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Abstract

Electroless plating in microfluidic channels is a novel technology at the micrometer scale.
As the microchannel depth varies with the flow of the chemicals, care must be taken for the
channel not to run dry. Owing to the deposited chemical species the physical domain of
the flow changes with time, leading to a free boundary problem. As the motion of the free
boundary is small it is modeled by a transpiration approximation. With this simplification, the
mathematical model, consists of a Navier-Stokes flow and an equation for the concentration of
the plating chemical coupled by non standard and nonlinear boundary conditions. Existence
and uniqueness are proven for the concentration equation. Numerical analysis is carried out
and justifies the proposed numerical schemes and nonlinear algorithms. A numerical study is
performed, in the two dimensional case, with the finite element method and an implicit Euler
time-scheme.

Keywords: Electroless process, Free boundary, Finite Element Method

1 Introduction

Electroless plating is an autocatalytic process aimed at reducing complex metal cations in a liquid
solution for a film or layer deposition on a base substrate [1]. This technique has been widely used
in the printed circuit industry [2]. Recently, electroless process in microfluidic channels has been
regarded as a promising micro or nano meter technology. Applications range from chemical etching
process for electronic devices, to electrical packaging for food [3], [4]. Compared to the large-scale
electroless process, the change of geometry to the micro- or nano-meter scale raises a critical issue for
the deposition as the thickness becomes comparable to the dimension of flow channel. For instance,
in the copper interconnecting process [5] by electroless plating, the thickness of the deposition layer
of copper is large enough to risk a connection of the pillars.

From an experimental point of view, microfluidic electroless plating is very time consuming [6]. For
example, even a sample preparation for investigating an electroless plating process is highly time-
consuming. Hence a numerical study to predict the evolution of the domain of the fluid becomes
indispensable.

Earlier simulation studies were carried out in a fixed one-dimensional domain and addressed either
ion migration (e.g., [7, 8]) or emphasized the effect of flow convection [7] . Such one-dimensional



model can be useful when the fluid velocity is uniformly directed toward the rotating disk in the
diffusion layer, but that is not the general case.

In this study, the mathematical analysis of the two of three-dimensional electroless plating problem
is investigated. For numerical simulation, multi-dimensional electroless processes in geometrically
varying micro- or nano-fluidic channels remain computationally expensive so we have investigated
on bidimensional cases.

We consider a single chemical species in the electrolyte. The exchange current Ij is given by the
Butler-Volmer equation (see for example [9] [10]); it is a linear function of the electrolyte concentra-

tion ¢
Iy = ipc = A[exp <a0;{5€> — exp <%) }c, (1.1)

where A, ag, 5y are physical constants, R is the perfect gas constant, F the Faraday constant and z
the atomic number of the electrolyte; @ is the temperature, and £ is the excess potential related to the
interaction with other chemical species which, for our purpose is constant [7, 8]. The temperature
is also assumed uniform and constant.

The plating occurs on a boundary S(t) of the electrolyte, causing this interface to move inward
the fluid domain but this motion is small because it is only due to plating. The plating being
proportional to the concentration ¢, the velocity of S(t) is normal to itself and given by a linear law

u= —alpch

and « is small. On the other hand the flux of metal ion through S(¢) is proportional to ¢
Oc

a—n = —iQC
where D is a diffusion constant.
The concentration of the chemical species ¢ satisfies a convection diffusion equation while the elec-
trolyte flow is modelled by the Navier-Stokes equations.
In order to analyse this coupled problem, we approximate the small displacement of the reaction
surface S(t) by a transpiration approximation [I1], [12] on a fixed mean surface S. It leads to an
integro-differential condition on S:

dc . i [
—Da—n + igc (1 + 6/0 c(s)ds) = 0. (1.2)

The mathematical analysis of the Navier-Stokes equations coupled with a convection-diffusion equa-
tion for ¢ is somewhat problematic because of the non-homogenous condition on S for the velocity.
So we restrict the study to the existence of the weak solution to the convection-diffusion equation
with a given fluid velocity u and even this study is not straightforward. First a time-discretized
approximation is shown to have a unique solution using a version of Minty-Browder’s fixed point
theorem and the maximum principle to prove that 0 < ¢ < 1. The solution of the time continuous
problem is obtained as the weak limit of the of the solution of the time-discretized solutions. At
the end of the paper some numerical tests are given to justify the transpiration approximation and
the convergence of the backward Euler nonlinear scheme.



S(t)

1—‘i n Q (t) l_‘o ut

[wan

Figure 1: The physical domain is the domain occupied by the flow Q(t); the chemical deposit is
above the free boundary S(¢). The chemicals flow from the left boundary, I';,, to the right I',,;.
The bottom I',,,; is a solid wall.

2 Modeling of the Physical System

The plating chemicals flow in a thin channel between a top and a bottom plate. Due to an electro-
potential applied between the two plates the chemicals will deposit on the top plate. Hence the
depth of the channel varies with time. A vertical cross section of the 3D system is depicted in

Figure [1]

2.1 The Fluid Flow

The geometry of the fluid part is a two or three-dimensional domain €2(¢) bounded on the left by an
inflow boundary I';,, on the right by an outflow boundary I',,:, on the bottom by a flat wall I",,.;
and on the top by a time dependent boundary S(¢). In the three-dimensional case, the remaining
boundaries are assumed to be walls. The fluid is viscous, Newtonian and incompressible, so the
flow is governed by the Navier-Stokes equations for the velocity u(x,t) and pressure p(x,t):

Jdu+u-Vu—vAu+Vp=0, V.-u=0, VxeQt), Vte0,T], (2.1)

where v is the (constant) kinematic viscosity of the fluid. The initial velocity is given and denoted
by uyg; the inflow velocity uy, is also given on I';,; a no slip condition holds on I'yq; U S(t), and we
impose a free outflow condition at I',,;. So at all ¢t € [0, 7] we have:

0
u=u;, only,, u=0 onl,u, - I/a—u +pn=0 on [',,. (2.2)
n

We assume that there is no back-flow on I'y,;: u-n >0  on I'yy.

2.2 The Metal Ion Concentration
The metal ion concentration ¢(x,t) solves a convection-diffusion equation

dec+u-Ve—DAc=0, VxeQt), Vte|0,T] (2.3)



with given initial concentration cq; D is the diffusion constant. The concentration is given on I';,
and a no-flux condition holds on I',,; and I',,; :

Oc
c=c¢y on [y, e 0  on Iyey U . (2.4)
On S(t) a reaction condition is written as suggested in [7, §],
dc .
—Da— =ipc, u= —wigen, Vo € S(t), (2.5)
n

where 75 and « are constants. Most important for our study: « is small.
It is also important to remember that ¢, being a concentration it must be non-negative and less or
equal to one. In particular ¢y and ¢;, must be chosen in [0, 1].

2.3 The case a =0

When a = 0, there is no free boundary; consider the case 2 = (0,L) x (0,1). With appropriate
initial and inflow conditions, the fluid velocity is

u= (U17U2)Ta up =yl —y), up=0

Similarly, with appropriate initial and inflow conditions, the concentration depends only on time ¢
and y := x5 and solves

oc — DOyyc=0, —Doyc=1ipcaty=1 Jyc=0aty=0.

It has a closed solution ¢ = e~ PA* cos(Ay) provided \ satisfies: Atan A = %0.
When 0 < o << 1,uy, = (y(1 — y),O)T, Cin = e PNt cos(A\yY), Uy = W, Co = Cinli=0, the solution
will be a linear perturbation of the above.

