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Abstract: We consider the problem of drift function estimation of inhomoge-
neous stochastic differential équation with delay. It is shown that kernel-type
estimator is consistent and asymptotically efficient.

1. Introduction

This work is devoted to the problems of nonparametric estimation for the non linear
stochastic differential équation (SDE) with delay

(1.1) dX* = S (t, Xt~T) d£ + edWt, Xs = xo,s<0, 0 <t<T,

where e —> 0. Such perturbed dynamical Systems were studied in [7]. Statistical
problems (parametric and nonparametric) related to such models can be found in
[18]. We suppose that the function S (t, x) is unknown. Recall that the limit (e —> 0)
équation is

dXi

(1.2) — = S (t, xt-r), xs = xq, s < 0, 0 < t < Tat

and the trajectories Xt converge uniformly in t € [0, T] to Xt-
The problem of drift estimation for diffusion processes in small noise (e —> 0)

and large samples (T —> oo) are well studied and there are many results in different
statements for continuous and discrète time observations.

In this work we consider the problem of drift estimation by the observations
XT — (Xt, 0 <t < T). We suppose that the delay r > 0 is known and we estimate
the function S (t,x), where for a given x we take t = tx defined by the equality
Xtx~T = x. Therefore we estimate a function S (tx,x) of one variable x.

We propose kernel-type estimator and study its asymptotic (e —> 0) behavior. We
show its consistency and asymptotic efficiency in order of convergence.

The particularity of this model can be illustrated as follows. If we write (1.1) in
intégral form and change the variables t -A t — r, then for i > r we obtain the
représentation

rt—T

Xt-T = X0+ S (s, XS_T) ds + eWt-T
J 0
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Therefore the drift S (Xt-T) in the équation (1.1) has no even the first dérivative
w.r.t. t.

Statistical problems of parameter estimation related to different generalizations
of the model (1.2) with the asymptotic e —> 0 were treated in the works [1], [11],
[12],[13], [17], [18] [22], [23], (see review in [20]). Some statistical problems for the
related SDE with delay in the case of asymptotic T —>> oo were studied in the works
[8], [9], [14], [20],

Nonparametric estimation problems for perturbed (e —> 0) SDE (s —»■ 0) can
be found in [2], [15], [16], [18]. The large samples cases of drift estimation were
considered in the works [3], [4],[5], [25], [6], [19].

2. Main Results

For a given x > xq we define t — tx such that x — Xtx-T and consider the problem
of estimation of the value S (t, x) = S (tx, x).

Introduce the conditions 1Z.

TZi. The function S (t,x) is positive n = inffe[0.T],a; S (Tæ) > 0-
77-2- The function S (t,x) has two continuons bounded dérivatives w.r.t. t and x.
77-3. The delay r G (0, T) is known.

By condition 77-2 there exist two constants M > 0 and L > 0 such that for ail
t G [0,T] and ail x G Tl.

|S[ (t,x)| < M, and \S'x(t,x)\ < L.
Moreover, for t G [0, r] we hâve S (t,xt) — S(t,x0) and

xt = xo + / 5(s,xo)ds, 0 < t < r.
J 0

Therefore we hâve two different problems of estimation. For t G [0, r] we estimate the
function S (t,x0) of one variable t G (0,r) and for t G (t, T] we estimate once more
the function S {t, x) = S (t, x) of one variable x G (^o, xt-t) because here t — tx such
that Xtx~T = x > xq. Note that estimation of the function f(t) = S (t, xq) , 0 < t < r
is particular case of the similar problem considered in [10], Theorem 7.4.1. That is
why we consider estimation of the function S (t, x) for t > r.

