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Abstract

We investigate the fast relaxation of internal energy in nonequilibrium gas mod-
els derived from the kinetic theory of gases. We establish uniform a priori
estimates and existence theorems for symmetric hyperbolic-parabolic systems
of partial differential equations with small second order terms and stiff sources.
We prove local in time error estimates between the out of equilibrium solution
and the one-temperature equilibrium fluid solution for well prepared data and
Justify the apparition of volume viscosity terms.

Keywords: Thermodynamics, Nonideal, Supercritical, Mathematical
Structure, Kinetics, Stability, Flames

1. Introduction

The kinetic theory of polyatomic gases shows that the volume viscosity co-
efficient is related to the time required for the internal and translational tem-
peratures to come to equilibrium [6, 17, 39, 40, 3, 4, 5]. We establish in this
paper local in time error estimates between the solution of an out of equilib-
rium two-temperature model and the solution of a one-temperature equilibrium
model—including volume viscosity terms—when the relaxation time goes to
Zero.

The system of partial differential equations modeling fluids out of thermody-
namic equilibrium as derived from the kinetic theory of gases is first summarized
[3, 4]. This system and its symmetrizability properties have been investigated
in our previous work [26]. The symmetrizing normal variable w of the out of
equilibrium model is taken in the form

(1.1)
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where p denotes the gas density, v the fluid velocity, T}, the translational tem-
perature, T}, the internal temperature, and T the local equilibrium temperature.
The resulting system of partial differential equations is in the general form

1_ _
w)o,w + A (W)O;w — €q 8 —L(w)w = egb(w, d wy),
Z;} ;D Djw) + —L(w) (w, O,wn)

(1.2)

where 0; denotes the time derivative operator, d; the space derivative oper-

ator in the ith direction, D = {1,...,d} the spatial directions, d the space

dimension, €,¢4 € (0,1] two positive parameters and w = (w;, wy)? is decom-

posed into its hyperbolic components w, and parabolic components wy,. The

matrix Ay is symmetric positive definite and bloc-diagonal, A; are symmetric,
—t

B, = BJZ, B” have nonzero components only into the right lower B blocs,

—II 11 II 11

=5 jep Bij (W)&;&; is positive definite for &€ € X971, L is pos1t1ve semi-
definite with a fixed nullspace £, and b(w, 9, wy;) is quadratic in the gradients.

Denoting by 7 the orthogonal projector onto %J‘, the normal variable w is such
that we have the commutation relation 7Ay = Agm. The source term is also
naturally in quasilinear form as is typical in a relaxation framework and often
encountered in mathematical physics [52]. The small parameter e is associated
with energy relaxation and the small parameter €5 with second order dissipative
terms.

We establish uniform a priori estimates for linearized symmetric hyperbo-
lic-parabolic systems with small dissipation and stiff sources obtained from the
nonlinear equations (1.2). Symmetrized forms are important for analyzing hy-
perbolic as well as hyperbolic-parabolic systems of partial differential equations
modeling fluids [29, 18, 49, 38, 32, 37, 33, 36, 34, 7, 46, 21, 19, 54, 8, 9, 47,
31, 15, 51, 42, 35, 20, 22, 2, 16, 55, 47, 25, 9, 24, 43, 56, 44]. A priori esti-
mates are obtained uniformly with respect to the parameters ¢; € (0,1] and

€ (0,1]. The differences with the estimates established by Kawashima [32]
are the inclusion of extra terms associated with the fast variables mw/e and
mw/+/€ as well as the coupling with the estimates for time derivatives. De-
noting by w* a constant equilibrium state and 7 a positive time, we estimate
w — w* in the space C°([0,7], H') as well as 9w and ww/e in L2((0,7), H'™!)
for | > [d/2] + 2 where H! = H'(R?) denotes the usual Sobolev space when the
initial solution is close to the equilibrium manifold. A priori estimates require
the commutation between the mass matrix and the orthogonal projector onto
the fast manifold 7Ay = Agm. These estimates lead to local existence theorems
for well prepared initial conditions on a time interval independent of both pa-
rameters €5 € (0,1] and € € (0,1]. Key points for local existence are notably
to take into account stiff sources in the linearized equations in order to build
approximated solutions, the new estimates for time derivatives, and the con-
vergence rate of successive approximations that may depends on e. Stronger
estimates for d,w in C°([0, 7], H'=2) as well as for md;w/e in L*((0,7), H'?)
with [ > [d/2] + 4 are also established when the initial time derivative is close
to the equilibrium manifold. These theorems yield the first existence results for



the out of equilibrium two-temperature model derived in [3] and symmetrized
n [26]. On the other hand, the situation of ill prepared initial data lay beyond
the scope of this work and we refer the reader to [28]. In the same vein, only
local existence results are investigated and we refer to [27] for global existence
results.

We finally investigate the singular limit €, ¢; — 0 in the system modeling flu-
ids out of thermodynamic equilibrium. Various relaxation models have also been
investigated in the literature in different physical and mathematical contexts
[36, 7, 8, 10, 35, 41, 50, 16, 53, 43, 44]. In order to investigate the asymptotic
behavior of solutions as €, e; — 0 we combine a priori estimates out of thermo-
dynamic equilibrium with stability results associated with the equilibrium limit
model. The fast variable notably corresponds to the rescaled temperature dif-
ference with (T3, — Tin) /e = =T, Tinmw/€ and we use that perturbed hyperbolic-
parabolic systems with small second order terms and perturbing right hand sides
admit local solutions that depend continuously on perturbations. Denoting by
We = (e, Ve, —1 /Te)t the solution of the equilibrium one-temperature model
including the volume viscosity terms and by pw = (p,v, —1/T)! the projection
on the slow manifold of the normal variable w out of equilibrium, we establish
that ow —we = O(e(e+€4)). This justifies the addition of the volume viscosity
term —k, (V-ve)I in the viscous tensor IT, at equilibrium

II, = —ke (V-ve)I — 1, (Vve + (V) — %(V.ve)I),

where ko and 7, denote the equilibrium volume and shear viscosities, discard-
ing O(e(e + ed)) Burnett type residuals. In the situation where € = ¢4, it has
also been established that the equilibrium system corresponds to a second order
Chapman-Enskog expansion for small relaxation times [26] and the error esti-
mates of pw —w, yields a rigorous jusitification of the second order accuracy. To
the author’s knowledge, it is the first time that the apparition of volume viscosity
terms is justified rigorously with an error estimate. Note incidentally that ex-
perimental measurements [45, 48] as well as theoretical calculations [6, 17, 39, 3]
have shown that the volume viscosity coefficient is of the same order as the shear
viscosity coefficient for polyatomic gases and the impact of volume viscosity in
fluid mechanics has also been established [12, 13, 11, 30, 1, 3].

The nonequilibrium two-temperature model and its symmetrization are sum-
marized in Section 2. A priori estimates and local existence results are estab-
lished in Section 3. Stability for equilibrium models and convergence of the
nonequilibrium model towards the one-temperature model is established in Sec-
tion 4.

2. Governing equations

The system of equations modeling fluids out of thermodynamic equilibrium
as derived from the kinetic of gases is summarized and recast into a convenient
normal form [3, 4, 26]. The local equilibrium temperature, the volume viscosity
coefficient, and the equations at equilibrium are also discussed.



2.1. Conservation equations

In a nonequilibrium gas with internal degrees of freedom, the conservation
of mass, momentum, internal energy and total energy may be written in the
form [3]

Op+ V-(pv) =0, (2.1)
0, (pv) + V- (pv@wv + pI) + V-II = 0, (2.2)
Oy(pein) + V- (pvem) + V-Qy, = win, (2.3)
0, (plew + em + 3[v[*) + V- (pv(ew + ein + 3/0[%) + vp)

+ V(Qy, + Qi + IT-v) =0, (2.4)

where V denotes the space derivative operator, p the mass density, v the fluid
velocity, ® the tensor product symbol, p the pressure, IT the viscous tensor, I
the unit tensor in the physical space R%, ej, the internal energy of internal origin
per unit mass, @, the heat flux of internal origin, wi, the energy exchange rate,
etr the internal energy of translational origin per unit mass, and @, the heat flux
of translational origin. The components of v and V are written v = (vy, ..., vq)!
and V = (01, ...,04)" where v; denotes the velocity in the ith spatial direction,
0; the derivation in the ith spatial direction and bold symbols are used for vector
or tensor quantities in the physical space R%. The equations (2.2)-(2.4) have
to be completed by relations expressing the thermodynamic properties ey, €y,
and p, the rate of energy exchange wi,, and the transport fluxes IT, Q;, and

Qtr'

2.2. Thermodynamics

The pressure p, the total internal energy per unit mass e, the internal energy
of translational origin per unit mass e,, and the internal energy of internal origin
per unit mass e;, are in the form

T

p= pTTtrv € = ety + €in, Ctr = Cv,tthr; €in = €in,st + / Cin(T/) dT/v (25)
Tst

where r denotes the gas constant per unit mass, ¢y = %r the translational heat
at constant volume per unit mass, Ti, the translational temperature, ¢, the
internal heat per unit mass, T}, the internal temperature, Ty; the standard tem-
perature, and ej, ¢ the internal formation energy at the standard temperature.
We will also use in the following the translational heat at constant pressure per
unit mass cp tr = gr and the formation energy at zero temperature e = e;,(0).
The rate of energy exchange between the translational and internal degrees

of freedom wi, may also be written [3]
Win = Plin (Ttr - T‘in)a (26)

Tin

where 73, denotes the energy exchange time.



2.3. Transport fluzes

In the framework of the kinetic theory of polyatomic gases out of thermo-

dynamic equilibrium, the translational and internal heat fluxes are in the form
(3]

Qtr = - )\tr,trVTtr - Atr,invﬂna (27)
Qin = - )\in,trVTtr - )\in,invj—‘ina (28)

where A tr, Atrin, Ain,tr; a0d Ain in denote thermal conductivities. On the other
hand, the viscous tensor is given by

II = —n(Vv+ (Vo) = 2(V-v)I), (2.9)

where 7 denotes the shear viscosity and d’ the dimension of the velocity space
in the underlying kinetic framework. It will be assumed in the following that
the dimension of the kinetic velocity space d’ is such that 2 < d’ and d < d'.
The assumption 1 < d < d’ means that the spatial dimension d of the model
has eventually been reduced. The assumption 2 < d’ is natural since d’ = 3 in
our physical world and since IT is identically zero when d’ = 1.

The thermal conductivities Ay tr, Atr,in, Ain,tr, a0d Ain in and the shear vis-
cosity 7 are obtained from the kinetic theory of non equilibrium gases [3]. From
the expression (2.9) it is also noted that the viscous tensor IT does not present
a volume viscosity term and our aim is to investigate the apparition of such a
contribution in the one-temperature equilibrium limit model as the relaxation
time 7y, goes to zero.

