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Abstract

We study implicit systems of linear time-varying (LTV) difference equations
with rational coefficients of arbitrary order and their solution spaces, called dis-
crete LTV-behaviors. The signals are sequences, i.e. functions from the discrete
time set of natural numbers into the complex numbers. The difference field of
rational functions with complex coefficients gives rise to a noncommutative skew-
polynomial algebra of difference operators that act on sequences via left shift. For
this paper it is decisive that the ring of operators is a principal ideal domain and
that nonzero rational functions have only finitely many poles and zeros and grow at
most polynomially. Due to the poles a new definition of behaviors is required. For
the latter we derive the important categorical duality between finitely generated
left modules over the ring of operators and behaviors. The duality theorem implies
the usual consequences for Willems’ elimination, the fundamental principle, in-
put/output decompositions and controllability. The generalization to autonomous
discrete LT V-behaviors of the standard definition of uniformly exponentially stable
(u.e.s.) state space systems is unsuitable since u.e.s. is not preserved by behavior
isomorphisms. We define exponentially stable (e.s.) discrete LT V-behaviors by a
new analytic condition on its trajectories. These e.s. behaviors are autonomous and
asymptotically stable. Our principal result states that e.s. behaviors form a Serre
category, i.e., are closed under isomorphisms, subbehaviors, factor behaviors and
extensions or, equivalently, that the series connection of two e.s. input/output be-
haviors is e.s. if and only the two blocks are. As corollaries we conclude various
stability and instability results for autonomous behaviors. There is presently no
algebraic characterization and test for e.s. of behaviors, but otherwise the results
are constructive.
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1 Introduction

Stability theory for linear time-varying (LTV) discrete systems has been mainly de-
veloped for the discrete time set N = {natural numbers} and Kalman’s state space
equations

z(t+1)=At)x(t) + B(t)u(t), y(t) = C(t)x(t) + D(t)u(t), t € N,
z(t) € C", u(t) € C™, y(t) € CP with matrices A(t), B(t), C(¢), D(t) € C***

)

of suitable sizes. The complex field C is often replaced by the real field R. We write

C" := C™*! resp. C**™ for the space of column- resp. row-vectors. The vectors z(t),

u(t) resp. y(t) are the state, input resp. output at the time instant ¢ € N. If an initial

time ¢¢, an initial state x(¢¢) and an input (u(t))¢>¢, are chosen all z(¢) and y(¢) for

t > to can be computed [25, (21) on p. 392] via

t—1

x(t) = (¢, to)x(to) + Z B(t, i+ 1)B()u(@), y(t) = C()x(t) + D(t)u(t), @

with ®(t,t9) = A(t —1)--- A(to).
For excellent surveys of the stability theory of equations (1) and its history we refer to
the books [25, Chs. 22-24, pp. 423-461] and [15, Ch. 3, pp. 193-368], cf. also [17].

In the present paper we treat higher order and implicit linear systems of difference
equations with rational coefficients

d
S O Ri(tw(t + §) = u(t), t > ng, R; € CH)P*, w(t) € C', u(t) €CP, (3)
7=0

that may be homogeneous (u = 0) or inhomogeneous (u # 0). Here the entries of the
R; belong to the field C(t) of rational functions in the indeterminate ¢ and it is assumed
that no ¢t > ng is a pole of any R; so that R;(t) € CP* for all t > ng. For all n > ng
we identify R; = (R;(t)):>n and therefore use the same letter for the indeterminate
and the time instants. For n > ng the interval n + N = [n,00) := {t € N; t > n} is
the time-set with initial time n and the space of sequences

C"™N = {a = (a(n),a(n+1),---); ¥t >n: at) € C} 4
is interpreted as the space of signals starting at time n. We identify

(CPXEMH = (€)X 5 X = (Xij)igpi<e = (X (n), X (n +1),--),

&)
Xij € CMNX(t) € P Xy;(t) = X (1)

The homogeneous equations (3) give rise to the solution spaces or behaviors
Vn>ng: B(R,n) = we (C™N vt >n: ZR wt+j)=0yp. (6)

Stability theory of these solution spaces concerns the behavior of the trajectories w(t)
fort — oo.
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Remark 1.1. We give some arguments for the suitability of F' := C(t) as coefficient
field. The case of periodic coefficients is not discussed here since it can be reduced to
the LTI-theory.

(a) The following properties of F' are decisive: (i) F'is a field or, at least, a noetherian
domain. (ii) If a(t) belongs to F' then so does a(t+ 1). (iii) For nonzero a € F there is
n > 0 such that no ¢t > n is a pole or zero of a. (iv) A rational function grows at most
polynomially.

(b) Rational functions have obvious advantages for numerical computations since they
are given by finitely many numbers. They appear as Padé approximants of more gen-
eral functions. They are often used in engineering models, cf. [2, (8.14), (8.15)], [27,
Appendix].

Assume that f(t) = t*g(t) € C°ng,00), ng > 0, k € Z, is any continuous coef-
ficient function such that g(oo) := lim;_, . g(t) exists and define g1 (¢) := g(t~!) €
CY[0,ny"]. By the Stone-Weierstrass theorem there is a polynomial a; (t) that ap-
proximates g; arbitrarily. Then the rational function a(t) := t*a;(t~1) is a good
approximation for f on [ng, c0). Hence rational functions approximate a large class of
more general coefficient functions, but not all, for instance f(¢) = 2 + sin(¢). Such
approximations raise the problem of robustness, of course. Note moreover that for the
questions of stability the time instant ng can be chosen as large as desired. So arbitrary
LTV-systems with continuous coefficient functions f(t) = tFg(t), k € Z, and existing
g(00) can be approximated for stability problems by the systems of this paper.
Linearization of a nonlinear system in the neighborhood of a nominal trajectory leads
to LTV-systems. Since this is only an approximation process the further approximation
of the coefficients by rational functions seems suitable.

In item 7. of Section 4 and more detailed in [4] we describe another larger coefficient
field with the properties (i)-(iv) [22, Ex. 1.2].

(c) For scalar state space systems x(t + 1) = a(t)x(t) or, more generally, those of (1)
one may choose arbitrary a = (a(t));>n, € C"N or A [25, p. 383]. It is surprising
that Ehrenpreis’ fundamental principle holds for arbitrary discrete, even multidimen-
sional behaviors with arbitrary varying coefficients [3, Thm. 2.1]. For the behavioral
stability theory such general coefficients are not suitable. We explain this for the con-
tinuous case where the effects are clearer. So consider differential equations for smooth
signals, the coefficient field of meromorphic coefficients [26], [16] and the differential
equation cos?(t)x’(t) —z(t) = 0 with its solution z:(t) = cexp (tan(t)). The infinitely
many zeros (n + 1/2)m, n € Z, of cos?(t) or poles of tan(¢) are those time instants
where the system explodes. There is no reasonable asymptotic behavior of this system.
This suggests that the condition (iii) is essential for a reasonable stability theory. Due
to these singularities the quoted authors, see also [2, §5.4.2.2], omit the generally infi-
nite, discrete set of singularities from the time domain of the signals. This procedure,
however, does not solve the problem because a time domain with infinitely many gaps
is beyond engineering reality. Hence holomorphic or even continuous coefficients are
suitable for the stability theory of state space systems [25], [15], [14] , but not for that
of general behaviors.

(d) Coefficient rings of smooth functions are neither domains nor noetherian in general
and this is inherited by the associated rings of difference or differential operators. Al-
gebraic properties of these rings are not known, a behavioral duality theory cannot be
developed and there are no algebraic algorithms that are so important in the standard
LTI (linear time-invariant) systems theories.

In contrast to the LTI-case and in analogy to, for instance, [25, Defs. 22.1, 22.5]
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the whole family (B(R, n))n>n, of behaviors and not just B(R, ng) has to be investi-
gated where ny depends on the equations. For the comparison of different systems of
equations (3) we introduce the equivalence relation of the behavior families from (6)
by

(B(Ra n))nzno = (B(Rlv n))’nzn(’J L=

7
Iny > max(ng,ng)Vn > ny : B(R,n) = B(R',n). @

The equivalence class is denoted by cl ((B(R, n))n>n,) (cl for class, not for closure)
and is called the behavior defined by (3), cf. Example 1.5.

Remark 1.2. To investigate cl ((B(R,n))n>n, ) for given equations (3) means to study
B(R,n) for n > ny > no where ny is a possibly large initial time. The transient
behavior of trajectories up to the time n; is disregarded. This set-up is very suitable
for stability questions where the limits lim;_,, w(¢) play a dominant part.

Principal Results 1.3. We prove a module-behavior duality for the new behaviors.
It implies the standard consequences for Willems’ elimination, the fundamental prin-
ciple, input/output decompositions and controllability. We characterize autonomous
behaviors and show that they are isomorphic to state space behaviors. Therefore the
examples in [25] are typical also for the autonomous LTV-behaviors of this paper. We
introduce a new notion of exponential stability (e.s.) of autonomous behaviors since
uniform exponential stability (u.e.s.) [25, Def. 22.5] is not preserved by behavior iso-
morphisms (cf. [25, Thm. 6.15] and Example 3.2) and therefore unsuitable for the
behavioral theory. We show that e.s. autonomous behaviors form a Serre subcategory
of the category of all behaviors. As corollaries we prove various stability and instability
results for autonomous behaviors.

Definition 1.4. A class of objects or a full subcategory G of an abelian category € is
called a Serre subcategory if it is closed under isomorphisms, subobjects, factor objects
and extensions.

We first introduce the operator algebra. The field C(¢) is a difference field with its
natural automorphism « defined by «(h)(t) := h(t + 1) for h € C(t). It gives rise to
the noncommutative skew-polynomial C-algebra A in an indeterminate ¢ [19, §1.2]:

A :=C(t)[g;a] = ®;enC(t)g’ > f = _ fid, f; € C(t),
jEN

with the multiplication (h;¢’*)(hoq’?) = hia?* (hy)g’* 92 for

hi,hy € C(t), o’ (ha)(t) = ha(t + j1), gh(t) = h(t + 1)g.

®)

The ¢7,j € N, are a C(t)-basis of A. By definition almost all (up to finitely many)
coefficients f; of f are zero. The algebra A is a left and right principal ideal domain
and its finitely generated (f.g.) modules are precisely known [19, Thm. 1.2.9, §5.7,
Cor. 5.7.19 ]. The category of left A-modules is denoted by A Mod. The category
of f.g. left A-modules M with a given list of generators or, equivalently, a given
representation M = A'**/U as factor module of a free module A'** by a submodule
U and with the A-linear maps as morphisms is denoted by AMoclfg . Fliess [9], [10]
calls a module M with the additional structure M = A'**/U a linear dynamic or
(discrete LTV-)system.

If the rows of R = Y. _Rj¢/ € APXt) R, € C(t)P**, generate U, i.e., U =

JEN
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AY™PR andifnot > ngpisa pole of any R; we obtain the behaviors

Vn>ng: B(Rn)=qwe (C ™45 vt>n: > Ri(t)w(t+j)=0; and
jeN
B(U) :=cl((B(R,n)n>n,) -
)
Lemma 2.5 shows that B(U) depends on U only and not on the special choice of R.
We call B(U) the behavior defined by U or associated to A'*? /U, see Remark 1.2.

Example 1.5. Consider
U:=Aqg=A(tq) C A, hence B(Aq) = B(A(tq)), indeed
Vn>1: B(g,n)=B(tg,n) = {w e C"™NVE>n+1: wk) = 0}, but
B(q,0) = {w € CN:VE>1: w(k) = 0} ¢
B(tq,0) = {w e CY; Vk >2: w(k) =0}.

(10)

Also B(A(t — 2)71q) = B(Aq), but B((t — 2)~!q,n) is not defined for n < 2. This
motivates the introduction of the equivalence relation (7).

In Cor. and Def. 2.7 we extend the construction of B(U) to a contravariant functor
AU = B(U),
(p: AV U — AV JUL) = (B(p) 1 B(Us) — B(UY)), (11
Hom(B(Us), B(Uy)) :== {B(gp); o AlX[l/Ul — AlXKQ/UQ}.

Notice that no C"*! is canonically an A-module and that the behavior B(U) is not of
the form Homa (A'*¢/U, W) for a natural signal module V.

