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Asymptotic behavior of u-capacities and singular perturbations for
the Dirichlet-Laplacian

Laura Abatangelo*, Virginie Bonnaillie-Noélf, Corentin Léna*, and Paolo Musolino®

November 13, 2019

Abstract. In this paper we study the asymptotic behavior of u-capacities of small sets and its
application to the analysis of the eigenvalues of the Dirichlet-Laplacian on a bounded planar domain
with a small hole. More precisely, we consider two (sufficiently regular) bounded open connected
sets Q and w of R?, containing the origin. First, if € is positive and small enough and if u is
a function defined on €2, we compute an asymptotic expansion of the u-capacity Capq(cw,u) as
€ — 0. As a byproduct, we compute an asymptotic expansion for the N-th eigenvalues of the
Dirichlet-Laplacian in the perforated set 2\ (¢w) for € close to 0. Such formula shows explicitly the
dependence of the asymptotic expansion on the behavior of the corresponding eigenfunction near
0 and on the shape w of the hole.

Keywords. Dirichlet-Laplacian; eigenvalues; small capacity sets; asymptotic expansion; perforated
domain
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1 Introduction

This paper deals with the asymptotic behavior of the so-called u-capacities of small sets and its
application to the analysis of the eigenvalues of the Dirichlet-Laplacian on a bounded domain with
a small hole.

The dependence of the spectrum of the Laplace operator upon regular and singular domain
perturbations has been long investigated by several authors with many different techniques. A
fundamental tool in the analysis of the eigenvalues of the Dirichlet-Laplacian upon domain pertur-
bation has revealed to be the so-called (condenser) capacity.

So, if we consider a bounded, connected open set Q of R2, then for every compact subset K of
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Q, the (condenser) capacity of K in Q) is defined as

Capq(K) Einf{/ﬂ]Vdeac: feHNQ) and f —nx € H&(Q\K)}, (1)

where ng is a fixed smooth function such that suppng C Q and ng = 1 in a neighborhood of K.
The infimum in () is achieved by a function Vi € H} () such that Vi —nix € HE (2 \ K) so that

Capo(K) = [ [VVil?do,
Q

where Vi (capacitary potential) is the unique solution of the Dirichlet problem

AVg =0 inQ\K,
Vk =0 on 0f), (2)
V=1 on K .

By saying that Vi solves we mean that Vi € H}(Q), Vi — nix € HE(Q\ K), and

VVi-Vodr =0 Voe H)(Q\K).
O\K

Moreover, if Q and K are sufficiently regular (for example Lipschitz), one can interpret the boundary
conditions of problem in the trace sense (cf., e.g., Costabel [14]).

It is well-known that the spectrum of the Dirichlet-Laplacian on the bounded domain €2 does
not change if we remove a compact subset K of zero capacity (cf., e.g., Rauch and Taylor [46]). If
we denote by

0<AM(Q) <A(Q) < < AN(Q) < ...

and
0<)\1(Q\K><)\2(Q\K>§S)\N(Q\K)g

the sequences of the eigenvalues of the Dirichlet-Laplacian in 2 and in Q \ K, respectively, then
Rauch and Taylor [46] also proved that the N-th eigenvalue Ay (2 \ K) of the Dirichlet-Laplacian
in Q\ K is close to Ay (Q2) if and only if the capacity Capq(K) of K in 2 is small.

The result by Rauch and Taylor [46] can be seen as a continuity result for the eigenvalues with
respect to the capacity. On the other hand, a higher regularity result holds. Indeed, Courtois [I5]
has investigated the behavior of the spectrum of the Dirichlet-Laplacian in X \ A, where X is a
closed Riemannian manifold and A a “small” compact subset. In particular, he has shown that if
K C Q is compact and Capg(K) is small then the function

AN(Q\ K) = An(Q) 3)

is differentiable with respect to Capg (K'). Therefore, one can obtain asymptotic expansions for the
difference in in terms of the capacity Capgq(K).

If, for example, Ay () is simple, then in order to obtain more refined asymptotic expansions of
the difference Ay (2\ K) — An(€2), one can take into account also the behavior of the corresponding
eigenfunction uy. More precisely, one can replace the capacity Capg(K) by the so-called uy-
capacity Capgq (K, up).



So, if u is a function in H}(f2), we introduce the u-capacity by setting

Capq (K, u) Einf{/Q]Vf\Qda:: feH;(Q) and f —u € H&(Q\K)}. (4)

The infimum in is achieved by a function Vi, which is the unique solution of the Dirichlet
problem
AVgy =0 inQ\ K,
Viku=0 on 01, (5)
Vku=1u on K,
so that

CapQ(K,u):/ V'Vl da .
Q

As above, by saying that Vi , solves we mean that Vi, € H}(Q), Vi —u € H}(Q\ K), and

VViaw -Véder =0 Yo Hy(Q\ K).
O\K
Definition (4)) can be extended to H'(£2) functions, by setting, for any u € H'(2), Capg (K, u) =
Capq (K, niu) being 1 as in (1.
Such an object can be successfully employed in order to compute asymptotic expansions of
(simple) eigenvalues. Indeed, the following result holds (cf. Courtois [15, Proof of Theorem 1.2]
and Abatangelo, Felli, Hillairet, and Lena [I, Theorem 1.4]).

Theorem 1.1. Let Ay(Q2) be a simple eigenvalue of the Dirichlet-Laplacian in a bounded, con-
nected, and open set Q. Let uy be a L*(Q)-normalized eigenfunction associated to An(2) and

let (Keo)eso be a family of compact sets contained in Q concentrating to a compact set K with
Capq(K) =0. Then

AN(QN\ K.) = An(Q) + Capg(Ke,un) + o(Capq(Ke, un)) , ase — 0. (6)

The aim of this paper is twofold. On one hand, we wish to investigate the asymptotic behavior
of Capq (K., u) as ¢ — 0, when K. = ew (with w a sufficiently regular open set) and u a generic
function. On the other hand, we want to combine such asymptotic analysis with the formula (@ of
Theorem [1.1| and obtain asymptotic expansions of Ay (£2\ (ew)) where the dependence both on the
structure of the normalized eigenfunction uy around 0 and on the geometry of w is explicit. We
emphasize that in our case, the limit compact K of Theorem consists of just one point, namely
{0}, and therefore the corresponding capacity is equal to zero.

1.1 Asymptotic behavior of u-capacities

We will be working in the frame of Schauder classes and thus, in order to introduce the geometric
setting of the paper, we now fix
a €0, 1],

and we assume that

Q and w are open bounded connected subsets of R? of
class C1® such that R? \ Q and R? \ @ are connected, (7)
and such that the origin 0 of R? belongs both to  and w.



For the definition of functions and sets of the Schauder classes C%® and C1® we refer for example
to Gilbarg and Trudinger [23], §6.2]. Condition implies that there exists a real number ¢y such
that

go > 0and ew C Q for all € €] — eg, 0] -

Then we denote by 2. the perforated domain defined by
Q. =0\ (ew) Ve €] — e, €0/ -

Clearly, Q. is an open bounded connected subset of R? of class C1® for all ¢ €] — &g, 0[\{0}.
Moreover, the boundary 952 of €. is the union of the two connected components 99 and d(cw) =
edw, for all e €] — g9, 0[. We also note that Q= Q\ {0}.

Then we assume that

u € HY(Q) is analytic in a neighborhood of 0. (8)

We are interested in studying the behavior of Capq(ew, u) as € tends to 0. More precisely, our aim
is to obtain as much accurate and constructive as possible expansions for Capg(ew, u) in terms of
the parameter e. Moreover, besides the dependence on &, we want to highlight the effect of the
geometry of the problem (i.e., Q and w) and of the function u on Capg(cw, ).

As we shall see, to reach this goal, one can try to follow different strategies.

1.1.1 Asymptotic behavior of the capacity and conformal mappings

A standard method to convert a boundary value problem for the Laplace equation defined in a
generic Jordan domain with one hole into a (possibly) easier one is to exploit conformal mapping
theory. In this way, one can transform the original problem into a boundary value problem defined
in an annular domain of the type A(r,1) = {z € C: r < |z| < 1} for some r > 0. Then one can try
to find explicit formulas for the solution of the transformed problem in A(r, 1) and finally to exploit
those formulas for the representation of the solution of the original problem. Clearly, an approach
of this type can be applied also to the computation of the capacity Capg(sw), since it is defined
by means of the solution of a Dirichlet problem for the Laplacian with locally constant boundary
data.

So we identify R? with the complex plane C and we assume that 0Q and dw are the image
of two simple closed curves ¢° and ¢* of class C1® from the boundary D of the unit disk D to
C. By the Riemann Mapping Theorem, one deduces that for each £ €] — g¢,£9[\{0} there exist a
unique r[e] €]0, 1] and a unique holomorphic homeomorphism gle| from the set A(r[e],1) onto Q.
such that the map g[e] can be extended to an element of class C*(A(r[e], 1),C) (which we still
denote by g[e]) and such that g[¢](1) = ¢°(1) (cf. Lanza de Cristoforis and Rogosin [33, Thm. 3.1]).
Moreover, gle] is a homeomorphism of A(r[e],1) onto .. Now we observe that if we compose the
solution of

AVTM =0 in A(r[e],1),
Ve =0 on 0D, (9)
Ve =1 on re]oD.

with the map ¢(~Y[e] we obtain an harmonic function in Q., vanishing on ¢°(dD) = 99 and equal
to 1 on £¢*(0D) = edw. On the other hand, by a direct computation one verifies that the solution



of problem @ is delivered by
log ||

Ve (2) = Vz e A(rfe], 1).

log r[e]
As a consequence, the capacitary potential V, can be represented as

log |9 V[e] (2)]

Vze Q..
log r[e] FER

Vew(2) =

Then one obtains the following formula for the capacity Capg(sw)
27
C =——— Veg]-— 0}.
apq (ew) log 7[e] € €] — €0, 20[\{0}

Therefore, if we want to understand the behavior of Capg(cw) as € — 0 we need to investigate
r[e] for & close to 0. On the other hand, by Lanza de Cristoforis [29, [30], we know that there exist
€1 €]0,¢0[ and a real analytic function R from | — ey, 1] to |0, +o0o[ such that

rle] = eR|e] Ve €]0,e1].

Moreover, R[0] > 0 and the term R[0] depends on the geometry of 9Q = (D) and of dw = (D).
Accordingly, we deduce the formula

2
e — ) 1
Capgq (ew) log + log Re] Ve €]0,e1] (10)
Then by ([10) we have that
1 27
C = - Ve €]0,e1].
apq(ew) loge (1+ lo}ga log R[e]) € €l0,el

Hence, there exists a real analytic map R from a neighborhood of (0,0) in R? with values in R such
that

Capg(ew) = 7%[5, 1025] )

for & positive and close to 0. By the analyticity of R, one immediately deduces that

Capa(ew) = 3 Aot () - (1)

(k,1)EN2 loge

for € positive and small enough, and where the double power series Z(k,l) eN? 'y(m)x’fa:é converges

absolutely for (x1,z2) in a neighborhood of (0,0).

