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GIVENTAL’S NON-LINEAR MASLOV INDEX ON LENS SPACES

GUSTAVO GRANJA, YAEL KARSHON, MILENA PABINIAK, AND SHEILA SANDON

ABSTRACT. Givental’s non-linear Maslov index, constructed in 1990, is a quasimorphism on
the universal cover of the identity component of the contactomorphism group of real projective
space. This invariant was used by several authors to prove contact rigidity phenomena such as
orderability, unboundedness of the discriminant and oscillation metrics, and a contact geometric
version of the Arnold conjecture. In this article we give an analogue for lens spaces of Givental’s
construction and its applications.
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1. INTRODUCTION

A discriminant point of a contactomorphism ¢ of a co-oriented contact manifold (V;¢) is a point
p of V such that ¢(p) = p and (¢*a), = «, for some (hence any) contact form « for &; the
discriminant of (V, ) is the space of those contactomorphisms that have at least one discriminant
point. Givental’s non-linear Maslov index [Gi90] assigns to every contact isotopy {¢:} of real
projective space RP?"~! with its standard contact structure an integer p({¢;}) that is defined
using generating functions and can be interpreted as an intersection index of the path {¢;} in
the contactomorphism group with (a certain subspace of) the discriminant. This number only
depends on the homotopy class of {¢;} with fixed endpoints, and thus defines a map

pu: Conto(RP* 1) — 7

on the universal cover of the identity component of the contactomorphism group. It follows from
[Gi90, Theorem 9.1] that p is a quasimorphism, i.e. a homomorphism up to a bounded error
(cf. Ben Simon [BeS07]). While quasimorphisms on Hamiltonian groups were studied by several
authors, starting with Biran, Entov and Polterovich [BEP04] and Entov and Polterovich [EnP03],
Givental’s non-linear Maslov index and its reductions studied by Borman and Zapolsky [BZ15]
are the only known non-trivial quasimorphisms on contactomorphism groups.

In [Gi90] Givental also studied intersections with the discriminant in two other related settings.
One is a space of Legendrian submanifolds of RP*" ! with discriminant given by those Legendrians
1
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that intersect a fixed one. The second setting (that was also studied by Théret [Th98]) is the
Hamiltonian group of complex projective space CP" ™! with the Fubini-Study symplectic form;
in this case the discriminant is formed by Hamiltonian diffeomorphisms of CP"' that lift to
contactomorphisms of 52"~ ! having discriminant points. The applications of the non-linear Maslov
index that were discussed already in [Gi90] include a proof of the Arnold conjecture for fixed points
of Hamiltonian diffeomorphisms and for Lagrangian intersections in CP" ! results about existence
of Reeb chords between Legendrians in RP?"~! that are Legendrian isotopic to each other, and a
proof of the chord and Weinstein conjectures for RP?" !,

After the work of Givental, discriminant points appeared again more recently in proofs (based
on generating functions) of other contact rigidity results. In [Bh01] Bhupal used the rigidity of
discriminant points to define a partial order on the identity component of the group of compactly
supported contactomorphisms of the standard contact Euclidean space R?"*!. Elaborating on the
work of Bhupal, the fourth author obtained a new proof of the contact non-squeezing theorem
of Eliashberg, Kim and Polterovich [EKPO06], and a construction of an integer-valued bi-invariant
metric on the identity component of the group of compactly supported contactomorphisms of
R?" x S! ([Salla] and [Sal0] respectively). In these works the role played by discriminant and
translated points is made more explicit, and appears to be similar to the one described in [Gi90].
Recall from [Salla, Sal2] that a point p of a contact manifold (V) is said to be a translated point
of a contactomorphism ¢ with respect to a contact form « for £ if p is a discriminant point of
©2, 0 ¢ for some real number 7 (called the time-shift), where o denotes the Reeb flow. Consider
the contact product (V XV xR, ker(60a1 — 0[2)), where 0 is the R-coordinate and aq and «s the
pullbacks of a by the projection of V' x V' x R on the first and second factor respectively. Denote
by gr(¢) the Legendrian graph of ¢, i.e. the Legendrian submanifold of V' x V' x R defined by

gr(¢) = {(p,o(p),9(p)) | P €V}

where g is the function determined by the relation ¢*a = e9a. Discriminant points of ¢ correspond
to intersections between gr(¢) and the diagonal A x {0} = gr(id); since the Reeb vector field of
e?a; — ag is (0, Ry, 0), where R, denotes the Reeb vector field of «, translated points of ¢
correspond to Reeb chords between gr(¢) and the diagonal A x {0}. By Weinstein’s theorem, if
¢ is Cl-close to the identity then gr(¢) can be identified with the 1-jet j1f C JY(A x {0}) of a
function f on V =2 A x {0}. Critical points of f correspond to Reeb chords in J*(A x {0}) between
the zero section and j! f, hence! to Reeb chords in V' x V x R between A x {0} and gr(¢), hence to
translated points of ¢. Moreover, critical points of critical value zero correspond to discriminant
points. It follows from this local description that for such a ¢ translated points always exists,
while discriminant points can be removed by a small perturbation. On the other hand, Givental’s
non-linear Maslov index for RP?"~! and the bi-invariant metric for R?* x S* defined in [Sal0]
show that there exist contact isotopies that must intersect the discriminant at least a certain
number of times, and these intersections cannot be removed by perturbing the contact isotopy
in the same homotopy class with fixed endpoints. This rigidity of discriminant points is also the
main ingredient in [Salla] for the construction of a contact capacity for domains of R*" x S*,
and for the proof of the contact non-squeezing theorem. Elaborating on this idea, the fourth
author, in collaboration with Colin, defined [CS12] bi-invariant (pseudo)metrics (the discriminant
metric and the oscillation pseudometric) on the universal cover of the identity component of the
contactomorphism group of any compact contact manifold, and, using results from [Gi90], proved
that both are unbounded in the case of RP*"~!. Previously, Givental’s non-linear Maslov index
was also used by Eliashberg and Polterovich [EP00] to show that RP*" ! is orderable, i.e. it does
not admit any positive contractible loop of contactomorphisms?, and by the fourth author [Sallc]

IRecall that this correspondence is in general not 1-1. Every Reeb chord in J1(A x {0}) between the zero
section and j!f corresponds to a Reeb chord in V x V x R between A x {0} and gr(¢), but there might be Reeb
chords in V' X V' x R between A X {0} and gr(¢) that are not contained in the Weinstein neighborhood of A x {0},
and thus do not correspond to a Reeb chord in J1(A x {0}) between the zero section and j f.

2Recall from [EP0O] that a contact isotopy of a co-oriented contact manifold is said to be positive (non-negative) if
it moves every point in a direction positively transverse (or tangent) to the contact distribution, and that a compact
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to prove that any contactomorphism of RP?"~! isotopic to the identity has at least 2n translated
points.

In the present article we give an analogue for lens spaces of the construction of Givental’s non-
linear Maslov index and its applications. This is the first step of a more general program: study
the contact rigidity phenomena mentioned above in the case of prequantizations of symplectic
toric manifolds, by extending to the contact case techniques from [Gi95]. See also [Tel8] for work
in this direction, and [AF12] for other work related to the non-linear Maslov index.

Although RP?*"~! and §2"~! are both prequantizations of CP" !, and the former is the quotient
of the latter by the antipodal Zy-action, S?"~! (for n > 1) is not orderable [EKP06] and does not
admit non-trivial quasimorphisms and unbounded bi-invariant metrics [FPR18]. In this work we
prove that lens spaces (in particular those that are prequantizations of (CIP’"_l) behave rather as
RP?"~!: in spite of the fact that the ring structure of the cohomology of general lens spaces is
different from that of projective space, which affects the proofs of some of the key properties of
the topological invariant that is used in the construction, we show that it is still possible to define
the non-linear Maslov index and use it to extend to lens spaces the applications described above.

Let k > 2 be an integer and w = (w1, - ,w,) an n-tuple of positive integers that are relatively
prime to k. The lens space Lin_l(w) is the quotient of the unit sphere S2"~! in C" by the free
Zy-action generated by the map

2mi 27i

(1.1) (21, yzn) > (77 Wz, oo JeTF Wz

We equip the lens space Li’“l (w) with its standard contact structure, i.e. the kernel of the contact
form whose pullback to §?"~! is equal to the pullback from R*" of the 1-form Y77, (z;dy; —y;da;).
We denote by {r;} the Reeb flow on Li”fl with respect to this contact form.

Throughout the article, when the weights are not relevant in the discussion/yg denote the lens
space Li"fl(w) simply by Li"il. As usual, we see the universal cover Conto(Linfl) of the
identity component of the contactomorphism group as the space of contact isotopies starting at
the identity modulo smooth 1-parameter families with fixed endpoints; the group operation is

given by [{¢¢}] - [{¢e}] = { e 0 1}

Our main result is the following theorem.
1.2. Theorem. For any lens space Li"‘l with its standard contact structure there is a map
p: Conto(L;" 1) — Z

such that U([{T%rlt}te[o,l]]) = 2nl for every integer 1, and with the following properties:

(i) (Quasimorphism.) For any two elements [{¢:}] and [{1+}] of %O(Li”_l) we have

| n({oe}] - e }]) — n([{oe}]) — w([{we}]) | <2n+1.

(ii) (Positivity.) If {¢¢} is a non-negative contact isotopy then p([{¢:}]) > 0. If {¢:} is a
positive contact isotopy then p([{¢:}]) > 0.

(iii) (Relation with discriminant points.) Let {¢:}+cjo,1) be a contact isotopy of Lz"_l, and
[to, t1] a subinterval of [0,1]. If p([{ot}eeqo,o)]) # 1([{dt}teo,en)]) then there is t € [to, 1]
such that ¢, belongs to the discriminant. If there is only one such t then the following
holds: if ¢; has only finitely many discriminant points then

| (e herono)]) — m([{Detecpo,nl) | < 2;

co-oriented contact manifold (V,¢) is said to be orderable if the relation < on C/J—(;;to(V, £) defined by posing
Hoe}] < {we}] if [{9e}] - [{p+}] ™! can be represented by a non-negative contact isotopy

is a partial order. By [EP0O, Criterion 1.2.C], this is equivalent to asking that (V,¢) does not admit any positive
contractible loop of contactomorphisms. Recall also that the oscillation pseudometric on a compact co-oriented
contact manifold (V,§) is a metric if and only if (V,§) is orderable [CS12].
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if all discriminant points of ¢, are non-degenerate® then

| 1n([{ e teeronte)]) — m({debecpo,l) | < 1-

The map pu: (%O(Lz"_l) — Z (the non-linear Maslov index) is defined at the beginning of
Section 4, using the material that is developed in Sections 2 and 3. The quasimorphism property
is proved in Proposition 4.8, positivity in Proposition 4.21 and the relation with discriminant
points in Proposition 4.15. The calculation for the Reeb flow is presented in Example 4.13.

Theorem 1.2 allows to extend the applications of the non-linear Maslov index to the case of lens
spaces, giving the following results (see Section 5).

1.3. Corollary. Consider a lens space Li”fl with its standard contact structure. Then:

(i) L' is orderable.
(i) The discriminant and oscillation metrics on %O(Li”_l) are unbounded.
(iii) Any contactomorphism of Lin_l contact isotopic to the identity has at least n translated
points with respect to the standard contact form. Moreover, if all translated points are
non-degenerate then their number is at least 2n.

w) Any contact form on L1 e ning the standard contact structure has at least one closed
k
Reeb orbit.

Orderability of lens spaces was also proved with different methods by Milin [Mi08] and by the
fourth author [Sallb]. Regarding part (iii), this proves for the standard contact form of lens
spaces two statements in direction of the following conjecture: if (V,€) is a compact contact
manifold then any contactomorphism ¢ contact isotopic to the identity should have at least as
many translated points (with respect to any contact form for £) as the minimal number of critical
points of a smooth function on V. This conjecture, formulated in [Sallc], can be thought of as
a contact analogue of the Arnold conjecture on fixed points of Hamiltonian diffeomorphisms. As
in the Hamiltonian case, one can consider weaker versions obtained by replacing the lower bound
on translated points by the Lusternik—Schnirelmann category or (even weaker) the cup length, or
the version where the lower bound is the sum of the Betti numbers if all translated points are
assumed to be non-degenerate. Working with Zj-coefficients (with k prime), for any lens space
L2"! the sum of the Betti numbers is 2n, while the cuplength is 2n if k = 2 (i.e. for RP**~') and
n+ 1 if kK > 2. While our bound in the general case is just n, the one obtained in [Sallc] in the
case of RP?"~! is 2n. On the other hand, since the Lusternik-Schnirelmann category of Li"‘l is
2n for all k, we should still have at least 2n translated points for all Li"_l also in the degenerate
case. It might be possible to prove this using Massey products (similarly to [Vi97]), but this goes
beyond the scope of the present article (see also Remark 4.20).

1.4. Remark. In the case k = 2 our arguments prove, as in [Gi90], the following stronger form of
Theorem 1.2: in (i) the bound is 2n, rather than 2n 4 1, and in (iii) the last bound holds also
in the degenerate case. Using this one recovers (see Section 5) the stronger bound in Corollary
1.3(iii) that holds in the case of RP?"~!: any contactomorphism contact isotopic to the identity
has at least 2n translated points with respect to the standard contact form. It is enough to prove
Theorem 1.2 in the case when k is prime. Indeed, for any multiple k' of k one then obtains a
quasimorphism on (/Jgn/to(LZ7_1) with the required properties by pulling back p by the natural
map Conto (L1 — (%O(Li"_l). Because of this, if k is even then Theorem 1.2 and Corollary
1.3 hold in the same stronger form as in the case k¥ = 2. By a similar method (i.e. pulling back
u via the natural map induced by taking a quotient in stages), one also obtains quasimorphisms

3Recall from [Sallc] that a discriminant point p of a contactomorphism ¢ of a contact manifold (V,{ = ker(oz))
is said to be non-degenerate if there are no vectors X € T,V such that ¢.X = X and dg(X) = 0, where g is
the function defined by ¢*a = e9a. A translated point of ¢ of time-shift n is said to be non-degenerate if it is a
non-degenerate discriminant point of 4,9&_" o ¢ (where ¢ denotes the Reeb flow).
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for quotients of S2"~! by a finite non-cyclic subgroup G of U(n) that acts freely on S?"~!, as any
such G contains a non-trivial cyclic subgroup. o

Note that there exist contactomorphisms of Li”fl that have exactly 2n translated points. Indeed,
as above, if a contactomorphism ¢ of Linfl is sufficiently C!-close to the identity then its graph
gr(¢) in the contact product Li"‘l X Li"‘l x R is contained in a Weinstein neighborhood of the
diagonal A x {0}, and can be identified to the 1-jet of a function f on A x {0} = LZ"~'. Critical
points of f correspond to Reeb chords in J'(A x {0}) between the zero section and j! f, hence to
Reeb chords in L{" ™ x L"~! x R between A x {0} and gr(¢), hence to translated points of ¢.
This correspondence is now 1-1. Indeed, if p is a translated point of ¢ with respect to the standard
contact form o on L3"~' then there exists a Reeb chord 7 : [0,1] — L{"~* of ag with 7(0) = p
and (1) = ¢(p) so that all points (p,7(t),0) are in the considered Weinstein neighborhood. Since
the Reeb flow on Li"‘l X Li"‘l xR is given by Id x ¢ x Id it follows that for every translated point
of ¢ there is a Reeb chord in L;" ™! x L¥" ™' x R between (p, p,0) € A x {0} and (p, ¢(p),0) € gr(¢)
that is contained in the Weinstein neighborhood, and thus any translated point of ¢ corresponds
to a critical point of f. Choosing a function f on Li’“l with exactly 2n critical points we thus
obtain a contactomorphism with exactly 2n translated points.

Since the Reeb flow of the standard contact form ag on Li"‘l is 1-periodic, if p is a translated point
with respect to ag of a contactomorphism ¢ then there are infinitely many Reeb chords connecting
p and ¢(p), hence the translated point p has infinitely many time-shifts. Thus Corollary 1.3(iii)
implies that any contactomorphism of Linfl contact isotopic to the identity has infinitely many
pairs (translated point, time-shift) with respect to ag. Using the properties of the non-linear
Maslov index that are listed in Theorem 1.2, we will prove in Section 5 that this result remains
true for any contact form on Li”_l defining the standard contact structure.

1.5. Corollary. Let o be any contact form on Li”_l defining the standard contact structure. For
any contactomorphism ¢ of Lin_l contact isotopic to the identity there are infinitely many distinct
real numbers that are time-shifts of translated points of ¢ with respect to a. In particular, ¢ has
at least one translated point with respect to .

As in the case of projective space, it follows from Theorem 1.2 that the asymptotic non-linear
Maslov index
7 Gomto (L) = &, Al[{)) = tim #1207

m—o0 m
is monotone, i.e. p([{p:}]) < u([{¥+}]) whenever [{¢:}] < [{¢+}], and has the vanishing property,
i.e. it vanishes on any element that can be represented by a contact isotopy supported in a dis-
placeable set (see Propositions 4.22 and 4.23). In [BZ15] Borman and Zapolsky showed that, in
analogy with the symplectic case [Bol3], in certain situations monotone quasimorphisms descend
under contact reduction; starting from Givental’s non-linear Maslov index on RP?"~! they thus
obtained induced quasimorphisms on those contact toric manifolds that can be written in a certain
way as contact reductions of RP?"~!. Moreover, it is proved in [BZ15] that if a contact manifold
admits a non-trivial monotone quasimorphism then it is orderable, and if the prequantization
of a symplectic toric manifold admits a non-trivial monotone quasimorphism with the vanishing
property (a property that is preserved under contact reduction) then it has a non-displaceable
pre-Lagrangian toric fibre. As already observed in [BZ15, Remark 1.5], our generalization to lens
spaces of Givental’s non-linear Maslov index allows us to extend the class of contact toric man-
ifolds that inherit, by contact reduction, a quasimorphism. We thus obtain the following result
(see Section 5).

1.6. Corollary. Let (W?",w) be a compact monotone symplectic toric manifold. Write the moment
polytope as A = {x € t*, (vj,x) + A >0 forj=1,---,d}, where d is the number of facets and
vj € t are vectors normal to the facets and primitive in the integer lattice tz = ker (exp: t — T").
Suppose that, for some k € N, 2?21 vj € ktz. Then there is a rescaling aw of the symplectic form
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such that the prequantization of (W, aw) admits a non-trivial monotone quasimorphism with the
vanishing property, and so is orderable and contains a non-displaceable pre-Lagrangian toric fibre.

Note however that the link with discriminant points seems to be lost in the reduction process.
Therefore, it is not clear if it is possible to use these induced quasimorphisms to obtain the
applications (other than orderability) listed in Corollary 1.3.

The original idea of the construction of Givental’s non-linear Maslov index in RP?" ™! is as follows.
Given a contact isotopy {¢: }+efo,1] of RP2"~1 one associates to it a 1-parameter family of functions
fi: RP2M-1 4 R for some large M, so that critical points of f; of critical value zero correspond
to discriminant points of ¢,. In order to detect intersections of {¢;} with the discriminant one
then analyzes the changes in topology of the sublevel sets A; = {f; < 0}. This is done by studying
the cohomological index of these sets, i.e. the dimension of the image of the homomorphism
H*(RP*M~1:7,) — H*(Ay; Zs) induced by the inclusion A; < RP?Y =1 The non-linear Maslov
index of {¢¢}seo,1] is then defined to be the difference between the cohomological indices of
Ap and A;. The key difference in the construction for lens spaces is in the properties of the
cohomological index. In the case of projective space the cohomological index satisfies subadditivity
(the cohomological index of a union AU B is not more than the sum of the cohomological indices
of A and B) and join additivity (the cohomological index of an equivariant join is equal to the sum
of the cohomological indices of the factors). The proofs of both properties use the fact that the
cohomology ring of projective space is generated by the class in degree one, and thus they do not
go through in the case of lens spaces. However we show that weaker versions of the subadditivity
and join additivity properties also hold in the case of general lens spaces, and are enough to define
the non-linear Maslov index and prove the properties listed in Theorem 1.2.

