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GEODESIC BEHAVIOR FOR FINSLER METRICS OF
CONSTANT POSITIVE FLAG CURVATURE ON §2

R. L. BryanT, P. FouLON, S. V. IvaANov, V. S. MATVEEV
& W. ZILLER

Abstract

We study non-reversible Finsler metrics with constant flag cur-
vature 1 on S? and show that the geodesic flow of every such metric
is conjugate to that of one of Katok’s examples, which form a 1-
parameter family. In particular, the length of the shortest closed
geodesic is a complete invariant of the geodesic flow. We also
show, in any dimension, that the geodesic flow of a Finsler metric
with constant positive flag curvature is completely integrable.

Finally, we give an example of a Finsler metric on S? with
positive flag curvature such that no two closed geodesics intersect
and show that this is not possible when the metric is reversible or
has constant flag curvature.

1. Introduction

In Riemannian geometry, metrics of constant sectional curvature play
an important role. In Finsler geometry, an analog of the sectional curva-
ture is the so-called flag curvature, which, in dimension 2, is a function
on the unit tangent bundle that specializes to the Gauss curvature when
the Finsler structure is Riemannian.

H. Akbar-Zadeh [1] showed that, if a Finsler metric on a compact
surface has constant negative flag curvature, then it is Riemannian,
and that, if it has zero flag curvature, then it is locally Minkowskian.
By contrast, in [5] it was first shown that there exist non-Riemannian
Finsler metrics with constant positive flag curvature on the 2-sphere.
It is now known that there are many such metrics on S? and RP? [5,
6, 7, 31, 9], but a full classification is still lacking. Note that all such
examples are not reversible since, by [8], such a reversible Finsler metric
must be Riemannian.

In fact, the simplest explicit examples of non-Riemannian Finsler
metrics with constant positive flag curvature on the 2-sphere turn out
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to be a 1-parameter family of Finsler metrics constructed by A. B. Ka-
tok [17] (see also [32]), though it was not known at that time that they
have constant positive flag curvature [31].

Katok’s construction is a special case of Zermelo deformation.
For a Finsler metric F' and a vector field X on a manifold M such
that F(—=X(p)) < 1 for all p € M, the Zermelo deformation of F
via X is the Finsler metric on M whose unit sphere in each tangent
space T, M is the translation of the unit sphere of F' at p by the vec-
tor X (p). Zermelo deformations of Riemannian metrics are known as
Randers metrics in the Finsler literature. In general, if a Finsler met-
ric F' has constant flag curvature K and X is a Killing vector field
of F', then the Zermelo deformation of F' via X also has constant flag
curvature K [15, 16].

Katok’s metrics are Zermelo deformations of the standard round met-
ric on S? via its Killing vector fields. Since, up to isometry, there is a
1-parameter family of inequivalent Killing vector fields on the 2-sphere
(distinguished by their maximum length), Katok’s metrics form a 1-
parameter family of Randers metrics all of which have constant flag
curvature 1. This follows from the above-mentioned result about Zer-
melo deformations, but was first shown in [31] (see also [2] for the
classification of Randers metrics of constant flag curvature). Katok’s
interest in this family of Finsler metrics was primarily in the dynamics
of their geodesic flows.

It is known, see [30] and Section 2, that a compact connected Finsler
manifold with constant positive flag curvature is covered by a sphere.
In dimension n = 2, we show that geodesics of such metrics on the 2-
sphere behave qualitatively like those of the Katok metrics. Our main
result is:

Theorem 1. Let Fy, Fy be two Finsler metrics on S% with constant
flag curvature 1. Then the geodesic flow of Fy is conjugate to the geo-
desic flow of Fs if and only if the lengths of their shortest closed geodesics
are equal.

Here ‘conjugacy’ means that there exists a diffeomorphism of the
unit tangent bundles that takes the geodesic flow of Fi to that of Fb.
The conjugacy implies that the number of closed geodesics and their
lengths are the same for F} and Fb. All details of these data are given
in Theorem 2 below. For general metrics, a conjugacy of geodesic flows
does not preserve intersections of geodesics and may take embedded
geodesics to non-embedded ones. However, in our case, some of this
information can be controlled, see Propositions 1, 2, 3.

We note that there are pairs of metrics satisfying the assumptions of
Theorem 1 that have conjugate geodesic flows but are not isometric [6].

For the proof of Theorem 1, the following properties of geodesics are
crucial.
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Theorem 2. Let F be a Finsler metric on S* with constant flag
curvature 1. Then there exists an embedded shortest closed geodesic of
length 27 € (7, 27], and the following holds:

(a) If u =1, all geodesics are closed and have the same length 2.

(b) If p is irrational, there exist two closed geodesics with the same
image, and all other geodesics are mot closed. The length of the
second closed geodesic is 2mwu/(2u—1). Moreover, the metric ad-
mits a Killing vector field.

(c) If u=p/q € (%, 1) with p,q € N and ged(p, q) = 1, then all unit-
speed geodesics have a common period 2mwp. Furthermore, there
exist at most two closed geodesics with length less than 27p. A sec-
ond one exists only if 2p—q > 1, and its length is 2wp/(2u—1) =
2mp/(2p—q) € (2w, 2pm).

We will show that, for each u € (%, 1], there exists a unique Katok
metric whose shortest closed geodesic has length 27 . Thus:

Corollary 1. The geodesic flow of a Finsler metric on S? with flag
curvature 1 is conjugate to that of a unique member of the family of
Katok metrics.

By Theorem 2, we see that the sum of the reciprocals of the lengths
of the two shortest closed geodesics is always 1/7 (cf. [27, Remark
1(b)]). This implies that, for Finsler metrics of constant positive flag
curvature K on S2, the sum of the reciprocals of the lengths of the two
shortest closed geodesics is K/m. Hence we have:

Corollary 2. The geodesic flows of two Finsler metrics on S? whose
flag curvatures are different positive constants are not conjugate, even
in the continuous sense.

Combining Theorem 2 and Corollaries 1 and 2 gives us a complete
classification of the geodesic flows of Finsler metrics on S? with constant
flag curvature.

At the end of Section 3, we will show that Theorem 1, Corollary 1,
and Corollary 2 also hold for Finsler metrics on RP? with constant flag
curvature. We note that the Katok metrics on S? naturally descend to
Finsler metrics on RP?.