Theorem 1.6. The functor (11) is a duality (contravariant equivalence). More pre-
cisely the following properties hold:

1. It transforms exact sequences of modules into exact sequences of behaviors.

2. Forall AY% JU, AY U, €4 Mod'® there is the C-linear isomorphism

Homa (A /Uy, A2 /U,) = Hom(B(Us), B(UL)), ¢ — B(p).  (12)

3. ForallU;, Uy C A'%¢:

U CU; <~ B(Ug) - B(Ul), especially U =U; — B(Ug) = B(U1>
(13)

The injectivity of the map (12) replaces the cogenerator property of the signal mod-
ule ¢[g] C" in the standard discrete LTI-systems theory. Section 2 is devoted to the proof
of Thm. 1.6 in several steps. The last step is contained in Cor. 2.12 where the injectiv-
ity of (12) is proven. The surjectivity holds by definition in (11).

The following definition of e.s. of B(U) from (9) is justified by Lemma 3.7 and Ex-
ample 3.2 that show that e.s. is preserved by behavior isomorphisms, but u.e.s. is not.
A sequence (¢(n))n>n, € C™™ is called a sequence of at most polynomial growth
(p-g.s.) if

Je > 13m € N¥n > ng : |p(n)| < en™. (14)
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This p.g.s. is called positive, ¢ > 0, if ¢(n) > 0 for all n > ngy. On all finite-
dimensional vector spaces C*, C'** we use the maximum norm

loll := max {[vil; i =1, , £}, v=(v1,--- ,v¢) € CT*E. (15)
Definition 1.7. The behavior B(U) from (9) is called exponentially stable if

Iny > np3d € NIpwith0 < p < 13 p.g.s. ¢ € C* N with o > 0
YVt >n>nVw € B(R,n): ||lw®)| < en)p"||z(n)|  (16)
where z(n) := (w(n), - ,w(n +d—1)).

It is called uniformly exponentially stable if (p(n))n>n, can be chosen constant.

An e.s. behavior B(U) is asymptotically stable in the sense that

Vn > niVw € B(R,n) : tlgrolo w(t) = 0. (17)
Nonuniform e.s. state space systems with a nondecreasing factor ¢(n) are also defined
in [21, §3]. An e.s. behavior is always autonomous, but the trajectories w are not
uniquely determined by w(n) alone, but only by the initial vector z(n). Therefore
d € Nis required. E.s. like u.e.s. are analytic properties of the trajectories w of
the components B(R,n) of B(U) and are not defined by algebraic properties of the
module A'*¢/U. At present there is no algebraic characterization of the modules
A /U with e.s. B(U) nor is there such a characterization of Rugh’s u.e.s. state
space equations [25, Def. 22.5]. In the simplest case of state space equations z(t+1) =
Az(t) with a constant matrix A € C™*", however, e.s. of the corresponding behavior
means that A is asymptotically stable, i.e., that the spectrum spec(A), i.e., the set
of eigenvalues of A, belongs to the open unit disc D := {\ € C; |\| < 1}. More
generally, an autonomous LTI-behavior is asymptotically stable if and only if it is e.s.
in the sense of this paper.

Theorem 1.8. The exponentially stable behaviors form a Serre subcategory of the
category of all LTV-behaviors. This means that for an exact sequence of modules and
its dual exact behavior sequence

0 AG/u, £ Ay, L AUy 0

(18)
0« B ¥ (

By 2 By <0

the behavior B(Us) is e.s. if and only B(Uy) and B(Us) are e.s..

Corollary 1.9. The series interconnection of two input/output behaviors is e.s. if and
only if both building blocks are (cf. Section 4, item 5).

Thm. 1.8 and Cor. 1.9 are equivalent in the sense that the theorem also follows
easily from the corollary. Thm. 1.8 also holds for discrete LTI-behaviors where e.s.
behaviors are defined as autonomous behaviors whose characteristic variety (=set of
characteristic values) is contained in the open unit disc. The proof of the LTI-result is
algebraic and much simpler than that of Thm. 1.8.

Due to [7], for instance, most results of this paper are constructive. However, there
is presently no algorithm to check exponential stability in general. Continuous LTV-
systems have been treated more often and in more detail, see, for instance, the books
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[25] and [2] and the papers [12], [26], [14].

The Sections 2 resp. 3 are devoted to the proof of the main Theorems 1.6 resp. 1.8.
In Section 2.5 we moreover characterize autonomous LTV-behaviors. The Sections
3.5 and 3.6 are devoted to various stability and instability results for autonomous be-
haviors. In particular we also discuss the existence and properties of quasi-poles of
an autonomous behavior (cf. [2, §6.7.1]). In Section 4 we use the duality Thm. 1.6
to embed standard LTI-results into our LT V-frame-work and to derive LT V-analogues
of Willems’ elimination, the fundamental principle, input/output decompositions and
controllability. We refer to [2, Part 1, pp. 3-268] for algebraic background material.
Abbreviations: e.s.= exponentially stable, f.d.=finite-dimensional, f.g.=finitely gener-
ated, p.g.s.=sequence of at most polynomial growth, u.e.s.= uniformly e.s., w.l.o.g.=
without loss of generality, A®*®= the set of matrices with entries in A of all (suitable)
sizes,

2 LTV-systems

2.1 Complements of the basic data
We complete the general data of the Introduction.

Remark 2.1. The derivations of Section 2 hold for any base field instead of the com-
plex field C. The definition of e.s. needs analysis and therefore Section 3 can be carried
out over the fields R or C only. The signals w(t) are always functions of the real time
variable ¢, but in this paper the values of the signals may be complex. Since R C C the
complex theory contains the real one. Equations like e = cos(t) + isin(¢) and the
complex eigenvalues of real matrices suggest to use complex coefficients and to use
A = C(t)[g; ] instead of R(¢)[g; ], and this is done in this paper.

To write (3) as operator equation we also consider C**N as difference algebra. Its
multiplication, one-element and algebra endomorphism o : C**N — C"*+N are given
as

(ab)(t) := a(t)b(t), lon+n := (71L, L), a(a)(t) ;== a(t+1), a,b € CN, t > n.
19)
The endomorphism « is the standard forward shift. As in (8) the difference ring
(C"*+N @) gives rise to the noncommutative skew-polynomial algebra [19, §1.2.3]

B(n) :=C"Mg;a] = @;enC" Mg 5 f =) fid,
JEN (20)

(fid)g;d) = fio'(95)a"™, fig; € N, (¥ (9))(t) = g(t +i).
The C-algebra B(n) is neither a domain nor noetherian and, in contrast to A, little is

known about its algebraic properties and modules. There is the canonical action f o w
of f =3, fi¢’ € B(n) onw € C"*", defined by

(fow)(t ij w(t+j), (qow)(t) =w(t+1), f € B(n), we CN.

2L
It makes C"*" a B(n)-left module that is denoted by B(n)(C”+N. It is the most general
natural signal module for discrete LT V-systems theory. The action o is extended to an
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action of a matrix R € B(n)?** on a vector w = (w1, --- ,wy) " € (C"*N)* by
R = (Ruﬂ/)lﬁ,ugp,lfllﬁz = ZRJQJ c B(n)pXK’ R,u,,z/ c B(n), R] c ((C +N)p>< ’
‘
Row:= <Z R,,o wy> € (Cmhyr,
v=1 u=1,-,p
Viz s (Row)(t) = S0 Ry(twlt+ ).
J

(22)

Note that there is no action of A on C"* since, for instance (t—n)~tow, w € C"*N,
is not defined.

Recall the poles and zeros of a nonzero rational function h € C(t): Write h =
fo~t, f,g € C[t], f,g # 0, with coprime f and g. A pole resp. a zero z € C
of h is characterized by

f(2) #0,9(2) = 0, h(z) := ocoresp. f(z) =0,9(z) #0, h(z) =0 23)
Then dom(h) = C\ {z € C; h(z) = oo}

is the open domain of definition of & as function. For almost all n (up to finitely many)
the lattice n + N is contained in dom(h) and we identify

h = (h(t))>n € C"™, n + N C dom(h), since
1dent. -

Vn € NVhy, hy € C(t) withn + N C dom(h;), i = (24
(h1 =hy <= (h1(t))iz=n = (h2(t))izn) -
For
R = Zquj € APY Ry = (Rjuw)i<p<pi<v<e € C(t)P*¢, define
' (25)

dom(R ﬂ dom(R; ), dom(R) := m dom(R;)

If ng + N C dom(R) then
(B())ezn € (CHN)va R=>R;¢ € B(n)"" and
J

B(R,n) 5 {w € ((C"JFN)Z; Row= 0}.

Vn>no: R; =

ident.

(26)
The last equation is the usual operator description of the behavior. The elements in
C\ dom(R;) resp. in C\ dom(R) are called the poles of R; resp. of R. The behaviors
B(R,n) are defined for all n > ny if and only if no ¢ > ny is a pole of R. Since the
ring B(n) is noncommutative the behavior B(R,n) is a C-space only and not a C*+"
or B(n)-module.

2.2 A directed system category

We formalize the equivalence relation from (7) in a more general situation with good
algebraic properties and introduce a new category B. The basic example for our ap-
proach is Example 2.2 below.
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Consider N as directed ordered set. A directed system over N of C-vector spaces is a
countable family

V= (Vi gi)ien = (vo D,y Sy, 22 ) 7)

of C-spaces V; and C-linear maps g;. We identify a directed system (V;, g;),~,, With
the longer system B

(Vi, 9:)

izn ident.

—1
(Vi gi)iso = <0—>---—>"0 —>Vnﬁ>vn+1—>--~>. (28)

A morphism from one such system to another is a family of C-linear maps

D= (P)ien: V = (Vi 9i)en
VieN: @1 : ‘/z — V;/, ‘1%‘4-192' = g:(I)Z

— V' = (V;',gé)ieN with

(29)

The set Hom(V, V') of all these morphisms is naturally a C-space. The composition
of morphisms is, of course, the componentwise one and with this the directed systems
form a category. It is abelian where kernels, cokernels etc. are formed componentwise.
We form the new category B as the quotient category of the direct system category
modulo the following equivalence relation =:

V= (‘/iagi)ieN =V = (Vi/agg)iGN e

30
Invi>n: V; =V g =g (30)

The equivalence class is denoted by cl(V'). These cl(V') are the objects of 5. With the
identification from (28) we obtain

el (Vi, gi)iz0) = cl((Vi, gi)izn) 31

The study of ¢l ((V;, gi)i>o0) means that of (V;, g;);>» for possibly large n. For two
objects cl ((V;, gi)izn,) and cl ((V/, g})i>n ) We consider direct system morphisms

D= (Di)izn, : (Vi gi)izny, = (V591 i>n0s

(32)
Vo= (Ui)izn, ¢ (Vis gi)izne = (Vi 6)izn,
where n1,ns > max(ng, ng) and define the equivalence relation
&=V :<= In>max(ng,n)Vi >n: &, =T,. (33)

The equivalence class is denoted by cl(®). Then the set of morphisms from cl(V) to
cl(V') is defined as

B(cl(V),cl(V")) := Hom (cl(V), cl(V")) := G
i)z

{Cl(q))v d = ((I’ i>n - (Vvivgi)izn — (V;/vg;)lzn} .
With the componentwise C-linear structure and composition we obtain the category B

of equivalence classes of directed systems. This is abelian too, kernels, cokernels and
images being also formed componentwise.
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Example 2.2. The signal spaces C"*tN| n € N, give rise to the directed system

((CO+N LD O B, 4N Do, ) where
proj,, : C" — C" N = (w(t))izn = wlnpran = (W(E)izny1, (35)

proj,, proj,,
and W = cl <C0+N Sy ey CHN PPOny (1) 4N PrOIni1 ) .

This directed system consists of C-algebras and C-algebra homomorphisms. Under the
assumptions of (9) we obtain the subsystems

B(R) := (B(R,n),proj, )n>n, < ((C”*N)Z,projn)nzylo and

36
cl(B(R)) € W* = el (C™)", proj, Jnzno) - .