Even if one could explicitly deduce from Lanza de Cristoforis [29, B0] the limiting value R[0],
we emphasize that no attempt has been done so far in order to derive from the real analyticity of
R the exact value of all the coefficients V(k,) appearing in . Moreover, if one tries to apply
this method for the computation of the u-capacity Capg(ew,u), one faces the problem to find an
explicit solution of problem @ with the third condition replaced by

Vi (2) = u(gle]z) Vz € r[e]oD.

Then clearly such a dependence on g[e] and on u of the Dirichlet datum on the hole makes even
more involved the computation of the coefficients of the corresponding expansion of the capacity.
Therefore, in order to provide an explicit and constructive expansion for Capg(ew, u) we prefer to
follow a different strategy, which does not relies on conformal mappings.



1.1.2 Asymptotic expansion for the capacity

Boundary value problems in domains with small holes have been largely investigated in the frame
of asymptotic analysis. In order to study these problems several asymptotic expansion techniques
have been developed: for example, the method of matching outer and inner asymptotic expan-
sions proposed by Il'in (cf., e.g., [26]), the compound asymptotic expansion method of Maz’ya,
Nazarov, and Plamenevskij [37, [38], and the asymptotic analysis of Green’s kernels in domains
with small cavities by mesoscale asymptotic approximations of Maz’ya, Movchan, and Nieves [34].
In Bonnaillie-Noél and Dambrine [8] and in Bonnaillie-Noél, Dambrine, and Lacave [9], the authors
have exploited the method of multiscale asymptotic expansions to analyze the two-dimensional
Dirichlet-Laplacian in a domain with moderately close small perforations. The Dirichlet problem
in a planar domain with a small hole has received attention also from the numerical point of view. A
numerical approach is proposed, e.g., in Babuska, Soane, and Suri [5] and Chesnel and Claeys [12].
Problems in perforated domains find several applications, as an example, in the frame of shape and
topological optimization (cf. Novotny and Sokolowsky [40]) and in inverse problems (cf. Ammari
and Kang [3] and Ammari, Kang, and Lee [4]).

An asymptotic expansion of the capacity as the hole collapses to a point can be deduced by
the analysis of energy integrals in perforated domains that can be found in Maz’ya, Nazarov, and
Plamenevskij [37, §8.1]. In particular, they prove that

_ 2w
10g€ + 27 (H(O,O) + N)

Capg(ew) = +0(e?), Vo >0, (12)

for £ small and positive, where 2™V is the logarithmic capacity (or outer conformal radius) of w and

Ho,0) is the value at x = 0 of the unique harmonic function h in  such that h(z) = —log|z|/(27)
for all x € 0€). In particular, by combining and , we deduce that

log R[O] =21 (H(O,O) + N) .

We also note that expansions for the capacity for the case of several small inclusions can be deduced
from the corresponding expansion of the capacitary potential obtained in Maz’ya, Movchan, and
Nieves [34, §3.2.2]. Moreover, one could produce an asymptotic expansion of Capg(ew) in the
higher-dimensional case. However, in such a case, the asymptotic behavior would differ from that
of since the logarithmic term would not be present in the asymptotic expansion in dimension
greater than or equal to three.

Our aim is now two-fold. On the one hand we want to extend the study of the asymptotic
behavior of Capg(cw) to the u-capacity Capq(cw,u). On the other hand, we want to represent
Capg(ew, u) in terms of convergent power series whose coefficients can be explicitly constructed by
solving given systems of integral equations on fixed domains (not depending on ). As we shall see,
the computation of higher order terms in the expansion of Capg(ew,u) is necessary if for example
u and its derivatives up to a certain order vanish at the origin of R2.

1.1.3 The functional analytic approach

To reach our goal, we adopt the Functional Analytic Approach proposed by Lanza de Cristoforis
[29, 30] for the analysis of singular perturbation problems in perforated domains. This method
indeed allows to prove real analyticity properties for the solution of boundary value problems in



perforated domains for elliptic equations (see Lanza de Cristoforis [31] for the Laplace equation)
and systems (as the Lamé equations in Dalla Riva and Lanza de Cristoforis [I7] and the Stokes
system in Dalla Riva [16]). Therefore, by this method, one can deduce the possibility to expand
the solution or related quantities in convergent power series. Then, to construct these power series,
we follow the strategy of [19] and we compute the coefficients in terms of the solutions of recursive
systems of integral equations and of quantities related to the data of the problem (such as the
unperturbed domain €, the inclusion w, and the function u).

We now observe that by assumption on the analyticity of v and by analyticity results for
the composition operator (cf. Béhme and Tomi [7, p. 10], Henry [24], p. 29], Valent [51, Thm. 5.2,
p. 44]), possibly shrinking e¢, there exists a real analytic map Uy from | — &g, go[ to CH*(dw) such
that

u(et) = Uygle](t) Vt € Ow , Ve €] — eg, €0 - (13)

(for the definition and properties of analytic maps, we refer to Deimling [20, §15]). Then for all
£ €] — €0,£0[\{0}, we denote by u. the unique solution in C**(Q.) of the problem

Au. =0 in Q.
ue(z) =0 for all x € 092, (14)
us(x) = Uglel(z/e) for all x € edw .

Clearly,

Vewu(x) = us(x), Vr € Q. ,Ve €] — eg,20[\{0},
Vewu(z) = u(x), Va € ew, Ve €] — e9,20[\{0} .

Accordingly, by the Divergence Theorem, we have

Capﬂ(aw,u):/ \Vue\de—i—/ |Vu|? da
Qe Ew

OVey

= _/ Oue Uue do + 52/(VU)(Et) (V) (et) dt (15)
A(ew) w
=— /&U V() - V(%(Et))u(et) doy + 52/(Vu)(5t) A(Vu)(et) dt

w
for all € €] — €9,e0[\{0}. Here above the symbols v, and v, denote the outward unit normal to
Ow and to d(ew), respectively.

As we have mentioned, our goal is to provide a fully constructive and complete asymptotic
expansion for Capg(ew,u) as € — 0. In order to do so, we follow the methods developed in [19] for
the solution of the Dirichlet problem in a planar perforated domain. However, in [19] the Dirichlet
datum on the boundary of the hole d(ew) is given by rescaling a fixed function g defined on Jw,
i.e., by considering the function ¢(-/¢). Here, instead, the boundary condition on d(sw) is given
by the trace of u on d(ew). Such a trace can be expressed as u(e(x/¢€)), that is the rescaling of
the e-dependent function Ugle](-) = u(e-). Thus we will need to take into account also such a
dependence. By , the quantity Capq(ew,u) can be expressed as the sum of

g2 / (Vu)(et) - (Vu)(et) dt (16)



and of (the opposite of) the integral on dw of the function
t s v(t) V(ug(st))u(st) . (17)

By the analyticity of v in a neighborhood of 0, one can easily show that the term in is a
real analytic function of € around 0 and accordingly it can be expanded in power series of €. On
the other hand, the integral on dw of the function in needs a more careful analysis. Thus,
as a preliminary step, we will need to provide an expansion for the function in . Then, by
integrating such an expansion, we will be able to obtain the corresponding result for Capq (sw, u).
In particular, under vanishing assumption for u, we are able to prove the validity of the following
result (cf. Theorem [5.4) and Remark 5.5 below).

Theorem 1.2. Let assumption hold. Assume that there exists k € N\ {0} such that
Du(0)=0  V|y| <k,
and that there exists 3 € N? such that |3] = k and
DPu(0) #£0.

Then

Capq (ew, u) = 2 / |Vug|? dt + / ]VU#E\Z dt | + O(EQE) ase —0,
R2\w w ’
where Uy 3, 18 defined as in Proposition and uy; is the unique solution of problem (49).

As we shall see, the terms fRQ\w [Vug|?dt and [ |Vu #,EPdt depend both on the geometric
properties of the set w and on the behavior at 0 of the function w (but not on ). Here we note
that in the case of dimension higher than 3 one could expand Capq(cw,u) as a power series in
e. Indeed, one may show that Capg(ew,u) depends real analytically on ¢ (cf. [31, Thm. 6.2]) in
a neighborhood of 0. The results of the present paper rely on the asymptotic expansions of [19]
for the solution of the Dirichlet problem for the Laplacian in a perforated planar domain. In such
a case, one cannot hope to expand Capg(cw,u) as a power series in ¢ since, as is well known, a
logarithmic term appears.

1.2 Asymptotic expansions of the eigenvalues

The asymptotic behavior of the eigenvalues of the Laplacian in domains with small holes has been
long investigated by several authors.

One of the first contributions is probably due to Samarskii [47] that showed that the perturbation
of an eigenvalue Ay for the Dirichlet-Laplacian when a small set w, is removed from a subset €2 of
R3 admits the following estimate

AN < dmrf Capg(we) + O(Capg (w:)?) (18)

where k is the maximum value of the N-th normalized eigenfunction on @w; (cf. Maz’ya, Nazarov,
and Plamenevskii [36]).

Later on, in the paper [46], Rauch and Taylor studied the behavior of the eigenvalues and
eigenfunctions of the Laplacian in a domain ) where a “thin” set is removed. A consequence of



their (more general) results is that if Q and w are sufficiently regular bounded open subsets of R™
containing the origin, and Ay(-) is the N-th eigenvalue of Dirichlet-Laplacian then

AN (2 (ew)) = AN () ase— 07, (19)

In view of the estimate of Samarskil [47] and the convergence result of Rauch and Taylor
[46], many authors have then started to compute asymptotic expansions for the eigenvalues of the
Laplacian (under various boundary conditions) in domains with small holes.

For example, Ozawa has devoted a series of papers (cf., e.g., [41, 42, 43] [44], [45]) to the computa-
tion of asymptotic expansions for the eigenvalues of the Laplacian, under many different boundary
conditions, when we make a small perforation. In particular, Ozawa has shown in [43] that if n = 2
and w is the unit ball By(0, 1) then

AN (N (eB2(0,1))) = An(Q) — 27(loge) " Hun(0))% 4+ O((loge) ~2) ase — 01 (20)

where Ay () is a simple eigenvalue for the Dirichlet-Laplacian in © and uy a corresponding L?(£2)-
normalized eigenfunction.

