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On Nonparametric Estimation for SDE with

Delay

Yury A. Kutoyants,

Le Mans University and Tomsk State University

Abstract: We consider the problem of drift function estimation of inhomoge-
neous stochastic differential equation with delay. It is shown that kernel-type
estimator is consistent and asymptotically efficient.

1. Introduction

This work is devoted to the problems of nonparametric estimation for the non linear
stochastic differential equation (SDE) with delay

dXt = S (t,Xt−τ ) dt+ εdWt, Xs = x0, s ≤ 0, 0 ≤ t ≤ T,(1.1)

where ε → 0. Such perturbed dynamical systems were studied in [7]. Statistical
problems (parametric and nonparametric) related to such models can be found in
[18]. We suppose that the function S (t, x) is unknown. Recall that the limit (ε → 0)
equation is

dxt
dt

= S (t, xt−τ ) , xs = x0, s ≤ 0, 0 ≤ t ≤ T(1.2)

and the trajectories Xt converge uniformly in t ∈ [0, T ] to xt.
The problem of drift estimation for diffusion processes in small noise (ε → 0)

and large samples (T → ∞) are well studied and there are many results in different
statements for continuous and discrete time observations.

In this work we consider the problem of drift estimation by the observations
XT = (Xt, 0 ≤ t ≤ T ). We suppose that the delay τ ≥ 0 is known and we estimate
the function S (t, x), where for a given x we take t = tx defined by the equality
xtx−τ = τ . Therefore we estimate a function S (tx, x) of one variable x.

We propose kernel-type estimator and study its asymptotic (ε → 0) behavior. We
show its consistency and asymptotic efficiency in order of convergence.

The particularity of this model can be illustrated as follows. If we write (1.1) in
integral form and change the variables t → t − τ , then for t ≥ τ we obtain the
representation

Xt−τ = x0 +

∫ t−τ

0
S (s,Xs−τ ) ds+ εWt−τ
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Therefore the drift S (Xt−τ ) in the equation (1.1) has no even the first derivative
w.r.t. t.

Statistical problems of parameter estimation related to different generalizations
of the model (1.2) with the asymptotic ε → 0 were treated in the works [1], [11],
[12],[13], [17], [18] [22], [23], (see review in [20]). Some statistical problems for the
related SDE with delay in the case of asymptotic T → ∞ were studied in the works
[8], [9], [14], [20].

Nonparametric estimation problems for perturbed (ε → 0) SDE (ε → 0) can
be found in [2], [15], [16], [18]. The large samples cases of drift estimation were
considered in the works [3], [4],[5], [25], [6], [19].

2. Main Results

For a given x > x0 we define t = tx such that x = xtx−τ and consider the problem
of estimation of the value S (t, x) = S (tx, x).

Introduce the conditions R.

R1. The function S (t, x) is positive κ = inft∈[0,T ],x S (t, x) > 0.
R2. The function S (t, x) has two continuous bounded derivatives w.r.t. t and x.
R3. The delay τ ∈ (0, T ) is known.

By condition R2 there exist two constants M > 0 and L > 0 such that for all
t ∈ [0, T ] and all x ∈ R.∣∣S′

t (t, x)
∣∣ ≤ M, and

∣∣S′
x (t, x)

∣∣ ≤ L.

Moreover, for t ∈ [0, τ ] we have S (t, xt) = S(t, x0) and

xt = x0 +

∫ t

0
S (s, x0) ds, 0 ≤ t ≤ τ.

Therefore we have two different problems of estimation. For t ∈ [0, τ ] we estimate the
function S (t, x0) of one variable t ∈ (0, τ) and for t ∈ (τ, T ] we estimate once more
the function S (t, x) = S (t, x) of one variable x ∈ (x0, xT−τ ) because here t = tx such
that xtx−τ = x > x0. Note that estimation of the function f(t) = S (t, x0) , 0 < t < τ
is particular case of the similar problem considered in [10], Theorem 7.4.1. That is
why we consider estimation of the function S (t, x) for t > τ .