2.4. Mathematical assumptions

The mathematical assumptions for the thermodynamic properties, the en-
ergy exchange rate, and the transport coefficients are the following where s > 3
denotes the regularity class [23, 19, 3, 26].

(T1) The formation energy ein st and formation entropies Sy st and Sin st are
real constants. The mass per unit mole m, the gas constant R, and the
gas constant per unit mass v = R/m are positive. The internal species
heat per unit mass cin(Tin) is a C*~1 function over [0,00) and there
exist constants ¢ and € such that 0 < ¢ < ¢in(Tin) < € for all Ty, > 0.

(T2)  The energy exchange rate Tin(p, Tir, Tin) is in the form

st =st

Tin = €T = €0 (2.10)
p

where € € (0,1] denotes a positive parameter, Tin(p, Ttr, Tin) = ™75 /p

the rescaled energy exchange time and 75 (Tyy, Tin) the rescaled energy

exchange time at the standard pressure p3* which only depends on T,

and Tin. The rescaled time T is a positive C* function of the two

temperatures Ty, Tin € (0, 00).



(Tr1)  The coefficients 1, Airtrs Arins Nintrs @A Ain,in are in the form
n = €qn, )\tr,tr :Ed)\tr,tra )\tr,in = Ed)\tr7in7

)\in,tr — Edj\in)tra )\in,in = 6d;‘im,im? (211)

where €4 € (0, 1] denotes a positive parameter, and 7, A

Arins A
tr,tr’
and Ay, i, the rescaled transport coefficients. The rescaled coefficients 1],

p) ) and X,

/\tr,tw /\tr,in’ )\in,tr’ in,in

Ttr; T’in S (Oa OO)

tr,in’ “‘in,tr’

are C* functions of the two temperatures

(Tr2)  For any Ty, Tin € (0,00), the matrix

in”‘in,in trMin,tr

T2 ;\ Tth;\tr,tr

in”‘tr,in

T2, o T2\
: (2.12)

is symmetric positive definite. In the viscous tensor (2.9), the coefficient
1 is positive and the dimension d' of the kinetic velocity space is such
that max(2,d) < d'.

The rescaled energy exchange time 7, as well as the rescaled transport co-
efficients 7, Ay s Atrins Ain,trs @0d Ay 5, have been introduced in order to in-
vestigate the fast relaxation limit.

2.5. Volume wviscosity

The local thermal equilibrium temperature is defined as the unique scalar T'
such that
Ctr (T) + ein(T) = €¢r (Ttr) + ein(ﬂn); (213)

keeping in mind that ey (T") + ein (T') is an increasing function of 7. The tem-
perature T is a C* function of (Ti;,Tin) and is the temperature that would
be obtained at local thermal equilibrium Ti, = T;, assuming that the internal
energy ey, + ej, is kept fixed. Letting ¢, = fol Cin (Tin +s(T — Tm)) ds, we may
write €y (1) — ein(Tin) = (T — Tin)én so that (T — T)cy e = (T — Tin)Cin and
(Ttr - T)EV = (Ttr - T‘in)gin where EV = Cy tr + Ein(Ta T‘ln) Letting Cv(T‘in) =
Cvr + Cin(Tin) and

-~ ) -~ st =st
K = K/(Ttr,fz—‘in) = " Cin PTin = ETCIHp Tin s (214)

CyCy CyCy

the following relation is obtained after some algebra

pr(Tyy = T) = —kV-v — S(H:Vv +V-Q,, — C;"“V-Qin

+ p0,(Tex — Tiw) + pv-V (Toe — T )). (2.15)

Note that we have Kk = ek with & = 7 ¢y, pTin/(cyCy) from assumption (2.10).
Equation (2.15) is a relaxation equation that yields formally pr(Ti, — T) =



—kV-v 4+ O(e(e + ed)) so that both temperatures Ti, and T;, should converge
towards the local equilibrium temperature 7. In the momentum equation, the
pressure tensor prili,I + IT is thus asymptotically in the form

prToI +IT = prTI — £ (V-v)I = (Vv + (Vv)' = 2(V-0)I) + O(e(e + €4)).

This is in agreement with classical one-temperature models where the pressure
prT is evaluated at the thermal equilibrium temperature T and the viscous
tensor IT includes a volume viscosity term —r(V-v)I. Such a physically in-
tuitive derivation may be found in many physics papers and books either in a
molecular framework or in a macroscopic fluid framework usually around equi-
librium states [6, 17, 39, 40, 3, 4, 5]. Numerical simulations using Boltzmann
equation have consistently established that the limit one-temperature model is
an accurate description of the two temperature fluid when the relaxation time
is small [3]. In our previous work [26], it has further been established that the
Chapman-Enskog method exactly yields the one-temperature fluid equations
with the volume viscosity terms at second order in the fast relaxation limit. The
goal of this paper is to justify with an error estimate both the above physically in-
tuitive approximation as well as the accuracy of the two term Chapman-Enskog
expansion [26].

2.6. Quasilinear forms

Letting n = d+3, the conservative variable u € R" associated with equations
(2.1)—(2.4) is found to be

t
u= (p, pv, pein, plee + i + 3|v%))",

and the natural variable z € R” is defined by z = (p,v, Tin,Ttr)t. For conve-
nience, the velocity components of vectors in R” = R x R% x R? are generally

written as vectors of R%. We introduce the corresponding open sets @, and O,
of R™ given by

2
_ _ 1|Uv| t 0
Oy = {u = (Up, Uy, Uin, Ugr + Uin + 3 - )5 up >0, Ui > upel, ug >0,
P

and O, = (0,00)xR?¥x(0,00)2. The following proposition has been established
in our previous work [26].

Proposition 2.1. Assuming that (Ty1) holds, the map z — u is a C* diffeo-
morphism from the open set O, onto the open set O, and the open set O, is
conver.

The equations modeling fluids out of thermodynamic equilibrium may then
be written in the compact form

; 1
Ou+ > OiFi+eay OFS ™ - “0=o, (2.16)

i€D i€D



where F; denotes the convective flux in the ith direction, ¢4 the Knudsen number,
Fdiss the rescaled dissipative flux in the ith direction, e the relaxation parameter,
and () the rescaled source term.

From the governing equations (2.1)-(2.4) the convective flux F; in the ith
direction is given by

Fi = (pus, puvi + pes, peinvi, (pes + pein + Splvf? + p)ui)’, (2.17)

where e; denotes the basis vectors of R%. Similarly, the dissipative flux e,F&iss
is given by

edF?iss = (07 Hiu Qin,ia Qtr,i + Qin,i + Hi"l))t, (218)
where Qtr = (Qtr,lu oo 7Qtr,d)t7 Qin = (Qin,lu oo 7Qil’1,d)t7 Hl]a 1 S Z,] S d7 are
the components of the viscous tensor IT, and IT, = (I1y;, ..., II4)". The source

term is finally given by
1
~0 = (0,0,win,0)", (2.19)
€

where the rate of enegy exchange wiy is defined by (2.6). From the expressions
of the viscous tensor and of the heat fluxes we deduce that the dissipative fluxes
Fdiss are linear expression in terms of spatial derivatives of z and may thus
be written in the form Fdiss — >_jep Bij(2)0jz. Using Proposition 2.1, we
may then write that F{iss = — > jep Bij(u)d;u where the dissipation matrix B;;
is defined as B;; = @ij(’?uz. Further introducing the Jacobian matrices of the
convective fluxes A; = 0,F; the governing equations are finally rewritten into
the compact form

6tu + ZAi(u)&-u — €4 Z@i(Bij(u)(?ju) - %Q(U) =0. (220)

i€D i,jED

In our previous work [26], all possible normal variables leading to a symmet-
ric hyperbolic-parabolic structure have been shown to be (]—"I (p), Fu(v, Tin, Ttr)) !
where F; and Fy; are diffeomorphisms in R and R%*2, respectively. The natural
variable z is in particular a normal variable but for convenience the following
normal variable will be used

_( 1 1 l)t (2.21)
W= pavuTtr 711 ’ T . .

The density w; = p is the hyperbolic variable, w; = (v, % — %7 —%)t the
parabolic variable, and the corresponding normal form has been evaluated [26].
The third component of w goes to zero with the relaxation time and the other
components (p, v,—1/ T)t are expected to converge towards the corresponding
normal variable at thermodynamic equilibrium w, = (pc, Ve, —1/ Tc)t.

Theorem 2.2. Assume that the assumptions (T1)(T2) and (Tr1)(Tr2) hold.
Then the map u — w is a C*~1 diffeomorphism from the open set O, onto the



open set Oy, = (0,00)xRIxRx(—00,0). The system written in the w variable
18 in the normal form with a source term in quasilmear form

8w+ZA V0w — €4 Za (W)o;w) + = L( Yw = egb(w, A wy),
€D ,j€ED

(2.22)
and the matrices Ao, A;, i € D, Eij, i,j € D, L, as well as the quadratic
residual b and the source term Q are detailed in previous work [26]. The matriz
Ao is symmetric positive definite, A;, i € D, are symmetric, we have Et- = Eji,

i,j € D, L is positive semi-definite with a fired nullspace E, and b(w, 8 Wy, s
quadratic in the gradients. Using the bloc structure induced by the partitioning
between hyperbolic and parabolic variable, Aq is bloc diagonal, Eij has nonzero
coefficients only in the right lower bloc E“’“ and for any € in the sphere L41

the matriz EILII(W €)= ZUGD i(w ){153 is posztwe definite. The matrices By

have the structure B” = —B 0ij + 7 B where B 18 associated with thermal

conductivities and Bij with shear viscous effects. The equilibrium linear manifold
with respect to the normal variable is the fized subspace E = RxR¥x{0}xR and

the normal variable w is quasilinear on the fast manifold zh = Regi2. Finally,
the normal variable is compatible with the fast manifold so that mAy = Agr.

2.7. Equations at equilibrium

In order to investigate the fast relaxation limit e — 0 we will need to es-
tablish a stability theorem for the equations governing fluids at thermodynamic
equilibrium that are summarized in this section. The equations modeling one-
temperature fluids are in the form [6, 17, 19]

9ype + V-(peve) =0, (2.23)
0y (peve) + V- (pee®@ve + pel) + V-II, = 0, (2.24)

0y (pee + %P|’UC|2) + V- ('UC(pec + %p|vc|2 +pc)) +V(Q, + IT.-v,) =0,
(2.25)

where the subscript e denotes thermodynamic equilibrium, p, the mass density,
v, the fluid velocity, p, the pressure, IT, the viscous tensor involving the volume
viscosity, e. the internal energy per unit mass, and @, the heat flux.

