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An extended fluid model covering neoclassical physics has 

been implemented in the XTOR code for magneto-hydro- 

dynamic computations and is described in [1]. This model 

parallel heat flux of the species a can be expressed as a func- 

tion of plasma flows and neoclassical forces from each species 

b. The flux average parallel heat flux satisfies: 

allows recovery of neoclassical flux average quantities like 

 

 
u = 

Σ  
Cabu 

 

+ CabSb + CabSb
  

 

classical tearing modes. The contribution of parallel heat 

fluxes on the bootstrap current is significant, and it was 
with u1ǁb ≡ Vb · B and u2ǁa ≡ 2qa · B/(5pa). The expressions 

for Cab, Cab and Cab are given in the appendix of [1]. The terms 
retained in the simulations presented in this paper. However, b 1 

2

 

we have realized that the closure that is used for these paral- 

lel heat fluxes does not meet an important constraint on its 

spatial distribution, and although this does not change the 

equilibrium quantities, we do see an impact on the dynam- 

ics of the magnetic island. In the following, we propose a 

different closure that satisfies this constraint, and we also 

present a slight modification of the neoclassical implemen- 

tation in the momentum equation. In order to show how 

these modifications impact the simulations, we present a 

S1,2 need however some modification. Indeed, the expressions 

given in [1] have a dependence in sin2 θ with θ the poloidal 

angle, due to the poloidal variation of the magnetic field ampl- 

itude as cos θ. Since we have no evolution equation for the heat 

flux u2ǁa, this strong poloidal variation cannot be regularized 
and leads to unphysical poloidal distribution of the parallel 

heat flux. In order to solve this difficulty while maintaining 

the correct flux averaged relation that leads to the equilibrium 

bootstrap current, we adopt the following definitions: 

limited number of examples performed with the new model, 

with diagnostics tools allowing a better understanding of 

the physics at play. 

a 2 
1 
a B · ∇θ 

V∗
a  + VE 

V∗
Ta 

· ∇θ 

(2) 

 
1. Corrections to the magneto-hydro-dynamic model 

 
1.1. Closure on parallel heat fluxes 

The modifications that we report here concerns the expres- 

sion of parallel heat flows and the momentum equation. The 

with V∗
Ta  = B Ta/(eanaB2), with a perpendicular heat flux 

given by 

2qa⊥/(5pa) = V∗
Ta. (3) 

The closure on the parallel heat flux is then derived from equi- 

librium constraints. It can be written as 
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b 

the bootstrap current and the poloidal ion flow, and in the 

presence of a magnetic island, it generates a drive for neo- 

S 

1ǁb (1) 
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Figure 1. Influence of the bootstrap current on the island dynamics at low density (left, reference case), and high density (right), with fbs 

the amplification factor. From top to bottom: island size, bootstrap current fraction at q = 2, correlation indicators Rbs( p) and Rbs(v). 

a computation performance point of view, so that we now 

u2 a =
 2 qa · ∇θ 

B2 − Sa. (4)
 

 

 

adopt the expression 

∇ · (Πi + Πe)=
  

p  − p⊥
  

[(∇ · b) b + κ] 
 

and has no radial component, we have + ∇ǁ
  

pǁ − p⊥
 

− 
3 

∇ 
  
pǁ − p⊥

 
(9) 

∂ 

 
qa · ∇θ 

    

= 0 (5) 

so that this quantity is a flux function. It is also easily shown 

that Sa is a flux function at equilibrium, so that we can write 

that allows better comparison with formal derivations of neo- 

classical island theory (as in [2] for example). 

 
2. Measure of neoclassical contribution 

 
u2ǁa

  

B2
 

 

   
B2 
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In order to characterize the neoclassical drive in a simple 

 
We will use this relation as the closure on the parallel heat 

flux. The contribution of the heat flux in the pressure aniso- 

tropy (see equation (29) of [1]) is therefore: 
R( f , g)= 

 ∫

 dVfg

 

 / 

   ∫  
dVf 2 

 1/2  ∫  
dVg2 

 1/2
 
 

 

 

 

V∗
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u2ǁa 
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B2 

 

B2 

· ∇θ = 
⟨B2⟩

 

 
V∗

Ta · ∇θ + 
u2ǁa  

B
 

⟨B2⟩ 

 
· ∇θ 

 
. (7) 

(10) 

This scalar is unity if f is proportional to g with the same sign, 

and minus unity if the sign is opposite. If the two fields are 

completely uncorrelated, R( f , g) should be close to zero. 
This formulation gives therefore the correct contribution of 

the flux averaged parallel heat fluxes but ignores how these 

fluxes can participate in the neoclassical island drive. 