In the case k = 2, Givental’s proof of the join additivity property uses an equivariant Kiinneth
formula [Gi90, Proposition A.1]. A crucial ingredient in the proof is the fact that the Kiinneth
short exact sequence (of modules over the equivariant cohomology of a point) splits, but it is not
clear to us why this fact should be true. In any case, for k£ > 2 the Kiinneth (or Eilenberg—Moore)
spectral sequence does not collapse in general (due to the fact that for k > 2 the Zg-equivariant
cohomology of a point has zero divisors) and so we do not even have a Kiinneth short exact
sequence for the equivariant cohomology of a product. We thus present a different proof (even for
the case k = 2). Our proof is based on the study of an equivariant join operation in homology,
which is defined in the same way for all k. When k = 2 the properties of this operation imply
Givental’s join additivity, while for & > 2, as the join of two even dimensional generators of the
equivariant homology of a point is zero, we only obtain a weaker join quasi-additivity property
(Proposition 3.9 (v)). As mentioned above, this property is still strong enough to imply the
applications we are interested in.

Finally, the construction of generating functions that we use in this article is not the one from
[Gi90]*, but is an adaptation to our setting of the work of Théret [Th98] (cf. Remark A.6).

The article is organized as follows. In Section 2 we explain how to construct 1-parameter families of
generating functions for contact isotopies of lens spaces, and discuss some properties. In Section
3 we describe the topological invariant (the cohomological index) that is used to analyze the
changes in topology of the sublevel sets of generating functions, deferring to Appendix B the most
technical part of the proof of the join quasi-additivity property of this invariant. In Section 4
we put these ingredients together to define the non-linear Maslov index of a contact isotopy, and
prove the properties listed in Theorem 1.2. In Section 5 we use the non-linear Maslov index to
prove Corollaries 1.3, 1.5 and 1.6, mostly following the corresponding arguments in the case of
projective space. In Appendix A we discuss several interpretations of the composition formula
that is used in the construction of generating functions.

4Because of this, strictly speaking we do not know whether in the special case of projective space our quasimor-
phism actually coincides with Givental’s. However, all the features and properties are the same.
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Throughout the article, when we say that we follow Givental [Gi90] or Théret [Th98] we mean
that their arguments, developed for RP?"~! and CP" ™!, can be repeated for lens spaces without
any modification other than replacing the action of Zy or S* by the Zj-action (1.1).
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2. GENERATING FUNCTIONS

In this section we explain how, given a contact isotopy {¢:}c[0,1] of a lens space Li”fl starting
at the identity, one can define a 1-parameter family of functions f; on a higher dimensional lens
space LiM ~1 so that critical points of f; of critical value zero correspond to discriminant points
of ¢;. We also discuss some properties of such families of generating functions that are important
in the applications: uniqueness, monotonicity and quasi-additivity.

Generating functions for symplectomorphisms of R?”. We start by recalling the definition
of generating functions of Lagrangian submanifolds in cotangent bundles. Observe first that any
Lagrangian section of the cotangent bundle T* B of a manifold B is the graph of a closed 1-form
on B; if this 1-form is exact, given by the differential of a function F', then we say that F' is a
generating function for the Lagrangian. Generalizing this idea, one can associate a generating
function to a larger class of Lagrangian submanifolds of 7% B by the following construction, which
goes back to Hormander [Ho71]. Consider a function F: E — R defined on the total space of
a fibre bundle p: E — B. Let N}, be the fibre conormal bundle, i.e. the space of points (e,7)
of T*E such that n vanishes on the kernel of dp|.. We say that F is a generating function if
dF: E — T*FE is transverse to N. If this condition is satisfied then the set of fibre critical points
Yp = (dF)~}(N}) is a smooth submanifold of E, and the map

ip: Xp = T"B, e (p(e),v*(e))

defined by posing v*(e)(X) = dF()A() for X € Tj,(c)B, where X is any vector in T,E such that

~

p«(X) = X, is a Lagrangian immersion. If iz is an embedding then we say that F' is a generating
function for the Lagrangian submanifold L := iz (X ) of T*B. In this case, critical points of F'
are in 1-1 correspondence with intersections of Lr with the zero section.

In our applications, generating functions are always defined on trivial bundles of the form F =
R?" x R?"N — R2", Denoting the coordinates by (¢,v) with ¢ € R?" and v € RV we then
have that dF' is transverse to N} if and only if zero is a regular value of the vertical derivative

%—5: E — (R?"N)*; moreover, L = (%—f)_l(O) and ip(C,v) = (C, %—?(C,u)).
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For a symplectomorphism ® of R?", as in [Vi92] we consider the Lagrangian submanifold I's of
T*R2" that is the image of the graph of ® under the symplectomorphism 7: R2? x R2" — T*R2"
given by

z+X y+Y

9 aTanyvfo)

7(z,y, X,Y) = (

or, in complex notation,

(2.1) (2, Z) = ( iz — Z)).

We say that a function F' is a generating function for @ if it is a generating function for I's. Since
7 sends the diagonal onto the zero section, critical points of a generating function F' of ® are in
1-1 correspondence with fixed points of ®. Note also that if F' is a generating function for ® then
—F is a generating function for ®~1.

2+ Z

Any Hamiltonian symplectomorphism ® of R?” such that 'y is a section of T*R?" has a generating
function F: R>® — R. In order to obtain a generating function for more general Hamiltonian
symplectomorphisms we use the following composition formula®.

2.2. Proposition (Composition formula). If Fy: R?" x RNt 5 R and Fy: R?2" xR2"M2 - R are,
respectively, generating functions for symplectomorphisms ®1) and ®2) of R?", then the function
FiiFy: R x (R?" x R2" x R2"M1 x R27N2) 5 R defined by

Fi8Fs (q;¢C, G vn, 1) = Fi(CGvn) + Fo(Coyv2) —2(C2 — ¢, 16 — q))

(where (-, -) denotes the standard inner product on R*") is a generating function for the compo-
sition ® = ®2) o (1),

In Appendix A we discuss two interpretations of the composition formula in terms of symplectic
reduction, a generalization to any even number of factors and the relation to the method of broken
trajectories of Chaperon, Laudenbach and Sikorav [Ch84, LS85, Si85, Si87] and to the construction
in Givental [Gi90]. Below we present a direct proof.

Proof. Step 1: Criterion for fibre critical points.

The vertical derivative of Fy § Fy is

(23) (q7 C17 Cg, V1, 1/2) — (874_11 + 22((2 - q)a 875 — 2@((1 - Q)v aiylla 871/22> ;

thus a point (q; (1, (2, 1, v2) is a fibre critical point of Fy § F5 if and only if ({;,v;) is a fibre critical
point of F; (j =1, 2) and

2.0 {2@ =-2i(G—q)

% =2i(¢1—q).

Since F;: R?™ x R?"Ni — R is a generating function for ®U) (j =1, 2), the map
(2.5) S (SR

given by the composition

. —1
T .
iF ‘Fq,m

] ; —5 2,7 z
Sp, —> Tpo) —————gr(®W)) c R x R*" e

R2n

5Théret’s composition formula in [Th98] is

F1§Fs (q;¢1,C2,v1,v2) = Fi(g+ C2,v1) + Fo($1 + C2,v2) + 2 (g — C1,9C2) -

Although it differs from ours just by a change of variables, in [Th98] it is proved to hold only under the assumption
that F1 or F> has no fibre variables. This is not sufficient for our purposes: in the proof of the quasimorphism
property of the non-linear Maslov index (Proposition 4.8) we need to allow fibre variables in both factors.
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is a diffeomorphism. Under the change of variables (2.5) the equations (2.4) become

{i (21— W (1)) = —2i (

+0@ (23)
Z2 5 Z2 _q)

i (22— DD (z)) = 2 (22D g

ie.

(2.6) {Zz = oW (z)
q

_ 21492®(29)

Step 2: F1t Fs is a generating function.

2

In order to prove that F f F5 is a generating function we need to show that zero is a regular value
of the vertical derivative of Fy §f F5. This can be seen as follows. The diffeomorphism (2.5) is the
restriction to Xy, C R?" x R?™N5 of the map

1 OF;
(2'7) RQn X RQan - Rznv (Cja Vj) = Cj + = it/ .
2i ac‘] (CJ)VJ)
Thus, for every ((j,v;) € Xp, = (gi’ )~1(0), the restriction to T(¢, ,,)Xr, = ker ( d(gf_f )‘ ) of

the differential at ({j,v;) of (2.7) is bijective. As, moreover, d(

is surjective, this implies that the matrix

(&vi)
- R27 w R2nN; _y R2nN;

)

v

(¢5-v3)

1 62Fj 1 62Fj

oo | e T I o006
J 8 F; 2 F;
8<jauj ayf

is invertible at every ({j,v;) that is fibre critical for F;. The differential of (2.3) at (g; (1, 2, V1, 12)

is given by the matrix

2%l | 2 L2l e

2l | —2I 2 £ 0 2k
U LI
0 | 0 Zh| 0o %h

which, by elementary row and column operations, can be brought to the form
* M1 0

* * M2

Since each Mj is invertible, the columns of this matrix span all of R2™ x R?" x RZM1 x R2nN2,
proving that zero is a regular value of the vertical derivative of F} § F.

Step 3: F1 4 Fo is a generating function for ®.

We need to show that the Lagrangian immersion ipyr,: Yppr, — T*R?" induces a diffeomor-
phism between ¥ p ¢r, and I's. The relation (2.6) for fibre critical points and the fact that the
maps (2.5) are diffeomorphisms imply that the map
(28) EFlﬁFQ — RQn 3 (Q7 <17 CQJ V1, 1/2) = 21
is a diffeomorphism. For a fibre critical point (g; ¢, v) we have
O(Fy ¢t F . ) .
BB (i) =206 - G) = o + 00 (a1) = 22 = 00(e)) =1 (21— 0(a)

and so

8(Flij2) Zl+‘b(zl)

94 (q,CvV)> = ( 5 Ji(z — (I)(Zl))) =7(21,%(21)) -

ir 3, (q; (V) = (q,
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In other words, ippr,: Spym — T*R?™ is the composition of the diffeomorphism (2.8) with the
embedding R?" — T*R?", z; 7'(251, @(zl)), and so it induces a diffeomorphism between X, 4,
and Fq>. O

Proposition 2.2 (as well as the analogous constructions in [Ch84, L.S85, Si85, Si87, Th98]) can be
used to show that every compactly supported Hamiltonian diffeomorphism of R?" has a generating
function quadratic at infinity. This class of generating functions is used for instance in the work
of Viterbo [Vi92] and Traynor [Tr94]. As we now explain, in our case (similarly to [Gi90] and
[Th98]) we use Proposition 2.2 to produce instead conical generating functions for Hamiltonian
diffeomorphisms of R?” that lift contactomorphisms of lens spaces.

Generating functions for contact isotopies of lens spaces. Throughout our discussion, we
fix the vector of weights w that defines the action (1.1) of Z; on R?", and denote the lens space
L2 Yw) by L2"~'. On products (R?**)N that occur as the domains of definition of various
generating functions we always take the diagonal action of Zj that is given by this same w on
each factor, and denote the corresponding lens space by Li"N ~1. The Rs¢-action on R2", or on
products of R?", is always the radial action.

We say that a contact isotopy is a based contact isotopy if it starts at the identity.

Given a based contact isotopy {¢;} of L{" "', we obtain a Hamiltonian isotopy {®;} of R?" \ {0}
by first lifting {¢;} to a Zi-equivariant based contact isotopy of S?"~! and then lifting this to
a Hamiltonian isotopy of the symplectization of the sphere, which we identify with R?" < {0}.
We now explain this procedure in more detail. Recall that the symplectization of a co-oriented
contact manifold (V) is the symplectic submanifold SV of T*V that consists of those covectors
that vanish on the contact distribution and are positive with respect to the given co-orientation.
Given a contactomorphism of V', its lift to the cotangent bundle restricts to a symplectomorphism
of SV; the lift to SV of a contact isotopy of V' is a Hamiltonian isotopy. A choice of a contact
form o for ¢ gives a diffeomorphism R x V' — SV, defined by (6,u) — e’al,. In the special
case of V = §*"~1 and a = Z;.L:l(xjdyj — y;dz;) we further identify R x V with R*" \ {0} by
the map (6,u) — %eeu. The lift of a contactomorphism ¢: S?"~1 — 8§27~ ig then the map
®: R?" {0} — R?" \ {0} given by the formula

B(z) = |2 z

9(1%7) m) ’
where ¢*a = e9a, and we extend ® continuously to R?" by setting ®(0) = 0. For any based contact
isotopy {¢:} of Li"‘l the resulting homeomorphisms ®; of R?" are (Z; x Rsq)-equivariant, and

are smooth symplectomorphisms on R?" \ {0}. We call such maps conical symplectomorphisms
of R?",

e

As in [Th98], in order to work with conical symplectomorphisms we must relax the smoothness
assumption on our generating functions. Notice first that if ® is a conical symplectomorphism of
R?" such that I'y is a section of T*R?” then its generating function F: R?"* — R is Zj-invariant,
homogeneous of degree 2, smooth on R?" \ {0} and C! with Lipschitz differential everywhere®.
More generally, we say that F: E — R, where E = R?™ x RN is a conical function if it is
C' with Lipschitz differential, Zj-invariant and homogeneous of degree 2. Moreover we say that
such an F: E — R is a conical generating function if it is smooth near its fibre critical points
other than the origin (0,0) € R?" x R?"YN and dF: E — T*E is transverse to the fibre conormal
bundle N} except possibly at the origin. If this condition is satisfied then the set X of fibre
critical points is a smooth (Zj X Rs¢)-invariant submanifold except possibly at the origin, and
the corresponding map ir: Xp — T*R?" is continuous, (Zj x Rsq)-equivariant, and is a smooth
Lagrangian immersion outside the origin. If iz is a homeomorphism between Yz and I'¢ for a
conical symplectomorphism ® then we say that F' is a conical generating function for ® and for

6Indeed, the first partial derivatives of F|p2n_, are Rso-homogeneous of degree one, hence extend continuously
to R2" and the second partial derivatives of F|p2n_y are Rxp-invariant, hence bounded.
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the induced contactomorphism ¢ of Li"‘l. By a family of conical generating functions we mean
a collection of conical generating functions F: E — R, parametrized by s € S for some manifold
with corners S (for example [0,1] or [0,1] x [0,1]), such that the map (s,z) — Fy(x) is C! with
locally Lipschitz differential and is smooth near (s,z) whenever z is a fibre critical point of Fj
other than the origin.

2.9. Proposition. If Ft(l) and Ft(z) are families of conical generating functions for contact iso-
topies {¢§1)} and {¢>§2)} of Li"‘l, then the functions Ft(l) ijt@) defined as in Proposition 2.2 form

a family of conical generating functions for the composition {(j)l(f) o qbgl)}.

Proof. We first show that Ft(l) ﬁFt(2) is a family of conical generating functions. It is immediate
to see that each Ft(l) ﬁFt@) is Zj-invariant and homogeneous of degree 2, and that the family is C!
with locally Lipschitz differential. The property of being smooth at fibre critical points other than
the origin is also preserved by the composition formula, as we now explain. Let (g; (1, (2, v1,2) be
a fibre critical point of Ft(l) ﬂFt(Q) other than the origin. From (2.3) we see that ({;,v;) is a fibre
critical point of Ft(J) for j = 1,2. Moreover, ((j,v;) is the origin if and only if the point z; € R?"
that corresponds to it by the bijection (2.5) is also the origin. If this happens for one of j =1 or
j = 2 then (2.6) implies that ¢ and both z; and 2z are the origin and thus, using the bijection (2.5)
once more, that (q; (1, (2, v1, v2) is the origin, contrary to our assumptions. Therefore both ((1,v1)
and ({2, v2) must be different from the origin, and so Ft(l) ﬁFt(Q) is smooth at (g; ¢1, (2,1, v2). The
proof now continues by repeating the proof of Proposition 2.2; notice that derivatives of order
higher than one are taken only at fibre critical points. O

Using Proposition 2.9 we now show that any based contact isotopy of Li”fl has what we call a
based family of conical generating functions. Later in this section we show that for a given based
contact isotopy such a based family of conical generating functions is essentially unique.

We say that a homeomorphism of R?” x R?™V is a fibre preserving conical homeomorphism if
it takes each fibre {z} x R?"N to itself and is (Z; x Rsg)-equivariant. The stabilization of a
conical generating function F: R?® x R?*Y — R by a non-degenerate Zj-invariant quadratic form
Q: R2"N" 4 R is the conical generating function

F @& Q: R¥™ x RN  R2N' R,

On the set of conical generating functions we consider the smallest equivalence relation under
which two such functions are equivalent if they differ by stabilization or by a fibre preserving
conical homeomorphism that restricts to a diffeomorphism between neighborhoods of fibre critical
points other than the origin.

2.10. Ezample. The zero function 0 : R?" — R is equivalent to 010 : R?" x (R?" xR?") — R; indeed,
040 differs from 0 by a stabilization followed by the fibre preserving conical homeomorphism

(¢:¢1,¢2) = (¢:¢1 — 4, G2 — q)- 0

2.11. Remark. If F() and F®) are equivalent respectively to G(V) and G then F(V ¢ F®) is
equivalent to G § G, Moreover”, if FU) and GU) differ by a fibre preserving conical homeo-
morphism for each j = 1,2 then so do F(W § F®) and G 1 G3). o

2.12. Remark. If conical generating functions F' and G are equivalent then there exist a stabilization
of F' and a stabilization of G that differ by a fibre preserving conical homeomorphism that restricts
to a diffeomorphism between neighborhoods of the fibre critical points. o

"This fact is needed in the proof of Lemma 4.2.
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We say that a family F; : R?® x R?™™ — R of conical generating functions is a based family of
conical generating functions if Fy is equivalent to the zero function R?” — R.

2.13. Remark. By Example 2.10 and Remark 2.11, if F\) and F® are based families of conical
generating functions then so is Ft(l) ijt(2). o

2.14. Proposition (Existence of generating functions). Any based contact isotopy {d:}icjo,1) of
Li"_l has a based family Fy: R?™ x R?™N & R of conical generating functions.

Proof. For N big enough we can write ¢; = quN) o--+0 ¢§1) for based contact isotopies {¢£j)}
having (based) families of conical generating functions Ft(J ) R 5 R (For instance, we can
take ¢>§“ = qﬁgﬁ't o ((b%t)’l.) By Proposition 2.9 and Remark 2.13, a family of the form F; :=

Ft(l) g ﬁFt(N) (for any choice of parenthetization of the factors) is then a based family of conical
generating functions for {¢,}. O

In Section 4 we use generating functions to define the non-linear Maslov index of a contact isotopy
of Lin_l. In order to show that the index is well defined we use the fact that generating functions
are in some sense unique. The following discussion leads to this result, which we state and prove
in Proposition 2.19 below.

