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Abstract

In this paper for the first time the adaptive efficient estimation
problem for nonparametric autoregressive models has been studied.
First of all, through the Van Trees inequality the sharp bound for
the robust quadratic risks, i.e. the Pinsker constant (see, for exam-
ple, in [19]), in explicit form has been obtained. Then, through the
sharp oracle inequalities method developed in [4] for non parametric
autoregressions an adaptive efficient model selection procedure is pro-
posed, i.e. such for which the upper bound of its robust quadratic risk
coincides with the obtained Pinsker constant.
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1 Introduction

1.1 Model
In this paper we consider the nonparametric autoregression model defined as
k(b—a
v, =Sz )y, + & and z,=a+ % : (1.1)

where S(-) € L,[a, b] is unknown function, a < b are fixed known constants,
1 < k < n, the initial value y, is a constant and the noise (), is i.i.d.
sequence of unobservable random variables with E{; = 0 and Ef? =1 1In
the sequel we denote by p the distribution density of the random variable &;.

The problem is to estimate the function S(-) on the basis of the observa-
tions (Y )<p<, under the condition that the noise distribution p is unknown
and belongs to some noise distributions class P. There is a number of pa-
pers which consider these models such as [6], [7] and [5]. In all these papers,
the authors propose some asymptotic (as n — oo) methods for different
identification studies without considering optimal estimation issues. Firstly,
minimax estimation problems for the model (1.1) has been treated in [2] and
[18] in the nonadaptive case, i.e. for the known regularity of the function
S. Then, in [1] and [3] it is proposed to use the sequential analysis method
for the adaptive pointwise estimation problem in the case when the Holder
regularity is unknown.

1.2 Main contributions

In this paper we consider the adaptive estimation problem for the quadratic
risk defined as

b
Ry(8,.5) = B, 4|5, — |2, |IS| = / Sy,  (12)

a

where §n is an estimator of S based on observations (y ), <<, and E ¢ is the
expectation with respect to the distribution law P, ¢ of the process (y;)1<j<,,
given the distribution density p and the coefficient S. Moreover, taking into
account that the distribution p is unknown, we use the robust nonparametric
estimation approach proposed in [8]. To this end we set the robust risk as

R*(S,,S) = supR,(S,,S), (1.3)

PEP

where P is a family of the distributions defined in Section 2.



To estimate the function S in model (1.1) we make use of the model selec-
tion procedures proposed in [4] based on the family of the optimal poinwise
truncated sequential estimators from [3] for which using the model selection
method developed in [9] a sharp oracle inequality is shown. In this paper,
using this inequality we show that the model selection procedure is efficient
in adaptive setting for the robust quadratic risks (1.3). To this end, first of
all we have to study the sharp lower bound for the these risks, i.e. we have
to study the best potential accuracy estimation for the model (1.1) which is
called the Pinsker constant. For this we use the approach proposed in [10] -
[11] which is based the Van-Trees inequality. It turns out that for the model
(1.1) the Pinsker constant has the same form as for the filtration signal prob-
lem in the ”signal - white noise” model studied in [19] but with new coefficient
which equals to the optimal variance given by the Hajek - Le Cam inequality
for the parametric model (1.1). This is the new result in the efficient non
parametric estimation theory for the statistical models with dependent ob-
servations. Then, using the oracle inequality from [4] and the weight least
square estimation method we show that for the model selection procedure
with the Pinsker weight coefficients the upper bound asymptotically coincides
with the obtained Pinsker constant without using the regularity properties
of the unknown functions, i.e. it is efficient in adaptive setting with respect
to the robust risks (1.3).

1.3 Plan of the paper

The paper is organized as follows. In Section 2 we give all conditions and
construct the sequential point-wise estimation procedures. to pass from the
auto-regression model to the corresponding regression model. In Section 3 we
construct the model selection procedure based on the sequential estimators
from Section 2. In Section 4 we announce the main results. In Section 5 we
show the Van - Trees inequality for the model (1.1). In section 6 we obtain the
lower bound for the robust risks. In Section 7 we obtain the upper bounds
for the robust risks. In Appendix A we give the all auxiliary and technic
tools.

2 Sequential procedures.

As in [3] we assume that in the model (1.1) the i.i.d. random variables (,)>,
have a density p (with respect to the Lebesgue measure) from the functional



class P defined as
+oo “+o0
P::{pZO:/ plz)de =1, / zp(r)dr =0,

oo T e p(e) da
/ w?p(zr)dr =1 and sup S < 1} . (2.1)

where ¢ > 1 is some fixed parameter, which may be a function of the number
observation n, i.e. ¢ = ¢(n), such that for any b > 0

. s(n)
lim —= =0. 2.2
Note that the (0,1)-Gaussian density belongs to P. In the sequel we
denote this density by p,. It is clear that for any ¢ > 0

m; = sup E,, [§[? < o0, (2.3)
pPEP
where E  is the expectation with respect to the density p from P. To obtain
the stable (uniformly with respect to the function S ) model (1.1), we assume
that for some fixed 0 < € < 1 and L > 0 the unknown function S belongs to
the e - stability set introduced in [3] as

0.1 = {5 € C,([a,b,R):|S|, <1—¢ and |9, < L} , (2.4)

where C,[a, b] is the Banach space of continuously differentiable [a,b] — R
functions and |S|, = sup,___, |S(x)|.

