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Abstract

We develop a new approach to exponential stability of linear time-varying
(LTV) differential behaviors that is analogous to that in our paper on exponential
stability of discrete LTV behaviors (to appear in SIAM J. Control Optim. 2015).
Stability theory for differential state space systems with smooth coefficients is an
important subject in the literature. For differential LTV behaviors with arbitrary
smooth coefficients there is no reasonable stability theory. Therefore we restrict
the smooth varying coefficients to functions that are defined by means of locally
convergent Puiseux series. All rational functions are of this type. We introduce
a new kind of behaviors and prove a module-behavior duality for these. We de-
fine a new notion of weak exponential stability (w.e.s.) of a behavior B and its
associated finitely generated (f.g.) module M and show that the w.e.s. modules
and behaviors are closed under isomorphisms, subobjects, factor objects and ex-
tensions. The standard uniform exponential stability of state space equations is not
preserved under behavior isomorphisms and unsuitable for a behavioral theory. In
the main result we assume a nonzero f.g. torsion module M and its associated
autonomous behavior B. Such a module may be regular or irregular singular ac-
cording to the Galois theory of differential equations. If it is nonzero and regular
singular it is never w.e.s.. For irregular singular M we characterize w.e.s. of most
B algebraically and constructively.

AMS-classification: 93D20, 93C15, 93B25, 34D05, 34D20
Key-words: exponential stability, differential behavior, time-varying, duality, Serre
category

1 Introduction

In this paper we develop a new approach to exponential stability of behaviors that are
described by linear time-varying (LTV) differential equations. The method is the ana-
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logue of that in our paper [5] on exponential stability for discrete behaviors and differs
from that in [4, Ch. 6]. Stability and stabilization for LTV differential state space sys-
tems is an important subject in the literature, see for instance the books [21, Chs. 6,7,8,
pp- 99-141] and [12, Ch. 3, pp. 193-368] and their comprehensive bibliographies and
the recent papers [19], [11], [1], [2]. The main theorems of the present paper are Thms.
2.3, 2.7 and 2.8 and are exposed in Section 2.

We use the differential field K of locally convergent Laurent series in 2%/, m > 1.
The elements of K are of the form a(zY/™) = 3°°°, a;2/™, k € Z, and give rise to
smooth functions f(t) = a(t~'/™) that are defined on intervals (7, 00) C R for suf-
ficiently large 7 > 0. These f(t) are the coefficient functions of the considered LTV
differential systems. The field K contains the fields of rational and even of meromor-
phic functions, but only their germs at 0 are used for defining f(¢). With its standard
derivation d/dz the field K gives rise to the noncommutative algebra A = K]9; d/dz]
of differential operators that is a principal ideal domain. We introduce a new kind of
behaviors and prove a categorical duality between these behaviors and finitely gener-
ated (f.g.) A-left modules, cf. Thm. 2.3. We define a new notion of weak exponential
stability (w.e.s.) of a behavior B and its associated f.g. module M by analytic condi-
tions on the behavior’s trajectories, cf. Def. 2.4. In contrast to the standard uniform
exponential stability (u.e.s.) [21, Def. 6.5] w.e.s. is preserved by isomorphisms and
characterized by exponential decay factors exp(—at*) with a, p > 0 instead of the
standard factors exp(—at). The w.e.s. modules and behaviors form Serre categories,
i.e., are closed under isomorphisms, subobjects, factor objects and extensions, cf. Thm.
2.7. In the main result Thm. 2.8 we assume a nonzero f.g. torsion module M and its
associated autonomous behavior 5. Such a module may be regular or irregular sin-
gular [16], [20], cf. Section 5. If it is nonzero and regular singular it is never w.e.s..
If it is irregular singular we construct a complex matrix Ag from M and show that M
and B are w.e.s. if the eigenvalues of Ay have positive real parts and are not w.e.s. if
at least one eigenvalue of Aj has a negative real part. If the eigenvalues of Ay have
nonnegative real parts and at least one of them is purely imaginary then M and B need
not be w.e.s..

We refer to [5, Section 4] where it is shown (in the analogous discrete situation) that
the module-behavior duality of Thm. 2.3 implies the standard consequences for dif-
ferential LTV behaviors like Ehrenpreis’ fundamental principle, Willems’ elimination,
controllability and input/output decompositions.

Remark 1.1. (cf. [5, Remark 1.1]) (i) Difficulties with arbitrary analytic coefficients:
Consider the differential equation cos?(t)w’(t) — w(t) = 0, t € R, with its nonzero
solutions w(t) = cexp (tan(t)), ¢ # 0, and singularities in (n + )7, n € Z, where
the system explodes. For such systems stability of any kind cannot be defined. The
singularities lie in the infinite discrete set D of zeros of cos(t). In [14], [22] these sin-
gularities are omitted from the time domain, i.e., the signals are considered as smooth
functions on R \ D. The mathematical problems with the singularities are thus cir-
cumvented, but not the engineering ones because a time axis with infinitely many gaps
has no engineering significance. This suggests to use coefficient functions that have no
zeros for t — oo.

(ii) Difficulties with smooth coefficients: Differential rings of general smooth functions
are, in general, neither integral domains nor noetherian and this is inherited by the
associated rings of differential operators. Such rings have only weak and unconstruc-
tive algebraic properties. In particular, they do not admit a module-behavior duality
and algebraic algorithms for the solution of systems theoretic problems. This sug-
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gests to choose coefficient rings of analytic functions. The best algebraic properties are
obtained if the coefficients form a differential field and the associated ring of differ-
ential operators is a principal ideal domain. The field of meromorphic functions [13],
[22],[14] is unsuitable due to (i).

(iii) Puiseux series: It turns out that the field K of locally convergent Puiseux series
and the derived coefficient functions have all required properties. Moreover there is a
substantial Algebraic theory of differential equations [16], [20] that is used to derive
the algebraic characterization of exponential stability in this paper. Similar coefficient
domains were already considered in cf. [4, §§5.4, 6.2, 6.3].

(iv) Constructivity: Due to, for instance, [20, Ch. 4] and [6] the algebraic derivations of
this paper are constructive if one replaces the base field C by the field Q(7) as always
in numerical computations. We hope that experts in Computer Algebra will implement
our results and algorithms.

(v) Lyapunov theory: This is implicitly used in the proof of Thm. 5.7 by means of the
quoted Result 5.6 from [21, Thms. 7.4, 8.6] and explicitly in the proof of Thm. 5.8.
(vi) Difference to [4]: In this paper we do not and do not have to use the product de-
composition of a differential operator in A into linear factors. This does not always
exist. In analogy to [5] we also use new behaviors that enable the definition of weak
exponential stability in generalization of the standard uniform exponential stability [21,
Def. 6.5].

The Sections 3, 4 resp. 5 are devoted to the proofs of the main Thms. 2.3, 2.7 resp.
2.8. The proofs in Sections 3 and 4 are analogous to those in the discrete case [5] and
only their essentially different parts are carried out in detail. In Section 3.6 we also
define and characterize autonomy of a behavior as usual.

Continuous LTV systems and their stability from the engineering point of view have
been treated in the books [21] and [4] and, for instance, in the papers [13], [9], [22],
[14], [15], [19], [11], [1], [2].

Notations and abbreviations: C,_) := {z € C; R(z) > (<)0}, e.s.= exponen-
tially stable, f.d.=finite-dimensional, f.g.=finitely generated, p.g.f.= polynomial growth
function, resp.=respectively, spec(Ag) :=set of eigenvalues of a square complex ma-
trix A, u.e.s.= uniformly e.s., w.e.s.= weakly e.s., w.l.0.g.=without loss of generality,
XPXd=set of p x g-matrices with entries in X, X ¥X%=rows, X9 := X9 !l=columns ,
Xeoxe .— Up7q>0 XPxq

2 Exposition of the main results

In this Section we give sufficient details for the main results in order that these can be
understood without the proofs in the following sections.

Any linear time-varying continuous systems theory requires the choice of several
data: the time axis, the algebra K of coefficient functions, the associated algebra A of
differential operators and its finitely generated (f.g.) modules, the module of signals
and the associated solution spaces of linear differential systems, called behaviors. The
algebraic properties of these data are determined by those of K and the signal space.
In this paper we make the following choices:

As time axes of variable length we use the open intervals (7,00) := {t € R; t > 7}
with 7 > 0. Since we are going to study the behavior of trajectories w(t) for ¢ — oo
the restriction to 7 > 0 is no loss of generality. The consideration of different initial
times 7 is required by the time-variance of the systems. As signal spaces on (7, 00) we
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take the C-spaces
W (r) = C*®(1,00) or W(7) := D' (7, 00) (1)

of complex-valued smooth functions or distributions on the interval.

As coefficient field we choose the algebraic closure K := ., C << Zm s>
of the field C << z >> of locally convergent Laurent series in the variable z where
C << 2Y™ >> is the field of Laurent series in the variable z1/™, cf. Section 3.1 and
Result 3.2. The nonzero elements of C << z'/™ > have the form

f= 1/’" Zal m,azZaizi€C<<z>>,
i=k )

withk € Z, a # 0, o(a) (hmsup\/|at> < 0.

By standard complex variable theory the number p(a) := o(a)~? is the convergence
radius of a and the function a(z) is holomorphic in the annulus

{z€C 0<z| <pla)} 3)

and hence defines the smooth function

Ft) = at™t™) Zaz Tme C¥(o(f),00), f=alz""™), o(f) = ala)™

“)
Notice that for f = a(z*/™) € K and t > o(f) we write f(t) = a(t~*/™) and not
f(t=1) or f(t~/™). The function a(z) is holomorphic in 0 too if and only if & > 0
or a(z) is a locally convergent power series, and then f(t) = a(t~'/™) is bounded
on each closed interval [1,00), 7 > o(f) . These functions f(¢) are the coefficient
functions in our differential systems and are defined only on the interval (o(f), 00)
depending on f. Examples for such coefficient functions are rational functions

f(t) € Ct) = C(t™Y), tY3 cos(t™1/2), t2exp(t™), butnot cos(t).  (5)

The field K is a differential field and equipped with the standard C-linear derivation

d/dz : K = K, a(z"™) = da(z*/™)/dz = mflzﬁfla'(zl/m) where

oo oo
A o (6)
(-):C<<z>>>3C<<z>> a= E a;z' —d'(z) = g ia; 2t
i=k i=k

(cf. (58)) and gives rise to the noncommutative skew-polynomial C-algebra of differ-
ential operators [17, §1.2], cf. Section 3.2,

= K[0;d/dz] = X K& 5 f = f;0

§=0
with the multiplication for a,b € K, 4,5 € N : @)

i J) — i ¢ d* k+] _
(ad?)(bd") kz_%(’f) dlka Ob = b0 + db/dz,
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By definition almost all, i.e., up to finitely many, coefficients f; € K of f are zero.
Notice that d/dz : K — K is a map whereas 0 denotes an indeterminate. The algebraic
properties of A and its f.g. modules are well-known: It is a left and right principal
ideal domain, hence noetherian, [17, Th. 1.2.9, §5.7] and simple (cf. Lemma 3.5),
i.e., 0 and the whole ring are its only two-sided ideals. The module structure will
be used to study that of the associated behaviors. For every nonzero a € K also
a(z)d/dz : K — K, b+ adb/dz, is a derivation and therefore

A = K[0;d/dz] = K[ad;a(z)d/dz] = ®jenK (ad)’, especially

. (8
A =K[0;d/dz] = K[20; 2d/dz] = K[~220; —22d/dz] = ©;enK (—220). ®

For

f=> fi0 € Aand R = (Ry)u = »_ R;07 € AP*? define

J J
o(f) ==max{o(f;); j €N}, o(R) :=max{o(Ru); p <p,v<gq}
= VjeN: f;(t) € C®(c(f), ), Rj(t) € C(a(R),00)P*9.