By a family of fibre preserving conical homeomorphisms we mean a collection of fibre preserving
conical homeomorphism 6, parametrized by s € S for some manifold with corners S (for example
[0,1] or [0,1] x [0,1]), such that (s,z) — 0,(x) is continuous. The stabilization of a 1-parameter
family F,: R?" x R?"Y — R of conical generating functions by a non-degenerate Zj-invariant
quadratic form Q: R2"M" — R is the 1-parameter family of conical generating functions

F, @ Q: R x RN x R2WN' L R,

On the set of 1-parameter families of conical generating functions we consider the smallest equiv-
alence relation under which two such families are equivalent if they differ by stabilization or by a
1-parameter family of fibre preserving conical homeomorphisms that restrict to diffeomorphisms
on neighborhoods of the fibre critical points other than the origin.

2.15. Remark. If two families Ft(l) and Ft(Q) are equivalent respectively to Ggl) and G§2) then
Ft(l) ﬁFt(Q) is equivalent to Ggl) ﬁGgQ). o

Equivalent 1-parameter families of conical generating functions generate the same contact isotopy.
In Proposition 2.19 we prove (mostly following Théret’s proof of [Th98, Proposition 4.7]) a partial
converse: any two based families of conical generating functions for a given contact isotopy of
Lin_l are equivalent. The main ingredient is [Th98, Lemma 4.8], whose proof holds also in our
situation and gives the following result.

2.16. Lemma. Let {¢;}ic(0,1) be a based contact isotopy of Linfl, Suppose that Fs;: R*™ x
R2"N R, for (s,t) € [0,1] x [0,1], is a family of conical generating functions such that for every
(s,t) the function Fs, is a conical generating function for ¢,. Then there is a family 65, of fibre
preserving conical homeomorphisms of R?™ x R2™N such that Fs10 05 = Fyy, and such that each
homeomorphism 0, restricts to a diffeomorphism from a neighborhood of the set of fibre critical
points of Fy . other than the origin to a neighborhood of the set of fibre critical points of F; other
than the origin. In particular, the 1-parameter families Fy; and F; are equivalent.

Proof. Write E := R?" xR?"N and £ = [0,1]x [0, 1] x E. We seek a locally Lipschitz two-parameter
family of homogeneous of degree 1, Zj-invariant, vertical vector fields X, ; on E \ {(0,0)} so that

an,t aE@,t

(217) S @0+

(qa C) Xs,t(q7 C) =0.
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Assuming we have such a family of vector fields, for each ¢ the local flow of the time-dependent
vector field s — X :(¢q,¢) on E ~ {(0,0)} exists thanks to the locally Lipschitz assumption. By
homogeneity, the local flows fit into a family s — 05¢(q,() of global flows, which we extend to
a family of fibre preserving conical homeomorphisms by demanding that 65 .(0,0) = (0,0). The
relation (2.17) then implies that % Fs,t(Osyt(q, C)) =0, and so Fs (057,5(11, C)) = Fy (g, ).

Writing F : £ - R, F(s,t,q,() = Fs.(¢,¢), let

e {g? }|S_’t|{s}x{t}xzﬂ,t.

Moreover denote
S={(st.0.0) € E]lal* + |I¢|I* =1}
and
Ex0=10,1] x [0,1] x (E~{(0,0)}) .
Notice that the subset ¥ of £ is Ry ¢-invariant, and its intersection with £.¢ is a smooth subman-
ifold (as it is the preimage of a regular value of %—‘Z: Ezo — RN,
The vector field X is constructed following the steps below.

Step 1: Solving (2.17) in a neighborhood of S~ SN Y. In a neighborhood of S \ S NY the family
of vertical vector fields

_OF,
=(q, () OF; ¢ 0
Xl ; — Js S, )
S,t(q C) |6Fg + Z aCk (q C) ack
is well defined and solves (2.17). It is locally Lipschitz, because so are 85‘3" agz,t.

Step 2: Solving (2.17) in a neighborhood of SNY in S. Let U be an open neighborhood of SN%
in £ on which F is smooth. Let G denote the restriction of 8F to U, so UNY = G;H0). The

set G '(0) consists only of regular points of Gy. Let Go: U — R denote the restriction of ——S
to U. Then G4 is smooth on U and we claim that it vanishes on X.

Indeed, since the image of the family of Lagrangian embeddings Xp, , — T*R?" is independent
of s, around each point (s,t,¢,{) € £ N Exp, we may pick coordinates (s,t,z,y) such that ¥ =
{(s,t,z,y): y =0} and x = x(¢, ¢, () is independent of s (we take y = SC)

As the Lagrangian embedding of ¥, , is given by the expression (q,() — (g, —5 8L, =) e 1" (R?m)

it follows that = <8F(s t,x O)) = 0. Clearly we also have % (aF (s, t,x O)) = 0. It is easy to

dq o¢
check that the operator < is the same in both systems of coordinates, hence O—F has vanishing
derivatives with respect to g and ¢ on XN Exp. As is homogeneous of degree 2 in (g, () it must

vanish on ¥, as required.

Hadamard’s Lemma (see [Th95, Théoreéme 92]) now provides a smooth B: U — R?™Y such that
in some neighborhood of U N Y we have Gy = (B,G1). We use the coordinates of the map B to

define a vertical vector field
2nN

Z Br a6, 5@

on the above neighborhood of U N X¥. Then
2nN

oF OF
—— =G, =(B,Gy) XZ —
o5 2= 1) Z kB,

and so (2.17) holds. Note that this vector field is smooth, thus also locally Lipschitz.

Step 3: Patch these vector fields together. We use a smooth bump function to obtain a locally
Lipschitz, vertical vector field that is defined in a neighborhood of & and solves (2.17).
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Step 4: Average and extend. Average by the Zj-action to obtain a Zjy-invariant, locally Lipschitz,
vertical vector field X. Then restrict X to S and extend to the whole &+¢ by homogeneity, i.e.
define

_ X S q ¢
X(s,t,q,¢) = I(q,§)|X( L@ or I(q,C)I>

for (¢,¢) # 0 and X (s,¢,0,0) = 0. Then X is homogeneous of degree 1, Z-invariant, vertical and
locally Lipschitz. Moreover, its flow restricts to a diffeomorphism from a neighborhood of the set
of fibre critical points of Fp; other than the origin to a neighborhood of the set of fibre critical
points of Fy; other than the origin. O

Using Lemma 2.16 we now prove the following statement.

2.18. Lemma (0 is neutral). Let F;: R?" x R2"N — R be a family of conical generating functions
for a contact isotopy {¢:}, and let 0 : R*® — R be the zero function. Then F;#0 and 04 F; are
equivalent to Fy.

Proof. We prove that F; 0 is equivalent to F; (the case of 04 F} is similar). For each s € [0, 1] we
define a 1-parameter family Fj,: R*" x (R?" x R?" x R*"N) — R by

Fyt(q;¢1,Cov) = Fr(sG 4+ (1= 8)q,v) —2(C2 — ¢, i(¢1 — q)) -
Then Fy; = Fy 0, and Fy(q; 1,2, v) = Fi(q,v) — 2{¢2 — q,i(¢1 — q)) is equivalent to F; since
it differs from it by a stabilization followed by the fibre preserving conical homeomorphism
(¢;¢1,C2,v) = (¢;¢G — ¢,¢2 — q,v). By arguments as in the proof of Proposition 2.2 one sees
that for each s € [0, 1] the 1-parameter family F,, generates {¢;}. By Lemma 2.16 we conclude
that Fy . and F; are equivalent, and thus so are F; and F} §0. O

We now put these ingredients together to prove the following result.

2.19. Proposition (Uniqueness of generating functions). Any two based families of conical gen-
erating functions for the same based contact isotopy of Li”_l are equivalent.

Proof. Let F; and G, be two based families of conical generating functions for a based contact
isotopy {¢:+}. By Proposition 2.9, for every s € [0,1] the family Fyf ((—Gs)4G:) generates
{¢} = {(d1 0 ¢5,') © pst}, and the family (—Gyr) § G generates {id} = {¢s 0 ¢5;'}. By Lemma
2.16 we thus have that Fpf (( Go)ﬁGt) is equivalent to F} f ((—Gt)ﬁGt) and that (—Go) t Go is
equivalent to (—G4) § G¢. Denoting equivalence of families of generating functions by ~, Remark
2.15, Lemma 2.18, Example 2.10 and the fact that the families F; and G are based then imply

Gy ~ 04(08Gy) ~ Fott ((—Go)$Gy) ~ Fri (=G #Gy) ~ Fit ((=Go)#Go) ~ F 20 ~ Fy.
O

The next result is used in Section 4 to obtain that the non-linear Maslov index descends to a map
on the universal cover of the identity component of the contactomorphism group.

2.20. Proposition (Uniqueness for a homotopy class). Suppose that {¢o.} and {¢1+} are two
contact isotopies from the identity to the same contactomorphism ¢ that are smoothly homotopic
with fized endpoints. Then there are based families Fy; and Fy; of conical generating functions
for ¢o+ and @14 respectively such that Foo = Fio and Fy1 and Fi 1 differ by a fibre preserving
conical homeomorphism.

Proof. Let {¢s} be a smooth homotopy with fixed endpoints from {¢g;} to {¢1,:}, and for N big
enough write ¢ ; = ¢)g{\t[)o~ . .ocbgt), with each family {¢gt)}se[o,l] depending smoothly on s and ¢, for

based contact isotopies {¢§f2}[o,1] having families of conical generating function F, (jt): R — R.

(For instance, we can take (;ngt) = %,%t o (qb&%t)_l.) For every s consider the based family
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Fsy = Fs(lt)lj ﬁFS(J:) Then F;o = 0f --- §0 and F;; generates ¢. In particular Fyo = Fio
and, by Lemma 2.16, Fy; and F} ; differ by a fibre preserving conical homeomorphism. (]

Let {¢¢}ieo,1] be a contact isotopy of L2"! and consider a (based) family F;: R?" x R*"N — R
of conical generating functions. Since all F; are homogeneous of degree 2, they are determined by
their restrictions f;: S2*(W+D—1 _, R Morecover, as the F; are invariant by the Z;-action, the f;
are also Zg-invariant and so they descend to a family of functions

for LPVEDTT R

that are C! with Lipschitz differential. We also say that f; (as well as the corresponding F}) is a
(based) family of generating functions for the contact isotopy {¢:}.

2.21. Proposition. Let f;: LQ"(NH) VSR be a family of generating functions for a based contact

isotopy {¢¢} of L2" L. Then for every t there is a 1—1 correspondence between discriminant points
of ¢+ whose preimage in 52"~ is a Zy-orbit of discriminant points for the lift and critical points of
ft of critical value zero, that takes non-degenerate discriminant points to non-degenerate critical
points, and that is given by the restriction of a map LG e L2n(N+1) !
standard inclusion [z] — [z,0].

that is isotopic to the

Proof. For every t, denote by F; the conical function on R2*V+1 inducing f;. Since F; is homo-
geneous of degree 2 and Zg-invariant, its critical points come in (Zp x Rsg)-orbits and all have
critical value zero. Such (Zj x Rsp)-orbits are in 1-1 correspondence with critical points of f; of
critical value zero. On the other hand, discriminant points of ¢, that are also discriminant points
of the lift to S?"~! correspond to (Z; x Rsg)-orbits of fixed points of ®;. We then use the fact
that (non-degenerate) discriminant points of ¢; correspond to (non-degenerate) critical points of
F; (see for example [Sallc, Lemma 3.5]). We now show that the 1-1 correspondence is given by
the restriction of a map L{"™' — L2"(N+1)
that, for every ¢ € [0,1], the conical map

that is isotopic to the standard inclusion. Recall

R?" x R*™N & T*R*™ | (¢,v) — (C, ac (C v))

restricts to a homeomorphism ir, between the set X, of fibre critical points and I's,. Fix now
€ [0,1]. The required isotopy is the map induced on the quotient by the (Z; x Rxg)-action by
the composition

0, x R*™ = | ] {s} xTe, = [ J {s} x Zp, C [0,1] x R x R*"N
s€[0,t] s€[0,t]

(5,€) = (5,7 (¢, @:()) = (5, (im) ™" (7 (¢, 2:(€)))) -
t

Monotonicity and quasi-additivity of generating functions. We start with the following
monotonicity property for generating function, which is used to show that lens spaces are orderable.

2.22. Proposition (Monotonicity of generating functions). Let {¢:}ic[0,1] be a based contact iso-
topy of Li"_l.

(i) Assume that {¢:}ieo,1) has a family f; L3"~' - R of generating functions without fibre
variable, and that {¢¢}c[0,1] i non-negative (respectively non-positive, positive, negative).
Then aaft >0 (respectively 6f‘ <0, 66’? >0, %’;t <0) for allt €]0,1].

(ii) For a general {¢t}ie(0,1), assume that, for a subinterval [a,b] of [0,1], {¢t}ie(ay) @5 noON-
negative (respectively non-positive). Then there exist

- a based contact isotopy {11 }ie(0,1) representing the same element of (/lc\)_n/to(Li"_l)
as {ét}ieo,1] and such that the restriction of {¢:} and {3:} to [0,a], [a,b] and [b,1]
are homotopic with fized endpoints and {3t }ie[a,5) is non-negative (respectively non-
positive);
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- a based family fy: LiM_l — R of generating functions for {11 }e[0,1] such that % >0
(respectively % <0) for all t € [a,b].

As in [Sallc, Lemma 3.6], the main ingredient for the proof is the classical Hamilton-Jacobi
equation for generating functions.

2.23. Lemma (Hamilton—Jacobi equation). Let F; : B — R be a family of functions with Fy = 0.
For each t, denote by Ly C T* B the graph of the differential of Fy. Consider a Hamiltonian isotopy
{¢:} of T*B, generated by a Hamiltonian function Hy : T*B — R, such that, for every t, Ly is
the image of the zero section by ¢;. For x € B and t € [0,1] let (q¢(x), pi(x)) = @i(x,0). Then

H, (a1, 1)) = 22 (qu(a) + et)

ot

for some function of time c(t).

Proof. We have

0 _ OH, 0q:  OH; Opy _ . Iqt . Opy
oz TP = 50 50+ 5y o Py g

82Ft 82Ft . 8(],5 . 82Ft aqt
- (i + 1) 3~ (57 30)
otdq = q Ox 9¢> Ox

0%F, Oq; 0 (O0F,
= 300t 30~ oz Cor (@)
where the second equality follows from Hamilton’s equations for Hy, and the third from differen-
tiating the relation 8671;‘11 (qt (x)) = p¢(x) with respect to ¢t and with respect to x. O

The proof of Proposition 2.22 also uses concatenation of contact isotopies. The following remark
allows us to represent elements of Conto(L;" ") by concatenations.

2.24. Remark (Concatenation). Let {¢;}¢cjo,1) and {1 }+e[o,1] be based contact isotopies. For any
smooth map p : [0,1] — [0,1] such that p(0) = 0 and p(1) = 1 and whose derivatives of orders
> 1 all vanish at the endpoints 0 and 1, the concatenation {¢,)}efo,1] U {%pt) © Pp(1) }ref0,1] 18
smooth and it represents the same element of ég_r;co(Linfl) as the composition {¢ o ¢;}iejo,1)-
We can choose p to be strictly monotone. Then, for any closed subinterval I of [0, 1], if {¢¢}ier is
respectively embedded, non-negative or non-positive then so is {¢,) }iep—1(1)- o

Proof of Proposition 2.22. Suppose first that {¢;} has a family f; : Li”fl — R of generating
functions without fibre variables. Let {®;} be the corresponding conical Hamiltonian isotopy
of R?", and consider the Hamiltonian isotopy {7 o (id x ®;) o 771} of T*R?", where as usual 7
denotes the identification (2.1). For each ¢, the image of the zero section by 7o (id x ®;)o7~! is the
Lagrangian I'y, = T(gr(CI)t)). If the lift of {¢;} to S?"~! is generated by the contact Hamiltonian
function f; : S**~' — R then on R*" ~\ {0} the isotopy {®;} is generated by the Hamiltonian
function H; : R?™ — R defined by Hy(z) = |2|? ht(l—;), and on 7 (R?" x (R?" \ {0})) the isotopy
{ro(idx ®;) o7~ '} is generated by the Hamiltonian function H; o', where Hy : R? x R?" — R
is defined by H¢(z,2') = H¢(z'). Thus, if the contact isotopy {¢:} is non-negative (respectively
non-positive, positive, negative) then
Ft (Z, @t(z)) = Ht (@t(z)) Z 0

(respectively < 0, > 0, < 0) for z # 0. Since all our functions are conical the Hamilton—Jacobi
equation of Lemma 2.23 holds with ¢(¢) = 0. We thus obtain

OF; (z + Du(2)

ot 2
(respectively < 0, > 0, < 0) for z # 0, where F} is the conical function induced by f;. Since
Z %t(z) is onto R?", we conclude that % > 0 (respectively < 0, > 0, < 0). This proves (i).

):ﬁxagwnzo
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In order to prove (ii), take a sufficiently fine partition 0 = t; < t; < -+ < ty = 1 such that

{to, -+ ,tn} contains the endpoints of the interval I. For j = 1, ---, N let wt(j) be a smooth
reparametrization of

) id ift e [O,tjfl]

—(j .

Yo = Qb0 (¢r,,)t it e [t ty]
b, 0 (0, )" ifEe [ty 1]

so that the wt(J ) have a family of generating functions without fibre variable and are non-negative
(respectively non-positive) for ¢ € I, and so that {¢y := ng) 0---0 wt(l)} is a reparametrization
of {¢:}. We then conclude using (i) and the fact that if we apply the composition formula
(Proposition 2.2) to two non-decreasing (respectively non-increasing) families of functions then

the resulting family is also non-decreasing (respectively non-increasing). O

We now note that the generating function for a composition that is given by Proposition 2.2 agrees
in codimension 2n with the direct sum of the generating functions of the factors.

2.25. Proposition (Quasiadditivity of generating functions). Suppose that Fy: R?" x R*"M — R
and Fy: R?" xR?"Nz 3 R are (conical) generating functions for the (conical) symplectomorphisms
&) and &) respectively. Then there is a linear ((Zy x Rso)-equivariant) injection

L RQn % RQTL % (RZan % R2nN2> N RQn % (RQn % RQn % R2nN1 % RQ"LNQ)

such that (Fy§Fs) o 1=F, & Fy.

Proof. We have
By @ F(G, G, ve) = Fi(Guvn) + F2(Gs12)
and
P18 Fa(q; G, Goy 1, v2) = Fi(Cryvn) + Fa(Ce,v2) — 2(C2 — ¢,i(Gr — q)) -
Thus for the injection ¢(1, (o3 v1,v2) = ((15C1, (2, V1, v2) we have (Fy f Fy) o= Fy @ Fo. O

The above quasiadditivity property is crucial in proving that the non-linear Maslov index is a
quasimorphism (Proposition 4.8). If generating functions had been additive, not just quasiaddi-
tive, then at least for real projective spaces the non-linear Maslov index would have been a homo-
morphism. Since no non-trivial homomorphisms exist on contactomorphism groups [Ts08, Ry10],
this shows that the lack of additivity of the composition formula is not a technical failure but
something essential.

3. THE COHOMOLOGICAL INDEX

As already outlined in the introduction, the value of the non-linear Maslov index of a contact
isotopy {¢:} of a lens space Li"‘l depends on the changes in topology of the sublevel sets of
a based family f;: L2M~! — R of conical generating functions. As in [Gi90] and [Th98], the
topological invariant that we use to analyze these changes is the cohomological index. In this
section we review the definition of this invariant and describe some of its properties in the case
of lens spaces. Cohomological indices have also been studied in a more general context by Fadell
and Rabinowitz [FR78] (see also Remark 3.7).

