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Quantization-based Bermudan option pricing in the
FX world
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November 13, 2019

Abstract

This paper proposes two numerical solution based on Product Optimal Quan-
tization for the pricing of Foreign Echange (FX) linked long term Bermudan
options e.g. Bermudan Power Reverse Dual Currency options, where we take
into account stochastic domestic and foreign interest rates on top of stochastic
FX rate, hence we consider a 3-factor model. For these two numerical methods,
we give an estimation of the L2-error induced by such approximations and we
illustrate them with market-based examples that highlight the speed of such
methods.

Keywords— Foreign Exchange rates; Bermudan Options; Numerical method; Power Reverse Dual
Currency; Product Optimal Quantization.

Introduction

Persistent low levels of interest rates in Japan in the latter decades of the 20th century were one
of the core sources that led to the creation of structured financial products responding to the
need of investors for coupons higher than the low yen-based ones. This started with relatively
simple dual currency notes in the 80s where coupons were linked to foreign (i.e. non yen-based)
currencies enabling payments of coupons significantly higher. As time (and issuers’ competition)
went by, such structured notes were iteratively “enhanced” to reverse dual currency, power reverse
dual currency (PRDC), cancellable power reverse dual currency etc., each version adding further
features such as limits, early repayment options, etc. Finally, in the early 2000s, the denomination
xPRD took root to describe those structured notes typically long-dated (over 30y initial term)
and based on multiple currencies (see [Wys17]). The total notional invested in such notes is likely
to be in the hundreds of billions of USD. The valuation of such investments obviously requires
the modeling of the main components driving the key risks, namely the interest rates of each
pair of currencies involved as well as the corresponding exchange rates. In its simplest and most
popular version, that means 3 sources of risk: domestic and foreign rates and the exchange rate.
The 3-factor model discussed herein is an answer to that problem.

Gradually, as the note’s features became more and more complex, further refinements to the
modeling were needed, for instance requiring the inclusion of the volatility smile, the dependence

*The Independent Calculation Agent, ICA, 112 Avenue Kleber, 75116 Paris, France.
TSorbonne Université, Laboratoire de Probabilités, Statistique et Modélisation, LPSM, Campus Pierre et Marie
Curie, case 158, 4 place Jussieu, F-75252 Paris Cedex 5, France.



of implied volatilities on both the expiry and the strikeﬂ of the option, prevalent in the FX
options market. Such more complete modeling should ideally consist in successive refinements
of the initial modeling enabling consistency across the various flavors of xPRDs at stake.

The model discussed herein was one of the answers popular amongst practitioners for multiple
reasons: it was accounting for the main risks — interest rates in the currencies involved and
exchange rates — in a relatively simple manner and the numerical implementations proposed at
that time were based on simple extensions of well-known single dimensional techniques such as
3 dimensional trinomial trees, PDE based method (see [Pit05]) or on Monte Carlo simulations.

Despite the qualities of these methods, the calculation time could be rather slow, especially
when factoring in the cost for hedging (that is, measuring the sensitivities to all the input param-
eters) and even more post 2008, where the computation of risk measures and their sensitivities
to market values became a central challenge for the financial markets participants. Indeed, even
though these products were issued towards the end of the 20th century, they are still present
in the banks’s books and need to be considered when evaluating counterparty risk computa-
tions such as Credit Valuation Adjustment (CVA), Debt Valuation Adjustment (DVA), Funding
Valuation Adjustment (FVA), Capital Valuation Adjustment (KVA), ..., in short xVA’s (see
IBMP13| [CBB14, [Grel5] for more details on the subject). Hence, a fast and accurate numerical
method is important for being able to produce the correct values in a timely manner. The present
paper aims at providing an elegant and efficient answer to that problem of numerical efficiency
based on Optimal Quantization.

Let P(t,T) be the value at time ¢ of one unit of the currency delivered (that is, paid) at
time T, also known as a zero coupon price or discount factor. A few iterations were needed by
researchers and practitioners before the seminal family of Heath-Jarrow-Morton models came
about. The general Heath-Jarrow-Morton (HJM) family of yield curve models can be expressed
as follows -although originally expressed by its authors in terms of rates dynamics, the two are
equivalent, see [HJM92], in a n-factor setting, we have for the curve P(¢,T) that

dP(t,T) -

—— L = pdt (¢, T, P(t,T))dW}; 0.1

P(t’T) rt +;O—Z(’ Y (’ )) t ( )
where 7; is the instantaneous rate at time t (therefore a random variable), W% i = 1,--- ,n are

n correlated Brownian motions and o; (t, T, P(t, T)) are volatility functions in the most general
settings (with the obvious constraint that o;(T,T,P(T,T)) = 0). Indeed, the general HIM
framework allows for the volatility functions o; (t, T, P(t, T)) to also depend on the yield curve’s
(random) levels up to ¢ — actually through forward rates — and therefore be random too. However,
it has been demonstrated in [EKMV92] that, to keep a tractable version (i.e. a finite number of
state variables), the volatility functions must be of a specific form, namely, of the mean-reverting
type (where the mean reversion can also depend on time). We use this way of expressing the
model as a mean to recall that such model is essentially the usual and well-known Black Scholes
model applied to all and any zero-coupon prices, with various enhancements regarding number of
factors and volatility functions, to keep the calculations tractable. For further details and theory,
one can refer to some of the following articles [EKFG96, [EKMV92, [HIM92, [BS73]. Of course,
such a framework can be applied to any yield curve. In its simplest form (i.e. flat volatility and
one-factor), we have under the risk-neutral measure

dP(t,T)

P(t,T)

where W is a standard Brownian motion under the risk-neutral probability. In that case, o is the
flat volatility, which means the volatility of (zero-coupon) interest rates. That is often referred

= rdt + O'(T — t)th (02)

In the case of the FX, the implied volatility is expressed in function of the delta.



to as a Hull-White model without mean reversion (see [HW93|) or a continuous-time version of
the Ho-Lee model. In the rest of the paper, we work with the model presented in for the
diffusion of the zero coupon although the extension to non-flat volatilities is easily feasible.
About the Foreign Exchange (FX) rate, we denote by S; the value at time ¢t > 0 of one unit
of foreign currency in the domestic one. The diffusion is that of a standard Black-Scholes model

with the following diffusion
as
& = (rf = rl)dt + o5dWP (0.3)
t
where r{ is the instantaneous rate of the domestic currency at time ¢, rtf is the instantaneous
rate of the foreign currency at time ¢, og is the volatility of the FX rate and W? is a standard

Brownian motion under the risk-neutral probability.

Let us briefly recall the principle of the adopted numerical method, Optimal quantization.
Optimal Quantization is a numerical method whose aim is to approximate optimally, for a given
norm, a continuous random signal by a discrete one with a given cardinality at most N. [She97]
was the first to work on it for the uniform distribution on unit hypercubes. Since then, it has been
extended to more general distributions with applications to Signal transmission in the 50’s at the
Bell Laboratory (see [GG82]). Formally, let Z be an R%valued random vector with distribution
P, defined on a probability space (©2,.A,P) such that Z € L?(P). We search for 'y, a finite
subset of R? defined by T'y := {z{,..., 2} = R solution to the following problem

min |z - 27|,
I'ycRYTN|<N

where ZV denotes the nearest neighbour projection of Z onto I'y. This problem can be extended
to the LP-optimal quantization by replacing the L?-norm by the LP-norm but this not in the scope
of this paper. In our case, we mostly consider quadratic one-dimensional optimal quantization,
i.ed = 1and p = 2. The existence of an optimal quantizer at level N goes back to [CAGMO97] (see
also [Pag98, IGL0O0] for further developments). In the one-dimensional case, if the distribution
of Z is absolutely continuous with a log-concave density, then there exists a unique optimal
quantizer at level N, see [Kie83]. We scale to the higher dimension using Optimal Product
Quantization which deal with multi-dimensional quantizers built by considering the cartesian
product of one-dimensional optimal quantizers.

Considering again Z = (Z%)y—1.q, a R%valued random vector. First, we look separately at
each component Z¢ independently by building a one-dimensional optimal quantization Z¢ of size
N, with quantizer Fév" = {Zfe,ig e {1, - ,Ng}} and then, by applying the cartesian product
between the one-dimensional optimal quantizers, we build the product quantizer TV = H?:I Féw
with cardinality N = N! x ... x N4 by

TN = {(z}, 2, 2h), dee{l,  Ng}, Lefl,---,d}}. (0.4)

Then, in the 90s, [Pag98| developed quantization-based cubature formulas for numerical
integration purposes and expectation approximations. Indeed, let f be a continuous function
f:RY — R such that f(Z) e L'(IP), we can define the following quantization-based cubature
formula using the discrete property of the quantizer zN

N
E[f(ZY)] = Y pif(2N)
=1

where p; = IP(EN = zN). Then, one could want to approximate I [f(Z)] by E [f(éN)] when
the first expression cannot be computed easily. For example, this case is exactly the problem



one encounters when trying to price European Options. We know the rate of convergence of the
weak error induced by this cubature formula, i.e 3o € (0,2], depending on the regularity of f
such that R

Jim NE[f(2)] - B [f(ZM)]| < Crx < +o0. (0.5)
For more results on the rate of convergence, the value of a, we refer to [Pagl§| for a survey in
R? and to [LMP19)] for recent improved results in the one-dimensional case.