We will use as a basic procedures the point wise procedure from [3] at
the points (2;);<;«, defined as

zl:a—ké(b—a), (2.5)

where d is an integer value function of n, i.e. d =d,, such that

d
lim —= =1. 2.6
nlﬂoﬁ (2:6)

So we propose to use the first ¢, observations for the auxiliary estimation of
S(z). We set

N 1 4 U
S = A Z Qz,j Yi—1Yj ALz = Z Ql,j yj_l ) (2.7)
j=1

=1



where Q,; = Q(u;;) and the kernel Q(:) is the indicator function of the
interval [—1;1], i.e. Q(u) =1 y(u). The points (u;;) are defined as

T, — 2
Uy ;= ]h : (2.8)

Note that to estimate S(z;) on the basis of the kernel estimate with the
kernel () we use only the observations (yj) by 1 <i<hy from the A - neighbor of
the point z;, i.e.

k= [nz — nhl+1 and kyy = [nz + nh] An, (2.9)

where z; = (2, —a)/(b — a) and h =h/(b—a). Note that, only for the last
point z;, = b the k, ; = n. We chose ¢, in (2.7) as

u=ky,+q and q=q,=[(nh)"] (2.10)
for some 0 < p, < 1. In the sequel for any 0 < k < m < n we set
Apm = Z @y yf-_l and A=A, . (2.11)
j=k+1

Next, similarly to [1], we use a some kernel sequential procedure based on
the observations (y;), <;<,. To transform the kernel estimator in the linear
function of observations and we replace the number of observations n by the
following stopping time

where inf{()} = k,,; and the positive threshold H; will be chosen as a positive
random variable measurable with respect to the o - field {y;,...,y, }.
Now we define the sequential estimator as

—1

S/ = H Z QujYj—1Y; + %IQ(“l,Tl)?JT,q Yr, 1rla (2.13)
bo\y=,+1

where I', = {4, |, _; > H;} and the correcting coefficient 0 < > <1 on this

set is defined as
ALZ,Tl—l + %12 Q(ul,rl)yz 1 Hl : (214)

TI—



Note that, to obtain the efficient kernel estimate of S(z;) we need to use the
all ky; — ¢, — 1 observations. Similarly to [15], one can show that 7, ~ v, H,

as H — oo, where
v, =1-5%7z). (2.15)

Therefore, one needs to chose H as (ky; — ¢, — 1)/v,. Taking into account
that the coefficients 7, are unknown we define the threshold H, as
1—¢€ ~ 1

Hl:Tl(kQ’l_Ll_l) and =

(2.16)

where 7, = 1— gfl and §Ll is the projection of the estimator §Ll in the interval
] —1+€1—7¢),ie.

S,, = min(max(S, , —1+F€),1—¢). (2.17)
To obtain the uncorrelated stochastic terms in the kernel estimators for S(z))
we chose the bandwidth h as

b—a

= . 2.1
h 53 (2.18)

As to the estimator §Lz’ we can show the following property.

Proposition 2.1. The convergence rate in probability of the estimator (2.17)
1s more rapid than any power function, i.e. for any b >0

lim n° max sup sup P, <|§Ll —S(z)| > 60) =0, (2.19)

n—+00 1<i<d seco . PEP
€,

0

where €, = ¢,(n) — 0 as n — 0o such that lim, ,__n’e, = oo for any § > 0.

Now we set
Y, =Shn(z)1lp and T=n" T,. (2.20)

Using the convergence (2.19) we study the probability properties of the set
[' in the following proposition.

Proposition 2.2. For any b > 0 the probability of the set I satisfies the
following asymptotic equality

lim n® sup P, s () =0. (2.21)

n—00 See, |



In view of this proposition we can negligible the set I'“. So, using the esti-
mators (2.20) on the set I' we obtain the discrete time regression model

Y, =58(%)+¢ and (= 51* +w, (2.22)
in which .
ij:L 41 QY18+ 7 Q(Ul,q) Yr—1 frl
&= ! i (2.23)
!

and @, = @, ; + wy, where

7—1 2 2 2
Zjlibl-f—l Q1 yj—lAlJ + Q(ul,n> yTl—lAlﬂ

Wi =

and

(= ) Quy ) v2_, ()
H, ’

Note that in the model sec:In.1-11-1R the random variables (£),<;<4 are
defined only on the set I'. By the technical reasons we need the definitions
for these variables on the set I'“ was well. To this end for any j > 1 we set

Ql,j - Ql,j Yj—1 1{j<k271} +VH, Qz,j 1{j=k2,z} (2.24)

and /Vlbl’m = Z;@:Llﬂ QlQJ Note, that for any 7 > 1 and [ #m

Wy =

Qi Qm; =0. (2.25)
and Abhkﬂ > H,. So we can modify now stopping time (2.12) as

f=inf{k >y +1: A4, ,>H}. (2.26)

Obviously, 7; < ky; and 7, = 7, on the set I' for any 1 <[ < d. Now similarly
to (2.14) we define the correction coefficient as

A+ 75 Q. = H,. (2.27)