Define the random variable (stopping time)

tx,ε = inf {t > τ : Xt−τ ≥ x}

and put tx,ε = T − τ if sup0≤s≤T−τ Xs < x. Introduce the kernel-type estimator

Sε (t, x) =
1

φε

∫ T

0
K

(
s− tx,ε

φε

)
dXs.(2.1)
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Here φε → 0 and the bounded kernel K (u) , u ∈ R satisfies the “usual properties”:∫ 1

−1
K (u) du = 1,

∫ 1

−1
uK (u) du = 0, K (u) = 0, for u ̸∈ [−1, 1] .(2.2)

We have to define the set X of x admitting consistent estimation of S (t, x) , x ∈ X .
Note that

xt−τ = x0 +

∫ t−τ

0
S (s, xs−τ ) ds, τ < t < T − τ

where S (t, x) > 0. Therefore, we can consider X = (x0, xT−τ ), but the value
xT−τ = xT−τ (S) depends on the unknown function S (·, ·) and can not be known.
There are at least two possibilities. The first one is to use the condition R1, which
allows us to write xT−τ > x0 + (T − τ)κ ≡ x̂ and to put X = (x0, x̂). The second
one is to put X = (x0, XT−τ ) where XT−τ is estimator of xT−τ . Then to use the
estimate |XT−τ − xT−τ | ≤ Cε sup0≤s≤T−τ |Wt| (see (A.1)) and study the introduced
estimator (2.1). Here and below the generic constants are denoted C. .

Similar problems and estimators of nonparametric estimation for perturbed dy-
namical system (without delays) were studied in [15], [17] and [18]. Of course, if
S (t, x) = S (t) we obtain classical problem of nonparametric estimation of the de-
terministic signal in white Gaussian noise (see, e.g., [10]).

Theorem 2.1. Suppose that conditions R hold then the estimator Sε (t, x) , x ∈
(x0, x̂) with φε = ε2/5 is mean-squared consistent

ES |Sε (t, x)− S (t, x)|2 ≤ C ε8/5.(2.3)

Proof. Let us introduce the set

Bε =
{
ω : φ−1

ε tx,ε > 2, φ−1
ε (T − tx,ε) > 2

}
and for ω ∈ Bε change the variables s = tx,ε + φεu in the integral

1

φε

∫ T

0
K

(
s− tx,ε

φε

)
S (s, xs−τ ) ds

=

∫ T−tx,ε
φε

− tx,ε
φε

K (u)S
(
tx,ε + φεu, xtx,ε+φεu−τ

)
du

=

∫ 1

−1
K (u)S

(
tx,ε + φεu, xtx,ε+φεu−τ

)
du

= S
(
tx,ε, xtx,ε−τ

)
+ φ2

εR
(1)
ε (tx,ε)

+ φε

∫ 1

−1
uK (u) du

[
S′
t

(
tx,ε, xtx,ε−τ

)
+ S′

x

(
tx,ε, xtx,ε−τ

)
S
(
tx,ε, xtx,ε−2τ

)]
= S

(
tx,ε, xtx,ε−τ

)
+ φ2

εR
(1)
ε (tx,ε) .(2.4)
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Here we used Taylor expansion of S
(
tx,ε + φεu, xtx,ε+φεu−τ

)
by the powers of φε

and the properties (2.2). Of course, φ2
εR

(1)
ε (tx,ε) is the last term of Taylor expansion.

The equalities

x = xtx−τ = x0 +

∫ tx−τ

0
S (s, xs−τ ) ds,

x = Xtx,ε−τ = x0 +

∫ tx,ε−τ

0
S (s,Xs−τ ) ds+ εWtx,ε−τ

allow us to write

0 = Xtx,ε−τ − xtx−τ =

∫ tx,ε−τ

0
S (s,Xs−τ ) ds−

∫ tx−τ

0
S (s, xs−τ ) ds+ εWtx,ε−τ

and ∫ tx,ε−τ

tx−τ
S (s, xs−τ ) ds =

∫ tx,ε−τ

0
[S (s,Xs−τ )− S (s, xs−τ )] ds+ εWtx,ε−τ .

Hence∣∣∣∣∫ tx,ε−τ

tx−τ
S (s, xs−τ ) ds

∣∣∣∣ ≤ ∫ tx,ε−τ

0
|S (s,Xs−τ )− S (s, xs−τ )|ds+ ε

∣∣Wtx,ε−τ

∣∣
≤ L

∫ T−τ

0
|Xs−τ − xs−τ |ds+ ε

∣∣Wtx,ε−τ

∣∣ ≤ εH (tx,ε) ,

where the random function H (tx,ε) has bounded moments.
We have as well ∣∣∣∣∫ tx,ε−τ

tx−τ
S (s, xs−τ ) ds

∣∣∣∣ ≥ κ |tx,ε − tx| .