The examples in [5, 6, 7] all have = 1. Some of these examples also
admit Killing vector fields and hence, applying a Zermelo deformation
to them, one obtains examples with u < 1. We do not know any other
examples of Finsler metrics on S? with constant flag curvature 1 and p <
1.

We will also prove the following results in dimensions n > 2.

Theorem 3. Let (S™, F) be a Finsler manifold of dimension n > 2 of
constant flag curvature 1. Then its geodesic flow is Liouville integrable
and has zero topological entropy.
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Theorem 4. Let F be a Finsler metric on S™ with constant flag
curvature 1 that admits a Killing vector field. Then there exists an ar-
bitrarily small Zermelo deformation of F to one with all of its geodesics
closed. Further, when n = 2, there is a Zermelo deformation for which
all geodesics are closed and of length 2.

In the proof of Theorem 2 we will show that, for metrics of constant
positive flag curvature on S2, any two geodesics intersect. (See Propo-
sitions 1 and 2 in Section 2.) Our final result concerns the question of
what happens when the flag curvature is not a positive constant.

Recall that, in the Riemannian case, this question is answered by the
famous theorem of Frankel [12], which states that, in an n-dimensional
Riemannian manifold with positive curvature, two totally geodesic sub-
manifolds of dimension ny and ne must meet if ny + ng > n.

Theorem 5. Let I be a Finsler metric on S? with positive flag curva-
ture. Then any two geodesically reversible closed geodesics meet. Mean-
while, there exists a Finsler metric on S? with positive flag curvature
and exactly two closed geodesics, which are disjoint.

Here, a geodesic is called geodesically reversible if the geodesic with
reversed orientation is, up to parametrization, also a geodesic. In par-
ticular, for a reversible Finsler metric of positive flag curvature on S2,
any two closed geodesics intersect. Our counterexample in the non-
reversible case is a small perturbation of a Katok example. A similar
perturbation was constructed in [25].

We do not know whether an analogue of Frankel’s theorem holds
for reversible Finsler metrics in dimensions above 2. In [18] it was
claimed that Frankel’s theorem holds in all dimensions for reversible
Finsler metrics, but the proof is not correct. At the end of Section 6,
we discuss the difficulties involved in a straightforward generalization
to Finlser metrics of the proof of Frankel’s theorem in the Riemannian
case.

Our paper is organized as follows. In Section 2, we first recall some
well-known facts about Finsler metrics with constant positive flag cur-
vature and then prove Theorem 2 as well as some other facts about prop-
erties of closed geodesics. In Section 3 we prove Theorem 1. In Section 4
we discuss and then prove Theorem 4. Theorem 3 is proved in Section 5
and Theorem 5 in Section 6.
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2. The isometry 1) and properties of closed geodesics

Let (M", F') be a compact Finlser manifold of dimension n > 1. For
general facts and background about Finsler metrics, we refer to [10],
see also [26)].

For convenience, we occasionally take advantage of the Binet-Legendre
metric gr, a Riemannian metric that is naturally associated to the
Finsler metric F' [21]. Any isometry of F is an isometry of gr, and
hence the group of isometries of F' is a compact Lie group, denoted
by Isom(F'). (Instead of the Binet-Legendre metric, one could use a
different construction that naturally associates a Riemannian metric to
a Finsler metric, for example the construction from [19, 20].)

For v € T,M we denote by 7,,(t), or, for short, v,(t), the geodesic
with 7,,(0) = p and 4,,(0) = v, and call it a normal geodesic if
F(p,v) = 1. Furthermore, we denote by U(M) the unit sphere bundle,
e, UM)={veTM| F(v)=1}.

We begin by recalling some well-known facts (see, e.g., [30]) about
Finsler metrics of constant positive flag curvature, which, by scaling,
we can assume to be 1. Let F' be such a Finsler metric on a com-
pact n-manifold M. Since the flag curvature is identically 1, all normal
geodesics 7, have their first conjugate point at ¢ = 7 with multiplic-
ity n—1. This implies that for a fixed p the exponential map sends
the sphere of radius 7 into a fixed point, which we denote by (p).
Thus, all geodesics starting at p meet again at ¥ (p), i.e., for all normal
geodesics v (m) = ¥ (p). The exponential map exp, on the open ball
Br(p) ={£ € T,M | F(p,§) < m} is a local diffeomorphism. By identi-
fying the boundary of B (p) to a point and sending this point to ¥(p),
the local diffeomorphism extends to a continuous map o: S™ — M. It
is also a local homeomorphism near 9 (p) since, if two normal geodesics
Vpor and yp ., meet at time close to m, they meet again at time 7 in
1 (p), contradicting the fact that the exponential map is a local diffeo-
morphism on all balls of sufficiently small radius. Thus o is a covering
map. If M is simply connected, it follows that it is homeomorphic to
a sphere, that all normal geodesics are minimizing up to time 7, and
that ¢ has no fixed points. Thus, for every normal geodesic v, we have
P(y(t)) =y(t+ m) for all t € R.

We next show that ¢ is a smooth isometry by first showing that it
preserves the Finslerian distance dp. Indeed, for two arbitrary points
x,y € M take any normal minimizing geodesic v with v(0) = = and
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v(r) = y. Then, by the construction of 1, we have ¥ (z) = ~(7) and
Y(y)y(m+r) and, since r < 7, the geodesic v is also minimizing from 7
to m+r. Thus, dp(z,y) = drp(¢¥(x),1(y)) and, hence, 1) is an isometry.
In particular, ¢ is smooth by [11, 22].

Restricting to n = 2 from now on, i.e., to a Finsler metric F' of flag
curvature 1 on S?, we claim that 1 is an orientation-reversing isometry.
Indeed, the orientation induced by the velocity vector of a geodesic and
a Jacobi vector field along this geodesic changes sign when we pass the
point where the Jacobi vector field vanishes.

Now, in the non-Riemannian case, ¥ need not be the identity. In
fact, if ¥? = Id does hold, then, for any normal geodesic 7, we have
v(t) = ¥?(y(t)) = ~(t + 2m) for all ¢, and hence ~ is periodic with
period 27. Since there are no geodesics loops of length 7, each geodesic is
embedded and has length 27. This is the case (a) of Theorem 2. We will
set aside this special case in the following discussion, but note that there
are many non-Riemannian examples for which 12 = Id, see [5, 6, 7].