It is clear that 0 < 35 <1 and 34 = 55 on the set I' for 1 <[ < d. Using this
coefficient we set

-1 3 A
Zjl:Ll—i-l Q&+ 74 Quz &5,
H, )

m= (2.28)



Note that on the set I' for any 1 < [ < d the random variables 1, = £l*.
Moreover (see Lemma A.2 in [4]), for any 1 <[ < d and p € P

E,s(m16)=0, E,s(n1G)=0] and E g (n/|G) <o}, (2.29)

where 0, = Hlfl/Q, G =o{n,....n_y,0,} and m = 4(144/v/3)*m. It is
clear that

< min ¢? < 2 < :
Tpr < lIélllgnd o, < glag)il o, <oy, (2.30)
where
1—¢ q 1
Ogy ==————=— and o, = .
0 2(1 — €)nh b (1 -9 (2nh — q — 3)

Now, taking into account that |, | < Lh, for any S € ©_; we obtain that

v
sup E_1pw? < (L2h2+—”) : 2.31)
see, | pSTET (nh)? (

where U, = sup E, s max, ., y;l. The behavior of this coeffi-

per SWPgseo_,
cient is studied in the following Proposition.

Proposition 2.3. For any b > 0 the sequence (0,,),>, satisfies the following
limiting equality -
lim n "o, =0. (2.32)
n—oo
Remark 2.1. It should be noted that the property (2.32) means that the
asymptotic behavior of the upper bound (2.31) approzimately almost as h™2
when n — oo. We will use this in the oracle inequalities below.

Remark 2.2. Note, that to estimate the function S in (1.1) we use the
approach developed in [11] for the diffusion processes. To this end we use
the efficient sequential kernel procedures developed in [1, 2, 3]. It should be
emphasized that to obtain an efficient estimator, i.e. an estimator with the
minimal asymptotic risk, one needs to take only indicator kernel as in (2.13).

Remark 2.3. [i should be noted also that the sequential estimator (2.13)
has the same form as in [3], but except the last term, in which the correction
coefficient is replaced by the square root of the coefficient used in [14]. We
modify this procedure to calculate the variance of the stochastic term (2.23).



3 Model selection

In this section we consider the nonparametric estimation problem in the
non asymptotic setting for the regression model sec:In.1-11-1R for some set
I' € Q. The design points (2;);<,«, are defined in (2.5). The function S(-) is
unknown and has to be estimated from observations Yj, . . ., Y,. Moreover, we
assume that the unobserved random variables (7,),«,<, satisfy the properties
(2.29) with some nonrandom constant 1 > 1 and the known random positive
coefficients (0,);;,«4 satisfy the inequlity (2.30) for some nonrandom positive
constants oy , aI_ld_O'l’* Concerning the random sequence w = (@;);<;«y We
suppose that o

E, s1p]|@|3 < oo. (3.1)

The performance of any estimator S will be measured by the empirical
squared error

d
I8 =5l5=(5-8.8-8),=—=> (8(2) - $(=)*.  (32)

=1

Now we fix a basis (¢;);<j<4 Which is orthonormal for the empirical inner

product:
d
Z =Ly (3:3)

For example, we can take the trigonometric basis (¢,);5, in Ly[a, ], i

(¢, ¢

b= Gl =\ T Al @) . 22 ()

where the function Tr;(r) = cos(z) for even j and Tr;(z) = sin(z) for odd
J, [x] denotes integer part of x. and 1,(z) = (z — a)/(b — a). Note that, in
this case to obtain the property (3.3) the numbers of points d must be odd.
To obtain the property (2.6) we can choose, for example, d = 2[y/n/2] + 1,
where [a] is the integer part of a € R.

Note that, using the orthonormality property (3.3) we can represent for
any 1 <[ < d the function S as

d
z) = Z 0;a ¢j(zl) and 0, ,= (57 <Z5j)d . (3.5)
=1



So, to estimate the function S we have to estimate the Fourrier coefficients
(0;.4)1<j<q- To this end we reply the the function S by the observations, i.e.

I3 Yio(=). (3.6)

From sec:In.1-11-1R we obtain immediately the following regression shceme

b—a
Tnj’d + @4, (3.7)

d
b—a
\/ an (z,) and W, 4= y Zwlgzﬁj(zl).

=1

where

Note that the upper bound (2.30) and the Bounyakovskii-Cauchy-Schwarz
inequality imply that

|wj,d| <=l |’¢j||d = ||@l,-
Now we set
B, =n|@|>. (3.8)
Note here that Proposition 3.3 from [4] implies directly that for any b > 0

1
h_}m —p Sup sup E B, 1 = 0. (3.9)
n—oo PEP S€O, [

We estimate the function S on the sieve (2.5) by the weighted least squares
estimator

d
= A) 0,,0,(2)1p, 1<1<d, (3.10)
7j=1

where the weight vector A\ = (A(1),...,A(d)) belongs to some finite set
A C [0,1]¢, the prime denotes the transposition. We set for any a <t < b

d

~ ~

Sy(t) = Z S)\<Zl>1{zl_1<t§zl} : (3.11)

=1

Denote by v be the cardinal number of the set A and



A,) For any § > 0
¢+ A,(n)

lim =0 and lim
n—o0 n6 n—o00 n1/6+6

—0, (3.12)

where ¢ = max; ;. max, < < |0;(z)].