Definition 2.3. The equivalence class cl(B(R)) from (36) is called the LTV-behavior
associated with the matrix R € AP**,

2.3 The functor Mod"s — B, A/U — B(U)

We are going to show that in (9) the behavior B(U) C W* is well-defined and that
the assignment A< /U s B(U) from the objects of aMod'® 1o those of B can be
canonically extended to a functor aMod® — B.

Assume the data from (9), ie.,

R=> R;¢ € A", U=AYPR, M =A™ /U, ng+N C dom(R),
J
(37)
Vn>ng: B(Rn):= we (C ™45 vt>n: Y Rit)w(t+4)=0
J

The behaviors B( R, n) require the knowledge of U, the knowledge of M alone does not
determine the representation M = A*4/U. The standard basis § = (61, ,6,)" €
(ATXH)¢ gives rise to the column

W:(Wl,“-,Wz)TEMé, w; = 0; + U, (38)

of generators of M. Conversely, the epimorphism

¢
Pw AV M, E =80 Ew = &Gwi, with oy (6;) = Wi, ker(py) = U,

1=1 (39)
shows that the system of generators w of M determines both the dimension of A**
and its submodule U. Therefore the category AMod® of f.g. A-modules is defined
as indicated in the Introduction: The objects of the category are pairs (M, w) of f.g.
modules M with a given list w of generators or a given representation M = A'**/U.
Notice that in M = A'*¢/U a special system of generators of U, i.e., a representation
U = A'PR or finite presentation (=exact sequence)

AP OB ALXE N Ar g R e APXE (40)
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is not assumed or part of the structure. A morphism ¢ : M = AY/U — M’ =
A /U is just an A-linear map without additional structure, i.e.,

Hom(A™¢/U, A™¥ JU") := Homa (M, M'), (41)

and the composition of morphisms is also just that in o Mod. If w and w’ are two lists
of generators of a f.g. M of possibly different lengths then (M, w) and (M, w’) are
different objects in A Mod® and idy; : (M, w) — (M, w’) is an isomorphism, but
not the identity. Exactness in AMod' is defined as that in A Mod. A kernel of a map
v: (M,w) = (M’',w')is (ker(p : M — M’), k) where k is any generating system
of ker(¢). The category AMod'® is abelian and the kernel of a morphism is unique
up to isomorphism as in any abstract abelian category.

Example 2.4. This example explains the structural necessity of w or U already in the
LTI-theory.

M =A=Al=Aw, +Aw_, wy =14¢q, w_=1—gq.
Uy :=ker(A— A, 1—1)=0, (42)
Us = ker(A2 s A, (64,6 ) s €ywy +€ w ) = A(l—q,—1—q).

Then B(Uy) = B(Uz), but B(Uy) # B(Uz) where

W(n) =B(1,n) = B((1-¢,-1-q),n)
={() e W(n)? wi(t) —wi(t + 1) — wa(t) — wa(t + 1) = 0},
w4 (a0 ), w(t) = wi(t) +wi(t+ 1) +wat) — wa(t + 1). \
(43)

Lemma 2.5. Assume a submodule U C AY*Y q matrix R € AP*! withU = AY*PR
and the data from (37). Then the object

BU): =, d ((B(R,n),proj, )n>n,) € B (a4)

depends on U only and not on the special choice of R, and hence (9) is justified.
Moreover Uy C Uy implies B(Us) C B(Uy).

Proof. Assume that Uy = AYP1R; C Uy = A¥P2Ry, C A'*!. Then there is a
matrix X € AP1*P2 guch that Ry = X Ry. Choose ny > ng such that n; + N C
dom(R;) Ndom(Rz) Ndom(X). Then

Vn>ny: Ri=XRs € B(n)plxe
and B(Rg,n) := {w € ((C”J“N)Z; Ryow = O} C B(Rq,n) 45)
= cl((B(R2,n), proj, )n>n,) = cl ((B(R2,n), proj, )n>n, )
- cl ((B(R17 TL), Projn)nznl) .

If U; = Us the reverse inclusion follows likewise and implies the independence of
B(U) in (44) of the choice of R. Eq. (45) implies B(Uz) C B(Uy) if Uy C Us. O

Next we extend the assignment A'**/U + B(U) to a contravariant functor. Let
M; = Alxzi/UZ-, 1 = 1,2, be two f.g. modules and ¢ : My — M, an A-linear map.
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Since A'**1 is free ¢ can be embedded into various commutative diagrams with exact

rows

- can
0—U; = S AlX4 *1>M1 —=0

fo Jor Joom
0‘>U2;>A1><52 ﬂMQHO

where P € A“X%2 1P C Uy, o(&+Uy) =EP + Us.

The following corollary is a standard result from module theory and follows easily
from the diagram in (46). It was used by Cluzeau and Quadrat in systems theory [8].

(46)

Corollary 2.6. (i) The map P +— (oP)inq induces the isomorphism

{Pe At U P C U} /{Pe A2y AOP C Uy} = Homa (M, Ms).
47
(ii) The map (oP)ing : AV /Uy — A2 /Uy is an isomorphism if and only if it is
bijective or (oP), k= (0Q)ina : AYX*2 /Uy — A4 /U, exists. The necessary and
sufficient conditions for Q € A*2*" 1o satisfy (0Q)ina = (oP); } are

U>,Q C Uy, AV (PQ —idy,) C U, AY*2(QP —idy,) CUs,.  (48)

So the additional structure M = A'*‘/U implies canonical matrix represen-
tations of the morphisms in AModfg, a fact that is well-known from f.d. vector
spaces with given bases. For the data from (46) and (47) we additionally assume that
U; = AYPiR;. The condition A'*P1R\P = U, P C Uy = A'¥P2R, implies the
existence of X € AP1*P2 with Ry P = X Ry. Again we choose n; sufficiently large
such that Ry, Ry, P, X € B(n)**® forn > ny. For w € B(Rs,n) this implies

Rio(Pow)=XRyow=Xo(Ryow)=X o0 =0and hence

49
Po: B(Rg,n) = {w € (C"+N)el i Roow = O} — B(R1,n), w— Pow. “9

Corollary 2.7. For an A-linear map
© = (0P)ina : AV U, — AV /U, define
Po:=B(p) := B((oP)ina) := cl((Po : B(Rz,n)) = B(R1,n))n>n,) : (50)
B(Uz) = cl ((B(Rg,n), proj,)n>n,) — B(U1).
Then B(y) is well-defined, i.e., independent of the choice of P, and the assignment
aMod® — B, AY/U — B(U), ¢ = (0P)ina — B(p) = Po, (51
is a contravariant additive functor.

Proof. Equation (49) implies Po : B(Us) — B(Uy). If also ¢ = (oP))ina equation
(47) implies A% (P, — P) C Uy = A% R, or, equivalently, the existence of
a matrix X such that P, — P = X R,. For sufficiently large ny > nj this implies
Py, P, X € B(n)“** for n > ny and hence

Vw € B(Ra,n): Plow=Pow+ Xo(Ryow)=Pow= Po=P o. (52)

Thus B(p) is well-defined. The functorial property and the additivity of this assignment
follow directly from the explicit construction of B(U) and B(y), cf. the definition of
the category ‘B in Section 2.2. O
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Remark 2.8. If oW is any signal module and M = A'*¢/U, U = A'*PR, then

Bw(U):=U":={weW’ Row=0} = Homa(M,W). (53
Malgrange
This shows that B(U) is the analogue of Homa (M, W) in standard behavioral systems
theory, but B(U) is not of this form for a natural W. Recall that A W is injective if and
only if Homa (—, W) is exact and a cogenerator if and only if

Homa (M7, M3) — Home (Homa (Ma, W), Homa (M1, W), ¢ — Hom(p, W),
(54)
is a monomorphism for all My, Ms € Mod.

2.4 The exactness of A /U — B(U)

In this section we prove the exactness of the functor AY**/U s B(U). This is the
analogue of the injectivity of the signal modules in the standard LTI-theory.

Consider f.g. modules M; := Alxei/Ui €A Modfg, t = 1,2, 3, and a sequence of
A-linear maps

M, ¢=(0P)ina M, %=(0Q)ind Ms, UyP C Uy, UQ C Us. (55)

Application of the functor A'**/U s B(U) furnishes the sequence of behaviors

B(p)=Po B(4)=Qo

B(UY) B(U») B(Us). (56)

First we prove that Po : B(Us) — B(U;) is an epimorphism if ¢ = (oP)inq is
injective. The simplest case is that /1 = ¢y = 1, U; = Uy = 0,0 # P = Pyq? +-- -+
Py € A and P, # 0. If ng is chosen such that no ¢ > ng is a pole of any P; or a zero
of P, then

Po:C"™N = B(0,n) - C"™ =B(0,n), wr Pow=u, n>ny,

57
with (Pow)(t) = Py(t)w(t+d) + -+« + Po(H)w(t) = u(t), G
is surjective since the last equation can be solved inductively. Therefore
Po: W =B(0) = cl((C"™)p>p,) = W (58)
is an epimorphism. In the general case let w = (wy,--- ,wy, ) € Mfl be the gener-
ating system of M. Then there is v = (vq,--- ,v¢) " € MJ such that
21 ¢
My=> Ap(w;)+ Y Av; = My = A% /U;
i=1 j=1 (59)
where 05, = (1 + (, Uy = ker (AM(ZIH) — My, (&,1) — p(Ew) + nv) )
We obtain a commutative diagram
Alxt o(ide, ,0) AlX(41+8) °Q Alxt2
\Lcanl icang \Lcanz (60)

M.

id
M, = Alxél/Ul \d My = A1><(€1+l)/Ué 2 M,y = A1><€2/U2
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where () is a suitable matrix that induces the identity isomorphism, i.e., (0Q)ina =
id s, and therefore also the isomorphism Qo : B(Us) =2 B(US). It therefore suffices
to prove that (idy,,0)o : B(Uj) — B(Uy) is an epimorphism, i.e., surjective for large
n. By induction on ¢ we assume ¢ = 1 wlog.

Lemma 2.9. If
(0P)ina : AY¥4 /Uy — AYX(HD) /1y, (61)

is injective then Po : B(Uz) — B(Uy) is an epimorphism.

Proof. By the preceding reduction steps we may assume that a special injective linear
map

(o(idg,, 0))ing : AY¥4 /U, — AP+ /7, (62)
is given. We have to show that
(ide,,0)o = proj : B(Uz) — B(U1), w = (w1, vwl1aw51+1)—r = (wr, e 7w£1)—r
(63)

is an epimorphism. Let
Uy = AP*(WH DRy Ry = (R}, Ry) € Ar2*(FD), (64)

Wlog we assume RY # 0. Then a := A'*P2 R is a nonzero left ideal of A and cyclic
of the form

a=Af, 0#£f=faqg®+---4+ fo€ A, fg#0, hence R = Yo f, AL*P2Y, = A,
The relation module
={(e AP (R =0} ={( € A; Y, =0} C AP

is free of dimension p» — 1. Let the rows of X; € A(P2=1)%XP2 pe a basis of K. We
obtain the exact sequence of free modules

0 — ALX(p2—1) °Xy Alxps OY2 A (65)

In particular, X is a universal left annihilator of R or Ys. Standard arguments furnish
aretraction Y7 € AP2X(P2=1 of X; with X1Y; = id,,_; and a section X, € A1*Pz
of Y5 with X5Y5 = 1 such that

_ Y; X .
0« ALX(Pp2=1) 271 Alxp2 222 A+ ()5 exact too and

By =YX, =F}, By :=Y2Xo=FE3, E1 + B, = Y1 X + Y2 Xy =1id,, .
(66)
A simple computation yields

Ui = (o(ide,,0)) " (Us) = A P2~V R, with Ry := X, R) € AlP2~1)xh

67
and RIQ = idp2 RIQ = YleRIQ + }/QXQRlz =YiR| + YQXQRIQ (©7)

Choose n( such that none of the constructed matrices has a pole ¢ > ng and that
fa(t) # 0 fort > ng. Then

( ) 1((B(R27 ))TLZ'HU) ) B(Ul) =cl ((B(Rlvn))nznu) ’

(ide,,0) : B(Uz) — B(Uy), Vn > ng : (ide,,0) : B(R2,n) — B(R1,n). (68)
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It now suffices to show the surjectivity of the maps in the last row: Let
v= (v, - ,v) €B(Ry,n)= Riov=XRhyov=0—=
©n (69)
Ryov=YiRiov+YsXoR,ov=YsXoR,0v="Y0 (XaR,00).
According to (57) there is an u € C" TN with f o u = X5 R}, o v. We infer

Rhov=Rho(vy, - ,vy) =Yoo fou=Ysfou=Rjou

== R20(01,~'~ avlm_u)—r = ( /ZaRg) ° (Ulv"’ vU&?_u)T = RIQ OU_R/Q/OU =0
— (v1,--- v, —u)' € B(Ra,n).
(70)
As required we have thus shown the surjectivity of
(idg,,0)0 : B(R2,n) — B(Ry,n), (v1,--- v, —u) > v. (71)
O

Theorem 2.10. The functor

aAMod® — B, M = A /U — B(U),
is exact, i.e., (56) is exact if (55) is exact.
Proof. The exactness of (55) implies

Uj = (0Q)~H(Us) = A P+ Uy

(oidey)ina

— Ay, DD, p1ets A U4 50

is exact and 1) factorizes as

b = (0Q)ma : AX02 U LI g1ty Rz, g1ty
— Qo B(Us) %5 B(UY) € B(Us).