Moreover, Maz’ya, Nazarov, and Plamenevskii (see, for example, [36] and [37, Chapter 9]) have
produced asymptotic expansions of the eigenvalues of boundary value problems for the Laplace
operator in domains with small holes. For example, in the three dimensional case, they have shown
in [36] that for the first eigenvalue of the Laplacian with Dirichlet condition we have

M(Q\ (@) =A1(2) + 4nCap(w) (u1(0))%e + [4mu1 (0)Cap(w))?

u1(0)
4

(21)

X {F(O) + / uy ()] dx}€2 +0(*) ase—0T,
Q

where u; is a corresponding L?(€)-normalized eigenfunction in €, Cap(w) the harmonic capacity
of w and I' is a function defined through an auxiliary boundary value problem. We note that since
the first eigenfunction u; does not vanish inside €, u1(0) # 0 and thus the asymptotic expansion
in is sharp. However, this in general is not the case if we consider different eigenvalues Ay. In
particular, we note that if we consider the asymptotic expansion of , then if the origin belongs
to a nodal line of the eigenfunction uy, we have uy(0) = 0. Therefore reduces to

AN(Q\ (eB2(0,1))) = An () + O((loge)~?2) ase — 0", (22)

As a consequence, in view of (22)), in case un(0) = 0 one may need to compute further terms in
the asymptotic expansion.

Subsequently, many authors have started to study the behavior of the spectrum of the Laplacian
under removal of “small” sets in the Riemannian setting. As an example, we mention the works by
Besson [6], Chavel [10], Chavel and Feldman [II], Colbois and Courtois [13], Courtois [15].

As we have already mentioned, one can find in Courtois [I5, Proof of Theorem 1.2] and in
Abatangelo, Felli, Hillairet, and Lena [I, Theorem 1.4] an asymptotic formula for the eigenvalues
involving the notion of u-capacity (see equation @ of Theorem . In particular, if Q and w are
as in and Ay () is simple, this reads as

AN (2N (ew)) = An(2) 4+ Capq(ew, un) + o(Capg (ew, un)) ase — 0. (23)

As a consequence of , in order to find an asymptotic expansion in the parameter £ we need to
compute Capq(ew,uy). Abatangelo, Felli, Hillairet, and Lena [I] have computed such quantity for



specific sets as ball and segment and they have shown explicitly the dependence of Capg(cw,un)
on the behavior of the eigenfunction uy around the origin. In particular if n = 2 and w = By(0, 1),
they have proved that

e

_2r (. 2 o
omimre- (S

El I

=
AVAR
= O

e

where k € N and b € R\ {0} are such that

r~Fu(r(cost,sint)) — bsin(a — kt) in C1(]0,27]),

as r — 01 for some a € [0, 7] .

Here, instead, we wish to emphasize the interaction with the geometry of the hole and the
structure of the eigenfunction near 0. In order to do so, we confine to the two-dimensional case
and we exploit the power series expansion for Capg(cw, u) of Section |5 with u = uy and where w
is a quite general regular open set as in .

Under the assumption that the N-th eigenvalue Ay (€2) for the Dirichlet-Laplacian is simple, if
uy is a L?(Q)-normalized eigenfunction related to Ay (€2) satisfying some vanishing assumption, we
are able to prove the following (cf. Theorem [6.2] below).

Theorem 1.3. Let the N-th eigenvalue An(S2) for the Dirichlet-Laplacian be simple and let uy be
a L*(Q)-normalized eigenfunction related to An(S2). Assume that there exists k € N\ {0} such that
DYun(0) = 0 for all |y| < k and that there exists 3 € N? such that |3| = k and DPu(0) # 0. Then

AN(Q\ (62)) = An(Q) + £ Clun,w) + 0(e?F)  ase — 07T, (24)
where C(upn,w) an explicitly defined positive constant depending on uy and on w (cf. Section @

One of the consequences of our asymptotic expansion of Theorem is that it gives the
order of the difference

AN (2 (ew)) — An(©)

for a wide family of holes w. A second important consequence is that the constant C(uy,w) in
([24)) is explicitly defined in terms of solutions to Dirichlet problems in w and R?\ @ for the Laplace
equation. The Dirichlet data depend on the Taylor expansion of the normalized eigenfunction at 0.
In particular, it shows the dependence of C'(uy,w) both on uy and w and thus provides a starting
point on the investigation of ‘optimal’ inclusions w for such constant (under different constraints).

We note that in the last years the investigation of this type of problems has been carried out in
many different directions. Maz’ya, Movchan, and Nieves have [35] have constructed the asymptotic
approximation to the first eigenvalue and corresponding eigenfunctions of Laplace operator inside
a domain containing a cloud of small rigid inclusions. Lanza de Cristoforis [32] has considered a
Neumann eigenvalue problem and shown representation formulas in terms of analytic maps and
loge (depending on the dimension n). Sharp estimates when a ball is removed at the vertex of a
sector are contained in Lamberti and Perin [28]. Henrot [25] has considered perforated domains in
the frame of extremum problems for eigenvalues of elliptic operators. Finally, Ammari, Kang, and
Lee [4] have developed an asymptotic theory for eigenvalue problems under domain perturbations
by a method based on potential theory and on the Gohberg-Sigal theory of meromorphic operator-
valued functions.
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1.3 Organization of the paper

The paper is organized as follows. Section[2]is a section of preliminaries where we provide an integral
equation formulation for the boundary value problem defining the wu-capacity. In Sections [3| and
we compute power series expansions for some auxiliary functions. Section [5| contain our main
result on the power series expansion of the u-capacity of a small set. In Section [6], we compute the
asymptotic expansion of an eigenvalue of the Dirichlet-Laplacian in the perforated domain Q\ (¢w)
as the size € of the hole ew tends to 0 and in Section [7] we discuss optimal locations of small holes.
Section[§]is devoted to some numerical computations on the behavior of the eigenvalues of an ellipse
with a small hole and Section [J] to their analytical justification.

2 Preliminaries

2.1 Classical notions of potential theory

In order to analyze the behavior of the solution to problem as € — 0 we shall exploit an
approach based on potential theory, which allows to convert a boundary value problem into a set of
integral equations defined on the boundary of the domain. The method relies on the representation
of the solution in terms of some specific integral operators, namely the single and the double layer
potentials.

In order to define these operators, we denote by S the fundamental solution of A = 22 02 in

j=1"j
R?, that is the function from R?\ {0} to R defined by

1
S(x)z;log |z| Ve € R%\ {0}.
T
Now let O be an open bounded subset of R? of class C1@. Let ¢ € C%*(90). Then v[00, ¢
denotes the single layer potential with density ¢, i.e.,

v[00, ¢](z) = &(y)S(z —y) doy Vr € R?,
00

where do denotes the arc length element on 0O. As is well known, v[00, ¢] is a continuous function
from R? to R. The restriction v [00, ¢] = v[00, ¢]jp belongs to CH*(0). Moreover, if we denote

by C’llo’f‘ (R%\ O) the space of functions on R? \ O whose restrictions to I belong to C1%(U) for all

open bounded subsets U of R? \ U, then v~ [00, ¢] = v[0O, ¢]|gz2\o belongs to Cllo’g‘(]R2 \ 0).
If ¢ € C1*(00), then the double layer potential is denoted by w[0O, 1]:

w[00,P)(z) = — » (y) vo(y) - VS(z —y)do, Vo eR?,

where v denotes the outer unit normal to dO and the symbol - denotes the scalar product in R2.
Then the restriction w[0O,]|o extends to a function wt[00,4] of C1*(O) and the restriction

w[00, Y] 2\ extends to a function w™ [0, ] of C'Ilo’g‘(]R2 \ O).
The single and the double layer potentials will be used to construct solutions to boundary value
problems for the Laplace equation. To do so, we need to understand their boundary behavior.

Accordingly, to describe the properties of the trace of the double layer potential on 0O and of the
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normal derivative of the single layer potential, we introduce the boundary integral operators Wy
and Wp:

Woly](x) = — aOl/}(y) vo(y) - VS(x —y)doy, Vo € 00,

for all ¢ € CH*(90), and

Woldl(z) = o ¢(y) vo(x) - VS(x —y)doy Vo€ dO,
for all ¢ € C%*(00). Then Wp is a compact operator from C1*(00) to itself and W is a
compact operator from C%%(90) to itself (see Schauder [48] and [49]). The operators Wo and W
are adjoint one to the other with respect to the duality on C1*(90) x C%*(90) induced by the
inner product of the Lebesgue space L2(00) (cf., e.g., Kress [27, Chap. 4]). For the theory of dual
systems and the corresponding Fredholm Alternative Principle, we refer the reader to Kress [27]
and Wendland [52, [53]. Moreover,

w00, ¢]j90 = %w + Woly] Vi € C1*(00),
vo - Vot [00, ¢li90 = ¢%¢> + Wol¢l Yo € CO(D0)

(see, e.g., Folland [21l Chap. 3)).
Finally, we shall need to consider subspaces of C%%(90) and of C1*(90), consisting of functions
with zero integral on 00. Accordingly, we set

ch(00)y = {f e Ch(90): / fdo = o} for k=0,1.
00

2.2 An integral formulation of the boundary value problem

Our aim is now to convert problem into a system of integral equations and we do so by
following the strategy of Lanza de Cristoforis [31] and of [19]. The first attempt to solve would
be to represent the solution in terms of a double layer potential. However, due to the presence of a
hole in the domain, this in general is not possible for all boundary data and we may need to use,
for example, also single layer potentials (cf. e.g., Folland [2I, Ch. 3]). Thus we need to split the
problem in a part which can be solved in terms of the double layer potential and a part which will
be represented by a single layer potential. This will be done via Fredholm Theory by characterizing
the image of the trace of the double layer potential as the orthogonal to the kernel of the adjoint
operator. The dimension of the kernel equals the number of holes in ()., and therefore, in this
specific case, is equal to one. A real analyticity result upon e for the generator of the kernel is
provided by Proposition (see also Remark [2.2). Now we proceed as in [I19] and we introduce
the map M = (M°, M*, M¢) from | — g, o[ x CY¥(982) x C*(dw) to C¥*(9Q) x C¥*(dw)o x R by
setting

p°(x) + Wp°l(z) + /a p'(s) va(x) - VS(x — es) do Vo € 09,
pi(t) — W2Ep'(t) — 6/89 p°(y) vu(t) - VS(et — y) doy, Vt € Ow,

12



M¢[e, p°, p'] :/ pldo—1,
Ow

for all (g, p°, p') €] — €0, £0[xCV*(0Q) x C®*(dw). Then we can prove the following result of Lanza
de Cristoforis [31, §3] (see also [19, Prop. 4.1]).

Proposition 2.1. The following statements hold.
(i) The map M is real analytic.

(it) If € €] — €0, €0[, then there exists a unique pair (p°[e], pile]) € CY(0Q) x CO*(dw) such that
M, p°[e], pE]] = 0.

(i4i) The map from | —eo, go| to CO(9) x C*Y(Ow) which takes ¢ to (p°[e], p'le]) is real analytic.

Remark 2.2. For each € €] — £¢,e0[\{0}, let 7= be defined by 7-(x) = p°[e](x) for all x € O and
() = |e|Lpi[e](x/e) for all x € O(ew). Then

1

=T + W, ] =0, / T.do =1,
2 O(ew)

for all € €] — €9, e0[\{0}.