2.4 Transpiration Approximation

Experimental observation show that the evolution of S(¢) is small. Following [T, 12], we approxi-
mate (2.5) with a transpiration approximation as follows.

Let S be the initial position of S(t) and let n be the distance between S(¢) and S normally to S,
ie.

S(t) ={x+n(x,t)n(x) : xe S}, n(0) =0

where 7(0) = 0 is short for n(x,0) = 0 for all x € S. If the radius of curvature of S(t) and the
derivative of 1 along S are not large it can be shown that the difference between the normals of S
and S(t) is second order in 7 (see [11]). By definition of u and by the second equation in ({2.5)),

dn _

¢
- un= —aipe, n(0) =0, = n(t) = —aio/ c(s)ds. (2.6)
0

By a Taylor expansion, the first equation in (2.5 can be written on S rather than S(t):

D s+ . n().8) = ~D (%x, D+t 25 x, t>) +oln)

4



= jpc(x + n(x, t)n(x),t) = g (c(x, t) + n(x, t)%(x, t)) + o(n). (2.7)

By (2.6, it is rewritten as

2

(1 — a—/ > (x,t) — ige(x,t) = n(x,t)D g Z(X t) +o(n) = O(n). (2.8)

A first order in « approximation of this condition is

SZ (x,t) —ipc(x,t) =0 (2.9)
. . 1 . D¢
Neglecting o(n) and using T2 ~ 1 + y and neglecting DW leads to
8 il [
% + ipc (1 +— D c(s)ds) =0 onsS. (2.10)

2
c

In the discussion below we argue in favor of this approximation where an is neglected.
n

The second equation of (2.5) is simply written on S instead of S(t). Indeed a similar Taylor
expansion shows that

0 0
u+n£ = —aiy (c+na—;) n + o(na), (2.11)
The second equation in (2.5 implies that u is O(«); so when all normal derivatives are bounded

u = —aigen + O(na), on S (2.12)

2.5 The Final Problem (P)
The domain and the top boundary are now fixed and denoted by {2 and .S; the boundary of €2 is

I' .= 8(2 == Fm U Fwall U Fout U S

We propose to solve (2.1]) and (2.3]) in 2 (0, T") subject to initial conditions and boundary conditions

and and

Oc 22 t
Da_n (1 + DO c(s)ds) ipc=0 on S, (2.13)
0

u=—aijen onsS. (2.14)

2.6 Discussion:

o2
If we had kept the term 7(x, t)Da—CQ(X, t) in (2.10)), this condition would have been second order.
n

But even without it we expect it to be near second order when ¢ varies slowly and € is elongated




82
because then the PDE for c, 1} reduces to _D8_C2 ~ (0. Whether the additional nonlinear
n

term in is important or not will be seen in the numerical section. In any case the first order
condition is a special case of the pseudo second order condition, obtained by setting a = 0 in (2.13)).
A third condition can be obtained as follows. If s denotes arc length on S, the PDE which governs
c tells us that near S

dc

Assuming that the variations in s are much smaller than those in n, we obtain

D%c _ Oc
Dw = @c — OZZ()C% = 8tc + O(O()
leading to
D2 et aio (Bt o /t()d —0 ons (2.15)
on 10C — o DC tC ; cls)as = (0) .

by a first order approximation and omitting the term of order O(a?).

2.7 Plan

The mathematical analysis of (2.1),([2-3(2-9),(2.14) is somewhat classical, so we shall focus on
the problem with the nonlinear boundary condition (2.1)),(2.3}(2.13),(2.14). Then, at the end

we shall argue that there is no essential new difficulty if the term 0,c is added, namely problem

777'

3 Variational formulation

3.1 Notations

For convenience, C, C' and C;, i = 1,2, 3, ..., denote generic constants independent of u and c. We
denote d = 2,3 the dimension.
We use the standard notations: f* = max{f,0} and f~ = —min{f,0}.

We denote by || - ||s the norm of H*(Q2) and by || - ||sr the norm of H*(T') for T’ C 9.
If B is a Banach space, B’ denotes its dual space. The L*(Q2) inner product is (-, -) and the duality
product between B and B’ is (-, VBB -
We define
W={weH(Q): w, =0};

since W is closed in H'(€) and H'(Q) is a Hilbert space, then so is .
We assume that ¢ is such that u € L?(0,T; H'(Q)4) N L*°(0, T; L*(Q)%), In variational form (2.3)),
B, @) is

Problem (P)
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Figure 2: Graphic showing the modification of the nonconvex function c — 5" 5 into a convex

one.

Find ¢ € L2(0,T; HY(Q)) with ¢(0) = co, satisfying ¢|r,, = cin, 0;c € W', such that, for all w € W,

2
1 2 t
+§ /Fout (u . n)cw " /S <1 a % + % 0 C(S>d8) Z.OCM = 0.

Clearly, the previous expression for the convection term is consistent; it is used here to facilitate
the derivation of energy estimates.

1
(Orc, W)y w + /QDVC -Vw + = /Q[(u -Ve)w — (u- Vuw)(] o)

O[C2

/Q(u -Veo)w = %/Q[(u -Ve)w — (u- V) + % /Fout(u ‘n)cw — . - W (3.2)

3.2 Convexification
2
ac
The term ¢ — T3 in the integral on S is problematic because it is not monotone so it makes the

C2 3

& 1
problem non-coercive. Indeed its primitive ¥(c) := 5" is nonconvex beyond ¢ > —. But the
@

physics require that ¢ € [0, 1] and the maximum principle will insure it. So any modification of v
outside (0, 1) will not affect the solution; hence to work with a convex potential let us replace ¢ by

(see Figure [2).
A add

_ — ——  if e< i,
bl)=12 6 * (3.3)

otherwise.

204@



and define

3t
o0) = i, (0) + o [ e, (3.4
0
where E’C(C) is the derivative of 1) with respect to c:
2
_ c— el if c < é,
w,c<c) = 1 2 (35)

— otherwise.
2c0

Naturally E’C is monotone increasing. Note that 1) is strictly convex and EIC is strictly increasing
in [0, é]
The convexified variational formulation replacing (3.1)) is

Problem (F.)
Find ¢ € H'(Q) satisfying c|r,, = cin, O,c € W', and ¢(c) € L*(S)

(Oc, W)y + /Q DVe-Vuw + % /Q[(u -Veo)w — (u- Vw)(

1
+_/ (u.n)cw+/¢(c)w:0, Yw € W.
2 JTou s

Note that when 0 < ¢ < 1, then both ¢ and ¢(c) € L>®(Q x (0,7)).
The proof of existence goes by steps. We assume that u € L2(0,7; H'(Q)%) N L>(0,T; L?(2)?), so

as to focus on the equation for ¢ with u given. We will first discretize in time, show existence for
the time discretized problem and then let the time step tend to zero.

4 Existence for the Time-discretized Problem

Problem (P)
T
Let N € NT and let §t = N be the time step. For each integer m € (0, &) find ¢™™ € H*(Q) such

that for all w € W,
cm+1 —cm
/—w+D/ch+1-Vw
Q ot Q

1 m+1 m+1 m+1 m+1
+ 3 /Q[(u V" w = (u - Vw)c™ (4.1)

1
+ / G (" w + —/ (0™ n)c"Hw =0
S 2 Tout
where ¢,,(c™") is the following time approximation of ¢(c),

-3 m
¢m(cm+1) _ Z.OE@(Cm—H) + % (Z C](St) iian
=0

The initial value is ¢® = ¢y with ¢ € H*(2), ¢

Tin, — Cin-

8



4.1 Existence of the Solution to the Time-discretized Problem (P.")

To prove the existence, the Minty-Browder Theorem will be used.