Define the random variable (stopping tirne)

tXj£ = inf {t > r : Xt-r > x)

and put tXj£ — T — t if sup0<s<T_r Xs < x. Introduce the kernel-type estimator

(2.1)
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Here <pe —> 0 and the bounded kernel K (u) ,u E K satisfies the “usual properties”:

(2.2)

We hâve to define the set X of x admitting consistent estimation of S (t,x) ,x G X.
Note that

where S(t,x) > 0. Therefore, we can consider X = (æo,xt-t), but the value
xt-t = %t-t (S) dépends on the unknown function S (•, •) and can not be known.
There are at least two possibilities. The first one is to use the condition 1Z\, which
allows us to write xt-t > xq + (T — t) k, = x and to put X = (xo,x). The second
one is to put X — (tco,Xt~t) where Xt-t is estimator of xt-t■ Then to use the
estimate \Xt~t - %t-t| < Cesup0<s<T_r \ Wt\ (see (A.l)) and study the introduced
estimator (2.1). Here and below the generic constants are denoted C. .

Similar problems and estimators of nonparametric estimation for perturbed dy-
namical System (without delays) were studied in [15], [17] and [18]. Of course, if
S (t,x) = S (t) we obtain classical problem of nonparametric estimation of the de-
terministic signal in white Gaussian noise (see, e.g., [10]).
Theorem 2.1. Suppose that conditions 1Z hold then the estimator S£(t,x),x G
(xo,x) with p>£ = £2/5 is mean-squared consistent

(2.3) Es \Se(t,x)-S(t,x)f<CeW.
Proof. Let us introduce the set

B£ = {tu : p£ ltXj£ >2, 1 (T - tXie) > 2}
and for tu G B£ change the variables s = tXj£ + p£u in the intégral

-1

K (u) S (tx,e T Pe^i xtXt£+ipeu—T^) du

— S (tx,e: Xtx<£—T) T ^ (G,e)

+ Pe UX (il) du [St (tx,£i Xtx,£-r) + Sx (tXj£: xtX)£ t) S (tX)£, Xtx^-2r)\l
(2.4) — S (tx,£, Xtx,£-r) + Pe^i ^ (G,e) •



14

Here we used Taylor expansion of S (tX)£ + <p£u, Xtx e+<pett_T) by the powers of ip£
and the properties (2.2). Of course, (figR^ {tx,e) is the last term of Taylor expansion.

The equalities

'o

rtx t

X = Xtx-T = XQ + / 5 (s, Xs_r) ds,
E T

'0
Xtxr—1 ^0 t S (s, Xs-T) ds + eWtx e-T

allow us to write

r^x,e t rtx 7"

0 = Xtx,e-r - Xtx-r = / S(s,Xs-T)ds~ (S'(s,Xs_T)d5 + £Wtæ £_r
'0 >0

and
f'tx.E T

’ tx—T

tx.E T

S (s, æs_T) ds = / [S(s,Ws_T) - S (s, xs_r)] ds + eW*Xifi
Hence

f S(s,xs-T)ds < f \S(s,Xs-T) - S(s,xs-.r)\ds + £\WtXte
<J tx —T J0

^tx.E T

r-T-r

<L \XS_T - a?s_T| ds + £ | W^ £_t | < eH (tX)£),
'o

where the random function H (tXj£) has bounded moments.
We hâve as well

^tx.E T

tx T

S (S,Xs-r) ds ^ ^ \tx,e tx | •

From the last two estimâtes we hâve

(2.5) |tXj£ - tx| < £K~lH (:tx>£) -> 0.
We can write

Ss(t,x) = — / A-
Ve J0

tx,,
Ve

S{s,Xs-r)ds + — K
Ve J0

S — tx,e

Ve
dW*.

Hence on the set B£ we hâve

l^e (^) x) — S (t, x)| — (ta,, Xtx—r) ~~ S (tx, Xtx—n

1
<

40

+

/ ^ t'X E
K i ^

Ve
[S (s, xs_T) tS (t^, <^tx—t)] ds

- / if
>7 0

T

S — tæ,£ [S (s, X,_T) - S (s, x,_T)] ds

£ /' A-/£_Jx£ ldw+
Jo V

< |5 (tx,e,®«,,.-r) “ *5 (tx,®i,-r)| + Vl R{e] (W) + R?} (tx,e) + ^3) (4,e)



15

with obvious notation.