We now turn to consider the part which can be actually solved by the double layer potential.
Indeed, by standard Fredholm theory and classical potential theory, one sees that for ¢ €] —
€0,€0[\{0} the boundary datum g. defined by

(@) =0 Yred,  g.(z)=Uglel(a/e) - /8 o Uelel/erme(a) oy e € o),

belongs to the image of the trace of the double layer potential (for the definition of Uy see (|13)).
Then, as in [19], we define the map A = (A°, A?) from | —eg, o[ x C*(92) x C1¥(dw)g to C1(90) x
CH*(0w) by

AT, 07, 67)(x) = 50°(2) + Wal#¥](a)

+¢ 0'(s) vu(y) - VS(x — es) dog Vo € 092,
Ow
Ale, 6°,60%)(t) = %Gi(t) — W, [09](t) + w[09, 6°](t)
— Uyle](t) + g Uylelp'[e] do Vit € dw,

for all (g,6°,0%) €] — e, e0[xCL¥(92) x C1¥(Aw)y. Then we have the following result of Lanza de
Cristoforis [31], §4] on the regularity of A (cf. [19, Prop. 4.3]).

Proposition 2.3. The following statements hold.
(i) The map A is real analytic.
(i3) If € €] — 0,0, then there exists a unique pair (6°[¢],0%[e]) € CH¥(9Q) x CL¥(dw)q such that
Ale, 0°[¢], 0[] = 0.
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(i4i) The map from | —eo, o] to CL*(0Q) x CH%(Ow)g which takes ¢ to (0°[¢], 0%[¢]) is real analytic.
Remark 2.4. For each ¢ €] — €9,e0[\{0}, let ue be defined by p-(z) = 6°[e](x) for all x € O and
pe(x) = 0'[e](z/e) for all x € d(ew). Then

1
5#8 + WQE [/‘LE] = gE 9

for all e €] —eq,e0[\{0}.

By summing the double layer potential with density pu. (cf. Remark and a convenient
multiple of the single layer potential with density 7. (cf. Remark, we can recover the solution u..
In particular, by arguing as in [19, Prop. 4.5], the following Proposition shows how to represent
the rescaled function w.(et) by means of the functions p°[e], p'[e], 0°[¢], and 6°[¢] introduced in
Propositions [2.1] and (see also Lanza de Cristoforis [31), §5] and [18, §2.4]).

Proposition 2.5. Let € €] — 0,e0[\{0}. Then
us(et) = w09, 0°[e]] (et) — w ™ [Ow, 0'¢]] (¢)

+ [ vsleloelao (v*[aﬂ, pIEll(et) + v 9w, NN + 1;1’)

: ’ i log |\ ™

for allt € (e71Q) \ w.

3 Power series expansions of the auxiliary functions (p°[¢], p'[¢])
and (6°[¢],0'[c]) around € = 0

As described in the Introduction, an intermediate goal is to provide a series expansion in € for the
integral over Ow of the function

£ uy(t) - V(ug(st))u(st) .

Thus, the idea is first to construct an expansion for v,(t) - V(ug(st)>u(€t) and then to integrate

such an expansion on Jw. Since u.(et) is represented by means of the auxiliary density functions
(p°[e], p'le]) and (0°[e], 0%[¢]), the plan is to obtain an expansion for those densities and then to get
the one for u.(et) by exploiting the representation formula of Proposition

In the following Proposition of 19 Prop. 5.1], we present a power series expansion around
0 of (p°[e], p'[e]). Throughout the paper, if j € {1,2}, then (9;F)(y) denotes the partial derivative
with respect to z; of the function F(z) = F(z1,22) evaluated at y = (y1,y2) € R2.

Proposition 3.1. Let (p°[¢], p'[e]) be as in Pmpositionfor all € €] — €g,e0]. Then there exist

ep €0, €0 and a sequence {(p}, pj)}ren in C¥*(99Q) x C¥*(w) such that

+oo o too

o P i p
pPll=) " and plel=) Tkt Vel —gpe),

k=0 k=0
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where the two series converge uniformly for e €| —e,, e, in CO%(9Q) and in C%*(dw), respectively.
Moreover, the pair of functions (p§, p}) is the unique solution in C%(9Q2)x C»*(dw) of the following
system of integral equations

SA8() + W3lag) (@) = () - V() Vo € 09,
SP(0) — W3kl =0 Vit € Ow,

/ phdo =1,
Ow

and for each k € N\ {0} the pair (pQ, pt) is the unique solution in C%*(98) x C%*(dw) of the

following system of integral equations which involves {(p?,p;) ?;é,

2 082(e) + Wio2) (&)

2
k
_ k J+1 haj—h i~8hsjha .
;O(J) Z() (Vi S)<)/8wpk_J(>12 dog Vo e€oQ,
5Pk(t) = WPk (1)
k—

1
—1 ‘
=k <kj ) ]+1Z < )thtj h, (1) / pzflfj(VOfaé_hS) do Vt € O,
=0 ig)

J

/ pido=0.
Ow

In Proposition instead we determine the coefficients in the power series expansion of
(0°[¢], 0'[¢)).
Proposition 3.2. Let (0°[¢], 0’
g €)0,e0] and a sequence {(07,

e ]) be as in Propositionfor all € €] — €9,e0]. Then there exist
0 i) feen in CLa(90) x CH*(0w)o such that

07 o = S ek
kz kf and kz kf Ve 6] - 897€9[7 (25)

where the two series converge uniformly for e €]—¢g, g in CH*(0Q) and in CH*(0w)o, respectively.
Moreover,
(65,65) = (0,0),  67=0,

and 0% is the unique solution in C1*(dw)o of
L i
F01(t) = Wu[6i](1)
1 (26)

= ity (010 "u) ZZ/ MNoL~hu)(0)pl_y(s) dos Yt € dw,

h=0 =0 h=0
and for each k € N\ {0,1} the pair (62,0%) is the unique solutzon in CH(0Q) x CH*(0w)g of the

following system of integral equations which involves {(07, 6;) iz 0,

S02() + Wolb)(x) (21)
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— k%2 (k B 1) (—1)i*1 ZJ: GZ) (VOrol "s)(x) - /a ’ Oh_1_;(s) v(s)shs) " do,

7=0 h=0
Vo € 09,
1 i — (k 41 N hyj—h o hj—h
20k (t) = Wo0i](t) = S )Y y )Tt hjva - VO[dy "Sdo (28)
j=o M h=0 o0
LN 4
+Z( Y @tos oo -0 (1) () [ sk ok ) (o) do.
1=0 h=0 “
Vit € dw.

Proof. We follow the strategy of [19, Prop. 5. ] We first note that the real analyticity of the map
which takes € to (6°[¢], 0%[¢]) (cf. Proposition [2.3| (iii)) imply the existence of g and {(62, 0} )}en
such that holds. Clearly, by Proposition (ii) we have

Ale, 6°[¢], 60'[€]] = 0 Ve €] — o, €0] -
By computing the derivative with respect to € in the equality above, we deduce that

O (Ale,60°[e],0°[€]]) =0 Ve €] —eo,e0[,Vk €N.

Therefore,
OE (N[, 0°[e], 0 [e])) () = %35 0°[e] () + Wal0L0°[])(z) (29)
k J .
k 1\ J k=i gircl(s Shsj—hy s) - haj—h v — es)do
+€§<j)< 1>J§0<h>/6w85 0'[el(s) s1sy "v(s) - (VOr9y"S)(x — es) dog
= (55 )P () [, 20l shst ot (70009 ) o =0
Ve € 00,
O (A'[e, 90[5], O'lEl)(t) = 13? 0'[€](t) — W, [0k [e]](t) (30)

Z() ()”/ L0y valy) - (VOL057S) (et —y) doy

< )tht’g h(Oros ") (et)

T
o

Mw

h

=l
o

MN

_l’_

( )( > / thl=h (ko) ()8 pi €] (£) doy = 0 Vo € B,

=0 h=0

for all € €] —ep,e0] and all k£ € N, where we understand that Z "") is omitted for k = 0. By classical
properties of real analytic maps, we have (02,0%) = (056°[0], 8’“91[ |) for all & € N. Therefore, by
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taking e = 0 in and , we deduce that (63,65) = (0,0), that 69 = 0, that 6% solves equation
(26), and that (62,6}) is a solution of and for all K € N\ {0,1}. Then, to conclude, it
suffices to note that the uniqueness in C1*(992) x C1%(dw)o of the solutions of and of (27),
follows by classical potential theory (cf., e.g., Folland [21, Chap. 3]). O

4 Series expansion of v,(+) - V(u.(e-))u(e:) around £ =0

We now turn to construct a series expansion for vy (-) - V(uc(e-))u(e-) for € in a neighborhood
of 0, whose coefficients will be defined by means of the sequences {(p?, p}.) }ren and {(67,0},)}ren
introduced in Section The strategy is to compute the derivatives with respect to ¢ in the
representation formula of Proposition[2.5and to exploit the power series expansions for the densities.
As a consequence, as in [19, Prop. 6.1], the first step is the following Proposition where we prove
a representation formula which can be easily obtained by Proposition [2.5] Propositions and
and by standard properties of real analytic maps (see also Lanza de Cristoforis [31, Theorem 5.3]
and [I8, Theorem 3.1]).

Proposition 4.1. Let {(p%, pi.)}ren and {(67,0%)}ken be as in Propositions and respec-
tively. Let

umo(t) =0 vt € R?\ w,
Um 1 (t) = —w ™ [Ow, 61)(t) Vt e R?\ w,
_ 1 — [k j L/ hyj—h o h j—h
R EGRN h=0 o0
—%w*[aw,e;;](t) VteR*\w, Vk>2

and

k J .
1 k . . o 1 ;
Vi (t) = o Z < ) (—1) Z <2>t’ft§ 4 /{m ph_ ;0105 "Sdo + v [Ow, pi](t)

Jj=0 J h=0
Vt € R?\ w,

1N |
LRRpID <1> <h> [ ksl otok ) 0 s) dow

" 1=0 h=0 dw

1 i k J j
= —1) hi—h S/ o ahaj—h

Tk k!fawdajgo()( ) hgo(h) /awSISQ do 89pk738182 S do

1 .
_ ow, p.] d
+k!fawda/8wv[ wupk] g,

for all k € N. Then the following statements hold.

(i) There exists €* €]0,e0] such that the series Y oo gre® and > rerke® converge absolutely in
| —e*,e*[. Moreover,



(ii) If Qm C R%\ @ is open and bounded, then there exists ey, €]0,£*]N]0, 1[ such that eQy C Q
for all e €] — e, em| and such that

Zk 0 Vm k" T (21) " log ]
g U, ek 4 g gka = 31
G D heo ThEY + (2m) 1 og ] (81)

for alle €] —em, em[\{0}. Moreover, the series > poju k@mek and Y 22U, k|§m5k converge
in CH%(Qu) uniformly for € €] — em, em|.