Theorem 1 (Minty-Browder) Let B be a reflexive Banach space and || - || its norm. Let A :
B — B’ a continuous mapping such that

(i) (Au—Av,u—v) >0 Yu,v € B, u#wv
(i) lim |jul| "' (Au, u) = +oo.

[lul| =00
Then, for any b € B’, there is a unique u such that Au = b.

The theorem will be applied to ¢™ — ¢;, where ¢;,, € H'(Q) is a lift of the boundary conditions
defined as the unique solution of

/ DVé, - Vw =0, YweW (4.2)
Q

such that ¢;,, = ¢;,, on T';,,.
Lemma 1 If 0 < ¢;,, <1, then ¢;, satisfies 0 <¢;,, <1 a.e.

Proof. The argument is classical; let us recall it for the reader’s convenience. Note that (¢, — 1)
and (¢;,)” belong to W. Choosing w = (¢;,)~ in (4.2), gives | V(&) ~||2 = 0. Hence (¢;,)~ =0 i.e.
Cin 2 0.

Now choosing w = (¢;,, — 1) in (4.2)) implies ||V (¢, —1)*]|2 = 0. Hence (¢;, — 1) =0, i.e. ¢, <1
a.e. in 2. Q.E.D.

Proposition 1 Let m > 0. We suppose that 0 < ¢/ < 1 a.e. in Q for all j < m, then 0 < ™! <1
a.e. in (2.
Proof. Letting w = (¢™™)~ in (4.1)), gives
SR = DIV E - g [ @y
Tout
(4.3)

. o m—+1 m—+1\— 047/0 j m—+1 -2 _ 1 m/ m+1\—
+ i) - D e 5 ey =

All terms on the left are obviously negative except ¥ (¢™*!)(c™™)~. Two cases: if ¢ > 1 then

¢ =0and ¢ (c)c” = 0; if ¢ < L then ¥ (c)c” = (¢c— ¢ = —(c7)? — $c%¢™ < 0. Hence
¥ (™) (™) < 0 always; thus 1} leads to [|(¢™) 7|2 = 0.

Define e™t! = ¢m*! — 1. It satisfies

-m+1 _ —=m
/;uw/pvem“-vw
Q Q

ot
+ % /Q[(umJrl Ve hw — (u - Vaw)e™
1 m+1 L (mtl Qg N~ sy m (4.4)
_§/Surm(u -n)w—l—/szow’c(c )w—i—/SFZCHStc w

Jj=0

1
+ —/ (W™ n) (@ 4+ 1w =0
Fout

9



Testing with w = (€™1)T, gives

1@ =5 [ @@y DIvE - 5 [ ey
o _ iy [~ —m
/920¢7C(Cm+1)(cm+1)++Fo/gzcjatcm-f—l(C +1)+ (4_5)

7=0
1
+ E/ (uerl . n)((5m+1)+ + 1)(Em+1)+ =0.
I—‘out

By the induction hypothesis " < 0; observe that u”*'-n < 0on S, u™*' -n > 0 on 'y, and
Y (™) > 0 because ¢! > 0. So we have that ||(¢")"]|§ = 0. Q.E.D.

Let us define T
=" = e W, VmGNﬂ[O,E].

Remark 1 As ¢ € [-1,1] and ¥ (c™) € [0, 1], therefore [¢) (c™)e™| < 1.

By construction, (4.1)), which defines Problem P, can be rewritten as

Problem (P™)
Find ¢™*! € W such that, for all w € W,

l / oLy, + 1 / [(um—H . v'c"m-i-l)w _ (um-i-l . Vw)am-&-l}

1
+D/ v5m+1-Vw+/¢m(cm+1)w+ 2/ (W™t )™ty (4.6)
Q S l_‘out
1 . - 1 1 ~
=73 / (™ Ve )w — (" V)] + / @ - 2/ (W™ n)Gpw
Q Q Fout

Now define the mapping A : W — W' by
1 1
Apowh =5, [ w5 [ 1@ Tppw = @ Tu)y
ot Jo 2 Jq
- 1
—|—D/ Vp-Vw+ / Om(p + Cin)w + —/ (u™*! - n)pw
Q S 2 Tout

Since W is closed in H'(Q2) and H'(2) is a Hilbert space, then so is W.

Lemma 2 A:W — W defined by (4.7) is Lipschitz continuous.

The proof is fairly straightforward but long, so it is postponed to Appendix A so as not to break
the thread of the proof of existence of (P*). From the definition of A by l) there is no essential
difficulty to arrive, via a sequence of inequalities, at

[(Ap1 — Apy, w)|

< (Cl + Collu™ M|y + Cs([lpalls + llpzlla) + Cadt Y ||07||1> o1 = pallillw]l1,

J=0

(4.8)

10



Lemma 3 Let py,pa,p € W. A: W — W' defined by (4.7) satisfies
(i) (Ap1 — Apa, pr — p2) >0 if p1 # po

(i) ~lim Jlp]l;*(Ap, p) = +oc.
llii—+o0

Proof. To show (i), we use (4.7)) with py, ps € W,

1
(Ap1 — Apa,w) = 5 / (p1 — p2)w
Q

1

+5 [0 Tr = p)yo = @)= ) +D [ V=) Vo (@49)

+ /S(¢m(p1 + Cin) — dm(p2 + Cin))w + ;/Fm (U™ n)(py — p2)w

and let w = p; — ps to obtain
(Apr — Apa, p1 — p2) =

1 9 2 1 m+1 2
/Q o= g+ D / Vo~ 4 / @)oo )

5 m
/S % ; Aot(p1 — pa)” + /S(ﬁc(pl +Cin) — ¥ o(p2 + Cin)) (p1 — p2)-

Recall that u™*! - n > 0 on I',,;. All the terms on the right are obviously positive, except the last
one. Without loss of generality, we assume that ps > p;; we know that 1, is strictly increasing.

That iS7 E,c(pQ + E@n) > E,c(pl +an) Hence (E,c(pQ + E@ﬂ) - w,c(pl + an))(pQ - 101) > 0. Hence

1
(Apr = Apz, pr = p2) > < llp1 — pallo + DIV (p1 — p2)l[5-
Finally (ii) can be proved by taking p; = 0 in (i). Q.E.D.
By Theorem [I] and Lemmas 2 [3| we have

Corollary 1 There exists a unique solution to Problem (}ij) and hence also to (P") defined by

(D).

