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DUALITY FOR DIFFERENTIAL-DIFFERENCE SYSTEMS OVER
LIE GROUPS

HENRI BOURLES* AND ULRICH OBERST'

Abstract. In modern mathematical systems theory, there exist two consistent ways of defining
and describing a linear system: (i) in the behavioral approach, a linear system is the kernel B of
a matrix-valued operator R in a power of a signal space W; (ii) in the module-theoretic setting, a
linear system is the cokernel M of the above matrix R. These two formulations have connections.
The minimal conditions under which they are equivalent are investigated in this paper. The general
theory is applied to differential-difference systems over Lie groups.

Key words. module, behavior, duality, controllability, differential-difference system

AMS subject classification. 93B25.

1. Introduction. The notion of linear system can be defined in many ways (by a
transfer function, a state-space representation, etc.). Two of them are of a particular
interest since they are complete (especially, hidden modes are well represented) and
intrinsic (i.e. independent of a choice made a priori, e.g. of the state and of the input-
and output-variables). They can be characterized as follows, denoting by A a ring
of operators:

(i) A linear system is characterized by its behavior, i.e. the kernel 98 of a matrix-
valued operator R € A9%* in a power of a solution space W, assumed to be an
A-module. This approach was initiated by Willems in the 80’s [68] (see also [70]).

(ii) A linear system is associated with a finitely presented A-module M, i.e. the
cokernel of a matrix-valued operator R such as the one above. This formulation
was initiated by Malgrange [46] and developed by experts in the theory of D-modules
(e.g., Palamodov, Bjork, Kashiwara and Schapira, to cite a few of them: see [43], [21],
[3], [55] and the references therein) and was popularized in systems theory by Fliess
[29].

Each of these two above approaches has its advantages. Approach (i) emphasizes
the role of solutions and therefore could be more appealing for engineers. Approach
(ii) emphasizes the role of equations which are the base of science. Given the ring A,
the behavior 98 can always be deduced from the module M and the signal space W,
thus it can be written By (M); for the converse to hold true, the space W must be
"rich enough" (for example, if W = {0}, then By (M) = {0} whatever the module
M is). On the other hand, the ring A must be appropriate both to reflect the nature
of the system and for the equations over A to have solutions in the suitable space
W, thus there must be the right interplay between A and W. If W is a cogenerator
—a classical notion in homological algebra—, then M is determined by By (M) since
the map M +— By (M) is injective. The second author extensively used the notion
of cogenerator and showed its importance in systems theory (see [50] and related
references).

However, the condition that W be a cogenerator is somewhat restrictive (as al-
ready noticed by Wood [72]). The aim of this paper is to further investigate the
minimal conditions under which approaches (i) and (ii) are equivalent. This leads us
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to enlarge the notion of cogenerator, usually defined in (and for) an abelian category
C (such as AMod, the category of left A-modules). Here we define a cogenerator in
an additive category C for a full subcategory D of C. A typical example is when C is
aMod and D is AMod’?, the category of finitely presented left A-modules.

Then we apply the general theory to differential-difference systems over Lie
groups. Such systems —and, more generally, convolution systems over Lie groups—
have applications in various fields such as robotics, image processing, vision and poly-
mer science (see, e.g., [14], [75] and [16]).

The paper is organized as follows: the general definition of a cogenerator for a
subcategory is given in Section 2 after some preliminaries, and illustrated by two
examples: that already mentioned (C = sAMod, D =5 Mod/?) and another one,
similar but with additional topological considerations. The application to differential
systems with shifts over a Lie group is developed in Sections 3 (case of lumped shifts)
and 4 (case of distributed shifts). Section 5 is devoted to concluding remarks. The
main results are stated in theorems, the other ones in lemmas and corollaries. Two
appendices are proposed in Section 6 for the reader’s convenience: the first one on
categories and functors, the second one on Lie groups, Lie algebras and convolution
algebras over Lie groups.

ACKNOWLEDGEMENT 1.1. The authors would like to thank the anonymous re-
viewers, as well as Prof. M. Duflo, N. Ortner, F. Rouviére, and P. Wagner, whose
comments were helpful to improve the manuscript.

2. Cogenerators: a categorical point of view.
2.1. A general definition of a cogenerator.

2.1.1. U-cokernels and behaviors. The following notation is used throughout
this paper:

NOTATION 2.1. Let R be a ring. (i) The morphisms of left (resp. right) R-
modules are left (resp. right) morphisms (see Appendix 1). (i) Let M be a left (resp.
right) R-module and consider a power and a copower of M with set of indices I; the
power is denoted by MT (resp. TM), the copower by M) (resp. (DM), and both
of them by M™ (resp. "M ) if I = {1,...,n}; the elements of this power and of this
copower are represented by rows (resp. columns) and the set of all n X m matrices
with entries in M is denoted by "M™. (iii) The set of nonzero elements of R is
denoted by R*.

In what follows, C is a preabelian category with arbitrary products (see Appendix
1), except when otherwise stated. Let U and W be objects of C, A = Hom¢ (U, U)
and E £ Home (W, W) the rings of left endomorphisms of U and W, respectively (Ap-
pendix 1, §6.1.1). Then for any objects M, N of C, the abelian groups Hom¢ (M, W)
and Hom¢ (U, N) of all left morphisms of : M — W and eg : U — N are respectively
a right E-module and a left A-module via composition of morphisms. The abelian
group Home (U, W) is an (A, E)-bimodule ([4], Subsect. I1.1.14). The additive func-
tor By = Home (e, W) is contravariant and left exact from C to the category Modg
of right E-modules.

Let I be a set of indices, arbitrary if C has arbitrary coproducts and finite other-
wise. Consider a subobject N of U) (written N C UD), 1 : N < U the inclusion,
and the associated factor object M = cokert (also written M = U /N) defined by
the canonical exact sequence of left morphisms

N 2Ly 22 0, (2.1)
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DEFINITION 2.2. (i) A factor of UY) is called U-generated (and U-finitely gen-
erated if I is finite).
(i) The above object M = coker ¢ is called a U-cokernel.

REMARK 2.3. (i) All objects of C are U-generated if, and only if U is a generator.
If the category C is not abelian, a U-generated object need not be a U-cokernel since
Noether’s first isomorphism theorem is not valid (see also Remark 2.22 below).
(ii) The above item holds because we allow the set I of indices to be arbitrary. This is
also necessary for the proof of Theorem 2.13(iii) and thus for that of Theorem 4.5(iv)
below to be correct.

As in Appendix 1, §6.1.2, the right E-modules !Home (U, W) and
Hom¢ (U(I), W) are identified. The subobject N gives rise to the W-behavior

NLé{wEHomC (U(I),W) :Lw:O} (2.2)

which is an object of Modg. The result below is a straightforward generalization of
a classical result due to Malgrange ([46], Sect. 2, 2°) where multidimensional systems
with constant coefficients are considered:

LeMMA 2.4. There is a canonical E-linear isomorphism

o : Home (M, W) SN* ) — w

given by w = pw.

Proof.  The kernel kerBy (1) is the largest subobject of By (U(I)) =
THome (U, W) annihilated by By (1) : w — ww (Appendix 1, §6.1.1), thus Nt is
a representative of ker By (1). Applying By to (2.1) we obtain the exact sequence
of right morphisms

0 — By (M) 22 3y, (UU)) P g (V) (2.3)

thus By (M) is another representative of ker By (¢). The isomorphism o : W — pw
is canonical and E-linear. 00

DEFINITION 2.5. Let D be a full subcategory of C, all objects of which are U-
cokernels. The class of all W-behaviors associated with D is By (D).

Conversely, let B C Home (U, W) and consider the object

BL L2 N kerw = ker ((w)we% :u!) —>W%> cud, (2.4)
weDB

For any U-cokernel M (i.e. for any M such as in (2.1)) and B = N+ defined by
(2.2) we define the canonical (left) morphism

opnr = (W) e+ M — WP (2.5)

we have by Lemma 2.4 p¢,, = (w) thus by (2.4)

weB?
ker (e, ) = BL. (2.6)

LEMMA 2.6. The two maps (¢)" : N — N+ and B — BL constitute an order-
reversing Galois connection (for the inclusion).
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Proof. (i) Let Ny C Ny and 1 : N — U the inclusion. For any w € Ni,
tyw = 0, thus N5~ C Nit. Similarly, B3 C B whenever B; C B,. (ii) We have to
prove that

N C N+, scstt

We have N C keryp C kerp¢,, = N 11 and the proof of the second inclusion is
similar.. O

2.1.2. Cogenerators. First let us establish the following:
LEMMA 2.7. Let C be a preabelian (or more generally an additive) category with
arbitrary products, M and W objects of C, and the canonical morphism

by = (w)ﬁ;GHomc(M,W) L M — WHeme (ML),

(1) The following conditions are equivalent:

(i) dp is a monomorphism;

(ii) There exists a monomorphism M — W for some set of indices J;
(iii) For every object My of C, the arrow map

%W . HOIHC (Ml, M) [ HOIHE (%W (M) , %W (Ml))

18 1njective.
(2) If U is a generator, the above conditions are equivalent to:
(iv) For any nonzero morphism eh : U — M, there exists o3 : M — W with ehf # 0.

Proof. (1). (i)=(ii): This is clear (take J = Hom¢ (M, W)). (ii)=-(iii): Let
of : My — M and en = (onj)iej : M — WY If By (f) = 0, then Bw (f) (n;) =
ofn; =0 for all j € J, thus efn = 0 and since o7 is a monomorphism, this implies
f=0. (i)=(@1): By (2.5), Bw (f) = 0 if, and only if f¢,, = 0; thus, if By is
injective, then ¢,,; is a monomorphism.

(2). Assume that U is a generator. (ii)=>(iv): Let e = (°77j)jeJ : M — W/
and eh : U — M, h # 0. Then ehn # 0, thus there exists j € J such that hn; # 0 and
we have found 3 =n; : M — W such that eh3 # 0. (iv)=(iii): Let of : M1 — M
be such that By (f) =0, thus By (f) (8) = f5 =0 for any 3 : M — W. If f #£0,
there exists ehy : U — M; such that h;f # 0 whereas hy f8 = 0, i.e. h8 = 0 with
h=hyf #0, and (iv) does not hold. O

COROLLARY AND DEFINITION 2.8. (i) Let C be a preabelian (or more generally
an additive) category with arbitrary products. An object W € C is called a cogener-
ator for a full subcategory D of C if the conditions of Lemma 2.7(1) are satisfied for
all objects M € D.

(i1) Then Bw (D) is a subcategory of Modg and the functor By induces an isomor-
phism By : D? 5By (D).

See Appendix 1 for the proof of (ii). When taking D = C, one meets the
classical definition of a cogenerator again, and the statement of Lemma 2.7 can be
easily generalized to the case when C is any category with arbitrary products (this
generalization is left to the reader).

Recall that a left A-module M is said to be faithful if for any 0 # a € A, aM # 0.
We have the following:

LEMMA 2.9. Let D be a full subcategory of the preabelian (or more generally the
additive) category C, W € C a cogenerator for D, U € D and A = Home (U, U).
Then By (U) is a faithful left A-module.
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Proof. By Lemma 2.7(1)(iii), the map
Bw : A — Homg (Bw (U),Bw (U)), a+— ae

(where ae is the left composition by a) is injective, thus if a is nonzero, then ae and
aBw (U) are nonzero too, which implies that the left A-module By (U) is a faithful.
|

THEOREM 2.10. Let C be a semi-abelian category (Appendiz 1, §6.1.1) and
UWecC.
(1) Let I be a set of indices, N CUW), 1 : N < UY) the inclusion and M = UD /N
a U-cokernel. The conditions in Lemma 2.7(1) are equivalent to:
(v)im ¢ = N++,
(2) Let D be a full subcategory of C and Sp (U(I)) be the set of all N C UY) such
that U(l)/N €D andv: N — U is strict; in addition, let Sp (U(I))J_ be the set of
all N+, N € Sp (U(I)). If W € C is a cogenerator for D, the Galois connection in
Lemma 2.6 induces an order-reversing Galois connection

Sp (UU)) — Sp (UU))l N Nt B pt

which is bijective.

Proof. (1). (i)=(v): By (2.6), kerepg,, = N+L. If (i) holds, then N+t =
ker ¢ = kercokert = im¢. (v)=-(i): If (v) holds, then ker ¢ = ker (¢¢,,), hence also
by (6.2), (6.3)

coim (p¢,,) = coim ¢ = coker ker coker ¢ = coker v = ¢.

The canonical decomposition of p¢;, yields

pdy = coim (wpyr) g = ©g,

thus ¢,; = g which is a monomorphism since C is semi-abelian.

(2). Ift: N < U is strict, then ¢ = im¢ and by (v), N = N*+ since W is a
cogenerator for D, hence N = B+ where B = Nt; thus the map Sp (U(I)) 5N —
Nt € 8p (UD)" is bijective with inverse % - B, T

Theorem 2.10(2) can be viewed as a generalization of ([50], Sect. 2, Corollary
(47)) and ([63], Corollary 1.1) where D = C = AMod. In everything that follows, we
make the following

ASsUMPTION 2.11. C is a semi-abelian category and D is a full subcategory of C,
all objects of which are U-cokernels. The two E-modules in Lemma 2.4 are identified
under o.

