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Abstract

We present the first polynomial self-stabilizing algorithm for finding a 1-maximal matching in a general
graph. The previous best known algorithm has been presented by Manne et al. [20] and we show in this paper
it has a sub-exponential time complexity under the distributed adversarial daemon. Our new algorithm is
an adaptation of the Manne et al. algorithm and works under the same daemon, but with a complexity in
O(mxn?) moves, with n is the number of nodes and m is the number of edges. This is the first self-stabilizing
algorithm that solve this problem with a polynomial complexity. Moreover, our algorithm only needs one
more boolean variable than the previous one.

Keywords: Self-stabilization, 1-maximal matching, %—approximation.

1. Introduction

Matching problems have received a lot of attention in different areas. Dynamic load balancing and
job scheduling in parallel and distributed networks can be solved by algorithms using a matching set of
communication links [2, 9]. In the wireless network, the resource management can be modelized as matching
problem between resources and users (see [11] for a survey).

In graph theory, a matching M in a graph G is a subset of the edges of G without common nodes.
A matching is mazimal if no proper superset of M is also a matching whereas a mazimum matching is a
maximal matching with the highest cardinality among all possible maximal matchings. A matching M is
1-mazimal if it satisfies the following property: Ve € M, no matching can be constructed by removing e
from M and adding two edges to M \ {e}. A l-maximal matching is a %—approximation to the maximum
matching, and expected to get more matching pairs than a maximal matching, which only guarantees a
%—approximation. In the following, n is the number of nodes and m is the number of edges in G.

Some (almost) linear time approximation algorithm for the maximum weighted matching problem have
been well studied [8, 21], nevertheless these algorithms are not distributed. They are based on a simple
greedy strategy using augmenting path. An augmenting path is a path, starting and ending in an unmatched
node, and where every other edge is either unmatched or matched; i.e. for each consecutive pair of edges,
exactly one of them must belong to the matching. Let us consider the example in Figure 2.(a). In this figure,
u and v are matched nodes and z, y are unmatched nodes. The path (x,u,v,y) is an augmenting path of
length 3 (written 3-augmenting path). It is well known [13] that given a graph G = (V| E) and a matching
M C E, if there is no augmenting path of length 2k — 1 or less, then M is a kiﬂ—approximation of the
maximum matching. See [8] for the weighted version of this theorem. The greedy strategy in [8, 21] consists
in finding all augmenting paths of length ¢ or less and by switching matched and unmatched edges of these
paths in order to improve the maximum matching approximation.

In this paper, we present a self-stabilizing algorithm for finding a 1-maximal matching that uses the
greedy strategy presented above. Our algorithm stabilizes after O(m x n?) moves under the adversarial
distributed daemon.
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For the maximum matching problem, self-stabilizing algorithms have been designed for particular topolo-
gies. In anonymous tree networks, a self-stabilizing algorithms converging in O(n*) moves under the sequen-
tial adversarial daemon is given by Karaata and Saleh [17]. Recently, Datta et al. [6] improve this result,
and give a silent self-stabilizing protocol that converges in O(n?) moves. For anonymous bipartite net-
works, a self-stabilizing algorithms converging in O(n?) rounds under the sequential daemon is given by
Chattopadhyay et al. [3].

In unweighted or weighted general graphs, self-stabilizing algorithms for computing maximal matching
have been designed in various models (anonymous network [1] or not [22], see [10] for a survey). For an
unweighted graph, Hsu and Huang [14] gave the first self-stabilizing algorithm and proved a bound of O(n?)
on the number of moves under a sequential adversarial daemon. Hedetniemi et al. [12] completed the
complexity analysis proving a O(m) move complexity. Manne et al. [19] gave a self-stabilizing algorithm
that converges in O(m) moves under a distributed adversarial daemon. Cohen et al. [4] extend this result
and propose a randomized self-stabilizing algorithm for computing a maximal matching in an anonymous
network. The complexity is O(n?) moves with high probability, under the adversarial distributed daemon.

Manne et al. [20] and Asada and Inoue [1] presented some self-stabilizing algorithms for finding a
l-maximal matching. Manne et al. gave an exponential upper bound on the stabilization time of their
algorithm (O(2") moves under a distributed adversarial daemon). However, they didn’t show that this
upper bound is tight. In this paper, we prove this lower bound is sub-exponential by exhibiting an execution

of Q(Q\/m) moves before stabilization. Asada and Inoue [1] gave a polynomial algorithm but under the
adversarial sequential daemon. Recently, Inoue et al. [15] gave a modified version of [1] that stabilizes after
O(m) moves under the distributed adversarial daemon for networks without cycle whose length is a multiple
of three.

In a weighted graph, Manne and Mjelde [18] presented the first self-stabilizing algorithm for computing
a weighted matching of a graph with an %—approximation of the optimal solution. They established that
their algorithm stabilizes after at most an exponential number of moves under any adversarial daemon (i.e.,
sequential or distributed). Turau and Hauck [22] gave a modified version of the previous algorithm that
stabilizes after O(nm) moves under any adversarial daemon.

Figure 1 compares features of the aforementioned algorithms and our result.

We are then interested in the following problem: how to efficiently build a 1-maximal matching in an
identified graph with a general topology, using an adversarial distributed daemon and in a self-stabilizing
way? In this paper, we present two algorithms solving this problem. The first one is the well-known algorithm
from Manne et al. [20] that was the only one until now that solved this problem. The second algorithm is our
contribution. We show that the Manne et al. algorithm reaches a sub-exponential complexity while we prove
that our algorithm is polynomial (in O(m x n?)). This paper is an extended version of the conference paper
[5], where we present our polynomial algorithm (but with a sketch of the proof only). In [5], we obtained a
O(n?) moves assuming an already built maximal matching. In this paper, under the same assumption, we
obtain a O(n?) moves. Thus, as we will develop this scheme in Sections 3 and 8, using a classical composition
[7] of the self-stabilizing maximal matching algorithm given by Manne et al. [19] and of our algorithm, we
obtain a O(m x n?) move complexity. This result has been improved after this article submission in [16].

In the rest of the document, we present the model (Section 2), then we give the strategy based on a
3-augmenting path deletion that is used to build a 1-maximal matching (Section 3). This strategy is used
by both algorithms presented next. In Section 4, we precisely describe the Manne et al. algorithm [20]
and present the proof of the existence of a sub-exponential execution in Section 5. Next, we give our poly-
nomial algorithm in Section 6, its correctness proof in Section 7 followed by its convergence proof in Section 8.

2. Model

The system consists of a set of processes where two adjacent processes can communicate with each other.
The communication relation is represented by an undirected graph G = (V, E) where |V| = n and |E| = m.
Each process corresponds to a node in V' and two processes u and v are adjacent if and only if (u,v) € E.
The set of neighbors of a process u is denoted by N(u) and is the set of all processes adjacent to u, and A
is the maximum degree of G. We assume all nodes in the system a have distance 3 unique identifier.



. . Complexity

Matching Topology Identifiers Daemon (moves) Work
i Tree Global i O(n?) [17, 6]

Maximum Bipartite Anonymous Adver. Sequential O(n?) rounds [3]
Adver. Sequential O(m) (14, 12]

Maximal Arbitrar Global Adver. Distributed O(m) [19]

Y Anonvmous Adver. Sequential O(n?) [14]

Y Adver. Distributed O(n?) whp [4]

Arbitrary without cycle ANONVIOUs Adver. Sequential O(m) 1]

. with multiple of 3 length Y Adver. Distributed O(m) [15]

1-Maximal Qe 20]
Arbitrary Unique at distance 3 | Adver. Distributed O(m.n?) Here

Figure 1: Best results in maximum matching approximation. In bold, our contributions.

For the communication, we consider the shared memory model. In this model, each process maintains a
set of local variables that makes up the local state of the process. A process can read its local variables and
the local variables of its neighbors, but it can write only in its own local variables. A configuration C is the
local states of all processes in the system. Each process executes the same algorithm that consists of a set
of rules. Each rule is of the form of <name> :: if <guard> then <command>. The name is the name of
the rule. The guard is a predicate over the variables of both the process and its neighbors. The command is
a sequence of actions assigning new values to the local variables of the process.

A rule is activable in a configuration C' if its guard in C' is true. A process is eligible for the rule R in
a configuration C' if its rule R is activable in C and we say the process is activable in C. An execution is
an alternate sequence of configurations and actions & = Cy, Ay, ...,C;, A;, ..., such that Vi € N*, (41 is
obtained by executing the command of at least one rule that is activable in C; (a process that executes such
a rule makes a move). More precisely, A; is the non empty set of activable rules in C; that has been executed
to reach C;y1 and such that each process has at most one of its rules in A;. We use the notation C; — C;11

or C; A Cit+1 to denote this transition in £. Finally, let &' = C{, Af, - - -, C}, be a finite execution. We say
&' is a sub-evecution of £ if and only if 3t > 0 such that Vj € [0, , k]:(C} = Cje N Al = Ajyy).

If C and C’ are two configurations in £, then we note C < C’ if and only if C' appears before C’ in £ or
if C = C’. Moreover, we write E\C to denote all configurations of £ except configuration C.

An atomic operation is such that no change can take place during its run, we usually assume that an
atomic operation is instantaneous. In the shared memory model, a process u can read the local state of all
its neighbors and update its whole local state in one atomic step. Then, we assume here that a rule is an
atomic operation. An execution is maximal if it is infinite, or it is finite and no process is activable in the
last configuration. All algorithm executions considered here are assumed to be maximal.

A daemon is a predicate on the executions. We consider only the most powerful one: the adversarial
distributed daemon that allows all executions described in the previous paragraph. Observe that we do not
make any fairness assumption on the executions.

An algorithm is self-stabilizing for a given specification, if there exists a sub-set £ of the set of all config-
urations such that: every execution starting from a configuration of £ verifies the specification (correctness)
and starting from any configuration, every execution eventually reaches a configuration of £ (convergence).
L is called the set of legitimate configurations. A configuration is stable if no process is activable in the
configuration. The algorithm presented here, is silent, meaning that once the algorithm has stabilized, no
process is activable. In other words, all executions of a silent algorithm are finite and end in a stable configu-
ration. Note the difference with a non silent self-stabilizing algorithm that has at least one infinite execution
with a suffix only containing legitimate configurations, but not stable ones.

3. Common strategy to build a 1-maximal matching

In this paper, we present two algorithms. The first one, denoted by EXPOMATCH, is the Manne et al.
algorithm [20]. The second one, called POLYMATCH, is the main contribution of this paper. These two



algorithms share different elements and this section is devoted to give these main common points.

Both algorithms operate on an undirected graph, where every node has a distance 3 unique identifier.
They also assume an adversarial distributed daemon and that there exists an already built maximal matching,
noted M. Based on M, the two algorithms build a 1-maximal matching. To perform that, nodes search and
delete any 3-augmenting paths they find in M. An augmenting path is a path in the graph, starting and
ending in an unmatched node, and where every other edge is either unmatched or matched.

Definition 1. Let G = (V, E) be a graph and M be a mazimal matching of G. (z,u,v,y) is a 3-augmenting
path on (G, M) if: (i) (z,u,v,y) is a path in G (so all nodes are distincts); (ii)Va € V : (z,a) € M A(y,a) &
M ; and (i) (u,v) € M.

Let us consider the example in Figure 2.(a). In this figure, v and v are matched nodes and x,y are
unmatched nodes. The path (z,u,v,y) is a 3-augmenting path. Once an augmenting path is detected,
nodes rearrange the matching accordingly, i.e., transform this path with one matched edge into a path with
two matched edges (see Figure 2.(b)). This transformation leads to the deletion of the augmenting path
and increases by one the cardinality of the matching. Both algorithms will stabilize when there are no
augmenting paths of length three left. Thus the hypothesis of Karps’s theorem [13] eventually holds, giving
a Z—approximation of the maximum matching (and so a I-maximal matching).

6 O0—0 © O0—0 0—=0

(a) A 3-augmenting path (one matched edge). (b) The path after being exploited (two matched edges).

Figure 2: How to exploit a 3-augmenting path?

The underlying maximal matching. In the rest of the paper, M is the underlying maximal matching. This
underlying matching is locally expressed by variables m, for each node v. If (u,v) € M then v and v are
matched nodes and we have: m,, = v Am, = u. If u is not incident to any edge in M, then u is a single node
and m,, = null. For a set of nodes A, we define single(A) and matched(A) as the set of single and matched
nodes in A, accordingly to the underlying maximal matching M. Since we assume M to be stable, a node
membership in matched(V') or single(V) will not change throughout an execution, and each node u can use
the value of m,, to determine which set it belongs to.

Note that M can be built with any silent self-stabilizing maximal matching algorithm that works for
general graph and with an adversarial distributed daemon. We can then use, for instance, the self-stabilizing
maximal matching algorithm from [19] that stabilizes in O(m) moves. Observe that this algorithm is silent,
meaning that the maximal matching remains constant once the algorithm has stabilized.