5 Stability of the Time-discretized Problem P!"

Proposition 2 The following estimates hold for Problem (P™),

C

[E I3+ e —Emjg + Dot Ve g +5t/ (u™ - m) (@ h)?
1—‘out
< [[e™ 5 + C1dt + Codt[a™ ][5 + C30t||Vernllg (5.1)

11



Proof. By (4.6) with w = ¢™™! we have

1 1
SellE™ G + s lle =g + Dl vem 3 +—/ (u™*t - m)(E )
26t 0" o5 2 Jr
/z w (e HhEmtt / a_igzm:cjdtchrlEerl _ 1/ (U™ n)G, et (5.2)
S D ]:0 2 Fout
) KGR R I O R
2 Jq 2 Jq 20t

We estimate each term of the right hand side

- / i (MHHE < g / [0 (Y < oS,
S

-3 -3
aZO m—l—l"m—l—l O[ZO/V m~+1|1~>m+1 aZO/ aZOT
— Aot At c < — [ mit < S|.
/S (} ) (} ) R g 1Sl

1

_/ (um-i—l i n)@ngn+l < |1—\0ut‘% (/ ’ m+1’2) < C’HumHHQ
Fout Fout
D
_/(um+1 v~m+1 Cm /|um+1 ng-i—1| < H m+1‘|(2)_|_7||vfc~m+1”%
o 2D 2

) R D
[t et < [ Ve < s+ IV,
Q Q

Collecting all terms leads to

1 1 D 1
oL i R e R i R T
Tout (5.3)
< ﬁHEmH2 + O+ Collu™ [ + G| VeElfg
Multiplying both sides by 2t completes the proof. Q.E.D.
Summing (5.1]) from 0 to m, leasds to the following:
Corollary 2
1+ D 1@ =@+ Dot Y (IVETF+ Y 515/F (w* m)(@H)?
J=0 m3=0 J=0 out (5.4)
<G+ CT + Codt Y [0 § + CsT|| V5.
=0
Proposition 3
m Ej+1 _ gﬂ 2
ot Z 5 | is uniformly bounded. (5.5)
=1 w

12



Proof. By definition

cmtl _gm 1 cmtl _gm
= sup ,Wo ). (5.6)
ot w' woew |[woll1 ot
By ,Withw:ﬂEW,
[[wolly
cmtl _gm
‘ —  sup {—/DVE’”“~Vw
ot W weW,|uwl=1 0
1 _
o 5 / [(um-i-l . v’é‘m-ﬁ-l)w . (um+1 5 Vw)a'm—&-l] o iO / w7c(cm+1)w
Q S
aip & 1 (5.7)
0 j m—+1 m+1 m—+1
- | = Aot | e w——/ (W - n)c™ T w
/S D (; ) 2 Fout
1 - -
— = / [(u™ - Ve,)w — (u™ - Vw)cm]}.
2 Ja
We estimate all terms on the right hand side of ([5.7))
‘D/ VetV < DIVE || Vullo < DIE™y ]l = DY@, (5.8)
Q
/(uerl . Vw)E"”H S / ‘um+1 . Vw\ S Huerluo7 (5.9)
Q Q
_ /(uerl . VEerl)w — /(uerl . Vw)EmH _ / (um+1 . n)'c“erlw
Q Q o9 (5.10)
< JJu™ o + [u™ H laallwlloe < Cllu™ 4,
- [Budem iy < cispiul, = CIsi, (5.11)
S

—/ <Zc~75t> ™y < /T\w\ < CT|S|2||w|; = CT|S|z, (5.12)
s \''= s

—/F (™)™ < Jlu™ ., [wlin,., < Clla™Hlw]l = Clla™ ), (5.13)
out
/Q(“mH - Vw)éi, < /Q [ V] < Ju™loflwl]ly = [[ua™ o, (5.14)
_ / (W™ Ve w < Clu™ |, (see (5.10)). (5.15)
Q

Collecting (5.8))-(5.15) with (5.7, all multiplied by dt, gives

2
om+l _ gm

ot |l

By summing ((5.16)) from 0 to % and the boundedness given by Corollary , the proof is completed.
Q.E.D.

ot

< Cot(1 [l A o). (5.16)
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6 Passage to the Limit 6t — 0

Let us define

¢ [0,T] = HY(Q), cs(t) =7 ifte((j—1)6t,5dt], (6.1)

us : [0,7) — HY Q)Y us(t) =w’ ift € ((j—1)dt,jét], (6.2)

et [0,T] — HY(Q), enlt) = = U&_ Dot j‘sgt_ Lat itte (G- Dot g, (6.3)
_:[0,T) = HYQ), cs_(t) =7 ifte[(j—1)dt,jot), (6.4)

Cs_ :[0,T] = HYQ), C5_(t) = ZJ: Fst ift e [(j —1)dt, jot), (6.5)

k=1
for j =1,..., N. Note that cs, ¢, and cs_ are in L*(0,T; H'(2)) and L>°(Q2 x (0,T)). With these

notations, problem (P") reads

@)+ s+ Vs, ) — (s - V)

1

(6.6)
D(Vc(;,Vw) /’LO@/J 65 w + / —0505 w + 2/ (115 : n)c(gw = 0.
I‘lout

Lemma 4 Cs_ is in L*(0,T; H(Q)).

Proof.
T N 2
/ / 10,.Cs_ () Pddt < / / (&Z\&gic’“l) dvdt
rJo o Ja\ o

T N 2 T T N
= / / 5t? Z 0z | dadt < / 5t — Z 0., Pda
o Ja 1 0 ot k=1

N
= T2(5t2/ 0, 2dx < C
k=178

The last inequality is due to Corollary [2]

Lemma 5

les — enllz2omxe < \/ Z &+ — )2 (6.7)

Proof.
es(t) — en(t) = t;i&(cﬂ Y for (j — 1)6t < ¢ < jot,

oot 2 ot ; i—1|2
( les(t) — en(®)llodt = " — ¢ lo.

j—1)dt

The proof can be completed by taking summation from j =1 to 7'/dt.
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Corollary 3
cs—cp— 0 in L*((0,T) x Q) as 6t — 0. (6.8)

By the boundedness given by Proposition [1], [3] and Corollary [2| there are subsequences of ¢; and
cp, (still denoted by ¢s and ¢, ), respectively such that

cs — ¢ in L*(0,T; H'())) weakly, (6.9)
Ch = Ca in L2(0,T; H'(Q))) weakly, (6.10)
Ch = Cy in L>(Q2 x (0,7)) weakly, (6.11)

den — g in L2(0,T;W') weakly. (6.12)

By Corollary [3, we have ¢ = c,.
By a classical argument, see for instance [13], we have

g = O (6.13)

Let
y = {w e L2(0,T; HY (), daw € L2(0, T W’)} .

By the Aubin-Lions Lemma, Y is compactly embedded in L?(0,T; L4(Q)) with ¢ < 6 when d = 3
and ¢ < oo when d = 2. Therefore, we have in particular

ey — ¢ in L*((0,T) x Q) strongly. (6.14)
Using Corollary [3] again, we get

cs —c in L*((0,T) x Q) strongly. (6.15)
To see the convergence of the boundary term, we need the following lemma:

Lemma 6 Given ¢; defined by (6.1]), there exists a subsequence (still denoted by ¢s) satisfying
and the followings:

¥ (cs) = V() in L*0,T; H%(S)) weakly, (6.16)

¢ t
05/ cs(s)ds — c/ c(s)ds in L*(0,T; H%(S)) weakly. (6.17)
0 0

Proof. Let us prove that 1 .(cs) tends to v (c) weakly in L*(0,T; H'(2)). First, we know that
Y .(cs) is bounded in Q x [0,7] and we have

T T
/ / 0., (c5)|?dwdt < / / |0y, 52 dadt < oo.
0o Ja ’ o Jo

Therefore, ¥, converges weakly in L2(0,T; H'(2)). To identify its limit, let w € C([0,T] x Q).