2.1.3. U-finitely presented objects. Let OL;I» : U — U9 be the j-th injection

and 0772‘”' : U¥ — U the i-th projection. There exists a canonical isomorphism A-linear
isomorphism Hom¢ (U U k) = 9A* given by

of = (Rij);;» Ri 2ulfnl, f=3mlRiju}.
0,J
The matrix R = (Ryj), ; € IA* is written Mat (f). Let of : U? — U* and eg :

Uk — U'. Then, Mat (fg) = Mat (f)Mat(g). Let M be an object of C and
5



z € Home (M,U9%) = Home (M,U)% then x = (x;),,, is denoted by a row with
entries z; (1 < < q) and -

af = ( 2 $iRz'j> € Home (M, U*) = Home (M, U)"
1<j<k

1<i<q

is the row xR, thus the left morphism e f is identified with the right multiplication by
the matrix R = Mat (f); this right multiplication is written oR.

LEMMA AND DEFINITION 2.12. (i) An object M € C is called U-finitely presented
if there exists an eract sequence

Ut 2L uk 2% o, (2.7)

(ii) In that case, M = coker ¢ where + 2 im f, and ¢ = im ¢ = ker ¢.

For the proof of (ii), see §6.1.1. The morphism ef can also be written eR,
R = Mat (f). The W-behavior B £ N+, identified with By (M), is obtained by
applying the functor By to (2.7) which yields the exact sequence of right morphisms

Bw (#) Bw (oR)
—

0 — By (M) By (U*) "= By (UY)

with the canonical E-linear isomorphisms By (U*) = *W and By (U?) =4W;
By (eR) is identified with the left multiplication by R, written Re, and By () with
the inclusion By (M) —*W, thus setting By (M) = B we obtain (in accordance
with (2.2))

B={we *W:Rw=0}2kery Re. (2.8)

The following generalizes ([50], Sect. 2, Theorem (61)):

THEOREM 2.13. Let M; = cokereR; be U-finitely presented objects of C
(Ri € “A*) and N; = imeR; (i = 1,2), and let D be a full subcategory of C, all
objects of which are U -finitely presented.

(i) If there exists a matriv X € A% such that Ry = X Ra, then kery Rge C
kery Rye.

(ii) The converse of (i) holds true if My € D, U is projective in C and W € C is a
cogenerator for D.

(i11) If U is a generator and the converse of (i) holds true whenever My € D, then
W € C is a cogenerator for D.

Proof. (i) is obvious.

(ii): Since C is semi-abelian, the morphism eR; can be factored as oR; = [,w;
where o3, : U% — Nj; is an epimorphism and w; : N; < U* is the inclusion. We
have N5~ C Ni-, thus N; € Ni++ C Ns+*+ by Lemma 2.6, and N5+ = Ny by Theorem
2.10(1) and Lemma and Definition 2.12(ii). Since N7 C Na, let ¢ : Ny < N be the
inclusion. We have R = ywy with v = 8¢ : U — Ns. Since U is projective, so
is U? too and there exists & : U — U% such that v = €85, thus ywy = £f,wa, i.e.
oR; = £ e Ry. Therefore, Ry = X Ry where X = Mat (§).

(iii): Since U is a generator there is an epimorphism f = (eR;),c; : UY) — N+
where

oR,: ULy L Ntk
6



ie. R; € A¥ im(eR;) C Nj-*. Then,
keryy (Rge) = N3~ = N3+ C im (eR;)™" = keryy (R;e).

If the converse of (i) holds, there are rows X; € A% with R; = X; R and therefore
im (eR;) C im (eRs) = Ny, hence f = (oR;);.; : UY) — Ny and im f C N,. Since
N5 is a kernel and f : UY) — N3t we have N3-- = im f and thus also N5-+ C Ny;
finally, N5+ = Ny, thus W is a cogenerator for D by Theorem 2.10(1). O

2.2. Classical example.

2.2.1. The category aMod. Let R be a ring and C the category oMod of
left R-modules with its left morphisms x +— (z) f = zf. Then U £ R is a projective
generator and the map

A 2 Homg (R,R) = R, fr(1)f,

is a ring-isomorphism with inverse r — er. We identify A and R and with this
identification,

Homg (R,M) = M :g+— (1)g

is an isomorphism of left A-modules. The category C is abelian and every object of
C is an A-cokernel ([5], Subsect. 1.2.8).

In the present context, Lemma 2.9 can be rephrased as in the corollary below
which generalizes a classical result of homological algebra ([39], Corollary (19.7)(1)),
obtained when D = C = AMod:

COROLLARY 2.14. Let D be a full subcategory of C such that A € D and W € C
be a cogenerator for D. Then W is faithful.

Let NC AD, M =AU /N and W € sAMod. According to Pillai and Shankar
[53] (see also [63], [72], [64]), N is called W-closed if N = N++. By Theorem 2.10,
this means (using the terminology in Definition 2.8) that W is a cogenerator for the
subcategory of C consisting of M alone.

2.2.2. Controllability. The full subcategory of AMod, the objects of which
are finitely presented, is denoted by D =a Mod’? in what follows. Let us recall
that a module M € aMod is: (i) torsion-free if whenever a € A is right-regular
and am = 0 (m € M), then m = 0; (ii) torsionless if A is a cogenerator for the
subcategory of AMod consisting of M alone ([42], 3.4.2). For further reference, the
following gathers several results which can be found in the literature, except (ii) and
(iv) which slightly generalize ([50], Sect. 2, Lemma and Definition (27)) and ([76],
Lemma 1), respectively.

LEMMA 2.15. Let A be a ring and consider the sequence (2.9) below where
Ry Equ, R, ckAT

AT T Ak 2 AT (2.9)

and let My = coker o Ry .

(i) The following conditions are equivalent: (a) the sequence (2.9) is exact at A", i.e.

the map eRy is surjective; (b) @Ry is left-invertible; (c) the algebraic transpose Roe

of eRy is left-invertible; (d) the matriz Ry is left-invertible over A.

(ii) Given Ry €¥ AT, if A is a left coherent ring, there exists Ry €9A* such that the
7



sequence (2.9) is eract at AF.

(iii) If the sequence (2.9) is exact at A*, then there ewists an embedding M, — A";
in particular, in that case My is both torsion-free and torsionless.

(iv) Conversely, given Ry €1A¥, if there exists an embedding My — AT, there exists a
matriz Ry €X A" such that the sequence (2.9) is evact at A¥. Such an embedding exists
if the ring A is right coherent and My is torsionless, or if the ring A is semiprime
Goldie (in particular, if A is an Ore domain') and M, is torsion-free.

(v) Given Ry €91AF, there exists a positive integer r and a matriz Ry €* A" such that
the sequence (2.9) is exact if, and only if, then My is free.

Proof. (i): Obviously, (b)<(c)&(d)=(a). If (a) holds, A¥/kereRy = A" by
Noether’s first isomorphism theorem, thus ker eRs is a direct summand of A* and
since e Ry is surjective, it is left-invertible ([4], Subsect. 1I.1.9, Corol. 1 of Prop. 15).

(ii): If A is left coherent, then ker e Ry C A* is finitely generated ([18], Theorem
A.9); a matrix Ry, the rows of which form a finite generator of ker @ Ry, is universal
with respect to RyRy = 0 ([50], Sect. 2, Lemma and Definition (27)) and then the
sequence (2.9) is exact at A¥.

(iii): If the sequence (2.9) is exact at A*, there exists an induced map (eR>),,,, :
M; — A" which is an embedding, and then M; is both torsion-free and torsionless
since so is A".

(iv): (a) Consider the exact sequence

AT B AR P n 0.

If there exists an embedding e : M7 — A", set e Ry = e ¢ : A% — A". Then the
sequence (2.9) is exact at A¥.

(b) If M is torsionless, there exists an embedding € : M7 — AT of M; into a
power A of A. Set o7 = e, : AF — Al; for any x € A¥, 27 can be written 2T
where the matrix T € ¥ A has possibly infinitely many columns. The sequence

A9 2 Ak T AT (2.10)

is exact, thus RiT = 0. If A is right coherent, there exists a natural integer r and
matrices Ry € A", D € "A! such that Ry Ry = 0, T = Ry D ([18], Theorem A.6(f))
and the exactness of the sequence (2.10) at A implies that of the sequence (2.9) at
A* thus there exists an embedding M; — A" by (iii).

(¢) The same holds if A is semiprime Goldie and M is torsion-free ([42], Prop.
3.4.7), and any Ore domain is a semiprime Goldie ring.

(v): (a) Assume M is free of rank r. The above monomorphism ¢ : M; — A"
is then an isomorphism, thus e Ry = eyt is an epimorphism and the sequence (2.9)
is exact. (b) Conversely, if the sequence (2.9) is exact, (iii) holds and (eR3),, , is an
isomorphism, thus M; = A" is free. O

We consider now the exact sequence (2.7) with U = A and the W-behavior
Bw (M) = B defined by (2.8). As shown in [69], ([54], Sect. 6.6), [58], [73], [53],
[74], [63], where various kinds of rings and signal spaces are considered, the "behavioral
controllability" is linked to the existence of an "image representation" of By, (M),
i.e. to the existence of matrix S € A" such that

By (M) = imy Se 2 {w e "W : 3¢ € "W,w=S5¢}. (2.11)

!n this paper, the expressions Ore, Noetherian, coherent, etc. are used for two-sided Ore, two-
sided Noetherian, two-sided coherent, etc.

8



When By (M) has an image representation of the form (2.11) where Se ;"W —
By (M) is injective (thus bijective), this image representation is said to be "ob-
servable" since then the "latent variable" £ is uniquely determined by the "manifest
variable" w ([54], Sect. 5.3), and By (M) is said to be strongly controllable [59], [71].

On the other hand, according to Fliess and Mounier [29], [48], [49], a linear system
is a finitely presented left A-module M. Such a system is said to be free controllable
(resp. torsion-free controllable) if the module M is free (resp. torsion-free). In
accordance with Zerz [76], a linear system M is said to be torsionless controllable if
the module M is torsionless. A free controllable linear system M is also said to be
flat and a basis of the free module M is called a flat output [30].

The consistency between the two above points of view has been widely studied
when the A-module W is injective (see, e.g., [53], [17], [71], [72]). It is clarified below
without this assumption.

THEOREM 2.16. (1) If oS : A¥ — AT is left-invertible, then the image repre-
sentation (2.11) is observable, and the converse holds true if W is a cogenerator for
D =5 Mod/?.

(2). (i) If M = cokereR is a free module, then By (M) has an observable image
representation. (ii) Conversely, if W is cogenerator for D in AMod and By (M)
has an observable image representation, then M is free.

(8). (i) Assume that the ring A is right coherent (resp. semiprime Goldie) and that
the A-module W is faithful. If M is torsionless (resp. torsion-free), then there exists
a matriz S over A such that By (M) = (imy Se)™ . (ii’) Conversely, if W is a
cogenerator for D, then the equality By (M) = (impy SO)J‘J‘ implies that M is both
torsionless and torsion-free.

Proof. (1) If S : A¥ — A" is left-invertible, then the image representation (2.11)
is obviously observable. Conversely, consider the exact sequence

AR 25 AT YN
which yields (through the functor By (e)) the exact sequence
0 — By (N) — "W 2%k,

If Se "W — By (M) is injective, this implies By, (N) = 0, and finally N = 0 if in
addition W is a cogenerator for D. Therefore, o5 is surjective, thus left-invertible by
Lemma 2.15(i).

(2). (i) is obvious.

(ii): Assuming that By (M) has an observable image representation, (2.11) holds
with 5 left-invertible by (1), thus the sequence

0 — "W 2 by B apy (2.12)

is exact in Modg and there exists a matrix 7 € "AF such that 7S = I,. This
equality proves that S is surjective and the exactness of (2.12) proves that Se is
injective and RSe = 0, thus RS = 0 since W is a cogenerator for D. Therefore,
AR C ker oS and there exists a map e f such that the diagram below is commutative

AR 25, AT
le [/
M
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where o : A¥ — M = A¥/AYR € AMod’? is the canonical epimorphism and
of : M — A" is an epimorphism too since so is ¢S. Thus By (M) = kery (Re) =
imy (Se) ='W (by exactness of (2.12)) and since the functor By is left exact, the
surjectivity of e f implies the exactness of

00— "W %W—(.>f)

%W (M) )
thus By (of ) : "W — By (M) is an embedding. Therefore, By (of) is an isomor-
phism "W 5By, (M). Now we have

Idar = TS = oTof = gf, g=eTp: A" — M.

Thus ef = efgf, hence Byy (of) @ = By (e fg) By (of) @ which implies By (e fg) =
Idry for By (ef) is invertible. Since W is a cogenerator for D, this implies ofg =
Idar, thus ef is injective; finally, e f an isomorphism M —=A", and M is free.

(3). (I"): By Lemma 2.15(iv), there exists a matrix S such that the sequence

A2 AR 25 AT

is exact at A¥, i.e. imeR = ker S which implies (imeR)" = (kereS)". We have
(imeR)" = kery, Re. Let r € ker eS; then 7S = 0 which implies that rS¢ = 0 for
any £ € W7, thus ker oS C (imyy Se)*. If W is faithful, we conclude that

ker o5 = (imyy Se)™ (2.13)
thus keryy Re = (imyy Se)™ .