By Proposition we can then prove an expansion for the map in .
Proposition 4.2. With the notation introduced in Proposition let

MIu(0) ,
upr(t) = Y #t’fté vt € R?,
(h,j)EN?
h¥j=k
k
k(t) =Y vo(t) - Vimow(Ougei(t) V€ dw,
1=0
Uk (t) = vw(t) - Vo kjaw(t) Vt € Ow,
k
Ge(t) =D grugp(t) Vit € dw,
1=0

for all k € N. Then there exists € €]0,*]N]0, 1[ such that

> oo Uk (+)e”
A v/ . = 32
V() -V (ue(e ))Iaw Jiow = ZW <+ (ng >ZZO0 reek + (2m)~1log |¢| (32
for all e €] — £,E[\{0}. Moreover, the series > reo Gre®, > neotne®, and > 32, ke® converge in
CY(dw) uniformly for e €] — &, £|.
Proof. We first note that if we take £ €]0, e*[ small enough, then for ¢ €] — £, £[ we have that

U(Et) _ Z 1+] ala];‘( )tzt]

(1,5)EN2

_Z<Z alaj“t%%)a Zu#h e Vtedw,
(3,5)eN?
i+j=h

and that the power series Y 7, u#7h|3wf—:h converges in C%®(dw) uniformly for € €] — &, &[. Possibly
taking a smaller £, we observe that for € €] — &, [ we have

o0 o oo o oo o0
k h ~ _k k h ~ _k
<Z Vi = Vi, b€ > <Z“#,h\aw5 ) = ke’ (ZW ) (Z Ut h|0wE ) =D ke
k=1 h=0 k=0 k=0 h=0 k=0
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where the series converge in C%%(dw) uniformly for € €] — £, £[ and we have set

k
= Z Vi VUi )00 Utt k—1]0w » gk = Zglu#,k—l\&u :
=0 =0
Then the validity of follows by Proposition (see formula (31)). O

Now we would like to obtain an expression for vy (-) - V(uz(e ))‘ ou(e)jaw in the form of a

S el ()
n=0

On the other hand, because of the quotient in , we don’t have yet an expression as above.
However, by exploiting exactly the same argument of [I9, Thm. 6.3], we can prove Theorem
below where we exhibit a series expansion for the map which takes € to v,(+) - V (uz(e-)) ol u(e*) g

convergent series of the type

Theorem 4.3. With the notation introduced in Proposition let {an}nen be the sequence of
functions from Ow to R defined by

n
Ay = Zgn—kﬁk Vn € N.

Let {S‘(n,l)}(n,l)ENQ,lgn+1 be the family of functions from Ow to R defined by

o) = Un s A1) = n s

for alln € N, and
-1

>‘(nl l ! Z Ap—k Z Hrﬁh

k=i—-1 Be(N\{0})!=1, |Bl=k h=1
for all n,l € N with 2 <1 <n+1. Then there exists & €]0,£0]N|0, 1| such that

s s S‘(nl)()
Vo (+) - V(ue(e)) g, ule) 0 = Z Z (ro + (2m) 1 log [¢e])! )

for all e €] — &', &'[\{0}. Moreover, the series

i i: )‘(nl
= = (ron+(2m)” !

converges in C1%(dw) uniformly for (e,n) €] — &,&'[x]1/logé’, —1/log &'[.

Remark 4.4. With the notation of Theorem[{.3, a straightforward computation shows that

5\(0,0) =ug =0,
~ 2 8

Aoy =to = (u(0))" 5 —v" 0w, po] -

Vw
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5 Series expansion of Capg(cw, u)

Our aim is now to deduce a full expansion for the u-capacity Capg(ew,u), which is given as the
sum of [ |Vue|?dz and of [ [Vul?dz. As a first step, we provide an expansion for [ |Vul?dz

around € = 0. As we shall see, the term few |Vu|? dz depends analytically on e and thus can be
expanded in a power series. Therefore, we compute such a power series in the following lemma.

Lemma 5.1. Let {&, }nen be the sequence of real numbers defined by

n—2

2
=0, £ =0, én = Z / Ojuy 141(t)0jugy ng1(t)dt  Vn>2.
j= w

11=0

Then there exists e¢ €]0, 0] such that

/ |Vu|? dz = ignsn
i n=2
for all e €] —e¢,e¢[\{0}. Moreover,
& = [Vu(0)Pma(w),
and the series

oo
> "
n=2

converges uniformly for e €] —e¢,e¢[. (The symbol my(...) denotes the two-dimensional Lebesgue
measure of a set).

Proof. If € €] — €0,e0[\{0}, by the Theorem of change of variable in integrals, we have

/ \Vu|2dx:€2/](Vu)(et)\th.

Then we note that by assumption on the analyticity of u, by analyticity results for the com-
position operator (cf. Bohme and Tomi [7, p. 10], Henry [24] p. 29], Valent [5I, Thm. 5.2, p. 44]),
there exists e¢ €]0, o] such that the map from ] — ¢, e¢[ to C%*(w) which takes € to (9;u)(e-) 5 is
real analytic. Possibly shrinking e¢, one verifies that for e €] — e¢, e¢[\{0},

(@)(ct) = 0 (u(et))

1 e
= g ZajU#’h(t)g‘b
h=0

1 00
= g Z 8]'U#7h(t)€h_16 = Z ajU#7h+1(t)6h Vtew,
h=1 h=0

where the series » 7, 8ju#,h+1‘wsh converges in C%*(w) uniformly for € €] — &¢,&¢[. As a conse-
quence,

(Oju)?(et) = (Z aju#,m(t)aju#,n—z+1(t)> e" Vtew,Ve €] —egee[\{0}.
n=0

=0
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By the continuity of the linear operator from C%%(@) to R which takes a function h to its integral
[, hdt, by summing on j € {1,2}, one deduces that possibly taking a smaller e¢

/wrcwxet)r?dt i(zf/awm au#nlm)dt) (34)

7=11=0

for all € €] —e¢,e¢[\{0}. In particular,
2
3 / Dyt (D)djug (1) dt = / ((&ru(0))? + (Bu(0))?) at
j=1"w w

= ]VU(O)\Q/ dt = [Vu(0)*ma(w).

Then, by multiplying equation by €2, we deduce the validity of the lemma. O

By integrating over Ow formula and adding the coefficients of Lemma by Theorem
we can immediately deduce the validity of our main result on the asymptotic behavior of
Capq (ew, u).

Theorem 5.2. With the notation introduced in Proposition Theorem[{.3 and Lemmal[5.1}, let
{cm ez be the family of real numbers defined by
I<n+1

Clnl) = — /()w S‘(n,l) do + 50,l£na

for all n,l € N with | < n+1 (where 6oy =1 ifl =0 and éo; = 0 if | # 0). Then there exists
€]0,e0]N]0, 1] such that

00 n+1
C(n,l)
C
apq (ew, u) nz: z; (ro + (2m)~1log |e])!

for all e €] — ec,ec[\{0}. Moreover, the series

= = nl)77
Z ZO 7’07]+ 271' )

n=0

converges uniformly for (e,n) €] — ec,ec[x]1/logec, —1/logec|.

Remark 5.3. With the notation of Theorem we observe that Remark[{.4] and a straightforward
computation based on Folland [21, Lem. 38.30] imply that

¢(0,0) =0,
o == [ (@) 50 0w pi)dr = ~(u(0)? [ phdo = ~(ul0)”
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Moreover, if we denote by H§ the unique solution in Cho(Q) of
AH§ =0 i 2,
H§(xz) = S(x) for allx € 0,
and by H} the unique solution in CIIO’S(RZ \w) of

AH} =0 in R2\ @,
Hi(t) = S(t) forallt € Ow,
Subyeg o [H ()] < +o0,
then by [19, Prop. 7.3] we have ‘
ro = lim Hy(t) — Hg(0).
Accordingly,

- (u(0))?
limy 00 Hi(t) — HS(0) + (27) 1 log |¢|

[e's) n+1
n— C(nvl)
+e E gn1 g - ,
<n1 — (limy 00 Hy(t) — HE(0) + (27) " log |€|)’>

for all € €] —ec,e.[\{0}. Moreover, in case w is a Jordan domain, we deduce by [39, §4] that
e?mlimi—soe Ho(t) s the logarithmic capacity (or outer conformal radius) of w. HG(0) is the value at
0 of the unique harmonic function in Q0 which agrees with S on 0. In other words,

Capgq(sw,u) =
(35)

Ho) = —Hg(0), N = lim Hi(t),

where Hg o) and N are as in formula (12). Finally, we note that the if we look at the first summand
in the right hand side of equality , then the information on the function u is in the numerator,
whereas the geometry of  and w is taken into account in the denominator.

5.1 Asymptotic behavior of Capg(cw,u) under vanishing assumption for u
We now assume that there exists k € N'\ {0} such that
Du(0) =0 Vv <k, DPu(0) #0 for some § € N? with 8| = k. (36)
Then condition and Proposition imply that
(62.6,) = (0,0) Vk<k, 62=0, (37)

and that 9% is the unique solution in C1*(dw)q of
1, . EOR .
3040 - W0 = Y- () )b etef )0
h=0
Eor B B ‘
- <h> / siss (0705 u) (0)pf(s) dos Vit € Ow,
h=0 Ow
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1.€.,
1 i A i
5%@) - W, [QE] (t) = k! (u#k(t) — /aw Uy 5P0 da) YVt € Ow . (38)

Then equations , , and Proposition imply that

Lo i
v [Ow, 67] - (39)

Uy =0 Vk <k, U %

As a consequence, by classical potential theory, u, 7 is the unique solution in Cﬁ)’f (R%\ w) of the
following problem

Au, =0 in R\ @,
U 71 (8) = Uy 51 (8) = [y uy b do for all t € dw, (40)

SuptGRQ\w ’um,E(t)’ < 400.

Moreover, by assumption and Proposition we have

k —
_ 1 k T 7_ i i
=0 i<k, gr==3 (h) /8 st (0105 "u)(0)pf(s) dos = /8 uypphdo . (41)
" h=0 w w
Then by (36| and by Propostion we verify that
ugr =0  Vk<k, (42)

and accordingly Proposition and equations (39)), (42) imply
ou_ 7
- - ~ m,k
ur =0 vk < 2k, U, = u#’maw (8%)) . (43)
Furthermore, by (41)) and (42)) we have

g, =0 Vk < 2%, §2E = gEu#,H@w = u#,k|8wé u#ﬁpé do . (44)
w

Then, as an intermediate step for computing the coefficients of the expansion of the u-capacity
Capgq(ew, u), we consider the quantities ay,, A(n,) Introduced in Theorem for representing the
behavior of v,(-) - V(Ua(€'))| a,u(€). A straightforward computation based on ([3), implies
that

an=0 Yn<2k, Gy = Gyplo = Toly g, /8 uy 100 do
W
and accordingly
3 Y ~ 8’U,m k
An,0) =0 Vn <2k, >‘2E,o = Ugg = Uy %|0w e (45)
Sx(ml) =0 Vn < 2k, 5\2571 = Qo = fiou#’kww/ u#gpé do , (46)
w



and
S\(n,l) =0 V(n,l) such that n — [ +1 < 2k and that 2 <[ <n+1. (47)

In particular, 5\(”,1) = 0 for all (n,l) such that n < 2k + 1 and that 2 < I < n + 1. Moreover, a
simple computation shows that

=0 Vn<2k, b = / |Vu#’E|2 dt.
w

Finally, by Theorem and by integrating equalities —, we obtain

C(n,0) = 0 Vn < 2%,

CQE,O = —/ ’&/QE dU +/ |VU/#7E‘2dt
ow w
8“’1’[1%
=— | wu,g, | =25 da+/ Vu, 7| dt,
/6w #,k&u( 8Vw ) w| #,k|

Cn,) =0 vn < 2k, Cop1 = —/a agp do = —/8 60“#,%\&; da/@ u#ﬁpé do,
(99) (%) w

and
Cngy =0 V(n,l) such that n — [+ 1 < 2k and that 2 <1 <n+1.

