N

N
N

HAL

open science

On Nonparametric Estimation for SDE with Delay

Yury Kutoyants

» To cite this version:

‘ Yury Kutoyants. On Nonparametric Estimation for SDE with Delay. 2019. hal-02367609v1

HAL Id: hal-02367609
https://hal.science/hal-02367609v1

Preprint submitted on 18 Nov 2019 (v1), last revised 10 Mar 2022 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02367609v1
https://hal.archives-ouvertes.fr

Numéro spécial en I’honneur des 80 ans de Denis Bosq / Special issue in honour of Denis Bosq’s 80th birthday

On Nonparametric Estimation for SDE with
Delay

Yury A. Kutoyants,
Le Mans University and Tomsk State University

Abstract: We consider the problem of drift function estimation of inhomoge-
neous stochastic differential equation with delay. It is shown that kernel-type
estimator is consistent and asymptotically efficient.

1. Introduction

This work is devoted to the problems of nonparametric estimation for the non linear
stochastic differential equation (SDE) with delay

(1.1) dXy =S (t, X;—r)dt +edWy, Xs=x0, s<0, 0<t<T,

where ¢ — 0. Such perturbed dynamical systems were studied in [7]. Statistical
problems (parametric and nonparametric) related to such models can be found in
[18]. We suppose that the function S (¢, ) is unknown. Recall that the limit (¢ — 0)
equation is

d.’L‘t
dt
and the trajectories X; converge uniformly in ¢ € [0, 7] to z.

The problem of drift estimation for diffusion processes in small noise (¢ — 0)
and large samples (T — o) are well studied and there are many results in different
statements for continuous and discrete time observations.

In this work we consider the problem of drift estimation by the observations
XT = (X;,0 <t <T). We suppose that the delay 7 > 0 is known and we estimate
the function S (¢,z), where for a given z we take t = t, defined by the equality
xt,—r = 7. Therefore we estimate a function S (¢, z) of one variable .

We propose kernel-type estimator and study its asymptotic (¢ — 0) behavior. We
show its consistency and asymptotic efficiency in order of convergence.

The particularity of this model can be illustrated as follows. If we write (1.1) in
integral form and change the variables ¢ — ¢t — 7, then for ¢ > 7 we obtain the

(1.2) =S({t,xi—r), Ts=wx0, <0, 0<t<T

representation

t—T1
Xi_r =20+ S (s, Xs—r)ds+ Wy,
0
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2 Yu. A. Kutoyants

Therefore the drift S (X;_,) in the equation (1.1) has no even the first derivative
w.r.t. ¢.

Statistical problems of parameter estimation related to different generalizations
of the model (1.2) with the asymptotic £ — 0 were treated in the works [1], [11],
[12],[13], [17], [18] [22], [23], (see review in [20]). Some statistical problems for the
related SDE with delay in the case of asymptotic T' — oo were studied in the works
8, [9], [14], [20].

Nonparametric estimation problems for perturbed (¢ — 0) SDE (¢ — 0) can
be found in [2], [15], [16], [18]. The large samples cases of drift estimation were
considered in the works [3], [4],[5], [25], [6], [19].

2. Main Results

For a given z > xy we define ¢t = t, such that * = z;,_, and consider the problem
of estimation of the value S (t,z) = S ({5, x).
Introduce the conditions R.

R1. The function S (t,x) is positive k = infcjo 1), S (¢, ) > 0.
Ra. The function S (t,x) has two continuous bounded derivatives w.r.t. t and x.
Rs. The delay 7 € (0,T") is known.

By condition Ry there exist two constants M > 0 and L > 0 such that for all
t €[0,7] and all z € R.

|5 (t,@)| < M, and |55, (t,z)| < L.

Moreover, for t € [0, 7] we have S (¢,z;) = S(t,z0) and
t
xt:xo—i—/S(s,xo)ds, 0<t<.
0

Therefore we have two different problems of estimation. For ¢ € [0, 7] we estimate the
function S (¢, xo) of one variable ¢t € (0,7) and for t € (7,7 we estimate once more
the function S (t,z) = S (¢, z) of one variable x € (z¢, z7—,) because here t = ¢, such
that x4, = = > xo. Note that estimation of the function f(t) = S (t,z0),0 <t <7
is particular case of the similar problem considered in [10], Theorem 7.4.1. That is
why we consider estimation of the function S (¢, x) for t > 7.