Later on, in a series of papers, among them [BP03, [BPP05| extended this method to the
computation of conditional expectations allowing to deal with nonlinear problems in finance
and, more precisely, to the pricing and hedging of American/Bermudan options, which is the
part we are interested in. These problems are of the form

sup E [ e 50 7 i (5]

where (e~ fo* rids Ui (St)) k=
ping time.

0. n is the obstacle function and 7: Q — {to,t1,...,tn} is a stop-

In this paper, we will present two numerical solutions, motivated by the works described
above, to the problem of the evaluation of Bermudan option on Foreign Exchange rate with
stochastic interest rates. The paper is organised as follows. First, in Section [I} we introduce
the diffusion models for the zero coupon curves and the foreign exchange rate we work with. In
Section [2] we describe in details the financial product we want to evaluate: Bermudan option
on foreign exchange rate. In this Section, we express the Backward Dynamical Programming
Principle and study the regularity of the obstacle process and the value function. Then, in Section
Bl we propose two numerical solutions for pricing the financial product defined above based on
Product Quantization and we study the L?-error induced by these numerical approximations.
In Section 4, several examples are presented in order to compare the two methods presented
in Section First, we begin with plain European option, this test is carried out in order to
benchmark the methods because a closed form formula is known for the price of a European
Call/Put in the 3-factor model. Then, we compare the two methods in the case of a Bermudan
option with several exercise dates. Finally, in Annex [A] we make some change of numeéraire and
in Annex [B] we give the closed-form formula for the price of an European Call, in the 3-factor
model, used in Section [f] as a benchmark.

1 Diffusion Models

Interest Rate Model. We shall denote by P(t,7) the value at time ¢ of one unit of the
currency delivered (that is, paid) at time 7', also known as a zero coupon price or discount
factor. When ¢ is today, this function can usually be derived from the market price of standard
products, such as bonds and interest rate swaps in the market, along with an interpolation
scheme (for the dates different than the maturities of the market rates used). In a simple
single-curve framework, the derivation of the initial curve, that is, the zero coupons P(0,T)
for T" > 0 is rather simple, through relatively standard methods of curve stripping. In more
enhanced frameworks accounting for multiple yield curves such as having different for curves for
discounting and forward rates, those methods are somewhat more demanding but still relatively
straightforward. We focus herein on the simple single-curve framework.

In our case we are working with financial products on Foreign Exchange (F X)) rates between
the domestic and the foreign currency, hence we will be working with zero coupons in the domestic
currency denoted by P4(t,T) and zero coupons in the foreign currency denoted by P/ (¢, T). The



diffusion of the domestic zero-coupon curve under the domestic risk-neutral probability IP is given
by
dP(t,T) _

d

where W¢ is a P-Brownian Motion, rl‘f is the domestic instantaneous rate at time ¢ and oy is the
volatility for the domestic zero coupon curve. For the foreign zero-coupon curve, the diffusion is
given, under the foreign neutral probability IP, by

dPf(t,T)

— _naw!
PI(t.T) =rjdt +op(T —t)dW;

where W/ is a P-Brownian Motion, r{ is the foreign instantaneous rate at time ¢ and o is the

volatility for the foreign zero coupon curve. The two probabilities P and P are supposed to be
equivalent, i.e P ~ PP and it exists pqr defined as limit of the quadratic variation (we, w/ o=
pdrt.

Remarks. Such a framework to model random yield curves has been quite popular with practi-
tioners due to its elegance, simplicity and intuitive understanding of rates dynamics through time
yet providing a comprehensive and consistent modelling of an entire yield curve through time.
Indeed, it is mathematically and numerically easily tractable. It carries no path dependency and
allows the handling of multiple curves for a given currency as well as multiple currencies — and
their exchange rates — as well as equities (when one wishes to account for random interest rates).
It allows negative rates and can be refined by adding factors (Brownian motions).

However, it cannot easily cope with smile or non-normally distributed shocks or with internal
curve "oddities” or specifics such as different volatilities for different swap tenors within the same
curve dynamics. Nonetheless, our aim being to propose a model and a numerical method which
make possible to produce risk computations (such as xVA’s) in an efficient way, these properties
are of little importance. That said, when it comes to deal with accounting for random rates in
long-dated derivatives valuations, its benefits far outweigh its limitations and its use for such
applications is popular, see [NP14] for the pricing of swaptions, [Pit05] for PRDCs...

Foreign Exchange Model. The diffusion of the foreign exchange (F'X) rate defined under
the domestic risk-neutral probability is

2t = (7 —r])dt + o5dW

with W a P-Brownian Motion under the domestic risk-neutral probability such that their exist
psd and pgy defined as limit of the quadratic variation (WS, Wy = pgat and (WS, Wf>t = psft,
respectively.

Finally, the processes, expressed in the domestic risk-neutral probability IP, are

dP(t,T) J
BTy it + og(T — t)dW,

ds,

?: = (! —rDYdt + ogdW? (1.1)
dpPf(t,T) s s



where W/, defined by awy{ = dWJ + psrosds, is a P-Brownian motion, as shown in Appendix
[A] Using It0’s formula, we can explicitly express the processes

Pt, T) = P0,T) exp (E <r§l — G?I(T2_S)2>d5 + 04 Lt(T — s)dwj>

t 2
{ St:SQeXp<J <r§—r£—023>ds+aswts>
0

t
P/ (t, T) = P/(0,T) exp (f <r§ — psyosa (T —s) —
0

‘

2

U]%(T_S)2>ds + oy f:(T — s)dwsf>

From these equations, we deduce exp ( — S(t) r?ds) and exp < — Sé réc ds>, by taking T' = t and
using that P?(t,t) = P/(t,t) = 1, it follows that

exp ( — Lt r;lds) = @q4(t) exp (ad Lt(t — s)dWSd)
exp <— Lt rg‘ds) — () exp (af f:(t - s>dwg”>,

where
o — )2
©q(t) = P4(0,t) exp < — aﬁfo (¢ 5 ) ds> (1.2)
and ) g2(t - 3)2
(pf(t) = Pf((),t) exp ( — JO (pSstaf(t —s)+ f2>d8>. (1.3)

These expressions for the domestic and the foreign discount factors will be useful in the following
sections of the paper.

2 Bermudan Options

2.1 Product Description

Let (2,.A,P) our domestic risk neutral probability space. We want to evaluate the price of a
Bermudan option on the F'X rate Sy defined by

1

exp ( — Sé rdds

exp < — Lt r§d8> = @a(t) exp <0d Jot(t - S)dWsCl)

where the owner of the financial product can exercise its option at predetermined dates ty,t1, - - ,t,
with payoft ¢, at date t;, where 5 = 0.
At a given time t, the observables in the market are the foreign exchange rate S; and the

zero-coupon curves (P4(t,T)) and (P7(t, T))T>t’ hence the natural filtration to consider is

2 t
>Sog0f(t) exp ( — %t + 0’5Wts + Ufj (t— S)dWJ)
0

Sy =

with

T>t

Fi=0(Ss, PUs,T), Pl (s,T),s <t) = (WS, W W/, s <t). (2.1)



Let 7 : Q — {to,t1,...,t,} a stopping time for the filtration (Fy, )r=0 and T the set of all
stopping times for the filtration (F%, )g=0. In this paper, we consider problems where the horizon
is finite then we define 7", the set of all stopping times taking finite values

T ={reT,P(ty <7 <t,) =1}. (2.2)
Hence, the price at time t; of the Bermudan option is given by

Vi = sup | [e—SS rids U (Sr) | ftk]

TET
and V}, is called the Snell envelope of the obstacle process (e_ fo réds d}tk(Stk))k:Om such that
E [, (St,)?] < 400, Vk=0,...,n. (2.3)

Remark. The financial products we consider in the applications are PRDC. Their payoffs (see
Figure [1)) have the following expression

Yy, () = min (max <O];Etk)x — Cyl(tr), Floor(tk)> , Cap(tk)> (2.4)

0

where Floor(tx) and Cap(tx) are the floor and cap values chosen at the creation of the product,
as well as Cy(ty) and Cy(tx) that are the coupons value we wish to compare to the foreign and
the domestic currency, respectively.
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Figure 1: Ezample of a PRDC payoff 1, (St,) = min (<0.189 — 0.15) ,0.0555) at time ty,.
+

The interesting feature of such functions is that their (right) derivative have a compact
support.
2.2 Backward Dynamic Programming Principle
Vi can also be defined recursively by
tn
Vn =€ SO ngs wn(stn)a

X (2.5)
Vi = max (=5 0 (8,), B[Vigr | Fi,]),  0<k<n—1

and this representation is called the Backward Dynamical Programming Principle (BDPP).

First, noticing that the obstacle process e™ fordds ¥ (S¢) can be rewritten as a function h; of
two processes X; and Y; such that

hi(X:,Y:) =e” foréds P (St) (2.6)



where h is given by
t
l.y) = pat)e™ by So 21D ooz (2.7
Pa(t)
and (X,Y) is defined by

t t

(t —s)dW/, —adf

(t — s)dWsd) : (2.8)
0

(Xt, Y;g) = (aSWtS + O’ffo

Using this new form, the Snell envelope becomes

Vi = sup E [hT(XT)YT) ‘ ]:tk]

TeT
Now, in order to alleviate notations, we denote by X, = X, , W,f = Wt’;, Y. =Y, W,f = Wt‘i
and hy = hy, .

