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Leaderless Consensus-based Formation Control of Multiple
Nonholonomic Mobile Robots with Interconnecting Delays

Emmanuel Nufio!, Tonatiuh Hendndez', Mohamed MaghenemQ, Antonio Loria®, Elena Panteley3’4

Abstract— The control objective in the leaderless consensus-
based formation control is to ensure that the Cartesian positions
of the nonholonomic mobile robots converge to a given position
in a formation pattern and the barycentre of such formation is
agreed, in a decentralized manner, by all the robots, while their
orientations converge to a common value. The main problem
behind this stabilization objective is that for robots that exhibit
nonholonomic restrictions, due to the Brocket’s condition, the
controller has to be designed such that it is discontinuous or it
is non-autonomous (time-varying). In this work we propose a
simple Proportional plus damping (P+d) smooth controller that
solves the aforementioned objective and we provide a sufficient
condition on the damping gain to ensure robustness with respect
to variable time-delays in the interconnection. Simulations are
provided to show the effectiveness of our control proposal.

I. INTRODUCTION

The control objective in the consensus of multiple dynam-
ical agents is to ensure that the states of all agents agree on
a common value by sharing (part of) their state with their
corresponding neighbors [1], [2], [3], [4]. There are mainly
two different consensus problems: the leader-follower, in
which the agreement value is given as a desired value to
a set of (follower) agents in the network; and the leaderless,
in which such common value if found among the agents
[5]1, [6], [7]. In this work we deal with the consensus-based
formation control of a class of nonholonomic mobile robots,
where the control objective is to drive the Cartesian positions
of all the robots to a given position in a formation pattern
and the barycentre of such formation is agreed upon by all
the robots in a decentralized fashion. Furthermore, the robot
orientations converge to a common consensus value.

Consensus of nonholonomic mobile robots has been stud-
ied, for instance, in [8] where a decentralized feedback
control that drives a system of multiple nonholonomic uni-
cycles to a rendezvous point in terms of both position and
orientation is proposed, the control law is discontinuous and
time-invariant. In [9] necessary and sufficient conditions for
the feasibility of a class of position formations are laid.
In [10] the position/orientation formation control problem
for multiple nonholonomic agents using a time-varying con-
troller that leads the agents to a given formation using only
their orientation is proposed. In [11] a distributed consensus
control law for a network of nonholonomic agents in the
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presence of bounded disturbances with unknown dynamics in
all inputs channels is presented. In [12] a smooth distributed
formation control law using a consensus-based approach to
drive a group of agents to a desired geometric pattern is
proposed. The latter result is extended in [13] by introducing
a Proportional plus damping (P+d) controller for the velocity
dynamics. In [14] the consensus-based formation problem is
solved using a time-varying controller and the solution is
enabled with collision avoidance capabilities. However, in
all of these references it is assumed that the communica-
tions are reliable and a simplified kinematics model of the
nonholonomic mobile robots is used.

In contrast to the latter, in [15], [16] and [17] a more
realistic torque-controlled second-order dynamics model is
used, but it is assumed that communications are reliable
(without delays). The consensus problem is also addressed in
[18] via a cooperative control law that is robust to constant
communication delays. However, in the latter reference, a
first-order kinematics model is used.

In this article we solve the consensus-based formation
control problem for a class of nonholonomic mobile robots
interconnected through unreliable communication channels
that exhibit variable time-delays. In addition, we use a
second-order torque-controlled model for the robots. Our
controller is simple to implement, as it consists in a smooth
controller of the Proportional plus damping (P+d) type. To
the best of the authors’ knowledge this is the first work
on consensus of mobile robots, in which the full second-
order dynamic model is used and variable time-delays in the
communications are taken into account.

Notation. R := [—00, 0], Rs¢ := (0, 00], R>¢ := [0, xq].
||x|| stands for the standard Euclidean norm of vector x.
I,, represents the identity matrix of size n X n. 1 and O
represent column vectors of size k£ with all entries equal
to one and to zero, respectively. ® represents the standard
Kronecker product. For any function f : R>g — R", the L-
norm is defined as ||f]| := sup |f(¢)|, L2-norm as ||f||2 :=

>0

(Jo7 [£(t)|2dt)!/2. The L and Ly spaces are defined as
the sets {f : R>o — R"| ||f]|cc < oo} and {f : R>g —
R"™| ||f]l2 < oo}, respectively. The set N is defined as N :=
{1,..., N}, where N is a positive natural number.