We now recall the well-known fact that, for every compact Lie group G
acting effectively on S2, its action is conjugate to that of a subgroup
of O(3) acting linearly on S2. In particular, there exists a G-invariant
Riemannian metric of constant Gauss curvature 1 on S?. (This seems
to be a folklore result, see e.g., [29] or [3, Theorem 12] for connected
groups. For completeness, we recall its proof: Take any Riemannian
metric on S? that is invariant with respect to G. By the uniformization
theorem, it is conformal to a constant Gauss curvature metric on S 2 and
is therefore a compact subgroup in the group of the conformal transfor-
mations of such a metric on S2. Since any maximal compact subgroup of
the group of conformal transformations is conjugate to O(3), the claim
follows.)

Applying this result to the group of isometries of the Finsler met-
ric F' on S?, which, as noted, is compact and contains v, it follows
that, in particular, there is a constant curvature 1 Riemannian metric g
on S? with respect to which v is an isometry, and hence the orientation-
preserving g-isometry ¥? (which, by hypothesis, is not the identity) has
exactly two fixed points, which are exchanged by ¥. Once such a g and a
fixed point p of 1% have been chosen, there exist p-centered, g-spherical
polar coordinates (6, ¢) on S%, where ¢ € R/(27Z) is the longitude and
0 € [—im, ) is the latitude, and a constant A € (0, 3] such that

(1) P(0,0) = (=0, ¢ +21A),

where p corresponds to 6 = —%ﬂ'.

Indeed, one can choose coordinates such that A € (0, %] since chang-
ing the orientation of ¢ replaces A by 1 — A. Notice that A cannot
equal 0, since ¢ has no fixed points. The value A = % corresponds to
the case 1? = Id; thus, we assume that A < % in most of our arguments.
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We will call A the rotation angle of F' and sometimes use the notation F)
when F'is a Finsler metric with rotation angle .

Remark 1. For use in Proposition 5 below, we note that in the
case 1% # Id the choices of g and p determine the coordinates (6, ¢)
satisfying (1) uniquely up to the evident ambiguity (0, ¢)new = (0, ¢ +
const). Replacing p by #(p) replaces 6 by —6.

In the case 1)? = Id, there is no restriction on the choice of p. However,
in this case, under the additional assumption that there exists precisely
one nonzero Killing vector field up to constant multiples, one can further
specify either of the two zeros of this Killing field to be p, and this is what
we will usually do. (Among Finsler metrics on S?, only a Riemannian
metric of constant Gauss curvature can have more than one nonzero
Killing field up to constant multiples anyway.)

Simultaneously replacing the ‘pole’ p by ¥ (p) and reversing the orien-
tation of S? determined by (6, ¢) does not change the value of . Hence
this value is an invariant of F. (Since the Katok examples on S? are
invariant under the antipodal map of S2, which switches the poles and
reverses the orientation, it follows that one cannot always resolve the
paired ambiguity of choice of pole and orientation.)

We distinguish two cases: When ) is rational and when A is irrational.
We start with the latter case.

Proposition 1. Let F = Fy be a Finsler metric on S? with \ irra-
tional. Then

(a) (0,¢) — (0,0 + s) is an isometry for all s, i.e., a% is a Killing
vector field.

(b) The equator {6 = 0} is a geodesic that has length w/\ > 2w when
traversed in the positive direction and w/(1—\) € (m,27) when
traversed in the opposite direction.

(¢) For any other geodesic there exists a number 8y > 0 such that the
geodesic oscillates between the parallels @ = 0y and 6 = —60y. Fur-
thermore, the 0-coordinate along the geodesic changes monotoni-
cally in between these parallels, while the ¢ coordinate increases by
2\ or 2m(1—N). In particular, the geodesic is not closed.

In part (c) we allow 6y = i%ﬂ for the geodesics going through the
poles.

Proof. Since A is irrational, the set of the points {4kA7 }1ez is dense in
the circle R/(277Z). Thus the closure of the subgroup of Isom(F’) consist-
ing of the powers of ¢ contains all transformations of the form (6, ¢) —
(0,¢ + s), which implies (a). Notice also that Isom(F) D {(6,¢) —
(+60,+¢ + s)} and that any isometry preserves or switches the poles.

In order to prove (b), observe that composing ¢ with the flow of
the Killing vector field, we have that (0,¢) — (—0,¢) is an isometry
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and thus its fixed point set {# = 0} is a closed geodesic of F' in either
direction, but with possibly different parameterizations. Let 4= (t) =
(0, £t) be the equator. The Killing vector field % is tangent to y* and

hence they are parametrized proportional to arc length. For y*(t) =
(0,t), the length of the curve, for 0 < t < 27, is equal to 7 by definition
of ¢. Thus F(3) = %)\ and hence the length of 4t is w/A. Similarly,
the length of v~ is w/(1-M).

Let us now prove (c). Observe that the Killing vector field X = %
is a Jacobi field along any normal geodesic v. Since the flag curvature
is positive and constant, this implies that for any v # 7F, there exists
a time %y such that X is proportional to 4 precisely when ¢ = ty + k7
for some k € Z. Thus along v the function 6 reaches its maximum and
minimum at 8 = +6y and 6 is monotonic in between. The geodesic ~
bounces back and forth between these parallels, increasing its ¢ coor-
dinate by 4Am or 4(1—\)7 (depending on its orientation) each time it
returns. To see that it does not increase by 4w+ 27k or 4(1—\)w+ 27k
for some k # 0, we observe that this property would be the same for all
geodesics, but does not hold for the geodesics on the equator. q.e.d.

For fixed 6y > 0, the geodesics from Proposition 1(c) viewed as curves
on U(S?) form two 2-tori in U(S?), depending on whether they rotate
clockwise or counter clockwise. The geodesics through the poles form
a 2-torus as well. The geodesic flow has constant rotation number A
on all of these 2-tori and degenerates for 8y — 0 to the two closed
geodesics y*.

Before stating the next result, let us make the following definition:
Given a curve a: [a,b] — S? not going through either pole, we de-
fine the change of the angular coordinate ¢ as follows: Assume, as we
may, that, in our coordinates (6, ¢), we have ¢(a(t)) = $(t) mod 27
for some continuous function ¢ : [a,b] — R. We call ¢(b)—p(a) the
change of ¢ along «, and we define the winding number (around the
‘south’ pole, ¥(p)) of a to be (q@(b)—g?)(a))/(Qﬂ). The winding num-
ber of a is independent of the choice of ¢3 and is an integer when
a(b) = a(a).