2-phases algorithms. Both algorithms EXPOMATCH and POLYMATCH are based on two phases for each
edge (u,v) in M: (1) detecting augmenting paths and (2) exploiting the detected augmenting paths. Node
u keeps track of four variables. The pointer p,, is used to define the final matching. The variables «,, 5, are
used to detect augmenting paths and contain single neighbors of u. Also, s, is a boolean variable used for
the augmenting path exploitation. We will see in section 6 that algorithm POLYMATCH uses a fifth variable
named end,,. In the rest of the paper, we will call M™ the final 1-maximal matching built by any of the two
algorithms. M™ is defined as follows:

Definition 2. The built set of edges is:
Mt ={(u,v) € M :p, =p, =null} U{(a,b) € E\M:p, =bAp, =a}

The first set in the union is pairs of nodes that do not perform any rematch. These pairs come from M.
The second set in the union is pairs of nodes that were not matched together in M, but after a 3-augmenting
path detection and exploitation, they matched together.

Augmenting path detection. First, every pair of matched nodes u, v (v=m,, and u=m,) tries to find single
neighbors they can rematch with. These single neighbors have to be available, in particular, they should
not be married in a final way with another matched node. We will see in the next sections, that the



meaning of being available is not the same in POLYMATCH and EXPOMATCH. We say that a single node
x is a candidate for a matched node u if = is an available single neighbor of u. Note that w and v need to
have a sufficient number of candidates to detect a 3-augmenting path: each node should have at least one
candidate and the sum of the number of candidates for u and v should be at least 2. In both algorithms, the
BestRematch predicate is used to compute candidates of a matched node w, writing in «, and §,. Then, the
condition below is used in both algorithms — in the AskFirst predicate — to ensure the number of candidates
is sufficiently high to detect if u belongs to a 3-augmenting path.
Q7 null A ey, 7 null A2 < Unique({au, Bus m,, s Bm, ) < 4
where Unique(A) returns the number of unique elements in the multi-set A.

Augmenting path exploitation. The exploitation is done in a sequential way. First, two nodes matched
together u and v agree on which one starts to build a rematch and which one ends. This local consensus is
done using AskFirst and AskSecond functions. Observe that these predicates are exactly the same in both
algorithms. These predicates use the local state of u and v to assign a role to these two nodes. If AskFirst(u)
is not null then u starts to rematch and v ends. Otherwise, AskSecond(u) is not null and then v starts to
rematch and u ends.

Observe that there are only three distinct possible values for the quadruplet (AskFirst(u), AskSecond(u),
AskFirst(v), AskSecond(v)) for any couple (u,v) € M and whatever the @ and 8 values are. These are:
(null, null, null, null) or (x,null,null,y) or (null,z,y,null), with  and y are two distincts single nodes.
The first case means that there is no 3-augmenting path that contains the couple (u,v). The two other
cases mean that (z,u,v,y) is a 3-augmenting path. The second case occurs when z < y, otherwise we
are in the third case. Node u is said to be First if AskFirst(u) # null. In the same way, u is Second if
AskSecond(u) # null. So, if a 3-augmenting path is detected though (u,v), the roles of v and v depend on
the identifiers of single nodes (candidates) in the augmenting path, i.e., u is First iff its single neighbor in
the augmenting path has a smaller identifier than the single neighbor of v in the augmenting path.

Graphical convention. We will follow the above conventions in all the figures: matched nodes are repre-
sented with thick circles and single nodes with thin circles. Node identifiers are indicated inside the circles.
Moreover, all edges that belong to the maximal matching M are represented with a thick line, whereas the
other edges are represented with a simple line. We illustrate the use of the p-values by an arrow, and the
absence of the arrow or symbol 'T' mean that the p-value of the node equals to null. A prohibited value is
first drawn in grey, then scratched out in black. For instance, in Figure 8, node x; is single, nodes u; and
vy are matched, the edge (uy,v1) € M and p,, # va.

4. Description of the algorithm ExpoMatch
We precisely describe here the algorithm ExpoMATCH [20]. The algorithm itself is shown in Figure 3.

Augmenting path detection. In this algorithm, a single node z is a candidate for a matched node w if it is
not involved in another augmenting path exploitation, i.e., if p, = null V p, = u.

Augmenting path exploitation. A 3-augmenting path is exploited in two phases. These two phases are
performed in a sequential way. Recall that node w is said to be First if AskFirst(u) # null and node u is
Second if AskSecond(u) # null. Let us consider two nodes u and v such that (u,v) € M. Let us assume
that v and v detects an augmenting path.

1. The First node starts : Exactly one node among u and v attempts to rematch with one of its candidates.
This phase is complete when the first node, let say u, is such that s, = T'rue and this indicates to the
Second node (v) that the first phase is over.

2. The Second node continues: only when the first node succeeds will the second node attempt to rematch
with one of its candidates. (a) If this also succeeds, the exploitation is done and the augmenting path is
said to be fully exploited ; (b) Otherwise the rematch built by the First node is deleted and candidates
«a and (B are computed again, allowing then the detection of some new augmenting paths.



Rules for each node u in single(V)

SingleNode ::
if (pu = null A Lowest({v € N(u) | pv = u}) # null) V pu ¢ matched(N (u)) U {null}Vv

(pu # null A pp,, # u)
then p, := Lowest({v € N(u) | p» = u})

Rules for each node u in matched(V)
Update ::
if (au > Bu) V (u, Bu ¢ single(N(u)) U {null}) V (an = Bu A @ # null) V py ¢ single(N(u)) U {null} V
((otu, Bu) # BestRematch(u) A (py = null V pp, ¢ {u,null}))
then (o, Bu) := BestRematch(u)
(Pu, $u) = (null, false)

MatchFirst :: MatchSecond :: ResetMatch ::
Let x = AskFirst(u) Let y = AskSecond(u) if AskFirst(u)= AskSecond(u)=null
if 2Z£null A (pu#zV sy (Pp, =u)) if y#null A sm,=true A pu#y A (Pu, $u) 7 (null, false)
then p, ===z then p, ==y then (pu, s.) := (null, false)

su = (Pp, = u)

Predicates and functions

BestRematch(u) =
a := Lowest ({v € single(N(u)) A (py = null V p, = u)})
b:= Lo(wes; ({v € single(N(u)) \ {a} A (p» = null V p, = u)})
return (a,b

AskFirst(u) =
if ay # null A am, # null A 2 < Unique({au, Bu, @may, Bmy }) < 4
then if o, < am, V (u = @my A Bu = null) V (o, = amy, A Bm,, 7 null Au < my,)
then return oy
return null

AskSecond(u) = Unique(A) returns the number of unique elements in the
if AskFirst(m.) # null multi-set A.
then return Lowest({au, Su} \ {®m,}) Lowest(A) returns the node in A with the lowest identifier.
else return null If A =0, then Lowest(A) returns null.

Figure 3: EXPOMATCH algorithm

Rules description. There are four rules for matched nodes. The Update rule is the rule with the highest
priority. This rule allows a matched node to update its o and 3 variables, using the BestRematch predicate.
Then, predicates AskFirst and AskSecond are used to define the role the node will have in the 3-augmenting
path exploitation. If the node is First (resp. Second), then it will execute MatchFirst (resp. MatchSecond)
several times for this 3-augmenting path exploitation. The ResetMatch rule is performed to reset bad
initialization and also to reset an augmenting path exploitation that did not terminate. For instance, this
case happens when the single candidate of the Second node rematch with some other node in the middle of
the exploitation path process.

Let us consider (u,v) € M and assume that v and v detects an augmenting path with u is First. The
MatchFirst rule is used by w to build its rematch. The rule is performed a first time by u to propose a
rematch to its candidate = (u sets p,, to x). Then, if z accepts (p, = u), u performs this rule a second time
to communicate to v that its rematch attempt is a succeed (u sets s, to True). The MatchSecond rule is
used by the node v to build its rematch. This rule can only be performed if s, = True. Then, the rule is
performed once by v to propose a rematch to its candidate y (v sets p, to y). Then, if y accepts (p, = v),
the path is fully exploited and will not change during the rest of the execution.

There is only one rule for single nodes, called SingleNode. Recall that all neighbors of a single node are



matched, since M is a maximal matching. A single node should always point to its smallest neighbor that
points to it. This rule allows to point to such a neighbor but also to reset a bad p-value to null. Observe
that a single node x cannot perform this rule if p, = x, which means that if x point to some neighbor that
points back to x, then x is locked.

5. The ExpoMatch algorithm is sub-exponential

In this section, we exhibit an execution of length 2%V in a chosen graph having ©(N?) nodes. To do
that, we define, under some conditions, how to translate a configuration into a binary integer. Then, we give
an execution where all configurations corresponding to integers from 0 to 2V — 1 appear. This gives us an
execution of length in Q(2%).

5.1. State of a matched edge

A bit in the binary integer of a given configuration correspond to a particular state of the nodes in a
3-augmenting path. More precisely, according to the p-values of these nodes, the associated bit of the path
will be 0, 1 or undef. Figure 5 represents an instance of the chosen graph for N = 4. Observe that any
matched node only has one single neighbor. This property will hold for any N. Thus, a 3-augmenting path
can be determined by its matched edge.

Definition 3 (State of a matched edge). Let e = (u,v) be an edge in the mazimal matching M such that u
(resp. v) has one single neighbor x (resp. y). Assume y < x. Edge e is said to be:

e in state OFF if p, = null, p, = null, p, = null and p, = null.

in state ALMOSTOFF if p, ¢ {null,u}, p, = null, p, = null, and p, = null.
e in state ON if p, = null, p, =, p, =y and p, = v.

e in state ALMOSTON if p, ¢ {null,u}, p, =z, p, =y and p, = v.

Note that a matched edge can be in none of the states presented below. The states of an edge represents
the different steps of an augmenting path exploitation. Now, we exhibit an execution to switch an edge
(u,v) from state OFF to state ON in Lemma 1 and then, from state ALMOSTON to state ALMOSTOFF in
Lemma 2.

Lemma 1. Let e = (u,v) be an edge in the mazimal matching M such that uw (resp. v) has one single
neighbor x (resp. y). Assume y < x. Let C be a configuration where e is in state OFF and v = min({w €
N(y) : pw =y} U{v}). There exists a finite execution starting in C' and ending in D such that:

(i) only nodes u, v and y make moves between C' and D and (i) edge e is in state ON in D.

Proof. We describe a finite execution starting in C' and ending in D that allows to switch edge (u,v) from
state OFF to state ON and where only nodes u, v and y make moves. Nodes u and v belong to a 3-augmenting
path in C since p, = py, = null by assumption. If o, # x, then node u executes an Update move and sets
(o, Bu) = (x,null). If o, # y, then node v executes an Update move and sets (o, By) = (y, null).

Now, the variables a,, and «,, are well defined. Since y < x, we have AskFirst(v) = y and AskSecond(u) =
. So node v executes a MatchFirst move and sets p, = y. Let C; — C5 be the transition where v makes
this MatchFirst move. Observe that only v and v made some moves from C to Cy. Moreover, u ¢ N(y)
since u has only one single neighbor that is . Thus v = min({w € N(y) : pw = y} U {v}) still holds in Cy
and so, node y chooses node v to match with by executing a SingleNode move. Finally, node u is eligible to
execute a MatchSecond move and it then points to node x. The edge (u,v) is now in state ON. O

Now, we exhibit an execution to switch edge (u,v) from state ALMOSTON to state ALMOSTOFF.

Lemma 2. Let e = (u,v) be an edge in the mazimal matching M such that u (resp. v) has one single
neighbor © (resp. y). Assume y < z. Let C be a configuration where: e is in state ALMOSTON and
{w € N(y) : pw =y} = {v}. There exists a finite execution starting in C and ending in D such that:

(i) only nodes u, v and y make moves between C and D and (ii) edge e is in state ALMOSTOFF in D.



Proof. We describe a finite execution starting in C' and ending in D that allows to switch edge (u, v) from state
ALMOSTON to state ALMOSTOFF and where only nodes u, v and y make moves. Since edge (u,v) is in state
ALMOSTON, then p, & {null,u} and so BestRematch(u) = (null,null). If (o, By) # (null, null) then node
u executes an Update move. Otherwise, AskFirst(u) = AskSecond(u) = null and, since p,, # null, u executes
a ResetMatch move. In both cases, after the move, (py, s,) = (null, false) and (o, By) = (null, null).

oy, = null implies AskFirst(v) = null, and AskFirst(u) = null implies AskSecond(v) = null. Moreover,
since p, # null, v executes a ResetMatch move and sets p, = null. Let C; — C5 be the transition where
v makes this ResetMatch move. Since {w € N(y) : p,, = y} = {v} holds in the configuration C' and since
only u and v made some moves from C to Cs then we have: {w € N(y) : p,, = y} = 0 holds in Cs. Thus
node y performs a SingleNode move and sets p, = null. The edge (u, v) is now in state ALMOSTOFF. O

5.2. The graph G and how to interpret a configuration into a binary integer

In the following, we describe an execution corresponding to count from 0 to 2 — 1, where N is an arbi-
trary integer. This execution occurs in a graph denoted by G with ©(N?) nodes. G is composed by N
sub-graphs, each of them representing a bit. The whole graph then represents an integer, coded from these
N bits. G has 2 kind of nodes: the nodes represented by circles (o -nodes) and those represented by squares
(m-nodes). The e-nodes are used to store bit values and hence an integer. The m-nodes are used to imple-
ment the “4+1” operation as we count from 0 to 2 —1. We now formally describe the graph G = (V, En):

Vn =VRUVE where VN = Upcen b, k)|k=1,234}
VR = Uocjcion{ri(ig),ra(i, )}
Ey =EY UEN where EY = Uycion{(0(i,k),b(i, k+ 1))k =1,2,3}
EN = Uocjcian {00, 1),r1(5,5)) 5 (r1(i,5),72(i,5)) 5 (ra(i, 5),b(5,4))}

Figure 4 gives a partial view of the graph G corresponding to the ith bit-block.