(ii"): Assuming that kery, Re = (imy, Se)"" and W is a cogenerator for o Mod/?
in sMod, we have (keryy Re)" = (imy, Se)", thus im @R = (imyy Se)" = ker oS by
Theorem 2.10, Corollary 2.14 and (2.13). The conclusion follows from Lemma 2.15(iii)
with R1 = R, R2 =5.0

REMARK 2.17. (i) A non-trivial proof of Statement (2)(ii) of the above theorem is
needed because the A-module W is not assumed to be injective, therefore the exactness
of a sequence

By (My) 2% By (Mz) 2 By (M) (2.14)

i Modg does not imply the exactness of

R R.
My 22 My, 23 M,

in aAMod, despite Corollary and Definition 2.8(ii); compare with ([56], Sect. 3) and
([17], Theorem 3(6)). The reason for this is that the sequence (2.14) is not necessarily
exact in By (D), for this category is not full in Modg. According to ([50], Sect. 2,
Duality Theorem (56)), Bw (D) is full in Modg if W is a large injective cogenerator.
(ii) To specify the above item, recall that a cogenerator in AMod need not be injective.
(a) An example of non-injective cogenerator is given in ([39], §19, Exercise 20).

(b) Let us give a second example: let A be a ring, AW1 an injective cogenerator and
Wa # 0 a non-injective left A-module, e.g. A = Cl[d/dt], W1 = E(R), Wy = D (R).
Then W 2 Wy @ Wy is a cogenerator which is a non-injective left A-module by (/39],
Prop. 8.4).
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2.3. Topological modules and behaviors.

2.3.1. The category o TMod. In everything that follows, we make the follow-
ing

ASsSUMPTION 2.18. k is the field of real or complex numbers and all algebras are
associative, unitary and defined over k.

Let A be an algebra, W a k-vector space and a nondegenerate bilinear form ([7],
Subsect. 11.6.1)

(=, =Y AxW =k
We also consider the nondegenerate bilinear form

(=, =) WxA—k (2.15)
defined by (w,a) = (a,w) for any a € A and w € W. The weak topology o (A, W)
(resp. o (W, A)) is the coarsest topology in A (resp. in W) which makes continuous all
linear forms a — (a,w), w € W (resp. w — (a,w), a € A). The following facts are
classical ([7], Subsect. I1.6.2): the space W is canonically isomorphic to, and identified
with, the topological dual A’ of (A,o (A, W)), i.e. of A endowed with the topology
o (A, W); this statement is also valid with W and A interchanged; (A, o (A, W)) and
(W, 0 (W, A)) (respectively written A and W in what follows, for short) are locally
convex topological vector spaces (LCTVS’s) and Hausdorff.

A left A-module M is called topological if it is endowed with a structure of LCTVS
and if all maps A — M : a — am, m € M, are continuous; a topological right A-
module M is similarly defined. (Note that the definition of a topological module over
a topological ring is different ([6], Subsect. I11.6.6).) The algebra A may be itself a
topological left or right A-module. The algebraic dual A* = Homy (A, k) is a left
and right A-module via

(x)aa = (za)a and (aa)z=a(az), a€A* a,x €A

(using Notation 2.1(i)). In general, A’ = W is not an A-submodule of A* and when
this happens is characterized below:

LEMMA 2.19. (1) The following conditions are equivalent:

(i) The left module oA is topological, i.e. all maps a+— ab (b € A) are continuous.
(i) W is a left A-module with {a,bw) = (ab,w) for all a,b € A and w e W.

Then also all maps W — W : w — bw (b € A) are continuous.

(2) The following properties are equivalent:

(i’) The right module A a is topological.

(ii’) W is a right A-module with (wa,b) = (w,ab) for all a,b € A.

Then also all maps W — W : w +— wb (b € A) are continuous.

(3) If the conditions of (1) hold, then those of (2) are equivalent to:

(ii2’) The left module AW is topological.

Proof. (1). (i)=(ii): If @ — ab is continuous, then so is ba : a — a (ba) = (ab)
for any o € A’ = W with the identification W 3 w +— (—,w) € A’. Hence A’ = W is
an A-submodule of A*. (ii)=-(i): If (ii) holds, then bw € W for any b € A, w € W,
therefore the map A 3 a — (a,bw) = (ab, w) € k is continuous which implies that so
is the map a +— ab. The maps w — {(a, bw) are continuous by the above equality. (2)
is shown like (1).
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(3). If (ii) holds, the following conditions are equivalent: all maps b +— bw are
continuous, i.e. (iii’) holds; all maps b +— (a,bw) = (ab,w) are continuous; all maps
b — ab are continuous, i.e. (i’) holds. O

DEFINITION 2.20. Assuming that all conditions of Lemma 2.19 are satisfied,
the category of topological left A-modules and continuous linear maps is called the
category of topological left A-modules and written o TMod.

LEMMA 2.21. ATMod is a semi-abelian category with arbitrary products and
coproducts and with projective generator A.

Proof. (a) The category C = ATMod is a subcategory of o Mod; C is obviously
additive and has kernels and cokernels which are the algebraic ones endowed with the
induced and coinduced topology, respectively, thus C is preabelian. Let of : X — Y
be a morphism of C and f;,q be its induced morphism in sMod. Then f;,q4 is
bijective (since oMod is abelian) and continuous by definition of the topologies of
coim f and of im f. Therefore, f;,q is the induced morphism of f in C. Since f;q is
both a monomorphism and an epimorphism, the preabelian category C is semi-abelian.
Last, C has arbitrary products and coproducts which are the algebraic ones endowed
with the product topology and the locally convex direct sum topology, respectively
([7], Subsect. II1.4.5, Definition 2).

(b) Let M € C. There exists an A-linear surjection ep : AY) — M. Let
o, : A — AU be the canonical injection. Let of = eup : A — M; for any a € A,
(a) f = am where m = (1) f, thus f is continuous since the module M is topological.
Therefore, ¢ is continuous (if A) is endowed with the locally convex direct sum
topology) according to ([7], Subsect. I1.4.5, Prop. 6). This proves that A is a
generator of C.

(c) Let of : A — M and eg : My — M be respectively a morphism and an
epimorphism of C. Since of and eg are respectively a morphism and an epimorphism
of AMod, there exists a morphism eh : A — M; of o\Mod such that ef = ehg.
Since M is topological, eh is continuous, i.e. is a morphism of C, thus A is projective
inC.0O

2.3.2. Cogenerators for topological modules. For X, Y € oTMod, we de-
note by Homa . (X,Y) the k-vector space consisting of all continuous A-linear maps
X — Y. Endowed with the topology of pointwise convergence, Homa . (X,Y) is an
LCTVS; in particular we have the additive left exact contravariant functor

By : ATMod — Modg : M +— By £ Homa . (M, W), E £ Homa,.(W,W).

The image By (ATMod) is called the class of all (topological) W-behaviors. All
results in Subsect. 2.1 are valid, in particular Theorems 2.10 and 2.13.

REMARK 2.22. Let M € C. By Lemma 2.21, there exists a set of indices I
such that M is a factor of AU, i.e. there exists a continuous A-linear surjection
o : AD) — M. There exists a continuous bijection ¢;,; : A /N — M where
N = kerp. But <p;n1d is mot continuous in general, i.e. is not an isomorphism of C,
thus A(I)/N and M cannot be identified; then, M is not an A-cokernel.

Let I be a set of indices. The nondegenerate form (—,—) is extended to the
nondegenerate form

(—,—): AD x Ty, (z,w) — %(x“uw

where all terms of the sum are zero except a finite number of them. The locally
convex topologies induced by this form in /W and A() are respectively the product
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topology o ({W,AD)) = [I,.; o (W, A) ([7], Subsect. 11.6.6, Prop. 8) and the topol-
ogy o (A(I ) I W) The latter coincides with the locally convex direct sum topology
P, o (A, W) if, and only if I is finite ([61], Chap. IV, Exercise 8). In the sequel,
A is endowed with the topology o (A(I), IW) and I may be assumed to be finite,
to avoid confusions. If N € A() in ,TMod (which means that N is a subspace of
A(I)), its polar N° C T A is defined as usual:

NO = {we W (N, w) :0} = QNkef<xv_>

and NV is closed in 'W. According to the bipolar theorem ([7], Subsect. I1.6.3),
N9 =N where N denotes the closure of N in AU,
THEOREM 2.23. (i) Let N C AW} then

N+t =N° and Nt =NO=TN.

(ii) Let M = AY) /N be an A-cokernel in C =oTMod; then M is Hausdorff if, and
only if N = N++.
(iii) Let D be a full subcategory of C, all objects of which are A-cokernels. Then
W € C is a cogenerator for D if, and only if all objects M = A(I)/N of D are
Hausdorff.

Proof. (i): (a) The identity

(az,w) = (a,2w), ac A,z e AD we W

holds. By definition, w € N+ if, and only if for any = = (Ti);er € AD | gy &
Y icrwiw; = 0. Since (—,—) is nondegenerate, the last equality is equivalent to
0 = (a,zw) = {az,w) for any a € A, thus to (x,w) =0. Thus N+ = N° (b) Since
the module A4 is topological, the maps A — A : z — az and AD) — A ¢ — qz
(a € A) are continuous ([7], Subsect. I1.4.5). This implies that aN C aN C N
and that N is a left A-submodule of A(). Now, z € N+ if, and only if for any
w e Nt = N° 2w = 0. The last equality holds if, and only if for all a € A,
0 = (a,zw) = {az,w), i.e. ax € N =N. Since N is a left A-submodule of A()
this is equivalent to = € N.

(i) implies (ii) which implies (iii) by Lemma and Definition 2.12(ii), and Theorem
2.10. 0

REMARK 2.24. (i) Theorem 2.23 is a generalization of ([28], Theorem 4.1) and
of ([33], Theorem 3.4) where W = £ (R), A is the convolution algebra (W', x) and A
acts on W wvia the convolution product.
(ii) Let W be an LCTVS and A C W’'. Then, the restriction to A x W of the
canonical bilinear form (—,—) : W x W — k is possibly degenerate; the topology
o (A, W) is Hausdorff (since it is induced from o (W', W)) but o (W, A) is not in
general ([7], Subsect. II.6.1, Prop. 1). Therefore, the statements of Theorem 2.23
are no longer valid. This situation is further investigated in the two next sections
where convolution systems are considered.

3. Differential systems with lumped shifts over Lie groups.

3.1. Actions over a Lie group and convolution algebra. In everything that
follows, we’ll use the following

NOTATION 3.1. G is a Lie group with Lie algebra g, W = £ (G) is the space all
k-valued indefinitely differentiable functions on G, and its topological dual W' is the
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space of all k-valued distributions with compact support included in G (Appendiz 2,
§6.2.2).
The group G continuously acts on W via a left and a right action, both of them
denoted by o, and defined by
(i) (y) (ao ) = (ya)p (left action of G on a left map, which is a right shift),
(ii) (poa) (x) = ¢ (ax) (right action of G on a right map, which is a left shift),
for any z,y,a € G and ¢ € W. By (Appendix 2, (6.12)), this yields for any
S, TeW

(S,a0p) =(S*d4,0), {(poa,T) ={(p,da*xT)

(see (6.9) for the latter notation which is consistent with (2.15)).
These actions induce respectively a right and a left action on W/, both of them
also denoted by o, according to

(Soa,p) =(S,a0p), (p,acT) =(poa,T) (3.1)
and from the above
Soa=8%6,, aoT =0,*T.

We also define a left and a right action of W’ on W, both of them denoted by o,
respectively by

SO:W—>VV:(Socp)(:zc):(S,gooa:>~ (3.2)

oS W —=W:(x)(poS)=(xop,S) (3.3)

for any p € W and S € W/. As a consequence of (Appendix 2, (6.13)) one easily
obtains

poS=8%p, Sop=pxATtS

where A is the modulus function, ¢ (y) = ¢ (y 1) and (S, ¢) = (S, @) for any y € G,
peWand S € W’. We have the following:
LEMMA 3.2. (i) The equality

(T,Sop)={(poT,S)

holds for any S, T € W' and o € W.
(i1) Both actions o of W' on W induce one bilinear law of composition o : W/ x W' —
W' according to

(ToS,p)=(T,Sop), (p,ToS) ={(poT,S) (3.4)

and this law of composition is the usual convolution product *.
(iii) For any S, T € W' and ¢ € W,

(ToS)op=To(Sop), po(Tol)=(poT)os, (3.5)

i.e. W is a left and right W' -module.
Proof. (i): We have

T.500) = [

[ 47w [ 45 ) (po2) () = / dT (2) [  dS (y) ¢ (ay)

G
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thus
(T,Sop)=(T*S, ). (3.6)

Similarly (denoting ¢ as a left map)

(poT,5) = /G 45 (y) [ dT (2) (2) (o ) = /G 45 (y) [ AT (z) (x) ¢

thus

(poT,S) =(T*S,¢). (3.7)

(ii): This is an obvious consequence of (3.6) and (3.7).
(iii): By (3.2), (3.4) we get

(U, To(Sop)=(U*xTx*S,¢)=(U,(T*xS)op)y= (U, (ToS)op)

which proves the first equality of (3.5). The second one is likewise deduced from (3.3)
and (3.4). O
DEFINITION 3.3. A convolution algebra is a subalgebra of (W', o).