Remark. Using the random vector (X,Y’) newly defined, we rewrite the filtration F; as
Fe=o(WSWEWl s<t) =0(Xs,W!, Yy, 5 <t) = o(Xs, W/, Y, Wl s < ). (2.9)
This new expression for the filtration allows us to only consider (Xk,W,f ,Yk,W,gl) during the

BDPP as this sequence is a Markov chain. Indeed

-

f th+1 ti+1
Xiy1 = Xg +op0Wg +05f dWSSJrUfJ (tg+1 fs)dWSf
th th
L1
W]z;—l - Wk{ + f awi
12
) d l+1 4
Yk+1 = Yk - Udfswk - Udf (tk+1 - S)dWS
12
l41
Wi Wi [ aw
\ tk

where § = % and can be written as

Xpo1 = X + Uf5Wg + G;lﬁ_l
Wlf+1 = ngc + G%H

o (2.10)
Yk+1 = Yk — Jd5Wk + Gk+1
WIngl = ng + GiH?
where 1
Gl2€+1
G
G1§+1 ~N<Mk+1,2k+1> (2.11)
o
Gt
with
0
0 ; j
Ui+l = 0 and Y1 = (COV (G2+17Gi+1)> : (2.12)
i,j=1:4
0

One notices that ((GI,G2,G3, Gi))k=1...,n are i.i.d. Based on Equation (2.10f), we deduce the
Markov chain transition of (X, Wlf Y, W,f), for any integrable function f : R* — R, given by

Pf(z,u,y,v) = E[f(x + opdu+ Gl q,u+ Gryp,y — 040v + G g, + Gryy)]. (2.13)



Then, using the Markov property of (X, Wk{, Yk, Wg), the BDPP (2.5) reads as follows,

Vn = hn(Xna Yn)7

; ] (2.14)
Vi = maix (h(X Vi) B [Vior | (X W Ve W), 0<k<n—1.

Moreover, by backward induction we get Vi = v (X, Wlf , Y5, Wg) where

Un(Xna Wr{7 an W;Li) = hn(Xn) Yn)u

V(X W Vi, W) = max (hk(Xk,Yk),P@kH(Xk,W,{,Yk,Wg)), 0<k<n-—1.
(2.15)

Payoff regularity. First, we look at the regularity of the payoff. The next proposition will
then allow us to study the regularity of the value function through the propagation of the local
Lipschitz property by the transition of the Markov chain.

Proposition 2.1. If iy, is are Lipschitz continuous with Lipschitz coefficient [, | Lip With com-

pactly supported (right) derivative (such as the payoff defined in (2.4])) then hi(z,y) given by
(2.7) is locally Lipschitz continuous, for every z,x',y,y € R

|hk(x7y) - hk(xlvy/)’ < e\y|v|y’| ([&k]Lip‘aj - JI/‘ + (@d(tk)H”L/ftkHoo + [’le]Lip)’y - y/‘) (2'16)
with (], = (V1)L Soes () e o5t/ |1, |, € with 4y, the right derivative of 1y, .

Proof. Let g be defined by

9k(@,y) = Yy, (&)% o OBt/ 2H Tty ) (2.17)

As ¢£k has a compact support, then it exists ¢ € R such that

|(Wu (€)' = [e" G (e < [¥r, ] sup €™ < [l €% (2.18)
xesuppwtk
Hence [7 !
(L
.Z', o .Z'/, / < Lip (L'—.%'/ + . (219)
gk (z,y) — g (2, y/)] oalte) (1 [+ ly—])

with [&k][‘ip = [wtk]LipSO(Pf(tk) e 5t/ H%c |, €. Then for every z,2',y,y" € R, we have

(2, y) — ha(2',y')| = ea(tr)| e gr(z,y) — eV gr(a’,y)))|
< wat) (e gul,y) — e gia )| + e gelay) — e gu(a’, o))
<tk>(| Ve il + Y (s y) — g’ o))
W ([ iyl = o]+ (Palt) e, + [9],) = o/1)-
(2.20)
O

The next Lemma shows that the transition of the Markov chain propagates the local Lipschitz
continuity of a function f. This result will be helpful to estimate the error induced by the

numerical approximation (2.15)).



Lemma 2.2. Let Pf(z,u,y,v) = E[f(z + opu + G*,u + G,y — 046v + G*,v + G*)] be a
Markov kernel. If the function f satisfies the following local Lipschitz property,

‘f(x7u7y7 U) - f(l./aulay/ﬂ/)’ < (A|$ - .ZU/’ + B”U, - U/’ + C’y - y/‘ + D‘U - ’U/‘)

2.21
% elvIVIY[+blv|v|v| ( )

then
|Pf(x,u,y,v) - Pf(.’lj‘/,u/,y/,v,” < (‘Zﬂm - :E/| + §|u - ul| + é|y - y,| + 5|,U - U/|)

T ’ (222)
« oIVl 1Bl V]

Proof. Tt follows from Jensen’s inequality and our assumption on f, we have
[Pf(z,u,y,v) — Pf(a', .y, v")|
< E[|f(:l:+Uf5u+G1,u+G2,y—ad5v+G’3,v+G4)
— @+ opu + G+ G2y — ogv + G+ G4)|]
< (Alz — /| + (B+ Aogd)u —u'| + Cly — | + (D + Cogd)|v — v']) (2.23)
% elYIVIY'[+(0+aad) v v || | [e|G3|+bIG4| ]
< (ﬁ|x—az'| + Blu—'| + Cly — /| +]_~?|v—v'\)

N1 ’
% elyIvIy'[+blv]v]v|

where N N
A = AE[x], B = (B + Ao 0) E[k] (2.24)
and N - ~
C = CElx], D = (D + Cog0) E[x], b=0b+ 040 (2.25)
with k = exp(|G3| + b|G*|) and E[x] < +oo. O

Value function regularity. If the functions (1, )x—0., are defined as in Equation (2.4) then
vn (2, u,y,v) preserves a local Lipschitz property. Hence, for every x, 2/, u, v, y,y',v,v" € R,

]vn(:c,u,y,v) - Un(x,7u,7ylavl)| < (An|x - x/| + Bn|u - ul| + Cn|y - y/| + Dn|v - vl|)

X e|y‘\/|y/|+bn‘v‘v|fu/‘ (226)

where

Ap = [qzn]Lip7 B, =0, Cn = @d(tn)HwnHw + [in]upﬂ Dy =0, bn =0 (2'27)

with [¢n],,, = [¥t, ], S0@r(tn) exp(—o%tn/2) [} ||, €. Using now Lemma [2.2] recursively and
the elementary inequality max(a,b + ¢) < max(a,b) + ¢ (as x — max(a,x) is 1-Lipschitz), we
have

‘vk($> u,y, U) - ’Uk(xla u/7 Z//> U,)|

< max (|hk(m,y) — hi(2', )|, | Pogs1(z,u,y,v) — Pogyq (2,4, o/, U’)|)
< ma (M (G, o =+ () + ], )y = o )
, (ﬁk|x — &) + Bilu— ') + Cly — /| + Dylv — v'|) (2.28)
« oIV 4Bl v [ >
< (Aklz — 2'| + Bilu — /| + Crly — ¥/| + Dilv — ')

% elvIVIY[+bk|v|v]v']

10



where

Ay = [Vl v (Aks1E[rk41]),  Bi = (Bt + Aps1050) E[rpy1], b = bpy1 + 0ad
(2.29)

and

Cr = (eat) Vel + [WklLy) v (Crr1 Blsks1]),  Di = (Dig1 + Crr10a6) Blrgr1] (2.30)

with kg1 = exp(|G} 1| + be41/Goq ). Or equivalently

A= e (131, N Blsl).  Bo-or > max (191, 1 Bll) (230

i=k k41 Iofy1 SIS j=k+1
and l
Cu = o ((pattll. + [31,,) T] Elw)).
Jktd , (2.32)
T ¢ - :
Di=oiy Y g ((eattlvil, +10,,,) T] Bl
I=k+1 j=k+1
with b1
bk:adT(l— . > (2.33)

3 Bermudan pricing using Optimal Quantization

In this section, we propose two numerical solutions based on Product Optimal Quantization
for the pricing of Bermudan Options on the F.X rate S;. First, we remind briefly what is an
optimal quantizer and what we mean by a product quantization tree. Second, we present a
first numerical solution, based on quantization of the Markovian tuple (X, Wiy, Wd), to solve
the numerical problem and detail the L?-error induced by this approximation. However,
remember that we are looking for a method that makes possible to compute xVA’s risk mea-
sures in a reasonable time but this solution can be too time consuming in practice due to the
dimensionality of the quantized processes. That is why we present a second numerical solution
which reduces the dimensionality of the problem by considering an approximate problem, based
on quantization of the non-Markovian couple (X,Y’), introducing a systematic error induced by
the non-markovianity and we study the L2-error produced by this approximation.

