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A new Boundary Element Method (BEM) formulation has been developed for the computation of
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tial A* in the active regions and the reduced magnetic scalar potential ¢ in the air are used
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Grenoble, FRANCE associated to linear, homogeneous, isotropic and simply-connected regions. In such a configura-

tion, it leads to accurate results with areduced number of degrees of freedom located on a surface

mesh delimiting the air/material interface.
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1 | INTRODUCTION

At low frequencies, the quasi-static approximation enables the simplification of Maxwell equations by neglecting the current displacement term. In
this context, the Boundary Element Method (BEM) has been used for a long time to solve 3D eddy currents problems.The advantage of this method
is obvious since it requires only the discretization of the surface between the conductive material and the air region. With BEM, the number of
elements of the mesh is much smaller compared to the FE (Finite Elements)-like methods and the dimension of the problem is strongly reduced.
The counterpart is its limitation to linear, homogeneous and isotropic materials and the getting of fully dense matrix systems. Since the begin-
ning of the 90’s, many formulations has been developed based on different magnetic and/or electric quantities as degrees of freedom. Rucker,
Tsuboi developed formulations based on the magnetic vector potential and the electric scalar potential. Mayergoyz, KalaichelvanZ, Harrington®
solved the integral equations with equivalent electric current and magnetic charge as unknowns. Strattonl¢, Zheng2, Hiptmair?® have developed
formulations based on the equivalent electric and magnetic surface currents. In this paper, we present a new BEM formulation with the modi-
fied magnetic vector potential A* and the reduced magnetic scalar potential ¢ as unknowns. Let us notice that this formulation can only handle
problems containing simply connected conductive domains.

2 | EDDY CURRENT PROBLEM

Let us consider a both magnetic and conductive region Q; delimited by the surface I'; with a permeability 11 and a conductivity o1. The exciting
magnetic field Hs is created by an external current Js flowing in a coil which is located in the free air region Qg as shown in FIGURE[T ] Thanks to the
quasi-static assumption where displacement currents are neglected, we can write the equations of the magnetic and electric fields in the conductor
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FIGURE 1 Eddy current problem.

as follows:

V xE=—jwB
The modified magnetic vector potential A* in the material is defined by the relations:

{VXHzalE

E = —jwA — VV = —jwA*
(2)
VxA*=B
From () and (2), the potential A* satisfies the Helmholtz equation:
V XV XA+ jwoiurA* =0 (3)

The uniqueness of vector potential is ensured by the gauge V - A* = 0. Outside the conductor, the magnetic field H is irrotational. Therefore, it
can be derived from a reduced magnetic scalar potential %
H=H;-Vp (4)

Furthermore, this field is solenoidal in the free region Qq i.e V - Hy = 0, leading to the Laplace equation for ¢:
Ap =0 (5)
Our problemis to find the solution of the equations (3) and (5) which satisfies at the the boundary conditionson T’ :
{(n x H)1 = (n x H)o
pi(n-H)1 = po(n-H)o

where the index O or 1 indicates that a quantity belongs to the domain Qg or Q; respectively. After some algebras, these conditions are changed into

(6)

relations linking A* and ¢ on the boundary of Q;:

nx (VxA*)=pu(nxHs—nx V)
n-(VxA*)=p(n -Hs—n-Vy)

3 | BOUNDARY INTEGRAL EQUATION

Using the vector Green'’s identity proposed in', an integral equation for the modified vector potential in the conductive region is obtained :

/[(V AM)VG + A*AG+ G(V x V x A")]dQ = %[(n “A*) VG + (nx A*) X VG + (n x V x A*)G|dI" (8)
Qq I
where n is outward unit normal vector to the boundary I'; of the region 2; . The Green function G used in this integral equation is a solution of the
equation:
AGp(P,Q) — jwur1o1G(P,Q) + 6(P,Q) =0 (9)
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where Q is the integration point and P is the observation point. § denotes a Dirac pulse occurring at P. For 3D problems, the complex kernel G is
expressed by:

G =L —a+iwr (10)
4mr

wherek =/ % andr = PQ. Replacing AG; in (8) by @ and by noticingthat V- A* = 0andn- A* = 0, we get the integral boundary equation
of modified vector potential as follows:
hA* :_j{[(nxA*) X VG + (n X V x A%)G)dT (11)
IS}
where the value of the coefficient h; depends on point position P where the integral expression is written.
h1 = 0if Pis outside 2
hy = 1if Pisinside Q1
h; = % if P is on the boundary surface 'y, Q being the solid angle spanning I'; from the observation point P (2 = 2 if the surface is regular).
Applying the scalar Green’s theorem to the scalar potential o with the Green'’s function Gy = %, we get:

/ (PAGo — GoAp)] dQ = f (n- VGo)e — (n- Vip)Go] dT (12)
Qo 'y
where Gy = % is the fundamental solution of the Laplace equation and which satisfies: AGgp (P, Q) + ¢ (P, Q) = 0. Applying this relation to the left

side of the above equation, we finally get the boundary integral equation of ¢ :

hop = j{ [(n-VGo)p — (n-V)Goldl' (13)
Iy
where
hg = 0if Pis outside Qg
hg = 1if Pisinside Qg

ho = % if P is on boundary surface I';. The integral boundary equations system is obtained as follows:

hiA* = — § [(n X A*) Xx VG + (n x V x A*)G]dl'

f (14)

how = § [(n- VGo) ¢ — (n- Vi) Goldl
M

Bothterms (n x V x A*) and (n.Vy) can be developed based on the boundary conditions in . Finally, we get the BEM formulation A* — ¢:

—p1 § (0 x Hy) Grdl = hiA* + § (n x A*) x VG1dl — i1 § (n x Vo) Gydl

I M r (15)
— ¢ (n-Hs) Godln = hop — § (n- VGo) pdl" — ifn-(v x A*) Godl’
M (B (B

The resolution of this system of equations leads only to A* and ¢ on the boundary. Some additional computations has to be done to determine
several quantities in the volume domain. Using the equation of A* in with the coefficient h; = 1, the eddy current density inside the conductor
is computed as follows :
J:jwalf[(nXA*) X VG1 + (n X V x A*) G1]dT’ (16)
ry
In order to obtain the total magnetic field in the air, we need to compute the gradient of ¢ in . It is obtained by applying gradient operator to :

Vo = ]{ [V (n-VGo) e — (n- Vi) VGo] dl (17)
Iy

Magnetic field H in the air can also be calculated with the integral equation boundary written for Hg as proposed in‘11112:

Hy — H, +?{(n x Hy) x VGodFJrf.n- (V x A*)VGodl — 7§ (n x V) x VGodl (18)
Iy Iy Iy
To determine the Joule losses, Poynting theorem can be used since it can be applied directly to the 'y surface. After some algebras, an expression

for the losses is get:

1 - _
Poss = iRe ?{(nXHl)-EldF = Re 7—}{(n><Hsfn><V<p)-A*dF (19)
1 IS

where E; and A* denotes the complex conjugate of electric field E; and A* respectively.
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4 | FORMULATION WITH DIFFERENT REGIONS PROBLEM

- 'Foo l—‘oo
Js
Qo, ko Qo, Ho
n n
n 9-2
T gz, Uz
QO 0
01, U4 FZ 01, U
FIGURE 2 Problem with conductive electrical regions. FIGURE 3 Problem with electrical and magnetic regions.

The A* — ¢ BEM formulation can be applied to problems with different material regions. Let us consider quite different problems composed of
two regions. In the case as in FIGURE[2 ]where all materials are conductive, we have (n - A*) = 0 on its boundary. Thus, the integral equations for
A*onTl =T Ul maybe written in the form of . We get the following system of equations:

—$un x Hg)GdI = hA* + § (n x A*) x VGl — p § (n x V)Gdl
r r r (20)

— § (n-H)Godl = hoyp — § (cp(n 1 VGo) + En - (V x A*)Go) dr
r r

where the permeability 1 and complex kernel G have values that depend on the characteristics of a domain of integration to be I'; or I'». The expres-
sionof G is with the appropriate coefficient k.
In the case of aproblemasin FIGURE anon-vanishingterm (n - A*) appears in the surface integral equation for A* on I'z. In such a situation, we

propose an extension version for the A* —  formulation. The surface integral equation in H1112 for O, will be used instead of the equation in A*:

hoH = — }{ (n- H)VGodl — }4 (n x H) x VGodl" (21)
To o
Using the continuity of the magnetic field across the boundary ', we obtain:
-n- f‘ (n x Hs) x VGodI' = ho(n-H) +n - ?{ (n-H)VGodl' —n - ?{ (n x Vo) x VGodI' (22)
Is To o
The integral equation for magnetic region Q, is composed by two scalar variables (n.H) and . Combining it with the equation of A* for region

and ¢ for the air region, we obtain a new system of equations:

— §p1(n x H)GdI = hiA* + § (n x A*) x VGdI — 1 § (n x Vip)Gdl

51 51 M
— ¢ (n-Hs)GodlN = hgp — § o(n - VGo)dl — ¢ in- (V x A*)GodlN— § %(n -H)GodlN (23)
r r r ra
—n-§ (nx Hs) x VGodl = ha(n-H) +n- § (n-H)VGedl —n - § (n x Vi) x VGodl'
M M )

5 | NUMERICAL IMPLEMENTATION

The surface I is discretized by first order plane elements. Edge shape functions and a nodal shape functions are used to interpolate the A* and ¢

respectively.
A* =Y wiAr
: (24)
o =20
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The Galerkin’s approach is used with the edge shape functions w; and the nodal shape functions «; as projection functions for the equation of A*

and ¢ respectively. Coefficients hg and h; are both set to 0.5. We finally obtain a linear matrix system which has to be solved:
Mll M12 A* Nl
= (25)
M2l M22 @ N2
where

Mt = ]{wwjdr +7§ %(n x wj) x VGdrdr M;? = 0.5?{aiajdr - fai]f(n - VGo) aydldr’
r r r

M;? = —u?{w,?{ n x Va;) Gdrdr N} —ufwi?{(n x Hs) Gdrdr

M = — }[ 7{ (V x wj) Godrdr N? = — ?{a?{ n - H;) Godrdr

For the system |n addition to the approximations of A* and ¢ in . 24), the new scalar variable (n.H) has to be added which is approximated by

a nodal shape functions.

i
The matrix obtained by applying the Galerkin method is as follows:
Mll M12 0 A* Nl
M21 M22 M23 ) — N2 (27)
0 M32 M33 h N3
where
Mt = 0.57§w-wjdr + fwi % (n x wj) x VGdrdr M;? =05 ?{a oydll — fn a; 7{ (n-VGo) aydrdr
M M M M
M2 = i f.w,f. n x Vo) Gdrdr M = 7}[11 e f (n x Voy) x VGodrdr
M 1 M2 M2
1
M = . fai%n- (V x wj) Godrdr N =—u ?{wi]{(n x Hs) Gdrdr
[ n n
MZ = 0.575a-ajdr - faif(n - VGo) aydldr NP = —faif(n - Hs) Godl'dl
r r
M;? = f ?{aJGodl'dr N3 = 7?411 . a-f(n x Hs) x VGodldl

I Iy
In order to accurately compute the integrals dealing with singular kernel Gg and its gradients, we can use the analytical expressions proposed by

Graglia in3 for a mesh composed of triangular elements. To perform the calculations related to G, the kernel is split in two parts such as: G =

Gg + Gi. )
e—(1+5)kr _ 1
Gi=——7—"— (28)

Armr
G; and its gradient tend toward finite limits when r approaches zero as follows:

. Vrfpior  Vmfuion
lim (G1) = — —J
r—0 47 47

fuion
jIM91

; lim (VGh) = (29)
r—0

Thus, the integrals related to G; can be simply computed by shifting Gauss point locations for the sources and the targets. Thus, the problem of

singular integrals computation for G has been transferred to Go which has an analytical expression.