From the last two estimates we have

|tx,ε − tx| ≤ εκ−1H (tx,ε) → 0.(2.5)

We can write

Sε (t, x) =
1

φε

∫ T

0
K

(
s− tx,ε

φε

)
S (s,Xs−τ ) ds+

ε

φε

∫ T

0
K

(
s− tx,ε

φε

)
dWs.

Hence on the set Bε we have

|Sε (t, x)− S (t, x)| = |Sε (tx, xtx−τ )− S (tx, xtx−τ )|

≤
∣∣∣∣ 1φε

∫ T

0
K

(
s− tx,ε

φε

)
[S (s, xs−τ )− S (tx, xtx−τ )] ds

∣∣∣∣
+

∣∣∣∣ 1φε

∫ T

0
K

(
s− tx,ε

φε

)
[S (s,Xs−τ )− S (s, xs−τ )] ds

∣∣∣∣
+

∣∣∣∣ εφε

∫ T

0
K

(
s− tx,ε

φε

)
dWs

∣∣∣∣
≤
∣∣S (tx,ε, xtx,ε−τ

)
− S (tx, xtx−τ )

∣∣+ φ2
ε

∣∣∣R(1)
ε (tx,ε)

∣∣∣+ ∣∣∣R(2)
ε (tx,ε)

∣∣∣+ ∣∣∣R(3)
ε (tx,ε)

∣∣∣
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with obvious notation.
The first term in the last line can be estimated as follows

ES1I{Bε}
∣∣S (tx,ε, xtx,ε−τ

)
− S (tx, xtx−τ )

∣∣2
≤ 2MES1I{Bε} |tx,ε − tx|2 + 2ES1I{Bε}

∣∣xtx,ε−τ − xtx−τ

∣∣2
≤ 2MES |tx,ε − tx|2 + 2ES

∣∣xtx,ε−τ − xtx−τ

∣∣2 ≤ C ε2.

For the last estimate see (2.5).
Further,

ES1I{Bε}R
(3)
ε (tx,ε)

2 ≤ ESR
(3)
ε (tx,ε)

2 =
ε2

φ2
ε

ES

∫ T

0
K

(
s− tx,ε

φε

)2

ds

=
ε2

φε
ES

∫ T−tx,ε
φε

− tx,ε
φε

K (u)2 du ≤ ε2

φε

∫ 1

−1
K (u)2 du = C

ε2

φε

and (below tx,ε,u = tx,ε + φεu)

ES1I{Bε}R
(2)
ε (tx,ε)

2 ≤ ESR
(2)
ε (tx,ε)

2

= ES

∣∣∣∣ 1φε

∫ T

0
K

(
s− tx,ε

φε

)
[S (s,Xs−τ )− S (s, xs−τ )] ds

∣∣∣∣2
≤ 2ES

∫ 1

−1
K (u)2

∣∣S (tx,ε,u, Xtx,ε,u−τ

)
− S

(
tx,ε,u, xtx,ε,u−τ

)∣∣2 du
≤ 2L2

∫ 1

−1
K (u)2ES

∣∣Xtx,ε,u−τ − xtx,ε,u−τ

∣∣2 du ≤ C ε2.

Here we used the estimate (A.1).
These estimates allow us to write

ES1I{Bε} |Sε (t, x)− S (t, x)|2 ≤ C φ4
ε + C ε2 + C

ε2

φε
.(2.6)

The probability of the compliment of the set Bε we estimate as follows

PS (Bc
ε) ≤ PS

(
φ−1
ε tx,ε ≤ 2

)
+PS

(
φ−1
ε (T − tx,ε) ≤ 2

)
= PS (tx − tx,ε ≥ tx − 2φε) +PS (T − tx,ε ≤ 2φε) .

We have for τ > 4φε

PS (tx − tx,ε ≥ tx − 2φε) ≤ PS

(
|tx − tx,ε| ≥ tx −

τ

2

)
≤ PS

(
|tx − tx,ε| ≥

τ

2

)
≤ PS

(
Cε sup

0≤t≤T
|Wt| ≥

τ

2

)
≤ Ce−cε−2
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with positive constants C > 0, c > 0. Here we used (2.5). The similar estimate we
have for the probability PS (T − tx,ε ≤ 2φε).