€))

For every 7 > 0 we obtain the subalgebras

K(r)={f=az"Y")eK; r>0(f)=0c(a)™} C A(r)= Kr(]T)[a; d/dz]
K =U;>oK(™) C  A=UxAlM)
(10)

Likewise the derivative
d/dt : C(t) := C®(7,00) — C(7), g — ¢ = dg/dt, (11)

is a derivation and gives rise to the skew-polynomial algebra of differential operators
resp. the standard module action

B(71) := C(7)[0; d/dt] = EB;”;OC(T)(‘),{ resp. o : B(7) x W(r) — W () with
dow=1w', (gow)(t) =gt)w(t), g € C(r), w e W(r).
(12)
Again 0, is an indeterminate. As indicated in the Introduction the algebraic proper-
ties of the algebra B(7), its f.g. modules and the signal module g,/ () are weak.
Therefore we replace B(7) by A(7) as follows: According to Lemma 3.4 and (69)
below the map

: A1) = K(7)[-220; —2%d/dz] — B(r)= C(7)[0s;d/dl]
Yotoa; (M) (=220) = et ™M, (13)
O(—220) = 0, @(a(zl/m)) = a(t_l/’”)
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is an algebra monomorphism and induces the action

A(r) x W(r) = W(r), (f,w)— fow:=d(f)ow, fort > T,
f= Za (/™) (=2%0) € A1) = K(7)[—2%0; —2%d/dz], w € W (r) with

(—228) ow=2>8 ow=uw, (—220) ow =w" = dw/dt,
(a(z"/™) ow)(t) = a(t™ /™ w(t), (9o w)(t) = —t*u,

(fow)(t Za] t_l/"'

(14
that makes W (7) a left A(7)-module.
Remark 2.1. The simpler map
®,: A(7) = K(7)[0;d/dz] — B(r Za (/™) HZ (V™o
15)

with ®(9) = 9,, 1(a(z1/m)) =a(t” 1/m)7
is C-linear, but not an algebra homomorphism since, for instance,
D1(02) =®1(20+1) =t710, +1 #7109, —t7 2 =0t = ,(9)P1(2).

The action f o1 w := ®1(f) o w with @ o; w = w’ can be defined, but does not make
W (7) an A(7)-left module and is indeed useless.

More generally, a matrix R = }_ Rj(—2%9)7 € A(7)P*9 C AP*? acts on a
column vector w € W ()9 via

Row::ZRj(t) , R= ZR )} € A(T)P* (16)

and gives rise to the solution spaces or behaviors
B(R,7):={weW(r)% Row =0}

: 1
= weW(r) ZRj(t)w(J) =0, 7>0(R). a7

J

Since A is not commutative the behavior B(R, 7) is only a C-space and not an A(7)-
module.

The dependence of the admissible 7 on the defining matrix R suggests to consider
behavior families (B(R,7))r>r,, 70 > o(R), especially (B(R,T))r>c(r). For the
comparison of different such families we introduce the equivalence relation and equiv-
alence classes

VR € AP** 1. > o(Ry), k=1,2:

(B(R1,7))r>r, = (equivalent) (B(R2,T))r>r,

i<= I73 > max(m, 72)VT > 73 : B(R1,7) = B(Re,7),

cl ((B(R),T)r>0(r)) := equivalence class of (B(R,T))r>q(R)-

(18)
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To study the equivalence classes means to study the behaviors B(R;, 7) for large 7 >
T3, the transient behavior in the interval (o(R;),73) is neglected. This is appropriate
for stability questions where the properties of the trajectories w(t) € B(Ry,T) for
t — oo are investigated. If U C A'*9 is any (always f.g.) submodule and generated
by the rows of a matrix R € AP*9 ie., U = A™PR then

B(U) :==cl ((B(R,7))r>0(r)) (19)

depends on U only and not on the special choice of R, cf. Lemma 3.7, and is called the
behavior associated to U. Note that W () is an A(7)-, but not an A-module and that
B(U) is not isomorphic to Homa (A'*4/U, W) for any natural A-signal module V.
But in Section 3.3 we construct an abelian category 9B that contains the objects B(U)
and also suitable morphisms between these behaviors. The category of the objects
B(U) and the behavior morphisms is the abelian category Beh of behaviors.

Example 2.2. We have to use the linear state space systems [21, p. 13]

' = F(t)r+u, F=A(zY™) e K™ z,ueW(r)" where

20)
AeC<<z>>"" F(t)=A{t"Y™), 1> o(F) = o(A)™.

The equation z'(t) = F'(t)x(t) with given initial condition z(to), to > 7, has the
unique smooth solution
x(t) = (t, to)x(to) € C(1,00)", ®(—,t9) € Gl,, (C>(7,00)) where
dd(t,t Q1)
BEL) _ pit)p(r,t0), Blto,to) = id, @00, 10) " = B(10, ),

and ®(t,tp) is called the transition matrix [21, Thm. 3.3]. There results the C-
isomorphism

B(—z%0id,, —F,7) = {x ¢ W(1)"; 2/(t) = F(t)z(t)} = C", z — z(ty), (22)

where z(t) = ®(¢t,to)x(to). For 71 > 7 the isomorphism (22) induces the restriction
isomorphism

res : B(—220id,, —F,10) — B(—220id,, —F, 1), x Z(7,,00)- (23)
The distributional solutions of ' = F(t)x + u, z,u € D'(7,00), are
x = ®(t, tg)xy with 2} = ®(t,t9) " tu = ®(tg, t)u. (24)

If u is continuous the solution x is given by

t
x(t) = ®(t, to)z(to) Jr/ O(t, s)u(s)ds. (25)
to

The duality between f.g. modules and behaviors gets the following form: Let
aMod™ be the abelian category of f.g. A-modules M with a given finite system
of generators or, equivalently, a given representation M = A'*9 /U as factor of a free
module A'*? by a submodule U. The morphisms of aMod' are just the A-linear
maps. Fliess [8] calls a module M with the additional structure M = A'*4 /U alinear
dynamic or LTV system. In analogy to the discrete case [5, Cor. 2.7] we extend the
assignment M = A'*%/U s B(U) to a contravariant functor
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M = AU s B(U)
(p: A0 U, — AV JUL) s (B(g) - B(Uz) — B(UY))
(26)

AMod®™ — Beh, {

The first main theorem of this paper is

Theorem 2.3. (c¢f. [5, Thm. 1.3], Sections 3.4, 3.5) The functor (26) is a duality
(contravariant equivalence). More precisely the following properties hold:

1. It transforms exact sequences of modules into exact sequences of behaviors.
2. Forall A9 /U, A1*%2 /U,y € Modfﬁ there is the C-linear isomorphism
Homa (A% /Uy, AM*% /Uy) = Hompen (B(Uz), B(U1)), ¢ = B().
27
3. ForallU;,Usy C A%4;
Uy CUy < B(Us) C B(Uy), especially Uy = Uy < B(Usz) = B(Uy).
(28)

We define weak exponential stability (w.e.s.) of B(U) from (19): For 7 > 0 a func-
tion ¢ € CI™°°) on the closed interval [7, oc) is called a function of at most polynomial
growth (p.g.f.) if

Je>1Fp e NVE> 7 |p(t)] < ctP. (29)

Every coefficient function (3)
f(t) = a(t™Y/™) = t7F/myu(t=1/™) where

(30)
f=a(z""eK, a=YueC<<z>> ueC<z>,

is a p.g.f. on every closed interval [T,00), 7 > o(f) = o(a)™ = o(u)™ since
7=1m < p(u) = p(a) = o(a)~" and u(z) is continuous and bounded in the compact
disc {z e€C; |z| < 1/ m}. The p.g.f- property of the coefficient functions is essential
Sor the derivations of this paper. We call the p.g.f. ¢ positive, ¢ > 0, if p(t) > 0 for
allt > .

On all finite-dimensional vector spaces C? we use the maximum norm

Yo = (vg,--- ,vq)T eC?: ||v| :=max{|v]; i=1,---,q},
VA € CT*9: ||A|| := max {||Av|; v € C%, ||v|| =1} 31)
— Vo e s v < Al

In the following considerations W (7) = C°°(r, 00) is the space of smooth functions
so that for w € W (7)? and ¢ € (7, 00) the norm ||w(t)]| is defined. We define

A(m) = (1,—2%0,(=2%0),--- , (=220)™ )T € A™, m €N,
(O(m) o w)(t) = (w(t),w'(t), - ,w™ V()" € (W(r))™, weW(r),

Definition 2.4. The behavior B(U) = cl (B(R,T))r>r,) from (19) is called weakly
exponentially stable (w.e.s.) if

(32)

I > 103d € N3, u > O¥m € NI p.g.f. oy, € CI™%) with o, > 0
YVt >to>71>1mVwe B(R,T): (33)

[w™ ()| < @m(to) exp (—a(t — th)) [|(8(d) o w)(to)]|-
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The condition in (33) can be equivalently replaced by a different p.g.f. 1,,, > 0 and
1(8(m) 0 w)(B)]| < v (to) exp (—a(t* —£5)) [[(O(d) e w)(to)[. ~ (34)

The behavior is called exponentially stable (e.s.) if (33) and (34) hold with u = 1.
State space equations z’(t) = F(t)x(t) with continuous F(t) € C°(r,00)"*" are
called uniformly exponentially stable (u.e.s.) [21, Def. 6.5] if there are ¢ > 1 and
« > 0 such that

Yt > to > mVx € CH(r,00)" with 2’ = Fa : |lz(t)|| < ce ) ||z(to)].  (35)

A w.e.s. behavior is, of course, asymptotically stable in the sense that for all trajec-
tories w € B(R, 7) and all m the limit lim,_, .. w (™) (t) exists and is zero. It is always
autonomous (see Section 3.6), but the trajectories w are not uniquely determined by
w(to) alone, but only by the initial vector

(8(d) o w)(to) = (w(to), w’ (to), - ,w! ™D (tg)) " (36)

with fixed d. The number d is not unique and called a memory-size of the autonomous
behavior. The initial time ty > 7 in addition to 7 is needed because 7 does not belong
to the open interval (7, 00) on which w is defined.

Recall that a behavior is called stable if its trajectories are bounded for ¢ — oo.

Remark 2.5. Note that w.e.s., e.s. and u.e.s. are defined by analytic properties of the
trajectories of the system and not algebraically. The w.e.s. differs from u.e.s. in the
following aspects:

1. The factor @, (o) is not constant, but a p.g.f. of the initial time ¢.

2. The trajectories decrease according to the exponential factor exp (—at*) where
@ > 0 is any positive real number. According to whether © < 1 or p > 1
the decay is slower or faster than the usual exponential decay with the factor
exp (—at).

3. The exponential decay of all derivatives of the trajectories is required.
The initial condition is (9(d) o w)(to) and not w(ty).

All conditions are required for sufficiently large 7 > 7, and not for 7 = 7, = 0.

AN

W.e.s. and e.s. are preserved by behavior isomorphisms (cf. Lemma 4.11). This
implies that for any f.g. module M = A*9/U the w.e.s. ores. of B(U)
depends on M only and not on the special representation M = A'X%/U. In
contrast we show in Example 4.10 that stability and u.e.s. are not preserved by
general behavior isomorphisms, compare [21, p. 107].

Definition 2.6. A f.g. A-left module M is called w.e.s. resp. e.s. if for one (or all)
representation(s) M = A'X9/U the behavior B(U) is w.e.s. resp. e.s..

U.e.s. state space systems are also e.s.. In the simplest case of state space equations
w' = Aw with a constant matrix A € C"*" w.e.s. of the corresponding behavior
signifies that A is asymptotically stable, i.e., spec(A) C C_.
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Theorem 2.7. The weakly exponentially stable f.g. A-modules and hence also the
w.e.s. behaviors form a Serre category. This signifies that for an exact sequence of f.g.
A-left modules 0 — M' — M — M" — 0 the module M is w.e.s. if and only if M’
and M" are.

Equivalently [5, Cor. 1.9], the series connection of two input/output (10) behaviors is
w.e.s. if and only if its two building blocks are .

Likewise the exponentially stable (e.s.) f.g. A-modules form a Serre category.

Here an IO behavior is called w.e.s. if its autonomous part is w.e.s.. The proof

of this result uses analytic tools essentially. Its proof for LTI behaviors is carried out
algebraically and is much simpler.
As in the LTI case the behavior B(U) with U = A'*PR and R € AP*9 is autonomous
if and only M := A1*9/U is a torsion module or rank(R) = g or dimg (M) < oo, cf.
Lemma and Definition 3.15. This torsion module may be regular or irregular singular
[16, pp. 1-67], [20, Ch. 3], cf. Sections 5.2, 5.3. Let W (1) := C*(7,00) be the
A(7)-module of smooth signals.

Theorem 2.8. Assume R € AP*4, rank(R) = ¢, U := AYPR, M = AX9/U,
d := dimg (M) < oo and the associated autonomous behavior B := B(U).

(i) If M is nonzero and regular singular then B is never weakly exponentially stable.
(ii) If M is irregular singular there are 71 > o(R) such that for T > 1,

B(R,7) =C(T) :=
{x e W) o () + 1 (AO + fl/mAl(fl/m)) 2(t) = o} 37)

where 0 > A€ Q, 0 <meN, AgeC™ A, eC <z >

and where A (t~'/™) is bounded on |1, c0).

(iii) (a) If in (ii) all eigenvalues of Ao have positive real parts or, equivalently, spec(Ag) C
Cy, then there are ¢, > 0 such that for allt > ty > 7 > 71 and x € C(T) the fol-
lowing inequality holds:

lz()] < cexp (—a(t™ —t5™)) ll(to)ll- (38)

In particular, B(U) and thus M are weakly exponentially stable.