But

Aty COmaz, A 1xts 7 e iniective

L= Qo : B(Us) — B(U}) is an epimorphism
emma 2.

= im (Qo : B(U3) — B(Uz)) = B(U}).

Hence it remains to show that B(U}) = ker (Po : B(Uz) — B(Uy)). Let

Uy = AP Ry = Uj = AP0 P APP2Ry = A (Gte2) ()
As usual choose ng such that none of the constructed matrices has a pole ¢ > ng. Then

B(Us) = cl((B(R2,n))nzn,) » BU3) = el (B(( ) 7))nzn,)

Vn >ng: B(Ra,n) = {w e (C"™M)%; Ryow =0},

Vn>ng: B((£).n)={we (C"™)% Ryow=0, Pow=0}=

= ker (Po : B(Ra,n) — (C"T))
= B(U3) =l (B((4,),n)) = ker (Po: B(Uz) — B(Uy)).
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2.5 Autonomous behaviors

We prove the analogue of the cogenerator property of the standard signal modules for
the behaviors of this paper and simultaneously characterize autonomous behaviors.
A finitely generated A-module M; = A4 /U; = A4 /A1XPL R, is isomorphic
to a direct sum of cyclic modules [19, Cor. 5.7.19]. Hence there is an isomorphism

My = A5 /U 2 AJAS X - X AJASf, x A1) = AV /) —: M,
where r > 0, f; € A, deg,(fi) >0, Uz = AR,
R2 = diag(fh' te af’r‘707' te 70) S Afgxle

(72)
A special matrix Ry is called the Jacobson/Smith/Teichmiiller/Nakayama-form of R,
and is computed with the help of euclidean division that is applicable in A and makes
it a euclidean ring. If Ry € Q(t)[q; a)P** C AP = C(t)[q; o]P**% then Ry
and thus the f; can be computed with the the Jacobson package of [7]. The functor
A /U s B(U) is applied to the first line of (72) and implies the isomorphism

B(U1> = B(U2) = B(Afl) X e X B(Afr) x W=

where W = B(0) = cl ( LN PO ontN ) . 73)
The systems B(A f;) are particularly simple: Consider, more generally, any
g=9aq" +--+go0 €A, deg,(9) = d, ie., ga#0
— C(t)™? = A/Ag, (ao, - ,aq-1) — %aiqi +Ag, a; €C(t), (14
c® i=0

= d= dim(c(t) (A/Ag) < 0.

The preceding isomorphism follows via euclidean division. Choose ng such that no
t > ng is a pole of any g; or a zero of g4. For all n > ny we obtain the isomorphisms
B(g,n) ={w e C""Novt > n: ga(w(t +d) + -+ go(Hw(t) = 0} = c?

w— (w(0),--- ,w(d—1))".
(75)

‘We conclude
VYn > ng : dime(B(g,n)) = d and

(76)
Theorem 2.11. If M; = A1 /U, is nonzero then so is B(Uy ).

Proof. In (73) W is nonzero and so are the behaviors B(A f;) of C-dimension
deg,(fj) > 0. Hence B(U,) is zero if and only if /; = 0. Equation (72) implies
likewise that My = 0 if and only if /5 = 0. O

Corollary 2.12. For M; = A% /U, i = 1,2, the C-linear map
Homa (M1, Ma) — B(B(Uz), B(U1)), ¢ = (0P)ina = B(p) = Po,  (77)
is injective, and therefore

Homa (M7, M3) =2 Hom(B(Us), B(Ur)) := {B(p); ¢ : My — Msy}. (78)
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Therefore the exact functor AMod'® — B, AU s B(U), induces a duality
between aAMod'® and the subcategory {LTV-behaviors} of B whose objects are the
behaviors and whose morphisms are the behavior morphisms B(yp). The proof of Thm.
1.6 is thus complete.

Proof. Letp: My = AY% /U, — My = A% /U, and B() = 0. The linear map
 can be factorized as

My 25 My = AV /U3 25 My, ¢ = pap,

where ¢ is an epimorphism and o a monomorphism. This factorization is obtained
by the corresponding one in o Mod with M3 := ¢(M7) and by the choice of a list ws
of generators of M3 that induces the representation M3 = AlxLs /Us. This factoriza-
tion implies 0 = B(p) = B(p1)B(¢2) with an epimorphism B(y3) and a monomor-
phism B(p;) since A4 /U s B(U) is exact. We infer B(Us) = 0, hence M3 = 0
by Thm. 2.11 and ¢ = 0.

O

The torsion submodule tor(A) of M is the set of all elements © € M that are
annihilated by some nonzero g € A ( gx = 0). The isomorphism (72) then implies the
isomorphisms

Ct)*?, d = Zdegq(fj), and
) =1 (79)

M/ tor(My) = Mo/ tor(Ms) = Al

tor(My) = tor(Mp) = @ A/Af; C%

The module M, is called rorsion (adjective) or a torsion module if My = tor(My) and
torsionfree if tor(M;) = 0. In the latter case M; =2 A" is free.
Since A is a noetherian domain it has the quotient skew-field [19, Thm. 2.1.15]

K := quot(A) := {ailb; a,be A, a# O} = {bail; a,be A, a# O} D A.
(80)
The rank of a matrix R € K*** is defined by

rank(R) = dim (x (K" R)) = dim ((RK")k) 81)

where the row space resp. column space of R are a left resp. a right K-space. For
R e AR U .= AY*Rand M := A'*/U there is also the quotient module

KoaM = {a7'2;0#£a€A ve M} = K™/KU,
1dent. 1dent.

(82)
r=E6+U, (e A C K ol =a'®ae=a""¢+ KU

The canonical map can : M — K ®a M, x — 1 ® z, has the kernel tor(M). The
rank of M is defined by

rank(M) := dimk (K ®a M), hence

rank(R) = dim(aU) = dim(xKU) and rank(R) + rank(M) = ¢. (83)

Lemma 2.13. For the data of (72) and (73) the following properties are equiva-
lent for the module My, = A" /Uy, U, = AY™P1Ry, and behavior B(U;) =
L ((B(R1,1))n>n,)-
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(i) rank(M;) = 0 or rank(R;) = {;.
(ii) My is a torsion module.
(iii) d := dimgy (M) < oo.
(iv) There are ng,d € N such that Vn > ng : dimc(B(R1,n)) = d.

Proof. (i) <= (i3): obvious. (i) <= (4i7): (79) with d = Z;zl deg,(f;)-
(#91) <= (iv): For sufficiently large ng and n > ngy we have

B(Ry,n) = B(Ry,n) = B(fi,n) x - B(fr,n) x B(0,n)""",

dime (B(f1,n) x ---B(f,n)) o Zdegq(fj) =d, butdim¢(B(0,n)) = occ.
= (84)
O

Definition 2.14. If the conditions of Lemma 2.13 are satisfied the behavior B(U ) is
called autonomous.

Definition 2.15. Consider af.g. module M = A'*/U withU = A*PR, R € AP*Y,
ng + N C dom(R) and the associated behaviors

Yn>ng: B(R,n):=qwée (C”+N)Z; Yt >n: ZRj(t)w(t—i—j) =0,, 85)

The behavior B(U) is called trajectory-autonomous (t-autonomous) of memory size d
if there are n; > ng and d € N such that

Vn>ny: B(R,n) = CY, w— (w(n), - ,w(n+d—1)), is injective, (86)

but not necessarily bijective. This means that for sufficiently large n all trajectories
w € B(R,n) with initial time n are uniquely determined by the initial data x(n) :=
(w(n), -+ ,w(n +d—1)). The number d is obviously not unique.

Corollary 2.16. The behaviors B(Ag) from (74) resp. B(A f1) x --- x B(Af,.) from
(73) are obviously t-autonomous of memory sizes

deg,(g) resp. max {deg,(f;); j=1,---,r}. (87)
Lemma 2.17. Trajectory-autonomy is preserved by isomorphisms.

Proof. Consider two isomorphic f.g. modules and their associated isomorphic behav-
iors (cf. Cor. 2.6):

Mi = Alei/Ui, Uz :AIX‘DiRi, Rz GAp,;XZ,;’

88
Y = (Op)ind : M1 = Mg, B(QO) : B(Ug) = B(Ul) ( )
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Let P = Zf:o Pjq’. Assume that B(Uy) is t-autonomous with memory size d; and
define dy := dy + k. There is an n; such that

Yn >mny: Po:B(Ra,n) = B(R1,n), wy+— wy := P ows,

k
andVt >n >nq: wi(t) = ZPJ (t)wa(t + 7), especially
=0 (89)

f0<i<di—land0<j<kthenn<n+i+j<n+di—1+k=n+dy—1.

If wa(n) = -+ = wa(n + da — 1) = 0 equation (89) implies wy (n) = -+ = wy(n +
dy — 1). Since B(U7) has memory size d; this implies w; = 0 and hence wy = 0 since
Po in (89)is bijective. We conclude that B(Us) has memory size ds. O

Theorem 2.18. A behavior B(Uy) is t-autonomous if and only if it is autonomous.

Proof. This follows directly from the isomorphism (73) and the preceding lemma since
B(Af1) x --- x B(Af,) is t-autonomous according to Cor. 2.16, but W = B(0) is
obviously not. [

3 Exponentially stable (e.s.) behaviors

The main goal of Section 3 is the proof of Thm. 1.8.

3.1 Exponential stability for state space behaviors

We first recall the notion of uniform exponential stability for state space systems. We
endow all C, ¢ > 0, and matrix spaces C*** with the maximum norm

Yo = (vy,---,v) " € CH: ||| == max {|vs]; 1 < i<},
VA e C: || A := max {||Av|; v € C, [|v]| =1}, ©0)
hence Vv € C*: || Av|| < ||All|jv]].

Definition 3.1. (cf. [25, Def. 22.5], (2)) A state space system

w(t +1) = At)w(t), A€ (€N or o1
Yi>n>ng: w(t)=2(t,n)whn), ®(t,n) :=At—1)---A(n),
is called uniformly exponentially stable (u.e.s.) if
Je>13p e Rwith0 < p < 1Vt > n > noVw € B(ideg — A,n) : ©2)

t—n

lw(®)]| < ep'~"[[w(n)]| or, equivalently, || ®(t, n)|| < cp

Notice that Rugh [25] admits arbitrary A € (C”°+N)£X€ (mostly ng = 0), hence
idgg — A € B(ng)™* (cf. (20)). The behavioral theory of this paper cannot be
extended from the field C(¢) to the nonnoetherian ring C™* with many zero-divisors.
The following example shows that u.e.s. is not preserved by behavior isomorphisms
and is therefore unsuitable for the behavioral LT V-theory of this paper.
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Example 3.2. Let

0:=2 A= (%)), 0<p1<py<1, R:=qidy—A, n>0,

Bi(n) := Bi(R,n) := {w = (W) e (CMN) s w(t+1) = Aw(t)} Cpt™ @ Cps™

X(t):= (1) € GL(C[t]) € Gla(A), B(t) :== X(t + 1)AX(t)™"
o(t) == X(Hw(t), By = X o By,
By(n) := X 0 Bi(n) = {v(t) = X(H)w(t); w(t+1) = Aw(t)} =

= {ve (©*); vt +1) = B}
93)
Notice that both 3; and B, are state space behaviors as in [25], 3; is an LTI-behavior
with an asymptotically stable matrix and 55 is an LTV-behavior. Obviously

o:Bi(n) = Ba(n), w— X ow=Xw,
is an isomorphism of state space behaviors. But
-1 _ — _ 1 0 — _ —+ — t
X0 = (53) = B0 = (4" (5 ) (3 = (5 =)

=Vt >n>1Vv € Ba(n) : v1(t + 1) = p1v1(t) + p2v2(t) + (p2 — p1)tva(?)
= Vn > 1Vv € Ba(n) : vi(n+1) = p1v1(n) + peva(n) + (p2 — p1)nve(n).