3.2. Fundamental principle and divisibility. Let B be a convolution alge-
bra. The restriction to Bx W of the action o : W/ x W — W and that of the canonical
bilinear form (—, —) : W’ x W — k are still denoted by o and (—, —), respectively. In
general the latter is degenerate, then the topology o (B, W) of B is Hausdorff but not
the topology o (W, B) of W (see Remark 2.24(ii)). Therefore, the theory in Subsect.
2.3 cannot be directly applied.

EXAMPLE 3.4. Consider the case when B = Uy (g) (Appendix 2, §6.2.4); we
have B = @ cnn Dgée (where N is the set of non-negative integers and the notation
in §6.2.2 is used); the polar A° of A is given by

A’ ={weW:Va € N, Dgw (e) =0}
thus A° # 0 (except in the trivial case G = {e}). We have
At ={weW:VaeN" D ow=0} =0

where Dgd. ow = Dgw, thus A% # A+ and Statement (ii) of Theorem 2.23 does not
hold.

Let I be a set of indices; the canonical bilinear form (—, —) : B x W — k and the
action o : B x W — W are extended to BU) x TW according to

(=, =) : BO S IW (Tyw) — S (T, w;)
il
o:BY x W : (T,w) — 3 T; o w.
il
As usual, the orthogonal space with respect to (—, —), i.e. the polar, is denoted by
(—)°, and that with respect to o by (—)".
The notions of crossed product and of polycyclic by finite group are useful for

the sequel ([42], 1.5.8, 1.5.12). Both of them are recalled below for the reader’s
convenience with a notation adapted to the present context:
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DEFINITION 3.5. Let A be a ring and H a group. Let B be an over-ring of A
and a map € : H — B such that
(i) € is injective, € (e) = 1g and all e (h) (h € H) are units of B;
(i) for all h,hy, he € H,

g (h) A=A¢ (h) , € (hlhg) A=c¢ (hl) g (hg) A = A¢ (h1h2) = A¢ (hl) g (hg) B

(iii) B is a free right (and, by (ii), left) A-module with basis (¢ (h)),cx-
Then B is called a crossed product of A by H, written A x« H.
DEFINITION 3.6. Let H be a group with a finite chain

{e}=Hy<xH;<..<H,=H (3.8)

where H; < H;11 means that H; is a normal subgroup of H,+1, and the factor
H,.1/H,; is either infinite cyclic or finite. ~Without loss of generality, the only fi-
nite factor is H, /H,_1, and H along with the above chain is called a polycyclic by
finite group (and a polycyclic group if H, /H,,_1 = {e}).

The following definition will also be needed in the sequel:

DEFINITION 3.7. Let G be a Lie group; then B¢/ (G) is the set of all subgroups
H of G such that all finitely generated subgroups of H are polycyclic by finite.

Note that if G is commutative or, more generally, if G is a Dedekind group, i.e.
if every subgroup of G is normal [36], then all subgroups of G belong to B¢/ (G).

In everything that follows, we’ll use the following

NoraTiON 3.8. H is a subgroup of G and A is a Noetherian subalgebra of
Uk (g)-

The two main cases are A = Uy (g) —the algebra of invariant differential
operators— and A = Zy (g) ~the algebra of bi-invariant differential operators— when
the latter is Noetherian (§ 6.2.4). Let

B=) cudz0A, C=3 _gd.0A.

Setting € (z) S 2 6,08 (z € G, S € A), this yields by (6.14) B= A +xH and C =
A« G. We have

C= ZwEC_; 0z © (erH 0z © A) = erc'; 0z 0B

where G C G is a set of representatives of the cosets of G modulo H. All distributions
belonging to A have their support included in {e}, thus again by (6.14) all above sums
are direct since G is the disjoint union of its distinct cosets modulo H. In particular,
B is a subalgebra of C and

C=@,.c0.-B=CQzB (3.9)

is a free right B-module.

When G = R™ and H is a finitely generated subgroup of G, then B is a con-
volution algebra of differential-difference operators with lumped shifts, denoted by
Ashift'

LEMMA 3.9. Let H € B¢/ (G); then B = A x H is coherent.

Proof. Let $ be the directed system of all finitely generated subgroups H of
G. The ring A is Noetherian , thus if H; € §), then the ring A « H; is Noetherian
again ([42], Theorem 1.5.12), thus it is coherent. Moreover, if Hy C Hy are finitely
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generated subgroups of G, then A x Hs is a free —hence flat— left and right A « H;-
module ([42], Lemma 1.5.9(i)), thus

B= U A*I=IlimAxI
Ieh Ieo

is coherent according to ([5], Sect. 1.2, Exercise 12(e)). O

Since the two rings B C C are subrings of W', W is both a left and right module
over B and over C via the actions o induced by those defined in (3.2) and (3.3).
The nondegenerate bilinear form (—,—) : W’ x W — k induces a bilinear form
(—,—): Cx W — k. We have the following:

LEMMA 3.10. The bilinear form (—, —) : C x W — k is nondegenerate.

Proof. The ring C contains all distributions d,, x € G. If w € W is such that
(C,w) =0, then (6, w) =w(x) =0 for all x € G, thus w=10. 0

Let Ry € ¥B¥, N =BY%0 Ry and M = Bk/Bq o Ro; then the sequence

B? 2 BF M —0

is exact in gMod and M is finitely presented in that category. The map oRp
is weakly* continuous (i.e. is continuous when B? and BF are endowed with the
topologies o (B%,9W) and o (Bk,k W) respectively) since the convolution product
*: W' x W — W is separately weakly continuous ([11], Chap. I, Prop. 1;2). It
induces a weakly* continuous map oRy : C? — CF.

LEMMA 3.11. (i) Assume that H € B¢ (G). Then there exists r € N and a
matriz R1 € "B such that the sequence below is exact in gMod:

Br o4 ga °fz gk (3.10)

(i) The exactness of the sequence (3.10) in sMod is equivalent to the exactness of
the sequence below in cMod:

cr o ca 2B ok, (3.11)

Proof. (i): The ring B is coherent by Lemma 3.9, thus there exists a matrix Ry
such that the sequence (3.10) is exact in pMod by Lemma 2.15(ii).

(ii): As seen above, the right B-module C = C ®p B is free, thus faithfully flat
([39], Example (4.72)(3)), thus the exactness of the sequence (3.10) is equivalent to
that of (3.11) ([39], Theorem (4.70)). O

The following expresses when a fundamental principle for W-behaviors is valid
(compare with the Ehrenpreis-Malgrange-Palamodov fundamental principle ([27],
Sect. IV.2), [45], ([51], Sect. IV.5)) using the above notation:

COROLLARY 3.12. Let Ry € 9B be given and Ry € "B be as in Lemma 3.11(i)
if it exists. The following properties are equivalent:

(a) The fundamental principle holds, i.e. Roo*W ={u€ "W :Rjou=0} (Ry €
9Bk, Ry € "BY) i.e. the equation Ryow = u (u € "W) has a solution w € *W if,
and only if u satisfies the compatibility (or integrability) condition Ry ou = 0.

(b) The map oRy : C1 — CF is strict, i.e. coimgoRy = imgoRy = C?0 Ry.

Proof. By Lemma 3.10 and (3.4), the transpose of Ryo : ¥W — 9W is oRy : C? —
C* and that of Rio: 9W — "W is oR; : C" — C?. The fundamental principle holds
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if, and only if the sequence
kw Baq W B9 W

is exact in the category Vety of right k-vector spaces. By ([7], Subsect. I1.6.5,
Remark 1 after Corol. 4 of Prop. 7), this holds true if, and only if the map oRs :
C? — CF is strict. O

REMARK 3.13. (i) If B = Uy (g), then Ry can be constructed via the Grobner ba-
sis algorithm which is applicable to universal enveloping algebras of finite-dimensional
Lie groups ([50], Sect. 5, Definition and Corollary (37)).

(ii) Let 0 # u € D(R™) C W', where D (R™) is the usual space of indefinitely dif-
ferentiable k-valued functions with compact support in R™; then uxW C W ([44],
Subsect. I1.3.1, Corollary 1), thus the module w/W is not divisible and a fortiori not
injective.

(i) If G = R™ and B = A, the fundamental principle holds ([45], Theorem 3.2),
thus Condition (b) in Corollary 3.12 is always satisfied.

(iv) If G is solvable simply connected and A = Zy (g) then AW is a divisible ([24],
Prop. 2). We conjecture that AW is injective.  Since R™ is such a group, this
implies the Ehrenpreis-Malgrange-Palamodov fundamental principle, therefore if this
conjecture is correct, its proof is probably difficult.

(v) If A = Uy (g), the ring of all invariant differential operators over G, and AW is
divisible, then either G is abelian or has an abelian normal subgroup of codimension
1 ([15], Prop. 2).

(vi) If G is the compact abelian torus R/Z and A = Uy (g) = Zx (g) = k[d/dt], then
AW is not divisible ([62], p. 225), hence not injective.

(vi) If G = R™ and B = A*"/t then gW is divisible [25].

Ttems (iv) and (v) of the above remark suggest preferring the commutative algebra
Zx (g) of bi-invariant differential operators over the algebra Uy (g) of invariant differ-
ential operators regarding the existence of global C*° solutions of non-homogeneous
differential equations over Lie groups.

COROLLARY AND DEFINITION 3.14. (1) Let p be a left-reqular element of B.
The following conditions are equivalent:

(i) po : W — W is an epimorphism;

(ii) op : C — C is a strict monomorphism, i.e. Cop = C.

(iii) op : W' — W' is a strict monomorphism for the weak™ topology, i.e. W op = W';
(iv) the principal ideal W' o i is weakly* closed in W’';

(v) the principal ideal W’ o p is strongly closed in W',

(2) A distribution p € B is called invertible? if it satisfies the conditions in (1).

(8) Assuming that all nonzero elements of B are left-reqular, the left B-module W
is divisible if, and only if all nonzero elements of B are invertible distributions, and
then the B-module W s faithful.

Proof. (1): Let p be left-regular in B, i.e. vopu =0 and v € B imply v = 0
([20], Sect. 7.1). Then the sequence (3.10) is exact with r =0, g =k=1, Ry =0
and Ry = p; therefore, by Lemma 3.11(ii), oy : C — C is a monomorphism, i.e.
coimg oy = C/ keroy = C/ {0} = C. Thus, by Corollary 3.12, (i) holds if, and only
if op: C — C is strict , i.e. C = coimgop = imgop. As a result, (i)<(ii).

2This denomination is in accordance with that of Ehrenpreis [26] and Hérmander ([37], Definition
16.3.12), but in a more general context. In Schwartz’s terminology ([62], Sect. VI.10), such a
distribution p is called completely invertible.
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(i)<(iii) by ([7], Subsect. IV.4.2, Corollary 2 of Theorem 1) since W is a Fréchet
space, and (1)< (iv) by ([7], Subsect. IV.4.2, Theorem 1).

Since W is a Montel space ([13], Sect. 4, Prop. 6), it is reflexive ([7], Subsect.
IV.2.5) and the weak* closure of W’ o 1 is equal to its weak closure and therefore also
to its strong closure. Therefore, (iv)<(v).

(3): If all nonzero elements of B are left-regular, the divisibility of W over B
is equivalent to condition (1)(i) for all 0 # u € B ([39], Definition (3.16)). This
condition implies the faithfulness of W over B, i.e. po W =0 implies = 0. O

3.3. A cogenerator property. First let us establish a general result:

LeMMA 3.15. Let B = A xH be a crossed product of a Noetherian domain A of
characteristic zero by a polycyclic by finite group H.

(1) B is a semi-prime Noetherian ring, and a Noetherian domain if H is polycyclic.
(2) For a finitely generated left B-module M, the following conditions are equivalent:
(i) M is torsionless;

(ii) There exists an embedding M — B" for some r € N;

(iii) M is torsion-free.

The same result holds for right modules.

Proof. (1): Since the ring A is Noetherian, so is again the ring B ([42], Theorem
1.5.12). In (3.8), assume without loss of generality that H;/H;_; is infinite cyclic
(thus isomorphic to Z) for ¢ < n—1 and finite for i = n. (a) The ring A %Z is isomor-
phic to a skew Laurent polynomial ring A [X , XL a] where « is an automorphism
of A ([42], Proposition 1.5.11), thus it is an integral domain of characteristic zero.
Thus for t: <n —1, A+*H; = (AxH;_1) «Z is an integral domain of characteristic
zero by induction. (b) We have B = (A« H,,_;) * (H,,/H,,_1) where H,,/H,,_; is
finite, thus B is semiprime by ([42], Theorem 10.5.11).

(2): Since (1) holds true, Conditions (i), (ii) and (iii) are equivalent by ([42],
Prop. 3.4.3 and 3.4.7). O

Let G be a Lie group and consider W-behaviors (W = £ (G)) over the ring B =
A « H where H is a polycyclic by finite subgroup of G. Thus let C = A x G,
R, €9BF, N=B%0 R, C B*, M = BF/N, B = By (M) = N+ and B+ = Nt- =
{TeB*:ToB} =0.

THEOREM 3.16. (1) If the finitely presented module M satisfies the equivalent
conditions of Part (2) of Lemma 3.15, then the following equivalent properties hold:
(i) The canonical map ¢pr : M — WP :m— (mow),pz is injective;

(ii)) N = N++.
(2) W is a cogenerator for the full subcategory D of sMod’?, all objects of which are
torsionless (or equivalently torsion-free).