Figure 4: A partial view of graph Gy

Our exponential execution used the following underlying maximal matching M:
M= {(b(,2),0(,3))[0 < i < N}U{(r1(4,5),72(4,§))|0 < j <i < N}
This maximal matching is encoded with the m-variables then we have:
Vi, j with 0 < j <i < N :myg ) = b(i,3), mya3) = b(4,2), my, 5,5y = r2(4, ) and my., ¢ jy = r1(4, J)

The matching M is a %—approximation of the maximum matching and the algorithm EXPOMATCH

updates this approximation building M™*, a %—approximation of the maximum matching. M is encoded

with the p-variable and we also use this variable to encode the binary integer associated to a configuration.

Ezxample. As an illustration, graph G4 is shown in Figure 5. In this example, the bold edges are those be-
longing to the maximal matching M and arrows represent the local variable p of the algorithm EXPOMATCH.
A node having no outgoing arrow has its p-variable equal to null.

As we said, the e-nodes are used to encode the N bits. Each bit 7 is encoded with the local state of the
4 following nodes: b(i, 1), b(i,2),b(i,3),b(i,4). These nodes are then named b(i, k), for “the k' node of the
bit i”. For instance, node 10 is the fourth node of the bit 0, thus node 10 is called b(0,4). In the following,



Bit 3 =0 Bit 2 =0 Bit 1 =1 Bit0 =0

Figure 5: Graph G4 encoding 0010

we will refer to these four nodes as the " bit-block. The binary value associated to a bit-block is computed
accordingly to the p-value of each node in the bit-block. The following definition gives this association:

Definition 4 (Bit-block encoding). In graph Gy, nodes {b(i,1),b(i,2),b(i,3),b(i,4)} are the i'" bit-block,
for some 0 < i < N. This bit-block encodes the value 1 (resp. 0) if the edge (b(i,2),b(i,3)) is in state ON
(resp. OFF) and if Vj with 0 < j < i,pp (i) = Pro(i,j) = null.

Note that the value encoded by a bit-block is not always defined. But when all bit-blocks encode a bit
in a given configuration, then we can associate a positive integer w to this configuration.

Definition 5 (w-configuration). Let w be an integer s.t. 0 < w < 2V, a configuration C is said to be an
w-configuration if for any integer 0 < i < N, the it" bit of w is the value encoded by the i*" bit-block in C.

Observe that all the p-values of the m-nodes have to be null in any w-configuration. In Figure 5, all
p-values of m-nodes are null. Moreover, the edges (9, 8), (17,16) and (21, 20) are in state OFF while the edge
(13,12) is in state ON. Thus, G4 encodes the binary integer 0010 and so Figure 5 shows a 2-configuration.

5.8. Identifiers in Gn

In order to exhibit our execution counting from 0 to 2 — 1, we need to be able to switch edges between
ON and OFF. This can be done executing the guarded rules of EXPOMATCH. Since this algorithm uses
identifiers, we need some properties on identifiers of nodes in Gy. The Ident function gives the identifier
associated to a node in V. Recall that we assume each node has a unique identifier. These identifiers must
satisfy the three following properties:

Property 1 (Identifiers order in Gn). Let b(i, k),b(i', k"), b(i,2) and b(i,3) be nodes in VN, and r1(i,j) and
r2(i,j) be nodes in VN. We have:

1. Ident(b(i,k)) > Ident(b(s', k")) if . > i)V (i=9 Nk >EK)

2. Ident(b(i,2)) < Ident(r1(i, 7))

3. Ident(b(i,3)) > Ident(ra2(4,7))

We now show that in graph G, there exists an Ident function that satisfies Property 1. Indeed, the property
n

holds for the following naming: Let ¢ = |[V¥] and s = YN There are ¢ nodes of kind b, s nodes of kind

and s nodes of kind r9 as well. Nodes of kind ro are named from 1 to s. Nodes of kind b are named from

s+ 1 to s+ ¢ such that: Vi,0 < i < N,Vk € {1,2,3,4} : Ident(b(i,k)) = s+ 4i + k. And finally, nodes

of kind r; are named from s+c+1 to s+c+s. Figure 5 shows graph G4 with such a naming (¢c=16 and s=6).

5.4. Counting from 0 to 2V — 1

We build an execution containing all w-configurations with 0 < w < 2V — 1. To to this, we build an
execution from an w-configuration to the (w + 1)-configuration using a ’+1’ operation. Thus we need to be
able to switch bit from 0 to 1 and from 1 to 0. The main scheme is the following: let us consider a binary
integer . The '+1’ operation consists in finding the rightmost 0 in . Then all 1 at the right of this 0 have
to switch to 0 and this 0 has to switch to 1 (if z = 2’011...1 then z + 1 = 2/100...0). Then if 0 is the *"
bit of z, the i*" bit-block has to switch from 0 to 1 during the '+1’operation. And each j* bit-block, with
0 < j < i, has to switch from 1 to 0.



The switch of a bit-block from 0 to 1 only needs the e-nodes to perform moves (see Lemma 1). However,
this is not the case when we want to switch a bit-block from 1 to 0. Indeed, we use some other nodes to help
to perform the switch: the m-nodes.

Theorem 1. Let w be an integer such that 0 < w < 2N — 1. There exists a finite execution to transform an
w-configuration into an (w + 1)-configuration.

Proof. Let C be an w-configuration. Let p be the integer such that the p— 1 first bits of w equal to 1 and the
value of its pt" bit to 0. This implies that the p'" bit of w + 1 is the first bit equal to 1. We distinguish two
cases: p=0and p > 0. (i) In the case where p = 0, edge (b(0,2),5(0,3)) is in state OFF by definition. Since
the Oth bit of integer w + 1 is equal to 1, (b(0,2),5(0,3)) must be in state ON in the (w + 1)-configuration.
By Property 1, we have Ident(b(0,1)) < Ident(b(0,4)). Moreover nodes b(0,3) and b(0,2) only have one
single neighbor, so the hypotheses of Lemma 1 are satisfied. Thus, from Lemma 1, there exists an execution
to switch edge (b(0,2),b(0,3)) from state OFF to state ON and in this execution, only nodes b(0, 1), b(0, 2)
and b(0,3) make moves. At the end, the Oth bit has changed from 0 to 1 and the other did not change.
We then have an (w 4 1)-configuration. (ii) In the case where p > 0, for every integer ¢ from 0 to p — 1,
edge (b(7,2),b(i,3)) is in state ON and edge (b(p,2),b(p,3)) is in state OFF. We can execute the following
sequence of moves to obtain the (w + 1)-configuration:

1. We first consider the 3-augmenting path (b(p,1),71(p, ), m2(p,7),b(j,4)) for any integer j, 0 < j < p.
We prove that the matched edge of this path is in state OFF and that it satisfies the assumptions of
Lemma 1. Then, we switch this edge from state OFF to state ON applying Lemma 1 (where the path
(x,u,v,y) in this lemma corresponds to the path (b(p,1),71(p,7),r2(p,5),b(4,4))).

Note that V5,0 < j < p, node 71(p,j) (resp. r2(p,J)) is adjacent to one single node b(p,1) (resp.
b(j,4)). As for any j, 0 < j < p, the j** bit-block encodes the value 1 in C, then Po(j,a) = null in C.
In the same way, as the pt" bit-block encodes the value 0 in C, then Po(p,1) = null in C. As C'is an
w-configuration, then p,, (, ;) = null and p,,(, ;) = null. Thus the edge (r1(p,7),m2(p,j)) is in state
OFF in C.

Moreover, Ident(b(j,4)) < Ident(b(p,1)) by Property 1. Finally, in C, we have {w € N(b(j,4)) : pw =
b(4,4)} = {b(4,3)} since all neighbors of b(j,4) but b(j,3) are m-nodes, and so they have their p-value
equal to null in C. We have Ident(r2(p,j)) < Ident(b(j,3)) by Property 1, then ro(p,j) = min({w €
N(b(4,4)) : pw = b(4,4)} U{r2(p, 5)}) and the hypotheses of Lemma 1 are satisfied. Thus from Lemma
1, we can exhibit an execution to switch edges (r1(p, j), r2(p, 7)) from state OFF to state ON and where
only nodes r1(p, j), r2(p, j) and b(j,4) make moves.

2. Now, for each integer j, 0 < j < p, edge (b(4,2),b(4,3)) is in state ALMOSTON. Ident(b(j,1)) <
Ident(b(j,4)) and {w € N(b(4,1)) : pw = b(j, 1)} = {b(4,2)} so hypothesis of Lemma 2 hold. Thus
from Lemma 2, an execution to switch edge (b(j, 2), b(7,3)) from state ALMOSTON to state ALMOSTOFF
is performed.

3. Edge (b(p,2),b(p,3)) is still in state OFF. Using the same argument of step (1), from Lemma 1, we
can exhibit an execution to switch edges (b(p,2),b(p, 3)) from state OFF to state ON.

4. Now, for each integer j, 0 < j < p, edge (r1(p,5),7m2(p, 7)) is now in state ALMOSTON. From Lemma 2,
there exists an execution to switch edge (r1(p, ), 72(p, 7)) from state ALMOSTON to state ALMOSTOFF.

At the end of this execution, we obtain a configuration where the p — 1 first bits of w are equal to 0 and
the p'" bit is 1. Moreover, observe that all m-nodes are in state ALMOSTOFF or OFF, thus they all have
their p-value sets to null. We are then in an (w + 1)-configuration. O

Corollary 1. Let n be the number of nodes. In the worst case, Algorithm EXPOMATCH stabilizes after
Q(2V™2)moves under the central daemon.

Proof. We can build an execution that contains all the w-configurations for every value w, 0 < w < 2V,
By applying Theorem 1, this execution can be split into 2%V parts corresponding to the execution from w-

configuration to (w + 1)-configuration, for 0 < w < 2%. Thus, this execution contains 2V configurations.
Since graph Gy has 4N + N(N + 1) vertices, then n < 2N? for n > 5, and then /n < N+/2. Thus

2V"n/2 < 9N and the corollary holds. O
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6. Our algorithm PolyMatch

The algorithm presented in this paper is called POLYMATCH, and is based on the algorithm presented by
Manne et al. [20], called ExPOMATCH. As in EXPOMATCH, POLYMATCH assumes there exists an underlying
maximal matching, called M. POLYMATCH algorithm is presented in Figure 6. Predicates AskF'irst and
AskSecond are not given since they are the same as in EXPOMATCH algorithm (see Fig. 3).

6.1. Variables description

Our algorithm has the same set of local variables as in EXPOMATCH plus one additional boolean variable,
called end. As in EXPOMATCH, for a matched node u, the pointer p, refers to a neighbor of u that u is
trying to (re)match with, and pointers «,, and f, refer to two candidates for a possible rematching with
u. And again, s, is a boolean variable that indicates if u has performed a successful rematching with
its candidate. Finally, the new variable end, is a boolean variable that indicates if both v and m, have
performed a successful rematching or not. For a single node x, only one pointer p, and one boolean variable
end,; are needed. p, has the same purpose as the p-variable of a matched node. The end-variable of a single
node allows the matched nodes to know whether it is awvailable or not. A single node x is available for a
matched node u if it is not involved in another augmenting path that is fully exploited, i.e., if it is possible
for x to eventually rematch with u, and thus if p, = u V end,, =False (see BestRematch predicate).

6.2. Augmenting paths exploitation

A 3-augmenting path is exploited in three phases. These phases are performed in a sequential way. Let

us consider two nodes u and v such that (u,v) € M. Let us assume that u and v detects a 3-augmenting path.

1. The First node starts (same as in EXPOMATCH): The First node, let say u, tries to rematch with its
candidate. This phase is complete when s, = True and this indicate to the Second node, let say v,
that the first phase is over.

2. The Second node continues: only when the first node succeeds will the second node attempt to rematch
with one of its candidates. This phase is complete when end, = True and this indicate to the v’s
neighbors that the second phase is over.

3. All nodes in the path set their end variable to True: the end value of v is propagated in the path. The
goal of this phase is to write True in the end variables of the two single nodes in the path in order
to make them unavailable for other married nodes. Indeed, the end variable is used to compute the
candidates of a matched node.