(b) If in (ii) at least one eigenvalue of A has negative real part then B(U) is not w.e.s..
(c) If in (ii) all eigenvalues of Ag have nonnegative real parts and at least one eigen-
value is purely imaginary then B(U) need not be w.e.s., ¢f. Ex. 5.9.

Remark 2.9. Define F(t) := t717* (A +¢t~/™A;(¢~'/™)) in Thm. 2.8. The con-
dition spec(Ap) C C4 from (iii)(a) implies spec(F'(t)) C C, for sufficiently large
7 and all £ > 7. But it is well-known that for arbitrary smooth coefficient matrices
F(t) this so-called pointwise-in-time or frozen-time condition is not sufficient for ex-
ponential stability of the state space system [21, Ex. 8.1], [4, Ex. 964]. This is no
contradiction to Thm. 2.8,(iii), since the matrices F'(¢) in the theorem have a special
form.

Remark 2.10. Open problems concerning Thm. 2.8: The characterization of w.e.s. of
B(U) in the case that all eigenvalues of Ay have nonnegative real parts and at least one
is purely imaginary is open.
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3 Linear time-varying (LTV) behaviors

3.1 The construction of K

For the readers’ convenience we describe the construction of K as colimit (see, for
instance, the Wikipedia article on Puiseux series) and derive several of its properties
from this construction. The algebraically closed field | J, -, C((2/™)) of formal Lau-
rent series in z1/™ is discussed in [20, Ch. 3].

The ring C[[z]] = CN of formal power series a = > ;o a;2° = (a;);en is a discrete
valuation domain (DVD), i.e., a local principal ideal domain with the unique maximal
ideal C[[z]]z or, equivalently, the unique prime element z, up to units, and the residue
field C = C[[z]]/C[[z]]z. The group of units is

U(C[l#]]) = {u = Z u;2" € C[[2]]; uo # 0} . (39)

Its quotient field is the field C((z)) := quot(C[[z]]) = C|[2]][z"] of formal Laurent
series. Its nonzero elements have the unique form

o= aizi = Fu, ke Z, u=3 wz € UC[)), wi = arsi, uo = ax £0.
1=k 1=0

k ifa#0

Define v : C((2)) = Z W {0}, GHU(G):{OO ifa=0

= C[[z]] = {a € C((2)); v(a) = 0} D C[[z]]z = {a € C((2)); v(a) > 0}. w0)
The function v is the associated discrete valuation [3, §V1.3]. The ring of locally
convergent power series is the subdomain

=0

Li=C<z>= {a = Zaizi € C[[z]); o(a) := limsup v/|a;| < oo} -
>0

K =C<<z>>=quot(C<z>)=C<z>[z}]

= {O}L-lj {a =2Pu e C((2), k€Z, u= Zuizi, ug # 0, o(a) :=0(u) < oo} .
i=0

(4D
Then L is also a DVD and v|c< <.~ is a discrete valuation with the analogous prop-
erties.

Remark 3.1. (Colimir) Let (I, <) be a directed ordered set, i.e., for i, j € I there is a
k € I with k > i, 5. A directed system of sets over [ is a family S = (5;, pj; : S; —
S;)j>ier of sets S; and maps ;; such that ¢;; = idg, fors € I and pr; = @ij¢p;; for
k > j > i. The colimit or direct limit of S is the set

colimy S = colim;e; S; :=C :={(4,s;); i € I, s; € S;}/ = > cl(i, s;) where

(4,8:) = (J,85) 1= Tk 20,7 pri(si) = prj(s))
(42)
is an equivalence relation = and cl(7, s;) denotes the equivalence class. There are
canonical maps

Viel: ¢;:8;— C, s;—cl(i,s;), withVji >i: @05 = ¢;. (43)
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with the following universal property: If maps ¢; : S; — C', i € I, satisfy ¢;p,; =
w; for j > 4 then there is a unique map ¢ : C — C’ with ¢; = 1, for all i, viz.
¥(cl(i, s;)) = 1;(s;). If the maps ¢;; are injective then so are the ;. In this case we
obtain bijections ; : S; = ;(S;), vi(Si) € ;(S;) for j > iand C = (J;c; ¢i(Ss).
If S = (S, @ji)j>icr and S = (5;, gpgi)jzig are two directed systems a morphism
from S to S’ is a family ¢ = (¢;);cr of maps 1; : S; — S! such that 1;p;; = cp;iwi
for all j > ¢. With the componentwise composition of these morphisms the directed
systems form the category S et! where Set is the category of sets. Via the universal
property of colim; the morphism 1 induces the map colim; ¢ = colim;¢y 9;:

colimy 1) : colimy S — colimy S, cl(i, s;) — cl(4,1;(s;)). (44)
and then the covariant functor
colimy : Set! — Set, S — colim; S, v — colim; . (45)

The preceding assertions hold likewise for categories of sets with an algebraic structure,
for instance for CModI . The category CModI is abelian where the kernel, cokernel,
image etc. are formed componentwise, for instance

ker (¢p: S — §') = (ker(¢i)7@ji|ker(wi))j2i

. / : / (46)
im(y:5—=95)= (lm(l/%)a@jihm(d)i))jzi'

The functor colim; :c Mod! —¢ Mod is exact.

We apply the colimit construction to the construction of K. Let N* = {1,2,---}
be the multiplicative monoid of positive integers. We consider it as an ordered set with
the order relation

mn : <= mdividesn <= -~ € Z, m,n € N*. (47)
m

We define the directed system of DVD (L, ©nm ) mnen+ and its colimit by

oo oo
L, =C<z> om:C<z>>C<z>, ZaiziHZaizm/m,

i=0 i=0 (48)

©m : C <z > L= colimpmen+ L, 2m 1= @m(z) = cl(m, z).

It is obvious that the ,,, and therefore the ¢,, are injective C-algebra homomor-
phisms, hence

m

3

A

C<z> = om(C <z >), Z = Zm = om(2)
a=7 02" = alzm) =02, = ¢m(a), (49)
C<z>2C<zm>=pn(C<z>), L= ] C<zm>.
meN*

The equations

Ymn : opm(z) = 2™, Om = Onnm, Pm(2) = 2y, imply
e v (50)
L2 =z =2z,

n
Zm = %
n ident.
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We therefore define and identify

M=, C<2>2 L, = C< 2™ > a(z) — a(z4/™),

ident.

1/m (51)
C<z>=C<zm>=L CL_mLeJN*Lm_mEIJ\;*C<Z/ > .
Notice that z'/™ is introduced algebraically and interpreted as an indeterminate and not
as the holomorphic function exp (m’l ln(z)) in the sliced plane. As directed union of
the DVD L,, = C < 2™ > also L is a domain and has a quotient field K :=
quot(L). From quot(C < z >) = C << z >> we derive

Vm e N*: K, := quot(C < z/™ >) =C < 2V/™ > [2V/™) 7} = C << 2™ >>
CK:= ] Kn,

meN*
Vm|n: K, CK,, C<<z >>‘d: K, cK,, c K.
ident.

(52)
The nonzero elements of K thus have the form (2):

a(zt/™) = 2H (™), k€ Zya = 2Fu e C <<z >>, ue U(C < z>). (53)
The discrete valuation v from (40) induces discrete valuations

U i=m o C << 2 >>— Qu {00}, vy = v, with Vm|nVk : 54)
O (2F) = k/m=knm™'/n = vn(zk"/m) = Uy = UnPnm-

Hence the v,,, induce the surjective valuation (again denoted by v)
v:K = Qu{oo}, v(z"/™) = v, (2) =1/m, v (zk/mu(zl/m)) =k/m =

L={a€K; v(a) >0} Dmy,:={a € K; v(a) >0} = U C < ZY/m > Z/m,
meN*

(55)

The ring L is a valuation ring and my, is its unique nonzero prime ideal [3, ch. VI,

§4.5, Prop. 6]. Since L is the directed union of the DVD C < z!/™ > all generators

of a f.g. ideal of L are contained in some DVD C < z!/™ > and therefore the ideal

is principal. This signifies that L is a Bézout domain and integrally closed [3, Ex.

VII.1.20]. If M is a f.g. L-module with torsion submodule tor(M) then M/ tor(M)

is free and therefore tor(M) is a direct summand of M [3, Ex. VIL.2.12], [4, Thm.
654]. The direct decomposition

C<z>=CoC<z>z3a=ag+za1(2), ap € C, a; € C < z >, implies

L=Caomyg > f=a(z"™) = fo+2"f1, fo:=ao, fi :=ai(z"/™).
(56)

Result 3.2. ([18]) The field K = |J,,cy- C << 2™ > s the algebraic closure of
k = C << z >>. This result is very interesting, but not needed in the present paper.

The standard C-linear derivation

[ee] [ee]
dldz  Ki=C<<z2>>5C<<z>> a= Zaizi —a = Zaiizifl,
i—k i=k

(57)
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can be uniquely extended to a C-linear derivation d/dz : K — K [20, p.5]. Its
restriction to K,,, = C << z/™ >> coincides with the C-linear derivation (cf. (6))

Om K — Ko, a(z™) = 6, (a(zl/m)) = m (M=t (L,
since Vk € Z 1 6 (2%) = 6, ((2/™)F) = m=12/m™) = (21/m)km—1 = (58)
= k2"t = d2b/dz.

The differential field (K, d/dz) is the coefficient field in this paper.
We finally show that the number o (f), f € K, from (4) does not depend on the choice
of m with f € C << z'/™ >>. Let indeed m|n,

a—ZaZz b—ZbZJG(C<<z>> and f = a(z/™) = b(z"/") e K

-1

, ; if j =1inm
l/m a; Zznm Yim bZJ/n — ], = a; 1]
Z =20 ! 0 ifj ¢ Znm™*

J
.1 . —1y—1 .1 m/n
— limsup [b;” = limsup |a;|"™ ) = (limsup|ai2 )
j i i
— o(b(zY/™)) = (limsup |bj|j_1) = <limsup az-|i_1> = o(a(z"/™)).
@ j i @
ThusVf e K = U C << 2™ >>: o(f) = o(b(z"™)) = o(a(z"/™))
meN*
(59)
is defined independently of the choice of m with f € C << z!/™ >>. In particular,

forallT > 0
Kn)={feK;7>0(f)} CcK (60)

is a well-defined subset of K. It is easily seen that K (7) is a differential subalgebra of
(K,d/dz), i.e., d/dzK (1) C K(1), cf. (10). We thus obtain the algebra monomor-
phism (3):

K(7) = C(1) = C®(7,00), f = a(z"™) — f(t) :== a(t™™). (61)
Corollary 3.3. For any nonzero f = a(2"/™) € K thereisaty > o(f) such f(t=') =
a(t=™) has no zero in 1y, 00).

Proof. w.lo.g. assume a(z) = Y.~ a;2", ag = a(0) # 0. Since a(z) is holomorphic
and thus continuous in 0 there is pg > 0 such that |a(z)| > |ao|/2 for |z| < pg. Then
To :=py " furnishes the desired property. [

3.2 Differential operators

To justify the homomorphism (13) we explain the universal property of rings of differ-
ential operators.

Let (R, ) be any commutative differential C-algebra with a C-linear derivation ¢ :
R — R, 6(rs) = §(r)s+rd(s). It gives rise to the skew-polynomial algebra [17, p.15]

R[0;6] = @jenR > f =Y f;07 with Or = 10 + 6(r). 62)

J
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This construction was applied in (7), (8) (10), (12). Unless § = 0 the algebra R[9; J]
is noncommutative. For C-algebras A, B let Alc(A, B) denote the set of C-algebra
homomorphisms from A to B.

Lemma 3.4. Consider R[0; 0] and a further C-algebra B. Then there is the canonical
bijection

Al (R[0;8],B) 2 {(,A) € Al (R, B) x B; ¥r € R: Ap(r) = p(r)A + o(6(r))}
D — (P|g, P(I)).
(63)
In other terms: If ¢ and A are given and satisfy the equation Ap(r) = o(r)A +

©(4(r)), T € R, there is a unique algebra homomorphism
® : R[0; 0] — B with ®|R = ¢ and ®(0) = A, viz.

d:R[D;6) > B: f= ijaj = ®(f) = Z@(fj)Aj~ (64)

J J

We apply Lemma 3.4 to

R[0;0] := K(7)[~2%0; —2%d/dz], B := B(r) = C(7)[0s; d/dt],

(65)
¢ : B(r) = C(1), a(zl/m) — a(t_l/m), <I>(—z26) =0, = A
and thus have to show that
(™1™ = a(t=Y™)a, + ¢ (—sza(zl/m)/dz) . (66)
But
Apa(t™1™) = a(t=V™)0, + da(t=1/™)/dt
ha( ) =a( )0 ( )/ o

= a(t™™ 0, — m Gt/ (7™ € C(7)[0; d/dt]

and
da(zl/nz)/dz — m—lz(l/m)—la/(zl/m)

— —22da(z"/™))dz = —mflzﬁﬂa’(zl/m) (68)
— ¢ (~2da(2™)/dz) = —m =G (1),

The equations (67) and (68) imply (66) and therefore Lemma 3.4 implies the algebra
homomorphism (13)

®: A(1) = K(7)[-2%0; —2*d/dz] —  B(r) = C(7)[d;d/dt]
f=Yenai(VmM)(=220Y = foi= 3 e a ()0

and the induced module action (14).