In particular, cq,;y = 0 for all (n,l) such that n < 2k + 1 and that 2 < [ < n + 1. Since

u,_ = = —~w [Ow, 0], then u_ — is harmonic at infinity (cf. . As a consequence, the decay
nE Lw” 0w, 07], then u,, 7 is h fi f. (B9). A he d

properties of its radial derivative (cf. Folland [2I, Prop. 2.75]) and the Divergence Theorem imply

that 5
u -
mk g =0,
Hw 8l/w

Accordingly,

Oumﬁ aum,E
_/8wu#,k|8w W dO‘:—/aw <U#,kaw—/8wu#7klawd0'> 81/w dO'.

Since, Uy, T solves problem (40f), we have u

iy Uy 7 do on Ow, and thus

k!

U,

J 8um7 g Bumﬁ J
_/(% (“#,kww - /aw Uy T Ow U) e 0= _/&u U & EW 0.

On the other hand, the harmonicity at infinity of u 7 and the Divergence Theorem imply that

9 8Um %
0</ |V’U/mE dt:—/ umE ’ do
R2\@ ’ ow T\ OV

(cf. Folland [21), p. 118]). As a consequence,

P\ Vu 2dt >0 48
_ _ ) — - > 0.
/BW it Rlow ov,, 7 /]R?\w | um’k| ( )

24

m,k

el




Moreover, if we denote by uz the unique solution in C’llof‘(]R2 \w) of

Aup =0 in R?\ w,
uz(t) = uy 7 (1) for all t € dw, (49)
SUPgep2\o, [Ug(t)| < +00,

then clearly
UE = ’U,m?E + / u#’Ep%) do y
Ow

/ 7|VUE|2dt = / JVum’EPdt.
R2\w R2\w

We now turn to consider the product

—/ ﬁou#%ww da/ u#%pg do .
ow ow

and thus

We first note that '
U0 = Vo * VU 0jow = Ve + VO [0w, p)jo0, -

On the other hand, by Proposition and the jump formula for the normal derivative of the single
layer potential,

_ . 1 . ny 1. 1. .
Ve - VU [0w, pgl 0w = 5/}6 + Wilpol = 5[)6 + 5[)6 =g -

/ Vol T, 40 = / Uy 7o do .
Ow Ow

By [19, Proof of Lem. 7.2], we have

Accordingly,

/a o do = Jim ug(t).
which implies
2
— | Douy 7 phdo = —( lim up :
/aw VoUy Flow 40 /&u Uy zpo do (tg& uk(t))

As a consequence, under assumption , by Remark and formula , we can deduce the
validity of the following (cf. Theorem [1.2]).

Theorem 5.4. Let assumption hold. Then

( limy oo uE(t)> ? )

Capq(cw, u) =e2* / Vqut+/ Yu,, 7| dt — — .
al ) Rg\w’ F w’ #H (limy—oo Hi(t) — HS(0) + (27)~log|e])

n+1

- n C(n,l)
+ Z < Z 3 [} 0 -1 17
e 5 & (limeo HY(E) — Hy(0)+ (27) T log )

for all € €] — ec,ec[\{0}.
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Remark 5.5. Therefore, by we have

Capq(ew,u) = 52k</ |Vug|? dt + / |Vu#7g|2 dt) + 0<€2E) ase —0. (51)

\w

Moreover, we note that the terms fRQ\w [Vuz|?dt and [ |Vu#’%|2 dt depend both on the geometrical
properties of the set w and on the behavior at 0 of the function w (but not on ).

6 Asymptotic expansion of \y(2\ (¢w))

The aim of this section is to obtain an asymptotic expansion of Ay (2 \ (¢w)) by combining the

results on Capg(sw,u) of Section [f| and the approximation fomula (6)) for the eigenvalues (see

Courtois [I5, Proof of Theorem 1.2] and Abatangelo, Felli, Hillairet, and Lena [I, Theorem 1.4]).
To do so, we take a €]0,1[, Q and w as in and we assume that

the N-th eigenvalue Ay (€2) for the Dirichlet-Laplacian is simple (52)
and uy is a L?(Q)-normalized eigenfunction related to Ay (€2).

In order to study Ay (€2\(ew)) ase — 0, by (6)) we need to consider the behavior of Capg (ew, uy).
By elliptic regularity theory (see for instance Theorem 1.2, page 205, in [22]), uy is analytic in a
neighborhood of 0. Next we note that by we have

(un (0)°
— H§(0) + (2m)~!log |¢|

CapQ(EW, UN) - - hmt HZ (t)
— 00 0

00 n+1
n— C(’I’L,l)
+e g1 - A ase — 0,
(nz:l ZZ:; (limy 00 H(t) — H(0) + (2m) " log |€)l>

where {c(,1)}(n)enz as in Theorem |5.2) and H} and H§ are as in Remark [5.3
I<n+1
Then by formula @ we immediately deduce the validity of the following well-known result.

Theorem 6.1. Let assumption hold. Then

An(Q\ (ew))

2
(un(0)) 1 (53)
=AN(Q) — ———— *.
n () (27r)*110g6+0(10g5> ase =0
Clearly, formula (53|) of Theorem in case
un(0) =0 (54)

reduces to
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Therefore, if holds, we would like to obtain a more accurate asymptotic expansion of Ay (€2 \
(ew)). We now assume that

there exists k € N'\ {0} such that DVuy(0) =0 Vv < k

, AR (55)
and that D”upn(0) # 0 for some 8 € N* with |5] = k.
and we set -
ONRun(0) 4
ungri= Y Ay Ve R?, (56)
(hen>
h4j=k
Moreover, we denote by u, % the unique solution in C’llo’? (R?\ w) of
Aunz =0 in R?\ @,
unz(t) = uy 4 5(t) for all t € Ow, (57)

SUpgeg2\ [Uy 5(t)] < +o0.

Then by we have

Capq(ew,uy) = 52k</ Vuy zl* dt —i—/ |VuN#k\2dt> + 0(52E) ase —0.
R2\@ ’ w i

Then, again, by formula @ of Theorem we deduce the validity of the following result (from
which we deduce Theorem .

Theorem 6.2. Let assumptions , hold. Let Uy 4% be as in . Let uy 7 be the unique
solution in C2%(R2\ w) of (B7). Then

loc

AN(2\ (ew))

- - 58
:)\N(Q)+52k</ |VuNk|2dt+/ VuN#k|2dt> + o(e?F) ase— 0", (58)
R2\& ’ w "

Remark 6.3. We note that in formula the term

(/ |quk|2dt+/ wN#det) (59)
R2\@ ’ w "

depends both on the behavior near 0 of the eigenfunction uy and on the geometry w of the perfora-
tion. We emphasize that the way the term in depends on ) is only through the eigenfunction

UN .
7 Optimal location of small holes

Let us now use the above results to discuss how to position a hole in a domain in order to maximize
or minimize an eigenvalue. Let 2 and w satisfy the hypotheses for a given a €]0, 1[. Moreover,
let us assume that the integer N > 1 is such that Ay () is simple. The small holes we are
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considering are sets of the form p 4 cw, where p € Q and € > 0 are such that p + e C Q. Let us
point out that we do not a priori exclude that @ touches the boundary of €.

For a fixed £ €]0.g¢[ (see the comments following Condition (7)), we may define a maximum
and a minimum problem. More precisely, we can look for two points p and p™ in Q, if they exist,
such that

(M1) For each p € Q such that p+cw C Q, An(Q\ (M + @) > An(Q\ (p + £0)) ;
(m1) For each p € Q such that p+cw C Q, AN(Q\ (P +ew)) < AN (Q\ (p+ew)) .

These problems are studied in much more detail, when N = 1, in Section 3.5 of [25].

In the rest of this section, we are discussing slightly different problems, which can be understood
as an asymptotic version of (M1) and (ml). More specifically, we would like to find, under the
same assumptions, two points p™ and p™ in €, if they exist, such that:

(M2) For each p € , there exists 51],‘4 > 0 such that
MA@\ (0" +ew) 2 AN(Q\ (p+ew)) Ve €]0,e);
(m2) For each p € Q, there exists €)' > 0 such that

AN(Q\ (P + @) < AN(Q\ (p+e@) Ve €]0,e7].

Also we do not have a complete solution of these problems, we wish to present some remarks.

Let us first consider Problem (M2). As before, we denote by uy a normalized eigenfunction
associated with An(€2). If the function |uy|? has a unique point of maximum p* in €2, then p* is
the unique solution of Problem (M2). This follows directly from Theorem If |uy|? has more
that one point of maximum, a solution of Problem (M2), if it exists, must be one of them. In order
to be more precise, we would have to look at higher order terms in the expansions.

Problem (m2) seems more difficult. Indeed, we can sometime prove that it has no solution.
In the case N = 1, there exists a (unique) positive and normalized eigenfunction associated with
A1(2), which we denote by u;. Since up is continuous on Q and vanishes on 99, for any p € €,
there exists ¢ € Q such that 0 < u1(g) < u1(p). Using again Theorem [6.1] it follows that p is not a
solution of (m2), showing that the problem has no solution. In the case N > 2, any eigenfunction
associated with Ay (£2) is orthogonal to u; and therefore has a non-empty nodal set. Nevertheless,
it is still possible that (m2) has no solution. For instance, let us consider the case where the nodal
set of un consists of a single simple curve  connecting two points p; and p2 of 9Q. If p belongs to

~, by Theorem

AN(QN (p + ew))

60
= An(Q) +€2<AQ\|VU%71|2dt+/ ]Vuljv’#’let> + o(e?) ase — 07, (60)

where u?m 41 and u’]’\,’1 are defined by and , after a translation sending p to 0. In other
words,
uly 1 (t) = Oru(p)ts + Oru(p)ts vt € R?, (61)
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and u}; | is the unique solution in CL%(R? \ w) of

Al =0 in R?\ w,
Uiy 1 (1) = uly 4 4 (1) for all t € dw , (62)
SUD¢eR2\w |U€V,1(t)| < +oo.

From this and Theorem it follows that whenever ¢ € Q \ v and € > 0 small enough,

AN(Q\ (p+ew)) < An(Q2)\ (¢ + eW)).