The pressure p. and the internal energy per unit mass e, are in the form
De = perTe and eo = €5 + f;;etcv (T") AT’ where ¢y (Te) = ¢y tr + ¢in(Te) denotes
the heat at constant volume per unit mass, T, the equilibrium temperature, ee s
formation energy at the standard temperature and we have eq(Te) = ey (Te) +
ein(Te). The equilibrium viscous tensor is in the form

II. = —(T.) (V-ve) I — ne(Te) (Vve + (Vve)' — 5(V-we)I), (2.26)

where 1.(T.) = n(Te, Te) and ke(T,) = K(Te, T.) so that ke = 7 cin pTin/c2, and
the heat flux is given by Q, = —Ae(Te)VTe, with Ae(Te) = Air,ir(Te, Te) +
Atr,in(T'm To) + )\in,tr(Tc; Tc) + Ain,in(Tvca Tc)



Letting ne = d + 2, the conservative variable u, € R" associated with
equations (2.23)—(2.25) is ue = (pe, PeVe, pee—i—%peve-ve)t and the corresponding
natural variable reads z, = (pc, Ve, Tc)t The corresponding open sets are given
by O, = {uC = (Up, Uy, ug)* € R™; u, >0, ug > f© (up,uv} where f°(u,, uy) =
uped + 4 p”” and O,, = (0,00)xR4x (0, oo) The map z, — u, is easily shown
to be a C% diffeomorphism from O,, onto O,,. Introducing the convective and
dissipative fluxes of the equilibrium fluid model (2.23)-(2.25)

t
F? - (pcvci7 PeVelei +pcei; (pec + Pe + %pc|vc|2)vci) 5 (227)

EdFZGdiSS = (07 Heia Qei + Hei"ve)t7 (228)

using straighforward notation, the system at equilibrium may be rewritten in
quasilinear form

tuC—I—ZAC )Oile — €4 Za ucau):(), (2.29)

i€D i,j€ED

where AS, i € D, denote the Jacobian matrices AS = 0, F§ and B, 1,J € D, the
dissipation matrices at equilibrium with F¢diss = — Z]ED Bf;0jue [32, 34, 19].
The equations of the one-temperature equilibrium model may also be written

in normal form [26] with the normal variable

Ly 2.30
We = (pmvm_i) ) ( . )
where the density we = pe is the hyperbolic variable and we; = (v, _T%)t the

parabolic variable.

Theorem 2.3. Assume that (T1)(T2) and (Tr1)(Trz) hold. Then the map ve —
We is a C*~1 diffeomorphism from the open set O, onto the open set O, =
(0,00)xR¥x (—00,0). The system written in the w. variable is of the normal
form

(Wc )O,we + Z A (We)O;We — €4 Za Wc)a WC) = €4be(We, O Wiie),
i€D i,j€ED
(2.31)
where KS, A ,1€D, Bw’ are detailed in [26] and have regularity at least > — 1,
and be is a quadmtzc residual. The matrices at equilibirum are related to the
analog matrices out of equilibrium with the relations KS = Pt Ao (Ywe ), K? =

YA, (Ywe )1p with

1 014 O
041 I 041
b = . (2.32)
0 Og O
0 014 1

10



— — _—y

Moreover, the dissipation matrices Bjj have the structure Bjj = %B '051-3- +
Ge BN o A =A = =

TZ&QB ‘4 o Bne with BV = ¢! B (vwe)tp and B?je =t B?j(d)wc)d) whereas

the matmces BU , 1, € D, are given in [26].

Denoting by ¢ the linear operator ¢ = 1* where v is the rectangular matrix
(2.32), one of the goal of this paper is to establish that the equilibrium projection
ow of the normal variable w out of thermodynamic equilibrium is close to the
normal variable w, at thermodynamic equilibrium so that pw — w, = (’)(e(e +

Ed)).

3. Hyperbolic-parabolic systems with stiff source terms

We investigate in this section local existence theorems for hyperbolic-para-
bolic systems of partial differential equations in normal form with small second
order terms and stiff sources. We generally follow the elegant formalism and
methods of proof of Kawashima [32], the differences being the inclusion of extra
terms associated with the fast variables mw/e and ww/+/€, the coupling with the
estimates for time derivatives, and the derivation of estimates uniformly with
respect to the parameters ¢4 € (0,1] and € € (0,1].

3.1. Preliminaries
We consider an abstract hyperbolic-parabolic system with small second order
terms and stiff sources in normal form. The system is written

w)0,w +ZA )Oiw — €q Za (w)d;jw) + = L( )W = egb(w, O, wy),
i€D i,JED

(3.1)
where w = (w,wy)t € O, O, is an open set of R™, w, are the hyperbolic
components, wy; the parabolic components, and €4,¢ € (0,1] are two positive
parameters. The dimensions of the hyperbolic and parabolic components are
denoted by n; and n,, respectively so that n = n; + ny;. The matrices Ao, A,
Eij, and L are assumed to have at least regularity s — 2. We will generally
assume that s is as large as required by the various theorems in the following,
in particular that ¢ —3 > [+ 1 > Iy + 2 where Iy = [d/2] + 1. The matrix
Ao is symmetric positive definite, the matrices A; are symmetric, B” satisfy

E:j = Bji, and L is positive semi-definite with a fixed nullspace E. The matrices

Ao and Eij, 1,7 € D, have the bloc structure

Al 0 0 0
KO _ [0 0 T, N 7 Elj _ [ 1,70 _I‘I)_’H“‘| :

— 11,11 0
M1, My AO T, M 17

—I1L,1I 11,11

and B (w, &) = Ei,jeDEij (w)&;€; is positive definite for w € O,, and & €

»9=1. The quadratic source term is also in the form
_ t
b(w, dwy) = Z M;j(w)O;wojw = (0, Z ﬁli;l[’ll(w)aiwuajwu,) (3.2)
i,jED i,jED
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where M;; are third order tensors depending on w with at least regularity » — 3.
Denoting by 7 the orthogonal projector onto the orthogonal of the equilibrium

manifold %J‘, we assume that Ay satisfies the compatibility condition
7 Ag(w) = Ag(w) 7, weO,. (3.3)

We are only interested in well prepared initial data in this paper, that is, we
assume that the initial condition w is close to the equilibrium manifold £ in
such a way that mwy is small, and we refer to [28] for the situation of ill prepared
initial data. In the same vein, only local existence is investigated and we refer
to [27] for global existence results.

We denote by u* and w* corresponding constant equilibrium states in the u,
and w variables respectively, so that w* € O, N ‘E and mw* = 0. We denote by
| @ |, the norm in the Sobolev space H' = H'(R?) and otherwise || ® || , in the
functional space A. If @ = (a, ..., aq) € N is a multiindex, we denote as usual
by 0 the differential operator 97" - - - 95 and by |a/| its order |a| = oy +- - -+ayq.
The square of k' derivatives of a scalar function ¢, like T', p, or v;, 1 < i < d,
is defined by

o= Y Borey = Y @ 0,00, (3.4)

la|l=k 1<iy,..., i <d

where k!/a! are the multinomial coefficients and similarly, for a vector function
like v we define [0%v|? = 3", _, ., 0%v;|?. Finally, for any map ¢ : [0, 7|xR? —
R"™ where 7 > 0 is positive and for any 7 € [0, 7], we denote by ¢(7) the partial
map x — ¢(7,x) defined over RY,

3.2. A priori estimates

We consider in this section linearized equations in the form

_ N _ _ _ IO NS
Ag(W)OW + > Ai(W)OiW — eq Y Bij(w)d;0;W + “Lw)w =f+cag. (3.5)
€D i,j€D

Such linearized equations (3.5) are useful in order to build sequences of successive
approximations that converge towards solutions of the nonlinear equations (3.1)
as well as to estimate the derivatives of such solutions. For a given 7 > 0 and
1> 1y + 1 where lp = [d/2] + 1, we assume that w is such that

Wl_W;ECO([O,'TT],Hl)ﬁcl([ou’f]rHl_l)? (3 6)
wy; —wyy € CO([0,7], HY) nC([0,7], H'7?), '
Opwy € L2((O;7:)7Hl71)a (3'7)
and we define
sup w(r) —w*? = M, / opw(r)[2, dr = M2. (3.9)
0<r<7 0

12



We consider @q such that Oy C O, dy such that 0 < di < d(@O,BOW), and
define

0, = {W S OW; d(W,@o) <d } (39)
It is also assumed that w, and w are such that
wo(x) = w(0,x) € Oy, w(t,x) € Or, te0,7], xeR< (3.10)

The following priori estimates for linearized equations will be of fundamental
importance for existence theorem of the full quasilinear system (3.1). When the
source terms are not stiff such estimates have been established by Kawashima
[32]. The estimates in the situation of stiff sources differ by the inclusion of new
terms associated with the fast variable mw/e as well as for the time derivatives
which cannot anymore be estimated directly from the governing equations but
require well chosen test functions. In particular, the time derivatives are not in
the space C°([0, 7], H'~2) uniformly in € but only in the space L?([0,7], H'~?).
Stronger estimates in C°([0,7], H'=2), obtained in the next section, indeed re-
quire the boundedness of |wdwo|?_5 /€.

Theorem 3.1. Let | > lo+1 with lo = [d/2] + 1, consider the linearized system
(3.5), and assume that the solution w is such that

w, —wy e CO([0,7], HY) nct([0,7], H ),

w —wy € CO([0,7], HY) Nt ([0,7], H =) n L2((0,7), HY), (3.11)
where W* = (WF,w})! is a constant state W* € E. Further assume that

fec([o,7], H ) n L' (o, 7], H), (3.12)

geC’(0,7,H"), =0, (3.13)

and denote by Wo the initial state wo(x) = w(0,x). Then there exists constants
c1(01) > 1 and c2(O1, M) > 1, with ca(O1, M) increasing with M, such that
for any t € [0, 7]

t

_ _ 1, _ .
sup {1f(r) — &} + Clnw(r) B} + ea [ [onlr) — Wl dr
0<r<t € o

I o 1,
—I—E/|ﬂ'w(7’)|lzd7' < c%exp(cz(t—FMl\/E))Owo—w |12—|—E|7TW0|3
0

t t 9 t
+6dC2/|g“(T)|l2_ldT+C2{/|f(7')|ld7'} +C2/|7rf(7)|(2)d7>, (3.14)
0 0 0

1 ~ 2 1 ¢ ~ 2 ¢ ~ 2
— sup |mw(7)[;_; + 6_2/0|7TW(7')|171 d7+/0|atW(T)|zf1 dr

€ 0<r<t

~ 1, - ¢
< oexp(calt + MrvD)) ([0 — 5 [F + plsolly + o [lgaltydr
0

* {/jﬂl ar} + /jflf_l r). (3.15)

Proof. The lengthy proof is given in Appendix A. O
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3.3. Local existence

We first restate an existence theorem for the linearized equations (3.5) which
is a coupled system of hyperbolic-parabolic type established by Kawashima [32].
These linearized coupled hyperbolic-parabolic solutions are then used in order
to establish the existence of local solutions for the full nonlinear system (3.1).