Define the random variable (stopping time)

tpe=inf{t >7: Xy >z}

and put t; e =T — 7 if supg< <p_, Xs < x. Introduce the kernel-type estimator

(2.1) S (t7) = — /OTK <8—t“’c> dX,.

Pe Pe
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Here p. — 0 and the bounded kernel K (u),u € R satisfies the “usual properties”:

1 1
(2.2) / K (u)du =1, / uK (u)du =0, K (u) =0, foru ¢ [-1,1].
~1 ~1

We have to define the set X of x admitting consistent estimation of S (¢t,z),z € X.
Note that

t—7

Tp—r =20 + S (s,xs—r)ds, T<t<T-—71

0
where S (t,z) > 0. Therefore, we can consider X = (zg,zr_;), but the value
xr—7 = x7—7 (5) depends on the unknown function S (-,-) and can not be known.
There are at least two possibilities. The first one is to use the condition R{, which
allows us to write xp_, > zo + (T'— 7) kK = & and to put X = (z9,Z). The second
one is to put X = (9, Xp_,) where Xp_, is estimator of xp_,. Then to use the
estimate | X7_; — x7_;| < Cesupgeger_, |W| (see (A.1)) and study the introduced
estimator (2.1). Here and below the generic constants are denoted C. .

Similar problems and estimators of nonparametric estimation for perturbed dy-
namical system (without delays) were studied in [15], [17] and [18]. Of course, if
S (t,z) = S (t) we obtain classical problem of nonparametric estimation of the de-
terministic signal in white Gaussian noise (see, e.g., [10]).

Theorem 2.1. Suppose that conditions R hold then the estimator S: (t,z),x €
(z0,2) with g. = €2/° is mean-squared consistent

(2.3) Eg|S- (t,z) — S (t,z)]* < C 3/°.
Proof. Let us introduce the set
B, = {w : go;ltx@ > 2, cpgl (T —tze) > 2}

and for w € B, change the variables s = t, . + ¢-u in the integral

1 [T —ty
/ K (S ’5> S (s,xs—7)ds
Pe Jo Pe

T—tg.c

e

= K (u)S (tx,8 + peu, a:tzvﬁ%u_T) du

te.e
- Pe
1
— / K (u)S (159576 + @u, mt%ﬁ%u_T) du
-1

=9 (tl‘,Ea xtx’g_’r) + @?Rél) (tzyé)

1
+ e / uk (u) du [S; (tee, T, .—r) + S5 (tees Tty 1) S (tues T, . —27)]
-1

(2.4) =5 (toe, T, .—7) + ©?RW (t,.).
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Here we used Taylor expansion of S (tm,g + U, xtm’6+@€u_T) by the powers of ¢,

and the properties (2.2). Of course, gogRgl) (tz,c) is the last term of Taylor expansion.
The equalities

te—T
T =, =0+ / S (s,xs—7)ds,
0

toe—T
r=X, . 7=+ / S (s, Xs—7)ds +eWy, .~
0
allow us to write

tee—T to—T
0=Xt,. 7 —Tt,—r = / S (s, Xs—r)ds — / S(s,xs—7)ds+eWs, .~
0 0

and
ty,e—T te,e—T
/ S(s,xs—7)ds = / [S (5, Xs—7) = S(s,25—7)]ds + Wy, 7.
te—T 0
Hence
te,e—T to,e—T
/ S(s,xs—7)ds| < / S (8, Xo—r) = S (8, 05—7)|ds + | Wy, .|
te—T 0

T—1
< L/ |Xsf7' - x377'| ds+¢ |Wtz7€f‘r‘ <eH (tx,s) )
0

where the random function H (¢, ) has bounded moments.
We have as well

toe—T
/ S(s,xs—r)ds| > K|ty —ta].
te—T
From the last two estimates we have
(2.5) tye —te| < e H (tge) — 0.