(69)

Lemma 3.5. (¢f. [17, Thm. 1.84, Ex. 1.8.6], [4, Cor. 363]) The algebra A =
K|[0;d/dz] is simple, i.e., 0 and A are its unique two-sided ideals.

Corollary 3.6. ([17, Cor. 5.7.3]) Any f.g. A-torsion module is cyclic.
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3.3 A directed system category

We embed the behaviors cl ((B(R, T)).,-ZU(R)) from (19) into an abelian category B
with good properties.

Consider the strictly ordered and therefore directed ordered set [0, c0) of nonnegative
real numbers and consider the category 2 :=¢ Mod!®>) of directed systems of C-
vector spaces according to Remark 3.1. Recall the signal spaces W (1) = C*(7, 00)
or W(r) = D'(7,00). These give rise to the directed system

(W(T1), res: W(r) = W(r):w+— w|(T2}OO))7_22ﬁZO (70)

where res is the standard restriction map. If the directed system is defined on [, 00)
only, ie., if (Vi, 0rpr : Ve, = Vo) is given, we extend this to a directed
system on [0, 00) by

T2>T12T0

[0,00)

(V‘,—17(,07—27-1)7_22T120 €c Mod with Vz, :=0, ¢, :=0form < 7. (71)

Likewise morphisms are extended and furnish an exact embedding functor
cMod!™>) . Mod[*>. (72)

To interpret the equivalence class behaviors from (19) as objects of a category we
consider the quotient category of 2 modulo the following equivalence relation =:
— ! ! /
V= (Vn ) 907'27'1)7227—1 >0 — V= (V.,.l ) 907-27-1)7—227—120
= IV > 2T Vi =V, O = Q-

T

(73)

The equivalence class is denoted by cl(V'). These cl(V') are the objects of the new
category ‘B. With the embedding from (72) we obtain

Cl ((VTla()OTQTl)TQZTlZO) = Cl ((VT17SDT27'1)7—227-127—0) . (74)

The study of cl ((VT1 , 907'2T1)72>n>0) signifies that of the V; for possibly large .

IV = Vo, 0ram)y o5 a0d V= (V] @0 o) o are directed systems

0
consider, for min (74, 7y) > max (7, 7), directed system morphisms

d = (@T)T2T¢ : (VT1)SDT2T1)7-227'127¢ - (szflv@frg'rl)ﬁznzﬂb

., (75)
U= (\I}T)TZT\II : (V‘rn‘zprzn)rgzrlzw - (V7—17(p7—27—1)7227'127'\p
and define the equivalence relation
P =V 37 > max(re,7o)VT > 7] : &, =U,. (76)

The equivalence class is denoted by cl(®). Then the set of morphisms in 98 from cl(V)
to cl(V') is defined as

B(cl(V),cl(V")) := Hom(cl(V),cl(V') :=

(77
{Cl(q))Z Q= (Pr)rorg (VTI’(ID7'27'1)7'227127'¢ - (V7fl’(p;27-1>7-227—127¢}-

Again with the componentwise C-linear structure and composition, for sufficiently
large 75, we obtain the category 8. It is also abelian, kernels, cokernels and finite



3 LINEAR TIME-VARYING (LTV) BEHAVIORS 17

products etc. being formed componentwise for 7 € [7{/, c0) and sufficiently large 7/
The directed system from (70) gives rise to the objects

W = cl(W(7),res)r>0) € Band Vg > 0: W :=cl((W(r)?,res)r>0) € B.
(78)
The behaviors from (19) induce the subobjects

cl ((B(R, 7')71‘88).,.20(13)) cwe, (79)

3.4 The functor Mod® — B, A'*¢/U — B(U)

The following results are fully analogous to those in [5, §2.3] and therefore the proofs
are omitted. Assume the data

R=Y"R;(-2°0) € AP*4, U= A""R, M = A"/U,
(80)
Vr >o(R): B(R,7):=qweW(r Row—ZR

Recall that for R; = A;(zY/™) with A; € C << z >>P*9 the function R;(t) is

computed as R;(t) = A; (t_l/m) € C™(o(Rj),00)P*4.
The standard basis § = ((51, -, 84) T € (A1X9)7 gives rise to the column
W= (Wi, o, wo) ' € M, wi =6 + U, 81)

of generators of M. Conversely,

q
Ow AT S M E=60— Ew = Z&Wi’ with o (§) = w, ker(pw) = U,
i=1
(32)

shows that the system of generators w of M determines both the dimension of A!*9
and its submodule U. The objects of the category AMod® are pairs (M, w) of f.g.
modules M with a given list w of generators or a given representation M = A*4/U.
The morphisms in aMod' are just the A-linear maps.

Lemma 3.7. Assume the data from (80). Then the object

B(U) ~@) cl ((B(R7 T),res)TZg(R)) cB (83)

depends on U only and not on the special choice of R, and hence (19) is justified.
Moreover Uy C Uy implies B(Us) C B(U1) € W4

For two f.g. modules M; = A'¥4 /U;, i = 1,2, the following lemma establishes
the standard correspondence of A-linear maps and matrices.

Lemma 3.8. ( cf. [7, Cor. 2.1],[5, Cor. 2.5]) (i) There is the canonical isomorphism

(P e AnXe; U1 P CUs)}/ {15 € Anxa; ALX0pP C UQ} >~ Homa (M, Ms)

Py {ﬁ € Anxa, AlX0 P C UQ} — (0P)ina
(84)
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where (0P )ing (€ + Uy) := EP + Us for € € A1X @,
(ii) The map (oP)ing : A4 /Uy — AY*% /U, is an isomorphism if and only if it is
bijective or (oP)i_ni1 = (0Q)ind : AY*® /Uy — A1X0 /U, exists. The necessary and
sufficient conditions for Q € A%2*9 to satisfy (0Q)ina = (oP);,} are

UsQ C Uy, AV (PQ —id,,) C Uy, A2 (QP —id,,) CUs.  (85)

The preceding Lemma 3.8 enables to extend the assignment A1*9/U + B(U) to
a contravariant functor, again in complete analogy to the discrete case [5]. For the data
from (84) we additionally assume that U; = A'*Pi R;. The condition A'*P1 R P =
Uy P C Uy = APz R, implies the existence of X € AP**P2 with R P = X R,. We
choose

71 > max(o(Ry),0(R2),0(P),0(X)) ﬁ V7 >7: Ri,Re, P, X € A(17)**®

= V7 > nVw € B(R2,7) :
Rio(Pow)=XRyow=Xo(Ryow)=X00=0

= Po: B(Ry,7) :={w e W(r)®; Ryow =0} = B(Ry,7), w+— Pow.

(86)
Corollary and Definition 3.9. For an A-linear map
¢ = (0P)ing : A1 /U, — A'*92 /U, define
Blp) 1= Po = cl((Po: B(R,m) = BBy, 7))rzr ) ¢ (87)

B(UQ) =cl ((B(R277—)7res)rza(R1)) — B(Ul)

The map B(p) is well-defined, i.e., independent of the choice of P with ¢ = (0P)ina,
and the assignment

Mod§ — B, AY/U s B(U), ¢ = (0P)ina = B(p) = Po,  (88)

is a contravariant additive functor. By definition the image of this functor is the cate-
gory Beh of behaviors.

Remark 3.10. Define the space
Weo = colim>o W(r) = {(r,w);7 >0, we W(r)} / =3 cl(1,w) (89)
of germs of signals at oo (cf. [4, §5.4.2.3]). This is canonically an A-module via
focl(r,w) :=cl(m, fow), 1 := max(7,0(f)) (90)

and indeed a large injective A-cogenerator [4, Thm. 838]. For M from (80) the asso-
ciated behavior is

Bw. (U) :={we € WL; Rows =0} = Homa (M, Wx). (C2))
The injective cogenerator property implies that Byy_ (U) determines
U={¢€ A% ¢oBy, (U)=0}, M =A"9/Uand B(U). 92)

But in general there is no 7 such that for all ¢ € (7,00) and wo € By (U) the
initial condition w(tg) is defined. So the definition of u.e.s. and w.e.s. according to
Def. 2.4 for By (U) is impossible. This suggested the new definition of behaviors of
B(U) from (83). This B(U) is not isomorphic to Hom (M, F) for any signal module
F with engineering significance.
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3.5 The exactness of A% /U — B(U)

The exactness of the functor A*** /U s B(U) is also derived in full analogy to the
discrete case [5, §2.4 | and therefore the detailed proofs are again omitted.

Consider f.g. modules M; := A'¥% /U; € Modif, 1 = 1,2,3, and a sequence of
A-linear maps

p=(oP)ind
(oP)

M, My ¥=0Qina Ms, Ui P C U, UsQ C Us. 93)

Application of the functor A1*%/U + B(U) furnishes the sequence of behaviors

B(Uy) "= Buy). (94)
Theorem 3.11. The functor

Mod¥ — B, M = AY9/U — B(U),
is exact, i.e., the exactness of (93) implies that of (94).

Proof. As in the proof [5, Thm. 2.9] the proof is reduced to the case ¢; = 0, g2 =
g3 =1,Uy=Us=0and Q = Zj:o Q;(—2%0) A = K[-220; —22d/dz], Qq # 0.
Since A is a domain the nonzero map o) : A — A is a monomorphism. It has to be
shown that Qo : W = B(0) — B(0) is an epimorphism in the category B of classes
of directed systems. We apply Cor.3.3 and choose 79 > ¢(Q) (> o(Q4)) such that Q4
has no zero in (7, 00). For 7 > 79 and u € W () the differential equation

Qoy=wuor
YD+ Qa(t) ' Qa1 )y + - + Qu(t) ' Qo(t)y = Qa(t) u

has a solution y € W (7). This signifies that for 7 > 7y the maps Qo : W (1) — W (7)
are surjective. These induce the epimorphism

95)

Qo = cl((Q0)r2r) : BO) =W = L (W(r))rzm) = W (96)
O

3.6 Autonomous behaviors

In this section we prove the analogue of the cogenerator property of the standard signal
modules for the behaviors of this paper and simultaneously characterize autonomous
behaviors. Again the proofs are analogous to those in the discrete case [5, §2.5].

In this section we choose the signal spaces of smooth functions

W(r) = C>(7,00) = B(0,7) and W = cl (W (), res);>0) = B(0). o7

unless explicitly stated otherwise. A finitely generated A-module M; = A% /U; =
AIX‘“/A“lel is isomorphic to a direct sum of cyclic modules [17, Cor. 5.7.19].
Hence there is an isomorphism

My = A0 /U 2 AJAf) X - AJAS, x AV(@77) = AT} /17, —: M,
where g2 > r >0, 0 # f; € A and degy(f;) >00r0C Af; C A, (98)
Uy =AY %2R, R, :=diag(f1, -, f,0,---,0) € A92X92,
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Since A is simple the number r can be chosen as 0 or 1, cf. Lemma 3.5, Cor. 3.6. The
functor A'X4 /U s B(U) is applied to this and furnishes the isomorphism

B(Uy) =2 B(Us) = B(Af1) x - x B(Af.) x B(0)%27". (99)

The systems B(A f;) are particularly simple: Consider, more generally, any

d
g= Zgi(—zza)i € A = K[-220; —2%d/dz], degy(g) = d, ie.,gq#0
=0
a1 _ (100)
— K14 = A/Ag, (ho,++ ha-1) = > hi(=2%0)" + Ag, hi €K,
=0
= d = dimk (A/Ag) < .

The preceding isomorphism is the usual consequence of euclidean division with re-
mainder. According to Cor. 3.3 choose 79 > o(g) such that no ¢ > 79 is a zero of gg4.
For all ty > 7 > 19 we obtain the isomorphisms

d

B(g,7) = {w eW(r); Y gi(w?(t) = 0} =~ 4, w i (A(d) o w)(ty). (101)
=0

‘We conclude

V7 > 70 @ dime(B(g, 7)) = d = degy(g)

—> (B(Ag) = el (B(g,7), 165)rr) = 0 = d=0).

Remark 3.12. The distributional solutions of 2’ = F'(t)z with F' € C*°(7, 00)?*? are
smooth. The same follows for the solutions of g o w = 0 on (7, c0) in (101).
Corollary 3.13. If M = AY*% /U in (98) is nonzero then so is B(Uy).