Proposition 3.2. Let | > 1y + 1 where lo = [d/2] + 1, T > 0, assume that w is
such that (3.6), (3.7) and (3.10) hold, that f and g satisfy (3.12) and (3.13), and
that wq is such that wo —w* € H' for some constant state w* € E. Then there
exists a unique solution W to the linearized equations (3.5) with initial condition
Wo and regularity (3.11).

We now establish a local existence theorem on a time interval 7 > 0 inde-
pendent of €4 and e for the system of partial differential equation in normal form
(3.1). Such an existence theorem is a fundamental step toward a convergence
theorem for €,e4 — 0. Since we are interested in convergence results on time
intervals including the time origin ¢ = 0, we assume in this section that the
initial data is well prepared or equivalently that mwg is small. We follow the ele-
gant method of proof of Kawashima in his seminal work on hyperbolic-parabolic
systems [32]. The differences are in the definition of the approximated solutions
which include the stiff sources, in the definition of the invariant set by itera-
tion, and fundamentally in the convergence rate of the successive approximated
solutions which may indeed depend on e.

Theorem 3.3. Letd > 1 andl > ly+ 1, be integers with lo = [d/2]+ 1, and let
b > 0 be given. Let Oy such that Oy C Oy, dy such that 0 < d; < d(@o, 00y),
and define O1 = {w € Oy; d(w,0) < dyi }. There exists T > 0 depending on
O; and b, and independent on ¢4 € (0,1] and € € (0,1], such that for any wq
with 1

lwo — w* |7 + E|7TW0|Z2,1 < b (3.16)

and wg € Oy, there exists a unique local solution w to the system

_ _ _ 1_ _
Ao(w)o,w + Z A;(W)ow — €4 Z i (Bij (w)d;w) + =L(w) w = egb(w, ,wy),
ieD i,jeD €
(3.17)
with initial condition
W(O,X) = WO(X)v S Rdv
such that
w(t,x) € O, te[0,7], xR
and

w, —w; € CO([0, 7], HY) nc([0,7], H' 1),
wiy —wyy € CO([0, 7], HYy nct ([0, 7], H2) N L2((0, 7), H'T).
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In addition, there exists C' > 0 which only depend on Oy and b, such that

* 1 T *
sup (jwlr) = wlF+ ¢l y) + e [ lwnlr) = wilfy dr

0<r<7
I 2 1" 2 T 2
+ = [ |mw(7)]; dr + = [mw(T)[;_y d7 + [ [Opw(7)];_, dT
€ Jo € Jo 0
1
< c(|w0 —wP E|7rwo|f_l). (3.18)

Proof. Solutions to the nonlinear system (3.17) are fixed points w = w of the
linearized equations [32]

)O,w —i—ZA 5W—€dZBU )0;0,W + — L( W =eqg, (3.19)

i€D i,j€D
with
g(w, dw) = > 0i(Bij(w)) dw — Y 0i(9,v)" (O,w)'Bi; djw. (3.20)
i,j€D i,J€D

Fixed points are investigated in the space w € XL (Ol,M, Ml) defined by
w, —wi e CO([0,7], HY), dw, € CO([0,7], HY), wy — wjy € CO([0,7], H') N
L2((0,7), H'), 0wy € CO([0,7], H2) N L2((0,7), H'™), w(t,x) € O, and

T 1 T
sup |w(T) —W*|12+ed/0 |wi(7) —WI*I|l2Jrl dr + E/O|7TW(T)|l2dT < M?,

0<r<7
1 2 L 2 j 2 2
— sup lmw(T)[;_y + o) lmw(T)[_y dr + | [Opw(T)[;_, dT < Mj.
€ o<r<7 € Jo 0

For w in Xl% ((91, M, M 1), we may use the estimates established for linearized
systems in Theorem 3.1 of Section 3.2. Noting also that f =0, g, = 0, and that
gy is quadratic in the gradients, we obtain upper bounds in the form

g()f, < cM?,  telo,7], (3.21)

and the constants co of this estimate may be taken identical to the constant
of the linear estimates, upon taking the maximum of both constants. Using
assumption (3.16) and combining these bounds with the linear estimates (3.14)
and (3.15), we obtain that

t
sup. [#(r) ~w' (D) + ea [ [nlr) —wiydr
0

0<r<t

1/t
+ €/|7TW(T)|Z2 dr < cFexp(ca(t + M1V't)) (b° + teaci M?),
0
(3.22)
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= sup |mw(r)|}_, + /|7TW )7 1d7’—|—/|8w ", d

€ 0<r<t
Co exp(cQ(t—l-Ml\/Z)) (b2 +techM2). (3.23)
We now define
My, = 2¢1(01)b, My = ca(O1, Mp)2cq (O1)b.

Let then be 7 < 1 small enough such that
exp(c2(O1, My)(7 + Mip/7)) <2

(01, My)7(2¢1(01))* < 1,

oMV < dy,
where we have used ||¢||;« < col¢|i1—1. Then for any w € XL ((91, My, Mlb), any
wo(x) such that wo —w* € H', wy € Oy, and |wg — w*|? + |mwo|?_, /e < b?, and
any €4, € € (0, 1], the solution w to the linearized equations with initial condition
wo stays in the space XL ((91, My, Mlb). More specifically, letting M? and M} be

the maximum of the left hand sides of (3.22) and (3.23) respectively, we obtain
from (3.22) that

M? <2630 (1 4 4eyc3c37) < 4cHh® = M}
and from (3.23) we deduce that
M < 2630 (1 + degrc}) < M3,

since 47¢? < 47c?cZ < 1 and finally that [|[W — w*| o < coM1aV/7 < di and we
have established that the space le ((91, My, Mlb) is stable.

Let w and W be in XL (O, My, M1p), let wo(x) and Wo(x) such that wo —w* €
Hl, V/\\IO —w*r € Hl, WO,V/\\/Q S 60, |W0 — W*ll2 + |7TW0|1271/6 < b2, |W0 — W*|l2 +
|TWol? /e < b2, let eq,e € (0,1], and define 6w = w — W and 0w = w — .
Forming the difference between the linearized equations, we obtain that

Ao(W)0,0W + Y Aj(W)0;0W — eq > Byj(W)0id;0W + — L( oW = Of + e40g.

1€D i,j€ED
(3.24)
Here
5 = = 3 (Bo(60) (Rofw)) ™ Aw) — Au(30))
i€D
- %(AO( ) (Ro(w)) ~'T(w) — L(@) ) mi, (3.25)
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5g =Ao(W) (Ag(w)) " g(w, B,w) — g(W, dW)

+ Z (Ko(\rv) (KQ(W))_lgij(W) —EU(V/\\/))(%(%VT/, (326)

i,jED
and we have in particular dg; = 0. These expressions imply that

C2
|5f1|12—1 + |5fu|12—1 < :|5W|l2—17

|5gu|1272 < C2|5W|1271=

where the 1/¢ factor arises from the nonlinear stiff sources and will make the
convergence of the successive approzimations more difficult to establish than for
non stiff problems. We define N? | (a,a’,6w) when [a,a’] C [0, 7] by

_ _ 1, @
NE (0, 8% = sup ([80(r)E + Zlndw(r} o) + e [l dr

a<t<a'

1 a' " 1 a' " a/ "
+ Z/ |mow(T)|?_, dT + 6—2/ |7T5W(T)|l2_2 dr +/ |8t5W(7’)|l2_2 dr.  (3.27)

In order to obtain fixed points, we introduce the sequence of successive ap-
proximations {w¥};>¢ starting at w® = w* with w**! = W ie., wk*! is ob-
tained as the solution w = w1 of linearized equations with w = w¥ and with
initial condition wg. We also denote by 6*w the difference 6*w = wh+! — w*
for £ > 0. We first establish that the sequence of successive approximations
{Wk}kzo is convergent for the norm N;_1(0, 7, ®) and thus also for the norm of
Co([0, 7], H'=1) over [0, 7] for a suitable 7. small enough and we then gradu-
ally extend the convergence domain over each interval [j, (j + 1)7] C [0, 7] by
induction on j. We also establish uniqueness of solutions first over [0, 7] and
gradually over each [j7, (j + 1)7] included in [0, 7].

Using the linearized estimates and the difference equation (3.24) we first
obtain

TeCh

~ 1
N1 (0,72, 6W) < o ([owol7y + =[mdwolfy) + =2 sup low(r)[},. (3.28)

0<7<7e

where ¢y and ¢}, depends on O; and b and where dwy = wg — Wo. Let now 7. be
small enough such that )
e 1
€ < 4’
while 7 /7. is an integer denoted by N, + 1. From the estimates (3.28) and since
the successive approximations have the same initial condition, that is dwg = 0,
we obtain that

NZ (0,7, 6" w) < INE (0,7, 6Fw),

so that N2 | (0,7, %w) < N2 (0, 7, 6°Ww)/4* and defining for convenience I'’ =
N2 (0, 7,8%), we have established that 4*N? (0,7, d*w) < I'Y. Any fixed
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point W is also unique from the difference estimates (3.28) written between two
fixed points.
Letting for convenience

ﬂi :lefl(]Tév(]_Fl)TéaakW)’ ng’ OSJ SNe’

we have established that 2% 62 < T for k > 0, and we next consider the interval
[Te, 27¢]. From the difference equations and the linearized estimates over |7, 27|
we obtain that

!
N2 (70,270, 05 1w) < caN2 (0, 7, 8 1w) + L:?Nl{ (7o, 27,05 w),  (3.29)

where we have used that [ow(7e)[? | + %|7T6Vf\vl(7'€)|1272 < N2 ,(0,7,8% 'w). This
now implies that 8}, < c2f8),, + B4 for k > 0 and multiplying by 2¥*! and
letting ‘ ‘
w=26l, 0<k  0<j<N,
we have
’Yli+1 < C2”Ylg+1 + %7]17 0<k. (3.30)

Since 7Y < I'? it is easily deduced from (3.30) that 7} < 2coI'° ++{ and defining
't = 2¢I° + 44 we have 4 < I'! for & > 0. We further deduce that any
fixed point W is unique over [0, 27] since it is already unique over [0, 7| and
from (3.29) rewritten between two fixed points it is also unique over the interval
[Te, 27].

The same type of estimates may now be established by induction on j for
1 < j < N.. More specifically, assume that for 0 < ¢ < j—1 we have inequalities
in the form v, < I'" where the majorizing bounds I'* are defined by I'’ =
N7 (0,7¢,6%) and T = 2coT" " + N2 | (i7e, (i + 1)7e,6%W) for 1 < < j—1,
and that uniqueness of fixed points holds over [0, j7.]. We then consider the
sequence of approximation over [j7c, (j + 1)7.]. Using the difference equations
and the linearized estimates over [j7, (j + 1)7], we obtain that

Ny (376 (G + D7e, 8 w) < @NE (5 = D)7e, g7, 874 w)
+ANE L (57, (G + D7, 0Fw), (3.31)
where we have used

_ 1. . ,
low(j7e)l7_y + z|7T(SW(]T€)|l272 < N2 ((G - D7, ge,s (glcﬂw)7

so that Bi 1 <c ﬁiﬂ + % ﬁi. Multiplying by 2*! we have therefore established
that _ _ _

Torr < 271 + 57 (3.32)
and since 7' < TV~ it is easily deduced from (3.32) that 7] < 2coTV~! +
so that defining IV = 2colV~! 4 43 = 21971 + N2 (7e, (j + 1)7e, 0%W) we
have established that vi < TY for k > 0, so that

o T,
Ny (576, (5 + D)7e, 6" w) < o3 (3.33)
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We also deduce that any fixed point W is unique over [j7., (j + 1)7] since it is
already unique over [0, j7.] and from (3.31) written between two fixed points it
is also unique over [j7, (j + 1)7].