In order to obtain a good estimator, we have to write a rule to choose a

weight vector A € A in (3.10). We define the empirical squared risk as
Err,(A) = |15, = SII3-

Using (3.5) and (3.10) we can rewire this risk as

Err (A Z A2(5)0% —2 Z X7)0, 40,4 + Z 0. (3.13)

Since the coefficient 6; ; is unknown, we need to replace the term @\] a0 by
some its estimator which we choose as

~ ~ b—a . b—a
050 =050 = =g Sia With ;= Z 7 5(2) (3.14)

Note that from (2.30) - (3.3) it follows that
Sja <0, (3.15)

Finally, we define the cost function of the form

Z A2(5)6% —2 Z A(G) 04 + SPy(N) (3.16)

where the penalty term is defined as

FRP IR (3.17)

and 0 < 0 < 1 is some positive constant which will be chosen later. We set

J,(\) and S, =S5, (3.18)

A = argmin, _,

To study the efficiency property we specify the weight coefficients (A(j));<;<,
as it is proposed, for example, in [10]. First, for some 0 < ¢ < 1 introduce

11



the two dimensional grid to adapt to the unknown parameters (regularity
and size) of the Sobolev bull, i.e. we set

A=A{1,... k} x{e,...,me}, (3.19)
where m = [1/e%]. We assume that both parameters k* > 1 and e are
functions of n, i.e. k* = k*(n) and € = £(n), such that

k*
lim k() = 400, lim,__ W g

Inn (3.20)
lim, ,e(n)=0 and lim, , _ n(n) = 4oc

for any 6 > 0. One can take, for example, for n > 2

1
g(n) = o and k*(n) =kj + Vinn, (3.21)

nn

where k% > 0 is some fixed constant. For each a = (8,1) € A, we introduce
the weight sequence

Ao = (Aa(j))lgjgp
with the elements

Aal) = Lagjasy + (1= (/wa)?) 1 <jcuy (3.22)

where j, = 1+ [Inn], w, = (w, 1)/ @841

o _B+HEs+y 28 23
? w83 = T B+DEB+1)
Now we define the set A as
A={)\,acA}. (3.23)

Note, that these weight coefficients are used in [16, 17] for continuous time
regression models to show the asymptotic efficiency. It will be noted that in
this case the cardinal of the set A is v = k*m. It is clear that the properties
(3.20) imply the condition (3.12).

In [4] we shown the following result.

Theorem 3.1. Assume that the conditions (2.2) and (3.12) hold. Then for
anyn > 3, any S € O _p and any 0 < § < 1/12, the procedure (3.18) with
the coefficients (3.23) satisfies the following oracle inequality

3 1+46)(1+6)* . . & D*
R(S*,S)S( 1—)(66 ) I){lele\lR (S, S) + 5;;, (3.24)

12



where the term D s such that for any b > 0

*

lim (,L =0.
n—oo T

Remark 3.1. [t sjhould be noted that the weight least square estimators
(3.10) with the weight coefficients (3.23) is efficient for the Sobolev ball (see,
for example, [? 19]). So, Theorem 3.1 means that this model selection proce-
dure is best among all the effective procedures in the sharp oracle inequality
sense (3.24) and below we will use this property to show the efficiency prop-
erty in adaptive setting, i.e. in the case, when the reqularity property of the
function S (1.1) is unknown.

4 Main results

For any fixed » > 0 and k > 1 we define the Sobolev ellipse as

k
_ : 2
Wy, ={f€0.,:> at<r}, (4.1)
=0
where a; = Zf:o (27[j/2])*, (0,);5, are the trigonometric Fourier coeffi-

cients, i.e. ,
0= [ #a)s, @)

and (¢;);5; is the trigonometric basis defined in (3.4). It is clear we can
represent this functional class as

k
Wk,r = {f S @e,L : Z ||f(])||2 S T}’ (42)
7=0

In order to formulate the asymptotic results we define the following nor-
malizing coefficients. First, for any r > 0 we set

2%/ (2k+1)
L) = (@ 2 () (43)

(k+1)

and

o(S) = / (1 S%(u))du. (4.4)



It is well known that for any S € W, . the optimal rate of convergence is
n~2k/2k+1) - First we study the lower bound for the asymptotic risks in the
class of all estimators £, , i.e. any measurable function with respect to the

observations o{y,,...,y,}-

Theorem 4.1. For the model (1.1) with the noise distribution from the class
P defined in (2.1)

liminf inf n2"CHD gup V(S)R*(S,,S) > 1.(r), (4.5)

n—oo S e&, SEWk,r

where v(S) = (¢(§)) /@),

Now we stady the asymptotic upper bound for the quadratic risk of the
estimator S,. To this end we assume the following condition for the penalty
coefficient 0 in the objective function (3.16).

A,) Assume that the parameter § is a function of n, i.e. 6 =6, such that

for any b >0

lim 22— . (4.6)

n—o0 nb

Theorem 4.2. Assume that the conditions A;) — A,) hold. The model

selection procedure §* defined in (3.18) with the penalty coefficient given in
A,) admits the following asymptotic upper bound

limsup n?*/*+1 gup  v(S) R(g*, S) <I(r). (4.7)

n—00 SeWy .