II. PROBLEM SETTING

We consider a swarm of N nonholonomic vehicles mod-
eled as differential drive robots that move in the Cartesian
ry—plane with three degrees of freedom, two translations
and one rotation. Let us define z; = [xi,yi]T € R?



and 0; € R as the translation and rotation coordinates,
respectively, of the ith-robot. Let us also define §; € R? as
the relative desired translation of the ith-robot with regards
to the barycentre of a given formation pattern. Thus, the
corresponding position of the tth-robot translated to the
barycentre of the desired formation is z; := z; — 4.

The interconnection of the mobile robots is modelled using
the Laplacian matrix L := [¢;;] € RV*Y, whose elements
are defined as

{ Z Qi 1=k
lij =< keN; (1)
—Q;k 7 # k
where i € N and N is the set of transmitting information
to the ith robot, a;;, > 0 if k£ € N; and a;;, = 0 otherwise.

Similar to passivity-based (energy-shaping) synchroniza-
tion [19], [20], [21], the following assumption is used in this
paper:

Al. The interconnection graph is undirected, static and
connected.

Remark 1: Note that, by construction, L has a zero row
sum, i.e., L1y = Opy. Moreover, Assumption Al, ensures
that L is symmetric, has a single zero-eigenvalue and the rest
of the spectrum of L is strictly positive. Thus, rank(L) =
N — 1. Therefore, the only vector living in the kernel of L
is span(1y). A

The information exchange between the vehicles is sub-
jected to time-delays that satisfy the following assumption.

A2. The communication from the jth to the ith robot is
subject to a variable time-delay denoted T7;(t) which
is bounded by a known upper-bound *T;; > 0. Further,
T;;(t) has, up to the fourth, bounded time-derivatives.

The control objective in this paper is the following:

(LFP) Leaderless Formation Problem. Consider a
swarm of N nonholonomic vehicles modeled as differential
drive robots. Under Assumptions Al and A2, design a
decentralized controller such that, given a desired formation
pattern, all the robots (globally and asymptotically) agree on
their relative Cartesian positions and orientations, i.e., for all
ZiERQ and 0; € R

. z;i(t) | | Z
tli%lo[oi(t)]_{oc]’
where Z. € R? is the Cartesian consensus position of the

barycentre of the formation and 6. € R is the consensus
orientation of the robots. <

III. DYNAMIC MODEL

We assume that for each robot, the geometrical center
and the center of mass are located at the same point Q :=
[z;,y:]T. Then, the corresponding dynamics of the ith-robot

is given by
.| cos(6;) |
“i —[ sin(6;) }”“
éi = Wi, (2)

. 1
Vi | _| my 0 .
8]1% 3]

0 Xi X

Fig. 1. Schematics of a differential wheeled mobile robot.

where v; and w; are the linear and the angular velocities of
the center of mass, respectively; m; is the mass; [; is the
moment of inertia; R is the distance between point Q and
the wheels; and r the radius of the latter. 7; is the control
input torque of the left and right wheels, i.e., 7; = [1;1, 7ir] |,
1 1

and B; = % [ R _n

A first step in the controller design is to propose the
following inner control-loop

] —see Fig. 1.

R R Ui
o HE NI AT

where the extra input term u; € R? will be defined in the
next section. The closed-loop (2) and (3) yields

z; =p(0;)vs,
éi = Wi,
’bi Zi’u,m' (4)
mg
Ll
(2 _Il w1y
where (
| cos(#;)
o(0)) = [ R ] . )

IV. DISTRIBUTED CONSENSUS-BASED FORMATION
CONTROL

The extra input term u; of the decentralized controller
that solves the (LFP) problem is composed of two smooth
P+d elements that drive the linear and angular accelerations,
respectively. The first element is

Upi = —Puip | (0:)e; — dyivy, (6)

where p,;,d,i > 0 are the proportional and the damping
gains, respectively; and e; is the Cartesian position error of
the sth-robot, with regards to its neighbors, defined as

€e;, ‘= Z aij(zi — Zj(t — sz(t))) (7)

JEN;
The second element is

Ui = —Puwi€oi — dwiwi + i (t, 05, €;), (8)



where py;,d,i > 0 are the proportional and the damping
gains, respectively; eg; is the orientation error of the ith-
robot, with regards to its neighbors, given by

eor = Y ay(0; — 0;(t — Ty(1))), &)
JEN;
and a; € R is a smooth time-varying function that is included
to satisfy Brockett’s condition and that will be designed later.
The complete closed-loop system given by (2), (3), (6)
and (8) is

z; = @(0i)vi i€ N

= { v; = _mLi [poip " (0:)e; + dyivi] e
0i = ws € N
= { w; = _1%» [Pwi€si + dwiws — o (t, 0;, ;)] e
(10)

Next, we establish some important properties for X, re-
garded as a linear autonomous system with variable time-
delays and driven by the “input” o (¢, 0;,€;).