Letting for short cc = > 5, <y, I'j, it is obtained from (3.33) that

N2, (0,7, 6%w) < = 0<Ek, (3.34)

= 2_167 =

where c. depends on €, Oy, b, and the data but is independent of k. We thus
conclude that the sequence if successive approximation {w*};>¢ is convergent
over [0, 7] towards a fixed point W for the norm N;_1(0,7,w¥ — W). Since the
sequence {wk}kzo is bounded in the space le (Ol,Mb,Mlb), it follows from
standard functional analysis arguments using weakly convergent subsequences
that W is the unique solution of the system of partial differential equations with
the required regularity.

The estimates (3.18) are next established by using the fact that the solution
is a fixed point w = w. Denoting by w the solution of the nonlinear system of
equations, letting

T . 1 T
ME = sup fw(r) —w(r) + o [ lwnlr) ~wiltydr+ ¢ [ el ar,
0 0

0<r<7

the linearized estimate (3.14) now yields that
1
M < ciexp(ca(7 + M1VT)) (|w0 - w*|l2 + = lwo — w*|3 + ?edchv%),
€

and since exp(cz(7 + M1v/7)) < 2 and 2cc37 < 1/2 by definition of 7 we get
that

1
M2 < c(|w0 — W[} + =fwo - w*|3), (3.35)

where C' only depends on O and b. On the other hand, from the linearized
estimates (3.15) we further get that

1 ~ 2 1 T ~ 2 T ~ 2
— sup |7w(7)|;_, + 6—2/0|7TW(7')|l_1 d7’—|—/0|8tw(7')|l_1 dr

€ 0<r<7
1
< cyexp(ca(T + M1VT)) (|W0 — w4 Z|W0 —wrE+ ?ede,). (3.36)
Combining (3.35) and (3.36) finally yields (3.18) and the proof is complete. [

3.4. Stronger time derivative estimates

We now strengthen the estimates for O,w obtained with the local exis-
tence theorem. Such extra estimates for d,w € C°([0,7], H'=?) and mdw/e €
L*((0,7), H'=3), uniformly in eq, € € (0,1] when [ > [d/2] + 4 are relevant when
the initial time derivative Oywq at t = 0 is close to the equilibrium manifold and
will be needed in the convergence analysis of the fast relaxation limit.
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Theorem 3.4. Keep the assumptions of Theorem 3.8 and further assume that
I > lg+ 4. There exists C' depending on O1 and b such that the following
estimates hold

7

1
sup (10(r)F o+ clrom(n)E 3) +eo [ oua(r)E , dr
0

0<r<7
1 T 2 1 T 2 T 2 2
+ < |mOw ()|} o dT + 2 [T (T)|}_gdr + | |O7w(T)|;_5dT
0 0 0
1 1
< c(|w0 — w7 < |mwol_ + [drwol;_y + E|7ratwo|f_3). (3.37)

Proof. The proof in given in Appendix B. O

Corollary 3.5. Keeping the assumptions of Theorem 3.4, there exists C' only
depending on O1 and b such that

1 1 1
— sup |aw(7)|f 5 < C(|Wo —wrf + €|7TW0|1271 + |Oewol_y + ;|7T3tW0|z273)-

EQOSTSt
(3.38)
Moreover, if w and w' corresponds to two initial conditions wo and w(, as in
Theorem 3.3 and if |wo — w*|l2 + %|7rw0|l271 + |8,5w0|l272 + %lﬂatW0|l273 remains
bounded by some constant only depending on O1 and b, letting dw = w —w’ and
dwg = wg — Wy, then there exists C' only depending on Oy and b such that

1 T 1 T
sup (|Bw(r)F, + clmow(r)E) + ea [ [owa(r)F dr + ¢ [ [mbw(r)Ey dr
0 0

0<r<7

17 " 1
+ 5 [Imow(gdr + [ Jodu(r)ydr < C (1o, + clnswol? ).
0 0
(3.39)

Proof. The new estimate (3.38) is first a consequence of Theorem 3.4 and of the
relation (B.4).
In order to establish the differential estimate (3.39) we now combine the

linearized estimates, the equation (3.24) for the difference dw (where w = w, W=
w and dw = éw) and the new estimates (3.38) of sup |7w(7)[;—2/€. Keeping
0<r<t

in mind the notation (3.27) for N2 (0,7, 6w) we obtain from the difference
equations (3.24) and the linearized estimates that

1
N1 (0,7, w) < o (0wl + —[mdwol?_)

T/ 7_/ 2 7_/
+C2(ed/0 |5gu|l2_2d7'+{/0 0F],_ dr } +/O 0717y dr ).

From the expressions (3.25) and (3.26) of 6f and dg, all terms in the right hand
side are easily majorized thanks to the a priori estimates obtained in the local
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existence theorem except for the terms arising from the stiff sources

2 (Ro(@) (Ro(w)) ~'T(w) ~ T(@)) mw.

The corresponding integrals are next majorized with

T/ 2 Tl
{/ |6f'],_, dr} < T’{/ |6F']; dT} <7'e [SUP] |ow|iy,
0 0 0,7/

using the estimate for % f0f|7rw(7')|l2_1 dr from the local existence theorem and
b

of' =

2

Y
™’ su o lrwl?
/ |5f/|1272 dr <71’ M sup [owl|?_, < 7'cy sup [dwl?
0 € [0,77] [0,77]

since Sup[g 7] |7rw(7')|l2_2 is bounded with the new estimates (3.38). Collecting
from previous results, we have established that

1
Nf,l((), 7, 0w) < c2(|5w0|l271 + E|7T5W0|l272) + 7'cy sup |5w|l271,
[0,77]

and assuming then that 7/ is such that 7/c; < 3, we obtain the estimates (3.39)
over the interval [0,7']. Reitering the linearized estimates over the intervals
[77, (j+1)7'] C [0, 7] whose number is independent of € completes the proof. [

Finally note that a priori estimates for mw/e generally improve as wgy and
its time derivatives Bfwo, k > 1, are closer to the equilibrium manifold £. We
may in particular use the extra estimates for the first time derivative itself and
obtain the following new estimates.

Theorem 3.6. Keep the assumptions of Theorem 3.3 and assume thatl > lp+6.
There exists C' depending on O1 and b such that the following estimates hold

1 T
sup (10Pw(r)li-a + cIn0fw(r)f_s) + o 10Fwu(r)lis dr

0<r<7
1 T 2 2 1 T 2 2 4 3 2
+ - ; |To;w(T)|,_, dT + = ; |mOfw(T)|,_s dT + ; |0y w(T)|,_sdT
Lo 1 1
< O(Iwo —w*[f + Zlmwoli_ + [Dwol}_y + =[mOwol_

2 1 2
+ |(9t2w0|174 + ;|7T(9t2W0|175). (3.40)

Corollary 3.7. Keeping the assumptions of Theorem 3.6, we have estimates in
the form

2

1 1
— Sup |7TatW(T)|l274 SC(|W0 - W*|l2 + _|7TW0|1271 + |6tw0|l272
€7 o<r<t €

1 2 1 2
o+ <lmduwol; sy + [0wol_y + = mOPwol5)-

(3.41)
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4. Convergence analysis and volume viscosity

Denoting by ¢ the linear operator

1 01g 0 0O
¢=10a1 I 0a1 0], (4.1)
0 01q 0 1

the ‘equilibrium components’ ¢w of the normal variable w are given by pw =
(p,v,—1/T)". We first estimate in this section to what extend this equilibrium
projection pw of the normal variable w out of equilibrium satisfies the equations
of the normal variable w, at thermodynamic equilibrium. We then restate a sta-
bility theorem for the equations governing fluids at thermodynamic equilibrium.
By combining these results, we rigorously establish that the difference pw — we
is O(e(e + €4)). This yields a convergence theorem for the fast relaxation limit
as well as a rigorous justification of the volume viscosity term appearing in the
equilibrium fluid model.

4.1. Residual estimates

The equations governing fluids at thermodynamic equilibrium have been
investigated in Section 2.7 and the corresponding equations in normal form
read

KS (We)Oywe + ZK?(WC)aiWC — €4 Z 0; (EZ (Wc)ajwc) — €gbe(We, O Wey) = 0,
i€D i,jED

(4.2)
where we = (po, Vo, —1/T5)! is the normal variable at equilibrium. Moreover,
using the Chapman-Enskog expansion, it has been established in our previous
work [26] that the equilibrium projection pw = (p,v,—1/T)* of the normal
variable out of equilibrium w is formally a second order approximate solution of
the one-temperature governing equations when €4 = .

We estimate rigorously in this section the residual h defined by

Ao ()0, (ow) + > AL (ew)0; (pw) — e Y _ 95 (By; (ow)0; (pw))
€D i,J€D

— €4be ((pw, tp@xwu) = h, (4.3)

that is, we estimate the ‘default to equilibrium residual’ of the projection @w.
Using estimates for h we will deduce in the next section estimates for the differ-
ence ow — w, and establish a convergence theorem in the fast relaxation limit.
We begin by evaluating h in terms of fluid properties and this requires a
few notation and technical lemmas. We denote by 6 the reduced temperature
difference
Ttr - ﬂn _

L N (LA (4.4)
€ €
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which thus essentially corresponds to the fast variable 7w/e. The estimates
for hyperbolic-parabolic systems with stiff sources obtained in Section 3 yield
in particular various estimates of # uniformly with respect to the parameters
€,€q € (0, 1]. We first investigate the difference ¢(Tt,, Tin) — (T, T') for a smooth
function of the translational and internal temperatures.

Lemma 4.1. Let ¢ be a C* function ¢(Tir, Tin) of both temperatures Ti, and
Tin. Then _
(b(Ttr; T’m) - ¢(Ta T) = €h¢(9; Ty, T’in)v (45)

where P_1¢ is a C*~1 function of Ty, and Ty, and is also proportional to 6.

Proof. We may first write

1 1
h, = 9/8T”¢(T +5(Ty —T),T)ds + e/aqus(Ttr,T +8(Ti — T)) ds,
0 0

and since Ty — T = (T, — Tin)Cin/¢y and (Tin — T) = — (T — Tin)Cv tr/Cyv We
obtain that

~ 1 1
hy = 9{%—“/06Tu¢(T+s(TU—T),T) ds—%/(JaTin¢(Ttr,T+s(Tin—T))ds}.