Proof. (1): By Lemma 2.15(iv) and Lemma 3.11(ii), there exists a matrix Ry €
¥B" such that the sequences (3.10), (3.11) are exact. In particular, with N = B%o Ry,
the module CQg N = C?0 R; = kercoRy is closed, hence by Lemma 3.10 and

Theorem 2.23(i), CQg N = (C Qg N)™* and the canonical map

&M:MHW% cm= (Mo w), e

(M =C®g M, m=1®m) is injective. By (3.9), the map
V- M —>M:m—1@m=208.m

is injective too. In addition, e¢,; = e¥ &M since mow = (1 ® m) o w for the given
identification, hence e¢,, is injective.
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(2): This is a straightforward consequence of (1)(i) and of Corollary and Definition
2.8. 0

REMARK 3.17. (i) If M € sMod’? is not torsion-free, W is not a cogenerator
of the category consisting of M alone, as shown by ([31], Example 2.3).
(ii) All B-modules M € D are Hausdorff by Lemma 3.15(2)(ii) since the map oRq
in (3.10) induces a continuous injection M = B¥ /BIR; — B" where B" C (W')" is
Hausdorff.
(iii) Theorem 3.16 is new, even in the standard case of delay-differential systems
with G =R and H = @, ., ., Z7; with delays T1,..., Ty (thus B =k [d/dt, 070_1} ,
0 = (01,y0m), oL 2 (o7, 00Y), 0i c w(t) — w(t+7;)). Nevertheless,
Theorem 3.16 has connections with the results in ([72], Lemmas 3.5 and 8.7) which
are slightly generalized below:

LeEmMMA 3.18. (Compare with [72], Lemmas 3.5 and 3.7). Let B be a ring and W
a left B-module with a free element w, i.e. such that the map ¢, : B — W :b— bw is
injective. Then W is a cogenerator for the full subcategory D of BMod, all objects of
which are torsionless B-modules. The category D contains all modules M for which
there exists an embedding M — B", r > 0, and such modules are described in Lemma
2.15(iv).
If B is a domain, the assumption means that the module W is not a torsion module.

Proof. If M is torsionless, there exists by definition an embedding ¢ : M — B/
for some set of indices I (see § 2.2.2). The assumption implies that

on Bl W (bi)ier = (biw);eq

is again a monomorphism, and so is the composition
I
Puw
Spr s M 5 BT L

therefore W is has the desired cogenerator property according to Corollary and Defi-
nition 2.8. O

When the Lie group G is solvable, Lemma 3.18 implies Theorem 3.16, as shown
by the following;:

LEMMA 3.19. Assuming that the Lie group G is solvable, the left Uy (g)-module
W is not torsion, and neither is the A-module W .

Proof. (a) Consider the sequence (6.15), let a be a one-codimensional ideal of g
and kX = g/a, thus g = a ® kX. The restriction § to Uk (a) of the adjoint map
ad (X), i.e. 0 : Ug(a) — Ug(a) : 7 — rX — Xr, is an inner derivation. By the
Poincaré-Birkhoff-Witt theorem (Appendix 2, §6.2.4), Uk (g) = @, Uk (a) X",
thus Uy (g) = Uk (a)[X;6] is a skew polynomial ring with indeterminate X over
Ux (a)

(b) Let R be a k-algebra, 6 : R — R a k-derivation, S = R [X; 4], and let R* =
Homy (R, k), S* = Homy (S, k) be the duals of R and S, respectively. Generalizing
([50], Sect. 3, Lemma (29)), we obtain the following:

If the (left or right) R-module R* is not a torsion module, then neither is the
(left or right) R-module S*.

This is obvious when § = 0 since then

S* = Homy (S, k) 2 Homy (R(N), k) ~ N Homy (R, k) = "R*

(Appendix 1, §6.1.2), and if the R-module YR* is torsion, then R* is torsion too;
this rationale can be extended to the general case but we skip the technical details
due to space limitation.
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(c) By induction, we obtain from the above that Uy (g)* is not a torsion (left
or right) Uy (g)-module, and the same holds for W due to the Borel epimorphism
(Appendix 2, §6.2.4).

(d) Since A C Uk (g), W is not a torsion A-module. O

3.4. Dense image representation. Let us study torsion-free and torsionless
controllability as in Subsect. 2.2.

THEOREM 3.20. Let (B,o) be a convolution algebra, Ry € 9B¥, N = B9 o Ry,
M =B*/N, and B =By (M) = {w € *W : Ry ow = 0}.
(1) Assume that G is a Lie group and that H € 8 (G), so that B = A + H is
coherent according to Lemma 3.9. If M 1is torsionless, then it is Hausdorff and B
admits a dense image representation, i.e. the following property (P) holds:
(P): There are v € N and Ry € *B" such that B = Ry o ("W) (where the closure is
taken in the usual Fréchet topology of compact convergence in "W ).
In addition, if H is polycyclic by finite, then M 1is torsionless if, and only if it is
torsion-free by Lemma 3.15.
(2) Conversely, if B is dense in W', M is Hausdorff and B admits a dense image
representation, then M is both torsion-free and torsionless.
(8) If B is an Ore domain (e.g. when G is a Lie group and B = A « H where H
is polycyclic by Lemma 3.15(1)) and (—,—) : B x W — k is nondegenerate, or in
other words if B is wealkly* dense in W', then M is torsion-free if, and only if M is
Hausdorff (i.e. N is closed in BF) and B admits a dense image representation.

Proof. (1) By Lemma 2.15(iv) there exists a matrix Ry € *B" such that
both sequences (3.10), (3.11) are exact. = The exactness of (3.10) implies that
N = imp (oR;) = kerg (oRy). Since oRy : B*¥ — B is continuous and B is
Hausdorff, the kernel N of this map is closed and the factor M = B¥/N is Hausdorff.
The exactness of (3.11) implies that imc (oR1) = kerc (oR2). Therefore, by ([7],
Subsect. 11.6.3, Corol. 3 of Prop. 4) and ([7], Subsect. I1.6.4, Corol. 4 of Prop. 6),

Rz0 W = (kerc 0R2)0 = (imc oR1)0 = kery (Ri0) =B

where the closure is taken in the topology o ("W, C") or equivalently in the initial
Fréchet topology of "W.

(2) Since M = B¥/N is Hausdorff, N = B%0 R; is closed in B¥. In addition, the
bilinear form (—, —) : B x W — k is nondegenerate since B is dense —thus weakly*
dense— in W’ ([7], Subsect. 11.6.2, Corol. 4 of Prop. 3). Therefore, N = N++ =B+
by 2.23(i), thus N = (Rgo TW)L = (Ryo™W)" = kergoRy. Thus the sequence
(3.10) is exact and M is both torsion-free and torsionless by Lemma 2.15(iii).

(3) (a) Necessary condition: Since B is an Ore domain, the finitely generated
torsion-free module M admits by Lemma 2.15(iv) a continuous embedding in some
B" and there exists an exact sequence (3.10). Since the form (—, =) : B x W — k is
nondegenerate, the property Ry o "W = 9B is shown as in (1).

(b) The proof of the sufficient condition is the same as that of (2). O

COROLLARY 3.21. Assume G = R™ with the data of Theorem 3.20. Then W' is a
commutative domain and so is any convolution algebra B. A module M = B¥ /BoR;
is torsion-free if, and only if it admits an embedding in some B". Therefore, Theorem
3.20 gets the following form:

(1) If H is any subgroup of R, B = A« H and M s torsion-free, then N = B%0 Ry

is closed in B, and B admits a dense image representation.

(2) If (—,—) : Bx W — k is nondegenerate, i.e. if B is wealkly* dense in W',
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then M s torsion-free if, and only if M is Hausdorff and B admits a dense image
representation.

REMARK 3.22. (i) It can be deduced from ([67], Theorems 11 and 14) that when
G =R, B=W' and M is Hausdorff, then B admits a dense image representation if,
and only if M is torsion-free. Corollary 3.21 is both more precise and more general.
(ii) The matriz Ry in Theorem 3.20(1) can be constructed using the Grobner basis
algorithm.

4. Differential systems with distributed shifts over Lie groups.

4.1. The ring H (B) and its basic properties. Recall that A is a Noetherian
subalgebra of Uk (g) (Notations 3.1 and 3.8). In addition, in the sequel we make the
following

AssuMPTION 4.1. H is a polycyclic subgroup of G such that all nonzero elements
of B = A xH are invertible distributions (Corollary and Definition 3.14).

EXAMPLE 4.2. (i) If G = R", Assumption 4.1 is satisfied if A = Uy (g) =
k [ 0 9 ] and H is any finitely generated subgroup of G by Remark 3.13(vi).

Ox1’ """ Oy,
(ii) Let G be a solvable simply connected Lie group such that A £ Zy (g) is Noetherian
(not all solvable Lie group have this property: see § 6.2.4). Then Assumption 4.1 is
satisfied with H = {e} by Remark 3.13(iv).

The ring H (B) studied below is a generalization of the ring H introduced, in
the case G = R, by Gluesing-Luerssen [31] when the delays are commensurable (see
also [32]) and by Habets [35] without this assumption. By Lemma 3.15(1), B is a
Noetherian domain, thus an Ore domain, and it admits a quotient division ring Q (B)
of left fractions (a)°~ ' ob and of right fractions bo (a)°” ", where ¢ = (a)° " ob (resp.
¢=bo(a)°" ") means by definition that aoc=b (resp. coa = b).

Recall the following: (a) pov = p*v for any p,v € W’ by Lemma 3.2(ii). (b)
A ring R is called weakly finite if for any integer n > 1, every generating set of n
elements in R™ is free; over for such a ring, a square matrix is left- (or right-) invertible
if, and only if it is invertible ([18], Sect. 0.2).

THEOREM AND DEFINITION 4.3. (1) Let

H(B)é{bo(a)ofleQ(B):EI,uEW/, b:,uoa}.

Then H (B) is a subring of both Q (B) and W', and H(B) = Q(B)nW".

(2) The following conditions are equivalent for a right fraction and bo (a)°™" € Q (B):
(i) bo (a)°”" € H(B);

(1) kery ao C keryy bo.

(3) H(B) is an Ore domain, thus is weakly finite, and its quotient division ring is
Q(B).

(4) When G =R and H # {e} is cyclic, H (B) is not Noetherian.

Proof. (1) is clear. (2) By definition, bo (a)°~" € Q (B) belongs to H (B) if, and
only if there exists u € W’ such that b = poa. Let w € kery ao; then aow =0
and bow = (poa)ow = po(aow) = 0 by Lemma 3.2(iii), which implies that
kery ao C keryy bo.

Conversely, let a,b € B, a # 0, such that kery ao C kery bo.

For any 1 € B, let B, = (W'o u)l. We have B, = kery po and W’ o p = %f;
by Theorem 2.23(i) since (—, —) : W' x W — k is nondegenerate. By Corollary and
Definition 3.14(iii), W’/ o u =W’ o p.
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Thus the assumption keryy ao C keryy bo implies W/ ob C W'oa, hence b € W oa
and bo (a)°"' € H(B).

(3) H (B) is an integral domain since H (B) C Q (B).

Let us show that # (B) is right Ore, i.e. whenever fi, fo € H(B)™, fi o H(B) N
f20H (B) # 0, in other words there exist g1, go € H (B)™ such that f; 0 g1 = f2 0 go.
This happens if, and only if g5 = (f;‘1 o f1) o g1 where fs™l'ofi € Q(B). There
exist b,a € B* C W’'* such that f;‘l ofi=bo (a)o_l. Take g1 = a, go = b. Then
g1,92 € H(B)* and f1 091 = fa 0 gy as desired.

The definition of H (B) is left/right symmetric, thus H (B) is a left Ore domain
too.

An Ore domain is weakly finite according to ([18], Sect. 0.8, Corollary 8.7).

We have B C 'H (B) C Q(B), thus the quotient division ring of H (B) is Q (B).

(4) When G =R and H # {e} is cyclic, then H (B) is not Noetherian by ([31],
Prop. 3.1(c)). O

REMARK 4.4. (a) Part (1) of Theorem and Definition 4.3 generalizes ([32], §3.5)

where its assumed that G =R and H # {e} is cyclic (see also [10]).
(b) In addition, Corollary and Definition 3.14(3) implies that Assumptions 2.1 and
4.1 of Habets [35] are satisfied, thus H (B) is the over-ring of B denoted by By in
([35], Definition 3.1); therefore, extending Habets’ terminology to the noncommutative
case, H (B) is the ring of all admissible right fractions bo (a)°"" € Q (B) with respect
to W.

4.2. Cogenerator properties. Since H (B) C W', W has a canonical structure
of H (B)-module, by restriction of the ring of scalars.

THEOREM 4.5. Fori=1,2, let R; € “H (B)", U; = W'% o R; and B; = U} =
kery (R;0). Assume that rk Ry = qo.  Then:
(i) The map Roo : ¥W — 92W is surjective; in particular all nonzero distributions
belonging to H (B) are invertible and the H (B)-module W is both divisible and faithful.
(ii) By = Us+ = Uy where By = ‘B;(W ) 2 {w e *W':w' 0By} =0.
(iii) kery (Rg0) C kery (Ri0) if, and only if there exists X € %H (B)* such that
Rl =Xo Rg.
(iv) The H (B)-module W is a cogenerator for the full subcategory D of 1syMod,
the objects M of which are finitely presented by a short exact sequence

0— H(B)? & HB) — M —0.