Proof. In (99) the behavior W = B(0) is nonzero and so are the behaviors B(A f;)
by (102) since deg,(f;) > 0. In (98) M, is nonzero if and only if g > 0. The
isomorphism (99) then implies that B(Uy) = B(Us) is nonzero too. O

Corollary 3.14. For M; = A'*% /U;, i = 1,2, the C-linear map
Homa (M1, M3) — B(B(Us), B(U1)), ¢ = (0P)ina — B(p) = Po, (103)
is injective. By definition (cf. Cor. and Def. 3.9) the isomorphic image of (103), i.e.,
Hompen(B(Us), B(Ur)) := {B(p); ¢ € Homa (M1, M)} (104)

is the C-space of behavior morphisms. The objects B(U) and morphisms B(y) form
the subcategory Beh C B of behaviors. The functor

AMod® — Beh, AY/U — B(U), ¢ — B(yp), (105)

is exact and a duality (contravariant equivalence). The proof of Thm. 2.3 is thus
complete.

Proof. The proof is the same as that of [5, Cor. 2.11]. O
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Let tor(M) denote the torsion submodule of M. As in [5, (77)] the isomorphism
(98) implies the isomorphisms

tOI’(M1) %’ tOI(MQ) = @;ZlA/AfJ % KIXd, d:= Zdegq(fj)7 and
= (106)
Ml/tOI‘(Ml) % Mg/tOI‘(Mg) % AR,

The ranks of R € APX9 resp. of M = A*X4/AY™PR (cf. [5, (78)-(81 )]) are the
Q-dimensions of the column space RQ¢? resp. of Q ®a M where Q is the quotient
field of A, and then ¢ = rank(R) + rank(M).

Lemma and Definition 3.15. (¢f. [5, Lemma 2.13]) The following properties are
equivalent for the data from (98) and (99):

(i) rank(M;) = 0 or rank(R;) = q;.

(ii) My is a torsion module, i.e., My = HJ 1 A/Af; in (98), (106).

(iii) d := dimg (M;) < oo.

(iv) There are 79 > 0 and d € N such that V7 > 1 : dimc(B(R1,7)) = d.

(v) There is a nonzero f € A such that M1 =2 A /A f, cf. Cor. 3.6.

If these conditions are satisfied the behavior B(Uy) is called autonomous.

For sufficiently large T all distributional trajectories in B(Ry, T) are smooth.

According to Cor. 3.6 all f.g. torsion modules and especially tor(M;) are cyclic,

hence
tor(My) % tor(Mz) = @ A/Af; = A/Af, [ #0,

(107)
d := dimg (tor(My)) Zdega fi) = degy(f).
Definition 3.16. Consider a f.g. module
k
R=> R;(—20) € AP9, U= A"PR, M = A"/,
=0
(108)

k
Vr>o(R): B(R,7):={we C®(r,00)% Y Rj(t)w ;
7=0

B(U) =cl ((B(R, T),I‘GS)TEU(R)) .

The behavior B(U) is called trajectory-autonomous (t-autonomous) of memory size d
if there are 79 > o(R) and d € N such that for all to > 7 > 79 the initial value map

B(R,7) = C%, w— (9(d) o w)(ty), (109)

is injective, but not necessarily bijective. This signifies that for sufficiently large 7 all
trajectories w € B(R,T) are uniquely determined by the initial data w9 (ty), 0 <
j < d — 1. The number d is obviously not unique.

Corollary 3.17. The behaviors B(Ag) from (101) resp. B(A f1) x - - - x B(A f,.) from
(99) are obviously t-autonomous of memory sizes

degq(g) resp. max {degq(fj); j=1,-- ,r} . (110)
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Lemma 3.18. Trajectory-autonomy is preserved by isomorphisms.

Proof. Consider two isomorphic f.g. modules and their associated isomorphic behav-
iors:
M; == Alxq‘/Ui, U; = AlXpi’Ri, R; € Ap¢><q;,7
d S (111)
¢ = (oP)ina : My = My, B() : B(Ua) = B(Uh), P =Y P;j(~2°0).
§=0

Assume that B(U;) is t-autonomous with memory size d;. Then there is a 71 >
max(o(R1),0(R2),o(P)) such that for all £y > 7 > 71 the maps

B(Ry,7) = CH8 s (3(dy) o wr)(to) = (wr(to), -+, w'® ()T, resp.

d
o:B(Ra,7) 2 B(Ry,7T), wy +— wy :=Powy = ij ng),

(112)
are injective resp. bijective. Define dy := d; + d and assume wém) (to) = 0 for
m < dy — 1. Then

d . .
Vewith0<f<d —1: w’ ZZ() (60 (1)) (1)
7=0 =0
d o
= i) =33 )P0 ) = 0 = (@) o) () =0
7=0 i=
= w1 =0 = wy=0.

memory size dq Po bijective

(113)
This signifies that B(U;) is t-autonomous with memory size ds. O

Theorem 3.19. A behavior B(Uy) is trajectory-autonomous if and only if it is au-
tonomous.

Proof. The proof is analogous to that of ([5, Thm. 2.16]) and follows from the iso-
morphism (99), Cor. 3.17, Lemma 3.18 and the obvious fact that W = B(0) is not
t-autonomous. O

4 Weakly exponentially stable (w.e.s.) behaviors

4.1 State space behaviors

Unless stated otherwise we use the signal spaces W (1) = C*(1,00), 7 > 0, in
this section. Functions of at most polynomial growth (p.g.f.) appear at several places.
It is obvious that the sum, product and maximum of p.g.f. are again p.g.f. and that
polynomials are p.g.f.. From (30) we know that every f = a(z'/™) € K defines the
p.g.f. f(t) = a(t~'/™) on every closed interval [7,00), 7 > o(f). This implies that
for every A € K774 the norm || A(¢)|| is a p.g.f. on [1,00), 7 > o(A).

Lemmad.l. If0 < 8 < aand 0 < v < y then there is a constant ¢ > 1, independent
of to, such that
Vi > 19> 0: e ) < e AT, (114)
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Hence in the definition of w.e.s. in Def. 2.4 the factor e=*t" =) can be replaced by
e P —10) if0 < B < avand 0 < v < L.

Proof. Of course e=*¢ < e~ P for s > 0. Consider the function
fltto) = (" —t5) — (" —tg) =t — ¥ — (t5 — t7),
f(to,to) = Oa f/(t) = df(t,to)/dt - Htﬂ71 - th/*l.

If
to>1thenVt >to: f'(t) > 0= f(t,tg) > 0=
e—af(t:to) <1= et —tg) < e—a(t"—tg) < e B —t8) (115)
If
to < Lthen f(1,to) = —(th —tg) >0, Vt>1: f'(t) > 0= 116

VE>1: ft b)) > 0=Vt >1: e @ ~1) < gmalt"~15) < o=AE"~15)
Let
€= max{e‘ﬁf{t’tO);to <t< 1} —= Vi <t <1: e P ) < e P —10)
=Vt >t e W) < e B) < e B0 | o= max(1, ¢q).
awe - -

(117)
The inequalities (115) and (117) prove the assertion of the lemma. O

Lemma4.2. If0 < S < a, pt > 0and p > 0isap.gf on[r,00), 7 > 0, there is a
p-gf ¥ > 0on [1,00) such that

Vt >t > 7 p(t)e (M TI0) < p(tg)e P TI), (118)

Proof. (i) At first we consider the case 4 = 1: By definition there are ¢; > 1 and
p € N with ¢(t) < ¢qt? for t > 7. There is a constant ca > 1 such that

Vi=0,---,pVt >0: tle ® <cpe P =Vt >ty > 7

p
pli)e e catem T =3 o (f) 87t — to)lem 1)
=0
- p - P » _
=2 ()tgl@eﬁ(tto) = 1(to)e U0 y(t) = chcz <i>t’”.
=0 1=0
(119)

%

The function ) is a polynomial and hence a p.g.f..
(ii) For arbitrary yz > 0 define so := ¢} and ¢y (s) := ¢(s'/*). Then ¢, is a p.g.f. of
the variable s on [T#, 00). According to (i) there is a p.g.f. ¥)1 on [7#, 0c0) such that

Vs > s =th > 11 p(s)e” (750 < gy (s0)e Fle%0) —
VE>to > 7 p(t)e ) = o (t#)e (" —t0) (120)
< P (th)ePUTI0) = wh(to)e IO (o) 1= (1),

where 1 (t) is obviously also a p.g.f. on [7, 00). O



4 WEAKLY EXPONENTIALLY STABLE (W.E.S.) BEHAVIORS 24

Lemma 4.3. Consider the state space equation

w'(t) = F(t)w(t) + u(t) with F = A(z™) € K(15)7, A€ C << z >>9%9,

F(t) = A(t™Y™) € C*°(79,00)%?, w,u € W(r0)".
(121)
If¢ € Nand Ty > 7 there is a p.g.f. we > 0 on [11,00) such that

vt > 7 [wl ()] < wet) max (Jw(@)], 1) o u)(B)]]) - (122)

Proof. All derivatives &’ F'(t)/dt! =: FU)(t) have the form FU)(t) = G,(t), G; €
K (79)7*9. Hence the norms || F'7) (¢ )|| are p.g.f. on each closed interval [T 00), T >

7o. Differentiation of w’(t) = F(t)w(t) + u(t) and induction furnish equations
w®(t) = )+ ZGZ , Fy=Gio=id,, 1 =F, L €N,
where Fy, Gg,i e KU | Ey(t)|, |Geill p-g.f. on [y, 00).

(123)
The equation (123) implies the assertion since
-1 '
@@ < IEONlw®] + Y NGea®[u® @)l
P (124)
< @e(t) max ([w (@), [[((€) o u)()]])
where
-1
t) = || Fp ()| + Gy (t)]| and
oelt) = IFO1 + L 1Gesto)] 125)
10() 0 w) ()| = max(|lu®@ (B)]; 0 < i < €—1).
O

We recall here and use several times that for 7 > 79 and u € W (7)? a solution
w of w'(t) = F(t)w(t) or of w'(t) = F(t)w(t) + u(t) on (71,00) can be uniquely
extended to (7p, 00). Notice that this does not hold for implicit equations R o w = 0 in
general.

Lemma 4.4. As in Lemma 4.3 consider the operator R := —220 — F € A(70)7*?
and the behavior

B(R,79) = {w € C®(79,00)%; w'(t) = F(t)w(t)}. (126)

If B(A'4(—2%0 — F)) is we.s. the following inequality is satisfied with the initial
vector w(toy) instead of (0(d) o w)(to) from (33):

371 > 103, 1 > OV0 € N3 p.g.f g € CIT%°) with o, > 0
Vit > tg > mVw € B(R, 1) : (127)

@ (@) < pe(to)e™ @~ |w(to)].

The same result holds with a different o, if w9 (t) is replaced by (9(£) o w)(t).
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Proof. By definition of w.e.s. the following inequality holds for some d, suitable con-
stants and p.g.f. 1, > 0:

[ O @)]| < pe(to)e™ 1) (0(d) 0 w)(to)]| (128)

From (122) for u = 0 we infer an inequality ||(9(d) o w)(to)| < % (to)||w(to)]| for
some p.g.f. 1) > 0 on |11, 00) and conclude

[w ()] < pelto)e™* 10w (to)| (129)

with the p.g.f. oy := Y. O

Lemma 4.5. (i) In the situation of Lemma 4.3 let ¢ € N and 71 > 19. Assume o, i > 0,
ap.gf ¢ > 0and a function a > 0 on 11, 00) such that for all solutions w € W (79)4
of w'(t) = F(t)w(t) and all t > ty > 71 the following inequalities hold:

lw(®)]] < @lto)e™ 1 (o), 1(2(6) o w)()]| < p(to)e™ " a(ty).
(130)
Then for each 8 with 0 < 8 < « there is a p.g.f. 1 > 0 on [11,00) such that for all
solutions w € W (19)? of w'(t) = F(t)w(t) + u(t) and all t >ty > 7

@ (@) < W (to)e™ 10 max(|lw(to) |, alto))- (131

(ii) In particular, if u := 0 and a := 0, the first inequality in (130) implies the inequality
(131) for all ¢ € N and therefore the w.e.s. of B(A'*9(—2%9id, —F)).

Proof. Wlog we assume ¢(t) = c1t?, ¢1 > 1,p € N. Let ®(¢, t9) € Gl;(C™ (19, 0))
be the transition matrix of w'(t) = F(t)w(t), i.e., ®'(¢t,tg) = F(t)P(¢,t9) and
®(to,tg) = id,. Then the solution of w' = F(t)w + u is

w(t) = D(t, to)w(to) —|—/ D(t, s)u(s)ds =

, (132)
[w(®)] < ||<I>(t,to)||\|w(to)ll+/t [@(¢, )| lu(s)||ds.