Finally hy is C*~! since ¢, and ¢, are C*~! functions of (T}, Tiy), since T is
a C” function of (T}, Tin) and since ¢ is C*. O

We may now use this lemma in order to rewrite in a convenient form the
various transport coefficients appearing in the governing equations. Keeping in
mind that the viscosity 1 is given by n = €47 from (2.11), and using Lemma 4.1
with ¢ = 7, we obtain that 7(T, Tin) — 7(T) = €h; where 7.(T) = 7(T, T).
Further defining the total conductivity as A = Ay tr + Aerin + Ain,tr + Ain,in, We
may write from (2.11) that A = egA where A = A, i, + Apin + e + Ainiins
and using Lemma 4.1 with ¢ = X, we then have \(Ti,, Tin) — A\o(T) = GEX where
M(T) = MT,T). Finally, the volume viscosity may be written x = e& from
(2.14) and using Lemma 4.1 with ¢ = & yields &(Tiy, Tin) — Fe(T) = €hg where
Re(T) = R(T,T). The transport coefficients are thus in the form

K(Ttratrin) - ’ie(T) — 625%7 n(Ttru 11111) - ne(T) = Eedﬁﬁu
MTir, Tin) — Ae(T) = eeqhy,  (4.6)

with ke(T) = €Re(T), 1e(T) = €47e(T), and \o(T) = €A (T). We further define
the reduced transport fluxes

atr = _j‘tr,trVTtr - j‘tr,invﬂna ain = _j‘in,trVTtr - 5‘ Vﬂlﬁ (47)

Gzatr +§ina II = —ﬁ(V'U—F (Vv)t - %(V'U)I)v (48)
in such a way that

Q = edaa Qtr = edatrv Qin = edaina H = edﬁ' (49)
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From the relation (2.15) we next obtain

pr(Tes = T) = ~se(T)V -0 — ¢ (B ; (0,0 +vV0))

Lty

—€€q— (H Vv+ V- Qtr V7trv'§in)7 (410)

in
and we are ready to investigate the structure of the residual h.

Proposition 4.2. The residual h may be written in the form

h = €2h, + eeqhg, (4.11)
with
((&chc W) Z[) h,.i, hg = ((&chc gaw Z[) ha,i, (4.12)
i€D €D
and denoting by &€ = (£1,...,€4)t an arbitrary vector of R%, the components hyi
and hq; are given by
Zgihhi = (07 aéa a’v'é)tv (413)
icD
S Ghgi = (0, hyS-€ + b€, hy(Sv,€) +bv-€+hVT-€ + ), (4.14)
icD
where _
a=hzV-v+ (§/rT)(0,0 + v-V§), (4.15)
b= (7/p)(II:Vv+V-Qy — (cv,ur/cin) V- Qi) (4.16)
Ci = (S‘tr,tr + 5\in,tr) (GCIU/CV) - ( tr,in =+ /\m 1n)8i(ecvﬁtr/gv)v (417)

and where S = Vv + (Vv)! — 2(V-v)I.

Proof. The residual h associated with the normal form is directly related to the
residual h, associated with the conservative variable by h = (8wcvc(<pw))thu. It
is thus sufficient to establish that

h, = €2 Z 8ihr,i + €€q Z 8ihd,i7 (418)

€D i€D

by using the error functions F\,—,, E,—.;, F\;\, the reduced transport fluxes ﬁ, am
Q,,,, the coefficients %, 77, A, and the expression (4.10).

In order to evaluate the residual h, associated with the conservative formu-
lation, we start from the total mass, momentum and total energy conservation
equations. In the momentum and energy conservation equations, the transla-
tional temperature T}, appearing in the state law is expressed in terms of T
and the volume viscosity correction by using (4.10). All transport coefficients
in the momentum and energy conservation equations are also expressed using
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Lemma 4.1. In addition, the temperatures Ti, and Tj, in the heat fluxes are
expressed as Ty, = T + €0ciy /¢y and Ty, = T — €fcy 41 /Cy.

More specifically, from (4.10) we first obtain the expression of h,; as well
as the contributions proportional to (£/p)(IT:Vv + V-Qy, — (¢y,tr/cin) V-Qiy)
in hg ;. The remaining contributions in hg; then arise from the viscous tensor
which is written

IT = —ne(T)S — eeqh;S,
and from the heat flux written

Q=—A(T)VT — ecqhs VT

- eed((j\tr,tr + j\in,tr)

Using then Ty, = T + €0cin /¢y and Ty, = T — efcy /¢y and regrouping the
various error terms completes the proof. O

V(T —T)

€

v(n —T))_

+ (;\tr,in + ;\in,in) €

We now estimate the residuals h, and hg from (4.11)-(4.12) in the func-
tional spaces L?((0,7), H'=*) and L?((0,7), H'~?), respectively, uniformly with
respect to the parameters €, eq € (0, 1].

Theorem 4.3. Assume that | > lo + 4 and that wg is such that
1 1
2 2 2 2
|W0 — W*|l —+ z|7TW0|l_1 + |8tWO|l_2 + Z|7T8¢W0|l_3

is uniformly bounded independently of € € (0,1]. Then the residual h, be-
longs to C°([0,7], H=3) and is bounded in L?((0,7), H'=*) independently of
e,eq € (0,1], and the residual hy belongs to CO([O,?],HZ’B) and is bounded in
LQ((O,?), Hl’g) independently of €,¢eq € (0, 1].

Proof. 1t is sufficient to establish the regularity property and the uniform es-
timates for the residuals Ziep Oih,; and Ziep Oihq,; associated with the con-
servative form h, since h = (9, ve)thy. It is thus sufficient to establish that
h.; € C°([0, 7], H'?) is uniformly bounded in L2((0,7), H'~?) and that hq; €
C°([0, 7], H'=?) is uniformly bounded in L?((0,7), H'~?) for i € D.

Using the relations (4.13) and (4.15) for h,; and the relations (4.14), (4.16)
and (4.17) for hg ;, where 6 has been written (Ti, — Tin)/€, a direct examination
of their components shows that there are all in the space C° ([O, 7], Hl_2) since
w—w* € CO([O,?],HZ), ow € CO([O,?],Hl_l), oW € CO([O,?],H1_2) and
92w € CO([0,7], H-2).

On the other hand, the uniform bound for h,; in LQ((O,?), Hl_3) is a con-
sequence of the uniform bound for first derivatives of w in LQ((O, 7), Hl_l), of
the uniform bound for 9,0 in L?((0,7), H'~?) due to (3.18), and of the uniform
bounds of 0,0 in L?((0,7), H' =) obtained with (3.37). Similarly, the uniform
bounds for hy; in L?((0,7), H'~2) are consequences of the uniform bounds for
first and second derivatives in L2((07 7), Hl_Q), and of the uniform bounds for
9,0 in L2((0,7), H=2) due to (3.18). It is interesting to note that the most
difficult term to estimate is the time derivative of the fast variable 9,6. |
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4.2. Local stability at equilibrium and convergence

We restate a local existence theorem for an abstract perturbed hyperbolic-
parabolic system of partial differential equations in normal form with small
second order terms and without sources [32]. This theorem is established by
Kawashima [32] without the perturbing right hand side but including such per-
turbed terms does not present serious difficulties. These results are then applied
to the limit one-temperature fluid model presented in Section 2.7. For the sake of
notational simplicity we keep the notation of our previous sections even though
these results are to be applied to the normal variable w, of equilibrium fluids.

Theorem 4.4. Let d > 1 and | > [d/2] + 2 be integers and let b > 0 be given
and consider the perturbed system of equations

KO(W)@W—I—ZKZ-(W)&W—Q Z i (Bij (W)9;w) —eab(w, d,w) = f+eqg, (4.19)

i€D i,j€D
where b = — Ei,jeD 0:(0,v)t (B,w)'B;; O;w and where for some positive T > 0
fe (0, 7], H1) N L' ([0, 7], HY), (4.20)
ge C°([0,7], H™Y), g =0. (4.21)

Let Og be given such that Oy C Oy, dy such that 0 < di < d(@O,BOW), and
define -
0, = {W € Ou; d(W, Oo) < d }

There exists T with 0 < 7 < Ty and x > 0 depending on O1 and b, and
independent on €4 € (0, 1], such that for any wo with wg € Oy and any f and g
satisfying (4.20)(4.21) with

t 2 t t
wo—wp <, {[ifhar} + [ifEar <t [lefdr <
0 0 0
(4.22)
there exists a unique local solution w to the perturbed system (4.19) with initial
condition
w(0,x) = wp(x), x € RY,

such that
w(t,x) € Oy, tel0,7], xeRY,

and
w, —w; € CU([0,7], HY) nC([0,7], H 1),

wy —wyy € CO([0, 7], HYy nct ([0, 7], H=2) n L2((0,7), H'T).
In addition, there exists C' > 0 only depending on Oy and b, such that

sup |w(T) — W*|12 +eaf lwn(r) — W1*1|l2+1 dr <
0<r<7 0

C(|w0 _ W+ {/O|Tf|l dT}2 tea 0|Tg|?_1 dT), (4.23)
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t 9 2 T 2 T ) T )
[0y dr < ¢ (o —wli + { [fuar} + [0, ar+ e lelt 1 dr).
0 0 0 0
(4.24)

Moreover, if w and w' correspond to two different inital conditions and different
perturbations, letting dw =w —w', 6f =f —f', 6g =g — g, then
T
sup [ow(r)[i_y + €a [ [dwn(7)|} dT
0<r<7 0

2 T 2 T 2
< (lowat s + { [Iohrar + el ar).  (a25)

Remark 4.5. We have not included nonstiff source terms in the stability the-
orem since they are not required for our application to fluids out of thermody-
namical equilibrium. However, it is straightforward to add such nonstiff extra
sources in the stability analysis.

Remark 4.6. The decomposition of the right hand side in the form f+ eqg with
(4.20)(4.21) is of course not unique. A right hand side in the form eqg’ may be
decomposed for instance intof = eqg’ andg =0 as well asf =0 andg = g'. The
interest of the g term is that only the lower regularity g' € C°([0, 7], H'™1) is
needed, but the price to pay is a factor \/eq since the dissipative terms are O(eq)
and there are correspondingly eq factors in the estimates of higher derivatives.
In particular, in the estimates (4.25), even though eq g’ is O(eq), the perturba-
tion dw is only shown to be O(\/€z). On the contrary, with the f factor, any
scaling of  is fully tranmitted to dw, but we then need the stronger relularity
fe C’O([O,?m],Hl).

We now combine the estimate of the residual h to the stability theorem at
equilibrium in order to obtain a convergence theorem.