Continuity of the cohomological index (Proposition 3.9 (ii) below) is important for our applications.
Since the sets that we need to consider (sublevel sets of generating functions) might not be locally
contractible, in order to guarantee continuity we work with Cech cohomology (as for instance
in [FR78]). Note that Cech cohomology agrees with singular cohomology on spaces that are
paracompact and locally contractible (see [Sp66, Corollary 6.8.8 and Theorem 6.9.1]), in particular
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on manifolds or, more generally, on CW-complexes. Recall also that the Cech cohomology of a
compact subset A of a manifold can be computed in terms of singular cohomology as

(3.1) I (A) = liny H*(U)

where Uj is any decreasing sequence of open sets having A as their intersection. Indeed, H*(A) =
@H*(Uj) (see [Sp66, Theorem 6.6.2]) and, since the U; are open, their Cech cohomology agrees
with their singular cohomology.

We now assume that & is prime (cf. Remark 1.4).

3.2. Definition. Let A be a paracompact Hausdorff topological space and : A= Aa principal
Zi-bundle with classifying map g: A — BZj; = L}°. The cohomological index of m: A A
is the dimension over Zj of the image of the induced map ¢*: H*(L{;Zy) — H*(A;Zy). If
A is a subset of a lens space® L2 ~!(w) then its cohomological index, denoted by ind(A), is

defined to be the cohomological index of the restriction 7: A — A of the principal Z;-bundle®
w2 §PM T (w) = LM (w). o

We now specialize to the case when the prime k is different from 2, leaving to the reader the task
of adapting the discussion to the (easier) case of k = 2 (cf. Remarks 3.5 and 3.7).

A principal Zj-bundle A — A is determined by the Cech cohomology class o € H'(A;Zy,) that
is represented by the transition functions for a choice of local trivializations. The Bockstein
homomorphism B: H(A) — HIT'(A) (see [Ha02, Section 3.E]) is a derivation whose square is
zero, so, setting!® 8 = B(a) € H?(A;Zy,), we have

B(ap’) =B+ and B(B)=0  forall j>0.

A map of principal Zg-bundles A— B pulls back the classes a, 8 on the base B to the classes «, 3
on the base A.

3.3. Lemma. For any M -tuple of weights w and 0 < 7 <2M —1,

B for j =2i

3.4 HI(LPM =Y (w); Zy) i ted b ,
(34) (477 (w); Z) s generated by Bt forj=2i+1.

For a subset A of LM~ (w),

ind(A) = dimg, (im ¢*)
where *: H* (LiM_l(Q);Zk) — H*(A;Zy) is the map on Cech cohomology that is induced by the
inclusion v: A — LM~ (w). Moreover,

im* N H(A; Zy) = {Zk Z:fqé?<ind(A)

0 if 7 > ind(A).
Proof. For (3.4), see [Ha02, Example 3E.2]. The equality ind(A) = dimg, (im¢*) follows from
the facts that the classifying map g(w): LiMfl(@) — L$° induces a surjection in cohomology
(by (3.4)) and that g(w) o ¢ is a classifying map for A. The ring structure and the action of
the Bockstein homomorphism imply that if + € H* (LiMfl(Q)) is non-zero and ¢*(z) = 0 then
t*(y) = 0 for all y with deg(y) > deg(x); this implies the last statement. O

8In our applications M is a multiple of n and the M-tuple of weights on LiM_l has the form w = (w’, - ,w’)
for an n-tuple of weights w’ on Lin_l. However in this section w can be any tuple of weights.

IWe write S2M—1(w) or CM (w) when we wish to specify the Z-action.

107f {ij: U; NU; — Z} are lifts of the transition functions {c;;: U; N U; — Zg}, then j is represented by the
Cech 2-cocycle {% (wz‘j + e+ wei) mod k}.
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It follows from Lemma 3.3 that if A is a subset of L7 ~*(w) then 0 < ind(A) < 2M. Also note
that ind(0) = 0, and that ind(A) =1 if A is finite and non-empty.

A lens subspace of LiMfl (w) is the Zj-quotient of the intersection of S2M—1 (w) with a Zg-invariant
complex linear subspace of CM (w). Lemma 3.3 implies that the cohomological index of a 2r — 1
dimensional lens subspace is 2r.

3.5. Remark. For a subset A of a real projective space RPM ,
(3.6) ind(A) =min{j e N|/*(2/) =0}

where z is the generator of H* (RIP’M; Zs). Similarly one defines the cohomological index for subsets
of complex projective spaces and for principal S'-bundles; in this case the analogue of (3.6) holds
for x a generator of degree two (cf. [Th98]).

3.7. Remark. For a compact Lie group G, let 7: A— Abea principal G-bundle over a paracompact
Hausdorff topological space with classifying map g: A — BG. For any non-zero class € H*(BG)
Fadell and Rabinowitz [FR78] define the n-indexr as the maximal j € N such that g*(n’/) # 0. If
G = 7y and 7 is the generator of H'(RP*; Z,) then the n-index just differs by 1 from the index of
Definition 3.2. If however G = Z;, with k # 2 and f3 is a generator of H? (L Zy) then the S-index
is equal to L%] We use the index from Definition 3.2 rather than the S-index in order to
obtain a better bound on the number of translated points (see Section 5): using the S-index we

would only prove existence of n translated points on Li”_l, even in the non-degenerate case. ¢

Given subsets A of L2M~!(w) and B of LiMI*l(g') with preimages A ¢ S2M~1(w) and B C
S2M'=1(4/ | their Zy-join is the subset

Axz, B C Li(A{+M/)7l(w w’)

=L =

defined by
(3.8) A*ZkB:{[\/ia7\/1—tb] \aeﬁ,beé,ogtg}

if A and B are non-empty. If B is empty, we define Az, () to be the image of A under the natural
embedding a + [a,0] of L™~ (w) into Li(M+M )_1(w, w’). We define () xz, B similarly. Finally,

the Zi-join of the empty sets is empty.

We now describe the properties of the cohomological index that we need for our applications. The
proofs of properties (i)-(iv) are easy adaptations of the corresponding proofs in [Gi90, Th98, FR78|
and are included for the convenience of the reader. In (v), the lower bound on ind(Axz, B) requires
a more involved proof, which we postpone to Appendix B.

3.9. Proposition. The cohomological index of subsets of lens spaces has the following properties:
(i) (Monotonicity) If A C B C L™~ (w) then ind(A) < ind(B).
(ii) (Continuity) Every closed subset A of L~ (w) has a neighborhood U such that if A C
V C U then ind(V) = ind(A).
(iii) (Lefschetz property) Let A be a closed subset of L3 ' (w), and let A’ = AN H where
H c LMY (w) is a lens subspace of codimension 2. Then ind(A’) > ind(A) — 2.
(iv) (Subadditivity) For closed subsets A and B of Li™ ™! (w) we have

ind(AU B) <ind(A) +ind(B) + 1
and
ind(AU B) <ind(A) +ind(B) if ind(A) is even or ind(B) is even.
(v) (Join quasi-additivity) For closed subsets A of Li™~'(w) and B of LiMI*l(g’) we have
|ind(A %z, B) —ind(A4) —ind(B)| <1
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and
ind(A %z, B) =ind(A) +ind(B) if ind(A) is even or ind(B) is even.
In particular (Join stability ),
ind (A *7, LiK_l(w’)) =ind(A) + 2K .

Remark. The above properties (ii), (iii), (iv), and (v) are stated for closed subspaces of lens

spaces but they hold (and are proved) also for open subsets of lens spaces.

Proof Proposition 3.9. (i) Let A and B be the preimages in SZ"~!(w) of A and B. The result

(i)

(iii)

follows from the fact that the restriction to A of the classifying map of B > Bisa classifying
map for A A

Let « be a generator of Hd(4) (LiM_l(w);Zk.). Then % (x) = 0. By (3.1), there exists an
open neighborhood U of A such that ij;(«) = 0, where ¢;: U — M is the inclusion map. By
Lemma 3.3, ind(U) < ind(A). By monotonicity, ind(U) > ind(A).

Assume that ind(A) > 3, otherwise the inequality is trivial. By continuity of the cohomolog-
ical index, there exist open neighborhoods U of A and V' of H such that ind(U) = ind(A4),
ind(V) = ind(H), and ind(UNV) = ind(AN H). We have the following commuting diagram,
where D denotes the Poincaré duality isomorphism and e the homology intersection product
(see [D095, VIII.13.5]):

H,(U)® H,(V) . H(UNV)
\LW*@W* liUﬂV*
H (LM (w)) @ Ho (LY~ (w)) H (LM (w))

o :
H* (LM (w) @ HY (LM (w) —— H (LM (w)).

Let x be a class in Hiyq(a)—1(U) such that iy, (x) # 0 (this exists, as homology and cohomol-
ogy with field coefficients are dually paired) and similarly let y be a class in Haps—3(V) with
iv«(y) # 0. Since D (iy.(z)) is a non-zero class in H<2M=3(L3M "1 (w)) and D(iv.(y)) is a
non-zero multiple of 3, we have D (i, (z)) UD (iv.(y)) # 0. It follows that iyny.(zey) # 0,
which shows that ind(AN H) =ind(UNV) > ind(A) — 2.

Assume that ind(A4) +ind(B) < 2M, otherwise the inequality is trivial. By continuity, there
exist open neighborhoods U of A and V' of B such that ind(U) = ind(4), ind(V) = ind(B),
and ind(U UV) = ind(A U B). By the exact cohomology sequence of the pair

cooo HR (LM (w), U) 25 5 (L2 (w)) 5 B (U) = -
and Lemma 3.3, the index of U is the lowest degree of a non-zero class in the image of j;*.
A similar statement holds for V. Consider the commutative diagram

]

H* (LM N w),U) @ H* (LMY w), V) ——= H* (LM Y (w), U UV)

J{ju*@)jv* lqu\i

I ) © A (2 ) — 2 (12 ).

Assume first that one of the indices is even, for instance that of A. Let x be a class in
Hind(A) (LiM_l(y), U) such that j;;*(z) # 0, and y a class in Hd(5) (LiM_l(w), V) such
that ji,*(y) # 0. Since j;,;*() is a non-zero multiple of 3"4(4)/2 and ind(A) +ind(B) < 2M,
it follows that j;; y *(zUy) = j;*()Ujy, * (y) is non-zero and so ind(AUB) < ind(A)+ind(B).
If both ind(A) and ind(B) are odd, replace z in the above argument with a class z’ in
HdAFH (LMY (), U) such that j,;*(2) # 0, to obtain ind(AU B) < ind(A) +ind(B) + 1.
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(v) The subset A’ = (Axz, B)~\ B deformation retracts to A, and the subset B’ = (A*z, B)\ A
deformation retracts to B. Since A #z, B = A’ U B’, the subadditivity property (iv) implies
that ind(A %z, B) <ind(A)+ind(B) + 1 and ind(A4 *z, B) < ind(A) + ind(B) if at least one
of the indices is even. The reverse inequalities are proved in Appendix B.

O

3.11. Remark. In the case of real projective spaces the cohomology ring is generated by the
generator in degree one, and the above arguments can be adapted to show that properties (iii)
and (iv) of Proposition 3.9 hold in the following stronger form:

(iii’) If A is a closed subset of RPM and A’ = AN H where H C RPM is a real projective
subspace of codimension one, then ind(A’) > ind(A) — 1.
(iv’) For closed subsets A and B of RPM we have

ind(AU B) < ind(A) + ind(B).
Moreover, we also have the following result (see Remark B.23 or [Gi90]):
(v') (Join additivity) For closed subsets A of RPM and B of RPM’ we have
ind(A %z, B) = ind(A) 4 ind(B).

Analogous properties hold for the cohomological index of subsets of complex projective spaces
(see [Th98]). As we will see in Sections 4 and 5, the weaker properties that we have in the case
of lens spaces still suffice to define a non-linear Maslov index and recover the applications we are
interested in. o

3.12. Remark. Rafael Gomes and the first author [GG| have shown that for k an odd prime there
exist subsets A and B of L™ ~! such that ind(A *z, B) = ind(A) +ind(B) + 1, so join additivity
does not hold in general. o

We define the index of a conical function F: R?M — R by
ind(F) = ind ({f < 0})

where f is the function on L ~!(w) induced by F.

3.13. Remark. If Q is a Zj-invariant quadratic form on R? then ind(Q) coincides with i(Q), the
maximal dimension of a subspace on which @ is negative semi-definite. In particular, Zg-invariance
implies (if k£ > 2) that in this case ind(Q) is even. o

Given functions f and g on L3 ~!(w) and L3 Ll(@' ) respectively, we write

f®g: Li(MJrM/)_l(w,w') —-R

for the function induced by the sum F & G: R*M +M') _y R, where F and G are the conical
functions on R*M and R?*M" associated to f and g.

3.14. Proposition. Let f: L3 ' (w) — R and g: LiM,_l(g’) — R be continuous functions.
Then

ind({f ® g < 0}) = ind({f < 0} 7, {g <0}).
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Proof. By continuity (Proposition 3.9(ii)) there is a neighborhood U of {f < 0} z, {g < 0} with
ind(U) = ind({f < 0} #z, {9 < 0}). Consider the diagram

[ <0y {9 <O} {f 0 g <0}

L2M+2M/—1(

M) M’)

By monotonicity, it suffices to show that the inclusion j can be deformed into a map r with image
contained in U. This can be done as follows. We work Zg-equivariantly on the preimages in
SMAM' =1y '), To simplify the formulas, given z € S ~1(w) and y € $2M'~(w') we write
te + (1 —t)y for (Viz, /1 —ty) € SPM+2M =1(y w'). Moreover we still write f: S2M~1(w) — R,
g: S2M'=1(w') - R, and f & g: S2MHM)=1( /) — R for the composition of the original
functions f, g, and f & g with the projections from spheres to lens spaces. With this notation we
have
(f@g)(te+ (1-t)y) =tf(z)+(1—1t)gy).

The rough idea for constructing the map r is as follows. If a point tz + (1 — )y is in {f ® g <0}
then at least one of f(x) and g(y) is non-positive. The map r will act as the identity on points
te + (1 —¢)y with f(z) and g(y) both non-positive. If f(x) is positive, and thus g(y) is negative,
r will move the point ¢tz + (1 —t)y to a point (1 —s)(tx + (1 —t)y) + sy, with s € [0, 1] big enough
so that this point is in the chosen neighborhood U of {f < 0} %z, {g < 0}. Similarly if ¢g(y) is
positive. However, one needs to interpolate between these deformations in order to ensure that
the resulting map is continuous. Here are the details. For each § > 0 consider the map

Rs: {f®g<0} x[0,1] = {f®g <0}
defined by the expression

(I—=s)(te+(1—-1t)y) + sy if f(x) >4
(1—8@)(tx+(1—t)y)+sf(f)y if 0< f(z) <6

Rs(tr + (1 —t)y,s) = te + (1 —t)y if f(z) <0and g(y) <0
(1— 2D (1w + (1 - t)y) + 5%z if0<g(y) <o
(1=9)(tx+ (1 —t)y) + sz if g(y) > 9.

Thus Rs moves a point ¢tz + (1 — ¢)y such that f(z) > 0 along the segment
s (1—s)(tz+ (1 —t)y) + sy

a portion of the way towards y (note that ¢g(y) must be negative). To ensure continuity, the
portion depends on the value of f at x. The pasting lemma guarantees the continuity of Rs. By
continuity of (¢, z,y) — (tz + (1 — t)y) and compactness of its domain, for ¢ small enough the set
{feog<0tn{te+(1—-2t)y| f(z) <dorg(y) <d} is contained in U. For such 4, the image of
Rs(-,1) is contained in the preimage of U in S2M+M)=1(y 1'). We take r to be the map induced
by Rs(-,1) on the Zj-orbits. O

Proposition 3.14 and Proposition 3.9 (v) imply the following result.

3.15. Corollary. For conical functions F: R*™ — R and G': R2M" 5 R we have
|ind(F @ G) — ind(F) — ind(G) | < 1.

Moreover, if either F' or G has even indez, in particular if either F' or G is a Zy-invariant quadratic
form (for k > 2), then
ind(F & G) = ind(F) + ind(G) .
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4. THE NON-LINEAR MASLOV INDEX

Using the construction of generating functions given in Section 2 and the definition and properties
of the cohomological index discussed in Section 3, we now define the non-linear Maslov index

e ég_r;co(Linfl) — Z on the universal cover of the identity component of the contactomorphism
group of LG_l, and describe the properties that are used in the applications.

Definition and quasimorphism property. As before, Li”fl denotes a lens space with any

vector of weights. The non-linear Maslov index of a based contact isotopy {é:}iejo,1) of LZ”fl is
defined by

n({¢¢}) = ind(Fo) — ind(Fy)
where F;: R?" x R?"N — R is a based family of conical generating functions for {¢;}. Existence
of such a family is given by Proposition 2.14; by Proposition 2.19 and Corollary 3.15, u does
not depend on the choice. Moreover, Proposition 2.20 implies that p({¢:}) only depends on the
smooth homotopy class of {¢;} with fixed endpoints, and thus p descends to a map

pu: Conto(L"™ ) - Z.

4.1. Example. We have ,u({id}te[o,l]) = 0. Note also that if a based contact isotopy {¢:}+efo,1]
has a family of generating functions with no fibre variable then 0 < u({¢:}) < 2n; by Proposition
2.22(i), if moreover {¢,} is positive then p({¢:}) = 2n, and if it is non-positive then p({¢¢}) = 0.

We now prove that the non-linear Maslov index is a quasimorphism (in the case of projective
spaces, see also [BeS07] and [Gi90, Theorem 9.1]). We start with the following lemma.

4.2. Lemma. If two conical generating functions F' and G are equivalent to the zero function then

ind(F#G) = ind(F) + ind(G) .

Proof. By Remark 2.12; there are stabilizations F'& Pr and G& Pg of F' and G that are composition
by fibre preserving conical homeomorphisms of stabilizations 0 Q r and 0B Q¢ of the zero function.
Using Corollary 3.15 we thus have

(4.3) ind(F) + ind(Pp) = ind(F ® Pr) = ind(0® Qp) = 2n + ind(Qr)

and similarly for G; moreover, since (F @ Pr)t (G @ Pg) and (F§G) @ Pr @ Pg just differ by a
permutation of the homogeneous coordinates we have

(4.4) ind ((F @ Pp)t (G @ Pg)) = ind(F £ G) + ind(Pg) + ind(Pg) .
By Remark 2.11, (F @ Pr) (G @ Pg) differs from (00 Qr) (04 Q¢) by a fibre preserving conical

homeomorphism, and so

(4.5) ind ((F & Pp)$(G® Pg)) =ind (00 Qr) (08 Qc)) .