The scenario for an augmenting path exploitation when everything goes well is given in the following.
Node u starts trying to rematch with x performing a MatchFirst move and p,, := x. If x accepts the propo-
sition, performing an UpdateP move and p, := u, then u will inform v of this first phase success, once again
by performing a MatchFirst move and s, :=True. Observe that at this point, x cannot change its p-value
since pp, = z. Finally, node v tries to rematch with y, performing a MatchSecond move and p, :=y. If y
accepts the proposition, performing an UpdateP move and p, := v, then v will inform u of this final success,
by performing a MatchSecond move again and end,, :=True. This complete the second phase. From then,
all nodes in this 3-augmenting path will set there end-variable to True: u by performing a last MatchFirst
move, and x and y by performing an UpdateEnd move. From this point, non of these nodes x,u, v, or y will
ever be eligible for any move again. Moreover, once single nodes have their end-variables set to True, they
are not available anymore for any other matched nodes.

6.3. Rules description

There are four rules for matched nodes. As in EXPOMATCH, the Update rule allows a matched node to
update its « and S variables, using the BestRematch predicate. Then, predicates AskFirst and AskSecond
are used to define the role the node will have in the 3-augmenting path exploitation. If the node is First (resp.
Second), then it will execute MatchFirst (resp. MatchSecond) for this 3-augmenting path exploitation. The
ResetMatch rule is performed to reset bad initialization and also to reset an augmenting path exploitation
that did not terminate.

The MatchFirst rule is used by the node when it is First. Let u be this node. The rule is performed
three times in a usual path exploitation:
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Rules for each node u in single(V)

ResetEnd :: UpdateEnd ::
if pu = null A end, = True if (pu. € matched(N(u)) A (pp, = u) A (end., # end,,)
then end, := False then end, := endp,

UpdateP ::

if (pu = null A {w € matched(N(u)) | pw = u} #0) V (pu ¢ (matched(N(u)) U{null})) V (pu # null A\ pp, # u)
then p, := Lowest{w € matched(N(u)) | pw = u}
end, ;= False

Predicates and functions

BestRematch(u) = ( a:= Lowest{z € single(N(u)) A (pz = uV end, = False)}
b := Lowest{z € single(N(u)) \ {a} A (p- = uV end, = False)}
return (a,b) )

Rules for each node u in matched(V)
Update ::
if (o > Bu) V (aw, Bu € (single(N(u)) U{null})) V (au = Bu A o # null) V py ¢ (single(N(u)) U {null}) vV
((aw, Bu) # BestRematch(u) A (pu = null V (pp, # u A endp, = True)))
then (aw, 8.) := BestRematch(u)
(Pu, Su, endy) = (null, False, False)

MatchFirst ::
if (AskFirst(u) # null) A
[ pu # AskFirst(u) V
Su  # (pu = AskFirst(u) A pp, = u A pm, € {AskSecond(m,),null}) Vv
endy # (pu = AskFirst(u) A pp, = u A Sy A pm, = AskSecond(m.) A endpm,,) |
then end, := (p, = AskFirst(u) A pp, = u A Sy A pm, = AskSecond(m.) A endm,,)

Su = (pu = AskFirst(u) A pp, = u A (pm, € {AskSecond(m.),null})
pu = AskFirst(u)
MatchSecond ::

if (AskSecond(u) # null) A (Sm,, = True) A
[ pu # AskSecond(u) V end, # (pu = AskSecond(u) A pp, = U A pm,, = AskFirst(my)) V su # end, |
then end, := (p, = AskSecond(u) A pp, = u A pm,, = AskFirst(m.))

Su = endy,
pu = AskSecond(u)
ResetMatch ::

if [(AskFirst(u) = AskSecond(u) = null) A ((pu, Su, endy) # (null, False, False))] V
[AskSecond(u) # null A py # null A spm,, = False|
then (pu, su, end,) := (null, False, False)

Figure 6: POLYMATCH algorithm

1. The first time, u seduces its candidate setting (endy, s., p.) to (False, False, AskFirst(u)).

2. Then this rule is performed a second time after the u’s candidate has accepted the u’s proposition, i.e.,
when AskFirst(u) has set its p-variable to u. So the second MatchFirst execution sets (endy, Sy, Py)
to (False, True, AskFirst(u)). Now, variable s, is equal to T'rue, allowing node m,, that is Second to
seduce its own candidate.

3. Finally, the MatchFirst rule is performed a third time when m,, completed his own rematch, i.e., when
end,,, = True. Observe that when there is no bad information due to some bad initializations, then
endp, = True means p,,, = AskSecond(my) A pp,,. = m. (see the third line of the MatchSecond
rule). So this third MatchFirst execution sets (endy, s, p.) to (True, True, AskFirst(u)), meaning
that the 3-augmenting path has been fully exploited.

In the MatchFirst rule, observe that we make the assignment operation of s,, before the one of p,,, because
the s, value must be computed accordingly to the value of p, before activating u. Indeed, when u executes
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MatchFirst for the first time, it allows to set p,, from L to AskFirst(u) while s, remains False. Then when u
executes MatchFirst for the second time, s, is set from False to True while p, remains equal to AskFirst(u).
For the same argument, we make the end,, assignment before the s, assignment. Thus, the "normal” values
sequence for (py, sy, end,) is: ((L, False, False), (AskFirst(u), False, False), (AskFirst(u), True, False),
(AskFirst(u), True, True)).

The MatchSecond rule is used by the node when it is Second. This rule is performed only twice in a
usual path exploitation. For the first execution, u has to wait for m,, to set its s,,, to True. Then u can
perform MatchSecond and update its p-variable to AskSecond(u). When the u’s candidate has accepted
his proposition, u can perform MatchSecond for the second time, setting s, and end, to True. As in the
MatchFirst rule, we set the end and s assignments before the p assignment.

There are three rules for single nodes. The ResetEnd rule is used to reset bad initializations. In the
UpdateP rule, the node updates its p-value according to the propositions done by neighboring matched
nodes. If there is no proposition, the node sets its p-value to null. Otherwise, p is set to the minimum
identifier among all proposals. Afterward, the p-value can only change when the proposition is canceled.
When a single node u has accepted a proposition, its end value should be equal to the end value of p,. The
UpdateEnd rule is used for this purpose.

6.4. Ezxecution eramples

We give two different executions of algorithm POLYMATCH under the adversarial distributed daemon.
The first execution points out the main differences between our algorithm PorLyMATCH and algorithm
ExPoMATCH. In the second execution, we focus on the end variable role for the exploited path process.

Main difference between POLYMATCH and EXPOMATCH algorithms. When two neighboring augmenting-
paths are exploited in parallel, then at most one among the two will eventually become a fully exploited
augmented-path. In Manne et al. algorithm, a destruction of a partially exploited augmenting-path can
be done while no fully exploited augmenting-path has been built instead. Moreover, for one fully exploited
augmented-path, we can exhibit some executions where we destroy a sub-exponential number of exploited
augmented-paths (see Section 5). In our algorithm, this is not possible since we do not destroy any partially
exploited augmented-path while there is still hope to exploit it. This difference is implemented in the
algorithm through the BestRematch(u) predicate. The condition p, = null in Manne et al. algorithm has
been replaced by the condition end, =Fualse in our algorithm, meaning that node x must belong to a fully
exploited augmented-path in order to disappear from the candidates of u.

How to handle the end-variable?

Second, we consider the following execution in order to illustrate the role of local end-variable. Figure
7(a) shows the initial state of the execution. The underlying maximal matching contains one edge (2, 3).
Then nodes 2, 3 are matched nodes, and nodes 1, 7, and 8 are single nodes. At the beginning, there are two
3-augmenting paths: (1,2,3,7) and (8,2,3,7).

The initial configuration (Figure 7(a)). In the initial configuration, we assume that all a-values and (-
values are defined as follows: (g, 82) = (8, null), and (asg, 83) = (7, null). We also assume all s-values are
well defined (i.e., equal to False) whereas all end-values are False but end; that is True. At this moment,
node 2 considers that since end; =True, node 1 already belongs to a fully exploited 3-augmenting path:
BestRematch(2) = (8, null).

The 3-augmenting path is (7, 3,2, 8). Node 2 considers that node 1 is not available because end; = True.
Since 2 < Unique({aa, B2, a3, 83}) < 4, nodes 2 and 3 detect a 3-augmenting path and start to exploit it.
Since node 3 is First (AskFirst(3) = 7 and AskFirst(2) = null), node 3 may execute a MatchFirst move.
Let us assume it does.

The 3-augmenting path exploitation starts (Figure 7(b)). Node 3 executes here a MatchFirst move and points
to node 7. Since node 3 is pointing to node 7, node 7 is the only activable node among all nodes except node
1. Node 7 points to node 3 by executing a UpdateP move.
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end; = True end; = True o

(¢) 1 executes ResetEnd, then 2 executes
Update and becomes First. Finally, 3 ex-
ecutes ResetMatch.

oo o Bo o o oo

(d) 2 executes MatchFirst, then 1 exe- (e) In parallel 7 and 3 execute UpdateP (f) 7 executes UpdateP, then 3 executes

(a) Initial configuration. (b) 3 executes MatchFirst, then 7 exe-
cutes UpdateP and chooses 3.

cutes UpdateP and accepts the proposi- and MatchSecond respectively. MatchSecond, then the True value of
tion of 2. Finally, 2 executes MatchFirst ends is propagated in the path (1,2, 3, 7).
(s2:=True).

Figure 7: An execution of Algorithm PoLyMATCH (Only the True value of the end-variables are given)

Let us focus on node 1. Its end-value is not well defined since end; =True while node 1 does not belong
to a fully exploited augmenting path. Thus, node 1 is eligible for ResetEnd rule. Let us assume it makes
this move. After this move, we have end; =False. This implies that BestRematch(2) = (1,8) and thus
(a2, B2) = (8,null) # BestRematch(2). So, only node 2 is activable, and is eligible for Update rule. Thus,
after this mode, node 2 is First. This implies that node 3 is Second, and it is eligible for ResetMatch because
AskSecond(3) # null A ps # null A s2 =False. Let us assume it does it.

A second 3-augmenting path exploitation starts (Figure 7(d)). Let us consider node 2. It is First and it
can execute a MatchFirst rule. After this activation, it sets po» = 1 and sy = ends =False. Now, node 1
accepts the node 2 proposition by executing a UpdateP move. After this activation, node 1 points to node 2
(p1 = 2). Now, node 2 is eligible for executing a MatchFirst rule. It sets p; = 1 and so = True. This implies
that node 3 becomes eligible for MatchSecond.

In the configuration shown in Figure 7(e), node 3 can propose to node 7 with a MatchSecond. Note that
node 7 is also eligible for UpdateP since ps # 7. Let us assume these two nodes do the move in parallel.
Figure 7(e) shows the configuration obtained after theses moves: ps = 7, p; = null. Note that after these
activations, we have s3 = False since, before these activations, the p-values of nodes 3 and 7 are not as follow:
p3 = 7 and p; = 3. This kind of transitions, where a matched node proposition is performed in parallel
with a single node abandonment, is the reason why we make the s-assignment, then the p-assignment in the
MatchFirst rule. This trick allows to obtain after a MatchFirst rule: s, = True implies p,, = u. Finally,
observe at this step that node 3 still waits for an answer of node 7.

The path (1,2,3,7) becomes fully exploited (Figure 7(f)). Now, node 7 can choose 3 by executing UpdateP.
Assume that it does. Since ends # (ps = 7 Aps = AskSecond(3) A po = AskFirst(2)), node 3 is eligible
for a MatchSecond rule to set ends to True and then to make the other nodes aware that the path is fully
exploited. Assume node 3 executes a MatchSecond move. This will cause node 7 (resp. 2) to execute an
UpdateEnd move (resp. a MatchFirst move) and sets end; =True (resp. ends =True). Now, it is the turn
to node 1 to execute an UpdateEnd move. As the end-value of nodes 1, 2, 3, and 7 are equal to True, the
3-augmenting path is fully exploited. The system has reached a stable configuration (see Figure 7(f)). Thus,
the size of the matching is increasing by one and there is no 3-augmenting path left.

7. Correctness Proof

A natural way to prove the correction of POLYMATCH algorithm could have been to follow the approach
below. We consider a stable configuration C' in POLYMATCH and we prove C' is also stable in the Manne et
al. algorithm. As we use the exact same variables but the end-variable and because the matching is only
defined on the common variables, the correctness follows from Manne et al. paper. Moreover, we can easily
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show that if C' is stable in POLYMATCH, then no rule from the Manne et al. algorithm but the Update rule
can be performed in C. Unfortunately, it is not straightforward to prove that the Update rule from Manne
et al. algorithm cannot be executed in C. Indeed, our Update rule is more difficult to execute than the one
of Manne et al. in the sense that some possible Update in Manne et al. are not possible in our algorithm.
By the way, this is why our algorithm has a better time complexity since the number of partially exploited
augmented path destruction in our algorithm is smaller than in the Manne et al. algorithm. In particular,
we have to prove that in a stable configuration, for any matched node, if p,, # null, then end,, = True. To
prove that, we need Lemmas 3, 4, 5, 6 and a part of the proof from Theorem 2. Observe that from these
results, the correctness is straightforward without using the Manne et al. proof.

We first introduce some notations. A matched node v is said to be First if AskFirt(u) # null. In
the same way, u is Second if AskSecond(u) # null. Let Ask : V. — V U {null} be a function where
Ask(u) = AskFirst(u) if AskFirst(u) # null, otherwise Ask(u) = AskSecond(u). We will say a node
makes a match rule if it performs a MatchFirst or MatchSecond rule.