The first term in the last line can be estimated as follows

\s (tx,£i Xtx,e—T) — S (tx, Xtx—r) |
< 2MEsl{we} |tX)E - tx|2 + |%tx,e-T - xtx-r |
< 2ME5 \tx,£ — tx\ + 2E5 \xtXte-T — %tx—t\ < C £ .

For the last estimate see (2.5).
Further,

EsI{Bi)43> (tx,cf < EsR? (:tx,cf = 4eS fT K (S-Jî£] ds■ ,£) ~~ 0 ' - ,VÏ J 0

2 rl

Ve

Es[ Ve K(u)2du< — f K{u)2du = C—
Ve J-*£* Ve J-1

f>£

and (below tX)£jU = tXj£ + </?£u)

Esl{Bt}42) (*x,f)2 < Es42) (tx,
= Es - f K (f-Jî£) [S(s,Xs_T)-S(s,*s-T)]ds

JO V Ve J

/I K (u) [S (br,e,u> ^x,£,u—r) — *5* (tx,e,ui ^x,£,u-r) | dit

<2L2 J' K (uf Es \Xt^u-T-xtV'U du < C e2.

Here we used the estimate (A.l).
These estimâtes allow us to write

(2.6) EsI{®£} |ê (t,æ) - £ (t,:r)|2 < C Ve + Ce2 + (7 —.Ve

The probability of the compliment of the set B£ we estimate as follows

Ps (BJ) < Ps (W'tx.t < 2) + Ps (%' (P - *x,£) < 2)
= P S1 (ta; — ^x,e ^ ^ — 2(£>£) + PS (T — tx,£ < 2<£>e) .

We hâve for r > 4<p£

P S (tx — tx,£ > tx — 2Ve) < P S (\tx ~ tx,e| tx ~ A PS ^|tx — tx,e| A

<Ps(C£ sup \Wt\>T- ) <Ce-“^2
\ 0 <t<T 1 )

I

tois
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with positive constants C > 0,c > 0. Here we used (2.5). The similar estimate we
hâve for the probability P5 (T - tXj£ < 2<pe).

This allow us to estimate the mean squared error on the set Bc

(esI{Bj} |Sc (t,x) - S(«,z)|2)2 < Esl^jEs |Se{t,x) -S(t,x)|4 < Ce~<*~2.
Hence

E5 |S£ (t, x) - S (t, x)|2 < C ipl + C e2 + C — + Ce-~2£~
Ve

As usual in such situations the optimal rate <p£ — £2/5 we obtain from the équation

Therefore the estimate (2.3) is proved. □

Remark. Suppose that the function S (t,x) is Lipshits and the function $ (t) =
S (t,xt~T ($0)) E [0,T] has M continuous dérivatives. Moreover, the M-th dériva-
tive is Hôlder of order /x G (0,1):

dM$ (t)
dtM dtf

The set of functions S (t, Xt~T) with the same constants C > 0 and /x we dénoté as

Introduce additional condition on the kernel K (•)

(2.7) J umK (u) du = 0, m = 1,..., M.
Using the equality (2.4) and Taylor expansion of the function 4> (tX)£ + <p£u) —

S (tx,e + VeU, Xtxe — (p£u — r) by the powers of <p£ we obtain the expression

— [ K f-—S (s, Xs-r) ds — f K(u)$ (tx,e + <p£u) du
Jo v / «y—1

ri Æ>(m) (f 1
= S (tx,£, xtx -r) + U™K du + Qe

:=: 'S' (tX)e, Xtx £—r) + Qe-
The last term is estimated as follows

ri

(2.8) |Qe| < -py- J |umK (u)| $(M) (iI)£ + peu) - $(M) (tX)£) du < CV£/+M.
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The équation (2.6) became

Es \Se (t,x) - S (t,x)|2 < C^(M+x) + C e2 + C —.
Ve

Now the équation _ £2 jip£ provides the rate <p£ = £M+v+h and
2 (M+n)

(2.9) Es\S£(t,x) -S(t,x)\2 < Ce M+^/2.