For any n > 1 letv™ := (v}, v5) " € By(n) be the unique trajectory with oY
vi'(n) ;= vy (n) := 1 and hence ||v™ (n)|| = max([v]'(n)], |[v5(n)]) =1
= 07 (n+1) = p1+p2+ (p2 — p1)n = (p2 — p1)n < p1 + p2 + [v]' (n Jrgé))l-
Assume that 55 is u.e.s. Then there are ¢ > 1 and p, 0 < p < 1, with (
Vt>n>1: ()] < 0" (@) < cp' 0" (n)]] = cp'™ 06)

:>|v?(n+1)|gcp(9:6)>vn21; (p2 — p1)n < p1 + p2 + cp.

This is a contradiction and thus s is not u.e.s, but, of course, e.s.. A nontrivial com-
putation shows that for all p3 with po < ps < 1 there is a c3 > 1 such that

Vt>n>1: [|[®p(tn)| =||Bt—1)--Bn)|| < p(n)pt ™ with p(n) := c3n.
o7

The initial condition z(n) = (w(n),--- ,w(n +d — 1)) = 0 (cf. the definition)
and (16) imply w = 0. So an e.s. behavior is autonomous. For p € C[t] and h € C(t)
with ng +N C dom(h) the sequences (p(n)),>0 € CN and (h(n)),>n, are obviously
p.g.s.. This implies that for any matrix A € C(¢)P*¢ and ny + N C dom(A) also
the norm sequence (|| A(n)||)n>n, is a p.g.s.. The sum and product of p.g.s. are again
such.

Corollary 3.3. Consider a matrix A(t) € C(t)*** that has no poles t > ng, R :=
qid, —A € A and for all n > ny the associated state space behaviors

B(R,n) = {w e (@) vtz n: wt+1) = A(t)w(t)} > ¢!, w s win).
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Then B = cl ((B(R,n))n>n,) is e.s. if and only if there are n1 > ng, a p.g.s. o2 > 0
in R™M*N and py with 0 < py < 1 such that

YVt >n>nVw € B(R,n) : |lw®t)| < o' "pa(n)||w(n)| or

h (98)
[@(t, n)[| < @a(n)p"™", (t,n) := At —1)--- A(n).

The e.s. here differs from u.e.s. in Def. 3.1 by the additional p.g. factor ¢o(n)
instead of a constant.

Proof. 1t has only to be shown that (98) is necessary. With z(n) := (w(n), -+ ,w(n+
d—1)) and ||z(n)|| = max {|Jw(n +4)||; 0 <i < d— 1} equation (16) furnishes

Vi n >y > ngw € BRn) ¢ w(t)] < o (n)l2(n)].
The norm sequence (|| A(n)||)n>n, is a p.g.s. and so are
[®(n+i,n)|| < [|A(n+i—=1)---[[A(n)] and
e(n) :=max {||®(n +i,n)|; 0<i<d-—1}.
But
w(n+1) = ®(n+i,n)w(n)
= [lwn+ )| < [[®(n+in)l[[wn)] < e(n)[wr)]| = lz@)] < e@)[wn)]|
= Vt>n2n: w)l < p () z()l] < o er(n)e(n)|lw(n)||
= p'"pa(n)l[w(n)| with the p.g.s. p2(n) := @1 (n)p(n).
O

Corollary 3.4. Ifin the preceding corollary the matrix A is constant, i.e., A € C**¢ C
C(t)**4, then w(t+1) = Aw(t) is e.s. if and only if the spectrum spec(A) is contained
in the open unit disc D := {2z € C; |z] < 1}.

Proof. Tt is well-known that spec(A) C D implies (98) with a constant ¢5. Let,
conversely, (98) be satisfied and assume that A is an eigenvalue of A with nonzero
eigenvector w(n). Then
w(t) = A7 "w(n) = A "w(n) and AT lw(n)|| = [lw®)]] < @(n)p" " lw(n)]
with0 < p< 1= lim \' =0= || < 1.
t—o0

O

We apply Cor. 3.3toany f := faq¢ + -+ fo € A, deg,(f) = d,and ng € N
such that no t > ng is a pole of any f; or a zero of f;. We first construct the usual
isomorphic state space system. Define

0 1 0 0 - 0 0
0 0 1 0.0 0 dxd . dxd
A= o A N S e C(t)**%, R:=qidg—A € A%,
—fatfo —f e e e = e

99)
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0 a—1
With q := (1,¢,--- ,¢% 1) " and 69 4 := (1,0,---, 0 ) these data imply the stan-

dard A-linear isomorphism

(000.d)ind : AJAS ¢ AP /AIR : (0qg)ind,

1xd 0 d-1 1xd
n+Af—=nia+AR=(n0,---, 0)+A R (100)
d—1
€qut+Af=) &' +Af + £+ A (gidg—A).
1=0

For n > ng this module isomorphism gives rise to the behavior isomorphism

B(f.n) ={weC"™; vt >n: fy()wt+d)+- -+ folt)w(t) =0} =
B(gidg —A,n) = {x IS (C"+N)d; Vi>n: z(t+1) = A(t)x(t)} ~ 9,
w(t) = wo(t) «— x(t) = (xo(t), -+, xa—1 ()" = (w(t), - ,w(t+d—1))"

> z(n) = (w(n), - ,wn+d—1))T.
(101)
The preceding isomorphisms and Cor. 3.3 imply

Corollary 3.5. For f := fqq? + -+ fo, fa # 0, the behavior B(Af) is e.s. if and
only if there are ny, a p.g.s. ¢ with o(n) > 0 and p (0 < p < 1) such that

YVt >n>nVw € B(f,n): |w(t)| < o(n)p' " max {jw(n+14);0<i<d-—1}.
(102)

The isomorphisms (100) and (101) can be generalized in the following fashion.
Consider an arbitrary torsion module

M =AY /A"PR=HA/Af;, 0# f; € A=C(t)gal, d; :=deg,(f;) >0,
j=1
(103)
and let A; € C(t)%*% be derived from f; like A from f in (99). We define Ry :=
diag(f1,---, fr) € AV, d =37 dj, A = diag(Ay,---, A,) € C(t)?* and
Ry = qidg — A and obtain the isomorphisms

M:Alxi/ApqugAlxr/AlxrRl %Ale/AIXdRQ (104)
where the second isomorphism in (104) is explicitly given by

(771’ e ’TIT) + AIXTRI — (77150,d1 y T a’rlr(so,dr) + AleR27
(4194, ,6qa,) + ARy (€1, , &) + AR,

Theorem 3.6. For the torsion module M from (103) and the derived data from (104)
there are matrices P € A™? Q € A that induce an isomorphism (0P)ina and its
inverse (0Q))ina as follows:

(105)

(0P)ina: M = AVY/AVPR =5 AMd/AA(gid; —A) : (0Q)ina
w+ APR —  wP+ A™d(gid; —A)
£Q + AVPR £+ AM(gidy —A).
(106)
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For sufficiently large ng and n > ng these isomorphisms induce behavior isomor-

phisms

Qo : B(R,n) := {w € ((C""‘N)é; Row= 0} —
Blgida—A,n) = {z € (€ w(t+1) = AW | : Po,

w=Pox+— x=CQow, and hence (107)
Qo B(U) = cl (B(R,n))nzn,)
B (A4 (gidg —A)) = cl (B(qidg —A,1))n>n,) : Po.
Moreover there are the C-linear isomorphisms
B(gidg —A,n) = C% 2~ x(n), x(t) := (¢, n)a:(n)7 where (108)

VE>n: O(t,n):=At—1)---A(n), ®(n,n) =idg.

The isomorphism (108) means that for a given v € C there is a unique trajectory x
with initial vector z(n) = v and x(t) = ®(t,n)xz(n). The behaviors B(qidg —A,n)
are d-dimensional over C.

The preceding theorem shows that autonomous behaviors are isomorphic to state

space behaviors that are the main subject of [25, Ch. 20-22].

3.2 Preservation of e.s. under behavior isomorphisms

Lemma 3.7. Exponential stability is preserved by isomorphisms, i.e., if
A0 U =2 AV /U,y and if B(Uy) is e.s. then so is B(Us) (=2 B(Uy)).

Proof. Let U; = A'¥PiR;, i = 1,2, and consider an isomorphism and its inverse
(OPl)ind . A1><€1 /U1 é A1X€2/U2 : (OPQ)ind. (109)

Let P, = E?Lo P (t)g?, i = 1,2. Then there is an ng such that for all £ > n > ng

o

Pio: B(Ra,n) — B(Ryi,n): (Po)~! = Pyo (110)
wa(t) = Y020 Pos(wi(t+5) «—  wi(t) = 3080 Prj(H)walt + 5).
Assume that B(U;) is e.s. and that for a p.g.s. ¢1 > 0and p1, 0 < p1 < 1,
Vt > n > ngYwi € B(Ry,n) : |lwi(t)]] < pi "1 (n)[|lzi(n)]] (1)

where z1(t) = (w1 (t), -+ ,w1(t+d—1)).
For wy € B(Rg,n) define 25(t) := (w(t), - ,w(t+d+d; —1)). Now let
wy € B(Ra,n), wy := P owy => wy = Py ow,
du dz (112)

hence wy (t) = Y Pyj(t)wa(t+j), wa(t) = > Poi(t)wi(t +1).
j=0 i=0
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Since the P;; are rational they are p.g. and therefore there are m; € N and ¢; > 1 such
that | P;;(t)]| < ¢;t™ fori=1,2,and 0 < j < d;, hence

do
leall < 3 IPa(®lllen(t + )l < (d + Veat™ max {uws (¢ +7)]; 0 < i < da}
=0

Moreover [|wy (t + )| < pi™ "1 (n) a1 (n)]| < P17 @1 (n)l|z1 (n)]]

= [lwa ()] < (d2 + D)eat™2 pi "1 (n) |21 (n)]-
(113)
Likewise

|z1(n)|| = max {||lwi(n +4)|; 0<i<d-—1} and
wi(n+ 9| < (di + D)er(n + i)™ max {[lwa(n +i+7)[;0 < j < di} (114)
= |lz1(n)|| < (di +ea(n+d — 1) [lz2(n)||
Inserting (114) into (113) furnishes
a0 < (o + D)eat™pf " on () ()]

< (ds + 1)62tm2pﬁ_”<p1(n)(d1 + Der(n+d—1)™ ||xa(n)]] (115)
= ca(t —n)™pi " (t/(t = n)™ (n+d = 1) g1 (n)|z2(n)]|

ift>n

with ¢3 := (dy + )(d2 + 1)cico > 1. We choose po with p1 < p2 < lande¢qy > 1
such that ™2 p! < c4ph. Moreovert/(t —n) =1+n/(t —n) <1+ nfort > nand
hence

Vt>n>ng: sz(t)ll < PE p2(n)[|z2(n)||

116
where a(n) ;= csca(l+n)"™?(n+d—1)"p1(n) >0 (116)

is also p.g.. We choose 1(n) > 1. This implies ¢3(n) > 1 and thus (116) also for
t = n and the e.s. of B(Uz). O

Thm. 3.6 and Lemma 3.7 imply that in connection with exponential stability of a
behavior one may assume that it is a state space behavior. It is an open question which
e.s. state space behaviors are isomorphic to u.e.s. ones.