Equation (130) implies for all £ > ty > 7y:

[|®(t, t0)|| < ertbe " ~t)  hence ||B(t, s)|| < cysPe " ~*") and

lu(s)]| < extfe™" "% a(to)

" w1 (133)
= )] < catfe 8 fu(to) | + efatta)e" ) [ svas
to

< 2¢1 (1 + eyt e = =10 max(|lw(to) ||, a(to)).

From (122) we get a p.g.f. o1 > 0 on [11, 00) such that for all ¢ > 7 > 71 and all
solutions w € W ()2 of w'(t) = F(t)w(t) + u(t)

[w @ @) < @1 (t) max (Jwt)], (D) cw)(®)])) <
(133),(130)
©1(t) max (201(1 + clt2p+1)6_o‘(t“_t5) max(||w(to)]|, a(to)), cltge_“(t“_tg)a(to))

=p1(t)2c1 (1 + c1t2p+1)e_°‘(tu_t8) max(||w(to)]l, a(to))-
(134)
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Finally Lemma 4.2 furnishes a p.g.f. ) > 0 on [r1, 0o) such that (131) holds, i.e.,

Wt > to > 7w ()] < gto)e P max([[w(to) |, alto))-

Corollary 4.6. Consider
w'(t) = F(t)w(t), F € K(19)?9, w € W(r)%. (135)

If this state space equation is uniformly exponentially stable (u.e.s.) (cf. (35)) then the
behavior B(A1*1(—220id, —F)) is w.e.s..

Proof. The assumption signifies that there are ¢ > 1, @ > 0 and 7; > 79 such that for
all solutions w € W (7)? of w'(t) = F(t)w(¢t) and all t > ¢y > 71 the inequality

lw @ < ce™ 7 flwto)| (136)
holds. Part (i) of Lemma 4.5 implies the w.e.s. of B (A**?(—220id, —F)). O

Corollary 4.7. If F € C%%9 is a constant matrix then B (A'*(—220id, —F)) is
w.e.s. if and only if F' is asymptotically stable, i.e., if spec(F') C C_.

Proof. Tt is a standard result that spec(A) C C_ implies u.e.s. and thus w.e.s. by Cor.
4.6. Conversely,

B(t, tg) = " 70) || B(t, to)|| < p(to)e ") =
lim ®(t,tp) = 0= lim et =0 = spec(F) C C_.
t—o0 t—o0

O

We apply Lemma 4.5 to any f := Z?:o fi(=2%0)'A, degy(f) = d, and choose
7o > o(f) such that f; has no zeros on [7g, 00) (cf. Cor. 3.3). Define

[
6 0 1000
F = ( o 5 50 o > c K> R:= —220idy —F € A%,
—fi o —fi e e e —fi fa
(137)
0 _
With dg 4 := (1,0,---, 0 ) these data imply the standard A-linear isomorphism
(000.a)ind : AJAS = AP/ AR (00(d))ina,
1xd 0 a1 1xd
n+Af —-ndqs+A *R=(n0,---, 0)+A R (138)

d—1
€0(d) + Af =) &(—=2%0)' + Af + £+ AV (—220idy —F).

i=0
For ty > 79 this module isomorphism gives rise to the behavior isomorphism
B(f,70) = {w e W(ro)i falyw® + -+ fo(tyw = 0}
~ B(—220idq —F,70) = {x € W(10)%; 2’ = F(t)z} = C*, (139)
w(t) = zo(t) ¢+ z(t) = (xo(t),- - ,za1(1)) " = (9(d) o w)(t)
+—— x(tg) = (0(d) o w)(to)-

Since every f.g. torsion module M = A'*9/A'*PR_ rank(R) = g, is cyclic and thus
isomorphic to some A /A f the isomorphisms in (138) and (139) also imply
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Corollary 4.8. If M = A9 /U with U := AYPR, R € AP*Y, rank(R) = q and
dimg (M) = d < oo is a f.g. torsion module then there are inverse module resp.
behavior isomorphisms

(0P)ina : AVXI/AVPR =5 AVXA/AITXA(_220id, —F): (0Q)ing
Qo : B(U) PN B(A™4(9idy —F)) . Po

where d = dimg (M), F € K4 P e A7 Q e A%,
(140)

The isomorphisms (138) and (139) and Lemma 4.5 imply

Corollary 4.9. If f :== >0 fi(—2°9)" € A(70), and if f4 has no zero in (1, 00) the
behavior B(A f) is w.e.s. if and only if there are 71 > 19, a, u > 0 and a p.g.f. p > 0
on [r1,00) such that

Vt >ty > nVw € B(f, T()) :

. 141
10(d) 0 w)(®)]| < p(tg)e—o® ) (14

(0(d) o w)(to)]-

4.2 Preservation of w.e.s. under isomorphisms

Example 4.10. The following examples (i) resp. (ii) show that in contrast to w.e.s.
(cf. the next Lemma 4.11) stability resp. u.e.s. are not invariant under behavior
isomorphisms and therefore not discussed in this paper.
(i) Consider the isomorphic state space behaviors

B = {w1 EW(O); w'l :O}ZC-l

142
>~ By = 271061:t81:{U)QGW(O);wé:tilfLUQ}:C’t. (142)

Obviously B; is stable, but B is not.
(i1) Consider the uniformly exponentially stable LTI-behavior

By = {w= (1) e W(0)* w'(t) = Frw(®)}, Fii= (3 ), A <X <0,
P(t) = (1) € G (C®(0,00)), B1 = By := P(z ") 0 By = P(t)By1, w — v := Pu,
B := {v= (1) € W(0)%; /(1) = Fa(t)u(t)}

whereF, = (P’ + PF)P~! = (Aol (A2—>\1)t+1)

A2
= o(t) = (e““*“’) te”“’“”—toew’t“)) v(to)

0 er2(t—to)
(143)
With v(to) := (0,1) 7, hence ||Jv(to)|| = 1, and s := t — tg > 0 we get
v1(t) = ter2(710) gt (t=to) > 4y (ehes M%) > (144)
If By was u.e.s. there would exist ¢, « > 0 such that
v1(t) < ce t=t0) < ¢ — V) > 0Vs > 0: g (e”\” — e)‘ls) <ec. (145)

A2 _ A1

Fors:=1landty > c (e e )_1 this yields a contradiction. This is no contradic-
tion to [21, Thm. 6.15] since P(t) is not a Lyapunov transformation.

Recall A = K([0;d/dz] = K[—220; —2%d/dz] > f = > jen fi(=220)7, f; e K.



4 WEAKLY EXPONENTIALLY STABLE (W.E.S.) BEHAVIORS 28

Lemma 4.11. Weak exponential stability is preserved by isomorphisms, i.e., if
A0 Uy =2 AYX%2 /U, and if B(Uy) is w.e.s. then so is B(Us) (= B(Uy)). In other
words: The w.e.s. of a behavior B(U) of a submodule U C A*9 depends on the
factor module M = A**%/U only, but not on the special presentation of M.

Proof. Consider operators P; € A9 %92 and P, € A%2*% that induce isomorphisms

(0P )ina : A0 /U, =5 AV /U, U; = APPiR;,

dv
i - (146)
and its inverse (OPl)i_n}i = (oP3)ing Where P; = Z Pij(fZQG)J.

Jj=0

Choose 19 > max(c(P1),o(Pz)) sufficiently large such that for all 7 > 7, the opera-
tors P, and P, induce inverse isomorphisms

PQO : B(Rl,’r) i) B(RQ,T) : Plo, wp = P1 O Wy < Wy = P2 o wsq. (147)
Assume that B(Uy) = cl ((B(R1, 7),res);>r,) is w.e.s. and therefore
I > 193d > 0da, up > O0Vm € NI p.gf. ¢, >OVE>tg>T7> 7

Yw; € B(Ry,7) : [[(8(m) 0 wn)(t)]| < @m(to)e > =100 (9(d) o wy)(to)]-
(148)

Let 7 > 71 and consider an arbitrary wy € B(R2,7) and m € N and define

dy
wy = P owy — wl(t) = ZPlj(t)wéj)(t) and wy := Py o w] —
=0

k dy
k k k—i)  (itj k—i i i
VkeN: w® = zg;‘) <Z,>P1(j Wi PETI () = d Py (1)
=0 j=
) (149)
The norms ||P1(J].€_l) (t)]) are p.g.f. on [71, 00). Taking norms in (149) thus furnishes
ap.g.f. 1 > 0on [, 00) such that

vt > 72 [[(0(d) o wi) (B < ¢r(DI[(O(d + dv) o w2)(B)]]- (150)

Likewise wo = Py o wy and there is a p.g.f. 12 > 0 on [y, 00) such that

vt > wl™ (Gl < va)(9(m + da) 0 wi) (D). (151

Together the preceding inequalities furnish, for ¢ > to > T,

[ws™ @Il < va(t)meas (fo)e T D|(D(d) 0 wi) ()]
(148),(151) (152)
= Yo (B)e™ ) g g, (Ho)thr (0) [[(D(d + di) 0 ws) (o)
We choose 3 with 0 < 8 < «. Lemma 4.2 furnishes a p.g.f. ¢»3 > 0 on |11, 00) such
thatforallt > tqg > 7
,a(t#,t#) < 7ﬁ(t“7t“)
Pa(t)e o) <ps(to)e S
[S™ ()] < (Pmsas (to) o1 (o) s (to)) e P =) (D(d + da) 0 wa) (ko).
(153)
Since @, (to)1 (to)ws(to) is also a p.g.f. the preceding inequality implies the
w.e.s. of B(Us) with memory size d + dj. O
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The validity of the preceding lemma suggested the definition of w.e.s. in Def. 2.4.
Recall that u.e.s. of state space behaviors is not preserved by behavior isomorphisms
and necessitates the introduction of so-called Lyapunov transformations [21, Def. 6.14]
that are not defined for arbitrary behaviors, but only for state space equations.

Corollary 4.12. In the situation of Cor. 4.8 the behavior B(U) is w.e.s. if and only
if BLAY¥4(—220idg —F)) is w.e.s., ie., if the first inequality of (130) is satisfied for
—2’28 idd —F.

Definition 4.13. A f.g. A-module is called w.e.s. if and only if for one and thus for all
representations M = A'*9/U the behavior B(U) is w.e.s..

Notice that in contrast to most situations in systems theory the analytic property
w.e.s. of B(U) is the primary property whereas the algebraic property w.e.s. of M is
the derived one.

4.3 The proof of Theorem 2.7

In this section we prove Thm. 2.7. For the needed algebraic preparations we refer to
[5, §3.3]
We assume an exact sequence of f.g. A-modules

0— M, 25 My 25 My — 0 (154)

of f.g. A-modules. After the choice of presentations M; = A'*% /U; the exact se-
quence (154) induces an exact behavior sequence

0B 2R, B, 0 (155)

For Thm. 2.7 we are going to show that 3(Us) is e.s. if and only if B(U;) and B(Us)
are. Due to Lemma 4.11 we may choose the representations arbitrarily. According to
Cor. 4.8 and [5, Lemma 3.9] we may and do assume that the sequence (154) has the
special form

id
0 — Alqu/Ul AquZ/U2 (o< ((]IS))ind ‘A1><q3/U3 =0
where ¢ = g5 + q1, Uy = AY% R, R; € A9*% =123, (156)
Ry = —2%0id,, —F1, Ry = —2?0id,, —F3, F; € K9*%,
Ry= (" &), Re ABx®,

(O(0>idt11 ))ind
_—

For sufficiently large 79 > max {o(R;); i =1,2,3}, 9 > 7 > 179 and W(7) =
C*°(7, 00) there result the exact behavior sequences

_ idy,
0,idg, )o ©
0<~— W(r)n # W (r)s+a M W(r)s <0

Tg Tg TQ (157)

0<— B(Ry,7) B(Ry,T) B(R3,7)<—20

w =——(w; ), (¢') =———ws
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and
B(Ry,7) = {w1 € W()"; wy(t) = Fi(t)wi(t)} = CH, wi = wi(to),
B(R3,7) = {ws € W(7)%; wi(t) = F3(t)ws(t)} = C®3, ws — ws(to),
. (158)
B(Ry,7) = {(Ww}) € W(r)B¥4; (x)}

where (x) : w](t) = F1(t)wi(t), wh(t) = F3(t)ws(t) — (Rowy)(t)
The next theorem coincides with Thm. 2.7.

Theorem 4.14. Weakly exponentially stable behaviors form a Serre subcategory of the
abelian category of all LTV behaviors. For the data from (154) and (155) or, without
loss of generality, from from (156) and (157), this signifies that Bs is w.e.s. if and only
if By and Bs are.

Proof. We assume (156) and (157). The time instant 7y in (157) is chosen sufficiently
large.