If X is rational, v has some finite order, which, since v reverses ori-
entation, must be even. Thus ?¢ = Id for some minimal ¢ € N. We
set A\ = p/(2g) with ged(p,q) = 1. Since we are assuming A < %, we
have 1 < p < ¢. For any normal geodesic, we have v(t) = ¥?(y(t)) =
~(t + 2qm) for all ¢, and hence all normal geodesics are periodic with
period 2gw. We call a closed geodesic exceptional if its length is less
than 2qm. We start with the following observation.

Proposition 2. Let F\ be a Finsler metric on S% with constant flag
curvature 1. Then any two closed geodesics intersect. If X = p/(2q) < %
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in lowest terms, and one of the geodesics does not pass through the poles,
then they intersect in at least ¢ > 1 points.

Proof. If A is not rational, then, by Proposition 1, there are only two
closed geodesics, and they have the same image in S?, so the claim
follows.

Now suppose that A = p/(2¢) in lowest terms. If two geodesics pass
through the poles, then they intersect. Suppose that v is a geodesic
that does not pass through the poles. By the formula for ¢ in local
coordinates, the number of points in an orbit {¢*(z), k € Z} other
than the poles is equal to ¢ or 2¢q. Thus, since geodesics are invariant
under ), to prove that any other geodesic intersects -y in at least ¢ points,
it suffices to show that it meets v somewhere. Now, the complement of ~y
in S? is a countable disjoint union of open sets U;, each homeomorphic
to a disc, which 1 permutes. If a second closed geodesic did not meet -,
it would lie in one of these components, say Uy. But then ¢(Uy) = Uy,
and hence ¥ would have a fixed point, which it does not. q.e.d.

We now determine the length of all exceptional geodesics.

Proposition 3. Let F be a Finsler metric on S? with rotation angle
A=1p/2q, 0 < p < q and ged(p,q) = 1. Then there are at most two
exceptional geodesics, they are embedded, and we have:

(a) There exists a closed geodesic of length w/(1—\) = 2qm/(2q—p) €

(m,2m), that has winding number —1 around the south pole.

(b) There exists a second exceptional closed geodesic if and only if
p > 1. Its length is 7/ = 2qm/p € (27,2q7) and it has winding
number +1 around the south pole.

(¢) If p is even, the two exceptional geodesics have images on the
equator.

Proof. Since all geodesics are closed with period 2¢gm, the geodesic
flow generates a Seifert fibration on U(S?) ~ RP3. It is well known
(see, e.g., [24, §5.3, §5.4]) that any Seifert fibration on a lens space has
at most two singular leaves. Thus all geodesics, except possibly two,
have the same length 2gw. We first show that the winding number of
an exceptional closed geodesics is well defined:

Lemma 1. Every exceptional closed geodesic v is embedded.

Proof. If the length of a geodesic v is not a multiple of 7, then it
equals k7w + r for some 0 < r < m. Since ¥ acts on v by adding 7 to
the parameter, ¥**1 acts by adding m — r, which is positive and less
than 7w. Hence every arc of v of length 7 — r is the unique minimizing
geodesic from a point to its image by ¢*t1. If v has a self intersection
at a point pg, then there would exist two minimizing geodesics from
po to Y**1(pg) which contradicts m — » < 7. If the length is k7 with
k < 2q, then " is the identity on v and hence ¥* has infinitely many
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fixed points. Since ¥* # Id, this can only happen if ¢* (0, ¢) = (=0, ¢).
It follows that, in this case, - lies on the equator and is hence embedded.
q.e.d.

Notice that the geodesics through the poles are not embedded, and
hence every exceptional geodesic v has a well defined winding number
W around the south pole, and W =1, —1, or 0 since it is embedded.

Lemma 2. Let v be an embedded closed geodesic. Then one of the
following holds:

(a) v has length /X and its winding number is +1.
(b) v has length w/(1—\) and its winding number is —1.

Proof. Recall that every geodesic is 1-invariant since 9 (y(t)) = y(t+
7). Fix a point xy on 7. Let zg,x1,...,z, = x¢ be the points of the
1p-orbit of zy, enumerated in the order of appearance on . Note that
n > 2, since the case 1% = Id is excluded.

Let v; denote the arc of v from z; to z;41. Each ~; is the image of v
under some power of 1, so they all have the same length and the same
change of angular coordinate ¢. Hence the change of angular coordinate
along 7o, let us call it A, equals 27 W /n.

One of the points x; is 1(zp). Let it be x,, with 1 <m <n—1. The
angular coordinate change from xg to z,, equals mA = 27Wm/n, which
is a number between —27 and 27 since |W| < 1. Also this number is
equivalent to 27X modulo 27. Hence it is either 2w\ or 2w(A—1). If it
is 2w\, then Wm/n = A\, hence W =1 and m/n = A. If it is 27(A—1),
then Wm/n = A—1, hence W = —1 and m/n =1 — A.

It remains to determine the length of 7. The length from zy to z,,
is 7, since x,, = ¥ (o). Thus the length of vy is 7/m, and hence the
length of «y is nw/m. Substituting the above formulas for m/n in terms
of A, one obtains that the length of v is 7/A (resp., 7/(1-X)). q.e.d.

We now prove the existence and uniqueness of the closed geodesics
in Proposition 3.

First observe that if p is even, ¢ must be odd, and hence 4(0, ¢) =
(=0,0 +p/2-27) = (—0,¢). Thus the fixed point set of 14, i.e., the
equator, is a geodesic in both directions. Since they are embedded,
Lemma 2 implies that their lengths are 7/(1—\) and 7/A. Since p > 1,
both lengths are less than 2¢gm and hence both closed geodesics are
exceptional. This finishes Proposition 3 when p is even. From now on
we can thus assume that p is odd.

Recall that if f is an isometry without fixed points and of finite order,
then we obtain an f-invariant closed geodesic as the minimum of the
displacement function p — dp (p, f (p)): Let D be this minimum and
let s be a minimal geodesic from p to f(p). Then s and f(s) form a
geodesic, i.e., there is no angle at f(p), since otherwise the distance
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between the midpoints would be less than D. Thus s, f(s), f2(s),...
form a geodesic which eventually closes up, and f(y(t)) = ~v(t+ D). We
call v a minimum displacement geodesic of f.