This allow us to estimate the mean squared error on the set Bc(
ES1I{Bc

ε} |Sε (t, x)− S (t, x)|2
)2

≤ ES1I{Bc
ε}ES |Sε (t, x)− S (t, x)|4 ≤ Ce−cε−2

.

Hence

ES |Sε (t, x)− S (t, x)|2 ≤ C φ4
ε + C ε2 + C

ε2

φε
+ Ce−

c
2
ε−2

As usual in such situations the optimal rate φε = ε2/5 we obtain from the equation

φ4
ε =

ε2

φε
.

Therefore the estimate (2.3) is proved.

Remark. Suppose that the function S (t, x) is Lipshits and the function Φ (t) =
S (t, xt−τ (ϑ0)) , t ∈ [0, T ] has K continuous derivatives. Moreover, the K-th deriva-
tive is Holder of order µ ∈ (0, 1):∣∣∣∣dKΦ (t)

dtK
− dKΦ(t1)

dtK1

∣∣∣∣ ≤ H |t− t1|µ .

The set of functions S (t, xt−τ ) with the same constants C > 0 and µ we denote as
FK+µ.

Introduce additional condition on the kernel K (·)∫ 1

−1
ukK (u) du = 0, k = 1, . . . ,K.(2.7)

Using the equality (2.4) and Taylor expansion of the function Φ (tx,ε + φεu) =
S
(
tx,ε + φεu, xtx,ε − φεu− τ

)
by the powers of φε we obtain the expression

1

φε

∫ T

0
K

(
s− tx,ε

φε

)
S (s, xs−τ ) ds =

∫ 1

−1
K (u)Φ (tx,ε + φεu) du

= S
(
tx,ε, xtx,ε−τ

)
+

K∑
k=1

∫ 1

−1
ukK (u) du

Φ(k) (tx,ε)

k!
φk
ε +Qε

= S
(
tx,ε, xtx,ε−τ

)
+Qε.

The last term is estimated as follows

|Qε| ≤
φK
ε

K!

∫ 1

−1

∣∣∣ukK (u)
∣∣∣ ∣∣∣Φ(K) (tx,ε + φ̃εu)− Φ(K) (tx,ε)

∣∣∣ du ≤ CφK+µ
ε .(2.8)
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The equation (2.6) became

ES |Sε (t, x)− S (t, x)|2 ≤ C φ2(K+µ)
ε + C ε2 + C

ε2

φε
.

Now the equation φ
2(K+µ)
ε = ε2/φε provides the rate φε = ε

1

K+µ+1
2 and

ES |Sε (t, x)− S (t, x)|2 ≤ Cε
− 2(K+µ)

K+µ+1/2 .(2.9)

Hence slightly modifying the proof we obtain for any p > 0 the estimate

sup
S(·)∈FK+µ

ε
− p(K+µ)

K+µ+1/2ES |Sε (t, x)− S (t, x)|p ≤ C.

Recall that for the model of observations (1.1) we have the lower bound (t = tx
such that xtx−τ = x)

lim
ε→0

inf
S̄ε(t,x)

sup
S(·)∈FK+µ

ε
− 2(K+µ)

K+µ+1/2ES

∣∣S̄ε (t, x)− S (t, x)
∣∣2 > 0,(2.10)

where inf is taken over all possible estimators S̄ε (t, x) of the function S (t, x) (The-
orem 4.3, [18]). The inequality (2.10) shows that the estimator converging to S (t, x)
faster than Sε (t, x) does not exist and therefore Sε (t, x) is asymptotically efficient
in order of convergence.

Remark. Suppose that the delay τ is unknown and we have to estimate the
function f (t) = S (t, xt−τ ) , 0 < t < T . The function f (t) is K times continuously
differentiable and the K-th derivative is Hölder of order µ ∈ (0, 1). It is possible to
estimate the function f (t) using even more simple kernel-type estimator than above:

f̂ε (t) =
1

φε

∫ T

0
K

(
s− t

φε

)
dXs

=
1

φε

∫ T

0
K

(
s− t

φε

)
S (s,Xs−τ ) ds+

ε

φε

∫ T

0
K

(
s− t

φε

)
dWs.