3.1 About Optimal Quantization

Theoretical background (the one-dimensional case). The aim of Optimal Quantization
is to determine I'y, a set with cardinality at most N, which minimises the quantization error
among all such sets I'. We place ourselves in the one-dimensional case. Let Z be an RR-valued
random variable with distribution P, defined on a probability space (2, A, P) such that Z € L%R.

Definition 3.1. Let I'y = {z1,...,2x} © R be a subset of size N, called N-quantizer. A Borel
partition (CZ-(F N))ie[[1 N] of R is a Voronoi partition of R induced by the N-quantizer I if, for
every i = {1,--- , N},

Ci(Tw) < {€ e RyJ — | < mine — 21},

The Borel sets C;(I"x) are called Voronoi cells of the partition induced by I'y.

11



One can always consider that the quantizers are ordered: z1 < 29 < -+ < zy_1 < zny and in
that case the Voronoi cells are given by

Cr(Tn) = (2h-1/2: 2ks1/2) kell,N —1], Cn(TN) = (2n-1/2: 2N+1/2)

where Vk € {2,--- \ N}, zp_1p0 = % and 2y = inf (Supp(IPZ)) and zy 412 = sup (Supp(IPZ)).

Definition 3.2. Let 'y = {z1,...,2n} be an N-quantizer. The nearest neighbour projection
Projp, : R — {z1,..., 2y} induced by a Voronoi partition (C’Z-(I‘]\/))ie{1 N} is defined by

N

VEeR,  Projp,(€) = D zi leeci(ry) -
=1

Hence, we can define the quantization of Z as the nearest neighbour projection of Z onto I'y by
composing Projp and X

N
Z'™N = Projp(Z) = Z ZiLzec,(ry) -

=1

In order to alleviate notations, we write ZY from now on in place of ARS
Now that we have defined the quantization of Z, we explain where does the term "optimal"
comes from in the term optimal quantization. First, we define the quadratic distortion function.

Definition 3.3. The L?-mean quantization error induced by the quantizer ZN is defined as
~ 1/2 1/2
Z - ZN|, = IE[ in |7 - -2] - f i — %P (d . 3.1
22", = (B[ _min 122 _min e~ =P, (@) 3.)

It is convenient to define the quadratic distortion function at level N as the squared mean
quadratic quantization error on (R)":

Quniz=(21,on) — B| min |7z | =2 - 22
’LE{l,--- 7N}

Remark. All these definitions can be extended to the LP case. For example the LP-mean
quantization error induced by a quantizer of size N is

~ 1/ 1/
1z - 27|, = (E[ min }|Z—zi]p]> ' (JR min }yz—zi\ppz(dg)) p. (3.2)

ie{1,,N ie{1,~,N
The existence of a N-tuple z(V) = (21, ...,2N) minimizing the quadratic distortion function
Qo n at level N has been shown and its associated quantizer I'y = {z;,7 € {1,--- , N}} is called

an optimal quadratic N-quantizer, see e.g. [Pagl8] for further details and references. We now
turn to the asymptotic behaviour in N of the quadratic mean quantization error. The next
Theorem, known as Zador’s Theorem, provides the sharp rate of convergence of the LP-mean
quantization error.

Theorem 3.4. (Zador’s Theorem) Let p € (0, +0).

(a) SHARP RATE. Let Z € L%M(IP) for some 6 > 0. Let P, (d§) = ¢(§) - \M(d€) + v(dE), where
v L Xie. denotes the singular part of P, with respect to the Lebesque measure A on R.
Then,

~ 1 1 1+%
lim N min |[|Z2-2ZN|, = ——— j eTrd\| . (3.3)
N—+o IycR,|Cy|<N Po2e(p+1) [ g
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(b) NON ASYMPTOTIC UPPER-BOUND. Let § > 0. There exists a real constant Cy s € (0, +0)
such that, for every R-valued random variable Z,

YN > 1, i Z-2N| <C Z)N~! 3.4
FNdIRI,llanNKN [ Hp 1,p,505+p( ) (3.4)

where, for r € (0,400),0,(Z) = minger |Z — al|, < +o0.

The next result answers to the following question: what can be said about the convergence
rate of I UZ — 7N |2+6], knowing that ZN is a quadratic optimal quantization?

This problem is known as the distortion mismatch problem and has been first addressed by
[GLPOS8] and the results have been extended in Theorem 4.3 of [PS18].

Theorem 3.5. [L"-L*-distortion mismatch| Let Z : (2, A,P) — R be a random variable and
let r € (0,+0). Assume that the distribution P, of Z has a non-zero absolutely continuous
component with density ¢. Let (I'n)n=1 be a sequence of L"-optimal grids. Let s € (r,r +1). If

Z e LT 0(Q, A, P) (3.5)

for some § > 0, then R
limsup N[ Z — ZV|, < +oo. (3.6)
N

Product Quantization. Now, let Z = (Ze)gzl;d be an R%valued random vector with dis-
tribution P, defined on a probability space (€2,.4,P). There are two approaches if one wishes
to scale to higher dimensions. Either one applied the above framework directly to the random
vector Z and build an optimal quantizer of Z, or one may consider separately each component
Z* independently, build a one-dimensional optimal quantization 2Z, of size N*, with quantizer
Féve = {zfe,ig e {1, - ,NK}} and then build the product quantizer 'V = ]_[gzl Ffvz of size
N = N x -+ x N% defined by

TN = (2}, 2, 2h), dee{l,  Ng}, Lefl,--- d}}. (3.7)

In our case we chose the second approach. Indeed, it is much more flexible when dealing with
normal distribution, like in our case. We do not need to solve the d-dimensional minimization
problem at each time step. We only need to load precomputed optimal quantizer of standard
normal distribution N'(0,1) and then take advantage of the stability of optimal quantization by
rescaling in one dimension in the sense that if TV = {z;,1 < i < N} is optimal at level N for
N(0,1) then p + oT'V (with obvious notations) is optimal for N'(u, o?).

Even though it exists fast methods for building optimal quantizers in two-dimension based on
deterministic methods like in the one-dimensional case, when dealing with optimal quantization
of bivariate Gaussian vector, we may face numerical instability when the covariance matrix is
ill-conditioned: so is the case if the variance of one coordinate is relatively high compared to the
second one (which is our case in this paper). This a major drawback as we are looking for a
fast numerical solution able to produce prices in a few seconds and this is possible when using
product optimal quantization.

Quantization Tree. Now, in place of considering a random variable Z, let (Zt)te[O,T] be a
stochastic process following a Stochastic Differential Equation (SDE)

t t

bs(Zs)ds + f o(s, Zs)dWs (3.8)

Zt=Z0+J
0

0
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with Zy = zp € RY, W a standard Brownian motion living on a probability space (Q, A, P) and
b and o satisfy the standard assumptions in order to ensure the existence of a strong solution of
the SDE.

What we call Quantization Tree is defined, for chosen time steps ¢ = Tk/n,k=0,---,n, by
quantizers Zk of Zj (Product Quantizers in our case) at dates t; and the transition probablhtles
between date t;, and date tk-+1 Although (Zk) % is no longer a Markov chain we will consider the
transition probabilities 77 = E(ZkH | Zk) We can apply this methodology because, with the
model we consider, we know all the marginal laws of our processes at each date of interest.

In the next subsection, we present the approach based on the quantization tree previously

defined that allows us to approximate the price of Bermudan options where the risk factors are
driven by the 3-factor model ((1.1)).

3.2 Quantization tree approximation: Markov case

Our first idea in order to discretize is to replace the processes by a product quantizer
composed with optimal quadratic quantizers. Indeed, at each time ¢, we know the law of the
processes Xy, W]f , Y and Wg Then we "force" in some sense the (lost) Markov property by
introducing the Quantized Backward Dynamical Programming Principle (QBDPP) defined by

‘771 = hn()?nv i}n)y

~ ~ ~ A~ oA (3.9)
Vi, = max (hk(Xk,Yk), E [Vk+1 | (Xk, W]f,yk, Wkd)]), 0<k<n-—1,
where for every k = 0,...,n, X k» I//I\/,f , ?k and I//I\/,f are quadratic optimal quantizers of X, W,f , Y
and Wg of size N,f, ngvf, N,Z and N,L/Vd respectively and we denote Nj, = N,f XN,L/Vf xNg/xN,ng
the size of the grid of the product quantizer.

We are interested by the error induced by the numerical algorithm defined in and more
precisely its L2-error, with in mind that we "lost" the Markov property in the quantization
procedure. Moreover, this can be circumvented as shown below.