We apply this construction to f = ¢*, where k is odd and k # 1 mod
2q. In this case we have D <  since 1) is the only isometry with minimal
displacement 7. Furthermore, f has no fixed points since k¥ and p are
odd. This implies that a minimum displacement geodesic of ¥* exists
and is unique. Indeed, by Proposition 2, any two such geodesics 71, 72
intersect: 1 (t1) = Y2(t2) for some t1,to. Then v, (t1 + D) = v2(t2 + D),
which means there are two minimizing geodesics from ~;(¢1) to 1 (t1 +
D) with D < 7, a contradiction. The same argument applies to self-
intersections, proving that the minimum displacement geodesic of 1 is
embedded.

We can use this to show that there exists an exceptional closed ge-
odesic with length < 27. Let vy be the minimum displacement geo-
desic for 1~ and D the minimum displacement value. Then ~vo(D) =
1~1(70(0)) and hence vo(D +7) = ¥(79(D)) = 7(0). Thus vy closes up
with length m 4+ D < 27 and is hence exceptional. We furthermore ob-
serve that 7 is the only closed geodesic of length < 2x. Indeed, suppose
that v, is another closed geodesic with length < 27. Then by Lemma 2
both 79 and 7 have length 7/(1—\), which is then equal to m + D.
Hence the arc of 41 from ~1(7) to 41(0) = ¥ ~!(71(n)) has length D.
Therefore v; is also a minimum displacement geodesic for 1)~ and thus
agrees with ~p. This proves part (a) in Proposition 3.

We now prove the existence of the second exceptional geodesic when
p > 1. Since p is odd, there exists an odd k such that kp = 1 mod 2¢q
and k£ # 1 mod 2q. As shown above, there is a minimum displace-
ment geodesic v; for 1*, and v; is embedded. Since p > 1, we have
max{m/\, 7/(1-A)} < 2¢7 and hence Lemma 2 implies that v; is ex-
ceptional. We still need to show that v, is different from the first ex-
ceptional geodesic 7. So assume that v3 = 9. Let L = 7/(1-)\) =
2qm/(2q — p) be the length of ~y and let « denote the arc of vy from
zo = Y0(0) to Y*(zg) = yo(kw). Since (pk — 1)/2q € Z, it follows that

<kﬂ _ (2¢— 1)7r> /L= (29 —p)k—-(2¢-1) _,
29—p 2q

2q—1)m — )7

4 e

. But then « is not minimizing and therefore vy is not a minimum dis-

placement geodesic for 1/*. This proves that ~; is the second exceptional

geodesic and by Lemma 2 it has length 7 /.

If p = 1, we have w/\ = 2qm. Hence by Lemma 2 all exceptional
geodesics have length 7/(1—\) < 27. But as we saw above, there can
be only one such geodesic. This finishes the proof of Proposition 3.

q.e.d.

Furthermore, 0 < < L and hence the length of o equals
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Combining Propositions 1 and 3 finishes the proof of Theorem 2 in
the Introduction. Notice though that pu = 2(171_)\)

We point out that the shortest closed geodesic v has the following
geometric interpretation: As follows from the proof of Theorem 2, ~
is a minimum displacement geodesic for ¢y~ and, since d(p,v 1 (p)) =

d(¢(p),p), it can be viewed as realizing the shortest return time from
¥(p) to p.

3. The proof of Theorem 1

We now prove the conjugacy of the geodesic flow of two Finsler met-
rics F)\ with the same rotation angle .

We will first show that the geodesic flow g;, regarded as an action of
R on U(S?) ~ RP? is conjugate to an orthogonal action, i.e., a homo-
morphism R — SO(4)/{4Id} where SO(4), acting orthogonally on S3,
descends to an action on RP3.

If A\ = p/2q is rational, then all geodesics are closed with common
minimal period 2¢m and hence g; induces an effective action of S' on
RP3. But a circle action on RP? is conjugate to an orthogonal action,
see [28], which can also be regarded as a homomorphism from R to
SO(4)/{xId}.

If A is irrational, we saw in Proposition 1 that we also have a Killing
vector field X = 5,% with flow 73, which induces a vector field X™* on

U(S?) with flow 77 = d(7) and 75 = Id. Clearly, g; and 7} commute,
since 7 acts by isometries and hence [X*, G] = 0, where G is the geodesic
flow vector field. From the definition of 1, it also follows that gor = 7)) .-
Thus, the flow of the vector field Y = G — 2AX is 27 periodic. Hence
X and Y commute and generate an action of 72 on U(S?). In [23] it
was shown that, up to an automorphism of 7?2 and a diffeomorphism
of RP?, there exists a unique effective T2 action on RP? which can
hence be thought of as an orthogonal action, i.e., a homomorphism
T? — SO(4)/{£Id}. Hence the same is true for the flow g; of G.

Thus in both cases, the geodesic flow is conjugate to a homomor-
phism R — SO(4)/{%Id}. Such a homomorphism is furthermore con-
jugate, via an element of O(4), to a block diagonal one of the form ¢ —
diag(R(at), R(bt))/{£ld}, with a,b € R, a > b > 0 and where R(t) is a
rotation of R? with angle . Furthermore, b > 0 since the geodesic flow is
almost free. But such a homomorphism is uniquely characterized by its
smallest minimal periods, i.e., 7/a and 7 /b, corresponding to the orbits
through the images of (1,0,0,0) and (0,0,0,1) € S% in RP?. As we saw
in Proposition 1 and Proposition 3, the minimal periods of the geodesic
flow are w/\ and 7w/(1—\). This implies that A uniquely determines the
geodesic flow up to conjugacy. Since 7/(1—\) is also the length of the
shortest closed geodesic, this finishes the proof of Theorem 1.
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We now indicate how to show that the analogs of our results also
hold for Finsler metrics on RP? with constant flag curvature. First we
can apply the previous results to the lift of the metric to S2. In par-
ticular this defines the geometric parameter \. Then, by [28] and [23],
the geodesic flow is again conjugate to an orthogonal action since the
unit tangent bundle of RP? is the lens space L(4,1) = S3/Z4 with Z4
generated by diag(R(%), R(5)). The geodesic flow is thus conjugate to
t — diag(R(at), R(bt))/Z4, with a,b € R. Note that the parameters a
and b are the same, up to a sign, as the similar parameters for the cov-
ering metric on S? constructed in the proof of Theorem 1. Indeed, there
exists only one two-sheeted covering of L(4,1); it is the natural projec-
tion from RP3 = S3/Zy to L(4,1) = S3/Z4. Hence, |a| + |b| = 1, and
the two minimal periods on L(4,1) are 7/(2|a|) and 7/(2]b]). In view
of orthogonal conjugations in L(4,1), we may assume that a > |b| > 0.
However, unlike the case of RP3, orthogonal conjugations cannot change
the signs of a and b individually.