On the other hand, since Vuy vanishes at p; and po, we have that u?v’ 41 and uf,’\u converge to 0
as p moves on 7 towards p; or pa. Accordingly, the coefficient following 2 in Formula (60) goes to
0 as p moves on 7 towards p; or ps (cf. and ) It follows that for any fixed p € v N Q such
that the coefficient is non-zero, we can find p’ € v N Q such that

N(QN\ (P +ew) < AN(Q\ (p + W)

for all ¢ > 0 small enough. As a result, Problem (m2) has no solution in this case, assuming that
w is such that the coefficient never vanishes. We will see in Section [Q that this last condition is
satisfied when w is the interior of an ellipse, in particular when w is a disk.

If instead un has an order of vanishing greater than one at some points inside €2, that is to say
if at least two nodal lines meet at some points, Problem (m2) may have a solution. As a first step
to find it, we need to look for the set A of those points p €  where the largest number of nodal
lines intersect. We denote this number by k. Again by Theorem we know that for each p € N
we have

N\ (p+ew))

= An(0) +52k</ |Vu 2dt+/ |VuN#k2dt> —i—o(aﬂ) ase — 0T,
R\@

Here above, ‘
O %u(p)
p — 172 hyj 2
w0 = > i tht) vt € R?,
(h,j)EN?
h+j=k
and u? N is the unique solution in C’1 “(R? \ w) of
P D R2\
AuN,k*O in R*\ @,
fvE(t) ?V#E(t) for all t € dw ,
Py 10 (0] < +oo.

If N contains a single point, this point is the unique solution of (m2). If not, we have to move to

a second step: we need to minimize the coefficient in front of 2k If there exists a point p* € N
such that

2 2 2 2 *
(/RQ\ v dt+/ v dt) < (/R v dt+/ vl dt) Vp € M\{p*),
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then this point is the unique solution of Problem (m2). If not, we cannot conclude that a solution
exists without looking at higher order terms in the expansions.

We have not explored the relation between Problems (M1) and (M2), respectively (ml) and
(m2), or even the existence of solutions of Problems (M1) and (m1). Assuming existence, we could
for instance ask the following question: if (M2) has a unique solution p™, do solutions pM of (M1)
converge to pM when ¢ — 0T, and similarly for (m2) and (m1)? Such questions are discussed on
page 60 of [25], but answering them would require a deeper analysis. In particular, we probably
need to understand eigenvalue variation for a hole close 02 in order to find the connection between
(m1) and (m2).

8 Numerical simulations

In this section, we present some numerical simulations on the asymptotic behavior of the eigenvalues
in a domain with a small hole. Both the domains 2 and w will have elliptic shapes, but we will
consider different rotations of the small hole in order to show the dependence of the asymptotic
behavior of the eigenvalues on the geometry of the hole ew and on the relation of its orientation

with respect to the nodal lines of a suitably normalized eigenfunction in the unperturbed domain
Q.
We take a,b > 0 and we consider the ellipse &(a, b) parametrized by

Eola,b) =3 (= )eRQﬁ+y—2<1 (63)
0o\&, Y ’(12 b2 .

We denote by Ry the rotation of angle 6 € [0, 7/2]. For € > 0 small enough, we define the perforated
domain & g(a,b) by setting

b
E0(a,b) = E(a,b) \gnggo(%, 2

In other words, we set
a b
Q= &y(a,b), WER950(171)7

so that
Q\ () = E-9(a,b).

In the sequel, we fix a = 3,b = 2 and we omit these parameters in the notation. Namely,
E=¢60(3,2), E(e,0) =E:0(3,2).

As discretization of the parameters, we choose
ee{157%0<k<20} and ee{ 0<j<10}.

We denote by Ay and An(e,0) the N-th eigenvalue of the Laplacian with Dirichlet boundary
condition in the (unperturbed) ellipse £ and in the perforated domain &(e, ), respectively.

We first note that the first 16 eigenvalues of the Dirichlet Laplacian in the ellipse £ are the
following:
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A1 =104 X=213 A3=314 A4 =3.69 Ay =4.71 Ag = 5.74 A7 = 6.52 Ag = 6.69
Ag =826 Ajp=28.65 A1=29.09 Ao=11.12 X3 =11.21 A4 =11.25 A5 =11.92 Mg =13.82

As we can see, all the eigenvalues A1, ..., A\jg are simple. Then in Figure [I] we trace the nodal
line of the corresponding eigenfunctions.

N=1 N=2 N=3 N=4 N=6
N=9 N=11 N=12 N =14
8 “‘\ [N A ST ||

Figure 1: Nodal lines of the first 16 eigenfunctions in the ellipse

Figureshows that the origin 0 (which is the point where the hole collapses when £ = 0) belongs
to a nodal line of an eigenfunction associated to the eigenvalue Ay for N € {2,3,5,6,8,10,11,12,14, 15, 16}.
As a preliminary step in our analysis, we look at the behavior of the nodal lines in the
perforated domain as e approaches 0 and for different values of the angle . We note that
for N € {2,3,6,8,10,12,14,15} there is only one nodal line passing through 0, whereas for
N € {5,11,16} there are two nodal lines. As a consequence, in view of the results of Section
[6] we expect that

if N €{1,4,7,9,13},

A (e, 0) — Ay ~ en(6)e? if N €{2,3,6,8,10,12,14,15},
An(g,0) = An ~ en(f)e? if N e {5,11,16},

as € — 01, for some constant cy () > 0 which depends on N and 6.
Figures show how the angle 6 affects the convergence of the nodal lines as € tends to 0.
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e=157F An(g,0), N =1,2,3,4,5,11

@@@@@
CORCPRASS NSRS PRS=
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O W @ QD D &
@()@@”)@/
SDRAUDASSRVIVAS PRSIy

Figure 2: Nodal lines of the eigenfunctions associated to Ay (e,6), N =1,2,3,4,5,11, 6 =0

k=0

e=157F

ODDD DD
ODE R DB
OPDOO @D P D
ODE DD
ODE DD B
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Figure 3: Nodal lines of the eigenfunctions associated to An(e,0), N =1,2,3,4,5,11, 6 = {5

32
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Figure 4: Nodal lines of the eigenfunctions associated to An(e,0), N =1,2,3,4,5,11, 0 =

e=157 A (e, 55)

N CORCORERN SR TS
M CORCPAST RN oS>
WD e
e OO DD
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Figure 5: Nodal lines of the eigenfunctions associated to Ay (e,0), N =1,2,3,4,5,11, 6 = ;_76

Then we turn to consider the behavior of the functions Ay (e, ) — Ay as e approaches 0, for
different values of the angle 6 (namely for 6 € {0, f;, 7, g—g, 5})and for N € {2,3,5,11}. As already
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Figure 6: Nodal lines of the eigenfunctions associated to An(e,0), N =1,2,3,4,5,11, 0 = §

mentioned, in view of Section [6] we expect
)\N(e’i,e)—)\]\[ NCN(G)EQ for N € {2,3},
Av(e,0) — Ay ~ en(0)e? for N € {5,11},

as € — 01, for some constant ¢y () > 0 which depends on N and 6.

Figures [7] - below show in a log—log plot a good fitting with the expected behavior. To
compute the eigenmodes, we use a finite element method of degree P, with at least 2800 triangular
elements. We work in a simple precision, so computations are relevant when the gap log(Ay(g,0) —
Ay ) is larger than 1078, Tt is the reason the computations for N = 5,11 and € < 1072 are irrelevant.
Moreover, for ¢ fixed, they show a decreasing behavior in 6 € [0,7/2] for N = 2, in contrast with
an increasing behavior in 6 € [0,7/2] for N = 3. Instead, for N = 5 and ¢ is fixed and small, the
quantity Ay (g, 0) — Ay is first increasing and then decreasing.

Finally, we study the limiting behavior as a function of the angle . To do so, we set

1
MN(gae) = {_:aiN ()‘N(eae) - )‘N)7
where aj is the order of the second term in the asymptotic expansion, i.e.:
O£22013:2, a5:a11:4.

We plot the curve
0 UN (57 0)7

with € = 1.57% and k& = 14 or 16 when N = 2,3 (in this case, we have a convergence at order 2)
and kK =7 or 8 when NN = 5,11. This choice is done to ensure that ayk is constant in both cases.
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N =11

Figure 7: In blue, the plot of log e + log(An(g,0)—Ay); in red, for N = 2, 3 the plot of log e ~— log &2
and for N = 5,11 the plot of loge — loge?

‘:: / | / / 1

1g; in red, for N = 2,3 the plot of

N =11

0 0 10°

Figure 8: In blue, the plot of loge — log(An(g,0) — An), 6 =
log e — loge? and for N = 5,11 the plot of loge > log e?.

| / - / \/ T

Figure 9: In blue, the plot of loge — log(An(e,0) — An), 6 = T; in red, for N = 2,3 the plot of
log e — loge? and for N = 5,11 the plot of loge > log e?.

N =11

Figure confirms that for ¢ fixed the function [0, 5] > 6 — un(e, 0) is decreasing for N = 2 and
increasing for N = 3. Instead, for N = 5,11, Figureshows that the function [0, 5] 5 0 — un(e, 0)
is first increasing and then decreasing.

9 Theoretical analysis of the simulations

In this last section we are going to prove analytically what we have seen in Section [8] that is the
dependence of simple eigenvalues’ behavior on the angle between zi-axis and the small ellipse’s
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N =3 N =5 N =11

Vs Vs

Figure 10: In blue, the plot of loge +— log(An(g,0) — An), 0 = ;—g; in red, for N = 2,3 the plot of
log e — loge? and for N = 5,11 the plot of loge > log e?.

N

Figure 11: In blue the plot of loge — log(An(e,0) — An), 6 = §; in red, for N = 2,3 the plot of
log e — loge? and for N = 5,11 the plot of loge > log e?.

Figure 12: 6 — un(1.57%,0), N = 2,3, k = 14,16

major axis.
If we consider the ellipse & in with @ > b > 0, it can be written as

.’Ez .I'2
Eo(a,b) = {(1‘1,:32) eR’: ot g < 1},

where c is the distance between the two foci, which satisfies ¢ = a? — b%. Up to replacing ¢/4 with
€, we can think
5(5, 9) = 50 (a, b) \ ER@go (a, b),
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Figure 13: 6 — un(1.57%,0), N =5,11, k =17,8

being Ry the rotation of angle 6 € [0,7/2], as in Section 8.
In view of Theorem we aim at computing the quantity

B (o r) = [ Vol + [ Vg at (64)

which is indeed the coefficient of the leading term of the eigenvalues’ difference expansion. We
remark that in this case
W = RGEO(aa b)’ (65)

depending on 6, so that even is in fact depending on 0. An explicit computation of it will show
how it depends on this angle.