1. If B, is w.e.s then so are 3; and Bs: The proof is fully analogous to the parts 1. and
2. of the proof of [5, Thm. 3.11] and therefore omitted.

2. Assume that By and B3 are w.e.s.. Choose m; € N . By assumption and Lemma
4.4 there are 11 > 7o, 4, &« > 0 and a p.g.f. ¢ on [y, 00) such that

Vt > tg > 1 > 1Vw; € B(—2%*0id,, —F;,7), i =1,3:

— ) (159)
1(0(ma) 0 wi) ()| < pto)e ™"~ Juwi(to)], i = 1,3

W.lo.g. due to Lemma 4.1 we here assume the same pu, o, ¢ for both w3 and ws.
Notice that all three w; can be uniquely extended from (7, 00) to (79, 00). Let we =
(w?) € B(R2,T) be arbitrary . Then w; € W(7)%, i = 1,3, are the unique solutions
of

Fy (t)w (t) with initial value w1 (¢g)

F5(t)ws(t) + u(t) with initial value ws(to) and u(t) := —(R o w1)(¥).
(160)

Let m € N and d := degy(R) and define m; := d + m. Choose ap with 0 < ay < av.

According to Lemma (4.3) and (150) there are p.g.f. s, ¢4 > 0 on [y, 00) such that

vt > to : [[(9(m) o w) ()] < @2(8)[[(0(m + d) o wr)(B)]|

— 00m) 0 WD) < ea(t)plto)e " Duntto)| 14,

= [[(0(m) 0 w)(D)] < pato))e "~ un (1)

SRS
[
—~

~ ~
~—

I

This shows that u = — Row; satisfies the condition (130). The inequality (159) for
wsg implies that also w’ = F3w satisfies the condition of (130). We now apply Lemma
4.5 to wh = Fzws + u and obtain 0 < a4y < ag and a p.g.f. @5 on [, 00) such that

V> to: wd™ (8)]] < ps(to)e ) lws (o),

. (162)
with [Jws (to)|| = max ([[ws(to)l], [[wi (to)]]) -
The inequalities (159) for w; and (162) for ws finally imply for all £ > ¢
m) _ (m) m) —ag (t*—tH)
w t)|| = max ( ||lw )1, ||lw t < Y(tg)e o/ ws (t
Ju§™ 0)1 = max (Jlf™ @)1, Jo{™ ) < wito) AT,

where t(t) = max(io(t), 95 (1))-
O
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Recall from Def. 4.13 that a f.g. A-module is w.e.s. if for one or for all represen-
tations M = A'*4/U the behavior B(U) is w.e.s..

Corollary and Definition 4.15. The f.g. weakly exponentially stable A-modules form
a Serre subcategory of AMod. Every f.g. A-module M has a largest w.e.s. submodule
Rawes(M) that is called the w.e.s. radical of M. Moreover Rayes (M/ Rayes(M)) =
0.

Corollary 4.16. (i) Let f = f1f2 be a nonzero product in A, hence 0 #= Af C A fs.
Then [ is weakly exponentially stable if and only if f1 and f- are.

(i) If M = A/Af is any f.g. torsion module and hence cyclicand if f = f1--- frisa
decomposition of f into irreducible factors f; then M is w.e.s. if and only if all A /A f;
are.

Proof. The application of Thm. 4.14 to the exact sequences
(of2)ina
_—

0—=A/Af; A/Af — > A/Afy =0
a+Afi——afo+Af, b+ Af——b+ Afs (164)
B(fz) 2
0< B(Af))<——— B(Af) B(Af2)=<0
furnishes the result.
(ii) follows from (i) by induction. O]

Recall that 0 # ¢g € A is irreducible if Ag is a maximal left ideal or A/Ag is
simple.

S Algebraic characterization of exponential stability

5.1 Lattices

Weak exponential stability (w.e.s.) of an autonomous system B = B(U) with U =
AY™PR R € AP* and rank(R) = q or, equivalently, of its system module M =
AYX9/U withn = dimg (M) < oo is defined by analytic properties of the trajectories
of B. In Section 5 we characterize the w.e.s. of B by that of associated complex matrices
for most autonomous systems.

Such U, M and B are given in the sequel. A f.g. C << z >> [9; d/dz]-torsion module
isafd. C << z >>-vector space and is also called a meromorphic connection [16,
Def. 4.3.1].

From the Sections 3.1 and 3.2 recall the valuation ring L, its quotient field K with its
valuation v and derivation d/dz and the algebra A of differential operators:

L= UmeK: UKm, L,=C<z'/">cK,,=C<<z/">>

m21 m>1
with v (Z aizi/m> =k/mifk € Z, ar, # 0, v(0) = 00
i=k
and d/dz <Z aizi/m) = Z ai(i/m)z(i/’")—l
i=k i=k

A = K[9;d/dz] = K[b0; bd/dz] = &3 K (b)), 0 # b € K.
(165)
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Since
v (d/dz(zl/m)> = ((1/m)z(1/m)_1) =—(m—-1)m ™t <0form>1 (166)

the algebra L is not invariant under d/dz and hence L[0; d/dz] does not exist. How-
ever, for  := 20 € A, a € C < z > and hence v(a(z'/™)) > 0 we get

VYm e N: da(zt/™) = a(z/™)6 + m~ 2™/ (/™) e L[§] := @, L& (167)

and hence L[d; zd/dz] = L[] is a subalgebra of A. A f.g. generated L-submodule
N of M is free since L is a Bézout domain and called a lattice of x M if KN = M
[3, §VIL.4.1], [20, Def. 3.7]. An L-basis of NV is also a K-basis of M. In general the
lattice IV is not invariant under §.

5.2 Regular singular equations

The following derivations are a simple adaption of [16, Thm. 1.1.1, p. 45] to the
situation here. The notations of Section 5.1 are in force.

Definition 5.1. The f.g. torsion module M = A'*9/U is called regular singular [20,
Def. 3.9], if M contains a lattice NV with 6N C N where § := z0.

A f.g. regular singular C << z >> [9; d/dz]-torsion module is also called a regular
meromorphic connection or meromorphic connection with regular singularity [16, Def.
1.5.1.1, Cor. I1.1.1.6].

Obviously regular singularity is preserved by isomorphisms and assumed in this
section. Let v = (vy,---,v,)" € N" be an L-basis of N and e := (eq,--- ,e,)"
the standard basis of C'*" ¢ A", Since SN C NandL = J,,»,C < z¥/™ >
there are m > 1 and A € C < z >™*" such that -

ov = A(zY/™)v. (168)
The epimorphism A'*"™ — M, e; — v, induces the isomorphism

(AU AT(Gid, —A(ZY™) = M
§:=E+ AD(Gid, —A(Y™) = v =3 &v; 0 (169)

hence B (Alx"(éidn —A(zl/m))) ~ B(U).

Recall
K, =C << 2™ >>c A, := K,,[0; 2d/dz], especially

(170)
Ki=C<<z>>CA; :=C<<z>>[0;2d/dz].

Define V;, := @7, K,,v; C M. The equation §v = A(2Y™)v implies that V,,, is an
A,,,-submodule of M of dimension dimg, (V) = n and that

m

AL AL (Fidy —A(z™)) = Vi, & vy, =
" (171)
M = AV AT (§id,, — A(zH™)) = A®a, Vn =Kok, Vi

Define V := A{*"/A1*™ (§id,, —mA(z)). This is an A;-torsion module with the
K -basis € and & = mA(z)e. According to [20, Thm. 5.1], [16, Cor. 1.1.6,(3),(4), p.
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47] there is a constant matrix B; € C*"*™ and P € Gl,(C < z >) with P(0) = id,
such that

2P’ = (mA)P — PB; = (0id,, —-mA)P = P(§id,, —B;) =
(0P)ing : V = AT*"/AT*™ (§id,, —mA(2)) = AL/ A (§id,, —By)

1

(7

The equations
da(z) = a(2)d + zd'(z) € Ay and
da(z™) = a(zY/™)6 + m~2md/ (2™ € A, imply (173)
(md)a(z*/™) = a(z/™)(md) + 2/"d (zV/™) € A,

and, via Lemma 3.4, the algebra isomorphism

Ay =K [6;2d/d2] = Ay, = Ko, [0:2d/dz], Y a;(2)87 =Y aj(z/™)(md).

J
(174)

The isomorphisms (172) and (174) imply the isomorphism

V,, & Alxn/plxn (5 id,, —A(zl/m)) — Alxn/plxn ((m5) id,, —mA(zl/m))

= AL ALT (m)idy —Br) = AL AL (5id, —B), Bi=m By
" (175)
Together with the isomorphism (169), (171) we get the isomorphisms

M= AV A (5id, ~A(217)) = AV A (6id, - B)
A A (176)
B(U) =~ B (AlX”((S id,, —A(zl/m))) ~ B (A" (5id, —B)).
The equations § = 20 = —z~1(—229) and (—220) o v = v’ for v € W (0, 00) imply
dov=—tv', hence Vo € W(0,00)" : (§id, —B)ox = —tz’ — Bz = ar
B(§id, —B,0) = {z € W(0)"; 2’ +t 'Bx = 0}.

The transition matrix of the state space system
'+t 'Bx = 0is ®(t,t0) = exp (—(In(t) — In(tg))B) fort,to > 0.  (178)

Corollary 5.2. If the module is regular singular then it is weakly exponentially stable
if and only if M = 0, hence Thm. 2.8,(i), holds.

Proof. Since w.e.s. is preserved by isomorphism the isomorphism (176) and equation
(177) show that this has to be shown for the state system 2’ +¢~1 Bx = 0 only. Assume
that M # 0 and thus n > 0 and that this equation is w.e.s. Then for sufficiently large
7 there are constants «, > 0 and a p.g.f. ¢(¢) > 0 such that (cf. (127))

Vi > to > 7 |z(t)] < @(to) exp (—a(t* —t5)) lz(to)ll, a,p>0. (179)
Let z(to) be a nonzero eigenvector of B for the eigenvalue A. Then
z(t) = @(t,to)x(to) = exp (—(In(t) — In(to)) B) z(to)
= exp (—(In(t) — In(to))A) z(to) = (180)
2 (8)]] = exp (—(Wn(t) = In(to))ROV) lla(to) ]| = £~ *Vig™ [ato)].
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Even for R()\) > 0 the power ¢t~ ®) decreases more slowly than exp (—at*) and
hence the inequality (179) cannot hold. This implies M = 0 and the theorem.
O

5.3 Irregular singular equations
This Section is devoted to the proof of Thm. 2.8,(ii) and (iii),(a),(b), (c).

Definition 5.3. The torsion module M = A'*%/U is called irregular singular if it is
not regular singular.

In this Section 5.3 we assume such an M. Again this property is preserved by
isomorphisms. Thm. 5.4 below is an important standard result. We carry out its simple
proof since those of [4, (6.37)] and [20, p. 68] are only indications and contain slight
errors. Since every f.g. torsion module is cyclic we assume an isomorphism

d
M>~A/AL L= Zaiéd_i € A =K]Jd;zd/dz], 6 .= 20, ap =1,a; € K.
i=0
(181)
This L is also called irregular singular.We write it in the form
L=1,a1,--,aq)D, D:= (6% 6471 ... 6,1)" € A%, (182)

If L € L[J; zd/dz] then
N :=L[§; 2d/dz]/L[5; 2d/dz]L = @{- L6 € AJAL = @ JK§*  (183)

and N is a L[d; zd/dz]-submodule of A /A L and a lattice with 6 N C N. By definition
this implies that A /AL is regular singular. Since this is excluded in Section 5.3 we
conclude that not all coefficients a; of L belong to L and that hence v(a;) < 0 for at
leastonei =1,--- ,d.