Corollary 4.3. Assume that the conditions A;) — A,) hold. The model

selection procedure §* defined in (3.18) with the penalty coefficient given in
A,) is efficient, i.e.

infg sup v(.S) R*(gn, S)
lim — € W T ~1. (4.8)
n—00 SUPgeyy, | v(S)R(S,,S)

Moreover,

lim n?* D sup o(S)R(S,,S) =1,(r). (4.9)

n—o0 SEWk,r

Remark 4.1. Note that the limit equalties (4.8) and (4.9) imply that the
functionl (r)/v(S) is the minimal value of the normalised asymptotic quadratic

14



robust risk, i.e. Pinsker constant in this case. We remind that the coeffi-
cient I (r) is the well known Pinsker constant for the ”signal+standard white
noise” model obtained in [19]. Therefore, the Pinsker constant for the model
(1.1) is represented by the Pinsker constant for the ”signal+white noise”
model in which the noise intensity is given by the function (4.4).

5 The van Trees inequality

In this section we consider the following continuous time parametric model
(1.1) with the (0,1) gaussian i.i.d. random variable (¢;),<,<, and the para-
metric linear function S, i.e.

d
Sp(x) =" Oh(z), 0=(0,,....5,) €R". (5.1)
=1

The functions (¢;),<;<, are orthogonal with respect to the scalar product
(3.3).

Let now P} be the distribution in R” of the observations y = (yy,...,¥,)
in the model (1.1) with the function (5.1) and v be the distribution in R"
of the gaussian vector (§,...,£,). In this case the Radon - Nykodim density
is given as

ap{ ° 1
fuly,0) = d”i’f =exp Q> Solw)yay =5 ) Sy p - (52)
j=1 j=1

Let u be a prior distribution density on R? for the parameter 6 of the following
form:

where u; is some continuously differentiable probability density in R with
the support | — L;, L[, i.e. u;(z) > 0 for any —L; < z < L; and u,(z) =0
for all |z| > L;, such that the Fisher information is finite, i.e.

Lj 2
I, = / 9 e (5.3)
L uj(z)
Now, we set
E=]-L,,Li[x...x]-L,;, L,/ € R (5.4)

15



Let g(0) be a continuously differentiable = — R function such that, for each
1<j<d,

lim g(#)u;(0;,) =0 and /d 19;(6)[ u(0) df < oo, (5.5)

J
|9].\—>Lj

where ¢’(0) = 0g(0)/00;.
For any B(X) x B(RY)-measurable integrable function H = H(y, §) we denote

EH :/E ( 5 H(y,0) dPg) u(h)dd

Il
m\

( ) H(y,0) f,(y,0) u(e)dy§">) de.

Now we obtain an lower bound for the corresponding bayesian risks in the
case when the model (1.1) is gaussian with the function (5.1).

Lemma 5.1. For any FY-measurable square integrable function g, and for
any 1 < 5 <d, the following inequality holds

9,

V

E(G, — 9(0))* > (5.6)

where U, ; = > V@) yp, and g, = [ g;(0)u(9)do.
Proof. First, for any 6 € = we set

1 a(fy.eu®)
Ui=Uwh =5 ome o5,

J J

Taking into account the condition (5.5) and integrating by parts we get

B (G- 0000) = [ @)~ 9(0)) - (710, O0u(0) a0l

:/n ) (/ 7 g;(e)f(y,e)u(e)d9j> Hin dVg(n)Zgj,

J

where

16



Now by the Bouniakovskii-Cauchy-Schwarz inequality we obtain the fol-
lowing lower bound for the quadratic risk

B, — 9(0)® > 2

Vv
t
RS

To study the denominator in the left hand of this inequality note that in
view of the representation (5.2)

1 0f.(y,0

) = Z %(Iz) yz-1<yz - SO(Il>yl—1> .

Therefore, for each 0 € =,

=0

and

2 n
(n) 1 0f,(y,0) ) ) s =
Eo (f (y7 9) 89 o Eo Z ,QZ)] (xl) yl,1 — Eg \Ijn,l .
" I =1

Using the equality
~ 1 040 . 1 du®)

U. —
TR0 0, ule) o,
we get
Sy~
EU;=EV, ;+ I,
where the Fisher information [, is defined in (5.3). Hence Lemma 5.1. [

Remark 5.1. It should be noted that in the definition of the prior distribution
the bound L; may be equal to infinity either for some 1 < j < d or for all
1<j<d

6 Low bound

First, note that

S), (6.1)

17



where p,, is the (0, 1) gaussian density. Now for any fixed 0 < € < 1 we set

d=d, = | e )| (62

where ¢ =1/(b—a), r. = (1 —¢)r and

2 2%/ (2k+1)
l*(I‘E) _ ((1 + Zk)rs)l/(%“) ( ) _ (1 o 5)1/(2k+1)l*(r).
T

(k+1)

For any vector 6 = (6;),<,;<4 € R?, we set

S0 = 0,6,(0), 6.3)

where (¢;);<;<q4 is the trigonometric basis defined in (3.4). As ir is shown
in [13] there exist continuously differentiable density p, with the support on