Theorem 3.6. Let the Markov transition Pf(x,u,y,v) defined in (2.13) be locally Lipschitz in
the sense of Lemma |2.2 E Assume that all the payoff functions (Y1, )k=o.m are Lipschitz continu-
ous with compactly supported ( right) derivative. Then the L?-error induced by the quantization

approzimation (Xk7 w/ ,Yk, Wk) s upper-bounded by

N n N N e 1/2
Ve T, < (S 0mliti— R+ Ol 52, + gl ~ W, + g )

=k
(3.10)
where 1 <p <3/2 and g > 1 suchthat%—i—%:l and
— < 2 ~, ~
Cx, = [il7, | VI APKT, Cyyu = BIK7, s
N A1
- 2 v 2~ ~
Oy, = (pal)lu L, + [,,) 2| P2 4 C2RP, Oy = DR
with
K =| ol Yil v Y+ Wi v W | . (3.12)
2q
As a consequence if N = min N, we have
lim |V, — VkH (3.13)

N—+4o
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Remark. From the definition of the processes X, W,f , Y and ng, all are Gaussian random
variables hence all the L??-norms in Equations and are finite. Indeed, let Z ~
N(0,0,) a Gaussian random variable with variance O'g and Z an optimal quantizer of Z with
cardinality N then VA e Ry

1 1
i - (s} < e cskes, o
q

Proof. The error between the Snell envelope and its approximation is given by

Vi — {7k| < max (]hk(Xk, Yi) — hk(fk,?k)

B [Vier | (X, WY, W] = B [V | (R, W, B, W)

(3.15)

thus, using the local Lipschitz property of hy, established in Proposition 2.1 and Holder’s inequal-
ity with p,q > 1 such that % + % = 1, the L?-error is upper-bounded by

Vi, — ﬁk“j < || (X, V) — hk(f(k,ffk)ﬂz
+ H E [sz—i-l ‘ (Xk7 W]ga Yk: W}?)] —E [‘7k+l ’ (j(\vka W]j: i}kv ng)] Hi
AR — 2 2 -
< e PHT | ((palti)lbue ) + [Bess,) [V — Tel? + [4I2,,

X, — fcknjp)

(3.16)
Looking at the last term, we have

E Vi1 | (X, WY W] = E [Vier | (X, W, Y3, W]
=B [Vigr | (Xa, W, Ve, W] = E[Vis | ()?k,wg,?k,wlg)] (3.17)
+ B Vi1 | (X, WY, W] = E [Vier | (Xe, W, Vi, W)
Now, we inspect the L?-error of each term on the right-hand side of the equality.

e For the first term, notice that

E[Vigr | (Xp, W, Vi, W] = Popyr(Xp, W[, Vi, W) (3.18)
and N L
E[Vk-‘rl | (XkaW]f7Yk7WkC:l)] = ka-ﬁ-l(Xk’W]vKszk;d) (3]‘9)

then, we directly apply Lemma [2.2] on the function vg,q and obtain

|ka+1(Xka kaa Yy, ng) - ka-l-l()?k? W]f7i}k7 ng)|
< (Zk|Xk = Xyl + B W — W] + CilYi — Yi| + Dy - W/ﬁ) ekl v Welbe W VIV
U N (3.20)
with Ak, B, Ck, Dy and by defined by (2.24) and (2.25)). Hence, using Holder’s inequality with
p,q = 1 such that %—1—%: 1,
S OSSP S TSdVI2
| B [Vierr | (X, W, Ve, W] = B [V | (X, W, Ve, W]
12 112 o2l f _ )2 A2 v |2 N2lpd _ Td)?
< (A1 = Kl + BRW —WHE + GRvie = Till2 + DEIwi - WEIZ ) (s2n)

< | AV AN AMT 1.
2q
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e The last one is useful for the induction, indeed

H E [Vk+l | (le nga i}lw Wg)] - [‘7k+1 ’ ()2]67 W]{v ?ka Wg)]”j < HVkJrl - ‘7k+1Hj (322)

Finally, using the L"-L® mismatch theorem for the quadratic optimal quantizers X ¢ and }A/k,
if 1 <p < 3/2, then

lim sup N | Xy, — f(k||2p < 400, lim sup N}Y |V} — }AkaQP < 40,
N Ny
—~ —~ 3.23
limsupN,ZVf HW{ - W,szp <+  and limsupN,ZVdHWg — Wi, < +o0 (3.23)
Nyt Ny
this yields
52
Vi = Vil
< ”Xk — Xkij ([&k]%w ol Yl v [Yk| qu + ZliK,%)
1Y = TP, (Pt + )| P 4 G2
# BRR|WL WIS+ DRRIWE — W+ [Viees = P .
n
< 2, Cx X=X+ OV = Vill; + Copa[ Wi = WL 4 €[ W — W/
1=k
N—+o0 0
where Kj = H Vil v [V +be W v [ W | qu and Vk =1,...,n, CXk,CYk,CWg,CWf < 4o00. O
k

Remark. The same result can be obtained if we relax the assumption on the payoff ¢. If
we only assume the payoff Lipschitz continuous, we have the same limit with the same rate of
convergence, however the constants Cx,, C’yl,C'Wld, C, s are not the same.

l

To conclude this section, although considering product optimal quantizer in four dimensions
for (Xk,Wg , Y, W,gl) seems to be natural, the computational cost associated to the resulting
QBDPP is too high, of order O(n x (max N;)?). Moreover the computation of the transition
probabilities needed for the evaluation of the terms It [‘/}k_l’_l | ()A( ks ﬁ\/g , ffk, ﬁ\/g)] are challenging.
These transition probabilities cannot be computed using deterministic numerical integration
methods and we have to use Monte Carlo estimators. Even though it is feasible, it is a drawback
for the method since it increases drastically the computation time for calibrating the quantization
tree. In the next section we provide a solution to these problems which consists in reducing the
dimension of the problem at the price of adding a systematic error, which turns out to be quite
small in practice.

3.3 Quantization tree approximation: Non Markov case

In this part, we want to reduce the dimension of the problem in order to scale down the numerical
complexity of the pricer. For that we discard the processes W? and W7 in the tree and only keep
X and Y. Doing so, we loose the Markovian property of our original model but we drastically
reduce the numerical complexity of the problem. Thence, is approximated by

ho (X, ),

~ A ~ ~ A 3.25
— max (hk:(kaYk)aE [Vis1 | (Xk,Yk)D, 0<k<n-—1 (3:25)

Vi
Vi
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where for every k = 0,...,n, X r and }A/k are quadratic optimal quantizers of X and Y}, of size
N,f( and N,X , respectively and we denote Nj = N,;X X N,f the size of the grid of the product
quantizer.

Theorem 3.7. Let the Markov transition P f(x,u,y,v) be defined by be locally Lipschitz in
the sense of Lemma . Assume that all the payoff functions (1, )g=0:n are Lipschitz continuous
with compactly supported (right) derivative. Then the L?-error, induced by the quantization
approximation ()A(k, f/k,) 1s upper-bounded by

Vi — VkHz < ( Z wa H oy — EW | (XbYl)]ij + CW,%HWlil — E[W, | (XbYl)]Hi,

N R 1/2
+ O X = &2 + Cyili - 917 )

(3.26)
where 1 < p < 3/2 and q¢ =1 such that % + % =1, moreover
Cx, = [n]2, | PV 2 4 27| ebrilvIvil |2 Cyy . = Bl [Finl,
Cri = (Rult)lle + [, | 4 GRS Gy = D[R
(3 27)
Taking the limit in N = min Ny, the size of the quadratic optimal quantizers, we have
Nlinjoo HV;C—"/\'kH Z CWf H I+1 l+1 ‘ (XlaYl)]”ip+Cwlil|m/lc~lrl_E[Wli1 | (XlﬂY;)]Hi,
(3.28)

Proof. We apply the same methodology as in the proof for the Markov case. The error between
the Snell envelope and its approximation is given by

Vi, — V3| < max (‘hk Xie Vi) = hio( X, Vi) | B [Viear | (X, WY, Yo, W] = B [Vig | ()?kv?k)]D

(3.29)
thus, using Proposition and Holder’s inequality with p, g = 1 such that %—i—% = 1, the L?-error
is given by

o2 S O 2
Vi — VkH2 < | (X, Vi) — hk<Xk>Yk)H2

+ | B [V | (X, WL Y0 W] = B [Vieyr | (X5, Y]

< (02, 1% = Rl + (Patti) [0, ] + [n],s,) Ve — Tal2) )PV ITl 2
+ | B Vi | (X, W, Ve, WH] = B [Vieyr | (Xk, Va) ]H2
(3.30)
The last term in equation can be decomposed as follow
E Vit | (XkanaYkaWIg)] —E[‘Afkﬂ \ ()?kai}k)]
(3.31)

FE [Vigr | (X, Y3)] — B Vit | (B, %)

=E [Vig1 | (X5, W, Vi, W] - E[Vk+1 | (Xk, Y)]
(Xp
+E [Virr | (Xi, ¥i)] = E [Vie | (X5, V)]

And again, each term can be upper-bounded.
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e The first can be upper-bounded using what we did above on the value function v and Hélder’s
inequality with p, ¢ > 1 such that % + % =1

|E[Vi | G0 WY W] = E [V | (G Y0 ][
< Vi — B [Vier | (X0 V)

< ||Uk+1(Xk+1>W]5+1aYk+1ang-i-l)

— vt (X, B (W | (X Y], Yiern, B [WL | (X YD)
2
< H (BHJWJH —E W/, | (XkY)]|+ Dia|[Wiky — E[Wi | (X, Y2)] y)ngHQ

< |2 (BEalWl s = BIWL | (X Y2 + DR Wity = BIWE | (X Y2

+
(3.32)
with coefficients by1, Bry1 and Dy, 1 defined in (2.31) and (2.32)) and
Rps1 = ol Vit [0kt WL [V IBIWEL (X, Y]l (3.33)
e For the second, we define
Ok (Xk, Yie) = B [vp1 (X1, Wy 1 Ve, W) | (X V)] (3.34)

Indeed, E [Vk+1 | (X%, Yk)] is only a function of X and Y}, as shown below
E Vit | (X5, Yi)] = E [vp1 (X1, W1, Vi, Wi 1) | (X, V2]
= I [E [ka(XkH’ Wk{HvaH; ngﬂ) ’ (kaWlic?ka ng)] | (XkaYk)]
= E[Pog1(Xi, W, Y0, W) | (X, V).