 
 

1.2. Momentum equation 

Regarding the ion neoclassical friction force in the momen- 

tum equation, we used the following expression in [1]: 

p + (Πi + Πe)=  p p 

[(∇ · b) b + κ]+ ∇ǁ
  

pǁ − p⊥
  

+ ∇p⊥ (8) 

with p = pi + pe. This formulation remains satisfactory 
for moderate anisotropy where p can be identified with p. 
However, this modification has proved to be unnecessary from 

The link between the bootstrap current perturbation and 

the pressure gradient perturbation can then be evaluated by 
taking   f       J and g h h      , using h = p 

(pressure), T (temperature), or ρ (density), y     
√

ψ the radial 

co-ordinate and n the toroidal mode number. In the following, 

we note Rbs(h)= R( f , g(h)). In order to quantify the contrib- 
ution of the perturbed E B velocity VE, we also compute 

Rbs(v) = R( f , g) with g = [VE,θ]n/ . Although the bootstrap 
current can be formally expressed as a sum of the contrib- 

utions from g( p), g(ρ) and g(v), note that the sum of their 

correlation terms Rbs is not constrained to be unity. 

In the evaluation of the bootstrap drive to island growth, 

it is generally assumed that the neoclassical friction is strong 

enough to force the perturbed flow to its neoclassical drive. 

This motivates the use of an ad-hoc bootstrap model where 

. 

way, we define a scalar R( f , g) that quantify the correlation 

between two 3D fields f and g over the plasma volume V : 

1 At equilibrium, assuming that the heat flux is divergence free 

  

u2ǁa = 
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Figure 2. Influence of the characteristic transport width Wχ on the island dynamics at low density (left, reference case), and high density 
(right), with Wχ = 4.7% for χǁ/χ0 = 108 and Wχ = 3.3% for χǁ/χ0  = 4 × 108 (χ0 is the value of χ  at plasma center, and it is about a 

factor of two above at q = 2). From
⊥ 

top to bottom: island size, correla
⊥

tion indicators Rbs( p) and Rbs(v). 

Table 1. Characteristic parameters (Prm = 10, S0 = 107 for the simulations): Lundquist number consistent with plasma parameters, central 
ion density, ratio of the equilibrium bootstrap current to the local current density at q = 2, visco-neoclassical width consistent with plasma 
parameters and the one used in the simulations. 

 
ν 

 
 
 
 
 
 
 
 
 

 

Nref × 3 

Nref × 4 5.4 8 0.15 0.017 0.041 

Nref × 4 fbs = 0.5 5.4 8 0.075 0.017 0.041 

Nref × 4 fbs = 1.5 5.4 8 0.225 0.017 0.041 

Jbs p for non linear simulations of neoclassical tear- 

ing mode (NTM) dynamics [3–6]. With such a model, we 

have naturally Rbs( p)    1 and a bootstrap perturbation that 

is closely linked to the island structure, due to the large paral- 

lel diffusivity that equilibrates the temperature along magnetic 

field lines. 

3. Numerical simulations 

We have performed numerical simulations on the same 

equilibrium that was used in [1], with an ion density 

ni(0)= 2 × 1019 m−3, electron temperature Te(0)= 3910 eV, 

and τ ≡ Ti/Te = 1, a Lundquist number S0 = 107, a magn- 

etic   Prandtl   number   Prm   ≡ ν/η = 10,   χǁ/χ⊥ = 108, 

χ⊥/η = 150, and D⊥ = 2/3χ⊥. 
In order to save computation time, a (2,1) seed island 

is inserted at the beginning of the simulation, with a size 

W = 4%. The evolution of the island width, the bootstrap 

current fraction at the resonance and the correlations Rbs( p) 
and Rbs(v) are shown in figure 1 for different amplifications 

of the bootstrap current. The simulation for fbs = 1 can be 

 

 

 

 

 

 
Figure 3. Influence of the visco-neoclassical width Wν on the 
island dynamics for the reference case. We have Wν = 14.0% for 

αµ = 1 and Wν = 4.4% for αµ = 10. From top to bottom: island 
size, correlation indicators Rbs( p) and Rbs(v). 

compared with figure 7 of [1]. Although the saturation size 

is similar, we note the absence of the island breaking events, 

similar to the sporadic growth of plasmoids, that were 

Case Sreal(×107) Ni(0) (1019 m− 3) Jbs/J0 at q = 2 Wreal 
Wsim 

ν 

Ref 75.8 2 0.22 0.016 0.140 

Ref fbs = 0.5 75.8 2 0.11 0.016 0.140 

Ref fbs = 1.5 75.8 2 0.33 0.016 0.140 

Ref, αµ = 10 75.8 2 0.22 0.016 0.044 

Ref, αµ = 20 75.8 2 0.22 0.016 0.031 

Nref × 2 20.2 
9.3 

4 
6 

0.20 
0.18 

0.015 
0.016 

0.066 
0.047 
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× × 

∝ 

Wsim = Wreal. (12) 