—L, L]] such that [* zp,(z)dz =0, [* 22p,(z)dz = 1 and
L L L L

S N0
= [ B =1,

where €, — 0 as L — oo. To define the bayesian risk we choose a prior
distribution on R? as

0=(0;)1<j<a, and k;=s;1;, (6.4)

where 7, are i.i.d. random variables with the density p,,

s* d \*
s.=4/-L and st =(-2) —1.
J n 7 J

Furthermore, for any function f, we denote by h(f) its projection in L,[0, 1]
onto W, ., i.e.

h(f) = Per,T(f) .
Since W), . is a convex set, we obtain, that for any function S € W
IS—5|>>|h—S||> with h=h(5).
From the definition of the prio distribution (6.4) we obtain that a.s.

. 2 b—a+1 .
max (|5y(x)] + 195(2)) < =, (65)

a<z<b b—a b—a

18



where .
L ”(d) ‘
en:—z — j— 0 as n—o0
v\

for any k > 2. Therefore, for sufficiently large n the function (6.3) belongs
to the class (2.4) and the last property yileds

sup v(S)R,, (5,8) > / V(S.)E,, s B — 5.1 pe(d2)
{z€R?: S, eW, .}

SeW,
> 0, / E, o |- S, ne(d).
{ZeRd : Szewk,r}

2/ (2k+1)

where

v, = inf (S —
TIs)L<er (5)

as n — oo.

Using the distribution p, we introduce the following Bayes risk
Ro(S) = [ Ry, (8.5 ).
R

Taking into account now that ||f1||2 < r we obtain

sup v(S) Ry, (5.8) > v, Ry(h) —2v, Ry, (6.6)

Sew,,
with
R,, = / (r 4 1S.02) ()
{zeR?:5.¢W,, .}

In Lemma A.2 we studied the last term in this inequality. Now it is easy to
see that

d,
[h— 5. * Z %~ 2)
where z; = f h ¢, (t)dt. So, in view of Lemma 5.1, we obtain
d d
1 «— 1 = i
>~ > 3 (1_ f_) |
n 4 1—1—1 )™t T snmax(1, 1) 4 d*

Jj=1

Therefore, using now the definition (6.2), Lemma A.2 and the inequality (6.1)
we obtain that

5 1
liminf inf natis sup v(S)R*(S,,S) > (1 _5)2kl+1 — 1.
n— o0 §e1‘[n SEWk,r max(l, [L)
Taking here limit as ¢ — 0 and L — oo we come to the Theorem 4.1. O]
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7 Upper bound

7.1 Known regularity

We start with the estimation problem for the functions S from W, . with
known parameters k, r and ¢(S) defined in (4.4). In this case we use the
estimator from family (3.23)

S=3., (7.1)
where & = (k,1,), L, = [F(S)/e]e and 7(S) = r/<(S). We remind, that
e = 1/Inn. Note that for sufficiently large n, the parameter & belongs to

the set (3.19). In this section we obtain the upper bound for the empiric risk
(3.2).

Theorem 7.1. The estimator S constructed on the trigonometric basis sat-
isfies the following asymptotic upper bound

limsup n?*/ D sup v(S)E, 4| - S|P 1p < I(r). (7.2)

n—00 SGka

Proof. We denote \ = A; and w = ws;. Now we recall that the Fourier
coefficients on the set I'

~ ) Ib—a
Hj,d = Qj,d + Cj’d with Cj,d: — Niat @jas

Therefore, on the set I' we can represent the empiric squared error as

d

IS =S5 =D (1 =A()* 62, - 2M,

where

Now for any 0 < € < 1

2 Z(l—}:(]))X( jdw d




Taking into account here the definition (3.8), we can rewrite this inequality

2 Z(l—x(j))x( 054 %ja Z +%'

Therefore,

d d
- B ~
2 )26? n 20\ 2
IS=3S|I5 < (1+8)> (1 0% 4 2Mn+é—n+z>\0)§]d
j=1 j=1
By the same way we estimate the last term on the right-hand side of this
inequality as
d

> Ry, s S TGy, 1 e B

Thus, on the set I" we find that for any 0 < € < 1

I8, I3 < (L4 &0, ()~ 2M, + (148U, + 2, (73)
where . .
1,8 =0~ X Ly R0) (7.4
and

d
U, = %2}2(‘7) (d(b — a)nid — q(S)) :

First, note that in view of Lemma A.7
Ul* 01* - ) 01*(b_a)2
B, s M, < Z = T s < P
where the constant o, , is defined in (2.30). Moreover, taking into account
here that E ¢ M, =0, we get

01,*P ,S(FC)
Therefore, Proposition 2.2 yields
lim n?*/ D gup E, s M, 15[ =0. (7.5)

n—oo SE@E L

Now, the property (3.9) Lemma A.6 and Lemma A.8 imply the inequality
(7.2). Hence Theorem 7.1. [
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7.2 Unknown smoothness

Theorem 3.1 and Theorem 7.1 imply Theorem 4.2. [
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A Appendix

A.1 Properties of the prior distribution (6.4)
Lemma A.1. Forany 1 <j<d

C-aFg 1. (A1)

lim nj

n—oo n

Proof. First, note that for any £ > 1

yk_yOHSO "’ZHSe

=1 j=l+1
Using the distribution (6.4), we obtain that

_yOEH52 Zj: f[

Therefore, due to the property (6.5) we obtain that for any m > 1 and for
any n > 1 for which € < 1 we get, that

m—1 (2
- o +1)
Ey —1| < )™ =07

Taking into account that for any n > 1




we obtain that B
lim sup [Ey? — 1| =0.