We can write

1 /7 —ty T —ty
S (t,z) = / K <S> S (5, Xyr)ds + 5/ K <8> Aw,.
Pe Jo Pe Pe Jo Pe

Hence on the set B, we have

|Se (t,z) — S (t, )| = |Se (ta, Tty—r) — S (ta, Tty 7))

< 1/TK(S‘““>[S< )= 8 (ta, 21, 1))
— - S Ls—1) — @y Lty—7)| AS
e Jo Pe !
l/T <s—tw€>
+ | — K|{———[5(s,Xs_7) — S(s,75_,)|ds
A o [S( ) —S( )]

+

E/TK <S _t’”@) dw
e Jo Pe

< ‘S (t(l:7€7xt¢7g_7—) -5 (t:thx—r)| + SD?

R (tx,s)

€

+ ‘R?) (tec)

+ ’RS”) (tec)
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with obvious notation.
The first term in the last line can be estimated as follows

ES]I{BE} ’S (tx,&‘, xtzya—T) — S (tx, l‘tz_T)‘Q

< 2MES]I{IB§E} |tx’€ — tz|2 + QESH{BS} ’xtz,g*T — Tty—71
< 2MEg|tye — to* + 2Bs |4, .y — 24, | < C 2

‘ 2

For the last estimate see (2.5).
Further,

2 2 62 T S_txs 2
ES]I{Be}RS:S) (tx,s) < Eg R( )(tm )= (pES/ K <¢;’> ds

£

2 — = 2
:EES/ “ K (u </K —CE—
Pe _lze Pe

and (below t5 . =ty + peu)
ES]I{IBS}Rg) (tze)® < EsRP (t,.)°

L "k <;f) 1S (5, Xor) — S (5,2-7)] ds

€

2

< QES/ K ‘S IE’UJtheu T) _S(tx,s,u7xtz,5,u*7')‘2du
< 2L2/ K (u)*Eg B O xtm,u_T‘Q du < C €2

Here we used the estimate (A.1).
These estimates allow us to write

2
(2.6) Eslsy |S: (o) — S (La)> <Cpt+C2+C ;

The probability of the compliment of the set B, we estimate as follows

Pg (BY) < Pg (¢- e <2) + Py (0" (T — tac) < 2)
- PS (t:r - t:p,e > ty — 2808) + PS (T - tm,e < 2905) .

We have for 7 > 4¢,

PS (tx - tm,s >ty — 2905) < PS <|tm ty €| >ty — 5) <P S (’tx - tm,e’

< Pg (Ca sup |[Wy| > > < Ce=c""

0<t<T

-
2 3)
2
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with positive constants C' > 0,¢ > 0. Here we used (2.5). The similar estimate we
have for the probability Pg (T — t; . < 2¢;).
This allow us to estimate the mean squared error on the set B¢

2

2 _
(Esn{Bg} 1S. (t,2) — S (t,m)]2> < EslpEs|S. (t,2) — S (t,2)[* < Ce "

Hence

2

2
Eg|S.(tz) - S(ta)? < Cpt+ 0+ C 4 Ce 55

Pe
As usual in such situations the optimal rate p. = £2/°> we obtain from the equation
2
4 €
e = —.
I3 808
Therefore the estimate (2.3) is proved. O

Remark. Suppose that the function S (¢, x) is Lipshits and the function @ (t) =
S (t,xi—r (¥9)),t € [0,T] has K continuous derivatives. Moreover, the K-th deriva-
tive is Holder of order p € (0,1):

‘dK<I> (t) d¥e () < H|t—

dek def

The set of functions S (¢, z;—) with the same constants C' > 0 and p we denote as

]:K+/_L.
Introduce additional condition on the kernel K (-)

1
(2.7) / uF K (u)du =0, k=1,...,K.
-1

Using the equality (2.4) and Taylor expansion of the function ® (t, .+ ¢-u) =
S (tgc,g + peu, Tt . — Peu — 7') by the powers of . we obtain the expression

1 [T S—tye 1
— K|———|S(s,25—7)ds = K (u) @ (tye + @eu) du
Pe Jo Pe -1

K o1 (k)
W) (¢,
=S (tx@,a:tm_T) + Z/l WK (u) du k('f)@lg + Q-
k=1"" )
=S5 (t:r,sal'tz’ng) + Q.