3.3 The standard form of short exact sequences

We derive standard forms of short exact sequences (117) under isomorphism that es-
sentially simplify the proof of Thm. 1.8.
Consider the exact sequence

0— My 25 My %5 My — 0 (117)
of f.g. A-modules. After the choice of presentations M; = Alxti /U, the exact se-
quence (117) induces an exact behavior sequence

B(») 2@ g, {W) B(+)

0+ By Bs <0 (118)
Let
M; = AV U, U = AYPiR;, Ry € AP*bh | j=1,3,

an; : AV o My, 0 E4 Uy, wij =0+ Up, wi = (Wit -+, wip,) | € M7
(119)
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be arbitrarily chosen such presentations where, as usual, the §; are the standard basis
vectors. Choose an inverse image v € M§3 of ws under v, ¢(v) = ws. Then wo :=
(w(zvl) ) € Mfﬁel is a generating system of M5 with its associated presentation, i.e.,

Uy := ker (canz P AP ML (6 m) e Ev 4 W(Wl)) ,
My, = AVt /r,,

ident.

(120)

Remark 3.8. The following Lemma 3.9 is a special case of [6, Prop. V.2.2]. It was
rediscovered and applied to systems theory by Quadrat and Robertz in [24, Thm. 7,
§5] and [23, Thm. 7, §4]. The proof given here is more direct.

Lemma 3.9. For the data of (119) and (120) there is a matrix R € AP3*% such that
Uy = A1><(p3+101)R2 Ry = (%3 15 ) c A(p3+p1)><(Z3+£1) (121)
) . 1 .

Proof. The choice of wy induces a commutative diagram with exact rows and columns

0 Uy U, Us 0

|e I

0 A1><€1 °(0,ide, ) AlX(23+f1) Y A]-XZ:B —>0 (122)

icanl \Lcang lcang

0 M, ? M, Ms 0

The exactness of the first row is a consequence of the snake lemma [6, L. 111.3.2-3].
By definition the rows (Rs3);—, ¢ = 1,--- ,ps, belong to Us. Since Uy — Us is
surjective there are rows R;_ € A'*% such that

((Rs)i—, Ri_) € Uy C AV e (Ry)i v+ Ri_p(wy)=0.  (123)

Let R € AP+*%1 be the matrix withrows R;_ and Ry := (¢ &) € Apatp)x(fatty),
Then

Rewa = (5 1) (o) = ("0RNSY) =(9) =0

— R3V+RQO(W1) — 0, A1><(P3+P1)R2 g U2_

(124)

Let, conversely,

(&,m) € Uy C AXEH0) — ¢y 4 pp(wy) =0

= tws U (v +np(w) = 0= ¢ € Us = AP R3 (125)

B(¥)= w3, 1p=0
— HCI with f = C1R3 — C1R3V + <p(77w1) =0.

With the last equation of (124) this implies
e((n—GR)w1) =0 = (n—GR)w; =0

¢ injective
= n-CQReU=AYPR =30 : n—GR=GR
= ((1,¢)Ro = (G1,G2) (2 5;) = (R3, QR+ (R1) = (&,n)
= (&,n) € AYstr) R, — U, C AVt R,

(126)
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In the sequel we therefore assume w.l.o.g. that the exact sequence (117) has the
special form

id
o(0,i in (o L2 Din
02 AV g, COB gixes g CUED yn

where U; = AVPiR,, R, € AP*ti =123,
ly=Ll3+ 01, pp=ps+p1, Ro= (P 7).

(127)

The corresponding exact sequences of behaviors are given by

, idey )y
0« B(U) " By () B(Us) « 0 (128)

and for sufficiently large ny and n > ng

. ld o
0 ((C,,H_N)h (0,ide; )o ((Cn_i_N)fs-f-h ( (;73) ((Cn+N)e3 0

fe E Ie
0<— B(Ry,n) <—— B(Rg,n) <— B(R3,n) <——0

wr =—(w}), () =—ws
B(Ri,n) = {wi € (CHN)&; Riow; = 0}7 i=1,2,3,

B(Rz,n) = {(1) € (€)™ Ryows+ Rowy =0, Ryow; =0}
(129)
Moreover we always assume w.l.0.g. that the matrices R; and R3 have the state space
form from Thm. 3.6:
R; = qidy, —A;, A; € C(1)*4,i=1,3,

Vn > ng : B(Ri,n) = {wi e (@ wi(t+1) = Ai(t)wi(t)} .

(130)
For B(Rz, n) this implies

B(Rym) = {(4) € (€)™ ()}
where (x)  ws(t+1) = As(t)ws(t) — (Rowq)(t), wi(t+1) = A1(H)wi(t)}.

(131)
The behaviors B(R;, n) are ¢;-dimensional over C and indeed
B(Ry,n) = CH, wy = wy(n), B(Ry,n) = C", ws — ws(n),
~ l3+L w, w3 (n)
BBz m) = €4, () > (1240 (132)

with wy (t) = @1 (¢, n)wi(n), ®1(t,n) = A1(t —1)--- A1(n) and
wslt +1) = As(t)ws(t) — (Rown)(0)

3.4 The proof of Thm. 1.8
More generally than in (132) consider an inhomogeneous equation

wit+1) = A(tyu(t) +u(t), A®) € OO, ¢ =n>no, woue (€)'
(133)
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where, as always, A(¢) has no poles ¢ > ng. From (2) we know

t—1
Vi>n>ng: wt) =@, n)w(n) + Z ®(t, i+ L)u(i)

- (134)
— @)l < 1Bl + 319G, + i)

1=n

Lemma 3.10. Assume in (133) that B := B (Alxz(q idy —A)) is e.s. and that also the
sequence w is e.s. in the sense that there are ny > ng, a p.g.s. © > 0in C""* N and a
positive sequence a € C" N and p with 0 < p < 1 such that

ez n fu®)] < 0 e(n)al).

Then every solution w of (133) is e.s. in the sense that there are no > nq, a p.g.s.
g > 0in C™*N and py (0 < pay < 1) such that

Vt>n>mny: w(t)l < py " pa(n) max(|w(n)l, a(n)). (135)
Proof. By enlarging n1, ¢ > 0 and p, 0 < p < 1, we may assume w.l.o.g. that
Vt>n>ny |0t )] < p (), u®)ll < o' (n)a(n). (136)

Define ny := ny and b(n) := max(||w(n)||,a(n)). We insert the inequalities from
(136) into (134) and obtain

Vt>n>ng: lwt)l] < p o) w(n)]| + ipt*i*lw(i +1)p " p(n)a(n).

o (137)
Since ¢ is p.g. there are ¢; > 1 and m € N such that |¢(t)| < ¢;t™ and hence also
lo(i +1)| < eqt™ fori <t — 1. Fort > n > n; equation (137) implies

[w()]| < @)p" ™™ (1+ (t —n)p™ ert™) b(n)
m 138
< (t—n)"p " e(n) (1 +ep ! (t_t> ) b(n). (138)

n

Now choose py with p < py < 1 and c3 > 1 such that t™1pt < cyph. Moreover
t/(t—n)=1+n/(t —n) <1+nfort>nandhencefort >n >ny

lw@®]l < py™" (1 +e1p™ (1 +n)™) ecaip(n)b(n) = py~"p2(n)b(n) (139)
where ps(n) = (1 +cip” (1 +n)™) cap(n) > Lisap.gs.
Since @3(n) > 1 and ||w(n)|| < b(n) (139) also holds for ¢t = n. O
The next theorem coincides with Thm. 1.8 and is the main result of this paper.

Theorem 3.11. Exponentially stable behaviors form a Serre subcategory of the abelian
category of all LTV-behaviors. For the data from (117), (118) or, w.Lo.g., from (127)
-(132) this means that By is e.s. if and only if By and B3 are.
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Proof. We assume (127)-(133). The time n( below is always chosen sufficiently large.
1. By e.s. = B3 e.s.: There are a p.g.s. ¢ and p as usual such that

Vit > n > noVws = (3°) € B(Rg,n) :

(140)
lwz (1) || = max(|Jws ()], [wi(®)]]) < o~ () wa(n)]-
For
ws € B(R3,n) define wy := (°¢*) € B(R2,n)
= [[ws(®)]| = w2 @), ws(n)|l = [lwz(n)|| = Jws ()] < p "o (n)[lws(n)].

This means that B3 is €.s..
2. By e.s. = By e.s.: Again (140) is assumed. Let wy € B(Ry,n) and let wa := (3% )
be the unique wy € B(R2,n) with ws(n) = 0 (cf. (132)) or
ws(t+1) = Az(t)ws(t) — (Row)(t), ws(n) =0
— Jwy (m)]] = masx (0, wy (n)]) = max (s (n), s (n) ) = wa(n) | and
[[wr (8)|] < max ([lws(t) w1 (@)]) = [wa(t)]| < p' " (n) wz(n)]|
= [lwi(t)]] < p' T p(n)|Jwi(n)|| = B(U1) ess..

3. By,Bs e.s. = By e.s.: Fori = 1,3 there are, as usual, p.g.s. ¢;, ¢ = 1,3, and p;
such that

Yt >n > noVw; € B(Ri,n) : |lwi(t)]] < pl™"pi(n)|wi(n)]. (141)
Let
wy = (12) € B(Rz2,n), R= (" )
= w; € B(Ry,n) and ||wy(t)| < pi " ¢1(n)|lw1(n)| and (142)

Vt>n: ws(t+1) = As(t)ws(t) + u(t), u:= —Row.

Let R = Z?:o B;(t)q*, B; € C(t)P3*9 and assume that no B;(t) has a pole t > ny.
The B;(t) are rational and therefore of at most polynomial growth. Hence there are
¢1 > 1 and m € Nsuch that || B;(t)]] < ¢1t™ for all £ > ny. We conclude

Vi>n: —u(t) = (Rowp)( ZB
(143)
= [[u(®)|| = [[(Row)(t)|| < Z 1B ()| [|wi (t + )l
< (d+1Dert™pl” 901( Mwi(n)|.
We choose p with p; < p} < 1and ¢ > 1 such that t™pt < coplf. Moreover
fort >n: t™ < (t—n)"(1+n)" = [lu(t)]| < o "¢} (n)[Jwi(n)]|
143) (144)

with ¢ (n) := (d + 1)cica(n + 1)1 (n)

This also holds for ¢ = n due to (143). Obviously ¢} is a p.g.s.. Thus u = —R o wy is
e.s. in the sense of Lemma 3.10 with a(n) = ||w; (n)]|| and the lemma therefore implies
that there are a p.g.s. ¢ and ps as usual such that for all ¢ > n > ng

lws (O]l < p"p2(n) max([Jws(n)]], wi(n)]])
= [w2(t)l| = max([lws(®)]], [wi(®)]) < a(n)pl " lwa(n)]

where ¢4 = max (g2, 1), p4 := max(pa, p1). Hence Bs is e.s.. O

(145)
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Corollary 3.12. Let f = f1f2 be a nonzero product in A, hence 0 # Af C Afs.
Then f is exponentially stable if and only if f1 and f5 are.

Proof. The application of Thm. 3.11 to the exact sequences

(of2)inda
-

0>A/Afy A/Af cen A/Afy >0
a+Afi—afo+Af, b+ Af——b+ Afs (146)
B(f2) 2
0 < B(Af1) B(Af) B(Af2) <0
furnishes the result. O

Consider any torsion module M = A'*‘/U with U = A'*PR. The module M is
of finite length, i.e., artinian and noetherian, and admits a composition series

M=My2M 22 My 2M =0
with simple factors S; := M;_1/M; = A/Ap;,0 C Ap; C A, p; irreducible,

d(i) == deg,(pi) = dimg) (Mi—1/M;).
147)
An element p € A is irreducible if and only if Ap is a maximal left ideal or if and
only if A/Ap is a simple module. By the Jordan-Holder theorem the simple factors
are unique up to their numbering and up to isomorphism. Hence the p; are unique
up to their numbering and up to similarity where f and g in A are called similar if
A/Af % A/Ag.

Corollary 3.13. With the data from (147) the behavior B(U) is e.s. if and only if all
behaviors B(Ap;), i =1,--- £, are e.s..