Since

(4.6) 0eQr)i0®Qc) =(040)®Qr ® Qc ,

we have

(4.7) ind ((0® Qr) 4 (0® Qg)) = 4n + ind(QF) + ind(Qc) -

By (4.4), (4.5), (4.7) and (4.3) we thus have ind(F § G) = ind(F) + ind(G). O

4.8. Proposition (Quasimorphism property). For elements [{¢:}] and [{¢1}] of C/J(;ITtO(Li"_l) we
have

|({oe}] - {e}]) — u({ee}]) — p(l{wed]) [ < 2n+1.
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Proof. By Proposition 2.9 and Remark 2.13, if Fy: R2* x R?»™ — R and G;: R?" x RV 5 R
are based families of conical generating functions for {¢;} and {1} respectively then

Git Fy: R?™ x (R?" x R?™ x RN x R?"N2) 4 R
is a based family of conical generating functions for {¢; o ¥}. Since [{¢¢}] - [{w¢}] = [{¢: 0 ¥}
we have p([{¢:}] - [{¢1}]) = ind(Go £ Fy) — ind(G1 £ F1) and thus
| ({0 - [{we}]) — u([{de}]) — u([{e}]) |

= |ind(Go § Fy) — ind(G1 § F1) — ind(Fp) + ind(Fy) — ind(Gy) + ind(G1) |

< |ind(Go § Fy) — ind(Go) — ind(Fp) | + |ind(G1 § F1) — ind(Gy) — ind(FY) |

= |ind(G1 § Fy) — ind(G1) — ind(Fy) |
where the last equality follows from Lemma 4.2. By Proposition 2.25, G1§F; coincides with
G1 @ Fi in codimension 2n. Therefore, using the Lefschetz property from Proposition 3.9 we get

’ ind(G1 4 F1) — ind(G1 @ Fl)‘ <2n.
On the other hand, by Corollary 3.15 we have
|ind(G1 @ F1) — ind(G1) — ind(Fy) | < 1.
Thus we obtain
|ind(G1 ¢ F1) — ind(G1) —ind(Fy) | < 2n+1

and so

|} - [{ee}]) = n([{8e}]) — m([{e}]) [ <20 +1.
O

Recall that a quasimorphism v: G — R is said to be homogeneous if v(2™) = mv(z) for all x € G
and m € Z. Any quasimorphism v: G — R has an associated homogeneous quasimorphism,
defined by

v(z™)

7o) = i
see for instance [Ca09, Section 2.2.2]). The homogeneous quasimorphism : (/3_5th0 L1 5 R
g H k

associated to the non-linear Maslov index is called the asymptotic non-linear Maslov index**.

The linear case. We now show that if the lift to R?" of a based contact isotopy {¢;} of Li”_l
is a loop {®;} in Sp(2n;R) then u({4:}) is equal to the linear Maslov index of {®;}. If {®,}
is a path in Sp(2n;R) starting at the identity then the construction of Section 2 gives a family
Q:: R?" x R?™N 5 R of generating functions so that each Q; is a Zjy-invariant quadratic form. As
in [Th95, Th99], we define (cf. Remark 3.13)

v({®¢}) = ind(Qo) — ind(Q1) = i(Qo) —i(Q1)
where ¢ denotes the maximal dimension of a subspace on which a quadratic form is negative semi-
definite. By the arguments in Section 2, the integer v({®;}) is well defined and depends only on
the homotopy class (with fixed endpoints) of the path {®;}. Moreover, if {®;} is the lift of a
contact isotopy {¢;} of L{" " then v({®;}) = u({#¢}).

4.9. Proposition. The induced map v: m; ( Sp(2n; R)) — Z 1is a group homomorphism, and agrees
with the linear Maslov indez.

The proof of this result is based on the following lemma, which is taken from [Th95, Proposition
35] and whose equivariant version is also used in Section 5 to prove the contact Arnold conjecture.

H1n [Gi90, Section 9] the asymptotic non-linear Maslov index of a contact isotopy {¢t}ie[0,00) Starting at the

identity is defined as Tigi, ({#t}ic[0,00)) = limT 00 w Given a contact isotopy {¢t¢}.c(o,1] We can

extend it to a contact isotopy defined for ¢ € [0, c0) by posing, for ¢ = [+ s with [ € Nand s € (0,1), ¢+ = ¢ps0 (qbl)l.
Then figi, ({6t }e(0,00)) = BE({Pt}iep0,1])-
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4.10. Lemma. IfQ: R?® x R>"N — R is a quadratic form generating the identity then there is an
isotopy {Ws}sepo) of fibre preserving linear diffeomorphisms of R?™ x R?™N such that Uy is the
identity and @Q o Wy is a quadratic form that only depends on the fibre variable. Moreover, if Q is
Zy-invariant then {¥,}scp01] can be chosen to be Zy-equivariant.

Proof. Write Q(z) = 3 (2, Bz) for a symmetric matrix B = [ b(; ZC) ] Since @) generates the

zero section of T*R2™ we have that ¢ is invertible and a — b¢~1 b7 = 0. Then

\Ils(Cvl/):(Ca V—SC_leC)

is an isotopy of fibre preserving linear diffeomorphisms of R2"* x R?"¥ such that Qo¥; only depends
on the fibre variable, as Qo ¥4 ({,v) = % vlev. If Q is Zy-invariant then {W,} is Zy-equivariant. [

Proof of Proposition 4.9. Let {@El)} and {<I>§2)} be loops in Sp(2n;R), based at the identity. If

il) and QEQ) are based families of generating quadratic forms for {fbgl)} and {CI)EZ)} respectively

then Q,El) ij§2) is a based family of generating quadratic forms for {<I>§2) o @El)}, and so

(4.11) v([{eMY] - [{2P)]) = ind(Q5" £ Q) — ind(@{V 1QY).
By Lemma 4.2,
(4.12) ind(Q" Q%) = nd(QS") + ind(QY) .

By Lemma 4.10, for j = 1,2 there is an isotopy {\Ilgj )}86[071] of fibre preserving linear diffeomor-
phisms such that \I/éj ) is the identity and ng )o \Ilgj )is a quadratic form that does not depend on
the base variable, and so is equal to a quadratic form ng ) on the fibre. Using (4.6) we therefore
obtain
(@7 o i)t (@ 0 w?) = (00) 2 Q1Y @ QY
and so
ind(Q" $Q1”) = 4n + ind(Q{") + ind(Q(Y) = ind(Q}") + ind(Q}").

Together with (4.11) and (4.12) this gives

v([{2")] - [{2i)]) = v({@VN) + v ({2”)]).
and thus v: m; ( Sp(2n; R)) — Z is a homomorphism.

In order to show that v agrees with the linear Maslov index, it now suffices to check that it takes

the value 2 on the standard loop t — ®; = €™ € Sp(2;R). For 0 <t < % we have the family
% (z,z). Applying the composition formula twice
we obtain a family of generating quadratic forms on R'° determined by the family of 10 x 10

symmetric matrices

of generating quadratic forms Q¢(z) =

0 J —=J 0 0

-J 0 J J —=J . sin (%)
A = J —=J X 0 0 , with Ay = ———5—+ Idaxa
0 —J 0 A J 1+ cos (%)
0 J 0 —-J N
. |0 -1
where we denote by J the matrix [1 0 ] . It follows that
v({®:}) =i(4og) —i(A1) =6—-4=2

as required. O

We can now prove the formula at the beginning of Theorem 1.2.
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4.13. Example. Recall that we denote by {r;} the Reeb flow on Li”_l with respect to the contact
form whose pullback to S**~ is equal to the pullback from R*" of the 1-form Y7, (x;dy; —y;dz;).
Since the lift to R2™ of {rart}ieo,1] is a loop in Sp(2n;R) of linear Maslov index 2n, it follows
from Proposition 4.9 that

,U/({TQTrlt}tE[O,l]) = ﬁ({r%lt}te[o,l}) = 2nl
for every integer . 0

Relation with discriminant points. We now show that the way the non-linear Maslov index
of a contact isotopy changes for ¢ varying in a subinterval of [0, 1] is related to the changes in the
topology of the set of discriminant points. Before stating the results we recall the following fact.

4.14. Lemma. Let V be a compact manifold and fi: V — R, fort € [0,1], a family of functions
such that the total map f: V x [0,1] — R is C* with Lipschitz differential. Suppose that a € R is a
reqular value of fy for everyt € [0,1]. Then there is an isotopy 0; of V such that 6,({fo < a}) =

{ft <a}.

Proof. Consider the open subset

U :={(z,t) | dft]. # 0}
of V x [0,1]. By assumption, the set {(x,t) | fi(z) = a} is contained in Y. Fix a Riemannian
metric on V. Since the functions f; are C' with Lipschitz differential, their gradient flow is well
defined and enjoys the usual properties. Note also that the gradient V f; is non-zero at a point x
exactly when (z,t) € U. For every t € [0,1] define a vector field u; on U; := {x € V | df¢|, # 0}
by uy = Vfi/|Vfil|?>. Then dfi(u;) = 1 on U. Take ¢ > 0 small enough so that the closed
neighborhood
W= {(z,t) €V x [0,1] | |f(z,8) —a] <}
of {(x,t) | fi(z) = a} is contained in U. Let p: V x [0,1] — R be a smooth function that is
supported in ¢ and is equal to 1 on W, and consider the time-dependent vector field {X¢};e0,1]
on V that is given by .
Xi(x) = — p(z,t) fe(z) u(z)
for (x,t) in U and that vanishes for (x,t) outside of Y. Its flow is an isotopy 6; of V' with the
required properties. Indeed

d : ,

= [1(0:(2)) = [ (6:(@)) + dfe(X) (6 (2)) = (1 = p(8:(x), ) fi(6e())
thus 4 f,(0;(x)) = 0 if (6:(z),t) € W, and so each 0, sends {fo = a} onto {f; = a}. Since 0y is
the identity, by continuity the isotopy 6; sends {fo < a} onto {f; < a} for all ¢. O
We can now prove that the non-linear Maslov index detects discriminant points, as described in
Theorem 1.2(iii). More precisely we show the following result.

4.15. Proposition (Relation with discriminant points). Let {¢;}:c[o,1) be a based contact isotopy
of LI"~*, and let [to, 1] be a subinterval of [0,1].

(i) If there are no values of t € [to,t1] for which ¢; belongs to the discriminant then

1([{ &} ero.ro)]) = m({deticom]) -
(i1) If t is the only value of t € [to,t1] for which ¢, belongs to the discriminant then

|H([{¢t}te[07t1]]) - ﬂ([{¢t}te[o,to]]) | < ind(A(%)) +1
where A(¢;) C Lin_l is the set of discriminant points of ¢.. Consequently,

| 1({eeron)]) — m({Detecpon]) | < 2n+1

and if ¢4 has only finitely many discriminant points then

|H([{¢t}te[o,t1]]) - #([{Qst}te[O,to]]) | <2.
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(iii) If t is the only value of t € [to,t1] for which ¢, belongs to the discriminant, and moreover
all discriminant points of ¢, are non-degenerate, then

|ﬂ([{¢t}te[o,t11]) - #([{¢t}te[0,to]]) | <1

Proof. Let f;: LiM 1 5 R be a based family of generating functions for ¢,. If there are no values
of t € [tg, 1] for which ¢; belongs to the discriminant then, by Proposition 2.21, zero is a regular
value of f; for all ¢ € [to,#1]. Hence, (i) follows from Lemma 4.14.

Suppose now that ¢ is the unique value of ¢ € [tg, ¢1] for which ¢; belongs to the discriminant. For
any € > 0 we have

(4.16) |H([{¢t}te[o,t1]]) - ﬂ([{¢t}te[0,to]]) | < ind({f; <e€})— ind({fz < —€}).

This is a consequence of (i), monotonicity of the index, and the fact that, since f: LzM “1x0,1] —
R is continuous, for every € > 0 and a € R there exists § > 0 such that for all ¢,¢' with [t —¢'| < ¢
we have {fi(z) <a} C {fv(z) <a+ €}

Let C be the set of critical points of f; with critical value 0. By continuity of the index, there is

an open subset W in LiM ~! that contains C' and has the same index. For sufficiently small € > 0
we have
(4.17) ind({f; < e€}) <ind ({f < —efUW).

This follows from monotonicity of the index and the fact that, as we now explain, {f; < €}
deformation retracts into {f; < —e} UW (cf. [Vi97, p. 548]). Pick 6 > 0 such that if df,(z) = 0
and | fy(z)] < ¢ then x € W. Consider the disjoint closed sets
Vo={ze L™ " |dfy(x) =0 or |fi(z)| > 20}
and
Vi= [ ([=6.6) N W,

and let p: L2M~1 — [0,1] be a smooth function that vanishes in a neighborhood of Vj and is
constant equal to 1 in a neighborhood of V;.

FIGURE 1. The sets Vy, V1 and W near a non-degenerate critical point of index
one on a surface.

Fix a metric on LiM ~1 and consider the vector field X = —p %. Writing 6; for the flow of X
we have -

d
(4.18) r fz(et(x)) = —p(Ot(x)) :

dt
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Let m = max { | X(z)|| | = € L2M~'} and d = dist ({p(x) <11 N £7(-6,0)) Wc). Note that

d > 0. For € < min{4, 5%

(4.19) O2e({fe < €}) C{fe < —e}UW.
Given x € {|fi] < €} set

} we now prove that

s(z) =inf {¢ € [0,2¢] | p(6¢(z)) <1ort=2e}.

If s(x) = 2¢ then p(f;(x)) =1 for all t € [0,2¢] and, by (4.18), fi(f2c(z)) = fi(x) — 2¢ < —e. If
s(z) < 2e then Oy, (x) € {p < 1}0]”{1([—67 d]) (as € < 6). Then we must have dist(0,(,), W¢) > d
and our bound on € ensures that the path {6:(x) | t € [s(x),2¢]} is entirely contained in W. In
particular, fa.(x) € W. This completes the proof of (4.19) and hence of (4.17).

By (4.17), subadditivity of the cohomological index and Proposition 2.21 we have
ind({f; < €}) <ind ({fp < —e} UW) <ind ({f < —€}) +ind(W) +1
=ind ({f, < —€}) +ind(C) + 1
=ind ({f; < —€¢}) +ind(A(¢y)) + 1.

Together with (4.16), this implies (ii).

As for (iii), if all discriminant points of ¢, are non-degenerate then (by Proposition 2.21) all critical
points of f; of critical value zero are non-degenerate. Thus f; has only finitely many critical points
with critical value zero, and zero is an isolated critical value of f;. We can choose W so that
{ft < —€e} UW can be obtained from {f; < —e} by attaching a finite number of disjoint handles.
If H is a handle and A C L;™~! then ind(AU H) < ind(A) + 1 (as the sum of the Betti numbers
of AU H is at most one more than the sum of Betti numbers of A) and, unless the index of the
handle H is equal to ind(A) + 1, we have ind(A U H) = ind(A). Attaching the handles in W
sequentially, starting with those of highest index, we therefore obtain

ind ({fy < —e}UW) <ind({f; < —€¢}) +1,
which, together with (4.16) and (4.17), concludes the proof of (iii). O

4.20. Remark. In order to prove the version of the contact Arnold conjecture with the bound given
by the Lusternik—Schnirelmann category (cf. Section 5) we would need to know that the conclusion
of Proposition 4.15(iii) holds also in the degenerate case. Using Massey products similarly to [Vi97]
it is possible to prove (at least if £ = 3) that this is the case if, in the notation of the proof above,
ind ({ fi < e}) = 1. It is not clear to us whether such arguments can be pushed further to improve
this result. o

Further properties. We now prove the positivity property from Theorem 1.2, and the fact that
the asymptotic non-linear Maslov index is monotone and has the vanishing property.

4.21. Proposition (Positivity). If {¢:} is a non-negative (respectively non-positive) contact iso-

(t)opy then 1([{¢:}]) > 0 (respectively p([{¢¢}]) < 0). Moreover, if {¢y} is positive then p([{¢¢}]) >

Proof. Tt follows from monotonicity of generating functions (Proposition 2.22) and monotonicity
of the cohomological index (Proposition 3.9(i)) that if {¢:} is non-negative (respectively non-
positive) then u([{¢:}]) > 0 (respectively u([{¢¢}]) < 0). By Example 4.1, if {¢;} is a small
positive contact isotopy then u([{¢¢}]) = 2n > 0. Since (by Proposition 2.22 and Proposition
3.9(i)) the cohomological index does not decrease along a positive contact isotopy, we conclude
that p([{¢¢}]) > 0 for any positive contact isotopy {¢;}. O

We now show that the asymptotic non-linear Maslov index satisfies the following stronger property.
Recall from [EP00] that for a contact manifold (V,¢) the relation < on Conto(V,§) is defined by
posing [{¢:}] < [{:}] if [{¥¢}] - [{¢¢}] ! can be represented by a non-negative contact isotopy.
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As in [BZ15] we say that a quasimorphism v on (?(;_I;Eo(v, &) is monotone if v([{¢+}]) < v([{¢i}])
whenever [{¢;}] < [{1+}]. The proof of the following result is a direct imitation of the proof of the
similar statement for real projective spaces that is given in [BZ15].

4.22. Proposition. The asymptotic non-linear Maslov index @ on é_c;r?co(Li”_l) 18 monotone.

Proof. Suppose that [{¢:}] < [{¢+}]. Since the set of non-negative elements of (/]ar?uo(Li"_l) is
conjugation invariant and closed under multiplication, [{¢;}]™ < [{1:}]™ for any m € Z~q. By
Proposition 4.21 we thus have g ([{#:}]™ - [{¢+}]™™) > 0, and so

p({e ™) = p({ e }™) = p(l{e ™) + u(l{ o} ™™)
> u([{w}]™ - {ee}™™) =D > -D,

where D is the error of the quasimorphism. Dividing by m and taking the limit when m — co we

obtain that Z([{¢¢}]) < E([{1}]). U

For the next result we also follow [BZ15]. Recall that a subset U of a contact manifold (V;€) is
said to be displaceable if there exists a contactomorphism 1) contact isotopic to the identity such

that U NY(U) = . A quasimorphism v on Conto(V,€) is said to have the vanishing property if
v([{¢¢}]) = 0 for any contact isotopy {¢;}+ejo,1] that is supported in [0,1] x ¢ for a displaceable
set U.

4.23. Proposition. The asymptotic non-linear Maslov index has the vanishing property.

Proof. Suppose that a subset U of Li’kl is displaceable by a contactomorphism 1 contact isotopic
to the identity. After taking a C*-perturbation, we can assume that 1 has no discriminant points.
Let {t:}¢cjo,1) be a contact isotopy from the identity to ¢ = 4, and {¢;},c[0,1] a contact isotopy
supported in [0,1] x . We need to show that z([{¢:}]) = 0. Observe first that, for every m € N
and ¢t € [0,1], the contactomorphism 1 o ¢ has no discriminant points. Indeed, assume by
contradiction that p is a discriminant point of ¢ o ¢*. Since ¢;" is supported in U and 1 has
no discriminant points we must have p € Y. But then ¢}*(p) € U and so ¢ o ¢J*(p) € U N Y(U)
contradicting the hypothesis that 1 displaces . Since 1 o ¢7* has no discriminant points for all
t € [0,1], it follows from Proposition 4.15(i) that for the concatenation {i;} U {¢ o ¢J*} we have

M({iﬁt} U{yo ¢3§n}) = u({¥e}) -

Since {1 }U {0} and {1y 0 d}"} are homotopic, the quasimorphism property (Proposition 4.8)
implies that [({¢}"})| < 2n+1. As this holds for every m € N, we conclude that 77([{¢;}]) = 0. O

5. APPLICATIONS

In this section we use the properties of the non-linear Maslov index to prove the applications listed
in Corollaries 1.3, 1.5 and 1.6. Most of the arguments are taken from [EP00, CS12, Sallc, BZ15]
with only minor changes to adapt them to the case of lens spaces, and are included here for the
sake of completeness.