Theorem 5.4. ([20, p. 68], [4, modified (6.37)]) Assume that
L=(20)"+a1(20)" " + -+ + a4 € A =K|[20; 2d/dz] (184)

is irregular singular, i.e., there is a coefficient a; ¢ L or with v(a;) < 0. Define

A i=min{v(a;)/i; i =1, - ,d} <0, F:=2""20) = 2170, (185)
Then
2ML =BT+ b BT 4+ by (136)
where b; € L = {a € K; v(a) > 0}, 3k with v(b) = 0.
Proof. (i) We show inductively that
EF = 27%p(0), pi € C[0], degs(px) = k, px monic. (187)

For k = 0, 1 this is obviously true with py = 1, p; = 4. Inductively we then get

EM = EEF = 272 (627 "M pr(8) = 272 (z*kAé - k)\z*k’\) pi(9) =

188
27 FHEDAG — EA)pr(6) = 2~ FFDA L 1(8), prer(6) := (6 — EN)pr (). (188)
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(ii) Define

E:=(ELE" ... B 1) e AdTL (189)
Equation (186) furnishes an upper triangular matrix U € Glg41(C) with 1 in the main
diagonal, U;; = 1, and the diagonal matrix D = diag(z~%, z=(¢=DA ... 1) such
that

E=DUD =D =U"'"D'E= »?L=2""1,a1,--- ,a9)D
= (La1,- ,ag)U Y (z"PD™HE =: (by, by, --- ,by)E
— (bo, b1, ,bg) = (1,a1,-- ,aq)U ' Dy
with D := 2~ D~ = diag(1,27%, -+, 27 %),

(190)

The matrix U ! is also upper triangular with 1 in the main diagonal. The preceding
equation thus implies

J

J
bo = 1, V] Z 1: bj = Zai(U_l)ijz_jA = Z(aiz_j)‘)(U_l)ij

i=0 4 i=0 (191)
j—1
= a2 4 Z(aiz_jA)(U_l)ij.
i=0

The definition of A < 0 furnishes

J ((v(aj)/j) =) >0 ifi =j
(W) =N+ (=) (=N >0 ifi<j

o(by) = {0 if v(a;)/j = X

Vji>i>0: v(aiz*j)‘) = {

= b, € L, Jk withv(by) = 0 =
>0 ifu(a)))j>x 7 obr)

AL =FEY 4+ 0, B ... € LIE; 21 7d/dz), E =270 = 217

(192)
O

Since b; € L = J,,5; C < z1/™ > there is an m such that
Vi=1,---,d: bjeC<z/"> m>1. (193)

For the action on y € W () the operator E is written as
E=2720=—2"172(=2%) and acts as (E o y)(t) = —t' T ¢/ (t). (194)
As usual we define

= (1'0,"' ;xd—l)—r = (yﬂEOyv"' aEdiloy)T and

0 1 0 - 0
amam (484 s Yeccamon 0
—bg —bg_1 —bg_2 -+ —by
and conclude
d—1
Loy=0<+= 2 PLoy=0 < Edoy—l-Zbd,jEjoy:O
=0 (196)

= (Bidg—A)ox =0 = —t'a/(t) — At~ ™)z(t) =0
= /() +tTARTY™)a(t) = 0.
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On the module level we obtain the inverse isomorphisms (cf. (138))

1 (eB)ina 1xd /A 1xd s .7
M=A/U =2 A/ALZAY/AXYEidg—A), 1+ f<€
where 7 =n+U, f:=f+ AL, £:=¢&+ A4 Fidg—A) (197)
d—1
n:an f:nP:Zé-ZEZa €: (f707 70)
i=0
where P € A?*! and Q € A'X9 define the inverse isomorphisms between M and
A /A L. For the behaviors this implies
B(U) = B(AL) = B(AY™4(Eidg —A)), w & y < z,

(198)
w=Poy, y=Qow=ux, v=(y,Eoy, - ,E" oy’

The matrix A is contained in C < z'/™ >9*4 and we decompose it according to (56):

A = Ag + 2 AL (), ATV = Ag ALY, Ag € L

(199)
Notice that A;(z'/™) is a power series in z and not only a Laurent series and
hence A;(t~'/™) is bounded on [7, c0) for all T > o(A;). Summing up the preceding
derivations we obtain

Theorem 5.5. Assume that M = A1 /AYPR = A/AL = AY4/AX4(Eid; —A)
is irregular singular and the derived data from above. There is a time

70 > max(1l,0(A1),0(R),0(P),c(Q)) (200)

1/m

such that the equation (196) gets the form
2/ (t) + 71 (Ao + t*l/mAl(fl/m)) 2(t) =0, t > 7, 201)

where A resp. Ag, Ay are defined in (195) resp. (199) and where Al(tfl/m) is
bounded on |19, 00). Moreover the behavior isomorphisms (198) imply the behavior
isomorphisms

Vr>10:B(R,7)={we W) Row=0} 2C(7) :=
{x e W(n)d; o' (t) 4+t 172 (Ao + t_l/mAl(t_l/m)) x(t) = 0} , W <> x, where

w = (wy, - ,wq)T = Pouxg, x = (29, ,xd_l)T =(1,E,--- ,Ed_l)TQow.
(202)

By the variable transformation ¢ — t_’\fl, —A~1 > 0, the preceding equations
can be simplified as follows: Define

v(t) i=x (t*rl) , hence v (t7) =z ((t*’\)*xl) = z(t). (203)
The differential equation (201) and (203) imply

1

’Ul(t) _ _Afltfx\_lfll,/(tf)\_ )

— AT (t—“)flfA (Ao + (t‘”l)fl/m Ay ((t‘“)l/m» v(t)

=)\1 (AO + tl/(Am)Al(tl/(Am))) o(t), 1/(Am) <0, Al(tl/(Am)) bounded.
(204)
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Result 5.6. ([21, Thm. 8.6]) Consider a state space system
vl(t) = (B(t) + C(t))v(t)a U(t) € C(T()v Oo)da B7 Ce 00(7—07 OO)dde (205)

where C'is considered as a perturbation of B. Assume that ||B(t)|| < B forallt > 1
and that the system v' = Buv is u.e.s. Then there is a constant v > 0 such that also
v = (B+ Clisue.s. if |C(t)|| < forallt > .

Theorem 5.7. Assume R,U, M, B as in the beginning of Section 5.1 with irregular
singular M and the derived data from Thm. 5.5 and (201). If the eigenvalues of Ag
have positive real parts then B is weakly exponentially stable. For sufficiently large
T1 > 7o the trajectories x € W (7)¢ satisfy an inequality

le@l] < coxp (~a(t™ — t5)) [l (to)]] (206)
Proof. 1. We first consider the equation (204)
V() = AL (AO + 1/ Om) g1/ Gm) )) u(t) and define
B(t) := A Ag, B :=|[A" A, C(t) = ATHY/ Om) 4, (#1/ (),

(207)

Since A~' < 0 and the eigenvalues of Ay have positive real parts those of A~ A4,
have negative real parts. Therefore v/ = Buv is u.e.s. Let v > 0 be the number from
Result 5.6. The function A (/™) 1/(Am) < 0, is bounded for t — oo and
limy_, o0 t1/2™ = 0. We choose

71 > 7 such that Vt > 7 : [|C(t)|| = A~ YA A (/M) <y (208)

According to Result 5.6 the equation v' = (B + C)v is u.e.s. on (7, 00) for all 7 > 7.
Therefore there are ¢, A > 0 such that

Vi>to>12>10: |Jv(t)]] < cexp(—al(t —to))||v(to)]]- (209)

2. We use z(t) = v(t~*) from (203). The preceding inequality (209) implies:

1 —1\ —A
Vt>to>7>72 " hencet™ > tgr > A > 1 = (Tf)\ ) :

lz@)ll = o) < cexp (—a(t™ —t57)) llz(to)]-

3. According to part 2. of the proof and Cor. 4.6 the state space behavior

(210)

-1

B(r) = {x e W(r)% o/ (t) + ¢! (Ao +t—1/mA1(t—1/m) - 0}, T

is w.e.s.. Since w.e.s. is preserved by behavior isomorphisms also B = B(U) is w.e.s..
O

The next theorem is an instability result. For ¢ € C? we have to use the 2-norm
/2 .
I€llz = (3 1&[21) " with [|€]] = max; €] < [|€]l2 < a"/2l¢].

Theorem 5.8. Assume the data from (204) with the abbreviations from (207) and as-
sume that B has an eigenvalue with positive real part. Then there are ty > 19, c, a0 > 0
and one solution v € W (19)% of v/ (t) = (B + C(t))v(t) such that

Vit > to: ||u(t)]] > cexp (a(t —to)) ||v(to)||, hence
z()]| > cexp (at™ —t5™)) [l (to)]-

In particular, v(t) and x(t) are not u.e.s. and B is not w.e.s..

@211)
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Proof. 1. Let I := id;. By assumption the matrix B has an eigenvalue v with pos-

itive real part. Let B* = B denote the adjoint matrix and # < C%<? the space
of Hermitean matrices H (H = H*). The map H — H, P — B*P + PB, is
well-defined and an isomorphism if for two different eigenvalues A1 # A2 of B the
inequality A\; + Ay # 0 holds. We choose €; with 0 < ¢; < R(v) and such that the
matrix B — €11 satisfies this condition. So there is a unique Hermitean matrix P = P*
such that

(B* — e,I)P + P(B — e11) = —1I, hence B*P + PB — 2P = —1.  (212)

2. The quadratic form V (§) := £* P§ is not positive semi-definite: Let 1) be a nonzero
eigenvector of B with By = vn. Then

Bn=wvn, n*B* =vn*, n*(B*P + PB)n — 2e1n* Py = —||n||3

= 2(R0) —e) Vi) = —[lll3 <0 = V(n) <0. @19

We infer that P has an eigenvalue y < 0 and eigenvector £ such that
p<0, §#0, PE=pg, V(€)= Pg = p€l3 < 0. (214)

3. Let v(t) € W(7)% be a solution of v/(t) = (B + C(t))v(t) and define f(t) :=
V(v(t)). Then
f=v"Pv= f =v*Pv+v*Pv =v"(B*+ C*)Pv+v*P(B+ C)v
=v*(B*P+ PB)v+v*(C*P+ PC)v
=v* (=1 + 26, P)v +v*Hv = —|v||3 + 26,V (v) + v*Ho
=2¢1f — ||v||3 +v*Hv
215)
where H(t) = H(t)* := C(t)* P + PC(t) is a Hermitean matrix.
4. The condition lim; o, C(t) = 0 implies lim;_, o, H(t) = 0. We choose ez with

0 < €3 < 1and 7y > 7¢ such that [n*H(t)n| < ea||n||% forn € C? and t > 7. This
choice implies

£ 2af = ol + v Ho < 20f = (1= ) [0} = £ =261/ ~ h()

with h(t) > 0 =Vt > tg > 7 : (216)
t
F(t) = f(tg)e* 1 tro) — / > (=) n(s)ds < f(to)e* (=),
to

We apply the data from (214) and consider the solution
veW(rn)?of v'(t) = (B + C(t))v(t) with v(tg) := &
= f(to) = V(&) = pl€?| <0 217)

= O] = V@) > (=m)ot)]3e> .
(216)

5. Let finally p := max {|8]; S € spec(B)} > —pu be the spectral radius of P. Then
[V(n)| < plin||3 for all € C? and therefore especially

W2tz T 2 e VEW) 2 o7 et )l @)
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Taking roots, replacing [[v(t)||2 by |lv(t)| and substituting v(t) = x(t~*) furnishes
(211) and thus the theorem. The inequalities (216)-(218) also follow from Chetaev’s
instability theorem [10, Thm. 25.3]. O

Example 5.9. If L € A is monic of degree 2 and not regular singular with A < 0 then
we can write

E:=2"220) = 29 and 2 **L = E? + b, E + by with

(219)
by, by € C < z/™ > hence v(b;) > 0, and min(v(by),v(by)) = 0.

Conversely, any choice of A < 0, m > 1, and b; with the indicated properties gives
rise to E := z' 720 and L := 2?*(E? + by E + by) with the assumed properties of L.
The corresponding differential equation is

2 (t) + A A@EY ™)z (t) = 0 with by (0) # 0 or by(0) # 0,
Ay = (9, 4)) = Ao+ 2V A (2™, (220)

0 1 m 0 0
Ag = (—bz(O) —bl(o)) ) Al(zl/ )= (7;;—1/"1(17271)2(0)) 7z_1/’"(b17b1(0)))
We make the simplest choice A := —1, m := 1 and obtain the differential equation

2’ (t) + A(t 1)z (t) = 0 with by (0) # 0 or by(0) # 0,
A(z) = (5, b, ) = Ao+ 241(2), (221)
1

0 0
Ao = (7b2(0) - (o)) , Au(z) = (—zfl(bz—bQ(o)) —z’l(bl—bl(O))) :
We choose b1 (0) := —1, by(0) := 0, hence 4y = (§1) with the eigenvalues 0, 1.
Thm. 2.8 is not applicable. We choose A;(z) = (§9) and obtain the differential
equation

)+ (3D +t7(9,%)2z(t) =0o0r @) + a5 =0, 2 + (1 +1 )z = 0.
(222)
Fort >ty > 1 we obtain the special solutions with x1 (tg) := 0, x2(tg) := 1:

wa(t) =exp (—(t—t7) + (to— 1)),

:>x1(t):—/t xg(s)dSZ—/t exp (—(s—s_l)—i—(to—tgl)) ds

¢
= |z1(t)] = / exp (—s+ (st +to—t;"')) ds > / e Sds=e " —et,

to to
(223)
Since lim;_, o |1 (£)] > e~ > 0 the trajectory z(t) with z(to) = ({) is not expo-
nentially stable and hence the corresponding behavior B(U) is not w.e.s..
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