Recall that the set of edges built by our algorithm PoLyMATcH is MT = {(u,v) € M : p, = p, =
null} U{(a,b) € E\ M : p, = bAp, = a}. For the correctness part of the proof, we prove that in a stable
configuration, M is a 2/3-approximation of a maximum matching on graph G. To do that we demonstrate
there is no 3-augmenting path on (G, M™). In particular we prove that for any edge (u,v) € M, we
have either p, = p, = null, or v and v have two distincts single neighbors they are rematched with, i.e.,
Jz € single(N(u)), 3y € single(N(v)) with x # y such that (py, = ) A (pu=2) A(py =v) A (py =y). In
order to prove that, we show every other case for (u,v) is impossible. Finally, we prove that if p, = p, = null
then (u,v) does not belong to a 3-augmenting-path on (G, M™).

Lemma 3. In any stable configuration, we have the following properties:

e Yu € matched(V) : p, = Ask(u);
o Vx € single(V) : if pp, = u with u # null, then u € matched(N(x)) A p, = x A end,, = end,,.

Proof. First, we will prove the first property. We consider the case where AskFirst(u) # null. We have
pu = AskFirst(u), otherwise node u can execute rule AskFirst. We can apply the same result for the case
where AskSecond(u) # null. Finally, we consider the case where AskFirst(u) = AskSecond(u) = null. If
pu 7# null, then node u can execute rule ResetMatch which yields the contradiction. Thus, p, = null.
Second, we consider a stable configuration C where p; = u, with u # null. v € matched(N(z)), otherwise
x is eligible for an UpdateP rule. Now there are two cases: p, = « and p, # z. If p, # x, this means that
Pp, # x. Thus, z is eligible for rule UpdateP, and this yields to a contradiction with the fact that C is
stable. Finally, we have end, = end,, otherwise z is eligible for rule Update End. O

Lemma 4. Let (u,v) be an edge in M. Let C be a configuration. If p, # null A p, = null holds in C, then
C' is not stable.

Proof. By contraction. We assume C' is stable. From Lemma 3, we have p, = Ask(u) # null and p, =
Ask(v). So, by definition of predicates AskFirst and AskSecond, Ask(u) = x # null implies that Ask(v) #
null. This contradicts that fact that p, = Ask(v) = null. O

Lemma 5. Let (z,u,v,y) be a 3-augmenting path on (G, M). Let C be a stable configuration. In C, if
Dz = U, Py = T, Py = Y and py = u, then end, = end, = end, = end, = T'rue.

Proof. From Lemma 3, p, = Ask(u) (resp. p, = Ask(v)) thus Ask(u) # null and Ask(v) # null. W.l.o.g,
we can assume that AskFirst(u) # null. We have s, = True, otherwise u can execute MatchFirst
rule. Now, as s, = True, we must have end, = True, otherwise v can execute MatchSecond rule. As
Sy = end,, = T'rue, we must have end, = True, otherwise u can execute MatchFirst rule. From Lemma 3,
we can deduce that end, = end, = end, = endy, = True and this concludes the proof. O

Lemma 6. Let (z1,u1,v1,22) be a 3-augmenting path on (G, M). Let C be a configuration. If p,, =
UL A Pyy = X1 A Dy, = T2 A Dy, 7 v1 holds in C, then C is not stable.
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Proof. By contraction. We assume C' is stable. From Lemma 3, Ask(u;) = 1 and Ask(vy) = 5.

First we assume that AskSecond(u;) = x1 and AskFirst(vi) = 2. The local variable s,, is False,
otherwise v; would be eligible for executing the MatchFirst rule. Since AskSecond(ui) # null A p,, #
null A\ sy, = False, this implies that u; is eligible for the ResetMatch rule which is a contradiction.

Second, we assume that AskFirst(u;) = x; and AskSecond(v1) = x2. We have s,, = True, otherwise
up can execute the MatchFirst rule. This implies that end,, = False, otherwise v; can execute the
MatchSecond rule. As end,, = False, then end,, = False, otherwise u; can execute the MatchFirst
rule. From Lemma 3, end,, = end,, = end,, = False. Since Ask(vi) = x2, we have z3 € {au,, By, }-
Let us assume end,, = True. Then xo ¢ BestRematch(vy) and then vy is elligible for an Update. Thus
end,, = False.

Therefore, C' is a configuration such that u; is First and vy is Second with end,, = end,, = end,, =
end;, = False. Now we are going to show there exists another augmenting path (zg,us,vs,z3) with
endy, = endy, = end,, = end,, = False and py, = %2, pz, = U2, Dy, = T3 and p,, 7# vz such that us is
First and vy is Second (see Figure 8).

Figure 8: A chain of 3-augmenting paths.

Da, 7# null otherwise zo is elligible for an UpdateP rule. Thus there exists a vertex us # v such
that py, = ug. From Lemma 3, ug € matched(N(xz2)) and p,, = z3. Therefore, there exists a node
Vg = My,. From Lemma 4, we can deduce that p,, # null and there exists a node z3 such that p,, = z3.
x3 € single(N(v2)) otherwise vg is eligible for an Update rule. Finally, if p,, = v2, then Lemma 5 implies
that end,, = end,, = endp, = end,, = True. This yields the contradiction with the fact end,, = False.
So, we have p,, # vs.

We can then conclude that (z2,us,ve, z3) is a 3-augmenting path such that p,, = ug Apy, = T2 A py, =
3 A pgs 7 v2. This augmenting path has the exact same properties than the first considered augmenting
path (z1,u1,v1,22) and in particular u; is First.

Now we can continue the construction in the same way. Therefore, for C to be stable, it has to exist a
chain of 3-augmenting paths (x1,u1,v1, T2, U, V2, T3, . . ., Ty Ui, Uiy Tif1,...) Where Vi > 10 (x4, w4, 0;, Tig1)
is a 3-augmenting path with p,, = u; A py, = @3 APy, = Tiy1 A Pzyy = Vg1 and u; is First. Thus,
T1 <29 <...<x; <... since the u; will always be First. Since the graph is finite some x; must be equal
to some xy with ¢ £ k which contradicts the fact that the identifier’ sequence is strictly increasing. O

Lemma 7. Let (z,u,v,y) be a 3-augmenting path on (G, M). Let C be a configuration. If p, = x N p, #
UADy =Yy APy # v holds in C, then C is not stable.

Proof. By contradiction, assume C'is stable. From Lemma 3, Ask(u) = z. Assume to begin that AskFirst(u) #
null. Because p,, # u we have s, = False, otherwise  is eligible for MatchFirst. Since AskSecond(v) #
null and s,,, = s, = False then v can apply the ResetMatch rule which yields a contradiction. Therefore
assume that AskSecond(u) # null. The situation is symmetric (because now AskFirst(v) # null) and
therefore we get the same contradiction as before. O

Lemma 8. Let (z,u,v,y) be a 3-augmenting path on (G, M). Let C be a configuration. If p, = p, = p, =
py = null holds in C, then C' is not stable.

Proof. By contradiction, assume C' is stable. end, = False (resp. end, = False), otherwise = (resp. y)
is eligible for a ResetMatch. (o, B,) = BestRematch(u) (resp. (ow,y) = BestRematch(v)), otherwise
u (resp. v) is eligible for an Update. Thus, there is at least an available single node for u and v and so
Ask(u) # null and Ask(v) # null. Then, this contradicts the fact that Ask(u) = null (see Lemma 3). O

Theorem 2. In a stable configuration we have, V(u,v) € M: (i) py, = py, = null or (ii) Iz € single(N(u)),
Jy € single(N(v)) with x # y such that py =uAp, =T Apy =V APy, =Y.
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Proof. We will prove that all cases but these two are not possible in a stable configuration. First, Lemma
4 says the configuration cannot be stable if exactly one of p, or p, is not null. Second, assume that
pu 7 null A py # null. Let p, = x and p, = y. Observe that x € single(N(u)) (resp. y € single(N(v))),
otherwise u (resp. v) is eligible for Update. [Case z # y|: If p, # u and p, # v then Lemma 7 says the
configuration cannot be stable. If p, = u and p, # v then Lemma 6 says the configuration cannot be stable.
Thus, the only remaining possibility when p, # null and p, # null is: p, = w and p, = v. [Case z = y|:
Ask(u) # null (resp. Ask(v) # null), otherwise u (resp. v) is eligible for a ResetMatch. W.l.o.g. let us
assume that u is First. © = AskFirst(u) (resp. © = AskSecond(v)), otherwise u (resp. v) is eligible for
MatchFirst (resp. MatchSecond). Thus AskFirst(u) = AskSecond(v) which is impossible according to
these two predicates. O

Lemma 9. Let x be a single node. In a stable configuration, if p, = w,u # null then there exists a
3-augmenting path (x,u,v,y) on (G, M) such that p = uAp, =T AP, =y Apy = .

Proof. By lemma 3, if p, = u with u # null then v € matched(N(z)) and p, = . Since p, # null, by
Theorem 2 the result holds. O

Corollary 2. In a stable configuration, there is no 3-augmenting path on (G, M™) left.

Proof. Let us assume in a stable configuration, there is a 3-augmenting path on (G, M™). By Theorem 2,
any remaining augmenting-path (z,u,v,y) contains an edge (u,v) € M™ such that p, = p, = null. From
Lemma 8, p, # null V p, # null. W.Lo.g let us assume p, # null. By Lemma 9, (z,p,) € M™" and so
(z,u,v,y) is not an augmenting path. Contradiction. O

8. Convergence Proof

This section is devoted to a sketch of the convergence proof. In the following, u will denote the number
of matched nodes and ¢ the number of single nodes.

The first step consists in proving that the values of s and end represent the different phases of the path
exploitation. Recall that s, = True means p,, = u. Moreover end, = True means that the path is fully
exploited. We can easily prove that after one activation of a matched node u, s, = True implies p,, = u:

Lemma 11. Let u be a matched node. Consider an execution & starting after u executed some rule. Let C
be any configuration in €. In C, if s, =True then Iz € single(N(u)) : py, = T A py = u.

However, a bad initialization of end,,, to True can induce u to wrongly write True in end,. But this
can appear only once and thus, the second time u writes True in end, means that a 3-augmenting path
involving u has been fully exploited.

Theorem 3. In any execution, a matched node u can write end,, :=True at most twice.

We now count the number of destruction of partially exploited augmenting paths. Recall that in Manne
et al. algorithm, for one fully exploited augmenting path, it is possible to destroy a sub-exponential number
of partially exploited ones.

In our algorithm, observe that for a path destruction, the set of single neighbors that are candidates for a
matched edge has to change and this change can only occur when a single node changes its end-value. Such
a change induces a path destruction if a matched node takes into account this modification by applying an
Update rule. So, we first count the number of times a single node can change its end-value (Lemma 21) and
then we deduce the number of times a matched node can execute Update (Corollary 5). Finally, we conclude
we destroy at most O(n?)(= O(A(o + u))) partially exploited augmenting path.

The rest of the proof consists in counting the number of moves that can be performed between two
Update, allowing us to conclude the proof (Theorem 4).

In the following, we detailed point by point the idea behind each result cited above.
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Since single nodes just follow orders from their neighboring matched nodes, we can count the number
of times single nodes can change the value of their end variable. There are ¢ possible modifications due to
bad initializations. A matched node u can write True twice in end,,, so end, can be True during 3 distinct
sub-executions. As a single node x copies the end-value of the matched node it points to (p, = ), then a
single node can change its end-value at most 3 times as well. And we obtain 6x modifications.

Lemma 21. In any ezxecution, the number of transitions where a single node changes the value of its end
variables (from True to False or from False to True) is at most o + 6u times.

We count the maximal number of Update rule that can be performed in any execution. To do that, we
observe that the first line of the Update guard can be True at most once in an execution (Lemma 12). Then
we prove for the second line of the guard to be True, a single node has to change its end value. Thus, for each
single node modification of the end—value, at most all matched neighbors of this single node can perform
an Update rule.

Corollary 5. Matched nodes can execute at most A(o + 6p) + p times the Update rule.

Third, we consider two particular matched nodes v and v and an execution with no Update rule performed
by these two nodes. Then we count the maximal number of moves performed by these two nodes in this
execution. The idea is that in such an execution, the o and S values of v and v remain constant. Thus,
in these small executions, v and v detect at most one augmenting path and perform at most one rematch
attempt. We obtain that the maximal number of moves of u and v in these small executions is 12. By the
previous remark and Corollary 5, we obtain:

Theorem 4. In any execution, matched nodes can execute at most 12A(o + 6p) + 18y rules.

Finally, we count the maximal number of moves that single nodes can perform, counting rule by rule.
The ResetEnd is done at most once. The number of UpdateEnd is bounded by the number of times single
nodes can change their end-value, so it is at most ¢ 4+ 6u. Finally, UpdateP is counted as follows: between
two consecutive UpdateP executed by a single node x, a matched node has to make a move. The total
number of executed UpdateP is then at most 12A (o + 6u) + 18y + 1.

Corollary 3. The algorithm POLYMATCH converges in O(n?) moves under the adversarial distributed dae-
mon and in a general graph, provided that an underlying mazimal matching has been initially built.