To distinguish the actions with invariants (a,b) and (a, —b), we com-
pute the return map, i.e., the derivative of the flow orthogonal to the
orbit, for the shortest periodic orbit ¢t — diag(R(at),0). The image of
the orbit in L(4,1) closes at time tyg = 7/(2a) and hence the return map
is given by R(b7/(2a)) o R(3m)~1. It is hence a rotation whose angle,
up to a choice of orientation on L(4,1), lies in [0, 37) if b > 0 and in
(%77, 7] if b < 0. In particular, the action with b > 0 is not conjugate to
the one with b < 0.

For a Finsler metric on RP? with flag curvature 1, consider the
closed geodesic ~ corresponding to the above shortest orbit. It has
length 7/(2a) = 7/(2(1-X)). The return map of the geodesic flow
along v can be computed in terms of Jacobi fields in a parallel basis.
The deck transformation of the two-fold cover is orientation-reversing,
and it preserves the lift of «v. Hence, the parallel translation along ~
is a rotation by 7 in T;Y(O)U(RIP’Q). Looking at Jacobi fields, one sees
that the rotation angle of the return map differs from that of parallel
translation by +length(«y). Hence, the rotation angle (normalized to the
interval [0, ) equals m — 7/ (2(1—\)) € [0, 5). Therefore, b > 0.

Thus, as before, the geodesic flow of the Finsler metric is determined
by A and, hence, also by the length of the shortest closed geodesic.

Altogether, we see that the statements in Theorem 1, Corollary 1,
and Corollary 2 also hold for Finsler metrics on RP? with constant flag
curvature.

4. Zermelo deformations and the proof of Theorem 4

In this section, we discuss Zermelo deformations of Finsler metrics
with respect to a Killing vector field. Here we work in any dimension.
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Let F' be a Finsler metric on M™ and X a Killing vector field of F'.
Under the Legendre transform D (%Fz) :TM — T*M, we obtain the
dual norm F* : T*M — R, whose Hamiltonian flow with respect to the
canonical symplectic structure on 7% M corresponds to the geodesic flow
of F' via the Legendre transform.

Let o € R be a constant. The function FJ(§) = F*(§) + a{(X)
defines a norm on T*M if and only if F(—aX) < 1. Applying to it
the Legendre transform D (5(F)?) with respect to £(F)%, we obtain
a Finsler metric on M which we denote by F,.

The Finsler metric Fy, is the Zermelo deformation of F' via the Killing
field aX. It is easy to see that, for each p, its unit sphere in T, M is the
unit sphere of F' in T,,M translated by aX (p). The surprising properties
of such metrics were first discussed by Katok [17] (see also [32] for
further discussions).

Denote by 7, the flow of X and by d*r; its natural lift to T*M; it is
generated by the Hamiltonian function £ € T*M — £(X) € R. Denote
by ¢; the geodesic flow of F' on T*M, which we view as the flow of
the Hamiltonian F*. Then, the geodesic flow of Fy, is, by construction,
the flow of the Hamiltonian F;. Since 7; acts by isometries of F', the
flows d*m and ¢; commute. Hence, the flow of the Hamiltonian F} =
F*(€) + a&(X) is the composition ¢; o d*74;. Thus, if ¢(t) is a normal
geodesic of F, then ¢y (t) = 7ot(c(t)) is a normal geodesic of Fy,.

In [15, 16], as already observed in [14], see also [2], it was shown
that if F" has constant flag curvature 1, then F, does as well. If ¢ is the
isometry defined in Section 2 for F', and 1, is its analog for F,, then

Yo =P 0 Tan.

Proposition 4. Let F' be a Finsler metric on a compact n-manifold M
with constant flag curvature 1 that has a geodesic that is not closed.
Then there exists a Killing vector field X such that the Zermelo defor-
mation Fy (i.e., F{(§) = F*(§)+&(X) ) is a Finsler metric with constant
flag curvature 1 and all of its geodesics are closed.

Proof. Since there exists a geodesic that is not closed, the map 1 does
not have finite order. Thus {+* | k € Z} is an abelian subgroup of the
compact Lie group Isom(F') that is not closed. Its closure is a compact
abelian group and hence has finitely many components, with its identity
component being a compact torus 1" of positive dimension. Thus some
positive power of ¥ lies in T', and, hence, for some large k£ the isometry
Y¥ is close to the identity in Isom(F). Hence there exists a Killing
vector field X of small length and with flow 7; such that 7, = ¢*. For
the Finsler metric F := F, the corresponding map 1/1 satisfies wk Id
since, as explained above, % = ¥ o 7. q.e.d.

Notice that we can choose the vector field X such that it is arbitrary
small, which implies that the metric F' can be chosen arbitrarily close
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to F', and that Proposition 4 reduces the classification of Finsler metrics
on S™ with constant flag curvature 1 to those for which all geodesics are
closed.

In dimension 2 we can say more:

Proposition 5. Let F be a Finsler metric on S* with constant flag
curvature 1 and rotation angle X, that, in addition, admits a nontrivial
Killing vector field X. Assume that the flow generated by X is 27-
periodic. Then, the Zermelo deformation FX(§) = F*(§) + a&(X) has
the following properties:

(a) Fy is a Finsler metric for all =2\ < o < 2—2\.

(b) The rotation angle for Fy is Ao = min{A + §,1 — (A + $)}.

(c) There exists a unique o such that Fy, has all geodesics closed with
the same prime length 2.

Proof. By Remark 1 we may assume that X = (% in the coordinates
(0, ¢) from Section 2. Since in the coordinates (6, ¢), the mapping 1) is
given by (1) and X is proportional to 8% with a constant coefficient, the
equator {# = 0} is the fixed point set of an isometry and is therefore
a reversible geodesic. Depending on the orientation, we denote this
geodesic by yF.