Orderability. As in the case of projective spaces discussed in [EP00], orderability of lens spaces
follows from positivity of the non-linear Maslov index and the fact that the non-linear Maslov
index is well defined on the universal cover of the contactomorphism group. Indeed, suppose by
contradiction that a lens space Li"_l is not orderable, and thus admits a positive contractible
loop {¢¢}ef0,1- Since {¢;}iefo,1] is contractible we have that u([{¢¢}ie(0,1]) = 0. On the other
hand, since {¢;} is positive, Proposition 4.21 implies that p([{¢:}]) > 0, giving a contradiction.
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Unboundedness of the discriminant and oscillation metrics. Recall that any bi-invariant
(pseudo)metric d : G x G — R on a group G defines a conjugation-invariant (pseudo)norm
Il : G = R by posing ||g|| = d(g,id); conversely, any conjugation-invariant (pseudo)norm || - || :
G — R defines a bi-invariant (pseudo)metric by posing d(g1,g2) = ||g195 *||. The discriminant and
oscillation metrics on (/J—C;Hto(v, £) for a compact co-oriented contact manifold (V,€) are defined as
follows [CS12]. As proved in [CS12], any non-trivial element in (/JBITtO(V €) has a representative
{@t}tef0,1) that can be written as the concatenation of a finite number of pieces {éf)t}te[tj Lt
j=1,...,L, such that each piece is embedded, i.e. for every two distinct ¢t and ¢’ in [t;_1,¢;] the
composmon ¢t 0 gzﬁt, does not have any discriminant point. The discriminant norm of a non-
trivial element [{¢;}] is then defined to be the minimal number of pieces in such decompositions
(in other words, the discriminant norm is the word norm with respect to the generating set formed
by elements of é&Tto(V, €) that can be represented by an embedded contact isotopy). Moreover,
any non-trivial element in GSJMO(V, ¢) has a representative {¢;}.c[0,1] that can be written as the
concatenation of a finite number of embedded pieces such that each piece is either non-negative
or non-positive. Let L, and L_ be respectively the minimal number of non-negative and of non-
positive pieces in such decompositions; the oscillation pseudonorm of [{¢:}] is then defined to be
L, + L_. The oscillation pseudometric is non-degenerate, hence a metric, if and only if (V&) is
orderable.

In [CS12] the non-linear Maslov index has been used to show that the discriminant and oscillation
metrics for real projective space are unbounded, hence not equivalent to the trivial metric. The
argument, applied to lens spaces, is as follows.

Consider the Reeb flow {r:} on Li”fl with respect to the contact form whose pullback to S27!
is equal to the pullback from R?" of the 1-form Z?Zl(xjdyj — y;dz;). We first show that the
discriminant norm of the 3i-th iteration {rei}tecjo,1) of the loop {rart}iep,1] is at least I 4 1.
By Example 4.13 we know that pu([{76xit}tepo,17]) = 6nl. Let {¢s}1ec(0,1] be a contact isotopy that
represents [{rexit }1e[0,1]], is a concatenation of embedded pieces and minimizes the number of such
pieces. Then p([{¢s}1ef0,1)]) = 6nl. If I > 0 then, by Example 4.1, for a sufficiently small € > 0 we
have that u([{¢s}iep0,q]) is (< 2n, hence) different from 6nl. By Proposition 4.15(i) this implies
that {¢;}sep0,1] must intersect the discriminant, and so {¢;}¢c[o,1) has at least two embedded
pieces. Suppose now that [ > 1, and write {¢;}1c[0,1] as a concatenation of L embedded pieces
{bt}eer; - st 1, =1,..., L. For each j, since {¢: }sc[s,_, ¢, is embedded we have in particular that

oS (bt does not have any discriminant point for every ¢ € (¢;_1,t;]. Consider a value of time

te (tj—1,t ] such that {¢: 0 ¢y | }te[t] .4 is C*-small. By Proposition 4.15(i) and Example 4.1
we have

n([{@r 0oy, eettyoaen]) = n([{@r 0 6y, heerr,_aa]) < 20
Suppose now by contradiction that L < [+ 1. Then

L
(5.1) S u([{eo by, [ et n)) < 2nL < 2n(l+1).
j=1

On the other hand, by the quasimorphism property (Proposition 4.8) we have

L
([{ bt} eecion]) — Z ({0 ¢tjjl}te[tj_1,t_,»]]) ‘ <(L-1)@2n+1)<i@2n+1),
=1
and thus

L
Z“ [{: 0 ¢tal}tejl, 1)) >4nl —1.

j=1

This contradicts (5.1), and thus concludes the proof that the discriminant norm of {res¢ }+e0,1] is
at least [ + 1.
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The fact that the oscillation metric is unbounded can be seen by combining the above argument
with positivity of the non-linear Maslov index, as follows. We show that the oscillation norm of the
class [{r2orit f1e[0,1]] of 10l-th iteration of the loop {rox¢ }1e(o,1] is at least [+ 1. For [{raoxit }refo,11],
the minimal number L_ of non-positive embedded pieces is zero, because any subdivision of the
representative {7201t }+cjo,1) has no non-positive pieces. So we need to show that the minimal
number L of embedded non-negative pieces is at least I 4 1. Let {¢;}+e[0,1] be a contact isotopy
that represents [{r2oxit }+e[0,1]], is a concatenation of non-negative or non-positive embedded pieces
and minimizes the number of non-negative ones. Then, by Example 4.13, u([{¢t}iep0,17]) = 20nl.
Regarding adjacent embedded pieces of the same sign as a single non-negative or non-positive
isotopy, let K and K_ respectively be the number of non-negative and of non-positive isotopies
in the decomposition. If K, > [+ 1 then the number L, of non-negative embedded pieces is also
at least [ + 1 and so we are done. Assume thus that K; < I+ 1, and so (since K_ < Ky + 1)
K := K, + K_ <2l + 2. By the quasimorphism property we then have

K
‘ p([{ ot }eero,]) — Z H([{¢t °¢tj_:1}te[tj71,tj]]) ’ S(K-1)@2n+1)<(2+1)2n+1).

j=1

Write Zjil w([{dio ¢tj,:1}te[t_,»_1,tj]]) = uy +pu_, where py and p_ are respectively the sum of
the non-linear Maslov indices of the non-negative and of the non-positive pieces. By Proposition
4.21 we have p_ < 0, and thus we conclude that

(5.2) py >20nl — (204+1)(2n+1).

On the other hand, if the number L, of non-negative embedded pieces was less than [ 4+ 1 then
we would have py < (4n + 1)(I + 1), contradicting (5.2). This concludes the proof.

Contact Arnold conjecture. Adapting to our case the argument given for RP?"~! in [Sallc]
(which in turn is an adaptation of the proof of the Hamiltonian Arnold conjecture for CP" given
in [Th98] and [Gi90]) we show that for any contactomorphism of L;"~! that is contact isotopic
to the identity the number of translated points (with respect to the standard contact form) is at
least n, and at least 2n if all translated points are assumed to be non-degenerate.

Recall that we denote by {r;} the Reeb flow on L;"~'. The set of translated points of a contac-
tomorphism ¢ of Li’kl contact isotopic to the identity is equal to the union for ¢ € (0, 1] of the
sets of those discriminant points of ro,¢ 0 ¢ that correspond to Zg-orbits of discriminant points
of the lift to the sphere. Without loss of generality we can assume that ¢ has no discriminant
points. Indeed, either ¢ has infinitely many translated points or, for some value ¢t of ¢ € [0, 1], the
composition 79,4 0 ¢ has no discriminant points; we can then replace ¢ with raq © ¢, since the
translated points of ror: 0 ¢ are in 1-1 correspondence with those of ¢. Assume thus that ¢ has
no discriminant points, and let {#;}:c[0,1] be a contact isotopy from the identity to ¢. We first
prove that for the concatenation {¢:}1c(0,1) U {r2rt © #}tejo,1) We have

(5.3) ({@etieioa) U {rame 0 dlicpo,1) — n({@etieio)) = 2n.

Let F; be a based family of generating functions for {¢:}ic(0,1), and @Q; a based family of Z-
invariant generating quadratic forms for {rax¢}¢cjo,1]- Then F; f Q; is a based family of generating
functions for {rost o ¢;}, which is homotopic to {¢:} U {rext 0 ¢}, and F; Qg is a based family of
generating functions for {¢;}. Thus

p({&e}ieioa) U {rame © decpo1)) — n({@t}ieo,)) = ind(F1§ Qo) — ind(F1 Q1)

By Lemma 4.10 there are isotopies starting from the identity {¥9},c(0,1) and {¥l}sep0,1) of Zy-
equivariant fibre preserving linear diffeomorphisms such that Qpo ¥ and Q; o ¥} are independent
of the base variable, and so are equal to quadratic forms @, and @ on the fibre. For j = 0,1 we
have Fy £(Q; o ¥)) = (Fy £0) @ Q;, and so

ind(F1 §Q;) = ind (F1#(Q; 0 ¥Y)) = ind ((F1$0) & Q;) = ind(F1 §0) + ind(Q;)
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where the last equality follows from Corollary 3.15. By Example 4.13 we thus have

ind(F1 §Qo) — ind(F1 1 Q1) = ind(Qy) — ind(Q,) = 2n,
hence (5.3). Knowing this, Proposition 4.15(ii) and the fact that ¢ has no discriminant points
imply that either there are at least n distinct values of ¢ € (0,1) at which p jumps, and so ¢ has
at least n translated points (which are necessarily all distinct, since their lifts to the sphere have
different time-shifts), or there is at least one value of ¢ at which p jumps by more than 2, and thus
¢ has infinitely many translated points. Moreover, if all translated points of ¢ are non-degenerate
then Proposition 4.15(iii) implies that there must be at least 2n of them (all distinct).

Existence of translated points with respect to an arbitrary contact form that induces
the standard contact structure. Let a be a contact form on Li”fl that induces the standard
contact structure, and consider a contactomorphism ¢ that is contact isotopic to the identity. We
now prove that there are infinitely many distinct real numbers that are time-shifts of translated
points of ¢ with respect to «, and thus in particular that ¢ has at least one translated point with
respect to a. Denote by o the standard contact form, and by f the function such that o = ef .
Then h = e~/ is the contact Hamiltonian function (with respect to ag) of the Reeb flow {(§} of
a. Let
€:=minh > 0.

For any based contact isotopy {1 }+cjo,1] With ¢1 = ¢ we prove that

(5.4) M([{¢t}te[o,1] U {0 ¢}te[o,1]]) > pu([{oe}eep,)]) +2nmep —6n — 3,
where mp = [ L. For this, note first that
[{b1}eeo,n U{elr 0 dteepony] = [{deteepon) UA{reer © d}ie] »

where, as above, {r;}:cr denotes the Reeb flow of . Indeed,

[{ &t }ieioa) U {efr 0 drecpo)] - [{e}eo,n U {rer © decpo.)]

is represented by the contact isotopy {Id}.ep0,1] U {©fr © Tt_g’;}te[O,l]v and the contact Hamiltonian

—1

function of {¢% o r, 1.} with respect to aq is

T (1 )

which is non-negative by our choice of e. By the quasimorphism property (Proposition 4.8) and
positivity (Proposition 4.21), it follows that

(5.5) w([{eetecoy] - [{etrteen]) = w([{oeeco] - [{reertecp]) —2n—1.

By Proposition 4.21, p([{rir}ief0,1)]) = 0 for all 7 € [0, 2]; by the quasimorphism property we
thus have

(5.6) ([{TteT}te[o 1 ]) >

Using (5.5), the quasimorphism property, (5.
M([{¢t}te[0,1] U {ir o ¢}t6[0,1]])

[{T27rmTt}t€[0,1]]) —2n—1.
and Example 4.13 we obtain

m(
6)
([{¢t}te[0,1]] : [{@?T}te[o,u])

([{¢t}te[0,1]] : [{TtET}tE[O,l]]) —2n—1

> p([{deteeon]) + u([{reerticpo]) —4n —2

> n([{¢}eeon]) + w([{raemet beo]) — 6n =3
([{¢t}te[0,1]]) +2nmp —6n—3.

Thus, inequality (5.4) holds. This inequality in turns implies that ’ u( [{¢t}te[0,1]U{@?'T0¢}te[o,1]]) ‘
approaches oo as T' — co. By Proposition 4.15(i) we thus conclude that there are infinitely many
distinct real numbers that are time-shifts of translated points of ¢ with respect to «, and so in
particular ¢ has at least one translated point with respect to a.
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Weinstein conjecture. Following Givental [Gi90], we now prove that any contact form « on
Lin_l defining the standard contact structure has closed Reeb orbits. As above, denote by «g the
standard contact form, and by f the function such that a = efag. Then h = e~/ is the contact
Hamiltonian function (with respect to ag) of the Reeb flow {¢¢} of a and, for every m € N, mh
is the contact Hamiltonian function of {¢%,}. Discriminant points of ¢%, correspond to closed
Reeb orbits of o of period mt. Since h > 0, there is m € N such that mh > 27. The constant
function 27 is the contact Hamiltonian of {raz¢}seo,1)- By Proposition 4.22 and Example 4.13 we
then have 71 ([{¢%}reo,1)]) = 7 ({2t }tejo,17]) = 2n > 0. It thus follows from Proposition 4.15
that o has at least one closed Reeb orbit.

Constructing new quasimorphisms via contact reduction, and more applications to
orderability and non-displaceability. In [BZ15] Borman and Zapolsky explain how in certain
situations quasimorphisms descend under contact reduction, and use this to show that Givental’s
asymptotic non-linear Maslov index on projective spaces induces quasimorphisms on certain pre-
quantizations of symplectic toric manifolds. Moreover they obtain applications to orderability and
existence of non-displaceable pre-Lagrangian toric fibres. As already observed in [BZ15, Remark
1.5], our extension of Givental’s non-linear Maslov index to lens spaces allows us to enlarge the
class of spaces to which the results of [BZ15] apply.

Consider a closed contact manifold (V,¢), and suppose that it is equipped with a non-trivial
monotone quasimorphism v: (/]Bn/to(V, ¢) — R. Following [BZ15] we say that a subset Y of V
is subheavy with respect to v if v vanishes on all elements that can be represented by a contact
isotopy generated by an autonomous Hamiltonian that vanishes on Y. Suppose now that (V,£) is
also equipped with a contact T"-action, and denote by f, : V' — R"™ the moment map with respect
to a T"-invariant contact form « for €. Recall that if T" acts freely on the level set f,1(0) then
« induces a contact form o on the quotient V' = f;1(0)/T" (see for instance [Ge08, Theorem
7.7.5]). The contact manifold (V’,£" = ker(a’)) is said to be the contact reduction of (V,§) at
the level f,1(0). By [BZ15, Theorem 1.8], if f;*(0) is subheavy with respect to the non-trivial
monotone quasimorphism v then v naturally descend to a non-trivial monotone quasimorphism
v (/JS_IRO(V’,f’) — R. Moreover, if v has the vanishing property then so does /. By [BZ15,
Theorem 1.3], if a monotone symplectic toric manifold (W, w) is even, i.e. the sum of the normals
of the moment polytope A C t* is in 21z, then there is a rescaling aw of the symplectic form
such that the prequantization (V&) of (W, aw) can be written as contact reduction of a projective
space RP?"~! at a level f;'(0) containing the torus

Tgpen—1 = {[z] ERP" | |22 = ... = |z]* }.

By [BZ15, Lemma 1.22 and Theorem 1.11 (i)], Tgp2n—1 is subheavy with respect to the asymptotic
non-linear Maslov index 7z and so, by [BZ15, Proposition 1.10(ii)], f,'(0) is also subheavy. It
follows that @ descends to a non-trivial monotone quasimorphism on (/]_o\r?uo(V, &) with the vanishing
property. By [BZ15, Theorem 1.28], if a contact manifold (V,¢) admits a non-trivial monotone
quasimorphism v: C/(;l/to(V, &) — R then it is orderable; by [BZ15, Theorem 1.17], if moreover
(V,€) is the prequantization of a symplectic toric manifold and the quasimorphism v also has the
vanishing property then V has a non-displaceable pre-Lagrangian toric fibre. The conclusion is
thus that any monotone even symplectic toric manifold has a prequantization that is orderable
and has a non-displaceable pre-Lagrangian toric fibre.

In the case of lens spaces, repeating the proof of [BZ15, Lemma 1.22] one sees that
TLinﬂ ={z] € Li"‘l | |z)> =... = |z|?} C Li"‘l(l, 1)

is subheavy with respect to the asymptotic non-linear Maslov index on Li"_l(l, ..., 1). Consider
now a compact monotone symplectic toric manifold (W?2",w). Write the moment polytope as
A={zet (vj,z)+X>0forj=1,---,d}, where d is the number of facets and v; € t are
vectors normal to the facets and primitive in the integer lattice t; = ker (exp: t — T™). Suppose
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that, for some integer k > 2,
d
(57) Zl/j ckty.
j=1

Then the same argument as in the proof of [BZ15, Theorem 1.3] shows that there is a rescaling!? aw
of the symplectic form such that the prequantization of (W, aw) can be written as contact reduction
of Li"_l(l, ..., 1) at a level f,1(0) containing TLinq. Therefore, such a prequantization admits
a non-trivial monotone quasimorphism with the vanishing property, and so it is orderable and it
contains a non-displaceable pre-Lagrangian toric fibre.

5.8. Example. A compact monotone symplectic toric manifold (W?2",w) satisfying condition (5.7)
can be obtained by the following generalization of [BZ15, Example (i) of page 385]. Consider the
CP!-bundle over CP" obtained, for 1 < k < n, as the projectivization P(1 & O(k)) of the direct
sum of a trivial line bundle with the bundle O(k) over CP™. This manifold can be equipped with
a monotone symplectic structure, and the inward normals of the corresponding moment polytope
are €1,...,€n,Enil, —€nil, k€ni1 — €1 — ... — €p. 0

5.9. Remark. One can show that for any compact monotone symplectic toric manifold (W, w)
the prequantization of W with appropriately rescaled w can be written as a contact reduction of
L2 Y (w) at a level containing TLin—l(w). However, if w # (1,...,1) we do not know whether

TLin—l(w) is subheavy and so we cannot conclude that this prequantization has an induced quasi-
morphism. In order to prove that TLinfl C Li"‘l(l, ..., 1) is subheavy one uses the fact that the

Clifford torus in CP"~! = CP"~1(1,...,1) is the unique non-displaceable orbit of the standard
torus action. A similar statement is not true in general for weighted projective spaces: for example
CP(1,3,5) contains a 2-dimensional family of non-displaceable Lagrangian toric fibres [WW13].

APPENDIX A. ON THE CONSTRUCTION OF GENERATING FUNCTIONS

In Proposition 2.2 we proved that if ) and ®®) are Hamiltonian symplectomorphisms of R2"
with generating functions Fy: R?" x R2"N1 5 R and Fy: R?" x R?2"N2 — R respectively then the
function F § Fy: R?" x (R2" x R?" x R2"N1 x R2nN2) 5 R defined by

Fi 8 F5(q; C1, G, v1, v2) = Fi(Cryvn) + Fa(Ca,v2) — 2 (G — ¢,4(C — q))

is a generating function for the composition ® = &2 o &), Here we present two alternative
proofs of this fact in terms of symplectic reduction, we generalize the composition formula to the
case of any even number of factors and discuss its relation with the method of broken trajectories
by Chaperon, Laudenbach and Sikorav [Ch84, L.S85, Si85, Si&7].

Recall that if V' is a coisotropic submanifold of a symplectic manifold (W,w) then the kernel of
the restriction of w to V' is an integrable distribution. If the space of leaves V/~ is a manifold
then it inherits a symplectic form w, and is said to be the symplectic reduction of (W, w) along V.
If L is a Lagrangian submanifold of W that is transverse to V' then the restriction to LNV of the
projection V' — V/~ is a Lagrangian immersion. For instance, consider a fibre bundle p: £ — B.
The fibre conormal bundle Ny, is a coisotropic submanifold of 7 E, and the symplectic reduction
can be identified with T*B. If F': E — R is a generating function then the Lagrangian immersion
ip: Xp — T*B described in Section 2 is the reduction of dF' C T E with respect to Ny.