Proof. (i): The assumption means that Ry is right-invertible over Q (B) and
implies that Ry is right-invertible over Q (B), i.e. there exists a matrix X, € ¥ Q (B)®
such that Ry o Xo = I,,. Since B is an Ore domain, for each j € {1,...,¢q2}, all
entries of the j-th column of X, have a common right denominator u; € B* ([42],
Prop. 2.1.16(i)), i.e. there exist elements (Y2),; € B (1 <i < k) such that (X3),; =

(}/2)'” © H‘;il; then (3/2)” = (XQ),LJ OMJ € B and

RyoYs=Ryo0 (X2 o diag (‘uj)lﬁjﬁqz) = diag ('uj)lgquz )

Therefore, for any w € 2W, Ry o (Y3 o w) = diag (/‘j)lgquz ocw = (Mj ° wj)lgquz-
By hypothesis, each distribution y; is invertible and pjo : W — W is surjective.
Therefore, Ryo : FW — 22W is surjective too.
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(ii): The transpose of Rgo : KW — ©2W is oRy : W'% — W’* and the spaces kW,
2W are Fréchet spaces. Therefore, by (i) and ([37], Lemma 16.5.8), oRy : W22 —
W'* is injective and W' o Ry is weakly™* closed in W'*. Therefore, By = Us-+ = Us
by Theorem 2.23(i) since (—, —) : W’ x W* — k is nondegenerate.

(iii): The sufficient condition is obvious. Let us prove the necessary condition.
If By C By, then W o Ry C B C By and By = W' o Ry by (ii). Thus
W'% o Ry C W% o Ry, hence every row of Ry and therefore Ry itself are left-multiples
of Ry, i.e. there exists X € 2W'% such that Ry = X o Ry. Since rk Ry = ¢, after a
possible permutation of columns we obtain

Ri=[ R R/ ]eoH®B)™ ) (=12

where R}, is invertible over Q (B). Then R} = X o Ry and X = Rjo Ry ™. Asin (i)
we obtain YV € #B% and v; € B* (1 <4 < ¢o) with Ry oY = diag (vi),<,<,, = A,
hence o

X=RioRy ™' =RioY oAl € (Q(B)NW)" = "H (B)".

(iv) is a consequence of (iii) and of Theorem 2.13(iii). O

COROLLARY 4.6. Let R € “H(B)*, N = H(B)?o R, M = H(B)* /N, B =
N1 =kery (Ro).

(i) tk R = q if, and only if Ro *W = W,

(ii) If R has a left-inverse X with coefficients in W', i.e. X € FW'%, X o R = 6.1},
then B = 0.

(i11) Assuming that rk R = g, kery (Ro) = 0 if and only if R € GL, (H (B)).

(i) In particular, for R € H (B), kery (Ro) = 0 if, and only if R is a unit in H (B).

Proof. (i): The necessary condition follows from Theorem 4.5(i).

Conversely, assume rk R < ¢g. Since rk R is (by definition) the dimension of the left
Q (B)-vector space generated by the rows of R, there exists a nonzero row y € Q (B)?
such that yo R = 0. Let d be a common left denominator of all elements of y and
v=doyc H(B)! thenzoR=0and z #0. Thus Ro (*W) C kery (zo) C 9W.
Assuming that kery (zo) = 9W, then z oW =0 and z; 0 W =0 for all ¢ € {1, ..., q},
a contradiction since the H (B)-module W is faithful by Theorem 4.5(i). Therefore
Ro (*W) C 1W.

(iii): Assume that rk R = q. Clearly, kery (Ro) = 0 if, and only if kery (Ro) C
kery (I d.0), and by Theorem 4.5(iii) this is equivalent to the existence of a matrix
X € PH(B)*” such that I; 6. = X o R, thus R is left-invertible over H (B) and
rk R = k. Therefore, R is square, and since H (B) is weakly finite by Theorem and
Definition 4.3(2), the left-invertibility of the square matrix R over H (B) is equivalent
to its invertibility over that ring.

(ii) is obvious and (iv) is a particular case of (iii). O

REMARK 4.7. Consider the data of Theorem 4.5 and Corollary 4.6 for the special
case G = R.

(a) Statement (iii) of Theorem 4.5 is proved in ([33], Theorem 5.3) without any as-
sumption on rk Ry when H # 0 is cyclic. In that case, indeed, H (B) is a Bézout
domain, thus Ry is left-equivalent to a matriz [ %2 } where @ s full row rank ([18],
Sect. 1.1, Theorem 1.1(g)), thus the assumption on rk Re becomes superfluous. Ex-
cept in that case, the statement of Theorem 4.5 is not valid when the matriz R is not
assumed to be full row rank, as shown by ([66], Example after the proof of Theorem
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(b) Statement (iii) of Theorem 4.5 can be viewed as an extension to the noncommu-
tative case of ([35], Theorem 4.9) (see Remark 4.4(D)).
(c) The units in H (B) are explicitly described in Corollary 4.12 below when G = R™.

4.3. Differential systems with distributed shifts over R™. In what follows,
G = R" and H is a finitely generated subgroup of G. The ring of all entire complex-
valued functions over C" is denoted by O (C™). For s,z € C", we set

1/2
sez2 Y sz, |s|—< ¥ |sz-|2> .

1<i<n

Let A 2 Uy (g) =k [ 0 0 } and B = A « H. The convolution algebra B

6_I1’ ceey m
is now a commutative domain, thus the left fractions a®~! o b € Q (B) coincide with
the right fractions boa®~! € Q (B) and are denoted by b/°a in the sequel. As is well
known, the Laplace transform

E:W’BuHﬂ(s)é/ e **du(z), seC”

yields the following isomorphisms:

A=Cl[s], BXPEMH)2 Y Clsle ™, W =PW(C")
TeEH
where PW (C") is the set of all functions f € O (C™) for which there exist ¢ > 0,
a >0 and N € N such that

1F ()] < c(1+ s eolRe()],

The elements of PE(B) are called complex exponential-polynomial functions |[2)
and the third isomorphism is given by the Paley-Wiener-Schwartz theorem ([22],
(22.18.7)).

The following results complement Corollary and Definition 3.14 and are due to
Ehrenpreis and Malgrange; they are nicely expounded by Hérmander [37] and are
gathered below for convenience:

LEMMA 4.8. ([37], Theorems 16.3.10, 16.5.7 and 16.5.19; [1], Appendiz).

For € W', consider the convolution equation

prxu=f (4.1)

where the distribution p is given and the distribution u is looked for. The following

conditions are equivalent:

(i) If f € W and f (s) /i (s) € O (C"), then there exists a (unique) u € W' such that

f(s)/iu(s) =1a(s) (which implies (4.1));

(i) Equation (4.1) has a solution uw € W for any f € W, i.e. p is invertible;

(i11) Equation (4.1) has a solution u € D' (R™) for any f € D' (R™)

(iv) i is slowly decreasing ([87], Theorem 16.3.10 and Definition 16.5.12; [1]).
REMARK 4.9. Malgrange established the equivalence between Corollary and Defi-

nition 3.14(1)(v) and Lemma 4.8(i) for 0 # p € &' (R™) ([44], Corollary on p. 310).

Ehrenpreis [26] introduced the notion of slowly decreasing fi and proved the equiva-

lences (11)& (i1)& (iv) of Lemma 4.8. The elements of PE (H) are easily seen to be

slowly decreasing, and this proves Ehrenpreis’ result in Remark 3.13(vi).
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The following was proved and partially stated by Berenstein and Dostal [2] when
n > 1, and is explicit in [35] when n = 1:

LEMMA 4.10. Let F,G € PE(H), G # 0, be such that F/G € O (C™). There
exist H € PE (H) and 0 # P € C[s] such that F/G = H/P.

Proof. (a) By ([2], Main Theorem), there exist H € PE (R™) and 0 # P € C|s]
such that F/G = H/P.

(b) For any 0 # L (s) € PE (R™), write L(s) = > I (s) e~7*° where T is a finite

TeT

subset of R™ and 0 # I, (s) € Cls] for any 7 € T. The elements 7 € T are the

exponents [35] (or, more loosely speaking, the "frequencies" [2]) of L (s). The above
element H € P& (R™) is constructed by induction in ([2], Proof of Theorem 1). At
each step, the exponents involved are Z-linear combinations of those of F' and G | i.e.
belong to H; see ([2], (2.20)-(2.26)) for more details. Since the procedure stops in a
finite number of steps, H € PE (H). (When n = 1, the fact that the exponents of H
are Z-linear combinations of those of F' and G is used in the proof of ([35], Theorem
5.9).) 0

The following is a generalization of ([35], Lemma 3.2 and Theorems 5.4, 5.7 and
5.9) to the case n > 1:

THEOREM 4.11. The following rings coincide with the ring H (B):

Hi (B) = {b/°a € Q(B) : b(s) /a(s) € PW (C")},

Ha (B) = {b/°a € Q(B) :b(s) /a(s) € O (€]
H3(B)={b/°ac QB)NW':beB, ac A*}.

Proof. (a) By definition, if u = b/°a € H (B), then 4 (s) € PW (C*) C O (C")
which proves that H (B) C H; (B). The inclusion H; (B) C Hs (B) is obvious.

(b) Let b € B, a € B be such that b(s) /a(s) € O(C"). By Lemma 4.8, the
distribution a is invertible and there exists w € W’ such that a ou = b. Therefore,
b/°a € H (B), hence Hs (B) C H (B).

(c) Last, Hs (B) = H2 (B) by Lemma 4.10. O

COROLLARY 4.12. An element T € H (B) is a unit if, and only if it has the form
T=uab,, e H, a €k”, i.e., is also a unit in B.

Proof. The indicated elements are obviously units. The ring B can be written
A [o,07!] with the notation in Remark 3.17(iii) and A =k [D], D = (9/0%;); ;.-
Assume that 77 € H (B) is invertible and that o

50:T10T2, T; :bi/oai, b; €B, a; cA* (ZZ 1,2)

therefore by o by = a1 0as in B = A [0’, U’l], where we have used H (B) = H3 (B).
We infer by = a} 04, for some a} € A and 71 € H, thus T; = b1/°a1 = (a}/°a1)0d,.
Since T} (s) is entire, so is the rational function @} (s) /a1 (s) = a4 (s). Thus a/ (s) is
a polynomial and T7 = af 0 ¢,, with a] € A. The same argument applies to T5 and
furnishes

do=Ti 0Ty = (af 0a3)odr 4r,

thus af oaf = dg and 71 + 79 = 0. Since A is a polynomial algebra, af = @ € k*,
hence T = «d, as asserted. O
26



REMARK 4.13. (a) We consider the space PE = PE (R™) of real polynomial-
exponential functions (PE C £ (R™)). As proved by Gurevié ([34], Theorem 3.2),
there exists a column R € *&' (R™), n > 2, k = 6, such that

0 = kerpg (Ro) = * (PE) Nkerw (Ro), kery (Ro) #0

t.e. Row = 0 has nonzero solutions in W, but no polynomial-exponential ones.
Thus kerpg (Ro) = kerpg (10) = 0 and according to Malgrange’s theorem ([44], Pre-

liminaries, Sect. 4, Theorem 3), there exists a row X € O (C™)* such that X R = 1.
Howewver, ker pyy (cn) (]%0) Z kerpy(cny (1e) = 0, so that ([66], Theorem 3) does not

hold true forn > 1. This is because this result is based on Schwartz-Kelleher-Taylor’s
theorem on mean periodic vector-valued functions ([38], Theorem 7.3) (see also [52])
which itmplies that for any natural integer k, every shift-invariant closed subspace of
kW is spanned by the *C-valued exponential-polynomial functions it contains when
n=1. Gurevic¢’s counter-example shows that the last result does not hold for n > 1.
(b) With the notation from Remark 3.17(iii), the ring H (B) = Hs (B) is isomorphic
to DN O(C") where D =k (s)[o], s = ($1,.--8n), 0 = (01,...,0m). The ring D is
projective-free ([40], Sect. IV.4, Corol. 4.10), thus a finitely presented D-module M
has a full row rank matriz of definition if, and only M has projective dimension < 1.
Assume m > 1. Since D has global dimension m ([42], 7.5.8(iv)), such a module
M is very peculiar, and so are probably also the finitely presented H (B)-modules in
Theorem 4.5(iv), for we conjecture that H (B) has global dimension > m.

5. Concluding remarks. Using the definition of a cogenerator for a subcate-
gory, many results of the literature have been generalized: see, e.g., Theorems 2.10,
2.13, 2.23, 3.16 and 4.5. Surprisingly, the statement of several results is purely alge-
braic whereas their proof is based on the theory of locally convex topological spaces
in duality: see, e.g., Theorems 3.16 and 4.5. Section 3 can be extended to systems
over general locally compact groups using Bruhat’s theory [13], with the same proofs.
A natural extension of this paper is the study of the fundamental principle and of the
cogenerator properties for analytic differential-difference systems; this is the subject
of a forthcoming paper [9].