Theorem 4.7. Letd > 1,1>lo+4, lo = [d/2] +1, be integers and let b > 0 be
given. Let Oy be given such that Oy C Oy, dy such that 0 < d; < d(Og,00y,),
and define O1 = {w € Oy; d(w,0p) < dy}. There exists T > 0 depending
on O1 and b, and independent on e¢q € (0,1] and € € (0,1], such that for any
wWo € 60 with 1

lwo — w7 + Z|7TW0|1271 < (4.26)
and such that

.1 1
[wo — [ + —[mwol _y + |Owoly_y + —[mOwol; .

18 also bounded independently of €, there exists a unique solution of the out
of equilibrium system such that the estimates (3.18) and (3.39) holds, as well
as the estimates (3.37), and furthermore, there exists a unique solution of the
equilibrium system starting from pwg. Then there exists a constant C depending
on Oy and b and independent of €,eq4 € [0,1) such that

sup |ow — we|i—g < Ce(e + €4).
7€[0,7]
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Proof. We may use the estimates of the residual term h in Theorem 4.3 and apply
Theorem 4.4 with f = h, g = 0, and use the differential estimates (4.25). O

In particular, in the special case €5 = €, we have established that the two
term Chapmen-Enskog expansion derived in the companion paper [26], which
includes the O(¢e) volume viscosity terms, is effectively of second order accuracy.

Note that Theorem 4.7 presents a convergence result but also a second order
error estimate and this explains the loss of four derivatives. Indeed, the residual
h associated with the error contains terms in the form V,(nmw/e) that need
to be bounded in some Sobolev space, all other terms being easier to control.
There is then a first loss of dervative due to the fact that we need estimate
mw/e and not mw/+/€ as established by in (3.18). There are next two extra loss
of derivatives since we need to control the time derivative 0,(mw/e) of ww/e
and we are dealing with second-order systems of partial differential equations
for which time derivatives have the same regularity as second-order derivative.
This already yields three loss of derivatives as stated in (3.37) There is finally an
extra loss since we need to control the first-order spatial derivative Vo, (mw/€)
of 0,(mw/¢€) and this results in a total loss of four derivatives for a second-order
O(€?) error estimate.

5. Conclusion

We have proved rigorously for the first time that the solution of the out of
equilibrium gas model converges towards the solution of the one temperature
model. We have further established that the distance between these two solu-
tions is of the order of Burnett type residuals. This is in full agreement with our
previous work where it has been established that the volume viscosity coefficient
is obtained with a two term Chapman-Enskog expansion [26].
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Appendix A. Linearized equations estimates

We establish in Appendix A the proof of the linearized estimates (3.14)(3.15).
It is sufficient to establish these estimates for smooth solutions since we may use
mollifiers and convolution operators [32]. We follow the elegant method of proof
of Kawashima [32] and mainly indicate the differences due to the stiff sources.

Step 0. Preliminaries. In the following 6; = §(O1) < 1 denotes a generic small
constant only depending on O, ¢; = ¢;(0;) > 1 a generic large constant only
depending on O1, and co = co(O1, M) > 1 a generic large constant depending
on O; and M. The various occurrences of these constants may be distinguished
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and the minimum of all §; and the maxima of all ¢; and c; may be taken
at the end of the proof so that only single constants ultimately remain. The
dependence on d, I, n of these estimating constants, on the other hand, is left
implicit. For k > 0 and ¢ € H* we also define

| _
ge)= Y W (Rowors.one)ax (A1)
0<lal<k  JR?
~ | _
By = Y 2 (Twers00) ax (A.2)
0<lal<k R

In order to alleviate notation in the proof we denote for short dw = w —w*. We
will use the classical estimates

1£(0) = Ok < coll fller <ol o)X + [0l Le)*" [l (A.3)

where k > 1 and ¢o denotes a generic constant independent of O; and M, as
well as the estimates |uv|i < c0|u|%|v|i, for 0 < k <1, and ||¢]p < coldl;

valid for any [ > lp = [d/2] + 1. We also have the commutator estimate
Zog‘alg\[aa,u]v\o < ¢0|0zul;_q|v];_ valid for any { > ly 4+ 1 where [0%, u]v =
0%(uv) — ud*v denotes the commutator between 0% and u. Finally, we have the
Garding inequality

51|¢11|1 Z/ ““ a¢117 J¢Il>dx+c2|¢u|0,

i,j€D
for any vector valued function ¢y : R4 — R™ in the space H'.
Step 1. The zeroth order estimates. Multiplying (3.5) by 6w = w—w" integrat-
ing over R?, using the symmetry of Ay and A;, using Garding inequality, and

noting that [Oyw|,_; < M, while co may depend on M, we obtain after some
algebra that

~ _ 01, - ~ ~
8,5E§(5W)—|—€d51|5w11|%+?1|7TW|% < c1|f|0|5w|0—|—edc1|gH|(2J+C2(1—|—|8tw|l_1)E§(5w).

Letting v%(t) = sup Eg(6w(7))+d1€eq fot|5v~v“|% dr+2 fg |7w|2 dr, noting that ~
0<r<t

is nondecreasing so that fot|f|0~y( Ydr < ~y(t f0|f|0d7' and using fo |Oyw], ,dr <
M/t we obtain from Gronwall inequality with 72 that

sup |6w(T ‘0+6d/|5wu Vidr + = /|7TW|0dT

0<r<t

) IO t 5 t 2
< cfexp(ca(t + Mivt)) (|6W0|0+edc1 |g“|0d7+c1{ |f|0d7} )
0 0
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Similarly, multiplying the governing equation (3.5) by (1/€)mw and proceed-
ing as above we get

1 -~ 61 - C1 ~
L0013 (x0) + L3 < a3 + el + 0wl 53 ()
+ ¢ |5v~v|f + eﬁcl |5v~vn|§. (A4)

Moreover, multiplying the governing equation by d;w, integrating over R?, using
the symmetry of L, and proceeding similarly we obtain that

. 1.~ - C ~
11003 + ~O B (r) < calf? + caedlgul + 0w,y B ()

+ 1| OW|3 4 €3¢y oWy |3 (A.5)

Step 2. The lth order estimate. We first differentiate the hyperbolic-parabolic
system (3.5) with respect to the space variable. Denoting by 0% the ath deriva-
tive spatial operator, we obtain that

Ao(w)0,0°W +> A (W)d;0°W—ea Y | Bij(w aaaaml C(w)0°W = f*+e4g°,

i€D i,j€D
(A.6)
with
fo = Rod (g ) = > Ag[0 A, Ao — %KO [0°,Ay ' T]mw, (A7)
€D
= Koﬁo‘(ﬂglg) + Z KQ [8‘*,&;1@”} 61(9]VTI (AS)
i,jED

Multiplying equation (A.6) by 9“0w and |a|!/a!, integrating over R%, sum-
ming over 0 < |a| < [, and proceeding as for the zeroth order estimate, we
obtain that

~ _ o1, ~
OuEE (60) + eadt 0wy + W[ < ca(l + O],y E7 (6W)

+ Z o f ,0%OW) dx + €4 Z o /Rd<g,8 ow) dx
0<|al<I 0< || <1
We next have to investigate the residuals associated with f* and g®. Keeping
in mind that the zeroth order terms with |a| = 0 have already been examined
in Stepl, we only have to analyze the terms such that 1 < |o| < .
The nonstiff terms are estimated in the classical way [32] using commutator

estimates (and integration by parts for the terms Koﬁo‘(ﬂo_lg) when |a| = 1)
and we obtain that

— ——1 ~ — ——1 ~ ~
’/d<A08°‘(AO £),0°0w) dx| < [Aole [Ag Fl, [0W], < colf]s |0W];,
R
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| /R (Ro[o By R 00, 0%6w) dx| < [Rolee [0, A0, 10,

‘ / (Ro[0%, Ry A 0, 0°0w) dx| <
]Rd

— ——1—= ~ ~ ~
colAoloo |0x(Ag  Ad)|,_,10:W];_1 |0W]; < coldW]7,
— ——1 - -
‘/d<A08“(AO g),aa5W> dX’ < C2|gn|171 |5W11|l+17
R

— tae ~—1= S . .

‘/d<AO [0°, Ry " Bij] 0,05, 0°0w) dx‘ < Gy |0Wuliyy |0Wa
R

On the other hand, for the stiff terms %KO [8“,&;1 UWVNV it is obtained that

1

€

/ (Ro[0° Ry " T, 070) | <
]Rd

Co -~ ——1— ~ ~ Co, - ~
L Boloe [B(By "D,y iy e, < |ty |,

Collecting all contributions we have established that
- _ 01, ~ _
OREE (0W) + €adu| 6y 1+ |mW7 < ca(1+ Orwl,_y) EF (W)
. Ca,
+ calf|, B, (0W) + 2w W[y + cacolgulf 1. (A9)

In order to handle the term (ca/€)|mw|? | in the right hand side we use the
following classical consequence of interpolation inequalities |¢|? | < B|p|? +
C(B)|¢|3 valid for any ¢ € H', any 8 > 0 and where C(3) depends on 3, and
we may also add the projected zeroth order inequality (A.4). Keeping in mind
that [ > lp + 1 > 2 we obtain that

. 1 - ~ 01, ~ 01, ~
01 (R (0%) + B3 () ) + ead|[6Wl?,, + 2 |mitl? + =5 w3 <

. 1 - -
co(14 |8tw|l_1)(El2(6W) + EES(TFW)) + Colf|, B1(0W) 4 eqca|gn|?_; + c1|7f|2.

From Gronwall inequality we obtain after some algebra the first estimate (3.14).
It is interesting to note that in the absence of stiff source terms we may let 7 = 0
and we recover the usual estimates [32].

Step 3. The lth order derived estimate. Multiplying the equation (A.6) by

0:0°w and |a|!/a!, integrating over R? summing over 0 < |a| < [ — 1, and
proceeding as for the zeroth order derived estimate, we obtain that

- 1. ~ - . - C ~ -
S1|0wl7, + zatElQ—1(7TW) < crl6wlf + C163|5WH|12+1 + ?1|8tW|l—1Ez2—1(7TW)
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!
+ Y @l e 4 Gl

0<al<i-1

and we have to investigate the residuals associated with f¢ and g®. Keeping in
mind that the zeroth order terms with |a| = 0 have already been examined in
Step 3 we only have to analyze the terms such that 1 < |a] <1 —1.