Then ((6.17) implies that
T T
/ /%C(c(;)wda:dt%/ /E,ﬂ’dzdt
0 Ja 0o Ja
15



and (6.17) and imply that

T T
/ /8$ia7c(05)wdxdt—>/ /Qxiﬁc(c)wdxdt.
o Jo o Ja

This gives the desired convergence. By the continuity of the trace mapping

¢ — ¢lan

for the weak topology, we deduce that

¥ () = ¥ (c) weakly in L*(0,T; H3(S)).

t

For (6.17)), we define r(t,cs) = cs

S~

(6.18)

cs(s)ds in (0,7) x Q. To begin with, we observe that

t
/ cs(s)ds — / s)ds strongly in L?((0,7T) x €). This can be checked by the estimate:
0

(cs(s) — c(s))ds

d:cdt</ / /|c(; — c(s)|*dsdxdt
/ //|C5 — ¢(s)|*dxdsdt = / /|05 — c(s)*dxds

— 0 as ot — 0.

Let w € C([0,T] x ). Since c¢; strongly converges to ¢ in L2((0,T) x ), we have

T T
/ /r(t, c(;)wdxdt—>/ /r(t, c)wdzdt.
o Ja o Jo

We differentiate (¢, ¢5):

t t
Op,r(t, c5) = axic(;/ cs(s)ds + 05/ Oy, c5(s)ds.
0 0

We have the boundedness for the first term on the right hand side:

T 2 T
/ da:dtg/ /t|8xic(5|2dxdt
0 0 Ja
T
gT/ /laxi05\2dxdt<oo
0o Ja

¢

Using the fact that both 8,.cs — 9,.c weakly in L*((0,7") x 2) and / cs(s)ds —
0

in L?((0,T) x Q), we have

/ | o ( / )ds)wdxdt—> / / a( / )wdmdt.

s)ds

Ty

(6.19)

(6.20)

(6.21)

s)ds strongly

(6.22)



The second term is bounded as well:

T t 2 T t
/ / /8xi05(5)d3 da:dtg/ /t/ |0y, c5(s)|*dsdxdt
o JalJo o Ja Jo
Tt T T
:/ t/ /|8xic(5(s)|2dxdsdt §/ t/ /|8$ic(;(s)|2dxdsdt (6.23)
o Jo Ja o Jo Ja

1 T
= —T2/ / |0y, ¢5(s)|?dwdt < oo
2 Jo Ja
And we observe that

/ T / ( / | %Ca(s)ds) wdzdt
[ [ (ot [ ([ foustomsns)

because w(t) for fixed ¢ is continuous in Q. Now, we have c¢s — ¢ in L*((0,T) x Q) strongly and

t t
/ Op;C5(s)ds — / O, c(s)ds weakly in L*((0,7) x Q). This implies that
0 0

/OT/S;C(S </Ot 812.05(8)618) w(t)dzdt — /OT/QC (/Ot 3xi0(8)ds> wdzdt

t t
By (66.23]) and Lemmabelow, we have 05/ Oy,c5(s)ds — c/ Oz, c(s)ds weakly in L*((0,7T) x Q).
0

0
Collecting all the weak convergence results above, we conclude that r(¢, ¢s) — 7(t,c) in L*(0,T; H'(Q))
weakly. By the continuity of the trace for the weak topology, we have r(t,cs) — r(t,c) in
L2(0,T; H2(S)) weakly. Q.E.D.

Lemma 7 Let X be a Banach space, D a dense subset of X', x,,, n = 1,2, ... the bounded sequence
in X. If g(x,) — g(x) for all g € D, then x, — = weakly in X.

Proof. 1f x,, is a bounded sequence in X, it is an equicontinuous sequence as a sequence of functions
X' — R. And z, is pointwisely convergent on D by the hypothesis. Using Lemma ??, z, is
pointwisely convergent. Since x, is bounded in norm by the hypothesis, we conclude that z,, is
weakly convergent to x in X. Q.E.D.

Lemma 8 Cj_ defined in (6.5) satisfies

t
HC’(;_—/ cs(s)ds
0

Proof. For all ¢ € [(j — 1)dt, jot),

C(;_(t)—/t :ick L6t — chét— (t—(j —1)6t)

=0t — It —(j — 1)5t)

< C6t (6.24)
L2(0.73H1(2))

17



But for t € [(j — 1)dt, jot), we have 0 <t — (5 — 1)dt < 6t. Therefore

s (1) — /O ' es(s)ds

< ot|” + .
On the other hand,
8%(3’5 8 / Cg 8 05 / 896105 dS

= 0,0t — 0, (t — (j — 1)dt).

Hence, we have

0., (05_(15) - /0 t c(g(s)ds> ‘ < 510, ( + ).

Therefore,
t 2 T t 2
‘ Cs— — / cs(s)ds = / Cs—(t) — / cs(s)ds
0 L2(0,T;H1(Q)) 0 0 1
N jot
SZ/ (6% + )3
j=1 (j—1)o¢
N 76t
<2 Z/ > (102 + 1)
) N
< 2||[3(58)* +2(5t)* Y 5tl|/ |1}
j=1
< C(6t)?
Q.E.D.

Now, we are in a position to pass to the limit in (6.6). Take any w = v(z)A(¢), where v €
W N Wh*(Q) and A € W,>°(0,T). Then

- /0 (ch,v)X(t)dtJr% /0 (s - Vs, v) — (w5 - Vo, c3) | Adt

T T B T i

—|—/ D(V05,Vv)>\dt+/ /igi/} c(q)w\(t)dt—i—/ /—005Cg_v>\(t)dt
0 o Js o Js D
1 T

+ —/ / (us - n)csvA(t)dt = 0.
2Jo Jrouw

Since us; — u strongly in L*(Q x (0,7)) and Vcs — Ve weakly in L2(Q2 x (0,T)), the regularity of
v and A implies that

T
—/ (ch, )X (t)dt — — / ¢, ) /(6tc,v)W/7W)\dt, (6.25)
0

18



%/0 [(us - Ves,v) — (us - Vo, cs)|Adt — %/0 [(u-Ve,v) — (u- Vo, c)]\dt, (6.26)

T T
/ D(Ves, Ve)Adt — / D(Ve, Vo)Adt. (6.27)
0 0

Similarly, the weak convergence of ¢ ,(cs) to 1 .(c) in L*(0,T; H 2(9)) implies that

/0 ' /S iot (cs)vA(t)dt — /0 ' /S ¥ [(c)uA(t)dt, (6.28)

and the weak convergence of ¢;Cs_ to cfot cin L2(0,T; Hz(S)) implies that

/ /0505 vA(t dt—>/ / (/ ds) vA(t)dt. (6.29)

Finally, we consider the last term — / / n)csvA(t). The assumption on us are: us — u

Fout

weakly in L2(0,T; H'(2)4) and us — u strongly in L?(0,T; L*(Q)¢) (thanks to a sharper result
than (6.15)), LQ(Q) can be replaced by any space compactly embedded into H'(Q)?. Here we take
L*(Q)?, which is compatible with d = 3; the exponent has to be strictly less than 6). We use Green’s

formula: . . .
/ / (us - n)csvA = / / V - (uses)vA + / /(q;u(; - Vo)A (6.30)
0 1_‘out 0 Q 0 Q

for all A € L*(0,7T) and for all smooth v that vanish on 9 \ I',,;:. It is suffices to prove the
convergence of each term to the desired limit.
1) For all v € L*(Q) and for all A € L>(0,T):

T T
/ / V- (11505)1))\ = / / Us - VC(;U/\
0 Ja 0 Ja
T T
:/ /(u(g—u)-Vc(;v/\—k/ /u-Vc(;v)\
0 Jo 0 Jo

T
< ||116—11||L2(0,T;L4(Q))||V06||L2(Qx(o,T))||/\HL°°(0,T)||U||L4(Q)+/ /H-V65v/\-
0 Q

It is noted that uv € L*(0,T; L*(Q)?) and Ves — Ve weakly in L2(0,T; L?(2)?), we have

