Corollary 4.9. For the AW -behavior B and Z/W—behavior B from (107) Cor. 4.8

implies

w(AN)(o(j)+1t) iftel

0 ifte N\L’
(114)

In particular, B is also canonically an AW -behavior. On the module level the isomor-

phism (114) corresponds to the A-linear isomorphism

BBy = B,w— w, =, wy(j,\)(t) —{

ANXA/ (AﬁxFﬁJrAﬁqu)) o~ M,

T ,, (115)
b0+ (AVTRE AN ) s gD,
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4.3 Applications

Thms. 4.6 and 4.7 reduce the study of A W-behaviors to that of ZW-behaViors. Recall
that every finitely generated (f.g.) A-module M admits the Z-decomposition

M = &reyeM = Biena " Vg™ M = @y yq "D > (M V.16

If a class € of Z-modules is closed under direct summands and finite direct sums then
M as Z-module belongs to € if and only if 5 M does. Many classes have this property.
Here we give only some applications for multidimensional behaviors over a field F.
The field assumption implies that Z = F[L] is a standard Laurent polynomial algebra,
especially noetherian integral domain that has the standard quotient field F(L) = F(x)
of rational functions. The field assumption is made to enable the application of the
quotient ring theory from [16]. An element s € A is called regular if os : A —
A, a— as,and so : A — A, a — sa, are injective. The set S := Sa of regular
elements of A is a multiplicative submonoid A. The commutative integral domain Z
is noetherian and prime (0 is a prime ideal) and Morita equivalence preserves these
properties [16, Prop. 3.5.10], hence A is noetherian and prime and therefore a (left
and right) prime Goldie ring [16, §2.3.1]. By Goldie’s theorem [16, Thm. 2.3.6] the
set S satisfies the left and right Ore condition [16, §2.1.6] and there exists the simple
artinian quotient ring

ACQ::S‘lA:{%:s_la;aEA,SES:SA}. (117)

Likewise, every M € aMod gives rise to the quotient Q-module S~'M and the
canonical map

canM:M%S_lM:{Ezs_lw; gr:GM“sES},acH%7 with
s

tora (M) := ker(canys) = {@ € M; 3s € S with sz = 0} .

(118)

The latter submodule is the (A-)torsion submodule of M and M is called A-torsion
resp. torsionfree if tora (M) = M resp. tora (M) = 0. Obviously tora (A) = 0. For
the commutative integral domain Z and a Z-module P the corresponding data are

Sz = Z\ {0}, F(L) := quot(Z) := S;'Z, S;'P, torz(P). (119)

Lemma 4.10. (i) Sz = Z N Sa (ii) tora (M) = torz(M) = torg (egM)".

Proof. (i) Recall egA =2 ZN from (78). If s € Sz then os : ZV — ZY is injective
Z

and hence so are os : egA — €A and, by Morita equivalence, os : A — A. Since
s belongs to the center Z of A this implies Sz C Z N Sa. The reverse inclusion is
obvious.

(ii) For an A-module M the isomorphism resp. inclusion

torg, (eﬁM)ﬁ > torgz (M) C tora (M)

follow from (116) resp. (i). The submodule torz (M) is an A-submodule of M and
M/ torz (M) is Z-torsionfree. Therefore there is a Z-monomorphism from this mod-

ule into a free module and, due to e5A = Zﬁ7 also a Z-monomorphism
z
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eg (M/torz(M)) — ey AP. Morita equivalence implies an A-monomorphism

M/ torz(M) — AP = tora (M/torz(M)) = 0 = tora (M)/torz(M) = 0 =
tora (M) C torz(M) = tora (M) = torz(M).

O
Associated with a f.g. A-module M are the module resp. behaviors (cf. Thm. 4.6)

egM € zMod resp. Homa (M, W)=~ B~ B~ Homgz (egM, w). (120)

Recall that the z W -behavior B is autonomous resp. controllable if e5M is Z-torsion
resp. torsionfree. We use the same terminology for the isomorphic A W -behavior .

Corollary 4.11. (i) The AW -behavior B = Homp (M, W), W = F¥, is autonomous
resp. controllable if and only if tora (M) = M resp. tora (M) = 0.

(ii) The behavior B is controllable if and only if there is a behavior surjection W™ — B
or, in Willems’ language, an image representation of B.