(3.35)
1 ~ A1
Moreover, we can rewrite W,f = M\ Xk + & and W,gl = A\ Y + xx where
\ _ Cov(X;, wi) 5 _ Cov(¥, W)
T T Var(Xy) T T Var(Y)
and & ~ N'(0,02 ) and xj, ~ N(0,02,) with 02 = Var(W{ —A,X) and 02, = Var(Wi—X,Y},),
then
E [Pogs1 (X, WL Y, W) | (X, Vi) = (2,9)] .
=E I:ka‘Jrl(xa )‘kx + €k7 Y, Aky + Xk)] ‘(x’y):(xk’yk)
yielding N
5k(l‘, y) =E [ka_,_l(l‘, A + &k Yy Apy + Xk)] (3.37)
Now, using Lemma [2.2| on U, we have
|17k(xa y) - 5k(‘rla y/)|
= ‘ IE [ka+1(x7 )‘kx + gk) Y, Xky + Xk) - ka+1(x/a )\kl‘l + 51{:7 y,7 Xky/ + Xk)]‘
~ o~ ~ o~ Py N 3.38
<E [\((Ak + Bl Akl — a'| 4 (14 iRy — o/ [) e PO b ] .

< (Axlw = a'| + Chly — y/|) el
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where

/Ik = (Ek+§k|/\k‘)E[egk‘X’“|], C_'k = 1+C~'k|xk‘, (3.39)
b = 1+ bg| M| (3.40)
with Ak, Bk, C’k and bk defined in and - Hence, using Holder’s inequality with
p,q>1suchthat L +1 =1
p ' q
SO NT)12
HE [Vk+1 | (XkaYk)] -k [Vk+1 | (XkaYk)]Hz
= |0k (X, Yi) — ak()?ka?k)Hz

< H (Ak|Xk S AN m) AV j (3.41)
< | B 2 (22X, - Rl + CE— 9.
e The last one is useful for the induction, indeed
| B [Visr | (e, V)] = B [V | (X Vo2 < [ Vasr = Vi |- (3.42)

Finally, using the L"-L® mismatch theorem on the quadratic optimal quantizers X 1 and }Afk,
if 1 <p < 3/2, then

lim sup Ni¥ || Xy, — Xk“zp <40 and  limsup N} [V — }A/k|\2p <+ (3.43)
X Y

Ni Ny

and

Vi~V

< | X = Kil? (T2,
+ %= Vil (o twnwtku + 18], P PH 4 GR e IM )

+ Bk+1”’$k+1“ H L —EWL, | (XmYk)]Hi,
+ Dk+1||"5k+1H2q Wi —E[Wi, | (XkaYk)]ij

olYilvIYi] ||2 + A2 ePelil vITil |2 )

- [Vir = Vi
Z wi Wi =B T I, + e (Wi = BIWEL, | (X DI
+ Ox X = X} + Owilvi =Yl

n—1

S ) Oy W~ B | (XY + g Wiy~ BOWEL | (5 Y011
—k

(3.44)
0

Practitioner’s corner. Market implied values of oy, 04 and og used for the numerical com-
putations are usually of order

o~ 0005  o04~0005 o5~05 (3.45)
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and in the most extreme cases, we compute Bermudan options on foreign exchange with maturity
20 years (T = 20). Thus, we can estimate the order of the induced systematic error. First, we
recall the expression of the related coefficients which it depends of

Bk=0’f% y max <[1Zi]up ﬁ ]E[/”vj]),

I<i<n .
l=k+1 j=k+1
o ) i (3.46)
Du=ouk 31 s ((eat)lual. +[6,,,) 1] Elw])
I<i<n .
I=k+1 j=k+1
with ‘
K = e‘ij|+b]‘|G?|, i1 = ol Vit i (Wi VI BIWE L [(X )] (3.47)
and L1
by, = adT<1 - ) (3.48)
n

Now, considering the case where the payoffs are the same at each exercise date, the Lipschitz
constants can be upper-bounded by [¢],,

7, —o2 c c )
[0k) iy = [D1) oy S0 (t8) € 7552 45 |1, € < So[they ]y 1057, | € =2 [#],1s, (3.49)
and let x defined by

K= m]?XE[fik] =E [engHbo‘Gél ] < %]E [e2|G8| + o200l G ] (3.50)

moreover, if Z ~ N(0,0?) then E [e/\‘Z‘ ] = e)‘2“2/2, thence we can upper-bound
1 1
K< 3 E [603/2 —i—ebg/Q] =3 E [6‘73/96 + e"gT?/z] ~ 1. (3.51)

k being bounded, we notice that the main constants Bg and Di in the remaining error are of
order 03 or 0}20, indeed

T - T
Bk < O—fﬁ[w][ﬂ;p(n - k)’%n_k ~ O-fg[w]Lip(n - k):

Dy, < O'dg(mlaX‘Pd(tl)W’Hoo +[9],,) (0= k)" ~ oa([¥l + [¥]1,,) (0 = k).
Furthermore
E[R21,] = I [ sen b VBV 0603001
< % (IE [e4q\Yk+1l ] +E [&qbwﬂwlfﬂlv\E[Wgﬂnxk,mn D
<§ E[eq‘ k+1|]+E[eqad WIWE v & (X5, Y ]
< % (GSQQUZTB/:S +2 eSq2U§(Tftk)2tk+1 )
and from elementary inequality (a + b)"/4 < a7 + b9, a4, >0, ¢ > 1
1
e, = B[%7,]7 < (; ST 4 (800G (T =) s ) ’
q
1 1
< (;e8q203T3/3> N <68q20§(T—tk)2tk+1 ) a (3.54)
I g 273/3 8qo2(T—1y)2t
S 51 e A L
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The two terms on the right-hand side of the inequality do not explode. Indeed, the function
g :t— (T —t)%, defined for t € [0,T] with T = 20, attains its maximum on t = 20/3 and
9(20/3) ~ 1185, hence for the considered values

Vk=1,...,n, ||%k+1|}jq < Oy ~ 6. (3.55)

Finally, rewriting the obtained systematic error induced by the approximation with this new

informations in (3.28)) we have

n—1
Vi, — Vk”2 Mo Z Bl2+1||%l+1|‘§q“mi1 — E[W, | (XlaYl)]ij
I=k
+ DlHH’ilHH “ I+1 [W+1 | (XhYE)]Hi
<3 ()19 2 PRI W - W | (X YD)

v ag(%f(mgwd(tnuwnw +[01.,)°

n—1
x 2 (= PO W — B | (vl
=k

<204 < ) Lw Z Ok K20 HWI+1H

T\ 2
+203(5) (max pa(t) |91, + [0, 2 n =10 WL

— oy, Cx (T2 n—
<(31012,, + o (maxpat)lv.. + [],,)°) 45 () 2 tiea(n = 12070,

(3.56)
Hence, the systematic error is upper-bounded by the squared volatilities 03 and JJ%. These
parameters being of order 5 x 1073 at most, the systematic error is negligible as long as these
volatilities stay reasonably small.

Remark. As in the Markov case, we can extend this result to the case where the payoffs (¢ )
are Lipschitz continuous, however the residual error can not be as easily estimated and controlled.

4 Numerical experiments

In this section, we illustrate the theoretical results found in Section [3] regarding the pricing of
Bermudan options in the 3-factor model described in Section [I| First, we detail both algorithms
and how to compute the quantities that appear in them (conditional expectation, conditional
probabilities, ...). Then, we test our two numerical solutions for the pricing of European options,
whose price is known in closed form. European options are Bermudan options with only one date
of exercise, hence when using the non-markovian approximate we do not introduce the systematic
error shown in Theorem but pricing these kind of options is a good benchmark in order to
test our methodologies. Finally, we evaluate Bermudan Options and compare our two solutions,
the Markovian and the non-Markovian approximation.

We have to keep in mind that the computation time is crucial because these pricers are only
a small block in the complex computation of xVA’s. Indeed, they will be called hundreds of
thousands of time each time these risks measures are needed.
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All the numerical tests have been carried out in C++ on a laptop with a 24 GHz 8-Core
Intel Core 19 CPU. The computations of the transition probabilities and the computations of the
conditional expectations are parallelized on the CPU.

Characterisation of the Quantization Tree. In what follows, we describe the choice of
parameters we made when building the quantization tree: the time discretisation and the size of
of each grid at each time.

e The time discretisation is an easy choice because it is decided by the characteristics of the
financial product. Indeed, we take only one date (and today’s date) in the tree if we want
to evaluate European options and if we want to evaluate Bermudan options we take as
many discretisation dates (plus today’s date) in the tree as there are exercise dates in the
description of the product.

e Then, we have to decide the size of each grid at each date in the tree. In our case, we
consider grids of same size at each date hence Ny = N, kK = 1...,n and then we take
NX = 10NY for both trees. This choice seems to be reasonable because the risk factor
X}, is prominent, due to the value of og compare to 4. Now, in the Markovian case, we
take NX = 4AN"r and NY = 4NWa, indeed the two Brownian Motions are important
only when we compute the conditional expectation but not when we want to evaluate the
payoffs, hence we want to give as much as possible of the budget N to NX and NY.