//V U5051})\—>//u ch)\—/ /V uc)v (6.31)

2) For all v € HY(Q), A € L™(Q)

T
//(05U5~Vv //05U5—u Vv)\+// u(cs —c) VcA—f—// (u- Vo)A
0o Ja

< [lus = ull 2 orir2 @ lles e @xon [ VOllol[All oo )

T
+ ||u||L2(O,T;L4(Q)d)||C5 - C||L2(07T;L4(Q)d)HV'UHQH)\HLOO(Q) + / / C(ll . VU))\
0 Q
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Therefore

/ (Ovc, V) g Adt + 1/ ((u-Ve,v) — (u- Vo, c))Adt

/ D(Ve, Vu)dt +/ /201/) c)udt +/ /—c (/ ds) vAdt (6.32)
+ 5/0 /Fm(u ‘mn)coAdt =0

for all A € W, °°(0,T) and for all v € WH>(Q). This gives the equations a.e. in (0,T).
To recover the initial condition, we take A € W1°(0,T), A\(T) = 0, A(0) # 0, and v € Wh>(Q).
We consider such that all terms are identical except the first:

/0 (Occp, v)Adt :/0 Oy(cp, v)Adt = —/0 (cn, V)X (t) = (2, 0)A(0). (6.33)

When passing to the limit, we obtain

/ (Ove, V) Ml = — /O (e, )N (1) — (&, )A(0)

/0 c;ifc )A+ (¢(0), 1)A(0) = (" v)A(0) (6.34)

' (O, )y wAdE 4 (c(0),v)A(0) — (2, ) M(0).

Therefore
(c(0),v) = (,v), YoeWnWwhH>(Q).

This implies that c¢(0) = ¢°.
We may conclude the above result by the theorem:

Theorem 2 There exists ¢ € L?(0,T; H'(Q)) with d,c € L*(0,T; W) such that

/T@c W)y wdt + 5 (/ / u-Ve)w — (u- V) ]dxdt)
+D/ /Vc dea:dt+/ /Zow c)wdt (6.35)
/ / </ ds) wdt + = / /Fm u - n)cwdt

for all w € L*(0,T;W). Moreover, ¢ satisfies the initial condition ¢(0) = ¢y and the boundary
condition ¢ = ¢;;, on I';,.

Corollary 4 Problem (P.) has a unique solution and because it satisfies 0 < ¢ < 1, it is also the
solution of (P).
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6.1 On the boundary condition (2.15)) which contains 0;c

To prove existence a similar strategy is taken: d;c is replaced by (™t — ¢™)/dt, existence is shown
and then convergence when 6t — 0.
The proof of existence of the time-discretized problem is exactly the same but with ¢ redefined as

- it 1 (& .
(™) = zow7c(cm+1) + 0410(50 + 5) (Z 07525) an

J=0

Convergence with 0t — 0 requires more regularity, which can be obtained from the PDE differenti-
ated in time.

7 Numerical Simulations

The rectangular domain of size 0.025 mm x 0.005 mm is the initial physical domain. The electro-
process is simulated up to time 7" = 5000.

7.1 Scalings

The simulation will be done with dimensionless variables. Let L, C and U be representative length,
concentration and velocity of the physical system. Then it is easy to see that the dimensionless
equation for ¢ is the same as the original equation but with D/(LU) instead of D, where D is the
physical molecular diffusion. Similarly because becomes

— % = %Oc, u= —ozC%Ocn,
the original form holds but with io/U redefined as iy and o C' redefined as a.
It is well known that the dimensionalized Navier-Stokes equation has the inverse Reynolds number
v/(UL) redefined as v, where v being the kinematic viscosity.
The parameters of nickel ion given in [7] are iy = io/(2F) with ig = 0.001 A - mm™2, the number
of electrons involves in the reaction z = 2 and the Faraday constant F' = 96487 s - A - mol ™!,
C =3x 107" mol - mm=3. N
For electrodeless plating we may take U = 1 mm - s~%, L = 0.005 mm, D = 1 x 107* mm? - s71,
a = 6590 mm?3 - mol™!, and 7 = 1.2 mm? - s7L.
So in the end the numerical tests are done on a rescaled domain 2 = (0,5) x (0,1) with

a = 0.002085, i, =0.017273, D =0.02, v = 240,

7.2 Numerical algorithm

The finite element method is used for spacial discretization. We use the P! element for Problem
(P™) which defines ¢™. So let W), denotes the space of piecewise affine continuous functions over

a triangulation of 2 which are zero on I';,. Then one must solve the finite dimensional nonlinear
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Problem (P}") defined to be (P") with W), instead of W in (4.1). Denote by {c}"},,>1 the solution.
Find ¢"*! € O, satisfying

gt — e 1
/ h_ hoyde + 3 / (0 Ve g, — (W) V) da
Q Q

ot
1
+ D/ Vet Vuydr + / G () wp, + 5/ (u - n) ey, =0,
Q S Fout

for all wy, € C},.
For the Navier-Stokes equation we use the P?/P! Taylor-Hood element [14] and we denote by ul",
py' the finite element solution and by V},, @, the corresponding finite element space. The variational

formulation is: Find u}"™" € V;, and p]"™' € P, satisfying

m+1l _ om
[ v [l vy [ Vus vy,

(7.2)
- / (PrV - v+ @V - up, + eprgn) = 0, UZHl = U, o0 Ly,
Q
for all v, € V}, and ¢, € Pp; € is a small regularization parameter.
The coupled system (7.1))-(7.2) is solved iteratively. We replace ¢;**! by ¢* in (7.1]) and solve (7.2).

We denote the solution by u*. Then we replace u;”“ by u* in order to get the new c¢*, until

Hu;ew - uzldHO + HC;ew - CZldHO is SUfﬁCiently small.
To validate the method we need to compare with the original free boundary problem. It is solved
with a similar iterative fixed point like process but the mesh needs to be rebuilt when the free

boundary is updated. It is done by a scaling on y-coordinate at each time step t/: y (1—ai0025t)y.

Data: uj’, py, ¢, and y

1 Set initial data ug, co;

2 for m do

3 =

4 | while ||u},, — wyllo + || — Callo = tolerance do
5 Solve to get ¢ .

6 Solve to get u*,_, and p¥_,;

7 end

s | T =

o | uyt=ur,,;

10 For the free boundary case change the mesh by y < (1 — aioc]" ™ 5t)y;
11 end

7.3 Numerical results at low Reynolds number

The initial and inflow values are

r,. exp(—DN%t), w, = ug|r,

in "

co =cos(A\y), wo=y(l—y); cmn=co

A uniform triangular mesh 150 x 30 for the initial domain.
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0t L? error ot H' error ot L? error ot H' error

0.16 | 1.01723 x 10=° || 0.16 | 1.03365 x 107° || 0.16 | 1.01722 x 107° || 0.16 | 1.03365 x 107>
0.08 | 4.74704 x 107% || 0.08 | 4.82368 x 107°¢ || 0.08 | 4.74701 x 1075 || 0.08 | 4.82367 x 10~°
0.04 | 2.03444 x 107° || 0.04 | 2.06729 x 107° || 0.04 | 2.03443 x 1075 || 0.04 | 2.06729 x 10~°
0.02 | 6.78147 x 10~7 || 0.02 | 6.89107 x 10~" || 0.02 | 6.78142 x 10~ 7 || 0.02 | 6.89103 x 10~

Table 1: Convergence when §t — 0: L? and H' relative error at 7" = 100 for the scheme with the
nonlinear transpiration approximation and v = 240 (left columns) and v = 0.01 (right columns). A
uniform triangular mesh 150 x 30 is used.; ¢5—0.01 is used as reference solution.