The last term is estimated as follows

ok
K1

1
(2.8) 1Q:| < / ‘ukK (u)‘ ‘(IJ(K) (tze+ Peu) — oK) (type)|du < Ccpf‘“”.
-1
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The equation (2.6) became

2
Eg|S. (t,2) — S (t,2))> < C 2K+ L o2 0 &

Pe
1
Now the equation gpg(Kﬂ‘) = 52/% provides the rate . = e K+uts and
2 __2(K+p)
(2.9) Eg|S-(t,x) — S (t,x)| < Ce KFuti/z,

Hence slightly modifying the proof we obtain for any p > 0 the estimate

_ _p(K+p)
sup & KF2Eg|S: (t,x) — S (t,z)P < C.
S(EFK +p

Recall that for the model of observations (1.1) we have the lower bound (¢t = t,
such that z;,_, = )
2(K+p) 2

(2.10) lim inf sup & Frri2Eg|S. (tx) — S (t,x)|” >0,
e—0 Si(t’z) S(')E.FK+H

where inf is taken over all possible estimators S. (¢, z) of the function S (¢,z) (The-
orem 4.3, [18]). The inequality (2.10) shows that the estimator converging to S (¢, )
faster than S. (¢,z) does not exist and therefore S; (¢, x) is asymptotically efficient
in order of convergence.

Remark. Suppose that the delay 7 is unknown and we have to estimate the
function f (t) = S (t,z4—+),0 < t < T. The function f(¢) is K times continuously
differentiable and the K-th derivative is Holder of order u € (0,1). It is possible to
estimate the function f (¢) using even more simple kernel-type estimator than above:

. 1 [T -
o= [ (") ax

Pe Jo Pe

1 T o T o
:/ K<S t)S(s,XS_T)der’S/ K(S t)dWs.

Pe Jo Pe Pe Jo Pe

As S(s,Xs—7) =S5 (s,xs—7) + O (¢) and
T . 2 2

ws (5 < () w) =52
Pe Jo Pe Pe J—

it is sufficient to study the integral

T

—t 2
“ K (w)?du < C
t

Pe

£
Pe

1 (T —t
Jo=— | K <S ) S (s, zs_7) ds.
Pe Jo Pe
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Suppose that the kernel K (-) satisfies the conditions (2.2) and (2.7). Then using
Taylor formula once more we can write

r= [ Kw

For the last term of Taylor expansion we have estimate similar to (2.8)

905 |Re| < C@f—w-

K kb
FO -+ 50 (1) | du+ @F Re = £ (1) + o Re.
k=1

1
Therefore we have the same normalizing function ¢, = ¢* +#+3 and the same esti-
mate for the mean squared error as in (2.9).

A. Appendix section

Suppose that the function S (¢,z),t € [0,T],x € R has continuous bounded deriva-
tive |S. (t,x)| < L w.r.t. x, then the equation (1.1) has a unique strong solution (see
Theorem in [24]). Moreover, we have the following estimates (with probability 1)

t
X, — 2] g/ 1S (5, Xoor) — S (5,201 ds + £ [ W]
0
t t
< L/ | Xs—r — 2s—r|ds + e |[Wy| < L/ | Xs —xs|ds+¢e sup |Ws].

0 0 0<s<T
Hence by Gronwall-Bellman lemma we can write
(A1) X, — x| < eCWr,

where we denoted Wy = supg<s<7 | Wsl-
For the second moment we have

t
Es |X; — x* < 2L2T/ Es|Xs r — 2o ,|*ds + 22T
0

t
< 2L2T/ Es | X, — z5)* ds + 2T
0

and by the same lemma
(A.2) Eg|X, —x > <Cé&?

Let us write the formal derivative Xt(l) of X; w.r.t. €, then we obtain the equation

axV =5 6, X)X at+dw,, XU =0 fors<0, 0<t<T.

The Gaussian process Xt(1)|€:0 = mf) satisfies the linear equation

dazgl) =8 (t,z—r) 2 dt + dWr, M) =0, fors<0, 0<t<T.

t—1

The proof of (A.1) can be done using the standard technique based on Gronwall-
Bellman lemma.
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