Hence slightly modifying the proof we obtain for any p > 0 the estimate
p(M+n)

sup £ m+m+1/2 E5 | S£ (t, æ) — S (t, x)\p < C.

Recall that for the model of observations (1.1) we hâve the lower bound (t = tx
such that Xtx-T = x)

_ . o

(2.10) lim inf sup e M+v+1/2'Es \S£ (t,x) — S (t,x)\ >0,
£->0 S£(t,x) S(-)€Jm+m

where inf is taken over ail possible estimators S£ (t, x) of the function S (t, x) (The-
orem 4.3, [18]). The inequality (2.10) shows that the estimator converging to S (t,x)
faster than S£ (t, x) does not exist and therefore S£ (t, x) is asymptotically efficient
in order of convergence.

Remark. Suppose that the delay r is unknown and we hâve to estimate the
function f (t) = S (t, Xt-T), 0 < t < T. The function / (t) is M times continuously
différentiable and the M-th dérivative is Hôlder of order p e (0,1). It is possible
to estimate the function / (t) using even more simple kernel-type estimator than
above:

fe (t) =
1 f KVe ,J 0

1 fT/ K
Ve ,J0

— )dXsVe J

—)s(s,X^T)ds + —f K
Ve J Ve J0

S — t

Ve
àW*

As S (s, Xs-T) - S (s, Xs-t) + O (e) and

Es (^ fV Ve J0

K *-*'dw.) =r
Ve Ve J--L

Ve

K (u)2 du < C—
Ve

it is sufficient to study the intégral

Je = — f X s (s, xs-T) ds.
Ve J0 \ Ve J
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Suppose that the kernel K (•) satisfies the conditions (2.2) and (2.7). Then using
Taylor formula once more we can write

M

Jr = J K (u) fw + Yl
m= 1

<p?Um
m\ f(m) (t) du + (fiç1 Re = f(t) + Vc'Re-M

For the last terni of Taylor expansion we hâve estimate similar to (2.8)

V%\Re\<CV¥+».

Therefore we hâve the same normalizing function (p£ = £M+^+è and the same esti-
mate for the mean squared error as in (2.9).

A. Appendix section

Suppose that the function S (t,x), £ G [0, T], x E 77 has continuous bounded dériva-
tive |S'x (t, x)\<L w.r.t. x, then the équation (1.1) has a unique strong solution (see
Theorem in [24]). Moreover, we hâve the following estimâtes (with probability 1)

\Xt-xt\< f l-S (s,Xs_r) — S (s,xs_r)| ds + £ |Wî|
J o

<L \XS-T - xs_T| ds + e\Wt\ < L / |Xs-xs|ds + £ sup |WS|.
J0 J0 0<s<T

Hence by Gronwall-Bellman lemma we can write

(A.l) \Xt-xt\<eCWT,
where we denoted Wt = sup0<s<T |VFS|.

For the second moment we hâve

Es \Xt -xt\2< 2L2T f Es \XS-T - x,-T\2 ds + 2e2T
J 0

< 2L2T [ Es \xs - xs|2 ds + 2e2TJ o

and by the same lemma

(A.2) Es| Xt-xt\2<Ce2
Let us write the formai dérivative x[1^ of Xt w.r.t. e, then we obtain the équation

dXt(1) = S'x (t, X*_T) X&dt + dWt, Xs(1) = 0, for s < 0, 0 < t < T.

The Gaussian process |£=o = x[^ satisfies the linear équation

dx^ = S'x (t,xt-T) x[l\dt + dWt, x^ = 0, for s < 0, 0 < t < T.
The proof of (A.l) can be done using the standard technique based on Gronwall-
Bellman lemma.
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