Proof. Induction and Thm. 3.11 furnish the result by means of the exact sequences
0— M; S M;_1 — S; >0, S; = A/Ap;. (148)
O

Modulo the Jacobson package of [7] for the algebra Ag = Q(t)[¢g;a] D Q[q]
and (72) the computation of a composition series of a f.g. module over Ag reduces
to the factorization of a nonzero f € Ag into irreducible factors. For C instead of Q
such a factorization can only be approximated as is already the case for polynomials in
Clg] > Qlg]-

Call a f.g. module M e.s. if for one and then all (cf. Lemma 3.7) representations
M = A' /U the behavior B(U) is e.s.. Due to Thms. 1.8, 3.11 the e.s. modules
form a Serre subcategory of the category of f.g. A-modules that are all noetherian.

Corollary 3.14. Every f.g. A-module M has a largest e.s. submodule Ra.s(M), and
moreover Racs(M/Raes(M)) = 0.

3.5 Special stability results

In Sections 3.5 and 3.6 we describe cases where e.s. or lack of e.s. can be checked
algebraically.
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The proof of the following result in [13, Satz 11] on a disturbed state space system
seems to contain an error and therefore we give a simple different proof similar to that
of [25, Thm. 24.7].

Lemma 3.15. (cf. [13, Satz 11]),[25, Thm. 24.7]) Consider the difference equation

w(t+1) = Aw(t) + f(w(t),t), t >ng, A€ (CHH)>E f:C"xN—C".
(149)
Assume that w(t + 1) = A(t)w(t) is uniformly exponentially stable (u.e.s.), i.e., that
there are p1 with 0 < p1 < 1 and c¢1 > 1 such that

Vt>n>ng: || n)|| < cipl”" where ®(t,n) :== A(t —1)--- A(n).  (150)

Also assume that || f(v,t)| < €|[v]|, € > 0, forv € C* and t > ny,.
If € is sufficiently small then also (149) is u.e.s., i.e. there are p, 0 < p < 1l,andc > 1
such that

Wt > n > noVw € (C) with w(t + 1) = A(t)yw(t) + flw(t),t) :
lw(®)]| < ep " [lw(n)]].
Proof. The number e is suitably chosen below. With u(t) := f(w(t),t) we obtain
w(t+1) = A{®)w(t) + u(t)

(151)

? Vi>n>mng: wt) = n)wn)+ Z D(t,i+ 1)u(i)

i=n

= Vtznzne: [lw)ll < (|2 n)llwln)] + Dol (i + D)l

We insert ||u(i)]| < €||w(4)]] and (150) into (152) and obtain (2
¥t >0 >ng: Jwt)l] < el " lw(n)| + Z ap” euw@).  (53)
With y(t) := p; ‘|lw(t)|| and X := ¢, p] "¢ the preceding inequality implies
y(t) < ary(n +chpl ey(i) = cry(n +A2y (154)
This suggests to define inductively
Vt>n>ng: 2(t) :=cry(n) + /\Z (155)

Since ¢; > 1 this gives y(n) < z(n) = c1y(n) and inductively, by (154), y(t) < z(t)
for all t > n. The sequence z(t), t > n, satisfies the difference equation
z(n) = ciy(n), VtZm: z(t+1) = (1+A)z(t) =
2(t) = 1+ N)"7"2(n) = er(1+ 1) "y(n) = y(t) < 2(t) = cax(1+ N "y(n)
= w@®)l < e (pr(1+ )" wn)].

ty(t)=llw (o)
(156)
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But p1 < land p1(1 + \) = p1 + cre. Choose € > 0 such that p := p; + c1e < 1,
Equation (156) implies ||w(t)|| < c1p'~"||w(n)|| forall t > n > ng, i.e., (151).
O]

Example 3.16. This example shows that Lemma 3.15 does not hold if w(t + 1) =
A(t)w(t) is only e.s. and not u.e.s. From Ex. 3.2 and Lemma 3.7 we know that for
0 < p1 < p2 < 1 the system

w(t+1) = B{t)w(t), t >0, B(t) := (%1 pz+(ppz;p1)t> € C[2<2 C C(£)>*2

157)
is e.s., but not u.e.s. Define
0 0
Ct) = (2(P2+(P2—P1)t)71 0) ’
L _ p1 p2+(p2—p1)t 158
Au(t) = B(t) + C(1) = (2(p2+(ﬂzfp1)t)_l p2 ) (39
Dy (t,n) = A1t —1) %% A (n).
We conclude
det(A1(t)) = p1p2 — 2, |det(®1(t,n))| = (2 — pip2) ™" (159)
= fllglo C(t) =0, tli>1£10|det(®1(t,n) | = cc.
Hence the system w(t + 1) = B(t)w(t) is e.s. and the disturbed system
w(t+1) = (B(t) + C(¢))w(t), t > 0, is not although lim; ,~, C(t) = 0.
In the following corollary we consider a state space equation
w(t+1) = A(t)w(t), A e Ct)™*, ng+ N C dom(A), t > ng. (160)

Moreover we assume that the rational matrix A(t) is proper, i.e., that
A(00) := lim A(t) exists =
t—o00

tlim (A(t) — A(o0)) = 0and w(t + 1) = A(co)w(t) + (A(t) — A(oc0))w(t).
— 00

(161)
The matrices A(t) resp. A(co) give rise to an LTV- resp. LTI-state space system.

Corollary 3.17. If A(t) in (160) is proper then w(t + 1) = A(t)w(t) is w.e.s. if and
only if w(t + 1) = A(co)w(t) is (u.)e.s. or in other terms, spec(A(oc0)) C D =
{z€C; |7 < 1}.

Proof. Recall that u.e.s. and e.s. are equivalent for constant matrices. For any
€ > 03ny > novt >y : [JA(t) — A(co) || < e = | (A(t) — A(co))uw(t)]| < ellw(®)].
This and Lemma 3.15 now imply the corollary. O

It is open whether the e.s. of w(t + 1) = A(t)w(¢) instead of its u.e.s. and the
existence of A(o0) also imply spec(A(c0)) C D.
Corollary 3.18. Let f = ¢ + aq_1¢* ' + -+ +ap € A = C(t)[g; o] and assume
thatall a;, j =0,--- ,d — 1, are proper. Define

a;(00) := lim a;(t) and foo == q% + ag—1(c0)q* ™ + -+ + ap(c0) € Clg]. (162)

t—o0

Then the behavior B(A f) is u.e.s. if and only if all roots of foo belong to D.
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Ifin f = g — b, b € C(t), the coefficient b is not proper then lim;_,, |b(t)| =
oo and B(Af) is not e.s. If B(Af) is e.s., w € B(f,n) and hence w(t) = b(t —
1) -+ b(n)w(n) the e.s. of w implies |b(co)| < 1 and hence the u.e.s. of (¢—b)ow = 0.
Thus B(A(q — b)) is e.s. if and only |b(c0)| < 1.

Corollary 3.19. (cf. [2, Thm. 1037]) Assume the data of (147) and in addition that
all coefficients a;j(t) € C(t) of the p; = ¢%®) + ng())_l a;jq¢’ € A with M;_1/M; =
A/ Ap; are proper. If all roots of all polynomials p; ~, = q*) + Z;l(:%_l a;j(00)g? €
Clq] belong to D then the behavior B(U) is e.s. .

Ifalld(i) =1 orp; = ¢ — b, bj == —a,o, then B(U) is e.s. if and only if |b;(c0)| < 1
for all i.

Definition 3.20. If the b; in Cor. 3.19 exist they are called quasi-poles of B(U).

3.6 Special instability results

The following theorem is an unstable counter-part of Cor. 3.17. Its proof is an adaption
of that of [5, Thm. 2] where the authors prove an analogue for nonlinear difference
equations of an instability result of Chetaev for differential equations; cf. also [25,
Thm. 23.6]. In the following let ||y|| resp. |ly||2 denote the maximum norm resp. the
2-norm on CY. They obviously satisfy ||y|| < |lyll2 < ¢'/?||y|.

Theorem 3.21. Consider the system (160) with proper A(t) and assume that A(oo)
has at least one eigenvalue o with || > 1. Then

Ing > nodp1 > 1¥n > nyJw(n) € Ct, w(n) #£0,Vt >n:

. e (163)
lw(®)ll2 > pi" lw(n)ll2, hence also |[w(t)|| > g~/ pi " [w(n)].

In particular, the system w(t + 1) = A(t)w(t) is not e.s.

Proof. 1. The proof needs several steps and uses ideas from Lyapunov’s stability the-
ory. For a matrix H = (H;;); ; € C** let H* with (H*);; := Hj; be its adjoint. For
y € C* this implies y*y = ||y||3. The matrix H is hermitian if H = H*. We choose
p > 0 such that

la|™t < p < 1and VYA, p € spec(A(c0)) : p*Au # 1

and define A, (t) := pA(t), B := A1(00) = pA(0). (164)

Then spec(B) = pspec(A(oco)) contains pa with [pa| > 1 and thus A, () satisfies
the same hypotheses as A(t). Moreover Au # 1 for all A\, u € spec(B). By [18, Thm.

5.2.3] we infer the existence of a hermitian matrix P with
B*PB—P+1=0, I :=idy, P = P*. Define (165)
V(y) = —y*Py € Rfory € C' = V(By) = V(y) + |lyll3-

The function V' is a quadratic form. Choose an € > 0 such that I + ¢(I — B*B) is
positive definite. Then

B*(P+el)B— (P+el)+1+¢(l - B*B)=0. (166)

Since B has the eigenvalue pa with |par| > 1 the Lyapunov criterion implies that P+ ¢l
is not positive definite and hence

Jy e, y#0, withy* (P +el)y = =V (y) +ellyll; < 0= V(y) >0. (167)
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2. Consider any hermitian matrix H = H* € C**¢. A standard matrix result says that

Amax = max(spec(H)) = maxozyece [yl (" Hy) and

\ . (168)
ly*Hy| < p(H)|lyll5 with p(H) := max {|A|; A € spec(H)}.

For H = — P from above equation (167) implies that A\;,,x > 0 and hence

Vy S Ce : V(y) = y*(*P)y S )\nlaxHy”g, Elym S (CZ : V(ym) = )\max”ymH% > 0.

(169)

We now compute V' (A;(t)y) for ¢ > ng. Since A;(t) is proper and B = A;(c0)
we write A1(t) = B +t~*C(t) with proper and thus bounded C(t) and conclude

V(Ai(t)y) = y* (B+t7'C1) (=P)(B+t'C(t)y =
y*B*(—P)By+t 'y H(t)y =V (By) +t'v*"Ht)y  (170)

2 —1, %
= H
5 VW) vl + 17y H by

where H () is rational, proper, hermitian and bounded. Since H (t) is bounded so is
spec(H (t)). Define

o:=supy |Al; A€ U spec(H (t)) (1:68>)
thD
V¥t 2 mo : [y H(E)yl < ollylls = V(AL(t)y) 2 V() + (1= ¢""0) [lyllz-

(171)
Choose n1 > ng such that

ny > max(ng,20) =Vt >ny: 1 — t7 o> 1/2
— V> nmVy: V(A(y) > V) +27 lz > 1+27)2000V ().
(171) (

169)
(172)
3. According to (169) choose a nonzero y € C* with V(y) = Amax||y[3 > 0. Let
n > ny and consider the system y(¢t + 1) = A1 (t)y(t), t > n, y(n) = y. Equation
(172) furnishes

Vi Vgt +1) 2 (1+270000) V), V(y(n) = Amaxlly(nll3 > 0
— V(y(t) = (1+2705) " V(yn)

induction

_ _ t—n
= Amaly(015 = (1427 200) " Amaclly(n) 3

t—n
— vt zn: y@l: > ((1+27000012) Jym..
(173)
Finally consider the system

w(t+1) = A(w(t), t > n, with V(w(n)) = Aax/Jw(n)|? > 0 (174)
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and define y(t) := pw(t) with p from (164), especially y(n) = p"w(n). Then

y(t+1) = p"w(t + 1) = pA(t)p'w(t) = A (t)y(t), y(n) = p"w(n) and
V(y(n)) = )‘maXHy(n)”%

t—n
—vt=ns y@)le = ((0+272000072) lum)ll

(173)
— V= wb)lls = o wn)] with pr = (1427 AL Y2p 7 > 1.
(175)
O

Definition 3.22. Let R € AP*, U := AYPR, B := B(U) and ng + N C dom(R).
The behavior B is called exponentially unstable (e.unst.) if
Ing > ne¥n > ny3w € B(R,n)3d € NIp > 13¢ > OVt > n: cp' < |z(t)|
where z(t) := (w(t), -+ ,w(t + d)).
(176)
The trajectory w from (176) is also called e.unst..