In order to prove (a), consider the function on the cotangent bundle
given by & — £(X). Since X is a Killing vector field, it is an integral for
the geodesic flow. Then, the differential of this function can be propor-
tional to the differential of F' only at the points (x,¢) € TM (assuming
¢ # 0) such that z lies over the geodesics y=. Indeed, otherwise the
circle {6 = const # 0} is a geodesic, which is impossible since the points
p and 9(p) lie on different sides of the equator {6 = 0}.

Thus, the function £ — £(X) restricted to the unit cotangent bundle
has zero differential only at the points corresponding to the geodesics
~*. By direct calculation, we see that, at the points corresponding to
~T, its value is 2—2\ and, at the points corresponding to v, its value
is 2)\. Here we use the convention that the geodesic 4T is oriented in
the %—direction, and 7~ in the —%—directiom. Thus, the function £(X)
has maximum 2—2A and minimum —2X. Hence F, is positive for all
—2)\ < a < 2—2)\ on nonzero vectors, which implies that F,, is a Finsler
metric.

In order to prove (b), recall that 1, = 9 o 74x. Thus v, has the
form (1) with A replaced by A+ < € (0,1). If A+ % < L, then it is the
rotation angle. Otherwise we change the orientation of ¢ and obtain
the rotation angle 1 — (A + ).

Finally, for part (c) we simply choose @ = 1—2\ and hence A\, = %

q.e.d.

Thus any Finsler metric F' on S? with constant flag curvature and
irrational rotation angle A can be viewed as a Zermelo deformation of
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one for which all geodesics are closed with the same length and which,
in addition, admits a Killing vector field. Meanwhile, we note that not
all Finsler metrics on S? with constant flag curvature admit a non-
trivial Killing field; in [5, 6], many examples were constructed with all
geodesics closed of length 27 and finite isometry group.

As already mentioned above, if F' is the round metric on S?, then F,,
is known as a Katok metric [17]. Note that in this case (92, F,) and
(82, F_,) are isometric, thus the family of Katok examples is parame-
trized by a € [0,1). Recall that the round metric has \ = % Hence the

1 a.

rotation angle of the Katok metric F,, is Ao = 5 — 5;

takes on each value in (0, %] uniquely. This implies Corollary 1 in the
Introduction.

observe that it

5. The proof of Theorem 3

First observe that the w-shift along the geodesic flow coincides with
the diffeomorphism of U(M) induced by 1, which implies that it is an
isometry of the natural metric on U(M) induced by the Binet-Legendre
metric. But any isometry of a compact metric space has zero topological
entropy.

Next, we prove that the geodesic flow of F', viewed now as the Hamil-
tonian system on the cotangent bundle to M without the zero section,
which we denote by T*M \ {0}, and equipped with the canonical sym-
plectic form and whose Hamiltonian F™* is the Legendre transform of F
with respect to %Fz, is Liouville integrable, i.e., that there exist n in-
tegrals that are functionally independent almost everywhere and are in
involution.

As in the proof of Proposition 4, we consider the closure of the group
generated by 1 in the group Isom(F). Its Id component is a torus 7%
of dimension k, where we also allow k = 0. The action of the torus T*
on M induces a Hamiltonian action of T* on the cotangent space T*M.
The generators of this action, which we denote by &1, ...,&, are the
vector fields that generate the action of T% on M, viewed as functions
on T*M. We assume that the Hamiltonian flows of §; are periodic with
minimal period 1.

Because of compactness of the isometry group of M, there exists
¢ € N such that 9! lies in the torus T%. This implies that the Arnold-
Poisson action of R¥*! on T*M \ {0} generated by the k + 1 functions
&1,..., &, F*, is a Hamiltonian action of a k + 1-dimensional torus T**1.
The generators of this action are the functions &1, ..., & and an appro-
priate linear combination of F* and &1, ...,&; constructed arguing as
in Section 4, see the proof of Proposition 4 there. Note that F™* is func-
tionally independent from &q,...,&;. Indeed, observe that in the proof
of Proposition 4, we have shown that there exists a linear combination
& =& + ... + ci&; with constant coefficients such that the flows of the
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Hamiltonian systems generated by £ and by F™* satisfy ¢>§r = d)Z:. If
F* were functionally dependent on £, ...,&; in some open subset, then
the above observation implies that, on this open set, the Hamiltonian
vector field of F* is proportional to a linear combination of &1, ..., &k
with constant coefficients, which is clearly impossible.

We denote by Reg the open dense set of regular points of the action,
which is defined as the set of the points of T*M \ {0} where the dif-
ferentials of the functions &1, ..., &, F'* are linearly independent. Next,
consider the symplectic reduction of Reg with respect to T**!, which
is a smooth symplectic manifold of dimension 2n—2k—2. It is known
that one can choose n—k—1 integrals on any symplectic manifold of di-
mension 2n—2k—2, such that they are in involution and are functionally
independent almost everywhere, see [13, p. 145] or [4]. The pullback of
these functions to Reg gives us n—k—1 functions Iy41, ..., I,—1 on Reg,
such that &1,..., &k, Igy1, ..., In—1, F* are in involution and functionally
independent almost everywhere. Furthermore, examining the proofs
of [13, p.145] or [4], we see that these functions can be extended to
smooth functions on all of 7*M \ {0}. Hence the geodesic flow of F' is
Liouville-integrable.

6. The proof of Theorem 5

We first discuss a generalization of Theorem 5 for Finsler metrics
that are not necessarily reversible. For this, we make the following
definition. Let 7; and 72 be embedded closed geodesics on S? that do
not intersect. They divide the sphere into three components, one of
which is homeomorphic to S! x (0,1). The closure of this component is
an embedded cylinder C' C S?, C ~ S! x [0,1], whose boundary is the
union of y; and 9. We say that v; and 9 have the same orientation if
they are freely homotopic as oriented loops in C.

Proposition 6. Let F' be a Finsler metric on S% with positive flag
curvature. If v1 and o are two closed geodesics that are geodesically
reversible, or if they are embedded and have the same orientation, then
they intersect.