Proof. (1) follows directly from Lemma 4.10.
(ii) Note that Homa (A, W) = W. By duality there is a behavior epimorphism W™ —
B if and only if there is an A-monomorphism M — A™. The latter property implies
tora (M) = 0 and, equivalently, the controllability. If, conversely, tora (M) = 0
then also torz (egM) = 0. As in part (ii) of the proof of Lemma 4.10 this implies an
A-monomorphism M — A™.

O

We finally consider input/output (I0) decompositions in the situation of Thm. 4.6
and 4.7. Such a decomposition for the behavior B C W*A is given by a disjoint
decomposition

N x A =inpWout, p:= |out|, m:=|inp|, p+m = [N||A], (121)

of the index set of the components @37 y of the trajectories of B with the following
properties: We decompose Rand @ accordingly, i.e.,

}’%: (ﬁ,_@) c Z(ﬁxl")x(outwinp), T = (g) € Foutwinp

o A _ ) ~ ~ (122)
EUM — Zouttr)lnp/[]7 B — {(%) c Fouttdlnp; Po/y\: Q Oa} .
The defining properties of the IO decomposition are
p= rank(ﬁ) = rank(ﬁ) = rank(ﬁ). (123)

The decomposition (121) with the property (123) is called an IO decomposition and
B with this structure an /O behavior. In general, the behavior admits several 10 de-
compositions. The IO decompositions depend on U or B but not on the special choice
of R. The unique matrix He quot(Z)°ut X P with PH = Q does not depend on
the special choice of R and is called the transfer matrix of the 10 behavior B. The 10
decomposition is also characterized by the properties that the projection

(124)
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or, in module terms, that Z°"t/ ZN*T P is a torsion module and that

p (O(Oﬂ)ind ind Zout/zﬁxr‘ﬁ -0 (125)

in out Winp /77 (o(i(()i))
027 M =17 P/U =
is exact. The surjectivity of proj : B — WP and the autonomy of B° justify the
term input for u: The components @(j, ), (j,\) € inp, can be chosen arbitrar-
ily and u is maximal with this property. In the language of Fliess the image C :=
im ((o(0,1d))ina) € egM is called a control submodule and the u(j, \), (4, ) € inp,
are the associated controls.

Corollary 4.12. The o W-behavior isomorphism B = B from (107) and Cor. 4.9 and
the 10 structure from (121)-(125), viz.

)(t) if(j,A) €out  (126)
)(t) i (5,A) €inp

imply that the components w(\)|(o(j) + L), (j4,\) € inp, of w € B can be chosen
arbitrarily and that these components are a maximal family with this property. In
general, whole components w(\) € FN cannot be chosen as input.

4.4 Periodic trajectories

We assume a commutative cogenerator ring [ or, equivalently, that F is an injective
cogenerator as module over itself. The assumptions (23)-(27) are in force. Additionally
we introduce the signal module

W:=F¥ cW =F"and A := FV[N; 0] = EGWFNQE = EJEWIFe;—qE with
(aq')(bg’) = a(iob)g"™, a,b € FN, (iob)(T) :=b(f +1), i,5,L € N,
((aq{) o w) @) = a@wE+i), we W=FN, a cFN, i, N.

127)
The left ideal a := >, A(¢’ — 1) C A is indeed two-sided since ¢/ € Z =
center(A) for j € L and the map

AJa— A, ag +a agl, (128)

is an F-algebra isomorphism by which we identify A/a = A, ¢/ + a = ¢. Left
A-modules M are the same as left A-modules with aM = 0. Obviously

(129)

Corollary 4.13. (c¢f. [23]) The signal module KW is an injective cogenerator. An

__ — —A —A

xW-behavior B C W is the same as an AW -behavior B C W = (aJ-)A C WA,
i.e., a Bwith L-periodic trajectories. Hence there is a categorical duality between f.g.
left A-modules and AN -behaviors with L-periodic trajectories.
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Proof. This follows from (129) and the injective cogenerator property of A W. O

Corollary 4.14. IfF is a cogenerator ring and N a f.g. abelian group then VN is an
FN[N; o]-cogenerator if and only if N is finite. This proves (2) of Thm. 2.3.

Proof. This follows from N 2 Z™ x tor(N), Cor. 4.13 and (3) in Section 3.2. O

Corollary 4.15. The A-module Xea is a progenerator and Cor. 4.3 applies analo-
gously, in particular,

A =~ Homp (Xeg, Keg) ~ VXN (130)

The dual F-module A~ := Homg (A, F) has the dual basis 47 7 of the F-basis ¢ qJ
defined by

3
0G5 (€xa) = ;505 - (131)
Moreover X: is a left A-module via (acr)(b) := a(ba) for o« € A" and a,b € A and
also a right A-module via (aa)(b) = a(ab). Define
w e HOID]F(X7 F) by W(quj) = 66,3 —

. (132)
2 A—= A a— aw, 2 € Hom (KAaKA*) .