The Manne et al. algorithm [19] builds a self-stabilizing maximal matching under the adversarial dis-
tributed daemon in a general graph, in O(m) moves. This leads to a O(m.n?) moves complexity to build a
1-maximal matching with our algorithm without any assumption of an underlying maximal matching.

Now, the next section is devoted to the description of the technical proof.

8.1. A matched node can write True in its end-variable at most twice

The first three lemmas are technical lemmas.

Lemma 10. Let u be a matched node. Consider an execution £ starting after u executed some rule. Let C
be any configuration in £. If end, = True in C then s, = True as well.

Proof. Let Cy — C4 be the transition in £ or in its prefix in which u executed a rule for the last time before
C. Observe first that this transition necessarily exists by definition of £ and second that C' may be equal
to C1. The executed rule is necessarily a match rule, otherwise end, could not be True in C;. If it is a
MatchSecond the lemma holds since in that case s, is a copy of end,. Assume now it is a MatchFirst. For
end, to be True in Cy, p, = AskFirst(u) A pp, = u A pm, = AskSecond(m,,) must hold in Cjy, according
to the action of MatchFirst. This implies that u writes True in s, in transition Cy — C. O

Lemma 11. Let u be a matched node. Consider an execution £ starting after u executed some rule. Let C
be any configuration in €. In C, if s, = True then 3z € single(N(u)) : p, = A p = u.
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Proof. Consider transition Cy — C7 in which u executed a rule for the last time before C'. Observe that this
transition necessarily exists by definition of £. The executed rule is necessarily a match rule, otherwise s,
could not be True in Cy. Observe now that whichever match rule is applied, Ask(u) # null — let us assume
Ask(u) = 2 — and p, = x and p, = v must hold in Cy for s, to be True in Cy. p, = z still holds in Cy
and until C. Moreover,  must be in single(N(u)), otherwise u would have executed an Update instead of a
match rule in Cy — C1, since Update has the higest priority among all rules. Finally, in transition Cy — C1,
x cannot execute UpdateP nor ResetEnd since p, € matched(N(z)) A pp, = x holds in Cy. Thus in Cf,
Py = x and p, = u holds. Using the same argument, = cannot execute UpdateP nor ResetEnd between
configurations Cy and C. Thus p, =x Ap, =u in C. O

Lemma 12. Let u be a matched node and € be an execution containing a transition Cy — C1 where u makes
a move. From Cy, the predicate in the first line of the guard of the Update rule will never hold.

Proof. Let Cy be any configuration in £ such that Cy > C;. Let Cg — C71 be the last transition before Cy
in which u executes a move. Notice that by definition of £, this transition exists. Assume by contradiction
that one of the following predicates holds in Cs.

1. (ay > Bu) V (o, Bu & (single(N(w)) U {null})) V (o, = By N ay # null)

2. py ¢ (single(N(u)) U {null})

By definition between C1; and Cs, u does not execute rules. To modify the variables «,,, 8, and p,, u
must execute a rule. Thus one of the two predicates also holds in C1;.

We first show that if predicate (1) holds in Cy; then we get a contradiction. If u executes an Update
rule in transition Cy9 — Ch1, then by definition of the BestRematch function, predicate (1) cannot hold
in C1; (observe that the only way for a,, = S, is when a,, = 3, = null). Thus assume that u executes a
match or ResetMatch rule. Notice that these rules do not modify the value of the «, and (3, variables.
This implies that if u executes one of these rules in Cjg — Ci1, predicate (1) not only hold in Cy; but also
in Cpg. Observe that this implies, in that case that u is eligible for Update in C1g — C11, which gives the
contradiction since Update is the rule with the highest priority among all rules.

Now assume predicate (2) holds in Ci;. In transition Cy9 — Ci1, u cannot execute Update nor
ResetMatch as this would imply that p, = null in C7;. Assume that in C1¢o — C11 u executes a match rule.
Since in C11, py ¢ (single(N(u)) U {null}) this implies that in Cyg, Ask(u) ¢ (single(N(u)) U {null}). This
implies that a,, By ¢ (single(N(u)) U {null}) in Cyp. Thus u is eligible for Update in transition Cyg — Cyy
and this yields the contradiction since Update is the rule with the highest priority among all rules.

Since these two predicates cannot hold in Cy, this concludes the proof. O

Now, we focus on particular configurations for a matched edge (u,v) corresponding to the fact they have
completely exploited a 3-augmenting path.

Lemma 13. Let (u,v) be a matched edge, £ be an execution and C be a configuration of £. If in C, we have:
1. py € single(N(u)) A p, = AskFirst(u) A pp, = u;
2. py € single(N(v)) A p, = AskSecond(v) A pp, = v;
3. sy =end, = s, = end, = True;

then neither u nor v will ever be eligible for any rule from C.

Proof. Observe first that neither u nor v are eligible for any rule in C'. Moreover, p,, (resp. p,) is not eligible
for an UpdateP move since u (resp. v) does not make any move. Thus p,, and p,, will remain constant
since u and v do not make any move and so neither u nor v will ever be eligible for any rule from C. O

The configuration C' described in Lemma 13 is called a stop,, configuration. From such a configuration
neither w nor v will ever be eligible for any rule. In Lemmas 15 and 16, we consider executions where a
matched node u writes True in end,, twice, and we focus on the transition Cy — C7 where u performs its
second writing. Lemma 15 shows that, if « is First in Cp, then C) is a stopym, configuration. Lemma 16
shows that, if u is Second in Cy, then either C is a stop,,, configuration or there exists a configuration Cs
such that C3 > C, u does not make any move from C; to Cs and Cs is a stopym, configuration. Lemma 14
and Corollary 4 are required to prove Lemmas 15 and 16.
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Lemma 14. Let (u,v) be a matched edge. Let € be some execution in which v does not execute any rule. If
there exists a transition Cy — C1 in € where u writes True in end,, then u is not eligible for any rule from
Ci.

Proof. To write True in end,, in transition Cy — C7, u must have executed a match rule. According to this
rule, (p, = Ask(u) A pp, = u) holds Cy with p,, € single(N(u)), otherwise u would have executed an Update
instead of a match rule. Now, in Cy — C1, p, cannot execute UpdateP then it cannot change its p-value
and v does not execute any move then it cannot change Ask(u). Thus, (p, = Ask(u) A p,, =u) holds in
both Cy and C.

Assume now by contradiction that u executes a rule after configuration C;. Let Cy — C3 be the next
transition in which it executes a rule. Recall that between configurations C; and C3 both u and v do
not execute rules. Observe also that p, is not eligible for UpdateP between these configurations. Thus
(pu = Ask(u) A pp, = u) holds from Cy to Cy. Moreover the following points hold as well between Cj and
(5 since in Cy — C7 u executed a match rule and v does not apply rules in &:

® ay, (v, By and (3, do not change.

e The values of the variables of v do not change.

e Ask(u) and Ask(v) do not change.

e If u was Flirst in Cy it is First in Cy and the same holds if it was Second.

Using these remarks, we start by proving that u is not eligible for ResetMatch in Cy. If it is First in
(5, this holds since AskFirst(u) # null and AskSecond(u) = null. If it is Second then to be eligible for
ResetMatch, s, = False must hold in Cy since AskSecond(u) # null. Since u executed end, = True in
Cp — C7 and since u was Second in Cy, then necessarily s, = True in Cy and thus in Cy (using remark 2
above). So u is not eligible for ResetMatch in Cs.

We show now that w is not eligible for an Update in C5. The a and g variables of u and v remain constant
between Cy and Cy. Thus if any of the three first disjunctions in the Update rule holds in C5 then it also
holds in Cy and in Cy +— C7 u should have executed an Update since it has higher priority than the match
rules. Moreover since in Cy (p, = Ask(u) A pp, = u) holds, the last two disjunctions of Update are False
and we can state u is not eligible for this rule.

We conclude the proof by showing that w is not eligible for a match rule in Cy. If u was First in
Cy then it is First in Cy. To write True in end, then (p, = AskFirst(u) A p,, = U A Sy A D, =
AskSecond(my,) A end,,,) must hold in Cp. Since in Cy — Cy v does not execute rules, it also holds in Cj.
The same remark between configurations C; and Cs implies that this predicate holds in Cy. Thus in Cs,
all the three conditions of the MatchFirst guard are False and u not eligible for MatchFirst. A similar
remark if u is Second implies that v will not be eligible for MatchSecond in Cs if it was Second in Cy. [

Corollary 4. Let (u,v) be a matched edge. In any execution, if u writes True in end,, twice, then v executes
a rule between these two writing.

Lemma 15. Let (u,v) be a matched edge and £ be an execution where u writes True in its variable end,
at least twice. Let Cy — C1 be the transition where u writes True in end, for the second time in E. If u is
First in Cy then the following holds:
1. in configuration Cy,
(a) sy, = end, = True; (b) p, = AskFirst(u) A pp, = uA s, =TrueAp, = AskSecond(v);
(¢) pu € single(N(u));  (d) py € single(N(v)) App, =v;
2. v does not execute any move in Cy — Cy;
3. in configuration Cfq,
(a) sy = end, = True; (b) p, € single(N(u)) Ap, € single(N(v));
(c) sy =end, =True; (d) p, = AskFirst(u) A p, = AskSecond(v); (e) pp, = uApp, =v.

Proof. We prove Point la. Observe that for u to write True in end,, end, must be True in Cy. By
Lemma 10 this implies that s, is True as well. Now Point 1b holds by definition of the MatchFirst rule.
As in Cy, u already executed an action, then according to Lemma 12, Point 1c holds and will always
hold. By Corollary 4, u cannot write True consecutively if v does not execute moves. Thus at some point
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before Cy, v applied some rule. This implies that in configuration Cy, since s, = True, by Lemma 11,
Jz € single(N(v)) : p, = © A py = v. Thus Point 1d holds.

We now show that v does not execute any move in Cy — C; (Point 2). Recall that v already executed
an action before Cy, so by Lemma 12, line 1 of the Update guard does not hold in Cy. Moreover, by Point
1d, line 2 does not hold either. Thus, v is not eligible for Update in Cy. We also have that s, = True and
AskSecond(v) # null in Cp, thus v is not eligible for ResetMatch. Observe now that by Points la, 1b and
1d, v is not eligible for MatchSecond in Cy. Finally v cannot execute MatchFirst since AskFirst(v) = null.
Thus v does not execute any move in Cy — C7 and so Point 2 holds.

In C4, end,, is True by hypothesis and according to Point 1b, u writes T'rue in s, in transition Cy — Cj.
Thus Point 3a holds. Points 3b holds by Points 1c and 1d. Points 3c holds by Points la and 2. AskF'irst(u)
and AskSecond(v) remain constant in Cy — C7 since neither u nor v executes an Update in this transition.
Moreover p,, remains constant in Cy — C; by Point 2 and p,, remains constant also since it writes AskF'irst(u)
in p, in this transition while p, = AskFirst(u) in Cy. Thus Points 3d holds. Observe that nor p, neither
Dy is eligible for an UpdateP in Cj, thus Point 3e holds. O

Now, we consider the case where u is Second.

Lemma 16. Let (u,v) be a matched edge and £ be an execution where u writes True in its variable end,,
at least twice. Let Cy +— Cq be the transition where u writes True in end,, for the second time in . If u is
Second in Cy then the following holds:
1. in configuration Cy,
(a) s, = True A p, = AskFirst(v);  (b) p, € single(N(v)) App, = v;
2. in transition Cy — C1, v is not eligible for Update nor ResetMatch;
3. in configuration Cq,
(a) s, = end, = True; (b) p, € single(N(v)) A p, = AskFirst(v) A pp, = v;
(¢) pu € single(N(u)) A p, = AskSecond(u) A pp, = u; (d) sy, = True;
4. wu is not eligible for any move in Cy;
5. If end, = False in Cy then the following holds:
(a) From Ci, v executes a next move and this move is a MatchFirst;
(b) Let us assume this move (the first move of v from C1) is done in transition Cy — C3. In config-
uration C3, we have:
(i) sy = endy, = True; (i) py € single(N(v)) A p, = AskFirst(v) Ap,, = v;
(1) py, € single(N(u)) A p, = AskSecond(u) App, =u; (i) s, = True;
(v) u does not execute moves between C1 and Cs; (vi) end, = True;

Proof. We show Point la. For u to write True in transition Cy — C7, u executes a MatchSecond in this
transition. Thus s, = True must hold in Cy and p, = AskFirst(v) as well. By Corollary 4, u cannot write
True consecutively if v does not execute any move. Thus at some point before Cy, v applied some rule.
Thus, and by Lemma 11, 3z € single(N(v)) : p, = & A p, = v in configuration Cy, so Point 1b holds.

As AskFirst(v) # null in Cy, v is not eligible for ResetMatch in Cy. We prove now that v is not
eligible for Update. By Corollary 4 and Lemma 12, line 1 of the Update guard does not hold in Cy. Finally,
according to Point 1b, the second line of the Update guard does not hold, which concludes Point 2.

We consider now Point 3a. In C4, s,, = end,, = True holds because, executing a MatchSecond, u writes
True in end, and writes end,, in s, during transition Cy — C1.