 

 

Figure 4. Influence of plasma density on the island dynamics. From top to bottom: island size, bootstrap current fraction at q = 2, correlation 
indicators Rbs( p) and Rbs(v). 

present with the previous closure. The scan in bootstrap cur- 

rent shows, as noted before, a weak effect that is even oppo- 

site to the usual destabilizing drive. This can be understood 

with the correlation between the bootstrap perturbation and 

the island structure Rbs( p) that is slightly negative. On the 

  

In our simulations, we do not rescale the ion neoclassical fric- 

tion term µi with the Lundquist number, but we have the pos- 

sibility to scale it by a factor αµ. We have therefore 
 

  
Sreal  

 1/2 
 

 
  

that the contribution of the perturbed electrostatic potential 
in the bootstrap current is larger than that of the diamagnetic The values for Wreal and Wsim corresponding to the simu- 

ν ν 

flows. 

This result can be understood by the fact that temperature 

flattening inside the saturated island is small, thus limiting 

the nonlinear impact of the island on the bootstrap current. 

In the simulation, this temperature flattening is controlled 

by the characteristic transport width Wχ [7] defined in [1]. 

We have verified that the correlation Rbs( p) increases when 

the characteristic width Wχ is reduced, as shown in figure 2. 

Whereas Wχ was originally larger than the saturated island 

lations are reported in table 1. While in real situations the 

visco-neoclassical width is weakly sensitive to the scan in 

density that we have performed, a wide range is covered 

in the simulations, mainly due to the variation of the real 

Lundquist number. In particular, the ion neoclassical friction 

coefficient is increased by one order of magnitude between 

the cases Ni(0)= 2     1019 m−3 and Ni(0)= 8     1019 m−3. 

By setting αµ = 10 (or even αµ = 20) in the reference case 
at Ni(0)= 2 × 1019 m−3, we reduce the visco-neoclassical 

width (Wχ = 4.7%), it has been decreased to Wχ = 3.3% 
by increasing the parallel diffusivity coefficient by a factor 

of four. At the same time, the curvature stabilization effect is 

reinforced and reduces the island saturation [8]. 

But the insufficient temperature flattening is not the only 

mechanism causing the vanishing of the bootstrap drive that 

is observed in the simulation of figure 1. A strong contribu- 

tor is found to be diamagnetic rotation, that opposes diffusive 

processes in the equilibration of temperature along field lines. 

For changing the level of diamagnetic rotations without modi- 

fying the magnetic equilibrium, we increase plasma density, 

and decrease temperature accordingly to keep the same pres- 

sure. By doing so, we also modify the bootstrap current and 

the neoclassical friction coefficients (see table 1). The ampl- 

itude of this friction term is expected to be crucial for the neo- 

classical drive following [9, 10] where a characteristic width 

Wν     (ν/µi) 1/2 was introduced. With our notations and nor- 

malizations, this width is given by: 

width below the island width, but we remain still larger than 

the real one. In this range at least, the correlation param- 

eter remains constant and negative (see figure 3), showing 

that the dominant effect seen in the simulations comes from 

the change of diamagnetic rotations. At a lower level of 

diamagnetic rotation, the pressure contribution to the boot- 

strap drive increases significantly (see figure 4). This is con- 

firmed by the fact that the island saturation increases when 

the bootstrap current is amplified by the factor fbs (see fig- 

ure 1, right plot). 

The series of simulations shown here demonstrate that 

we have now a neoclassical model that recovers qualitative 

expectations from theory, i.e. a bootstrap drive that increases 

the island saturation when it is sensitive to the island structure 

(positive Rbs( p)). The importance of the electrostatic contrib- 

ution to the bootstrap current has been clearly evidenced when 

diamagnetic rotations are large enough, leading to a strong 

reduction of the bootstrap drive. The role of the visco-neoclas- 

sical width Wν was not evidenced in the situation that we have 
real 1 

 
 

1/2 1 
 

 

1/2 real −1/2 encountered here, but it might be important in cases where the 

Wν = 
2 

(ν/µi) = 
2 

Prm  
S µi

  . (11) 
bootstrap drive is stronger. 

ν S0αµ ν (v) is slightly positive, showing bs contrary, the correlation R 
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In addition to the study of NTMs, this model also allows 

in a consistent approach to investigate the transport of impuri- 

ties, following the generic mechanism involving the parallel 

friction force between the main ions and trace species [11]. 
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