Likewise, 05 : A — A", a — wa, is right A-linear. We compute

af (Eiqj) Ekq ( quequ) =w (ﬁzég,zqﬂz) =
0%i-1%0,7+7 = 93135077 = 0G+7.-7) (GEQZ) = (133)
a2 :x A =g A" =g Homp(A,F), ¢’ = 55,5 5, and likewise
Oy Ay =A%
Since pF is an injective cogenerator the dual module HOIEF(K, IF) is an injective A-
cogenerator. This standard result is shown as in (20) with A instead of F[V].

Corollary 4.16. The F-algebra A is injective and a cogenerator both as left and right
A-module and therefore a (noncommutative) cogenerator ring [14, §19B]. If F is ad-
ditionally artinian and thus a commutative quasi-Frobenius ring then so is A as f.g.
F-module [14, Thm. 15.1].

Proof. The isomorphisms A =~ A" and the preceding remark imply that A is a left
and right A-injective cogenerator. O

5 Relation to previous work

We describe the connection of the method of Section 4 with the important previous
work for one-dimensional discrete LTV-behaviors with periodic coefficients in a field
from, for instance, [12], [1] and [2]. The assumptions are those of Section 4:

a quasi-Frobenius ring F, N :=Z", Z" =L Cc N, N := N/L, W =F",
0:N—=N,o(j)=0(f)+L=je€N, LxN=N, (1,j) = 7+0(j), (134)
Z =TF[L] C FIN] C A = FY[N;o].
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The elements of N resp. L are generically denoted by ¢ resp. by 7. The quoted papers
use F =RorF=Cand N =Z D L = Zn. We transfer the definitions of the quoted
papers to the more general situation here.

Since A and F[N] act on FVV so does Z = F[L]. The isomorphism

FN = (FL)N = FN w s @, w(t + o)) = 9(G) (1) = @(r,7),  (135)

is IF[L]-linear. Since g )F* is an injective cogenerator so is g F". Recall the F[L]-
decomposition

o) (r) ifi=j

0 ifi#j
(136)

FY = @cne5 oY, (50 w)(r +0(0) = G 50(r + 0(7)) = {

Thus we may and do identify

J
FN:(FL)ND€FOFN=O><'~-XOXFLXOX”-XOBqu:ﬁ)\(j).
(137)

For any finite index set A the preceding identification implies

_ i
(]FN)Az(IFL)NXADe;o(IFN)A:Ox---xOx(IFL)A><0><~-~><O. (138)

In this fashion the F[L]-isomorphisms

WA — (]FN)A _ IFNXA o~ ]FLXWXA _ (FL)WXA _ WNXA7 B E’ (139)
from (101) become the identities
WA =WN*A 5 B=B. (140)

Definition 5.1. 1. (cf. [12, Thm. 8],[2, §3]) An L-periodic behavior is an F[L]-
subbehavior B of some WA = (FN)A = (FL)N XA = [y VXA,

2. If F is a field this is the same as a closed F-subspace of B C FN*A that is
invariant under the action of L on F¥ .

3. If Fis afield, N = ZAD LA: Zn and E - WNXA is a closed subspace the
invariance means ¢" o B = B. This is the case treated in [12], [2].

We use the identifications (140) and (95), i.e.,
ZNXA eaAA = EBkﬁZeaq”G)cS)\ =) 5(;’)\) = eﬁq”@(;)\. (141)
The F[L]-subbehavior B C WNXA has the unique form
B=U"U Crr) IF[L]FXA = ¢gA® = exists uniquely

UCa AMwithegU =U, B = B:=U+C W = WNxA
(140) (140)

(142)
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Corollary 5.2. (cf. [12, Thm. 8], [2, §3]) An L-periodic behavior B C WA = TWNxA

in the sense of Def. 5.1 is the same as an AW -subbehavior of W and thus uniquely

of the form B = U+ where U C AM. IfU = A" R for some matrix R € AT then
B={weW?" Row=0}, Re AT*N (143)

The matrix R has the unique representation

R=)_eR;, R; € F[N] = @;enFq' = (Row)(t) = Y 6;5(R; o w)(t) with
JEN jEN
(R _JRBjow)(t) ft=jortco(j)+L
%5y 0 w)(t) = {0 ift#£jortgdo(j)+L°

(144)
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