Proposition 1: Suppose that Assumptions Al and A2
hold. Set the damping gain d,,; such that

*TQ» B
2dyi > Pui Y i (ﬁl J>, Vie N, ()

JEN; BJ

for some {f31,...,06n} > 0. In this scenario:

1) if a;(t,60;,e;) = 0 then, for 3, in (10), there exists
0. € R such that (w;,0;) = (0,0.) is Globally
Asymptotically Stable (GAS);

2) if a; € Lo then &y, wi € Loo;

3) if o € Lo and hm ai(t Hi(t),ei(t)) = 0 then
li)mwz()—()andhmG() 0. <

Proof. To establish item 1) of the proposition we set o; =
0 in X,,. Consider the Lyapunov-Krasovskii functional

N
V= Z 2p — + Z a;; (0
i=1 ]EN
+¢ Z a”/ / n)dndo | ,
GJEN; *Tji Jt+o
where c¢; is a positive number. V is given by
V=3 | L 3 a0y
JEN
t
+ ¢ Z ai; | T, ﬂw / wf—(a)da
JEN; t="Tji
Evaluating 1% along X, in (10), yields
N
V:_Z wz _’_Zawwl/
=1 | P JEN; Tﬂ(t
t
—c Z aij ”w / w‘?(a)do ,
JGN t—*T}j;

where, to obtain this equation, we have used the fact that

t t
Tyi(t)) = / o o) = / il

and we have also invoked Al and the properties of the
Laplacian matrix to prove that

N
Z Z aij(B; +6,)(0; — 6;) = 0.

i=1jEN;

0;—0;(t—

It also holds that, for any 3; > 0,

/t ﬁ ) 1 t 2
—w; wj(o)do <=w? + / wj(o)do
Tyi(0) 20 20 e

f *Tz t
Sioﬂ_,_ 261 /J w? (0)do.

]1

. T,
Setting ¢; = —+#- returns

2p;

N * 2
175
<=3 |Eni- 3 o (Gt + )
Wy ij
i P 26
and using l;; := > a;j, where [;; is the diagonal element
JEN;

of the Laplacian, we obtain

-3 [( - Bt

ZGUQ 7

i=1 JEN;
As in [19], defining W := col(w?, ...,w%;) and
dwi _ B1 _*T221 - o)
por 2 I 55012 - 20, N
_ Ty, dw2 _ B2 "Tho
232 a21 Pw2 l22 232 a2N
v =
*TIN *T2N don _ BN
26BN an1 28y N2 PwN 2 INN

we can write )V < —1E\IIW or, equivalently,
N * 2
i Bi T3 2
— — ai; | =+ w;'.
; Puwi Z ’ < 2 2ﬂj
Then, setting d,,; such that (11) holds it follows that there

exists \; > 0 such that V < — Z \iw?. Thus w; € Lo.

Further, since V is positive definite émd radially unbounded
with regards to w; and 6; —0;, then these signals are bounded.
Which, in turn, imply that w; € L. Invoking Barbalat’s
Lemma it is established that tlirgo w;(t) = 0. Obviously,

from X, in (10), if we can prove that tlim w;i(t) = 0 then
— 00

lim ep;(t) = 0. This last, in turn, implies that
t—o00



Since w; converges for all i € {1,...,
globally bounded, then
Tim 3" ai(0:(6) — 05(6)) = 0.
JEN;
Defining 6 := [01,...,0n5]" € RY, then we have that
lim LO(¢) = 0 which implies that lim 6;(¢) = 0..
t—o0 t—o00
Now, since

N} and T;(t) is

t

lim [ wi(o)do = tlim w;(t) — w;(0) = w;(0),
— 00

t—o0 0

then such limit exists. Moreover,

_Iiz[ wi Z Qij (wi—(l—Tji)w‘j(t—Tji(t)))-i-dwid)i}.

JEN;

Wi =

which, in view of Assumption A2 and the fact that w;,w; €
L~ imply that w; is uniformly continuous. Thus, by Bar-
balat’s Lemma w; asymptotically converges to zero. This
completes the proof of item 1).

Next, we establish item 2). To that end, we first recall
that without input the equilibrium (w;, 0;) = (0, 6.) is GAS.
Further ¥, is a marginally stable linear time-varying system
with uniformly bounded time-delays. Hence, by Proposition
3 in [22] if «(t,0;,€;) is bounded then w;, w; € Lo

Item 3) is established also by Proposition 3 in [22]. This
finishes the proof of the proposition. 0

In what follows we establish the fact that (v;, ¢ ' (6;)e;) =
(0,0) is GAS, for system X, in (10).