6. Appendices.

6.1. Appendix 1: Preabelian and semi-abelian categories. We refer to
MacLane’s classical book [41] for a general presentation of categories and functors. A
preabelian category is an additive category in which every morphism has a kernel and
a cokernel, thus an image and a coimage ([57], Sect. 2.1). All categories considered
in this paper are preabelian, except when otherwise stated.

6.1.1. Objects and morphisms. Consider a category C, its class of objects
Ob (C) and its class of morphisms Mor (C). We write X € C (instead of X € Ob (C))
to mean that X is an object of C. The opposite of C, denoted by C°P, is deduced
from C by "reversing the arrows". This leads to define left and right morphisms.
To clarify this, consider the category Set such that Ob (Set) is the class of all sets
and Homget (X,Y) is the set of all maps f: X — Y. If f is written z — xf (resp.
x +— fx), we call it a left (resp. right) map since f acts on the left (resp. on the right),
and to avoid confusions f can be written of (resp. fe). Consider the composition

x Ly 2z (6.1)
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If f and g are left (resp. right) maps, this composition is fg (resp. ¢gf). Now, let C be
any category and consider the composition (6.1) where f, g € Mor (C). Generalizing
the above, we’ll say that f and g are left morphisms (written of and eg to avoid
confusions) if this composition is denoted as fg, and right morphisms (written fe
and ge) if this composition is denoted as gf. For example, in [41], all morphisms are
right ones whereas in ([20], Chap. 2), all morphisms are left ones. In the rest of this
appendix, all morphisms are right ones.

All facts below are classical. An isomorphism is a bimorphism, i.e. both a
monomorphism and an epimorphism, but the converse does not hold in general. Let
X be an object of C. The set Px of all morphisms with target X has preorder <
with ue < ve to mean that u factors through v (i.e. w = vu’ for some morphism
u'e). Two morphisms u,v € Px are called equivalent if both ue < ve and ve < we.
Dually, the set Q¥ of all morphisms with source X has preorder = with fe > ge
to mean that g factors through f (i.e. g = ¢'f for some g'e) and f,g are called
equivalent if both fe > ge and ge > fe. A subobject of X is an equivalence class
of monomorphisms belonging to Px. Thus a representative of a subobject of X is
a pair (Y,¢) such that ¢ : Y — X is a monomorphism, called the canonical injection
(or the inclusion) Y — X. Dually, a factor object of X is an equivalence class of
epimorphisms belonging to @¥. A representative of a factor of X is a pair (Z, )
such that ¢ : X — Z is an epimorphism, called the canonical epimorphism X — Z.
Abusing the language, (Y, ¢) is denoted by ¢ or Y, and (Z, ¢) by ¢ or Z, when there is
no risk of confusion. The above applies to kernels, cokernels, images and coimages.
Let fe : X — Y, then it is convenient to think of ker f as the largest subobject
(K, ke) of X annihilated by f (i.e. such that fx = 0), and of coker f as the largest
factor (C,~ye) of Y annihilating f (i.e. such that vf = 0). The image and the coimage
of f, respectively written im f and coim f, are defined as

im f = ker coker f, coim f = coker ker f; (6.2)

they are respectively a subobject of Y and a factor of X. Let v € Px and g € Q.
Then u < kerg < gu = 0 < cokeru = ¢, which means that the two functions
ker : Q¥ — Px, coker : Px — QX constitute an order-reversing Galois connection.
In particular,

ker g = ker coker ker g = ker coim g = im ker g, (6.3)

coker u = coker ker coker u = cokerim u = coim coker u. (6.4)

Therefore: (i) ¢ is a kernel if, and only if + = im¢, (ii) 8 is a cokernel if, and only if
B = coim §, (iii) if « = im f, then coker . = coker f and im¢ = im f = ..

Let f : X — Y. There exists a unique morphism f;,q, called the induced
morphism, such that f admits the factorization

F:X S coim f I im <y (6.5)

where « is the canonical epimorphism and w is the inclusion. The morphism f is
called strict if f;,q is an isomorphism. A preabelian category C is called semi-abelian
if for any morphism f, the induced morphism f;,4 is a bimorphism ([60], p. 168); if
for each morphism f, f;,q is an isomorphism, then C is called abelian.

6.1.2. Functors. All categories are semi-abelian in what follows, and all func-
tors are additive in this paper. Recall that a functor § : C — D is said to be (i) full
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(vesp. faithful, fully faithful) if its arrow-map is surjective (resp. injective, bijective),
(ii) injective (resp. surjective, bijective) if its object map has this property, (iii) an
isomorphism if it is fully faithful and bijective. The image of §F, written §(C), is a
class consisting of two subclasses: that of all objects §(X), X € C, and that of all
morphisms § (f), f € Mor (C). The image § (C) is a subcategory of D if § is injective
([47], Sect. I1.10). A sequence

X x, Pxy o (6.6)

is called exact if fo (or, more specifically, (f2, X3)) is a cokernel of f;. Dually, a
sequence

is called exact if fo (or, more specifically, (f2, X3)) is a kernel of fi. A covariant
functor § : C — D is left exact if exactness of (6.7) implies exactness of

S(f1) S(f2)
A A

5 (x1) W 5 (x) W2 5 (xy) —o. (6.8)

Dually, a contravariant functor § : C — D is left exact if it is a left exact covariant
functor C°® — D. The bifunctor Home (e,e) : C x C — Ab (where Ab denotes the
category of abelian groups and Z-linear maps) is left exact in each argument, covariant
in the first one and contravariant in the second one. An object X is called projective
in C if Home (X, @) transforms epimorphisms into surjections, and injective in C if it
is projective in C°?. Assuming that C has products and coproducts indexed by the
set I (possibly filtering),

Hom¢ (Hie] Xi,Y) & HieI Hom¢ (XZ,Y) , Home (X, H Y;) &~ HieI Hom¢ (X,Y;)

el
where the isomorphisms are canonical, thus are identifications. A coproduct in C is
a product in C°?. We define the power (resp. the copower) Ul = [Lic; Us (resp.
v = [I,c;Ui), Ui = U. An object U of category C with arbitrary coproducts is
a generator in C if the following equivalent conditions are satisfied: (i) every object
of C is isomorphic to a factor of a copower U(); (ii) for any nonzero right morphism
fe: X — Y, there exists awe : U — X such that fa # 0; (iii) the functor Home (U, e)
is faithful. An object W of a category C with arbitrary products is called a cogenerator
in C if it is a generator in C°P.

6.2. Appendix 2: Lie groups and Lie algebras. We refer to Bourbaki’s
and Dieudonné’s treatises [8], [22] for an exhaustive presentation of Lie groups and
Lie algebras; the convolution of distributions and the differential operators over Lie
groups are expounded in the latter.

6.2.1. Lie groups. All Lie groups are real and locally compact in this paper.
A Lie group G is a real analytic manifold which is a group (multiplicatively noted
in general, with neutral element e, and additively noted if G is abelian, with neutral
element 0) such that the map G x G 3 (z,y) — z~ 'y € G is analytic. Let a €
G; there exists a chart (V) such that V' is an open connected neighborhood of a,
&V — Qis a diffeomorphism onto an open connected neighborhood 2 of 0 in R™
(where n is the dimension of the manifold G) and £ (a) = 0; such a chart is said to
be centered at a. Let f: V — k (where k is the field of real or complex numbers)

29



be a C* function. There exists a uniquely defined C*° function ¢ : Q — k such that
f(@) =0 (2),...,&, (x)) where the analytic functions £, are the local coordinates
(which can also be considered as variables). For any multi-index oo = (v, ..., o) € N”
and any z € V, we set ([12], Part I, Sect. 2.2)

o~ olel o~
lal= Y ap, o= J] o @:W, D?f(x)sz(g(x))

1<i<n 1<i<n n
6.2.2. Distributions with compact support. Let £ (G) be the space of all
C* functions G — k, endowed with its usual Fréchet topology of compact conver-
gence ([22], (17.3.1)). The space £ (G) of all continuous linear forms £ (G) — k
is the space of distributions with compact support over G. For T € &' (G) and
v € E(G), T (p) is written

(T,¢) = (o, T) (6.9)

or, with a slight abuse of notation ([22], (17.3.8))

/ dT (2) 0 (z) = / o (2)dT (z). (6.10)
G G

Let (V,€) be a chart centered at a € G; the restriction T'|y is the linear form ¢ —
T (¢), ¢ € £(V), and its derivative with multi-index « is expressed in function of

(V.€) by (DeT. ) = (1)1 (T, Do)
Let T,S € &£ (G); their convolution product T'x S € £ (G) is the linear form

E(G)3p— (T'®S,om) € k where m is the map (x,y) — xy. By (6.10), this can
also be written ([22], (14.5.4), (17.10.3))

/G<pd(T*S)—/G</G<p(:ry)dT(:r)>dS(y)—/GdS(y)/GdT(x)gp(xy).

Let a € G and 0, : ¢ — ¢ (a) be the Dirac distribution at point a. From the
above,

D&y (a) = (1) (Dgd,, o), (6.11)
(0ax S, 0) = (S, 0 (ao)), (Txda,p)=(T,p(ea)) (6.12)

where @ (ae) and ¢ (ea) respectively denote the functions z +— ¢ (az) and z — ¢ (za).

The convolution algebra (£ (G),*) is associative with unit element ., and is
commutative if, and only if G is commutative too. This ring is an integral domain
in the classical case G = R™ according to the Paley-Wiener-Schwartz theorem ([22],
22.18.7), but not in general. For example, let T be the torus, C' a nonzero constant;
then 0 # C € &' (T), dg # 0 and 6o x C = 0.

Let dz be a left Haar measure and for any function f € £(G) consider the
distribution T" = fdz. The support of T is not compact in general but for any S €
&' (G), the convolution products T'x S and S+ T exist and are absolutely continuous
with respect to dz, with density function g (resp. h) belonging to £ (G). Identifying
f*S with g and S * f with h one obtains ([22], (14.8.2), (14.8.4))

(S*f)(a) = fG f (s_la) dsS (s), (fxS)(a)= fG f (as_l) A (5_1) dS (s) (6.13)
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and in particular

Saxf=f(a""e), fxdo=A(a")f(ea™?)

where A is the modular function which is positive ([22], Sect. XIV.3) and analytic
([8], Subsect. II1.3.16, Prop. 56). The operator f (o) — f (ae) (resp. f (o) +— f (ea)
is the left (resp. right) shift denoted by ~ (a™') (resp. & (a)) ([22], (14.1.1). Let
a € G, (V,€) a chart centered at e, and f € £ (G); as easily shown, for any = € aV/,

Dgéoax f(z) = D¢ f (a'z).

Denoting by 7.° (G) the k-vector space consisting of all k-valued distributions
with support included in {z} (x € G) and by 7°° (G) the k-vector space consisting of
all punctual k-valued distributions (i.e. all k-valued distributions with finite support),
72° (G) and 7°° (G) are subalgebras of (£’ (G),*), and 7 (G) is commutative if,
and only if G is commutative too. In addition,

T%(Q) = @,cc T° (G) (6.14)

and 7° (G) = 60, * T.>° (G) = 7>° (G) x 0 ([8], Subsect. II1.3.1).

6.2.3. Lie algebra of a Lie group. Let g £ T, (G) be the tangent space of G
at e. Consider the n first order elementary differential operators

Xi:8i|e :f—>D?f(€), Qa :6ij 1,J € {1,...,’{1}

(where 0;; is the Kronecker symbol and (V,€) is a chart centered at e) and set X =
(X1,...,X5); X isak-basis of g. By (6.11), for any ¢ € {1,...,n} X; can be identified
with the k-valued distribution (—1)‘0‘| Dg 6. where o € N™ is the above multi-index;

then g is identified with the k-vector space consisting of all k-valued distributions of
order 1 with support {e}. By ([22], (17.14.2)), for any Y, Z € g,

Y, Z|2Y*Z—Z+Y €g

and the bilinear map [e,e] : g X g — g is a Lie bracket; g, endowed with this bracket,
is called the Lie algebra of G ([22], (19.3.3)). An ideal of g is a k-vector space a C g
such that [g,a] C a. The Lie algebra g is called simple if is noncommutative and if its
only proper ideal is {0}, semisimple if its only abelian ideal is {0}, nilpotent if there
exists a finite decreasing sequence of ideals (g;)<,;<, such that go = g, g, = {0} with
[9,9:] Cgir1 (0<i<p—1), and solvable if there exists a sequence

go=020 2. 20, =1{0} (6.15)

of Lie subalgebras such that g; is a one-codimensional ideal in g;,_1, 1 < i < n ([8],
Subsect. 1.5.1, Prop. 2). All nilpotent Lie algebras are solvable.

Assuming that the Lie group G is connected, it is called semisimple (resp. nilpo-
tent, solvable) if its Lie algebra is semisimple (resp. nilpotent, solvable).

6.2.4. The universal enveloping algebra and its centre. More generally,
given any associative k-algebra A, one can endow A with a k-Lie algebra structure by
defining the Lie bracket [a,b] = ab—ba (a,b € A). A representation of g is defined to
be a k-Lie algebra morphism from g to such A. There exists an associative k-algebra
Uk (g) (denoted by U(g) if k = R and Uc (g) if k = C) together with a representation

31



0 : g — Uk (g) with the following universal property: for any associative k-algebra
representation ¢ : g — A, there exists a unique k-algebra morphism ¢ : Uy (g) — A
such that ¥6 = ¢. Thus Uy (g) is unique up to isomorphism and is called the universal
enveloping algebra of g. Consider the standard monomials

{XilXiz---Xi : Z] S {1,...,’0}, 11 <..< ’Ln} .