121f & is rescaled so that [w] = ¢1(TW) then we can take a = k. Indeed, the moment polytope for (W, kw) can
be written as A = {z € t* , (v;,2) +k >0 for j =1,---,d} and the prequantization (V,&) of (W, kw) corresponds
to a cone in R™*! with primitive inward normals (vj,k) € t xR, j = 1,--- ,d. The contact toric manifold (V,¢)
is a contact reduction of (S2¢=1 ker a ) by a subgroup K of T containing [%, ceey %} € R?/74 = T? (because
> %(l/j,k) is in the lattice of t X R; see [L02]). In fact it would be enough to take w = kn where n denotes the
primitive integral class in the direction of ¢i (TW).
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First interpretation. The first interpretation of Proposition 2.2 in terms of symplectic reduction
that we present is an adaptation to our composition formula of the discussion in Théret [Th95,
Section 1.3]. We use three basic properties of generating functions (Lemmas A.1, A.2 and A.3)
whose verification is immediate and therefore left to the reader.

A.l. Lemma. If L, C T*B; has generating function Fy: By x RM — R and Ly C T*By has
generating function Fy: By x RN2 — R then the product Ly x Ly C T*By x T*By = T*(B; x By)
has generating function F| @ Fy: (By x By) x (RNt x RM2) — R.

A.2. Lemma. Suppose that L C T*B has generating function F: B x RN — R, and consider a
symplectomorphism Ay, of T* B of the form Ap(q,p) = (q,p—i—dh(q)) for some function h : B — R.
Then Ap(L) C T*B has generating function F + h.

A.3. Lemma. If a Lagrangian submanifold L of T*(R™ x R™) has a generating function F: (R™ x
R™) x RN — R, then the reduction L C T*R™ of L with respect to the coisotropic submanifold
V =R" x R™ x (R")* x 0 of T*(R™ x R™) has a generating function F: R" x (R™ x RY) — R,
F(Ci;62,v) = F(G, C23v).

Since I'jq has generating function R*® — R, ¢ — 0, Lemma A.l implies that the function R?" x
R2" x R?" x (R2"M1 x R27N2) 5 R defined by

(q,C15 G231, v2) = F1(Cr,v1) + Fo(Cay v2)
is a generating function for T'ijq X gy X Tge C TH(R?™ x R?" x R?"). By applying Lemma A.2
with
he RZ xR R*™ = R, h(q,61,G2) = =2(C2 = ,i(G1 — 9))
we obtain that the function R?" x R2" x R?" x (R2"M x R27N2) 5 R defined by
(A4) (q,C15 Cs v, v2) = F1(Cry ) + Fo(Go,v2) — 2(C — ¢,i(C1 — q))

is a generating function for Ay (I‘id X Tpay X ].—‘q)(2)) C T*(R?" x R?" x R?"). The function (A.4)
is equal to F} f F5, except that in the latter (; and (, are fibre variables. Thus, it follows from
Lemma A.3 that Fy f F5 is a generating function for the reduction of

L:=Ap(Tia x Tpa x Tpe) C T*(R*" x R x R*™)
along the coisotropic submanifold
V =R* x R¥™ x R?" x (R*™)* x {0} x {0}

of T*(R?" x R?" x R?"). We are left to prove that such reduction is equal to I's. Observe that
the reduction V' — V/~ sends a point (g, 1, (2,£,0,0) to (¢,&). We have

L= Ah (Fid X F@(n X F@(Q))

= Ah({ (q’ s (I)(l)(zl), 2+ 20 (z) ;0,4 (21 — <I>(1)(z1))>i(ZQ — () )) }>

2 2
fxey d2)
:{( ’z1+ . (Z1)7Z2+ . (z2)70,i(z1—(I>(1)(21)),i(z2—q)(z)(zg)))
21 + <I>(1)(z1) 2o + (I)(Q)(ZQ)
+dh(q, 5 , 5 )}
21+ 0W(21) 20 + 0P (25)
:{< ’ 1 5 ( 1)7 2 5 (2),2(214-@(1)(21)—22—‘5(2)(22)),

i(z1 — W (2)) 4 20 + B (29) — 2q),i(z2 — B (z9) — 21 — W (z) + 2q)> } .

The intersection L NV is given by the points in the above set that satisfy

29 =21 — <I>(1)(z1) + 29 + (P(Q)(ZQ)
29 =21 + Q(l)(zl) — 29 + @(2)(22)
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21 +<I>(2)(zz) _ z21+P(z1)
2 - 2

hence zo = ®(z;) and ¢ = . The reduction is thus given by

21 +<P(zl)}

(LNV)/ ~= {(q,i(zl + W (z)) — 2o — CI)(Z)(ZQ))) with 2y = ®1)(2;) and ¢ = 5

(o)

as we wanted.

Second interpretation. The second alternative proof of Proposition 2.2 that we discuss uses
symplectic reduction at the level of graphs and is based on the fact, immediate to verify, that the
function
hi R X R* X R = R, h(g,61,G2) = —2(¢ — ¢,i(G1 — )
is a generating function for the symplectomorphism
o: R*™ x R?" x R*™™ — R?™ x R?" x R*™ | 0(20, 21, 22) = (22, 20, 21) -

Proposition 2.2 can be deduced from this fact as follows. For simplicity of notation we assume that
the generating functions of ®*) and ®2) have no fibre variables (the general case does not present
any additional difficulty). Suppose thus that ®M) and &3 are Hamiltonian symplectomorphisms
of R?™ with generating functions F;: R?® — R and Fy: R?™ — R respectively, and consider
the function F = Fl ﬁFQZ Rgn X (RQn X Rzn) — R, F(q, C17C2) = Fl(Cl) + FQ(CQ) + h(q,(l,gg).
Denote the coordinates of T*(R?" x R?" x R?") by (q, (1,¢2;P0,P1,P2), and recall that, by the
definition of generating function, the Lagrangian submanifold Lz of T*R?" generated by F is the
symplectic reduction of dF C T*(R?" x R?" x R?") with respect to the fibre conormal bundle
V = {p1 = p2 = 0}. The submanifold

oF, oFy
Vo := { » 61,62, P00, — 5 s T s }
{3 (¢.¢1,C25 0 a6, (¢1) 26, (¢2))
is also coisotropic (it is T*(R?") x (—dF}) x (—dF») hence the product of one symplectic and two
Lagrangian factors). The projection Vo — Vg / ~ forgets the Lagrangian factors and is therefore

given by (q7 <17 <27p0ap17p2) = (%PO)
The plane dh intersects Vg at the points defined by the conditions
. . 0F, ,

po = 2i(C1 — (2); o =2i(¢2 — q); o =—2i(C1 —q)-

1 G2
These are equivalent to the conditions that (g, (31,(2) is a fibre critical point and py = %—g. It
follows that Lg also equals the symplectic reduction of dh with respect to V.
Since 771(dh) = gr(o), our problem is reduced to proving that the reduction of gr(c) along
T (Va) = { (20, 21, 221 Zo, Z1, Z2) | Z1 = (1)) 7! (21) and Zp = (P)) 7' (22) }
is equal to the graph of ®. But, the projection 771 (Vg) — 771(Vs) / ~ is given by
(20, 21, 225 Zo, Z1, Z2) > (20, Zo)

and gr(o) N 771 (Vy) is the set of points (20, 21, 22, 22, 20, 21) such that zy = (®1)~1(z;) and
21 = (®M)~1(2). The projection sends such a point to (zg, z3) = (20, ®(20))-

Generalization to any even number of factors. The second interpretation of Proposition 2.2
in terms of symplectic reduction permits to easily generalize the composition formula to the case
of any even number of factors (obtaining an alternative proof of Proposition 2.14). Assume that
N is even, and consider the symplectomorphism o of R?" x (R?")V defined by

U(ZOazla e aZN) = (ZN>ZOazl7' o aZN—l) .
A straightforward calculation shows that the function h: R?" x R?"V — R given by

h(Qv Cla ceey CN) =2 Z (71)J <CJ ) Zq> +2 Z (71)j+éil <Cj7i<5>

1<j<N 1<j<é<N
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is a generating function for o.

A.5. Proposition. Suppose that, for each j =1,...,N, ®U) is a Hamiltonian diffeomorphism of
R?™ with generating function Fj: R* — R. Then the function F': R*™ x R2"N 5 R defined by

Flg; G, Cn) = Fu(G) + - 4+ En(Cv) + h(g, G, - CN)

is a generating function for the composition ® = N o ... 0 &),

Proof. Denote the coordinates on T*(R?" x R?"N) by (q,(1,-+-,CN;Pos P15 ,PN). The La-
grangian submanifold Lr of T*R?" generated by F is the symplectic reduction of dh C T*(R?" x
R2"N) with respect to the coisotropic submanifold

Since 77!(dh) = gr(), our problem is reduced to proving that the reduction of gr(c) along
T (Va) = { (20,21, 2n5 Z0, Zay- -5 ZN) | 2= (@) TN (z), - 2 = (@) T (zw) )
is equal to the graph of ®. But, the projection 771(Vg) — 77 1(Va) / ~ is given by
(20,21, s 2n3 Zo, Z1, 7+ ZN) + (20, Zo)

and gr(c) N 771(Vs) is the set of points (zo, 21, " , 2N, 2N, 20,21, - ,2n—1) such that z;_; =
(®@))=1(2;) for j =1,-- , N. The projection sends such a point to (zo, ®(20)). O

A.6. Remark. In the case of RP?"~! Givental does not use directly the generating function given
by Proposition A.5. Instead he studies a path —®; starting at —id by looking at a family of
generating functions F; of the path ®, (starting at the identity). For fibre critical points of F; we
have ¢ = %‘(Zl). Thus critical points of the restriction of F; to the fibre over ¢ = 0 correspond
to fixed points of —®;. So, instead of looking at the whole function F}, Givental only considers

the restriction of F} to the fibre over ¢ = 0. o

Relation with the method of broken trajectories. We now discuss the relation between
the composition formula of Proposition 2.2 and the construction of generating functions via the
method of broken trajectories, due to Chaperon, Laudenbach and Sikorav [Ch84, LS85, Si85, Si87].

The method of broken trajectories is used to construct generating functions for Lagrangian sub-
manifolds of a cotangent bundle 7" B that are Hamiltonian isotopic to the zero section. The idea
is to first interpret the symplectic action functional on a space of paths in T*B as a generating
function with infinite dimensional domain, and then to construct a finite dimensional approxima-
tion. Recall that the symplectic action functional associated to a time-dependent Hamiltonian
function H; on an exact symplectic manifold (W, w = —d\) is the functional Ay on the space of
paths 7: [0, 1] — W which is defined by

An(y) = /01 A(%) — H, (y(t)) dt .

A path ~ is a critical point of Ay with respect to variations with fixed endpoints if and only if it is
a trajectory of the Hamiltonian flow of H;. Consider now the case where W is a cotangent bundle
T*B. Let E be the space of paths v: [0,1] — T™* B that begin at the zero section, and see it as the
total space of a fibre bundle over B with projection p: E — B given by p(vy) = 7r(fy(1))7 where 7
is the projection of T*B into B. Given a time-dependent Hamiltonian function H; : T*B — R,
consider the functional F': E — R defined by

F(y)=Au(7).

The fibre critical points of F': E — R are the trajectories of the Hamiltonian flow of H;, and the
covector v*(7) associated to a fibre critical point 7 is y(1). Thus, F' generates the image of the zero
section by the time-1 map of the Hamiltonian flow of H;. Although F' is not a generating function
in the usual sense, because its domain is infinite dimensional, a finite dimensional reduction can be
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obtained as follows. Let N be an integer. Consider the direct sum @Z 1 'TB & T*B, and denote
its elements by expressions of the form e = (¢, X, P), where ¢ is a point of B, X = (Xl, - XN-1)
is an (N — 1)-tuple of vectors X; € TyB and P = (Py,---,Py_1) is an (N — 1)-tuple of covectors
P; € T*B Let U be a neighborhood of the zero section of T'B, and consider the subspace E
of 691 1 "TB & T*B that is formed by those elements e = (¢, X, P) such that all X, belong to
U. TIf U is sufficiently small then an element e = (¢, X, P) of En can be interpreted as a broken
Hamiltonian trajectory of Hy, with N smooth pieces and N —1 jumps, as follows The first smooth
piece 71 is obtained by following the Hamiltonian flow of H; for ¢t € [0, } from the point (q,O)
to a point of T*B that we denote by n; . The second smooth piece 7, starts from a point 771 ,
which is uniquely determined by n;", X; and P; in a way that we describe later, and follows the
flow of H, for t € [+, %] to a point 7, . We continue in this way to obtain the whole broken
trajectory. In order to describe the jumps we fix a Riemannian metric on B, and consider the
associated Levi-Civita connections on 7B and T*B. The point 7] = (q; B2 ) is determined by
ny = (g1 ,p7 ), X1 and P; in the following way. Denote by X, € T Band Py € T * B the vector

and the covector obtained by parallel transport of X; and Py along the projection to B of the path
. Since X7 is in U, which is assumed to be sufficiently small, we can then define q1 = exp, - (X 1)
and pl = ((d exp, - e X, )* ) (Pl). The other jumps are defined similarly. Consider the prOJection

p: En — B that sends a point e = (¢, X, P) to the projection ¢y to B of the endpoint 7 of the
broken Hamiltonian trajectory associated to e. Define a function F': Exy — R by

N N-1
(A7) Fle)=> Aul(y)+ > Pi(X
j=1 j=1
Denote the flow of Hy; by {¢¢ }+e[0,1], and assume that, for all j = 1, - -, N, the symplectomorphism

pg o (goj%)’l is sufficiently C'-small. Then [Si85] the fibre critical points of F' are the unbroken

trajectories, and the covector v*(e) associated to a fibre critical point e is given by v*(e) = py.
Thus, F: Exy — R is a generating function for the image of the zero section by ;.

If ¢; is already sufficiently C!-small then the above construction (for N = 1) reduces to the
following. The space E7 can be identified with B, by associating to a point g of B the Hamiltonian
trajectory -y, of H; starting at g. We see E; as the total space of a fibre bundle over B by the
diffeomorphism

(A.8) Ei =B, g m(y(1).

Then the function F: By — R, F(q) = An(7v,) is a generating function, with respect to the
projection (A.8), for the image of the zero section by ;. In other words, the function on B
obtained by precomposing F' with the inverse of (A.8) is a generating function (with respect to
the projection B — B given by the identity) for the image of the zero section by .

Returning to a general IV, in the case when B is R™ with the Euclidean metric we can identify Ey
with the product R" x (R™)N=1 x (R")¥=1, For an element e = (¢, X1,..., Xn_1,P1,..., PN_1)
we then have q;-r =q; +Xj, p;r = P; and P;(X;) = (P}, X;).

We now discuss how the composition formula of Proposition 2.2 is related to this construction. We
are interested in Lagrangians of T*R?" of the form 'y = 7(gr(®)), where 7: R?" x R?" — T*R?"
is the identification (2.1). Any such Lagrangian is Hamiltonian isotopic to the zero section by
the Hamiltonian isotopy of T*R?" that corresponds under 7 to a Hamiltonian isotopy of the form
id x ®;. The Hamiltonian function thus satisfies

(A.9) Hy(1(2,2)) = Hy(7(2 + a,2)) = Hy(1(2,Z) + (%,ia)) foralla e R =C".
Suppose now that the flow {W;},c(o,1) of H; is the concatenation of pieces {\I/t}t6 i1 g 80 that
each ¥U) .= ¥ FRC \IJJ 1 7! has a generating function Fj : R?" — R. Using (A.9) we can relate the
action terms in (A 7) Wlth the action of Hamiltonian trajectories starting at the zero section, and
thus with the functions Fj;. Observe first that Ag(y1) = F1((1) where (1 :=¢; = %. For
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j=2,--+-,N set

in71
2

Y () =;(t) + ( ,—Pj_1).

The 7; are Hamiltonian trajectories starting at (¢;_; + X;—1 + ipé’l ,0), and

~ v o7 v, _ _
An(iy) = A (03) = /0 )\(8726]) B A(éTfj) dt = —(Pj-1, ¢5 = (g1 + Xj-1)) -
Set
uj + U (uy )
G = T

where u; = ¢;_ + X1+ iPJ;l. Then Ayx(7;) = F;(¢;), and so the function (A.7) reduces to

N -1

F(e)=Fi(C) +--+FnCN)+ ) (Pj-1,q; — (g, +Xj—1)>+ (Pj, X;)

=2

<.
U

.
Il

=

=F(C)+-+FnN)+ ) (Pdi — a5 )

<.
Il
—

Set q; := Qi1 = Ci+1 — 77 for j=1,---, N — 1, and consider the change of variables

e:(qulv"' 7XN717P1a"' 7-PN71)}_> (Clv"' 7<N7q17'“ 7QN—1)~

Then
N—1 N—-1
j?q_j-!,-l ;> < 22((2 - (h + Z 27/ Cj+1 - QJ) q5 — Qj71>
j=1 Jj=2
N—1
=2(¢ —q1,i(q -2 Z (Gi+1 — a4, i(q5 — g5-1))

Jj=

and so the function (A.7) reduces to the function (((F1§F2)t...)# Fn) obtained by iteratively
applying the composition formula of Proposition 2.2.

APPENDIX B. THE HOMOLOGY JOIN

Recall that the Zj-join A xz, B of subsets A of L™ !(w) and B of LiM,_l(w’) is the sub-
set of Li(MJrM H(w, w') defined by (3.8). In this section we complete the proof of the join
quasi-additivity property of the cohomological index (Part (v) of Proposition 3.9) by proving the
following lower bounds on the index of the equivariant join: if A and B are closed, then

ind(A) + ind(B) if at least one of the indices is even

B.1 ind(A %z, B) >
(B-1) ind(A 2, B) 2 {ind(A) +ind(B) — 1 if both indices are odd.

To prove this lower bound we develop an equivariant join operation on homology.
The join stability property of Proposition 3.9(v),
(B.2) ind (A *z, L* !(w')) = ind(A) + 2K ,

is a special case of the join quasi-additivity property, but since several of our applications of the
non-linear Maslov index only need this special case, we also give a short direct proof of it.

B.3. Remark. By continuity of the index (Proposition 3.9(i)), and since for every neighborhood
O of A xz, B there exist neighborhoods U of A and V of B such that O contains U %z, V, it is
enough to prove (B.1) and (B.2) when A and B are open subsets of lens spaces.
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B.4. Lemma. Let A be an open subset of a lens space LiM_l(w). Then the map
Hj(A;Zy) — Hy (LM (w); Zy,)

that is induced by the inclusion 1: A < LiM_l(Q) is surjective (with image = Zy) for all j <
ind(A) and is the zero map for all j > ind(A).

Proof. Because A is a manifold, its Cech cohomology agrees with its singular cohomology. The
result then follows from Lemma 3.3 by the duality between homology and cohomology with field
coefficients. 0

Proof of the join stability property (B.2).

Recall that the Thom space of a real vector bundle 7: F — X is the space Th(n) = D(FE)/S(E),
where S(E) and D(FE) denote the total spaces of the corresponding unit sphere bundle and closed
disk bundle. An orientation of F gives rise to the Thom isomorphism

T: Hjm(Th(m)) — H;(X) forj >0,

where the tilde denotes reduced homology, and m is the rank of 7: E — X (see for instance [Sp66,
Theorem 5.7.10]).