Proposition 2: Suppose that Assumptions Al and A2
hold. Set the damping gain d,,; such that

*T2 _
2dyi > pui Y, aij (31' + U) , VieN, (12)
JEN; ﬂj

for some {Bi,...,8n} > 0. Then v; € Lo N Lo,
|z; — Z;|| € Loo and tlim v;(t) = 0. If, additionally, w; €
- —00
Lo then lim P (0:(t)e;(t) = 0. 4
—00
Proof. Consider the Lyapunov-Krasovskii functional

W= z Tty S aslm -7l

JEN;
ta Y ay / / n)dndo
JEN; *Tjs Jito
whose total derivative yields
W = Z vzvl +5 Z aij(2i — ;)" (2 — 2;)
jGN
t
"rCi Z Q5 >kT”’U? —/ ’U]Z(U)dd
jGNi t—*T}j;

Since ¢ " (6;)¢(0;) = 1 then ||;]|? = v2. This last, setting
¢ = 2:;” and using the same arguments as in the proof of

item 1) in Proposition 1, we get

ﬂi *TE] 2
Qij ( 5 + 5 ﬁ] v;.
Therefore, for all i € N, setting d,,; satisfying (12) ensures
that v; € Lo, N Lo and ||Z; — Z;|| € L. This implies that

e; € Lo and, since ¢(6;) is bounded, v; € L. Therefore,
by Barbalat’s Lemma, thm v;(t) = 0. This completes the
—00

N

WS 5y

im1 \ Pvi JEN:

first part of the proof.
Since
t
tlirgo ; 0;(0)do = tlggo v;(t) — v;(0) = v;(0),
we only need to prove that ©; is uniformly continuous to
establish convergence of ¢ ' (6;)e; to zero. First note that

1
- [poiwie™ " (0:)e; + puip ' (0;)€; + duiti], (13)

(2

U =

where we have defined o
@ (0:)p™(0;) =

as the annihilator of ¢(6;), i.e.,
@t T(0;)p(0;) =0, and it is given by

o= i |

Moreover, since ; = w;, ¢(0;) = wip™(6;) and > (0;) =
—wip(0:).

The fact that v; € Lo N Lo, ||Z; — Z;|| € Lo and (by
assumption) w; € Lo, ensure that ¥; € L., and thus o; is
uniformly continuous. This completes the proof. 0

Remark 2: A key step in the solution of the (LFP)
problem is the design of the function «;(¢,6;,e;). On
one hand, from Proposition 1, «; has to be a bounded
time- Varying function to ensure that w; € L. Since
hm @ " (0:(t))e;(t) = 0 does not imply that tli)m e;(t) =0,
on the other hand, «; has to be designed such tﬁ)eolt if a; and
goT(b‘i)ei converge to zero then e; converges to zero. A

In order to accomplish the second objective in Remark 2,
we first note that

e () 1 [ cos(6;) sin(6;)
et | | —sin(6;) cos(6;)
is a full-rank matrix. Proposition 2 establishes the conditions
under which tlim @' (0:(t))e;(t) = 0. Hence, if we establish
(0;(t))e;(t) = 0 then we will have that
T
. e (0:(1) ]
lim e;(t) = 0o,
in [ ZAG0) |0 =0
whose only possible solution is tlim e;(t) = 0a.
After such reasoning, we design of «; as
ai(t, 0i,ei) == kaifi(t)p™ " (6)ei,
where ko; > 0 and f;(t) is any time-varying function
such that f; € C2, fi, fi,fi € Loos tlim fi(t) # 0 and
. — 00
Tim fi(t) £ 0.
Remark 3: There exist several functions that satisfy the
conditions on f;(t), one trivial example is: f;(t) =

(14)

that lim "
t—o0

5)



A; sin(w;t), where A;,w’ € R are the magnitude and the
frequency, respectively. A
We are now ready to establish the main result of this work.
Theorem 1: Controller (3), (6), (8) and (15) solves the
(LFP) problem, provided that (11) and (12) hold. <
Proof. First we invoke the first part of Proposition 2 to
show that v; € L,oNLo, HZZ'—Z]'H € Lo and tli}m ’Ui(t) =0.
These bounded signals imply that e; € EOO.OOHence, the
function «; defined in (15) is bounded. Therefore, we may
invoke item 2) of Proposition 1 to conclude that w;, w; € L.
Hence, following the second part of Proposition 2, it holds
that tlggo @' (0:(t))ei(t) = 0.
Moreover, in Proposition 2, it has also been proved that
lim ©;(¢) = 0. Hence
t—o0
t

t—o0

lim
t—o0 0
So, if we prove that ¥; is uniformly continuous then
lim #;(t) = 0. Using (13) we obtain v, as
t— o0