We now show Point 3b. AskFirst(v) and AskSecond(u) remain constant in Cy — C since neither u nor
v execute an Update in this transition. Moreover, the only rule v can execute in Cy — C is a MatchFirst,
according to Point 2. Thus v does not change its p-value in Cy — C; and so p, = AskFirst(v) in Cy. Now,
in Cy, v € matched(N (p,)) App, = v thus p, cannot execute UpdateP in Cy — C; and thus it cannot change
its p-value. So, pp, = v in Cj.

Point 3c holds since after u executed a MatchSecond in Cy — C7, observe that necessarily p, =
AskSecond(u) in Cq. Moreover, s, = True in C; so, according to Lemma 11, 3y € single(N(u)) : p, =
Yy ADpy =u in Ci.
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py = AskFirst(v) and p,, = v hold in Cy, according to Points 1a and 1b. Moreover, p, = AskSecond(u)
holds in Cjy since u writes True in end,, while executing a MatchSecond in Cy — C4. Finally, by Point 2, v
can only execute MatchFirst in Cy — C1, thus variable s, remains True in transition Cy — C; and Point
3d holds.

We now prove Point 4. If end, = True in Cq, then according to Lemma 13, u is not eligible for any
rule in C;. Now, let us consider the case end, = False in C7. By Points 3¢ and 3d, w is not eligible for
ResetMatch. By Point 3¢ and Lemma 12, u is not eligible for Update. By Points 3a, 3b and 3c, u is not
eligible for MatchSecond. Finally, since u is Second in Cy, u is not eligible for MatchFirst neither and
Point 4 holds.

Now since between C; and Ca, v does not execute any rule (by Point 5b), and since p,, (resp. p,) is not
eligible for Update P while u (resp. v) does not move (because p,, = u (resp. p,, = v)), then Ask(u), Ask(v),
Pp, and p,, remain constant while v does not make any move. And so, properties 3a, 3b, 3c and 3d hold for
any configuration between C7 and Cb, thus u is not eligible for any rule between C7 and Cs and u will not
execute any move from C; to C's. Moreover, the end,-value is the same from C to Cs.

If end, = False in C5, then v is eligible for a MatchFirst and it will write True in its end,-variable
while all properties of Point 3 will still hold in C5. Thus Point 5 holds. O

Theorem 3. In any execution, a matched node u can write end, := True at most twice.

Proof. Let (u,v) be a matched edge and £ be an execution where u writes True in its variable end,, at least
twice. Let Cy — C7 be the transition where u writes True in end,, for the second time in £. If u is First
(resp. Second) in Cy then from Lemmas 13 and 15, (resp. 16), from C1, neither u nor v will ever be eligible
for any rule. O

8.2. The number of times single nodes can change their end-variable
In the following, u denote the number of matched nodes and ¢ the number of single nodes.

Lemma 17. Let x be a single node. If x writes True in end, in some transition Cy — C7 then, in Cy,
Ju € matched(N(x)) : pr = uApy, =z Aend, = False A end,, = True.

Proof. To write True in its end variable, a single node must apply Update End. Observe now that to apply
this rule, the conditions described in the Lemma must hold. O

Lemma 18. Let u be a matched node. Consider an execution &£ starting after u executed some Tule and in
which end,, is always True, except for the last configuration D of £ in which it may be False. Let E\D be
all configurations of € but configuration D. In E\D, the following holds:

(a) py € single(N(u));  (b) py, remains constant.

Proof. Since end,, = True in E\D, the last rule executed before £ is necessarily a Match rule. So, at the
beginning of &, p, € single(N(u)), otherwise, u would not have executed a Match rule, but an Update
instead. We prove now that in £\D, p, remains constant. Assume by contradiction that there exists a
transition in which p, is modified. Let Cy — C; be the first such transition. First, observe that in E\D, u
cannot execute ResetMatch nor Update since that would set end,, to Flalse. Thus u must execute a Match
rule in Cy — (4. Since the value of p,, changes in this transition, this implies that Ask(u) # p, in Cy. Thus,
whatever the Match rule, observe now that in C1, end, must be False, which gives a contradiction and
concludes the proof. O

Definition 6. Let u be a matched node. We say that a transition Cy — C1 is of type ”a single copies True
from u” if there exists a single node x such that (p, = u A p, = x A end, = False) in Cy and end, = True
in Cy. Notice that by Lemma 17, end,, = True in Cy and x € single(N (u)).

If a transition Cy — C4 is of type ”a single node copies True from u” and if x is the single node with
(pz = uAp, =z Aend, = False) in Cy and end, = True in C1, then we will say = copies True from u.

Lemma 19. Let u be a matched node and £ be an execution. In &, there are at most three transitions of
type ”a single copies True from u”.
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Proof. Let £ be an execution. We consider some sub-executions of £.

Let &;it be a sub-execution of £ that starts in the initial configuration of £ and that ends just after the
first move of u. Let Cy — C7 be the last transition of &;,;:. Observe that u does not execute any move until
configuration Cy and executes its first move in transition Cy — C;. We will write &, \ C1 to denote all
configurations of &;,;; but the configuration C;. We prove that there is at most one transition of type “a
single copies True from u” in Eiy.

There are two possible cases regarding end,, in all configuration of &;,;;: \ C1: either end,, is always True
or end,, is always False. If end,, = False then by Definition 6, no single node can copy True from u in &;,+,
not even in transition Cy — C1, since no single node is eligible for such a copy in Cy. If end, = T'rue, once
again, there are two cases: either (i) (p, = null V p, ¢ single(N(u))) in all configuration of &, \ C1, or (ii)
(pu € single(N(u))) in Eipit \ C1. In case (i) then by Definition 6 no single node can copy True from v in
Einit, not even in Cy — C;. In case (ii), observe that p, remains constant in all configurations of &;p;: \ C1,
thus at most one single node can copy True from u in &;,;;.

Let &ue be a sub-execution of £ starting after u executed some rule and such that: for all configurations
in e but the last one, end,, = T'rue. There is no constraint on the value of end,, in the last configuration
of Etrye. According to Lemma 18, p,, € single(N(u)) and p, remains constant in all configurations of &y
but the last one. This implies that at most one single can copy True from v in Eypye.

Let Efqse be an execution starting after u executed some rule and such that: for all configurations in
Efalse but the last one, end, = False. There is no constraint on the value of end, in the last configuration
of Efqise- By Definition 6, no single node will be able to copy True from u in Efqye.

To conclude, by Corollary 3, u can write True in its end variable at most twice. Thus, for all executions
&, € contains exactly one sub-execution of type &, and at most two sub-executions of type ;e and the
remaining sub-executions are of type £fqse. This implies that in total, we have at most three transitions of
type 7 a single copies True from u” in £. O

Lemma 20. In any execution, the number of transitions where a single node writes True in its end variable
15 at most 3.

Proof. Let £ be an execution and = be a single node. If = writes True in end, in some transition of £, then
x necessarily executes an Update End rule and by Definition 6, this means = copies True from some matched
node in this transition. Now the lemma holds by Lemma 19. O

Lemma 21. In any execution, the number of transitions where a single node changes the value of its end
variables (from True to False or from False to True) is at most o + 6 times.

Proof. A single node can write True in its end variable at most 3u times, by Corollary 20. Each of this
writing allows one writing from True to False, which leads to 6u possible modifications of the end variables.
Now, let us consider a single node x. If end, = False initially, then no more change is possible, however if
end, = True initially, then one more modification from True to False is possible. Each single node can do
at most one modification due to this initialization and thus the Lemma holds. O

8.8. How many Update in an execution?

Definition 7. Letu be a matched node and C be a configuration. We define Cand(u,C) = {x € single(N(u)) :
(px =u V endy = False)} which is the set of vertices considered by the function BestRematch(u) in con-
figuration C.

Lemma 22. Let u be a matched node. If there exists a transition Cy +— Ci such that the value of
BestRematch(u) is not the same in Cy and in Cy, then there exists a single node x such that

x € Cand(u,Cy)\Cand(u,Cy) or x € Cand(u, C1)\Cand(u,Cy). Moreover, in transition Cy — Cy, © flips
the value of its end variable.

Proof. We prove the first point by contradiction. Since BestRematch(u) is a deterministic function over
Cand(u, C) for some configuration C, so if Cand(u, Cy) = Cand(u, Cy) then the value of BestRematch(u) is
the same in Cy and C; which yields the contradiction.
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For the second point, we first consider the case x € Cand(u,Ci) and = ¢ Cand(u,Cp). Necessarily
end; = True A p, # u in Cy and end, = FalseV p, = u in Cy. If p, = w in C; then in transition Cy — C1,
x has executed an UpdateP and the second point holds. Assume now that p, # w in C;. Necessarily
end, = False in C; and the Lemma holds.

We consider the second case in which z ¢ Cand(u,C1) and = € Cand(u, Cy). Necessarily in C1, py # u
and end, = True. Thus if end, = False in Cy the lemma holds. Assume by contradiction that end, = True
in Cy. This implies p, = u in Cy. But since in C; p, # u then = executed UpdateP in Cy — C7 which
implies end, = False in C7, a contradiction. This completes the proof. O

Corollary 5. Matched nodes can execute at most A(o + 6u) + p times the Update rule.

Proof. Let u be a matched node. Initially each matched node can be eligible for an Update. Thus, let
us consider a sub-execution £ staring after u has executed a move and in which BestRematch(u) remains
constant. By Lemma 12, the first line of the Update rule is always false for v in £. So u can execute the
Update rule at most once in €. So, for u to become eligible again for an Update after £, BestRematch(u)
must change and so, by Lemma 22, at least one single node must change the value of its end variable. Each
change of the end value of a single node can generate at most A matched nodes to be eligible for an Update.
By Lemma 21, the number of transitions where a single node changes the value of its end variables is at
most o + 6u times. Thus at most A(o + 6u) Update generated by a change of the end value of a single node
and the Lemma holds. O

8.4. A bound on the total number of moves in any erecution

Definition 8. Let (u,v) be a matched edge. In the following, we call F, a finite execution where neither u
nor v execute the Update rule. Let Dg be the first configuration of F and D% be the last one.

Observe that in the execution F, all variables o and S of nodes v and v remain constant and thus,
predicates AskFirst and AskSecond for these two nodes remain constant too.

Lemma 23. If Ask(u) = Ask(v) = null in F, then u and v can both execute at most one ResetMatch.

Proof. In the execution JF, by definition, v and v do not execute the Update rule. Moreover, these two nodes
are not eligible for Match rules since Ask(u) = Ask(v) = null. Thus they are only eligible for ResetM atch.
Observe now it is not possible to execute tis rule twice in a row, which completes the proof. O

Lemma 24. Assume that in F, u is First and v is Second. If s, is False in all configurations of F but the
last one, then v can execute at most one rule in F.

Proof. Since s, =False in all configurations of F but the last one, node v which is Second can only be eligible
for ResetMatch. If v executes ResetMatch, it is not eligible for a rule anymore and the Lemma holds. [

Lemma 25. Assume that in F, u is First and v is Second. If s, is False throughout F, then u can execute
at most one rule in F.

Proof. Node u can only be eligible for MatchFirst. Assume u executes MatchFirst for the first time in
some transition Cy — Cy, then in Cj, necessarily, p, = AskFirst(u), s, = False (by hypothesis) and
end,, = False by Lemma 10. Let F; be the execution starting in C; and finishing in D. Since in Fi,
there is no Update of nodes u and v, observe that p, = AskFirst(u) remains True in this execution.
Assume by contradiction that u executes another MatchFirst in F;. Consider the first transition Cs — C3
after C1 when it executes this rule. Notice that between C7 and Cs it does not execute rules. Thus in Cs,
pu = AskFirst(u), s, = False and end,, = False hold. Now if u executes MatchFirst in Cs it is necessarily
to modify the value of s, or end,. By definition, it cannot change the value of s,,. Moreover it cannot modify
the value of end,, as this would imply by Lemma 10 that s, = T'rue in C5. This completes the proof. O

24



Lemma 26. Let (u,v) be a matched edge. Assume that in F, u is First, v is Second and that u writes
True in s, in some transition of F. Let Cy — C1 be the transition in F in which u writes True in s, for
the first time. Let F1 be the execution starting in Cy and finishing in D;. In Fi, u can apply at most 3
rules and v at most 2.

Proof. We first prove that in F1, s, remains True. Observe that u cannot execute Update neither Reset M atch
since it is First. So u can only execute MatchFirst in F;. For u to write False in s,, there must exist a
configuration in F; such that p, # AskFirst(u) V p,, # uV p, & {AskSecond(v),null}. Let us prove that
none of these cases are possible.

Since u executed MatchFirst in transition Cy — C7 writting True in s, then, by definition of this
rule, p, = AskFirst(u) A pp, = uAp, € {AskSecond(v),null} holds in Cy. As there is no Update of u
and v in F, then AskFirst(u) and AskSecond(v) remain constant throughout F (and Fi). So each time u
executes a MatchFirst, it writes the same value AskFirst(u) in its p-variable. Thus p,, = AskF'irst(u) holds
throughout F;. Moreover, each time v executes a rule, it writes either null or the same value AskSecond(v)
in its p-variable. Thus p, € {AskSecond(v),null} holds throughout F;. Now by Lemma 11, in C; we
have, 3z € single(N(u)) : py = A py = u, since s, = True . This stays True in F; as p, remains
constant and z will then not be eligible for UpdateP in F;. Thus p,, = u holds throughout ;. Thus, p, =
AskFirst(u) App, = uAp, € {AskSecond(v),null} holds throughout F; and so s,, = True throughout F;.