By Remark B.3, we can assume that A is an open subset of LiMfl(g). The preimage Aof Ain
SiM ~!(w') is a principal Zg-bundle. Consider the associated vector bundle

(B.5) m: (Ax R¥ (W) /7y — A.
We claim that there is a cofibre sequence
(B.6) LR (') < A g, L7 H(w') 5 Th(n),

where the first map is the canonical embedding into the join. Indeed, there is a natural Zg-
equivariant homeomorphism

P (Av* SR (W) N S W) — A x int (D*(w’))

where int (D*¥(w')) C C*(w') is the open unit disc, and Zj, acts on A x int (D?%(w')) diagonally.
The map that ¥ induces on the quotient spaces identifies (A %z, LA (w')) N L3 (w') with the
total space of the open disk bundle of the vector bundle (B.5) and extends to a homeomorphism

(A sz, LM (w)) /L7 (w') — Th(m),

which expresses (B.6) as a cofibre sequence.
The canonical embedding L% ' (w') < A %z, L* ~'(w’) is injective in homology (for example,
because its composition with the classifying map of A #z, L7* '(w’) is a classifying map for

LZK 71(@’ ), which is injective in homology). It follows that the long exact sequence associated
to (B.6) splits into short exact sequences

0 — H;(L35 Y(w')) — Hj(Axz, LF* ' (w')) — H,;(Th(r)) — 0,

and thus the collapse map
q: Axg, LF¥ M (w') — Th(n)

induces an isomorphism in homology in degrees > 2K. Consider the isomorphism *¢ defined by

*: HJ<A) L} HJ+2K(Th(7T)) % H]+2K (A *7, L2K 1( )) fOI‘] > 0.

Since *{ is natural, by applying it to A and to LiM 71(@) we obtain a commuting diagram

(B.7) H;(A) ———— H; 2K (A xz, LiK_l(w/))

L*J/ i(L *z, id)

Hj (LiM_l(Q)) ? 42 K(Li(JVI—&-K)—l(w7 wl)) )
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Since ind(A) and ind(A *z, L5 (w’)) are the lowest degrees of the homology groups on which
the corresponding vertical arrows of (B.7) are the zero maps (by Lemma B.4), and since the
horizontal arrows of (B.7) are isomorphisms that increase the degree by 2K, we conclude that
ind(A #z, LY* ' (w')) = ind(4) + 2K.

The join and the equivariant join. In order to construct a join operation on singular homology
we first need to discuss in some detail the join operation on topological spaces. Here, all topological
spaces are assumed to be Hausdorff. Let

A™ = {(to, .. tm) ERZF [to+ ... +tm =1}

be the standard m-simplex (m > 0). The join of two topological spaces X and Y is defined to be
the quotient

X*xY =(XxY xAYH/~

where the only non-trivial relations are (z,y, (0,1)) ~ (¢, y,(0,1)) and (z,y, (1,0)) ~ (2,9, (1,0))
forallz,2’ € X and y,y’ € Y. We denote the equivalence class of (z,y, (to, t1)) in X*Y by toz+t1y.
Similarly, the join of (m + 1) topological spaces Xy, ..., X,, is defined by

Xo#.oox Xy = (XoX oo o X Xppy X A™) [ ~,

with the class of (zg,...,Tm, (to,.-.,tm)) denoted by toxo + ... + t;&m, and with tozo + ... +

tmm = tozo + ... + t,xy, if and only if ¢; = ¢} for all j and z; = 2 whenever t; # 0.

The join operation is natural, in the sense that continuous functions f;: X; — X ]’ induce a
continuous function fo -« % fr,: Xo*- - X, — X{*---x X/, so that (goo fo)* -+ *(gmo fm) =
(go*- - ~*gm)o(fox- - -*fm). In particular, when the spaces X; are equipped with an action of a group
G, their join acquires the G-action given by a - (tozo + - - - + tm@m) = to(a-x0) + - +tm(a - Tum).
The (equivariant) join of principal G-bundles is a principal G-bundle. If X and Y are spaces
equipped with principal G-bundles X > XandY — Y, we define their G-join to be the space
XxgY = ()? * ?)/G equipped with the principal bundle X Y — X g Y.

The natural maps
(B.8) (X« Z 2 XY« Z & X« (Y % 2)

given by 1 : so(tox+t1y)+s12 — (soto)x+ (sot1)y+s12 and similarly for o are homeomorphisms
(because they are continuous proper bijections of Hausdorff spaces). We have similar maps for
any parenthetization of any number of factors. We also have the map

(B.9) T: X*xY =>Y X | toxr+tiye— tiy+tox.

These maps are natural, in the sense that for any continuous maps f: X — X', ¢: Y — Y’ and
h: Z — Z' the diagrams

(B.10) (XxY)xZ 2 XY 2 and X*xY "=V xX
i(f*g)*h lf*g*h lf*g \Lg*f
(X' +Y") % 2 L X Y 5 7 X'+ —= V' X’

commute, and similarly for 5. For principal G-bundles over X, Y, Z, the associativity and
commutativity homeomorphisms (B.8) and (B.9) pass to the quotients and yield homeomorphisms

(X*x¢gY)*¢Z - X*gY xqgZ < X*¢ (Y *¢Z) and Xx*gYV — Y xgX

that are natural in the sense analogous to (B.10).
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Joins of standard simplices, spheres, and lens spaces. For the standard unit spheres, we
have identifications

. g2M-1 *SzM/—l SQ(M+M’)—1

(YRYE =
given by
(205 -y 20r) + (2, 2hp) = (V2o VEzar N2 N2 )

(these maps are continuous proper bijections, hence homeomorphisms). These identifications
descend to lens spaces, where we use the same notation

(B.11) Vs LM (w) #z, LiMl*l(g’) =N Li(MjLM/)*l(Q, w').
We have similar identifications for multiple joins.

These identifications are consistent, in the sense that the diagrams

(B.12) LMt 2M' -1 %z 72M" -1 L2(M+M’+M”)*1
. k k k k "k 11’M,M’,M” k
\L(Lpl)l T’PM+M’,M"
_ r_ "_ 2AM M' —1 "_
(LiM 1 - LiM 1) - LiM 1 Lk( +M’) - LiM 1
1l11\4,1\4/*2k1d

commute, and similarly for the other parenthetization, where to simplify notation we omitted the
weights. By induction we get consistent identifications of iterated multiple joins of lens spaces
with higher lens spaces.

Given subsets A ¢ LM '(w) and B C LiM/_l(w’), identifying A xz, B with a subset of

LMY (w) g, LiMI*l(@’) by natura/mlity and further with a subset of Li(MJrM/)*l(w7 w’) by (B.11),
we get the same subset of Li(M+M )_1(Q, w’) that was described in (3.8).

B.13. Remark. If f and g are smooth maps between spheres or lens spaces, then f x g (viewed as
a map between higher dimensional spheres or lens spaces) might not be smooth.

For the standard simplices, the identifications
(B.14) Al AT =5 Al

given by
Uo(to, e ,tl) + ’ul(So, sy Sm) — (UQto, s ,uotl,ulso, PN ,U1Sm)

are consistent, in a sense similar to (B.12). In particular, the composition
(B.15) APt o AL AT AT 22 (Al A™) 5 AT 22 AL AT o2 AlFmtnt2
is the identity map, and similarly with the other parenthetization.
The join operation on homology. Given singular simplices o: A! — X and pu: A™ — Y on
X and Y, the identification (B.14) makes their join into a singular (I + m + 1)-simplex
o p: AL X vy
Extending bilinearly, we obtain a map of singular chains
Similarly, the triple join gives a map of singular chains

OJ(X) ® CZ(Y) & Cm(Z) — Cj+l+m+2(X *Y % Z) .
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The definitions of the join and boundary operations * and 0 directly imply that for any two
singular simplices o: A - X and pu: A™ — Y we have

(00) * p+ (=)o xou if I,m >0,

_1\l+1 . _

(B.17) (o % 1) = (00) x p+ (-1)"*o if 1> 0,m =0,
p— o x(9p) if 1=0,m>0

H—0 if l=m=0.

It follows from (B.17) that the chain join (B.16) defines an operation
x: H(X)® Hp(Y) = Hipmy1 (X *Y)  when!>0and m > 0.

We now show that the same considerations go through also for principal G-bundles for a finite
group G, and that moreover if we consider Zg-coefficients with k dividing the order of G then the
induced operation in homology is defined in all degrees.

Let X — X be a principal G-bundle and C, (X)¢ the complex of G-invariant chains on X. There
is a canonical isomorphism of complexes

0 C(X) S 0 (X)C
which on a singular simplex o: A™ — X is given by ¢(0) = decg &, where 5: A™ — X is

any lift of o. The join operation sends G-invariant chains on X and Y to G-invariant chains on
X*Y. Defining

%G =~ (p(o) * p(p))
on simplices, and extending bilinearly, we obtain an equivariant join operation on chains,

(B.18) *G OZ(X) ® Cm(Y) — Cl+m+1(X *G Y) .

The definitions of the join operation on chains (B.16) and on equivariant chains (B.18) make sense
with arbitrary ring coefficients. We now consider Zg-coefficients, for k£ dividing the order of G.

B.19. Lemma. Let X — X andY — Y be principal G-bundles. Assume that k divides the order
of G. Then the equivariant join operation on chains (B.18) satisfies

0 (0 *g p) = (00) *cq p+ (=)o xq o

Proof. By bilinearity, it is enough to consider the case of simplices (rather than chains) o: Al — X
and p: A™ = Y. If [ > 0 and m > 0 the result follows from (B.17). Assume now that [ > 0 and
m = 0 (the remaining cases are similar). Let 5: Al — X and ji: A™ — Y be any lifts of o and .
Since we use Zjg-coefficients, we have

d(oran) = 0 (1))

|
Q;

)+ (h- i)

) (he i) + (~1)1g )

= ¢ 1( (907) o ))+90‘1(|G|( D e(0))
= (00)*¢ 1.
(]

Lemma B.19 implies that if k& divides the order of G then the equivariant join operation on chains
induces an operation on homology:

xg: Hi(X;Zg) @ Hp(Y;Zy) = Hipmi1(X g Y;Zy) foralll>0and m>0.
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Moreover, the naturality of the chain level formula provides join operations on relative homology
*G . Hl(X, A; Zk) ® ]‘]m(Yv7 B; Zk) — Hl+m+1 (X *G Y, (X *q B) @] (A *G Y) ; Zk>
such that Ty *G Ym = T] *¢ Um for any x; € H|(X;Zy) and y,,, € H,,(Y;Zy), where T, U, and

T *G Ym denote the images of x;, y,, and x; *g Yy, in relative homology.

It follows from the consistency of the identifications of the standard simplices (specifically, from
(B.15) being the identity map) that the join operation on chains (B.16) is associative, in the
following sense. For any three singular simplices o: A7 — X, pu: Al - Y and v: A™ — Z we
have

(B.20) pro((oxp)xv)=0xp*xv=epyo(c*(u*v)),

where ¢ and @9 are the homeomorphisms of (B.8). This further implies that the equivariant
join operation on homology is associative, in the following sense. For homology classes «, 3,y
on spaces X,Y,Z equipped with principal G-bundles with %k dividing the order of G, we have

(01)s ((# B) 7) = axBxy = (p2). (e x (B 7))

The join operation in homology also satisfies a commutativity property. We postpone this result
to at the end of this appendix (Proposition B.24); we do not need it for our applications.

Computations for lens spaces. Lemma B.21 and Proposition B.22 contain computations of
equivariant joins for lens spaces. For our applications, we only need the “if” direction of Proposi-
tion B.22 and we don’t need Lemma B.21.

B.21. Lemma. Let zg € HO(L,lv; Zy) be the homology class of a point. Then xq %z, xg = 0.

Proof. The class zg € Ho(L};Zy) is represented by the singular simplex sending A° to [1] € Lj.
The class xg *z, To € H1(L3; Zy) is represented by Zf;é o;, where, for j =0,...,k—1,0;: Al =
[0,1] — L3 is the singular 1-simplex given by

o;(t) = [\/ﬁ,\/fej%} .

The paths o; all have initial point [1,0] and end point [0,1] in L}. The concatenation dgo; is a
loop in Lj in the homology class [0 — oo As the lift of G50, to S° starting at (0,1) ends at
(0,€27%/k) we see that, for 1 < j < k — 1, the loop Ggo; generates 71 (L}) and Gpo; = (Ggo1)? in
71 (L3). In Hy(L}) we have [0; — 0] = jlo1 — 0¢]. So

X *7, To = [jz_;zaj] = []:Z::(aj —00)} = ];Z::j[ol —op] = k(kT_D [c1 — 00l =0.

O

B.22. Proposition. Suppose that x,, and x,, are non-zero elements of H,, (LiMfl(Q);Zk) and

H,, (LiM,_l(@’);Zk). Then the join Tp, *z, T is non-zero if and only if m or m' is odd.

Proof. By functoriality, it suffices to consider the case when the weights w and w’ are of the form
(1,...,1). Indeed, for any w (and similarly for w’), the classifying map of LiMfl(w) induces an
injection in homology (even over Z) and can be obtained as the composition of a map L{™ ! (w) —
LR = L3K71(1,. .., 1) with the classifying map L' — Lg° for some sufficiently large K.

Let 09: A — L} be the simplex 1+ [1] and let o1: A' — L1 be the simplex (tg,t1) ~ [e?1/k].
As chains, 0¢ and o are closed; denote their homology classes by yo = [0¢] and y; = [01].

The standard cell decomposition of LiM *1 can be described as follows (see for instance [Ha02,
Example 2.43]). There is one cell €’ in each dimension 0 < j < 2M + 1. The standard inclusion
LM 2MAL 2] s (2, 0] takes the jth cell of LM ™! to the jth cell of LM ™! for all 0 < j <
2M — 1, and is injective in homology. Moreover, under the identification LiM +1— LiM -1 *z, L1

of (B.11), we have that e?M = ¢2M~1 4, €0 and e2MF! = 2M -1y, el
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When j is odd, the jth skeleton of the cellular decomposition of LzM *1 is the lens subspace Li,
embedded by the standard inclusion [z] + [2,0]. We denote the jth skeleton of the cell complex
by L even when j is even.

Let
Cop—1: (A2M_1,8A2M_1) — (LZMileiMiz)

be a characteristic map of €2 =1, Then [c2ar—1] is a generator of HgM,l(LiMfl, LiMfQ; Zy,). Let

yam—1 be the generator of HQM_l(LiM_l

Hopng 1 (LMY Z0) — Hopp (L3 LM 2 7,).

) that maps to [oaar—1] under the isomorphism

For j = 0, 1 the chains o9/ 1%z, 0; are triangulations of the cells e?M+7 relative to their boundary,
so they represent generators of Hopryj (L3 7, L2M 471 7,). By the naturality of the equivariant

join, yaprr—1 *z, Y; maps to [oaar—1 *z, ;] under the isomorphism
M+j M+j 72M+j—
Honr (L5 Z) — Hongy s (L, LE742,)
It follows that yoar—1 *z, y; is a generator of Hopryj (LiM'H; Zy,).

Taking iterations, and using associativity to remove the brackets, we conclude that each of the

classes y1 *z, ... %z, Y1, Y1 %z, ---*z, Y1 %z, Yo and (by a similar argument) yo *z, Y1 *z, - . - *z, Y1
is a generator of the homology group in the appropriate dimension.

Let z, € Hm(LiMfl;Zk) and z,, € Hm/(Lilel;Zk) be non-zero classes. Suppose that m
and m’ are not both even. Expressing z,, as a non-zero scalar multiple of y; *z, ... *z, y1 or
Yo *z, Y1 *z,, - -- ¥z, Y1, and expressing x,,, as a non-zero scalar multiple of y; *z, ... %z, y1 or
Y1 *z,, - .. *z7, Y1 *z, Yo, we conclude (by associativity) that z,, * z,,,/ (in which yo might occur as
a first or last factor but not both) is non-zero.

Since (y1 *z,, - - - *z,, Y1 *z, Yo) *z, (Yo *z,, Y1 *z, - - - *z, Y1) is zero (by associativity and by Lemma
B.21), it similarly follows that if m and m’ are both even then wx,, *z, s is zero. d

Proof of the lower bounds (B.1) on the index of a join. By Remark B.3, we can assume
that A and B are open subsets of L2 ~*(w) and of LiM/_l(w’).

First, suppose that ind(A) or ind(B) is even. By Lemma B.4, there exist classes o € Hipq(a)—1(A)
and f € Hinap)_1(B) whose images in Hin(ay_1(L2M ' (w)) and in Hipap)-1 (L3~ (w'))
are non-zero. By Lemma B.22 and the naturality of the equivariant join, o %z, 8 is a class in
Hind(a)+ind(B)—1(A *z, B) whose image in Hind(A)+ind(B)71(Li(M+M I
Lemma B.4, this shows that ind(A %z, B) > ind(A) + ind(B).

w,w')) is non-zero. By

If ind(A) or ind(B) are both odd, we apply a similar argument to classes o € Hiyq(a)—1(A) and
B € Hinq(p)—2(B) to conclude that ind(A #z, B) > ind(A) + ind(B) — 1.

B.23. Remark. In the case of projective space, any cell of the standard cellular decomposition
is the equivariant join of the cell in the previous degree with a 0-cell. Therefore the proof of
Proposition B.22 shows that in this case the join of two generators in any degree is non-zero. It
follows from this argument and property (iv’) in Remark 3.11 that in the case of projective spaces

the cohomological index is join additive: for closed subsets A of RPY and B of RPM " we have
ind(A xz, B) = ind(A) + ind(B). o

Commutativity of the homology join. We complete our discussion of the join operation on
homology with a commutativity property of this operation.

B.24. Proposition. Let X >3 XandY —Y be principal G-bundles and suppose that k divides the
order of G. Let 7: X xq Y — Y x¢ X denote the homeomorphism (B.9). Then for a € H)(X;Zy,)
and B € H,,(Y;Zyi) we have

Tlaxg B) = (—1)IHDMHI B4
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Proof. We use the geometric interpretation of singular cycles that appears in [Ha02, p. 108-109].
Let z € Cy(X;Z) be a cycle, and write = ), z,0; with o;: A" - X and z; # 0. Let

K, = (ITal)/~
be the disjoint union of one I-simplex A! for each o;, quotiented by the identification of the facets
of the Als that give rise (via the maps ;) to the same singular (I — 1)-simplex. Then the singular
simplices o;’s assemble to give a map o: K, — X. We denote by 7;: Aé — K, the inclusion in
the coproduct followed by quotient. Then

T = leﬁi S CZ(KI;Zk)

is a cycle and 0,(z) = 2. Now let x = >, w;0; € Ci(X;Zy) and y = > y;ju; € Cp(Y;Zy) be
cycles representing the homology classes o and 8 respectively. Then

wray =9 (D D wislg 5« (b))

g,heG i,j

Yk T = (p_l( Z inyj(h fg) % (g Ei))
g,heG 1,5
where ; and fi; are some lifts of o; and pj. Let v: Kpipy = X #¢ Y and : Kyipo — Y *¢ X be
the maps geometrically realizing the cycles x *g y and y *g x via the procedure described above,
and T#G Y € Cipmt1(Kangy; Zi) and y¥g & € Crymi1 (Kywga; Zi) be the corresponding cycles.
Then the diagram

and

Kr*cy *y> X *q Y

1
Kysoa — Y xg X
commutes, where T is the homeomorphism induced by the canonical homeomorphisms

Al—i—m—i—l — Al x A™ ; A *Al — Al+m+1
between the top cells of K ..y and Ky.,,. Since for cellular homology with Zj-coefficients we
have T, ([z%g 7)) = (—=1)™*tDUHD %5 7], the same holds in singular homology. Hence

ro(axg B) = novi([TFa 7)) = 0. T[T+ 7))
. (=)D EGT]) = (1) Brga.
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