The algorithm: Markovian Case. Let (z Zl)Zl LNX, (qu)Z.FLNWf, (yE )iy—1.nv and (v 14)14 LW

be the associated centroids of X, ks w/ , Yk and Wk respectively, at a given time ¢ with 0 < k < n.
Using the discrete property of the optimal quantizers, the conditional expectation appearing in

(3.9) can be rewritten as

217 7,27yl37 14
=B [@k+l(Xk+1a Wngl? Yk+17 Wkd+1) ‘ (Xka W]ga Yk‘a ng) = (xf:l?ui‘zv yZ;’UZ)] (41)
_ ( 1),k ktl o k+l kel kel
= Z Uk+ 1( Wiy Y55 Uy )
J1,J2,73:J4

() ,k

where T

by

, with ¢ = (41,42, 13,44) and j = (j1, Jo2, j3, ja), is the conditional probability defined

12%) Jr 272 793 7 T4
s 1l v 1d E ok k _k
| (X, W, Vi, W) = (xilv%’yis’%))-
Due to the dimension of the problem (4 in this case), we cannot compute these probabilities using

deterministic methods, hence one has to devise a Monte Carlo simulation in order to evaluate
them. We refer the reader to [BPP05, BP03, [PPP04| for details on the methodology.

k ~ —~ ~ —~
7T(M) =P ((Xk+1,Wg+1,Yk+1,Wg+1) = (x]?"‘l uktl y]?+1 vl.“‘l)

A way to reduce the complexity of the problem is to approximate these probabilities by 7T(M) k,
where the conditional part {(Xk, Wg, Yy, Wk) = ( fl, 22,y13, z4)} is replaced by 1 ( { X, w/ ,Yk, Wk)
k k
(:c”, (O y“, 14)} yielding
~ (M) k % wf v Trd N _ (kL R+l k1 kL
; i,j =P ((Xk+17 Wk+17 Yk+17 Wk—i—l) - (le ’ujQ 7yj3 7Uj4 ) (4 2)

| X W Yi W) = (ol ).
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Although, these probabilities are easier to calculate, one still has to devise a Monte Carlo sim-
ulation in order to evaluate them. This simplification will be useful later in the uncorrelated
case.

These remarks allow us to rewritte the QBDPP in the Markovian case as

“~ n n n n _ n n
Un, (%‘1 y Wigs Yigs Ui4) = hp (»Til ) yi3) )

A~k ok ok kY M)k o k1 k1l ktl | ktl (4.3)
Vg (xil y Wiy Yigs Ui4) = max (hk( Liys y23) Z ; J Vk+1 (mjl ) uj2 ) y]3 ) Uj4 ) .
J1,J2,93:4

The algorithm: Non-Markovian case. Let (2 ); _;.yx and (yf);,_1.xv be the associated

centroids of X, r and f/k respectively, at a given time t;, with 0 < k < n. Again, as in the Markovian
case, using the discrete property of the optimal quantizers, the conditional expectation appearing

n can be rewritten as
E Vit | (Xi, Vi) = (25, 98)] = B [0k1(Xis1, YVirr) | (X Vi) = (25, 98)]

kA 4.4

_ Z ﬂ_i("l\;M) Bpst ( k“,yﬁ“) (4.4)
Ji.J2

where wf}?M)’k, with ¢ = (i1,42) and j = (j1,J2), is the conditional probability defined by

T =P (R, Vi) = (5705 | (X Th) = (e 0h)).
This probability can be computed by numerical integration, ie
O =P (R, Vo) = (25705 1 (X T0) = (2 0))
=P ((Xk+1,l7k+1) = (25 | Xee (af ol ), Yie (yi_l/Q,yZHm))

7,1 +1/2 7,2+1/2 ~ A~
R (R Fre) = ) | (X080 = () Fel ) dy
i1—1/2 yz2 1/2
(4.5)
where fx(z,y) is the joint density of a centered bivariate Gaussian vector with covariance matrix
> given by
Var(X;)  Cov(Xg, Yx)
COV(Xk,Yk) Var(Yk)

However, computing the probability in Equation (4.5) can be too time consuming, hence once
again, we approximate this probability by 771( J M)k , where the conditional part {(Xk,Yk) =
( i17yi2)} is replaced by { Xi, ) = ( Z-1,:141-2)}, yielding

~(EM) k_p (()A(kﬂ,ffkﬂ) — (x k+17y;c2+1) | (X3, Y3) = (xfl,yg)) (4.7)

From the definition of an optimal quantizer and Equation , this probability can be
rewritten as the probability that a correlated bivariate normal distribution lies in a rectangular
domain
N(NM) k

i

% k+1 1/ k+1 k
<Xk 1= x] ,Yk+1 | Xk - x“?Yk yZQ)

Lii—1/20 T 14172 ja—1/20 Yjar1/2

(Xk-i-l € k+l $]?+ ),Yk+1 € (y’?+1 k+1 ) | X = szk = ym)
< + O_f(SW + Gk+1 (S} ( kt1 xk-:_'_l )73/12 O-d(;Wk; + Gk+1 € ( ]?Jrl ]?Jrl ))

1—1/2 L5 41/2 Yio—1/22Yjy+1/2

1 k+1 k kJrl k 2 k+1 k+1 k
Z G — I il)’Z E(yj2_1/2 y7,27y]2+1/2 ym))

|
FoR T =

]1 1/2 117 Jl+1/2
(4.8)
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where

71 o o 0
() ~~ () (,, Tz, rregne (19)
'Ozl,22 Uzl 022 022

with a; = Var(aﬂwg + Giy)s 022 = Var(—oa W + G}, ;) and Py = (Dorr(oféwg +
Gt —0adWi + G} ).

The advantage of expressing as the probability that a bivariate Gaussian vector lies in
a rectangular domain is that it can be rewritten as a linear combination of bivariate cumulative
distribution functions.

Indeed, let (U, V) a two-dimensional correlated and standard-

v ized normal distribution with correlation p and cumulative distri-
bution function (CDF) given by F}; |, (u,v) = P(U < u,V < v).
Fast and efficient numerical impleméntation of such function ex-
ists (for example, a C+-+ implementation of the upper right tail of
a correlated bivariate normal distribution can be found in John
Burkardt’s website, see |[Burl2|, which is based on the work of
[Don73| and [Owe58|. In our case, we are interested in the com-
putation of probabilities of the form

Uy

Uy

u 0 U P (U € (u1,u2),V € (v1,v2)). (4.10)

Figure 2 This probability is represented graphically as the integral of the
two-dimensional density over the rectangular domain in grey in Figure . Now, using F[p]y(u, v),

the probability (4.10]) is given by

P (U € (u1,u2),V € (v1,v9)) = Ffy(ug,v2) — Ffpy (ur,v2) — Ffpy(ug, 01) + Ffy (ur, 01).
(4.11)
This remark will allow us to reduce drastically the computation time induced by the evalua-
tion of the conditional probabilities and so, of the conditional expectations.
Now, going back to our problem, the QBDPP in the non-Markovian case rewrites

B (22, y) = hy (21, y22), 1 <i; < NX, 1<ip <NY,

~ ke 412

vk(xfl,yf;) = max (hk (:U?l,yg), Z ﬂi(f;M) Vgt (;p?j%yf;l)), ( )
J1,J2

In order to test numerically the two methods, we will evaluate PRDC European and Bermu-
dan options with maturities 2Y, 5Y and 10Y. We describe below the market and products
parameters we consider. The volatilities of the domestic and the foreign interest rates are not
detailed below because we investigate the behaviour of the methods with respect to o4 and oy.

Py(0,t) | exp(—rqt) || 74 | 0.015 || psq | O
Pf(O,t) eXp(—Tft) ry | 0.01 psy | 0
So 88.17 os | 0.5 paf | O

Table 1: Market values.

Vkel,...,n, Cy(tx) 15% Vkel,...,n, Cf(tk) 18.9%
Vkel,...,n, Cap(tg) | 5.55% || Vkel,...,n, Floor(tx) | 0%
Exercise date (EU): ¢, T Exercise dates (US): t Tk/n

Table 2: Product description.
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Remark. When the correlations pgr and pgq are equal to zero, the numerical computation of

probabilities 7~ri(h;)’k and %fI;M)’k can be accelerated. Indeed, in the Markovian case, (4.2]) can be
rewritten as

—~

00k _p (()?,m, W) = @5 b ) | (X, W) = (ks ))

1,J » g2 117 Vi

(4.13)
o T7d E+1  k+1 d ko k
x P ((Yk+17Wk+1) = (yj;r ’Ujj ) ’ (ka Wk) = (yz’yvz};))'
In that case, we can use the CDF of a correlated bivariate normal distribution, as detailed above
for the non-Markovian case in (4.11]), for computing these probabilities in a very effective and
faster way rather than performing a Monte Carlo simulation.
In the non-Markovian case, (4.8) can be rewritten as

~(nm) K
)k p <Zl c (xfltl I o )) P (Zz e (il — gk il yf;))

ij 12 = TarTjp12 T Ta j2—1/2 a+1/2
k+1 k k+1 k k+1 k k+1 k
_(F Tjirr/2 ~ %y 7 Ti 1 T T 7 Yisr1/2 ~ Yia\ 7 Yio—1/2 ~ Yia
N z g z g z g z g
z1 z1 z2 72
(4.14)

where F,(+) is the CDF of a one-dimensional normal distribution, o_, is the standard deviation
of Z! and o, is the standard deviation of Z 2. This remark allows us to drastically reduce the
computation time of the conditional probabilities in the case of zero correlations.