According to the Poincaré-Birkhoff-Witt theorem, these standard monomials form a
k-basis of Uk (g); Uk (g) is a skew polynomial ring and a noncommutative left and
right Noetherian integral domain ([42], §1.7).

If g is the Lie algebra of a Lie group G, then Uy (g) is isomorphic to, and identified
with, 7° (G). The dual U; (g) = Homy (Uy (g) , k) is isomorphic to the power series
ring k [[z]] (where z = (z;),.,,, is a sequence of n commuting indeterminates) and,
according to E. Borel’s theorem ([65], Theorem 38.1), there exists a canonical epimor-
phism £ (G) = Ui (9) : f — Y aenn o7 (X*f) %, called the Borel epimorphism.

Let P: £(G) — £ (G) be a differential operator ([22], Sect. XVII.13). Such an
operator is called left- (resp. right-) invariant if for any @ € G and ¢ € £ (G),

Pyp=~(a) (P’y (a_l) Lp) (resp. P =9 (a) (P6 (a_l) Lp) ).

For short, a differential operator is called invariant when it is left-invariant, and
bi-invariant when it is both left- and right-invariant. The algebra of all invariant
(resp. bi-invariant) differential operators is identified with Uy (g) (resp. Zx (g), i-e.
the centre of Uy (g), which is a commutative domain) ([22], (19.3.1), (23.36.6)).

If g is semisimple, then Zy (g) is the polynomial ring k [y1, ..., 4] where the natural
integer [ is the "rank" of g ([23], §§1.9.8, 7.3.8), thus Zy (g) is Noetherian. The case
of solvable Lie algebras is quite different since there exists a nilpotent Lie algebra g
of dimension 45 such that Zg (g) is not Noetherian ([23], §4.9.20).

REFERENCES

[1] W. ABRAMCZUK, A Class of Surjective Convolution Operators, Pacific J. of Math., 110 (1984),
pp. 1-7.

[2] C.A. BERENSTEIN AND M.A. DOSTAL, The Ritt theorem in several variables, Ark. Mat., 12
(1974), pp. 267-280.

[3] J.-E. BJORK, Rings of operators, North Holland Mathematics Library, 1979.

[4] N. BourBAKI, Algébre, Chapitres 1 o 3, Hermann, Paris, 1970. (English translation: Algebra
I, Springer, 1989.)

[5] N. BOURBAKI, Algébre commutative, Chapitres 1-3 et 4-7, Masson, 1985. (English translation:
Commutative Algebra, Chapters 1-7, Springer, 1989.)

[6] N. BOURBAKI, Topologie générale, Chapitres 1 a 4, Hermann, Paris, 1971. (English translation:
General Topology, Chapters 1-4, Springer, 1989.)

[7] N.BOURBAKI, Espaces vectoriels topologiques, Masson, Paris, 1981. (English translation: Topo-
logical Vector Spaces, Springer, 1987.)

[8] N. BOURBAKI, Groupes et algébres de Lie, Chapitres 1 et 2-3, Hermann, Paris, 1971-1972.
(English translation: Lie groups and Lie algebras, Chapters 1-3, Springer, 1989.)

[9] H. BourLizs AND U. OBERST, Fundamental principle for analytic linear systems of partial

differential-difference equations with constant coefficients, submitted to Math. Contr.,
Sign., Syst.

[10] D. BRETHE AND J.J. LOISEAU, Stabilization of linear time-delay systems, JESA-RAIRO-APII,
6 (1997), pp. 1025-1047.

[11] F. BRUHAT, Sur les représentations induites des groupes de Lie, Bull. Soc. Math. de France,
84 (1956), pp. 97-205.

[12] F.BRUHAT, Lectures on Lie groups and representations of locally compact groups, Tata Institute
of Fundamental Research, Bombay, 1958.

32



[13]
[14]
[15]

[16]

F. BrRuHAT, Distributions sur un groupe localement compact et applications a l’étude des
représentations des groupes p-adiques, Bull. Soc. Math. de France, 89 (1961), pp. 43-75.

J. BYRNES AND G. OSTHEIMER (edts), Computational Noncommutative Algebra and Applica-
tions, Kluwer Academic Publishers, Dordrecht, 2004.

A. CEREZO, F. ROUVIERE, Résolubilité locale d’un opérateur différentiel invariant du premier
ordre, Ann. Sc. ENS, Série 4, 21-30, 1971.

G.S. CHIRIKJIAN and A. KYATKIN, An Operational Calculus for the Euclidean Motion Group
with Applications in Robotics and Polymer Science, The Journal of Fourier Analysis and
Applications, 6 (2000), 583-606.

E. Cuizak, A. QUADRAT AND D. ROBERTz, Effective algorithms for parametrizing linear con-
trol systems over Ore algebras, Applicable Algebra in Engineering, Communications and
Computing, 16 (2005), pp. 319-376.

P.M. ConN, Free Rings and their Relations, 2nd ed, Academic Press, London, 1985.

P.M. ConN, Basic Algebra —Groups, Rings and Fields, Springer, London, 2003.

P.M. ConN, Further Algebra and Applications, Springer, London, 2003.

S.C. CouTINHO, A Primer of Algebraic D-modules, London Math. Soc. Texts 33, Cambridge
University Press, Cambridge, 1995.

J. DIEUDONNE, Eléments d’analyse, vol. 1-7, Bordas, Paris, 1969-1978. (English translation:
Treatise on analysis, vol. I-VII, Academic Press, 1969-1978.)

J. DIXMIER, Algebres enveloppantes, Gauthier-Villars, Paris, 1974. (English translation: En-
veloping Algebras, AMS Bookstore, 1996.)

M. DurLO AND D. WIGNER, Sur la résolubilité des équations différentielles invariantes sur
un groupe de Lie, Séminaire Equations aux dérivées partielles (Ecole Polytechnique), 9
(1977-1978), pp. 1-7.

L. EHRENPREIS, Solutions of some problems of division III, American J. of Mathematics, 78
(1956), pp. 685-715.

L. EHRENPREIS, Solutions of some problems of division IV, American J. of Mathematics, 82
(1960), pp. 148-170.

L. EHRENPREIS, Fourier analysis in several complex variables, Wiley, 1970.

S.J.L. ENDHOVEN AND L.C.G.J.M HABETS, Equivalence of Convolution Systems in a Behav-
ioral Framework, Math. Contr., Sign., Syst., 16 (2003), pp. 175-206.

M. FLIESS, Some basic structural properties of generalized linear systems, Systems & Control
Letters, 15 (1990), pp. 391-396.

M. FLiEss, J. LEVINE, Ph. MARTIN AND P. ROUCHON, Flatness and defect of non-linear systems:
introducing theory and examples, Int. J. Control, 61 (1995), pp. 1327-1361.

H. GLUESING-LUERSSEN, A behavioral approach to delay-differential systems, STAM J. Control
Optim., 35 (1997), pp. 480-499.

H. GLUESING-LUERSSEN, Linear Delay-Differential Systems with Commensurate Delays: An
Algebraic Approach, Springer, 2002.

H. GLUESING-LUERSSEN, P. VETTORI AND S. ZAMPIERI , The algebraic structure of DD systems:
a behavioral perspective, Kybernetika, 37 (2001), pp. 397-426.

D.I. GUREVIC, Counterezamples to a problem of L. Schwartz, Funct. Anal. Appl., 9 (1975), pp.
116-120.

L.C.G.J.M HABETS, System equivalence for AR-systems over rings —with an application to
delay-differential systems, Math. Contr., Sign., Syst., 12 (1999), pp. 219-244.

M. HALL, The Theory of Groups, The MacMillan Comp., 1959.

L. HORMANDER, The Analysis of Linear Partial Differential Operators II, Springer, 1983.

J.-J. KELLEHER AND B.-A. TAYLOR, Closed ideals in locally convex algebras of analytic func-
tions, J. Reine Angew. Math., 255 (1972), pp. 190-209.

T.Y. LAM, Lectures on Modules and Rings, Springer, New York, 1999.

T.Y. LAM, Serre’s Problem on Projective Modules, Springer, 2006.

S. MACLANE, Categories for the Working Mathematician, 2nd ed., Springer, New York, 1998.

J.C. McCONNEL AND J.C. ROBSON, Noncommutative Noetherian Rings, corrected ed., American
Mathematical Society, 2001.

P. MAISONOBE AND C. SABBAH (dir.), D-modules cohérents et holonomes, Hermann, Paris, 1993.

B. MALGRANGE, Existence et approzimation des solutions des équations aux dérivées partielles
et des équations de convolution, Ann. Inst. Fourier, 6 (1956), pp. 271-355.

B. MALGRANGE, Sur les systémes différentiels a coefficients constants, Séminaire Jean Leray
(College de France, Paris), 7 (1961-1962), pp. 1-13.

B. MALGRANGE, Systémes différentiels a coefficients constants, Séminaire Bourbaki, 246 (1962-
1963), pp. 1-11.

B. MITCHELL, Theory of Categories, Academic Press, New York, 1965.

33



H. MOUNIER, Propriétés structurelles des systémes linéaires a retards: aspects théoriques et
pratiques, Thése de doctorat de I’Université Paris Sud, Orsay, 24 octobre 1995.

H. MOUNIER, Algebraic interpretations of the spectral controllability of a linear delay system,
Forum Mathematicum, 10 (1998), pp. 39-58.

U. OBERST, Multidimensional Constant Linear Systems, Acta Applicandae Mathematicae, 20
(1990), pp. 1-175.

V.P. PaLaMoDOV, Linear Differential Operators with Constant Coefficients, Springer, 1970.

F. PARREAU AND Y. WEIT, Schwartz’s Theorem on Mean Periodic Vector-Valued Functions,
Bull. Soc. Math. France, 117 (1989), pp. 319-325.

H. PILLAT AND S. SHANKAR, A behavioral approach to control of distributed systems, STAM J.
Control Optim., 37 (1998), pp. 388-408.

J.W. POLDERMAN AND J.C. WILLEMS, Introduction to Mathematical Systems Theory —-A Be-
havioral Approach, Springer, 1998.

J.-F. POMMARET, Partial Differential Control Theory, vol. 1 & 2, Kluwer Academic Publishers,
Dordrecht, 2001.

J.-F. POMMARET AND A. QUADRAT, Localization and parametrization of linear multidimensional
control systems, Systems & Control Letters, 37 (1999), pp. 247-260.

N. Poprescu, Abelian Categories with Applications to Rings and Modules, Academic Press,
1973.

P. Rocua AND J.C. WILLEMS, Behavioral Controllability of Delay-Differential Systems, SIAM
J. Control Optim., 35 (1997), pp. 254-264.

P. RocHA AND J. WOOD, A new perspective on controllability properties for dynamical systems,
Applied Mathematics and Computer Science, 7 (1997), pp. 869-879.

W. Rump, Almost abelian categories, Cahiers de topologie et géométrie différentielle caté-
goriques, 42(3) (2001), pp. 163-225.

H. SCHAEFER, Topological Vector Spaces, 3rd Printing Corrected, Springer, 1971.

L. ScuwARTZ, Théorie des distributions (3rd ed.), Hermann, Paris, 1966.

S. SHANKAR, The Nullstellensatz for Systems of PDE, Advances in Applied Mathematics, 23
(1999), pp. 360-374.

S. SHANKAR, Geometric Completeness of Distribution Spaces, Acta Applicandae Mathematicae,
77 (2003), pp. 163-180.

F. TREVES, Topological Vector Spaces, Distributions and Kernels, Academic Press, 1967.

P. VETTORI AND S. ZAMPIERI, Module theoretic approach of convolutional systems, Linear Al-
gebra Appl., 351-352 (2002), pp. 739-759.

P. VETTORI AND S. ZAMPIERI, Some Results on Systems Described by Convolution Equations,
IEEE Trans. on Automat. Control, 46 (2001), pp. 793-797.

J.C. WILLEMS, From time series to linear systems — Part I: Finite-dimensional linear time
invariant systems, Automatica, 22 (1986), pp. 675-694.

J.C. WILLEMS, Models for dynamics, Dynamics Reported, 2 (1989), pp. 171-269.

J.C. WiLLEMS, Paradigms and Puzzles in the Theory of Dynamical Systems, IEEE Trans. on
Automat. Control, 36 (1991), pp. 259-294.

J. Woob, Modules and Behaviours in nD Systems Theory, Multidimensional Systems and
Signal Processing, 11 (2000), pp. 11-48.

J. Woob, Key problems in the extension of module-behaviour duality, Linear Algebra Appl.,
351-352 (2002), pp. 761-798.

J. Woob, E. ROGERS AND D.H. OWENS, Controllable and autonomous nD linear systems,
Multidimensional Systems Signal Process., 10 (1999), pp. 63-69.

J. WooD AND E. ZERZ, Notes on the definition of behavioural controllability, Systems & Control
Letters, 37 (1999), pp. 31-37.

B. Yazici, Stochastic Deconvolution over Groups, IEEE Trans. on Information Theory, 50
(2004), pp. 494-510.

E. ZERrz, Discrete multidimensional systems over Zn, Systems & Control Letters, 56 (2007),
pp. 702-708.

34