—V; =

— LLJ“OLT (91)91 + wfgoT (91)81 — 2w1‘QDLT (91)éz
DPoi

(16)
Assumption A2 and all the bounded signals imply that
U; € Lo. Thus, tlim ¥;(t) = 0. Using the previous
— 0
signal chasing method and invoking systematically Barbalat’s
Lemma, it can also be concluded that tlim v,;(t) = 0 and
—00
. d e _
that tlgﬁlo G Ui(t) = 0.
Now, %'@'Z— is given by
EE Vi = — Gip™ T (0:)er — it T (0:)€; + wipt T (B:)e;
Poi
— 3w; [T (0:)8; —wip " (0:)e; —wip ! (6;)é;]

— cpT(Hl)el — ﬂ’Ui.
Pui
(17)
Since v;, ¥;, U;, U5, % U; and ¢ (6;)e; converge to zero,
they imply that the terms w;" T (6;)e;, wip™ " (0;)e; and
it T(0;)e; also converge to zero. Substituting ;, given
by

I; . Dwi. d

= _@6«%_K‘:iwi_fiwiSoTei‘i‘fiSoLTéi‘Ff.iﬂolTei7
in the first right hand side term of (17), i.e., &0 T (6;)e;,
supports the fact that the resulting term f; (¢ "e;)” also
converges to zero. The design of f;(t) guarantees that
fi(t) does not vanish. Hence tlggo et (0:(t))ei(t) = 0,
as required. This establishes the proof that tlggo ei(t) =10
and this, in turn, implies that tliglo Z;(t) = Z.. The proof is

completed by invoking item 3) of Proposition 1. O

V. SIMULATIONS

In order to show the effectiveness of the proposed scheme,
this section presents simulation results with six differential

Fig. 2. Communication topology and formation pattern.

drive robots, whose communication topology and formation
pattern are depicted in Fig. 2. For simplicity, the physical
parameters are the same for all the robots, the mass is m; =
10kg, the moment of inertia is I; = 3K gmz, the distance
between point QQ and the wheels is R = 0.3m and the radius
of the wheels is » = 0.05m. These values are the same as
those used in [23].

TABLE I
INITIAL POSITIONS FOR THE ROBOTS AND DESIRED RELATIVE POSITION.

1 2 3 4 5 6
) [5 7 7 3 1 1
yi(0) | 2 55 35 2 35 55
00 10 -7 -5 F 5 %
6w |2 1 1 2 T 1
vi |0 2 0 2 =2

The initial velocities are all set to zero and the initial
positions, together with the relative desired positions, are
shown in Table I. The controller gains have been set to
pvi = 300, dy;i = 600, po; = 30, dwi = 60, ko = 150
these gains satisfy the bounds (11) and (12) with an upper-
bound *7; = 0.33. The transmission delays, depicted in
Fig. 3, follow a normal Gaussian distribution with a mean
of 0.2 and a variance of 0.001. The time-varying function
fi(t) is the same for all robots and it is given by f;(¢) =
5+ 2msin (t) + msin (2¢) + Zsin (3¢).

20 30

Time (s)

40

50

60

Fig. 3. Variable time-delay with an upper-bound at *7".

The position trajectories of the non-holonomic robots are
shown in Fig. 4, from which one can see that the desired
hexagon formation is achieved. The orientation behavior is
presented in Fig. 5, it takes about 30 seconds for the network
of robots to reach a consensus. Hence, the (LFP) is solved,
as desired.



x (m)

Fig. 4. Position trajectories in the Cartesian zy-plane.

0 10 20 30 40 50 60
Time (s)
Fig. 5. Robot orientations.

VI.

In this work we solve the leaderless consensus-based
formation control of swarms of a class of nonholonomic
mobile robots. We consider the real scenario where the robots
are modeled by second order dynamics and where unreliable
communications that exhibit variable time-delays arise. The
proposed smooth time-varying controller is a simple to
implement Proportional plus damping (P+d) scheme.

Future work include the solution to the leader-follower
formation control and the design of a controller that does
not rely on velocity measurements. In order for the robots
not to collide while they find their respective position in the
formatin, we also plan to include a collision avoidance term
in the proposed controller.

CONCLUSIONS
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