As seen in Section [6] the eigenfunction uy is analytic in a neighborhood of 0. In this Section,
we assume uy(0) = 0 (cf. assumption (55))). Accordingly, there exist k& € N\ {0} and P, a
homogeneous polynomial of degree k in two variables, such that

uy(z) = P(z) + O (mm) .
It follows, from differentiating the series expansion of uy at 0, that
Auy(z) = APy(z) + O (o)),

and since (A + Ay)uy = 0, we obtain AP, = 0, that is to say the polynomial P is harmonic.
Therefore, there exists 5 € R\ {0} and o €] — 7, §] such that,
T*EUN(r cost,rsint) — Bsin(kt + a) as r — 0 in C17([0, 27)) (66)

for any 7 €]0, 1]. B
Moreover, as noted in [2], § is directly linked to the norm of the k-th differential of uy at 0.
More precisely, if we consider

2

ldu(@)|? = )

i1 yeeyig=1

du
83@1 NN &Ti].

()

then B
g _ I un O
(kN2 2k-1
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For the sake of simplicity and without loss of generality, we perform a change of variables by
rotating the domain, in such a way that

(i) in the new domain, the major axis of the small elliptic hole is lying along the z1-axis, so that

Equation reads
W = 50(047 b)a (67)

(ii) Equation now reads
T*EuN(r cost,rsint) — Bsin(kt + ko) as r — 0 in CH7([0, 27]), (68)
with ¢ €] — 7/2k, 7/2k].

Remark 9.1. Given the above condition, ¢ is unique and — is, in absolute value, the smallest
angle at the origin between the magjor azis of RoEp(a,b) and a nodal line of the eigenfunction uy.
We denote this unique angle ¢ by p(un, ).

In order to compute explicitly the quantity in under assumptions and , we define
the elliptic coordinates (£, n) (see for instance [50] or [1I, 2]) by

{m = ccosh(€) cos(n), € [0, +o0f, 1 € [0,2n]. (69)

x9 = c¢sinh(§) sin(n),

The boundary dw = 9&y(a,b) has equation & = &, where £ is defined by the relation csinh(€) = b,

that is £ = log <g+ v/ 1+ l;)

More precisely, we are considering the function F : (£,7) + (z1,22) defined by (69). It is a C>°
diffeomorphism from D := [0, +-00[x [0, 27[ onto R2. F is actually a conformal map, as noted in [2]
Subsection 3.2]. Let us denote D2(R?) the functions space which is the closure of C2°(R?) with
respect to the L? norm of the gradient. For any function u € D2(R?), let us define U := uo F.
Since F is conformal, [VU| € L?(D) with [, |[VU|?dédn = [o |Vul? dz1 dzg and U is harmonic in
D C D if and only if u is harmonic in F(D).

Let us now denote

1/}%(7“ cost,rsint) := BrEsin(%t + ko) forr >0, te|0,2n]
and define the complex variables z := z1 + iz2 and ¢ := & + in. Then we have
V(21 22) = Tm(Be™* 2F);

since z = F'(§,n) = ccosh(¢) and taking into account the Binomial Theorem we obtain

_ _ L ik k — B
WE(E ) = (2 0 F) (€, m) = (e (ccosh (F) = Tm [ 227 3 (5 oo
7=0

2k J
( k > e(F=20)% gin ((k —2j)n+ ko)

38



In this way, the first contribution in is precisely
[ Vgl ai= [ VW52 dedn (70)
R2\@ ’ 1€,4-00[x]0,27] ’

where Wy £ is the unique solution in Cllo’ff (J€, +o0[x[0, 27[) to the problem

AWy =0, in ]€, +00[x[0, 27,
WNﬁ(éan) = \I’%(gvn)v on § = f_,
sup W€ < oo ()
(&m)€JE,+oo[x[0,2] )
W(,0)=W(,2m), for all £ €], +00].

which is the analogous of problem in elliptic coordinates, that is Wy z =uyzo F.
As well, the second contribution in is

[ Vusgafa= [ vweagan,
w e 10,€[x]0,2x[

that is ¥¥ = wu,, , - o F, since u, , + = ¥¥ in view of (56).
k N #.k N.#.k k

9.1 Computation of the first contribution

In order to compute the first contribution, we need to compute explicitely the potential WNk
solution to (| . Let us consider the Fourier expansion of W in elliptic coordinates:

) cos(jn) + b (&) sin(yjn))

Wi r(&m)

]>1
where
1 2m
O = = [ Wgemeostimdn for j X
2m
b(©) =+ [ WaglemsinGman for j €N\ o).

Therefore we have

0= ~Bie Wiz = D& 3 (04(9) = 2a,(€)) costin) + ((6) - ;) sinin)

j>1

Imposing the boundary conditions for £ €]¢, +-00[, the latter equation implies

af(§) = j?a;(€) =0 for €€ by(€) —fb (€)=0 for&>¢
a;(€) = L [77 WE(E,n) cos(jn) dn and bi(€) =L [TTWE(E ) sin(n)dn  (72)
SUpg>¢ |a;(§)] < 400 SUPg>g |b (& )| < 400
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for any j € N and any j € N\ {0}, respectively. We solve the latter problems by

() e IE)  for £>¢, forj>1,;

a
= b;() e 7Y forg >, forj> 1.
By rewriting Formula in the elliptic coordinates (£,7n), we obtain
2 m Wy - -
/ VW 5" d€dn = / g &M Wy n)dn
1€ +00[x]0,27[ 0 §

2
/ > i (ai(&) cos(in) + b;(€) sin(jn)) (ar(€) cos(ln) + bi(€) sin(in)) dn

7, >1

=7y j(al(©)+b3(Q). (73)

j>1

In order to conclude the analysis on this first contribution, let us compute the quantities ajz (¢) and
b?({) By definition, for any j > 1

aj(&) = % 0% Wy z(€,m) cos(jn) dn
= Bckzk: < k > e(km)g/%sin((k:—%) + k) cos(jn)d
oim 2=\ 1 ; 1+ kg) cos(jn) dn
_ B o) i < k ) o (F-2DE / " cos ((F — 20)n) cos(m) di (74)
2k N 0 7

where the last equality follows the addition formula for the sine and the mutual orthogonality of
trigonometric functions. As well,

CE . k 7. _ _ 27 .
41(€) = = cos(Rp) > (1)) 208 [ sin (- 20n) sintin)an. (75)

the computation being similar to the previous one. We note that the terms in the sums in the
right-hand side of and are nontrivial only if & — 21 = 47, and obtain the values of the
coefficients:

0 if k+ j odd;

ai (&) = o k -
i© zﬁzci sin(kep) ( Ftj ) coshj¢  if k+j even,

and _
0 if £+ j odd;

bi(€) = % _ k -z -
j(g) %Cos(k‘gp) ( Tt > sinh k¢ if K+ j even.



Finally,

Trﬁzcﬂ k ? _ _ _
/ B ]VUNE\Q dt = Z —J ( Fij > (sin2 kg cosh? j€ + cos® ke sinh? ji€)
A <<k * 2
k + j even
- — N2
= Z Zgliik] ( i ) (cosh 2j€ — cos 2E4p).

1<j<Fk ?
k + j even

The latter sum can be rewritten to give

k

_ 2 _ 7-[-/82C2E 7. . E 2 2(E72 )E —
/R2\M\VUN,,€| dt = 92k ]Z(:)!k’—?]! j (6 J —COSQngp) .

In accordance with [Il 2], we use the notation

We summarize the analysis of this subsection in the following statement.

Proposition 9.2. Let uy - be the unique C’ﬁa’g(RQ \ w) solution to Problem (57). Then

/ 7’VUN’E’2dt: —
R2\w

for any 6 € [0,7/2], with p(un,0) defined in Remark[9.1]

- 52 C2E

C cos 2ko(un, 0) + 7T5202EDE(§_)

9.2 Computation of the second contribution

We recall that uy oy is a harmonic homogeneous polynomial. We perform an integration by
parts, pass to elliptic coordinates, apply the addition formula for sines and thanks to the mutual
orthogonality of trigonometric functions we obtain

ou _ 2w a\Ilf
2 Nk, E(E ) UP(E
/w|qu’#7k| dt_/aw e uN,#,kdt—/O ge (& W& m)dn

5202E k % 7\ — o rom B B B B
= Z ( . ) < ; ) (k — 2j)e<k2j)€+(k2[)5/ sin ((k — 2j)n + k) sin ((k — 20)n + ky) dn
j,l=0 0

22k J
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202k K . N\ o B 27 B B
= 52% > < i > < I; ) (k — 2j)eF20)H(k=20¢ {0082(kg0) /0 sin ((k — 25)n) sin ((k — 20)n) dn

=0 N 7

27
+sin? (k) /0 cos ((k — 25)n) cos ((k — 20)n) dn}

3202k Fr TN o T % _ _
= gzz Z(f) (k — 2j) 2kF=2)& _ 2%2(?)(]{]{: .)(k—Zj)cos(2k<p)

=0 =0 —J
PP RN 2(k—2)é
=% ZO < i ) (k—2j)e (76)
]:

where the second to last equality follows from the fact that every term of the sum in the third line
is zero except when [ = j or | = k — j. Moreover, the last equality follows easily recalling that

(5)=(5)

9.3 Comparison with the numerical simulations

According to Theorem we have

An(g,0) — Ay ~ e2E (Rgé’(a, b), “N,#,E) as e — 0,

where E (RQE (a,b),uy 2 E) is the quantity defined in Equation . Summing up the contributions
in Proposition and Equation , we find

- 52 CzE

E (Rge(a, b), uy, ﬂ) = -~ —Cpcos ep(un, 0) + B2 ER (&), (77)

where

and ¢(up, 0) is defined in Remark Let us note that the second term in the right-hand side of
Equation can be written as a polynomial in a and b. Indeed, we have

- b / b2
6210g<+ 1+2>a
C C

so that, for any non-negative integer m,

me (b 2\ (b [T fatrb\™
=1+ 5] =+ | = .
Cc C C & C
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Using the above identity, we get

k
E (Rgé’(a, b)qu,#,E) = —7r62620kcos 2kp(un, 0) + 78%Qx(a, b), (78)
with
Qr(a,b) = chEE(S) — i Z (k—27) < j > Y (a_}_b)Q(ka])
7=0
e . | o

s X G2 () @Ry )

j=0

Formula confirms the simulations on Figure which correspond to a vanishing order
k =1, where ¢(ugz,0) = 0 — /2 for 0 €]0,7/2], p(u2,0) = 7/2 and ¢p(us,d) = 0. It also confirms
the simulations on Figure (13| corresponding to a vanishing order & = 2; there, for N = 11 and
N =15, p(un,0) = 0 when 6 € [0,7/4] and p(un,0) =60 — /2 when 0 €]|n/4,7/2]. We have thus
explained the variations of the functions 6 — Ay (g,0) — An.

Finally, starting from Formula , we can recover the wu-capacity of a disk and that of a
segment, given respectively in Theorems 1.13 and 1.9 of [I]. We achieve this by letting either b go
to a or b go to 0 and by a suitable scaling.
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