This implies that in 7, v is only eligible for MatchSecond. The first time it executes this rule in some
transition By — By, with B; > C, then in By, p, = AskSecond(v), s, = end, and this will hold between
By and D’g. If end, = True in By then this will stay True between By and D’g. Indeed, p, is not eligible
for UpdateP and we already showed that p, = AskFirst(u) holds in F7. In that case, between By and Dy,
v will not be eligible for any rule and so v will have executed at most one rule in ;. In the other case, that
is end, (= s,) = False in By, since p, = AskSecond(v) holds between B; and Dy, necessarily, the next time
v executes a MatchSecond rule, it is to write True in end,. After that observe that v is not eligible for any
rule. Thus, v can execute at most 2 rules in F;.

To conclude the proof it remains to count the number of moves of u in F;. Recall that we proved
Sy 18 always True in F;. Thus whenever u executes a MatchFirst, it is to modify the value of its end
variable. Observe that this value depends in fact of the value of end, and of p, since we proved p, =
AskFirst(u) App, = uA sy Apy € {AskSecond(v), null} holds throughout F;. Since we proved that in Fi,
v can execute at most two rules, this implies that these variables can have at most three different values in
F1. Thus u can execute at most 3 rules in Fj. O]

Lemma 27. Assume that in F, u is First and v is Second. If s, is True throughout F and if u does not
ezecute any move in F, then v can execute at most two rules in F.

Proof. By Definition 8, v cannot execute Update in F. Since we suppose that in F, s, = True then v is
not eligible for ResetMatch. Thus in F, v can only execute MatchSecond. After it executed this rule for
the first time, p, = AskSecond(v) and s, = end, will always hold, since v is only eligible for MatchSecond.
Thus the second time it executes this rule, it is necessarily to modify its end, and s, variables. Observe that
after that, since v does not execute rules, v is not eligible for any rule. O

Lemma 28. In F, u and v can globally execute at most 12 rules.

Proof. If Ask(u) = Ask(v) = null, the Lemma holds by Lemma 23. Assume now that u is First and v
Second. We consider two executions in F.

Let Cy — C7 be the first transition in F in which u executes a rule. Let Fy be the execution starting in
D¢ and finishing in Cy. There are two cases. If s,, = False in Fy then v is only eligible for ResetMatch in
this execution. Observe that after it executes this rule for the first time in Fy, it is not eligible for any rule
after that in Fy. If s, = True in Fy then by Lemma 27, v can execute at most two rules in this execution.
In transition Cy — C7, u and v can execute one rule each.

Let Fi be the execution starting in C; and finishing in D;. Whatever rule u executes in transition
Cy — (1 observe that u either writes True or False in s,. If u writes True in s, in transition Cy — Cf,
then by Lemma 26, v and v can execute at most five rules in total in .
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Consider the other case in which u writes Flalse in C;. Let Cy — C3 be the first transition in F; in which
u writes True in s,. Call Fio the execution between Cy and C5 and Fj; the execution between C3 and Dy
By definition, s, stays False in F1o\C3. Thus in F10\C3, v can execute at most one rule, by Lemma 25.
Now in Fjg, v can execute at most two rules. By Lemma 24, v can execute at most one rule in Fig. In total,
u and v can execute at most three rules in Fig. In Fi1, v and v can execute at most five rules by Lemma
26. Thus in F7, v and v can apply at most eight rules. O

Theorem 4. In any execution, matched nodes can execute at most 12A(c + 6u) + 18 rules.

Proof. Let k be the number of edges in the underlying maximal matching, &k = . For i € [1,..,k], let
{(ui,v;) = a;} be the set of matched edges. By Update(a;) we denote an Update rule executed by node
u; or v;. By Lemma 28, between two Update(a;) rules, nodes u; and v; can execute at most 12 rules. By

Corollary 5, there are at most A(o + 6u) + pu executed Update rules. Thus in total, nodes can execute at
k k k
most Y 12 x (#Update(a;) + 1) =12 5 #Update(a;) +12 > 1 < 12(A(o + 6p) + i) + 12k rules O

=1 =1 =1

Lemma 29. In any ezecution, single nodes can execute at most o times the ResetEnd rule.

Proof. We prove that a single node = can execute the Reset End rule at most once. Assume by contradiction
that it executes this rule twice. Let Cy — C7 be the transition when it executes it the second time. In
Cy, end, = True, by definition of the rule. Since x already executed a ResetEnd rule, it must have some
point wrote True in end,. This is only possible through an execution of Update End. Thus consider the last
transition Do — D1 in which it executed this rule. Observe that D; < Cjy. Since between D; and Cy, end,
remains T'rue, observe that x does not execute any rule between these two configurations. Now since in Dy,
Pz # null and this holds in Cy then z is not eligible for Reset End in Cy, which gives the contradiction. This
implies that single nodes can execute at most o times the ResetEnd rule. O

Lemma 30. In any ezecution, single nodes can execute at most o + 6u times the Update End rule.

Proof. By Lemma 21, single nodes can change the value of their end variable at most ¢ + 6y times. Thus
they can apply Update End at most o 4 64 times, since in every application of this rule, the value of the end
variable must change. O

Lemma 31. In any execution, single nodes can execute O(A(o + p)) times the UpdateP rule.

Proof. Let = be a single node. Let Cy — C7 be a transition in which z executes an UpdateP rule and let
Cy — (3 be the next transition after C7 in which x executes an UpdateP rule. We prove that for = to
execute the UpdateP rule in Cy — C3, a matched node had to execute a move between Cy and Cs.

In C} there are two cases: either p, = null or p, # null. Assume to begin that p, = null. This implies
that in Cp the set {w € N(z)|pw = x} is empty. In Cs, p, = null, since between C; and Cy, x can only
apply UpdateEnd or ResetEnd. Thus if it applies UpdateP in Cs, necessarily {w € N(z)|p, = x} # 0. This
implies that a matched node must have executed a Match rule between C; and Cs and the lemma holds
in that case. Consider now the case in which p, = u with v # null in C;. By definition of the UpdateP
rule, we also have u € matched(N(x)) A p, = z holds in Cy. In Cy we still have that p, = u since between
C, and Cs, x can only execute Update End or ResetEnd. Thus if x executes UpdateP in C5, necessarily
Dp, 7 . This implies that p, # 2 and so u executed a rule between Cy and C5. Now, the lemma holds by
Theorem 4. O

Corollary 6. In any ezecution, nodes can execute at most O(n?) moves.

Proof. According to Lemmas 29, 30 and 31, single nodes can execute at most O(n?) moves. Moreover,
according to Theorem 4, matched nodes can execute at most O(n?) moves. O
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9. Composition

Recall that the algorithm POLYMATCH assumes an underlying maximal matching. Let MAXMATCH be
a silent self-stabilizing maximal matching algorithm having a complexity of z = O(f(n,m)) moves under
the distributed daemon. In this section, we prove the fair composition of MAXMATCH and POLYMATCH
has a complexity in O(zn?) moves under the distributed daemon. The MAXMATCH algorithm could be for
instance the Manne et al. algorithm [19] that has a complexity in O(m) moves that would lead to a final
complexity of the composition in O(n?.m) moves.

An execution of such a composition is an alternated concatenation of two kinds of finite sub executions.
The first kind only contains actions from POLYMATCH and the second one contains any action. Les us call
the first kind of executions, the POLYMATCH-sub-executions. We do not know any upper bound on the
number of moves of a POLYMATCH-sub-executions in the case where MAXMATCH has not stabilized yet.
Indeed, Corollary 6 only says that such a sub-execution contains O(n?) moves when MAXMATCH is already
stabilized.

Let G be the input graph and e be an execution on G of the composition between MAXMATCH and
PoryMATCH. We consider two transitions of e containing a move from MAXMATCH and such that there
is no more move from it between them. Let us call £ the execution between these two transitions and
let Cp be the first configuration of £ (€ is a POLYMATCH-sub-execution). In Cp, if MAXMATCH is in
a stable configuration, then the underlying matching is maximal in &£, and every node u is either single
(i.e., my, =1) or matched (i.e., Jv € N(u) such that m, = v Am, = u). However, MAXMATCH is not
necessarily in a stable configuration in Cy. Therefore, in that case, a node can also be falsy-matched in &,
i.e., Jv € N(u) such that m, = v Am, # u. Observe that a node = cannot decide if a neighbor u is matched
or falsy-matched since it can only check if m,, #_L but cannot read the variable m,,,. Thus, all falsy-matched
nodes are considered as matched by their neighbors. Finally, observe that only single and matched nodes
are activable for POLYMATCH moves in £ (by definition of the guarded rules of the algorithms). Therefore,
by definition of £, no falsy-matched nodes perform move in £.

In the following, informally we build a new graph G’ from G and a new configuration Cj from Cj
such that the values of the MAXMATCH variables in Cj makes this configuration stable for MAXMATCH.
Then, we define H as the set of all possible executions of the composition of algorithms PoLyMATCH and
MAXMATCH starting from C{ in graph G’. Finally, we show that £ is an execution that can be ”projected
into” an execution in H. Since C is stable for MAXMATCH, all executions in H contain O(n?) moves by
Corollary 6, and so this projection result would prove that £ contains O(n?) moves.

We now define G’ and C{. First assume that F' C V is the set of all falsy-matched nodes of G in Cy. G’
is a copy of G in which, for every node & € F, we create a new node z’ and an edge (x,2') in G’. Finally,
we delete from the edge set of G all the edges between two single nodes. We define C{ as follow:

e the local states of single and matched nodes are the same as in Cl;
e for each node z in F":
— the local states of z is the same as in C for the POLYMATCH algorithm but is such that m, = z’
where z’ is the new node associated to x;
— the local state of x’ is initialized with all boolean variables at false and all other variables at L
but m, that is set to « for MAXMATCH.

Observe that there is no falsy-matched node anymore in G’ and C{) is a stable configuration for MAXMATCH.
Figure 9 shows an example of a construction from G/Cy to G'/C{. Also observe that any execution of H
has two properties: (i) it does not contain any action of MAXMATCH since C) is a stable configuration for
MAXMATCH ; and (ii) it contains at most O(n?) moves from POLYMATCH, according to Corollary 6.

Let us assume £ = CyagCray...Cgag Cky1 ... We now prove there exists an execution & € H with
& =CyayCia)...Cpa,Cp ... and such that Vi > 0,a; = a;. To do that, we start by proving any move
7 € ag, with Cp % C4 can be performed from Cj.

First note that m is performed by a single or a matched node, let say u. Observe that u belongs to
both graphs G and G’. By definition of C{j, u has the exact same local state in Cy and in C. Between
G/Cy and G'/C}, the neighborhood of u can be different on two points only. The first point appears when

27



O matched node
O single node
D falsy-matched node

Only the m variable from
MAXMATCH are drawn.

Figure 9: The transformation from G/Cp (on the left) to G'/C{ (on the right)

u has a falsy-matched neighbor on G, let say x. Indeed, x becomes a matched node in G’. However, this
modification does not change the local view of u at distance 1, since as we previously stated, u does not make
any distinction between a falsy-matched neighbor and a matched one. Thus as long as x do not perform any
move, the local change in node x do not have any impact on the actions performed by u. Recall that = does
not make any move in £ since it is falsy-matched.

The second point appears when u is single and it has a single neighbor x in G. In this case, the edge (u, x)
disappears in G’ leading to a modification of the local view of u at distance 1. However, this suppression
has no impact on the actions performed by u since u consider all its single neighbors as nodes that are not
in its neighborhood. Indeed, all references to neighbors of a single node in POLYMATCH rules are combined
with the matched predicate.

Finally, we can conclude that if  can perform 7 € ag from Cp, it can also perform it from C{). Thus from
the transition Cy % C; in G, we can exhibit a configuration CY such that the transition C} % O exists
in G’. Observe that the relation between Cy and C] is the same as the one between Cy and Cj. Indeed,
falsy-matched nodes in Cy as well as nodes in F’ do not change their local state neither in Cy — C; nor
in C§ — C}. Moreover, single and matched nodes changed their local state in the same way in Cy — C
and in C} — C1, since they performed the exact same action(s). Thus, this leads to the following result :
Vi > 0, from the transition C; % C,4, in G, we can exhibit a configuration Cj ., such that the transition

C! ¥ Ol exists in G'. Finally, from &, we can build £’ as defined above and so & contains at most O(N?)
moves, with N is the number of nodes in G’. Note that we added at most n nodes in G’, so £ contains at
most O(n?) moves.

A last observation is about the possibility for G’ to be an unconnected graph, according to the suppression
of all single-to-single edges in G. However, the result still hold with this possibility, since POLYMATCH will
stabilize in each connected component in O(}; N?), where N; is the size of the i*" connected component in
G'. And obviously, Y, N? < N? when >, N; < N, for any large value of N.
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