We compare the results obtained using a time dependent domain (Figure with the results using
a fixed domain and the linear condition (2.5)) (see Figure[3b]) and finally with the nonlinear condition
([2.10) (see Figure [3d).

On Figure {4 the free boundary and the reconstructed free boundaries are displayed using n given
by .

The convergence with respect to time step size is shown on Table [I, computed at an intermediate
time 7' = 100. Since no exact solution is available, the numerical solution with time step 0t = 0.01
is taken as the reference solution. The numerical results in Table [1| show a first order convergence
in L? error conformed with the estimates given in Appendix B (see Figure [5]). The weak first order
convergence of H! error is also proved in Appendix B. However the numerical results show strong
first order H' convergence for this test problem (see Figure @

7.4 Numerical results at larger Reynolds number

In the previous example, where the values of the parameters correspond to the physical design of
[6], we could have neglected the inertial terms and work with the Stokes approximation. In order
to validate the algorithm at higher Reynolds number, which may be the case for other plating
problems, we keep all parameters given in the end of Section 7.1 but change the Reynolds number
to the inverse of v = 0.01. The same experiments are conducted as in Section 7.3. The numerical
results obtained for the low Reynolds number and the larger Reynolds number are very similar; no
visible changes can be seen (see the right side of Figure 4| ) so we do not display the plots of Figure
for the high Reynolds number case.

7.5 Influence of the term 0;c in ([2.15))

For the geometry considered in these numerical test no visible difference could be observed between

E10) and (215) .

8 Conclusion

We have proposed a simplified model which approximates the Electroless process of [6] by replacing
the time dependent domain occupied by the reacting chemical by a fixed domain using a tran-

spiration approximation. We have validated the approximation numerically with a finite element
method in space and a fully implicit in time approximation. We have constructed an existence
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IsoValue

W0.42591
W0.444123
M0.462336
y W0.48055
W0.498763

W0.53519

M0.553404
M0.571617
M0.589831
H0.608044
M0.626258
M0.644471
M0.662684
W0.680898
W0.726432

(a) Intensity map of ¢ computed with a free boundary on a moving mesh.

IsoValue

W0.429716
W0.447684
M0.465651
y W0.483619
W0.501587

M0.537523
M0.555491
W0.573459
W0.591427
M0.609395
M0.627363
H0.64533

M0.663298
M0.681266
W0.726186

(b) Intensity map of ¢ computed by the linear transpiration approximation.

IsoValue

W0.418614
W0.437298
W0.455982
y W0.474666
W0.49335

W0.530719
M0.549403
M0.568087
M0.586771
M0.605455
M0.624139
M0.642824
M0.661508
M0.680192
W0.726902

(c) Intensity map of ¢ computed by nonlinear transpiration approximation.

Figure 3: The solution profiles of numerical experiments with v = 240.
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0.94 T T T T 0.94

0.92 0.92

0.90 0.90

—— Moving mesh
Linear
- - - Nonlinear

—— Moving mesh
Linear
- - - Nonlinear

0.88 0.88

0.86 . . . . 0.86

Figure 4: S(T') calculated by 3 experiments at 7" = 5000. The red curve is the height of S(T)
computed by moving mesh. The blue curve is computed by the displacement 7(7") with linear
condition. The green dash curve is computed by the displacement 7(7") with nonlinear condition.
If the curve of moving mesh is regarded as the reference solution, it is easy to see that the nonlinear

approximation does better than the linear approximation. Left figure corresponds to with v = 240
and Right figure to v = 0.01.

T T
1E-5 4 i 1E-5 4 i
O L2error O H'error
R.0.C = 1.29431 R.0.C =1.2943
5 5
& @
- T
1E-6 - E 1E-6 - E
o o
T T
0.1 0.01 0.1 0.01
ot ot

Figure 5: L? relative error versus 0t at T' = Figure 6: H! relative error versus ot at 7' =
100 100.
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proof by using variational convex analysis or fixed point arguments. The proof is technical and long
because the nonlinearity is on the boundary condition and because it required a convexification of
the energy potential and the maximum principle. However it was worth the effort because it gives
a stable ground for the numerical studies and it may be useful for other similar problems. We plan
to extend this study to two phase flows to take into account the formation of bubbles.
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A  Proof of Lemma 2.

Let py, po € W. Formula (4.7) gives

1
(Ap1 — Apy,w) = 5 /(Pl — p2)wdz
Q
1

w5 16 V(o = g = (@ V) = pollde + D [ V(o1 po)- Vwds (A1)
+ [ @ulor ) = bnlpat w5 [ @ w) = g

We estimate each term on the right hand side of (A.1)):

1 1 1
5 [0 = pwde < o =l < 5l = pellol, (A2)
/ (@™ V(o — pa)wda < 0™ eIV (01 — po)llollewl ooy
Q (A.3)
< Clu™ llos — palillewlh
/(um+1 - Vw)(p1 — pa)dz < |0 | oy [Vwllollpr — p2ll2a@)
Q (A4)
< Clu™ llor — palllewlh
/Q V(o1 — pa) - Vawdz < [ V(o1 — po)lloVewllo < llor — palille]s (A5)

Let 21,29 € R. If 21 + ¢y, and @9 + ¢, > i, then [¢ (21 +Cip) =0 (T2 +Cin)| = 0. If 21+ Gy < o
’ ’ Q

~ 1
and xo + ¢;, > —, then
2c0

[0 (21 + Cin) = 0 o(2 + Cin)| < [0 o1+ Cn) |21 — ]
< 1= afzr + )|z — 22| < (14 o+ ala|)|z — 2.

If 21 + ¢y, and 9 + G < ==, then

= 2a°

— ~ — ~ -~ (0% ~ ~ (6 ~
|1/J7C(1’1 + Cm) — ¢7C($2 + Cm)| = |ZL’1 + Cin — §<I1 + Cm)2 — (1‘2 + Cm) —+ E(xQ + Cm)2’
(0% ~ (0 ~
= |$1—I2—§( 1—|—Cm>2+§($2—|—0m)2|

«Q -
= |.T1 — X9 — 5(%’1 + .fUQ)(Z'l — I‘Q) — OéCin<LU1 — .§L’2>|
«Q «Q
<(14+a+ §|x1\ + §|x21)1x1 — Zol.
Now we can conclude that

_ _ _ _ a «
/(%;(Pl + Cin) — ¥ (P2 + Cin) )w < /(1 +a+ 5’01\ + §|Pz\)|/)1 — paf|w]
s s

Q A6
< (1 +a)llpr = pallslhells + S lorllses) + loallzss)lion = ool ol 49

< Cillp1 — p2llillwlly + Collprllr + [l p2ll)llo1 — p2llillw]]:.

27



Now,

/SZCJ&((M + Cin) — (P2 + Cin) )W

7=0

/Z&mn@w«&/wa1WW|

<5tZ||C‘7||L3(S o1 = p2llL3sy|wllLss <C575§:||07|| o1 = pall1llwllx

j=0 7=0

And finally,

/ W””M%—mmé/ w™ - nllpy — pol
Fout

Fout

< ™ Hea@aunller = ol [l o < Cla™ o = p2llllwll

Combining (A.2))-(A.8), we have

[(Ap1 — Apz, w)|

< (01 + Colla™ 1+ Cs(llpalla + llpall) + Cadt Y ||Cj||1> o1 = pall1flwlls

j=0

This completes the proof. Q.E.D.