Proof. We first discuss the case when the closed geodesics ~y; are em-
bedded with the same orientation. Let 2f be the set of embedded closed
curves in C' that have the same orientation as ;. By Arzela-Ascoli, there
exists an embedded closed curve a that realizes the minimum length
among all curves in 2; we assume that « is arc-length parametrized.

Let us show that either « coincides with one of the boundary geodesics
or is itself a geodesic that lies in the interior of C. In order to do
this, let us first observe that its parts lying inside the interior of C' is
a union of nonintersecting geodesic segments. Further observe that, at
the points lying on the boundary of C, the curve « has a velocity vector,
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and this velocity vector is tangent to the boundary, i.e., proportional
to the velocity vector of the corresponding -; at this point. Indeed,
were « to have a ‘corner’ at this point, one could make it shorter by
‘shortcutting the corner’ by a geodesic within C', which would contradict
its minimality.

Suppose « is tangent at a point to one of the boundary geodesics,
say, to the geodesic ;. Then a cannot be tangent to ~; in such a
way that the velocity vectors are proportional at the point of tangency
with a negative coefficient, since this would imply the existence of a self
intersection of «, which contradicts the minimality. Thus, the velocity
vectors of 7; and « are proportional at the point of tangency with a
positive coefficient. Then « coincides with ~; because it is globally and
therefore locally minimal.

Thus « is either a geodesic in the interior of C or agrees, including the
orientation, with one of the boundary geodesics. Now, we can repeat the
proof of Synge’s theorem: There exists a smooth vector field along «,
pointing into the interior of C if « is a boundary geodesic, and parallel
in the Chern connection. From the second variation formula, it follows
that there exist shorter curves in 2, which is a contradiction.

The same proof works in the case where 7; are geodesically reversible,
but not necessarily embedded. Indeed, in that case, there exists a cylin-
der C in S? such that its boundary forms two closed piecewise smooth
curves with each segment a geodesic segment of one of ;. Indeed, v, has
finitely many self-intersections, and it divides S? into several discs, one
of which contains 5. Let 1 be the boundary of that disc. Similarly, let
2 be the boundary of the component of S?\ 42 that contains v;. Then
C is the closure of the cylindrical component of S?\ (3; U B2) and the
boundary of C'is 81 Ufs. Furthermore, at each vertex of 51U (s the two
adjacent segments are convex towards the interior of C'. We can then
repeat the same argument as above using a shortest non-contractible
loop o C C that is homotopic to a generator of the fundamental group
of the interior of C'. The first statement of Theorem 5 is now proved.

We now prove the second statement of Theorem 5 by constructing a
Finsler metric on S? with two non intersecting closed geodesics.

Take a Katok metric F' = F), such that ) is irrational. In the spherical
coordinates (6, ¢) constructed in Section 2, the closed geodesics y* lie on
the equator {# = 0} and are, in fact, the only closed geodesics. Though
the image of these geodesics coincide, the corresponding trajectories
on the cotangent bundles, which we denote by ¥*: R — T*S2, are
disjoint. They are trajectories of the geodesic flow of the Hamiltonian
F*: T*S? - R, and we may assume that they lie on the energy level
E = (F*)7Y(1).

Let pg, py be the canonical momenta corresponding to the coordi-
nates 0,¢. Consider a function H : T*M — R such that, in a small
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neighborhood of 47, it coincides with the function pg, and, in a small
neighborhood of 47, it coincides with the function —py, and is smooth.
Denote by ®; the Hamiltonian flow of the function H. Near the curves
7%, the Hamiltonian vector field Xz has coordinates

(21,0800 _ (11000,

apg 8p¢ o0 (9(;5

which implies that, for small ¢ and near the points of 4, the flow is given
by ®¢(0,¢,pe,py) = (0 £1,0,p9,ps). This means that the projections
of the curves ®;(5%) to the sphere are the curves {(6, ¢) | § = +t}.

Let F = F* o ®; be a new Hamiltonian function for a fixed small
value of t. Since ®; preserves the symplectic form, the orbits of the
Hamiltonian system generated by F}* are ®; applied to the orbits of the
Hamiltonian flow of F*. In particular, it has precisely two closed orbits,
which are the images of ¥© under ®;. Next, we define Fy: T*S?> — R
by the condition that it agrees with Fy on ®_,(E) = (Fy)~!(1) and
is extended to be homogeneous of degree 1. For small ¢, F}* is smooth
on the cotangent bundle minus the zero section and strictly convex,
so it defines a Finsler metric on S? with flag curvature close to 1 and
therefore positive.

The orbits of F lying on ®_;(FE) are, up to a reparametrization,
the orbits of the flow generated by F}, since the energy level 1 of F}
and of F}* coincide. Thus all the geodesics of F; other than two are
not closed, and these two are projected to the disjoint closed curves

{(¢,0) | 6 = £t} q.e.d.

Remark 2. Notice that in the above example we can choose H such
that the Finsler metric F; has the same isometries as F', and hence
admits a Killing vector field, or such that its isometry group is finite.

We note that recently similar examples appeared in [25], where the
author constructs a positively curved Finsler metric on S? carrying a
pair of simple closed geodesics that do not intersect. However, the
construction does not guarantee that the metric has only two closed
geodesics.

Let us briefly explain what the difficulty is in higher dimensions of
proving an analogue of Frankel’s theorem. For any Finsler metric F
and any v € T,M, we have the Riemannian inner product ¢”(z,y) =
Dg (F?)y(z,y) on T,M, where D¢ denotes the fiber derivative. We fur-
thermore have the Chern connection DV associated to F', that depends
on a choice of v as well. If v is a geodesic of F' and X is a vector field
along ~, then we have the second variation formula

b
E"(0) = / ¢°(DUX, DUX) — " (R(X, v)v, X)dt + ¢"(D% X, v)[2,
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where v = 4. In the proof of Frankel’s theorem, one constructs a par-
allel vector field X along a minimal geodesic connecting the disjoint
totally geodesic submanifolds N7 and Ny that is normal to them at the
endpoints. This defines a 1-parameter variation c(t, s) = exp, ) (sX ()
of ~v connecting N1 and N3. One would then like to use the second
variation formula to conclude that E”(0) < 0 to obtain a contradiction.
Although the integral is negative, in the Finsler case, the boundary
term does not necessarily vanish, as it does in the Riemannian case,
since 1(s) = ¢(a, s) is a geodesic, which implies that % =0 forw=mn,
but we need % = 0 for v = 7 instead.
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