It is obvious that in Thm. 3.21 the behavior B(A'**(gI — A)) is e.unst..
Lemma 3.23. Exponential instability is preserved by isomorphisms.

Proof. We use the data from Lemma 3.7 and obtain for sufficiently large n; > ng and
n > nq surjections Pyo : B(Ra,n) — B(R1,n). Assume that wy; € B(Ry,n) is an
e.unst. trajectory, i.e.,

Vt>n: cph <o), 21(t) == (wi(t), - ,wi(t+d)), dEN, ¢; >0, py > 1.

Let wo € B(R2,n) be an inverse image with w; = P; o wa. As in the proof of Lemma
3.7 we derive the existence of ¢c; > 0 and m € N such that

VEZn: wi(t)] < eat™ max([[wa @), -, (w2t + dv)]) =
Ve (a1 ()] < cat™ as (), @a(t) = (walt), - walt+d+ di)) =
¢
. aipy
Ve n: g < ()]

For any 1 < ps < p; there is a c3 > 0 such that

¢
cot™ e < ezph t> 1=Vt >n: % < el =
C3p

2
caphy < |lza(t)|, ca = cic3t, p3 = pipy "t > 1.

O

Corollary 3.24. If under the assumptions of (117) and (118) the behaviors 131 or Bs
are exponentially unstable then so is Bo.

Proof. Due to Lemma 3.23 the proof proceeds like 1. and 2. of that of Thm. 3.11. [

Corollary 3.25. If under the assumptions of (147) all p; are proper and at least one
Pico (¢f Cor 3.19) has a root of absolute value > 1 then the behavior B(U) is
exponentially unstable.
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4 Standard consequences of the duality theorem

We show that the duality theorem Thm. 1.6 and especially the exactness of the dual-
ity functor imply various important results well-known from LTI-systems theory. The
proofs are slight variants of those of the corresponding LTI-results.

1. Connection with the LTI-theory: The relevant LTI-theory is that with the signal
module ¢, C" where Clg](C A) is the commutative polynomial algebra of difference
operators with constant coefficients. The partial fraction decomposition furnishes

C(t) = &2, Ct' & B,ec B2 C(t — 2) ™", hence also a7
A =872,C(t)¢ = B2t'Clg] @ Bzec B, (¢ — 2)"*Clg.

This implies that the right Clg]-module Ay, is free and therefore faithfully flat [1,
Prop. 1.3.9], i.e. the functor

C[q]MOd —A Mod, M — A Qc[q] M, (178)
preserves and reflects exact sequences. In particular, [1, Prop. 1.3.9]

VYV Cepg Clg]***: V = Clg)*** N AV where

179)
AV =A ®C[q] VCA ®(C[q] (C[q]lxZ = A

IfV = C[q]***R, R € C[q]***, then AV = A'**R and the associated LTI- resp.
LTV-behaviors are

V= {we (C% Row =0} = B(R,0) resp. B(AV) = cl (B(R,n))n>0) -
(180)
If Vi, Vo C Clq]*** are two submodules the cogenerator property of Clq] CN, Thm. 1.6,
(3), and (179) imply

Vi CVy <= V5" C Vit <= AV, C AV, <= B(AV,) C B(AV;). (181
These equivalences also follow from the isomorphisms
q"o: C"N =N ¢": B(R,n) = B(R,0). (182)
Hence the map
{LTI-behaviors} — {LTV-behaviors}, V* — B(AV), (183)
is injective and preserves and reflects inclusions. Therefore we identify

VR € Clg)***, V :=C[¢]"**R : B(R,0) = V* = B(AV) = cl (B(R,n))n>0) -

(184)

Due to (178) and (184) the LTI-theory of C[q](CN-behaviors is fully embedded into the

LTV-theory of this paper.

2. Exponential stability in the LTI- resp. LTV-theory: As in item 1. consider R €

Clg)*** and V = C[g]***R. Assume that V- = B(R,0) C ((CN)K is autonomous,

i.e., rank(R) = (. The characteristic variety of the torsion module M = C[q]'**/V

or of the behavior V' is

char(M) := char(V*+) = {)\ € C; rank(R()\)) < rank(R) = £} =

185
{/\ € C; VECIN # o} where C[{]A* := C™ for \ = 0. (155
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The characteristic variety gives rise to the modal decomposition

vi= @ (VLQ«:[t]W). (186)

A€char(V+4)

It implies that V' is asymptotically or exponentially stable if and only if char(V+) C
D :={z € C; |z| < 1} . The Smith form implies an isomorphism

M =] Clal/Clqlfi, fi € Clg), deg,(fi) >0 =
=t (187)
char(M) = | J Ve(fi), Ve(fi) == {A € C; fi(\) =0}
i=1

Hence V= is asymptotically stable if and only if all roots of all f; lie in D. The
isomorphism in (187) also implies

AVYAV = A @c M HA/Afl — B(AV) HB Af).  (188)

=1

According to Cor. and Def. 3.19 B(AV) is e.s. in the sense of this paper if and only if
all roots of all f; lie in D. Hence asymptotic stability of the LTI-behavior V- and the
LTV-e.s. of B(AV) coincide.
3. Willems’ elimination: Let

Pe Ax4 U Cc A4 By = B(UY),

189
Uy := (oP)~ Y1) := {ne AV pp e Ui}, By = B(Us). (159

The monomorphism (0P)i,q : A% /Uy — AV /Uy, 1+ Uy v nP + Uy, and
Thm. 1.6,(1), imply the epimorphism

o B(Ul) —>B(U2) OI’POB(Ul) :B(UQ) (190)

Hence the image of a behavior under a difference operator P € A%*% is again a
behavior. In Willems’ language the behaviors of this paper admit elimination. Note
that Willems considered projections of the form

P = (idy,,0) € A»** 2+ and Po: (¥) s w (191)

only and thus eliminated the n so-called latent variables x;, for instance the state x.
4. Ehrenpreis’ fundamental principle: Consider the behavior W = ¢l ((C"*N),,5¢) =
B(0) and an exact sequence of modules and its dual exact sequence of behaviors

A1><Zg A1><€2 oP

wh £,

A4 hence AV5Q = {ne AV P =0},

W 25 Wh hence Po W = ker(Qo), (192)
= In¥n > ng: Po (C"M8 = fue (€™ Qou=0}.
This implies that for n > n; the equation P o w = u, u € (C"*N)* has a solution

w € (CM4 ifand only if Qou =0ornou = 0if nP = 0.
5. Input/output structures: Let R € A*** c KF*¢ of rank p := rank(R) where
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K := quot(A) (cf. (80)-(82)). Then there are various choices of p columns of R that
are a basis of the column space RK* of R. After the standard column permutation one
writes R = (P, —Q) € KF*®+™) ¢ — p 1+ m, and obtains rank(R) = rank(P) = p

and the unique transfer matrix H € KP*™ with PH = Q. Define

U:=AYHP —Q), U := AYFP, M .= A1><(;0+m)/U7 M= AP /U0,
B:=BU), B :=BU).
(193)
Since P € A¥*P and rank(P) = p the module M? is torsion and B° is autonomous.
In analogy to the LTI-case the sequence of A-modules
(0(0,idm)); (C('3)),
0 — ALxm D2 lindy p — Atxrm) 2 2 0 22ma, 0 — ATXP /0
(0(0,idm))ina : = (0,m) + U, (0 (*%)),q: Em)+U—=E+U°
(194)
is exact. Conversely, the exactness of this sequence and the torsion property of M°
imply rank(P, —Q) = rank(P) = p. The decomposition R = (P, —(Q) is called
an input/output (10) decomposition or structure of R, M or B. The description by
the exactness of (194) shows that the structure depends on M, but not on the special
choice of R. The exactness of the module sequence (194) implies that of the behavior
sequence (W = cl ((C"™),,>0))
(idp )O
0—» B 22y B Wm0 . (195)
y o~ (o)) = u

(0,id )0
S

For sufficiently large n; and n > n; this implies the exactness of
(o) m
0— B(Pn) ——— B((P,—-Q),n) ((C”*N) —0

y = (6), (8) = u

where B(P,n) = {y € (C”*N)p; Poy= O} and
B((P.~Q)m) = {(4) € (€)™ Poy=Qou}.

Hence the component v of a trajectory (%) of B((P,—Q),n), n > ny, is free, i.e.,
can be freely chosen as input, but there is no larger component with this property. Up
to the introduction of the initial time 74 this is the standard LTI-result.

The e.s. of an I0-behavior 3 is defined by that of its autonomous part 5°. Using this
we finally prove Cor. 1.9 with the help of [11, §2.4]. With the data from (129) and
(130) consider, for sufficiently large n, I0-behaviors

(0,id )0
I

(196)

Bi(n) == {(1) € (€)™ Riowi + Qow =0},
~ L3+ (197
B3(n) = {(gg)E(C"+N)J ;R30w3+ROU3=0}

where (R;,Q) € A“>(i+k) The conditions R; € A%*% and rank(R;) = ¢; for
i = 1,3 imply that these B; are indeed I0-behaviors. The series interconnection of
first B; and then Bs is given by

w3

g(n) = {(ﬁ'fll) € (Cn+N)£a+el+k iRgows + Rowy =0, Riow; +Qouy = 0}
(198)
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and is itself an I0-behavior with input u;. Its autonomous part is

B°(n) := {(ﬁﬁf) € ((C"JFN)ETHl iRgows + Rowy =0, Riow = 0} = Ba(n).

(129)
(199)
So Cor. 1.9 is indeed a simple consequence of Thm. 1.8.

6. Controllability: The behavior B(U), U C A is called controllable if its
module M = A1x¢ /U is torsionfree and thus free, cf. (79). This is equivalent to the
existence of an image representation (Willems) or parametrization (Pommaret), i.e.,
an epimorphism Po : W™ = B(0)™ — B(U), i.e., of surjections Po : W (n)™ —
B(R,n) for sufficiently large n > ny. This also means that trajectories of B(U) can
be concatenated as usual, but only after the time instant n;. If tor(M) = V/U then
Beont (U) := B(V') is the largest controllable subbehavior of B(U). The isomorphisms
(72), (79) imply tor(M) = [[;_; A/Af; and M = A*~" x tor(M) and thus the
controllable-autonomous decomposition

BU) =Wk x <H B(A fi)> . (200)

7. A larger coefficient field than C(t), cf. [22, Ex. 1.2]: Consider m > 1 and the locally
convergent Laurent series a(z) = > o0, a;2', k € Z, with o(a) := limsup;~ v/]ai| <
oo. Standard complex variable theory shows that a(z) is a holomorphic function in the
annulus {z € C; 0 < |z| < o(a)~*}. Therefore the function f(t) := a(t~*/™) of the
real variable ¢ is a smooth function in the interval (o(a)™, c0), in particular it has no
poles for ¢ > o(a)™. Also there is a 7 > o(a)™ such that f(¢) has no zeros for ¢ > 7.
Like in the case of rational functions we identify f = (f(t)):en,t>0(a)m- These se-
quences form a field F' that has the properties (i)-(iv) of Remark 1.1,(a). The field F'is
isomorphic to the algebraic closure of the field C((z)) of locally convergent Laurent se-
ries and contains C(t) = C(¢~1). Examples for such sequences are (¢ cos(t~1/2))
or (exp(t~1))i>0, but not (cos(t))¢>o-

8. Stabilization: In [20] the method of this paper and that of [3] are used for the
construction and (Kucera-Youla)-parametrization of all stabilizing compensators for
tracking, disturbance rejection and model matching of a stabilizible LT V-differential
system. The differential analogue of Thm. 1.8 turns out to be a decisive tool.
Acknowledgement: We thank the three reviewers and the associate editor for their
comprehensive reports, valuable criticism and various suggestions that essentially im-
proved the paper’s presentation.
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