Nn—00 ;m>1

Hence Lemma A.1. OJ

Lemma A.2. For any b > 0 the term R, introduced in (6.6) satisfies the
following property
lim n"R,, =0. (A.2)

n—o0

Proof. First note, that the bound (6.5) implies that for sufficiently large n
the function (6.3) with the random coefficients defined through the prior dis-
tribution (6.4) almost sure belongs to the class ©_ ;. Therefore, the definition
(4.1) we obtain that

{Sa ¢ Wk,r} ={¢, >r},

where (, = Z;lll /i? a;. So, it suffices to show that for any b > 0

lim n°P(¢, >r)=0. (A.3)
n—oo
Note now, that
1 &
Jim BG, = i 1S ey =x = (1
j=

So, for sufficiently large n we obtain that

Goneleon),

where r; = re/2 and
d

~ 1<~ , -
CnZCn_ECn:ﬁ Z Sjajnj'
j=1
Using again the correlation inequality from [12] we get that for any p > 2
there exists some constant €, > 0 for which
4 p/2
~ 1
EQ<C,— > (s)%a?]| <Cnwe,

Pyp J

n j=1

i.e. the expectation Egﬁ — 0 as n — oo. Therefore, using the Chebychev
inequality we obtain that for any b > 0

an(Zn>r1)%O as m — 00.

This implies (A.3), and therefore, Lemma A.2. [
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A.2 Relations between the norms || - || and | - ||,

Lemma A.3. Let f be an absolutely continuous [0,1] — R function with
| f|l < oo and g be a simple [0,1] — R function of the form

d

g(t) = Z C; X(tj_htj}(t)?

Jj=1

where c; are some constants and t; = j/d. Then for any &€ >0

IfF—glP<+3)|f - g2+ 1+ _1)||f||

and

F 112
I =gl < 0 +207 - gl + 0+ 2L

Proof. Setting A(t) = f(t) — g(t), we obtain, that for any € > 0

A =815+ 32 [ (280 (A® - A) + (A0 - Ae)?) de
<A+IAR+ DY / ()P dt

—(1+D)AI2+ (1 +EY Z/ FO? dt.

Noting that, for t,_; <t <¢,;, one has the estimate

F(t) — F) < ( / l rf<u>rdu> s% / | f () 2du,

-1 -1

one comes to the first inequality. Similarly, one can verify the second in-
equality. Hence Lemma A.3. O

A.3 Properties of the trigonometric basis.

Lemma A.4. For any 1 < j < d the trigonometric Fourier coefficients
(0;.0)1<j<p for the functions S from the class Wy . satisfy, for any € > 0, the
following inequality

1. 21T
9§,d§(1+§)0§+(1+sl)@. (A.4)
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Proof. First we represent the function S as

d
S(z) = Z 0,9,(x) + Ay(z),
I=1

where

Ayx) =) 0,¢,(x).
I>d
Therefore,

0= 05,0;)g=0,+ (A b;)4
and for any 0 < £ < 1
02, < (1+8)07 + (1 +E DA
By applying Lemma A.3 with ¢ = 0, we obtain that
12>
12]15 < 20184]1° + 27— -
Note here, that for any N > 1
1ANIP = @m)* ) 67 [1/2]°.
I>N
Taking into account here that
2n[l/2) > 1 for 1>2,

we obtain that .

A |12 o
AN Szlz(k——]_)e Sm- (A.5)

I>N
Hence Lemma A .4 O

Lemma A.5. For any d > 2, 1 < N < d and r > 0, the coefficients
(0;a)1<j<a of functions S from the class W1 satisfy, for any € > 0, the
following inequality

d

_ T
Zeidg(lJraZGj.Jr(lJral)W. (A.6)
j=N

Jj>2N
Proof. First we note that
d N-1
S0, = min 53 w6l < Ay,
_]:N 1 N-1 ]:1
where Ay (t) = Zj>N 0;0,(t). By applying Lemma A.3 and taking into

account the inequality (A.5), we obtain the bound (A.6). Hence Lemma A.5
[l
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A.4 Technical lemmas

Lemma A.6. The sequence Y, (S) satisfies the following upper bound
limsup sup n?"CHDy(S)T, (S) < I(r). (A7)

n—oo  SEW, .
Proof. First of all, note that

0<e*b—a)< inf ¢(S)< sup ¢(S)<b—a. (A.8)
S€0. L See,

This implies directly that

1| =

lim sup
n—oo SE@S’L

79

where 7(S) = r/¢(S). Moreover, note that

d
n2k/(2k+1)v(s) Tn(S) < n2k/(2k+1) U(S) Ed + (§(S) 1/ 2641) Z

Copl/@k+1)

and

where -

d
Eia=>_ (1=X({)6, and = > 6.
J=Js J=[@]+1
We recall that
~ ~ 1/(2k+1)
W=ws; = (nlnwk) .
Lemma A.4 and Lemma A.5 yield