As S (s,Xs−τ ) = S (s, xs−τ ) +O (ε) and

ES

(
ε

φε

∫ T

0
K

(
s− t

φε

)
dWs

)2

=
ε2

φε

∫ T−t
φε

− t
φε

K (u)2 du ≤ C
ε2

φε

it is sufficient to study the integral

Jε =
1

φε

∫ T

0
K

(
s− t

φε

)
S (s, xs−τ ) ds.
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Suppose that the kernel K (·) satisfies the conditions (2.2) and (2.7). Then using
Taylor formula once more we can write

Jε =

∫ 1

−1
K (u)

[
f (t) +

K∑
k=1

φk
εu

k

k!
f (k) (t)

]
du+ φK

ε Rε = f (t) + φK
ε Rε.

For the last term of Taylor expansion we have estimate similar to (2.8)

φK
ε |Rε| ≤ CφK+µ

ε .

Therefore we have the same normalizing function φε = ε
1

K+µ+1
2 and the same esti-

mate for the mean squared error as in (2.9).

A. Appendix section

Suppose that the function S (t, x) , t ∈ [0, T ] , x ∈ R has continuous bounded deriva-
tive |S′

x (t, x)| ≤ L w.r.t. x, then the equation (1.1) has a unique strong solution (see
Theorem in [24]). Moreover, we have the following estimates (with probability 1)

|Xt − xt| ≤
∫ t

0
|S (s,Xs−τ )− S (s, xs−τ )|ds+ ε |Wt|

≤ L

∫ t

0
|Xs−τ − xs−τ |ds+ ε |Wt| ≤ L

∫ t

0
|Xs − xs|ds+ ε sup

0≤s≤T
|Ws| .

Hence by Gronwall-Bellman lemma we can write

|Xt − xt| ≤ εC ŴT ,(A.1)

where we denoted ŴT = sup0≤s≤T |Ws|.
For the second moment we have

ES |Xt − xt|2 ≤ 2L2T

∫ t

0
ES |Xs−τ − xs−τ |2 ds+ 2ε2T

≤ 2L2T

∫ t

0
ES |Xs − xs|2 ds+ 2ε2T

and by the same lemma

ES |Xt − xt|2 ≤ C ε2(A.2)

Let us write the formal derivative X
(1)
t of Xt w.r.t. ε, then we obtain the equation

dX
(1)
t = S′

x (t,Xt−τ )X
(1)
t−τdt+ dWt, X(1)

s = 0, for s ≤ 0, 0 ≤ t ≤ T.

The Gaussian process X
(1)
t |ε=0 = x

(1)
t satisfies the linear equation

dx
(1)
t = S′

x (t, xt−τ )x
(1)
t−τdt+ dWt, x(1)s = 0, for s ≤ 0, 0 ≤ t ≤ T.

The proof of (A.1) can be done using the standard technique based on Gronwall-
Bellman lemma.
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[14] Küchler, U. Kutoyants, Yu. A. (2000). Delay estimation for some station-
ary diffusion-type processes, Scandinavian Journal of Statistics, 27, 3, 405-414.

[15] Kutoyants, Yu.A. (1985). On nonparametric estimation of the trend coef-
ficient of diffusion process. In Statistics and Control of Stochastic Processes
(Steklov Seminar 1984), Optimization Software, New York, 230-250.

[16] Kutoyants Yu.A. (1988). On efficient nonparametric estimation of the trend



10 Yu. A. Kutoyants

coefficient. In Statistics and Control of Stochastic Processes (Steklov Seminar
1985), Optimization Software, New York, 196-207.

[17] Kutoyants, Yu. A. (1988). An example of estimating a parameter of a non-
differentiable drift coefficient. Theory Probab. Appl., 33, 1, 175-179.

[18] Kutoyants, Yu. A. (1994). Identification of Dynamical Systems with Small
Noise. Kluwer, Dordrecht.

[19] Kutoyants, Yu. A. (2004). Statistical Inference for Ergodic Diffusion Pro-
cesses. Springer, London.

[20] Kutoyants, Yu. A. (2005). On delay estimation for stochastic differential
equations. Stochastics and Dynamics, 5, 2, 333-342.

[21] Kutoyants, Yu. A. and Mourid, T. (1992). Estimation dans un modèle
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