6 | NUMERICAL EXAMPLE

6.1 | TESTMODEL1

Let us consider a conductive-magnetic sphere of 10mm radius excited by a uniform magnetic field Bs = (0, 0, 1) T. The conductivity and permeabil-
ity of the sphereare o = 5.5E7S/mand . = 10 respectively. In this test, we focus on the calculation of Joule losses. With the proposed formulation,
the losses are calculated by the expression and will be compared to the losses obtained by other methods such as FEM, BEM-FEM“4 or SIBC
(Surface Impedance Boudary Condition)Z. A volume mesh and a surface mesh with the same discretion of the surface will be used. A surface mesh
with 2058 triangle elements is used for BEM and SIBC formulations while a volume mesh with 21231 tetrahedron elements is used for the others
methods involving FEM. The size of each mesh elements is about 1.25mm. The comparison in terms of Joule losses is shown in TABLE[T Jwith the

2

analytical solution proposed by Morisue¢ considered as the reference value.
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Error (%)

Frequency (Hz)  Skin depth (mm)

A* — 9oBEM BEM-FEM SIBC FEM
10 6.79 0.88 1.06 86.17 0.04
100 2.15 0.33 0.77 0.37 1.32
1000 0.68 0.18 13.37 2.64 12.6
10000 0.21 0.51 24.83 1.54 46.94
100000 0.07 0.40 75.96 0.75 8246

TABLE 1 Relative errors of Joule losses for different methods.

The accuracy of methods FEM and SIBC is strongly influenced by the volume mesh of the conductive region. The increase of the frequency making

the skin depth decrease, the volume mesh would need to be refined in the context of FEM. The mesh being fixed, the accuracy becomes less good
when the frequency increases with the BEM-FEM approach. The SIBC is well known to be relevant at high frequency because the air-conductor

interface is approached by a semi-infinite plane. This is why its accuracy increases with the increase of the frequency. The BEM results (all relative

errors being less than 1%) shows that the accuracy of the method is very good on a large frequency spectrum compared to others approach. The

low sensitivity of BEM to the skin depth is certainly one of its main advantage.

6.2 | TESTMODEL 2

X

mm

Exciting coil

Ferrite core

mm

FIGURE 4 The model proposed by IEEJ.

Inorder to validate our formulation for the multi-region problem , the problem proposed by IEE of Japan4lis considered. The geometry of the
problem is described in FIGURE The conductivity of the two aluminum plates is 3.215E7(S/m). The ferrite magnetic region has a relative linear
permeability of 3000. The excitation coil is fed by an alternating current 1000A, 50Hz. A comparisons of magnetic field computed on a line located
in the air region by BEM and BEM-FEM method is shown in FIGURE[S_| For BEM formulation, 2800 quadrangle ared used in the surface meshes
while BEM-FEM is based on a volume mesh for the material of 27860 hexahedrons. For the Joule losses, one more simulation was performed by

FEM with an adapted mesh. The calculated results are shown in TABLE[2Z] In terms of memory requirements, the space required for FE method is

about 5 times larger than that required for the proposed formulation. Theses results demonstrates the efficiency of the BEM in the context of more

complicated geometry.
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8 Ox =45 (mm), 0z = 57.5 (mm) 0 Oy =25 (mm), Oz = 57.5 (mm)
—Bx, By, Bz (BEM) —Bx, By, Bz (BEM)
70 { A Bx (BEM-FEM) 80 -

A Bx (BEM-FEM)
O By (BEM-FEM)
O Bz (BEM-FEM)

O By (BEM-FEM) 70 |
60 1 O Bz (BEM-FEM)

60 A
50 A

50 -
40

40 4
30

20 A

Magnetic Flux density (10-4 T)
Magnetic Flux density (10-4 T)

20 o000~
10 10 |
B =~
0 ¥ 0 4
0 20 40 60 80 100 120 0 50 100 150 200

Oy (mm) Ox (mm)

FIGURE 5 The magnetic flux density.

A* —pBEM BEM-FEM A — ¢FEM

Joule losses (W) 2.794 2.792 2.784

Difference (%) - 0.071 0.358

TABLE 2 The relative error of Joule losses.

7 | CONCLUSIONS

In this paper, we have presented a new BEM formulation based on the modified magnetic vector potential and the reduced magnetic scalar potential
to calculate the eddy current. Since this formulation contains only one vector quantity and a single scalar quantity, the size of the matrix to be solved
is not large. In addition, the accuracy of the method is less sensitive to the skin depth of the problem than with others methods where the mesh
have to be adapted. Thus, in the case of small skin depth, the method does not lead to an explosion of memory and computing time caused by a very
large number of mesh elements. The second test showed that the formulation can be also applied to problems with multi-regions and more complex
geometry. However, the proposed formulation being based on reduced scalar magnetic potential in air, it is not appropriate to model problems
containing non-simply connected conductive domains.
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