W
Eia < 1+§)Z (1= X())* 02 +2r(1 4+ & 1)d2k'
and r
2 ~1
‘—'2d 1+~) Z 6 ]."—8 )W,
]>[w]+1
ie. _
<1+ (1-XG)) 0 +2(1+EE,, (A.10)
j=1
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== (L=AG) 0 =D (L-AG)* 6+ 07 =5} +E;,

Jj21 J<@ >
and - . ,
=0 = T e
Note, that
2k/2k+1) (SY=* = 2 1— N(i))262 = v(S) d 2 2
n u( )ul,n —g( —A()) i (wk]“n)zk/(%ﬂ) ;: )Y

< 6
_(wl 2k/2k+1 J*Zaﬂea’

where a¥ =sup,. 7% /a;. Tt is clear that

i
Therefore, from (A.9) we obtain that

n2k/(2k+1)U(S) Ein

limsup sup =
n—oo S€O, |, Zng}]* aj 8]2
1 - Lik/(%—l—l)

— 7T2k(wkr>2k/(2k+l) o (2k7r T>2k/(2k+1) )

Next note, that for any 0 < € < 1 and for sufficiently large n

= a b
z,n = 2k 2k ka 7 7;
@)+1

(g(S)L )2k/(2k+1) )
<(1+¢9) 2R/ A1) (D) 2R/ (2R ) Z a; 0,

2@
v 2% /(2k-+1) 5 o)
2%k /(2k+1

limsup sup " v(5) ZJZ[UJ]H ej b .

n—oo SO, Zgw]j a, 02 = (2hrr )2/ @)
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Moreover, we get directly that

i X0)
I J= 1| =0, Al
o szgi 1/ @R (7(S)) 1/ @R, (A.11)

where
2k2

(w0, ) 2R/ D (2k + 1) (k + 1)
So, taking into account that in (A.10)

gr =

lim sup n%/(%“)én =0,

n—oo SeWk,r

we obtain the limit equality (A.7) and, hence Lemma A.G.
O]

Lemma A.7. For any non random coefficients (1;),<;<q

2 2
d
Sum| =B 0 (Y
=1
2
b—a <
S Ul * d Z Zuj¢](zl)
=1 \ j=1

Now, the orthonormality property of the basis functions (¢;(-)),< <4 implies
this lemma. ]

Lemma A.8. Now we show that

lim n2/CHD qup E,sU, 15| = (A.12)

n—o0 SE ko

Proof. First of all, note that, using the definition of s, ; in (3.14), we obtain

d
_ 1 1 _
p.sMja = EpsSja=7 Z By 58
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where .
Sja= Y 0/0(x) and ¢;(z) = (b—a)¢i(z) — 1.
=1
Therefore, we can represent the expectation of U,, as

_ b—a

B,sU, = 5B, 5U,, +

d2 Ep,SU2,n )

where ||F)\V||2 = ijl X2(j)7

d
b—a d T2, e
Ui =—; > o <(5) and U,, = E N(5)8

Note now, that using Proposition 2.19 and the dominated convergence the-
orem in the definition (2.16) we obtain that

d

lim max sup supEj g T
!

n—oo 1<I<d Se0, L peEP

—(1— 52(21))’ =0.

Taking into account that for the functions from the class (2.4) their deriva-
tives are bounded in modulus by the fixed constant L > 0, we can easy
deduce that

lim sup =0,

n—o0 Seee,L

d
daz (1—5%(z)) —<(9)

=1

le.
lim sup sup |[E, U, ,|=0.
N0 5O, 1 peEP

Therefore, taking into account that

2
e L

n—00 S€O, |

<00,

we obtain that

lim,_,__ n?*/@*) sup sup E,sU,| < (b—a)lim,_ U} ' (A.13)
see., peP
where
2K/ (2k+1)
U, = ———5—— Sup sup E, sU,..|.

S€o,  pEP
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Now, using Lemma A.2 from [9] we obtain that

d d
Ep,sU2,n| = Z Ep s of Z X2 (5) ¢j(zz)
=1 j=1

< doy, (2*" 427 4+ 1) < bdoy, 2%,
Note that from the definition of o, , in (2.30) it follows that

limsup do, , < o0,
n—oo

ie.
limsup sup sup ’ Ep,SUZn} < 00.
n—oo S€O, ; PEP

Therefore, the using this bound in (A.13) implies

T 2k/(2k+1)
lim, , n

sup sup [E, sU,|=0.
5€0, | peP

Moreover, according to the inequality (A.4) from [4] we have that
E, s1;, < 6410}
where the coefficient m is given in (2.29). From this we obtain, that

(b—a)

d
:Ep,S|IJn|1Fc S d Z Ep,SnileC + g(S>Pp,S(FC)
7=1

< 80, (b — a)y/m
- d

P, o(I) + <(S)P, 4(I).
So, Proposition 2.2 implies

lim n?*/ kD sup E,s/U, 1 =0.
n—00 SeW, .

This implies the quality (A.12), and we obtain Lemma A.8.  [J
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