B Error Estimates

In this section, we further assume that

T
(A1) / 10uc||? ;dt < M, for some constant M; and
0

(A2) sup |9l g1y < M2 for some constant Ma.
te[0,7

For convenience, we define

B(u,v) := (1 + %u) iov,

2
b(u,v,w) ::/ (1 + %u) ipvw,
G(u,v,w) := /—uvw

The difference equation for the exact solution of ¢ defined by (2.3]) can be expressed as:

C(tm+1) —c
ot

(") +u™tt . Ve(t™ ) — DAc(t™ ) = R™,
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where
tm+1

1
R =L / (£ — ™) Ope(t)dt (BA)
Defining €/ = ¢(t/) — ¢/, the error equation can be expressed by

m+1 _ em

ot

subject to the boundary condition

€ + um+1 . vem-i-l . DA€m+1 — Rm (B5)

aEerl

on

Demt1 e T (B.6)
D 5 + B(/ c(s)ds, c(t™h)) — B(Z c;0t,c™ ™) =0 on S.
0

n -
j=0

= 0 on Fm,

=0 on 1—‘wall U Foui&

The symmetrized weak formulation to (B.3)) is

/Qc(tm+ )&_ c(tm)w+D/ch(tm+1) Y

+ % /g;[(umﬁl . VC(thrl))w — (umH . Vw)c(thrl)]dx + / (um+1 ) n)Cerlw (B7)

m-+1 g m )
+/S<1_ozc2 +%Zd> iocmﬂw:/ﬂmedx
7=0

Subtracting by (4.1]), we have

Em—i-l —m
/ — wdx + D/ Vet Vwdz
Q ot Q

1
+ 5 / [(um—I—l . Vem+1)w . (um—i-l . Vw)€m+1]dx + / (um+1 . n>€m+1w
Q

l_‘out

Fout

¢+l (B.8)

_ /S %i()(c(tm—i—l) + Cm+1)€m+1w + b(/o c(s)ds, C(tm+1), w)

—b(z Ao, ¢ w) = / R™wdx
§=0 @

Before investigating the error estimate, some auxiliary results are needed. We collect them in the
Remark below:

Remark 2 We have

tm+1

B(/ c(s)ds, c(t™)) Zc’dt )
0

<1+%ch&) et 0
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tm+l

/ ds—ZchSt
0

tm—l—l




Defining

tm+1 m
g = / c(s)ds — Z ot (B.10)
0 =
we have .
= eit+gm, (B.11)
=0

where ¢™ = Z@tc(ej)5t2 for some 67 € (#/,¢/*1). By (B.9), (B.10)), (B.11]) and letting w = ¢™*!
=0

]7
in (B.§)), we have

1 1 LR
aH.Em—&-lHQ _ E /Q ¢ HLem o + D”vem—H”? + b(z cjdt7€m+176m+1)
j=0
+ G(C(thrl), Z Ej(st, 6erl) + G(C(tm+1), o, 6m+1> +/ (um+1 . n>(€m+1>2 (B.12)
j:() I—‘out
- / L0 ety 4 Y () = / R™wdz
s 2 0
Multiplying the both sides by 6t, we get
™M |* + Dot|Vem 2 + 5tb(> ot et et
=0
+ G (c(t™), Y ot €m ) + 5t G(e(t™ ), ¢, €™ + 6t / (u™tt . n)(emty? (B3
j:0 Fout
- 515/ %(c(tmﬂ) + Mt (emth)? = 5t/ R™wdx + / €™ emdy
s 2 Q Q
Q.E.D.
Theorem 3 There is a generic constant C' such that
m+1 T
le™ ™| < Cot V()Smg&—l (B.14)
and T
€™, < Cotz VO<m< =L (B.15)

Proof. By a recurrence argument, we are going to show that if the statements (B.14]) and (B.15))
hold simultaneously for all €/ and for all j < m, then they hold as well for ¢€™*!. Notice that it is
true when m = 0.
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Defining Gy = |G(c(t™+1), 3710 €0t €™ )| and Gy = |G (c(t™), ¢, €™*1)], we have the estimates:
< %Z/s |c(t™ ) el M6t
i
W [ < 5 (St ) e 16

(Z Heﬂulét) le™ [y < C(m + 1)8tz ||y < O™+ bt2.
=0
Using (A2), we have

'3 3
Ga< % [fetemygnen sy < 5 [ Jgmenn

-3 (B.17)
ol m m " . .
< =2j¢™|Islle™ s < Clle™ (1 ll€™ |2 < Cot2]|e™ s
By (A1), we have
ot /Rm6m+1dac
Q
< Dstllem 2 + cor | 72
~ 4 ! HY(Q)'
D tm+1 2
= Dl ot [ @ -t
- oy (B.18)
gl gm+1

< Dl + co [

t'm

el et [ (6= e

tm
tm+1

™ 4 O / B2 gt

tm

| /\

=
4

D
ZllemH3 + Co

IA

ZCJ& Em+1 m+1) /0“0( (tm+1)+cm+1)(€m+1)2

/S (1 + aig Z dét) (emth) az‘o(em“)2 (B.19)

S

> /S ((1 —oé)+F ‘ c75t> io(e™ )2 > 0.

J=0
m+1_m 1 m||2
" emdr < —||€"|]F +
Q 2
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Combining (B.13)), (B.16])-(B.20)), and since the boundary term of I',,; in (B.13) is nonnegative, we
have

1 1 3
5~ Dot emHL|12 4 ~ Dot "2 < O™t 6t + COt2. B.21
2 1

This implies (B.15]). Now using ) and - we get ([B.14] - Q.E.D.

T
Theorem 4 (Improved estimate) For 0 < m < 5 1, we have

oty et} < oot (B.22)

j=0

Proof. Putting w = 2¢™*! in (B.13) and using the estimates in Theorem [3 we have

lem 2 + 2061V < 266C [l (Z HHHl“)

7=0 (B.23)
D t'm+l
+20,,683 || ™|, + Zétne’”“nf + 035t2/ 10eccl s oyt + [l€™ 12
tm
Note that
™ H|* + 2Dot|e™ 1 = (1 — 2Dat)||e™|* + 2Dt || ™ 1.
Taking the sum of (B.23]) from 0 to m and using (A1), we have
(1— —DcSt )€™ FH|? + ZD&H 2 < 2252501 [Easf (Z I1€¥|1 &)
(B.24)
—|— Z 2025t3||€j+1||1 —|— 035t2.
=0
The first term on the right hand side of (B.24]) can be estimated by
m k
>~ ancle 1 (3 1e1)
=0 k=0
<3 Do oo 303 1 (B.25)
i 4 =0 k=0

D no
< ot + csty Il

=0
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Similarly, the second term can be estimated by

m m 1 V
E : 3| ,m+1 E : 3 m+1||2 -

- 2026t HE Hl S p 200t (21/“6 H1 + 5 |Q‘)
]: =

< vCT|Q|6t* + %&2 > et

J=0

D_ <~ D
< Cot? + Zétz €2 + Zatnemﬂuf
j=0

for every v > 0.

Finally, employing (B.24))-(B.26)), we have

11 5o I
(1 - ZD&) €™ 1)1 + ZD&Z I3 < Ci6t* + Cast > ||€7]5.

7=0 7=0

By induction on m, we can easily show that

5 =\
ZD&Z |12 < Cot2.

J=0

Q.E.D.
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