The nonstiff terms in f* and g® are estimated as usual whereas the stiff
terms are estimated with

= / |Ag[0* A0 ]ﬂ'W‘ dx < |A0| ‘&((K |l 2|7TW|l 5 < = |7TW|l 2
and collecting all contributions we have established that

~ ~ Co -
Z (IF[3+€2le™[5) < callflf-y +edlgulf—y + 10wl +€§|5WH|12)+€_2|7TW|1272-
0<al<i-1

In order to control the last term (co/€?)|mw|? , we now have to write the
(I—1)th projected equation. Multiplying equation (A.6) by 197w and |a|!/al,
integrating over R%, and summing over 0 < |a| <1 — 1, yields that

_ 01, ~ ~ _ c ~
ZatEl{l(TrW) + 6_;|7TW|1271 < a1 |6w[f + credldwnli, + ?1|8tW|171El271(7TW)
|a|
+ Z a1 — (If*13 + €dle™[5)-
0< | <I—1 ol

Using the previous estimates of |[f*|y and |g®|o, the inequality |¢[? , < 8]¢|?_, +

C(B)|92, the equivalence of E? | (7w) and E? | (7w), and combining the derived
lth estimate with the projected /th estimate, we now obtain that

~ 1 ~ - _ 01, ~ ~ ~
611007y + =01 (BR (w) + B, (7)) + 5 77y < 167 +c1e3 10w,

C ~ - - - 1
+?1|3tw|l—1E12—1(7TW) + o (Ifl71 + €3lguliq + [6W[7_; + €3lownl} + 6—2|7TW|3)-

We now combine this inequality to the lth order governing equation (A.9) mul-
tiplied by a large constant K; only depending on O; so as to compensate the
term cie5|6w|?,; in the right hand side. We also add the zeroth order derived
equation (A.4) multiplied by a factor Ko in order to compensate for the term
(c2/€?)|mw|3. We have then obtained a governing inequality in the form

1 01
0u (B2 (r0) + LB () 4 60 B (50) + "2 B () ) + 611002, + 2|l

_ c
+fd51|5WH|l2+1+ |7TW|l < _2(1+|8tW|l 1)El (W) + co 7,

+ czed|gn|l_1 + co(1 4+ |0wl|,_1 ) EF (6W) + calf|, E, (0W).
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From the Gronwall inequality we get after some algebra the second estimate
(3.15).

Finally, the various occurencies of the constant cs in the proof all involve
simple polynomials in M with positive coefficients, either arising as simple mul-
tiplication by M or through the estimate (A.3) so that the final constant cy is
an increasing function of M and the proof is complete.

Appendix B. Time derivatives estimates

We present in Appendix B the proof of the extra time derivative estimates
of Theorem 3.4. Since | > [y + 4 we first deduce from the governing equations
and the regularity of the solution w that

dwwy € CO([0, 7], H'=Y) nct([o, 7], H'=?),
dewy € CO([0, 7], H=2) nct([o, 7], H=*) N L*((0,7), H'™1),

although we do not have uniform bounds in these spaces because of the stiff
sources. Letting M;;(w) = M;; + OwBij, 4,7 € D, the third order tensors M;;
have at least regularity »» — 3 and the governing equations may then be written

w)o,w —I—ZA 8W—edZB” )0;0;w

i€D i,j€ED

+ = L W—edZM” )O;wO;w.

i,j€D
Differenciating this system with respect to time we obtain that w = J,w satisfies
)0, W —i—ZA aW_EdZBz] )0;0,W + — L( W =f, + eqg;, (B.1)
i€D i,j€D

where
==Y Ao (A AW — —Aoa Ay D)W mw, (B.2)
€D

g = Z Koaw(ﬂo_lﬁij)waiajw—i— Z Koﬁw(ﬂo_lf/lij)vﬁ@iw ojw

i,j€D i,j€D
+ ) Ny W oW+ Y iy Oiw 9. (B.3)
i,j€D i,j€D

Step 0. The expressions (B.2)(B.3) are not convenient and are rewritten by
using the generalized inverse ¥ of T such that LL' = ['L = T, = (Eﬁ)t,
N (Eﬁ) = E and R(Eﬁ) = 1. This pseudo inverse L is the generalized inverse of

33



L with prescribed range R(Eﬁ) = £+ and nullspace N (Eﬂ) = Z, and is a smooth

function of L [14, 26]. Using L' we deduce from the governing equations that

M:—L( 7TW+ZA 8W_EdZB’LJ 33W—€db) (B.4)

€
i€D i,j€ED

keeping in mind that Eﬁ = Euw and TAg = Agm. We may thus rewrite f, and g,
in the form

i€D €D

+ Ao (A ‘D)W L Agmw, (B.5)

g = Z Koaw(ﬂo_lﬁij)waiajw—i— Z Koﬁw(ﬂo_lf/lij)vﬁ@iw ojw

1,j€D 1,j€D
— — 1 =
= > Agdu(Ag DWL'B; 00w — > Agdu( Ay D)WL, 0:ww
i,j€D i,J€D
+ ) M W ow+ Y Ny Oiw O;W. (B.6)
1,j€D 1,j€D

The equation (B.1) is thus formally ‘linearized’ except for the quadratic term in

f; arising from the stiff sources Koaw(ﬂoilf)fv Eﬁﬂoﬂ'\Tv. In order to derive the
new estimates, we use a similar notation as in Theorem 3.1 and Theorem 3.3.
In particular, §1 = §(O;1) < 1 denotes a generic small constant only depending
on 01, ¢ = ¢1(01) > 1 a generic large constant only depending on Oy, and
co = co(O1,b) > 1 a generic large constant depending on 07 and the constant b
of Theorem 3.3.

Step 1. Zeroth order entropic estimates for w = 9;w. We multiply (B.1) by w
and proceed as in the proof of Theorem 3.1. Using the symmetry of Ag and A;,
integrating over R?, and using the Garding inequality, we obtain that

OLER(T) + cads [} + L3 < call + 0wl B @) + [ (f+ eage, ) .
R

All terms linear in w in f; and g; yield contributions majorized by ci |0, w|;, |W|3+
eac1 (|Ow[7 4 |02wili, ) [W[G 4 €act |Ow|s, [Wir|1[W]o and the quadratic term is also
majorized by c1|w|;,|w|3. Using the estimates of Theorem 3.3 and ly = [d/2] +

1 > d, we obtain after some algebra

atEo( )+ 6d51|Wu|1 il |7TV~V|(2) <co(l+ |atW|lo)E§(V~V)-

From the Gronwall inequality and the estimates (3.18) we thus obtain that for
0<t<sr

t t
- ~ 1 ~ ~
sup [@(r)]f +ea [ [inr)f ar + - [ mifdr < cexp(ealt+ M V) i

0<r<t
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Step 2. The projected zeroth order estimate. We multiply the governing equa-
tion (B.1) by (1/e)mw and proceed as in the proof of Theorem 3.1. Integrating
over R? we obtain that

1 - 01, C _ C1 - -
OB () + Slrl3 < ol [rwld + @, o,

C1 ~ ~ 1 ~
tea S [l o + = / (F, + cage, m) dx
€ € Jrd
All terms linear in w in f; and g; yield contributions majorized by

|a Wiy [0 7o + €= = (12w, + [02walio ) [Wlolawlo + 6d—la Wlio [Wa[1[mw]o,

and the quadratic term is also majorized by (c1/€)|W|;,|mw|3. Using the Cauchy-
Schwarz inequality and the estimates (3.18) of Theorem 3.3 we obtain after some
algebra

1 _ o1, c ~ _ ~
“OuBR () + g |rl3 < o, BR(r) + ol + ealull. (B)

Step 3. The I’th zeroth order estimate. We let for short I’ = | — 2 so that
" > lyp + 2. Differentiating the hyperbolic-parabolic system (B.1) with respect
to the space variable and denoting by 9% the ath derivative spatial operator we
obtain that

Ao(W)D,0°W +) _Ai(w)d;0"W—eq Y Bij(w aaaaml L(W)0W = f*+eq8?,

i€D i,j€D
(B.8)

with
_ U R R
fr =R (Ag 1) = Ao[0°, Ay Aj]oiw — -Ag[0°, Ay Llmw, (B.9)
€D €
g?‘ :Koa AO gt Z AO 6“ AO ij} 61(9]VTI (BlO)
i,j€D

Multiplying equation (B.8) by 9°w |a|!/a!, integrating over RY, summing
over 0 < |a] < I’ and proceeding as for the zeroth order estimate, we obtain
that

OB (W) + €adr [Walf 4y + — o Wi < cao(1 + [Bwly, ) B (W)

+ Z |0‘|/ (ff" + eagi’, 0%w) dx

0<|al <l
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and we have to investigate the residuals associated with f{* and gf*. Keeping in
mind that the zeroth order terms with |a| = 0 have already been examined in
Step 1, we only have to analyze the terms such that 1 < |a] <1’

The terms in f{* and g{* arising from Ag9* (A, 1ft ) and Koaa(ﬂo‘l gt ) yield
contributions majorized by ca (|W[7 + €q|Wy Wy 141+ [W[3 ), where the last term
arise from the quadratic contribution in f;. On the other hand, the commutators
contributions are estimated as

’/d<K0 [8“,K(;1Ki]8i\7v,8av~v> dX’ S C2|W|l/|\7\7|l2/7
R

1

€

/ (Bo[0°, Ay T]mw, 0°) dx
Rd

C - -
< ?2|W|l’|7TW|l/71|7TW|z/a

— ——1= ~ ma~ ~ ~
‘/ <A0 [80‘,A0 Bij]&-ajw,@ W> dx’ S Co |W|l’|W11|l/+1 |Wll|l"
R4
Collecting all contributions and after some algebra we have established that
~ ~ 01, ~ . C2, -
O EZ (W) + €q01 [ W + ?1|7Tw|l2/ < co(1+ |Opwly_y ) EE (W) + :2|7TW|;%_1. (B.11)

In order to handle the term (ca/€)|rw|?_; in the right hand side arising from
the commutators we use the inequality |¢|Z_; < B|¢|Z + C(8)|¢[3 and add the
resulting inequality to the projected zeroth order inequality (B.7) obtained in
Step 2. Assuming that I’ > Iy + 1 > 2 we obtain that

1

1, _ _
) (Ef (W) + ZEg(mv)) + €adi i} + =l

0, ~ 1 _
S5} < o1+ Oy (ER () + Z B3 (ni0))

From the Gronwall inequality, we obtain that

_ 1 ~ b 1t
sup (El% (W(T)) + €E02 (TFW(T))) + Ed/O|W11(7)|[2/+1 dr + E/O|7rw|l2, dr

0<r<t

1t N 1
+6—2/0|7TW|3 dr < cfexp(ca(t + M1V't)) (|wo|12, + ;|7rw0|0)7
which is the I” order estimate for w = yw and I’ =1 — 2.

Step 4. Application of linearized estimates to w = dyw. Taking into account the
" order estimate for w = d;w, it is now possible to apply the linearized estimates
(3.15). From the expression (B.5) and (B.6) of f, and g,, we indeed obtain that
f, € CO([0,7], H"?) and g, € C°([0,7], H'=3) so that f, € C°([0,7], H'%) n
L'((0,7),H'"?) and g, € C°([0,7], H'~3) with uniform estimates in terms of

2 1 2 ~ |2 1 ~ 12
lwo —w*|; + E|7TW0|Z,1 + [Wolj_ + g|7TW0|173'

The estimates (3.37) are then a direct consequence of (3.14) and (3.15) applied
with I’ =1 — 2 in place of [ and with w = J,w.
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