4.1 European Option

First of all, we compare the asymptotic behaviour of the Markovian and the non-Markovian
approaches when pricing European PRDC Options with different volatilities and maturities. In
this case, we consider only two dates in the tree: ty = 0 an ¢, = T, the algorithm is a regular
cubature formula and no systematic error is induced by the non-markovianity of the couple
(Xk, Yx). These numerical tests confirm that both approaches give the same value, however the
non-Markovian approach converges much faster due to the dimension of the product quantization,
2 for the first one and 4 for the last one. Indeed, the complexity of the 2 dimensional pricer
is of order of N = NX x NY while the complexity of the 4 dimensional pricer is of order
N = NX x NY x NW* x NV N being the size of the product quantizer at each date (in two
dimensions: N = N¥X x NV and in four dimensions N = N¥ x NW/ x NV x NWd).

In the case of the European options, we have a closed form formula for the price of ([2.4)).
The benchmark price is computed using the rewriting of (2.4) as a sum of Calls: at a time tg,
the payoff can be expressed as

1, (4,) = min <max <C§§k> Sy — Calty), Floor(tk)> , Cap(tk)>

= Floor(ty,) — ar(Si, — Kp)+ + ar(Sy, — K7)+

Cr(tr) Cap(ty) + Caltr) Floor(ty,) + Cq(t)
50 Cy(tr) Cy(tr)

form formula for the price of a Call is detailed in Appendix [B] The prices given by the closed

form formula of the European options we consider (diffrents values of volatilities and different

maturities) are given in Table

x Sp and K,g = x So and the closed

1
7Kk:

with ap =
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‘ ‘ Exact price

N

2Y || 2.171945242  2.159404007
5Y || 1.630435483  1.539295559
10Y || 1.127330259 0.8013151892

50bp 500bp

Table 3: Prices given by closed-form formula of European options with zero correlations. (o4 =
of=o0)

The difference of speed of convergence between the two methods is illustrated in Figures [3]
and [4] for the relative errors for both methods compared to the benchmark. IV in the label of each
graphic represents the size of the product quantizer (N x N W7 NY x NW* in the Markovian

case and NX x NY in the other case), hence the complexity of both trees are the same.
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16x10°5

2.0e+06 2.5e+0€

14x10°°
12x10°5
1%10°°
8x106
6x10
4x108

2x106

0 \K‘*

Y —v—

10 —a—

0.0e+00 5.0e+05 1.0e+06 1.5e+06

N

(a) Non-Markovian — 2d

2 0e+06 2 5e+0€

00003

0.00025

00002

000015

00001

5x10°8

0

0.0e+00

0.00035

00003

0.00025

0.0002

0.00015

0.0001

5x105

0

0.0e+00

Y —v—

10 —=—

—ly

5.0e+05 1.0e+06 1.5e+06

N

(b) Markovian — 4d

2.0e+06 2.5e+0€

op = 50bp — Relative Error for both methods for 2Y, 5Y and 10Y European

ST

Y —v—

07 —a—

1.0e+06 1.5e+06

N

50e+05

(b) Markovian — 4d

20e+06 2 5e+0€

Figure 4: 0q = oy = 500bp — Relative Error for both methods for 2Y, 5Y and 10Y European
Options (with zero correlations).

For both methods, a relative error of 1bp is quickly reached, even for high values of o4 and

oy. Indeed, the time needed in order to achieve a 1bp precision for building a quantization tree
with 2 dates, computing the probabilities and pricing a European option is at most 6 ms for the

26



non-Markovian method and at most 85ms for the Markovian one when the correlations are equal
to zero. The computation times needed for a 1bp relative error are summarised in Table

H Non-Markovian — 2d ‘ Markovian — 4d

I

| 1 ms (32000) 4 ms (32000) | 24 ms (512000) 4 ms (64000)
| 4 ms (32000) 6 ms (32000) | 4 ms (64000) 85 ms (2048000)
10Y || 4 ms (32000) 3 ms (32000) | 14 ms (256000) 83 ms (2048000)

50bp 500bp 50bp 500bp

Table 4: Time in milliseconds needed for reaching a 1bp precision for the pricing of a European
option with zero correlation using both methods with, in parenthesis, the size N of the grid at
each time step. (0q =05 = 0)

Remark. Of course, the pricers can be used even when we consider non-zero correlations. We
choose to show only the asymptotic behaviour of the non-Markovian method because it converges
much faster and the computations of the probabilities can be made deterministically using the
CDF of a correlated bivariate normal distribution. However, if we want to use the Markovian
approach, we need to compute the transition probabilities using a Monte Carlo simulation, which
is a drawback for the method as it increases its computation time. We consider the following
correlations
psy = —0.0272, psa = 0.1574, par = 0.6558.

Table [5| summarises the prices given by the closed-form formula.

‘ ‘ Exact price

N

| 2.173803852 2.185536786
| 1.636518082 1.652226813
10Y || 1.141944391 1.103531914

50bp 500bp

Table 5: Prices given by closed-form formula of European options with non-zero correlations.
(0a=0f=0)

Figures [bal and [5b| display the relative error induced by the numerical method as a function

of N. And in Table [6] we summarise the computation needed in order to reach a 1bp relative
€rror.
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Figure 5: Relative Error for the non-Markovian method for 2Y, 5Y and 10Y European Options
(with correlations).

‘ ‘ Non-Markovian — 2d

I

2Y || 71 ms (64000) 34 ms (32000)
5Y || 31 ms (32000) 31 ms (32000)
10Y || 32 ms (32000) 139 ms (128000)

50bp 500bp

Table 6: Time in milliseconds needed for reaching a 1bp relative error for the pricing of a Fu-
ropean option with non-zero correlations using the non-Markovian method with, in parenthesis,
the size N of the grid at each time step. (04 =05 =0)

It is clear that one should prefer the non-markovian methodology to the Markovian one for
the evaluation of European options as it is a fast and accurate method for producing prices in
the 3-factor model.

4.2 Bermudan Option

Now, we compare the asymptotic behaviour of both approaches when pricing true Bermudan
PRDC options. The following figures represent the price and the rescaled difference of the prices
given by the two approaches as a function of IV, which is the size of the product quantizer at each
date (in two dimensions: N = NX x N and in four dimensions N = NX x NW < NY x NWd).
The financial products we consider are yearly exercisable Bermudan Options with different values
for the maturity date (2 years, 5 years and 10 years) and the domestic/foreign volatilities (50bp
and 5000bp).

When using domestic and foreign volatilities close to market values, we observe numerically
that the non-Markovian method converges a lot faster than the Markovian one for a given
complexity. However both methods do not converge to the same value (see Figures @ ,
which is consistent with the results we found in Theorems and As in the European case,
N in the label of each graph represents the size of the product quantizer (N X« NV NY x NV
in the Markovian case and N* x NY in the other case), hence the complexity of both trees are
the same.
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Figure 6: 04 = o = 50bp — Price with the two methods for 2Y, 5Y and 10Y yearly exercisable
Bermudan Options (with zero correlations).

However, the relative systematic error induced by the non-Markovian methodology is negli-
gible as can be seen in Figure[7] at most 5bp for a 10-year annual Bermudan option. Hence, one
should prefer, again, the non-Markovian methodology when considering to evaluate Bermudan

options.
0.0025 T T T T T
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Figure 7: 04 = oy = 50bp — Relative Difference between the two methods for 2Y, 5Y and 10Y
yearly exercisable Bermudan Options (with zero correlations).

When we consider higher values the volatilities, 04 = oy = 500bp, as expected the prices
produced by the non-Markovian methodology produce a systematic error bigger than the case
where 04 = 05 = 50bp (see Figures and @ However, the relative difference between
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the two methods after convergence is reasonable: less than 0.1% for expiry 2 years, 0.4% for 5
years and around 1.1% for 10 years.
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Figure 8: 04 = oy = 5000p — Price with the two methods for 2Y, 5Y and 10Y yearly exercisable
Bermudan Options (with zero correlations).
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Figure 9: o4 = o = 500bp — Relative Difference between the two methods for 2Y, 5Y and 10Y
yearly exercisable Bermudan Options (with zero correlations).

In Figure|7] we reference the time needed for reaching a 5bp relative precision (we compare the
price given by grids of size N to the "asymptotic", which is the price given by the same method
with a very large N) for the pricing of Bermudan options in a scenario of zero correlations.
The non-Markovian method attains better precision than a relative precision of 5bp in a few
milliseconds, at most 7 ms where the Markovian one can need 4 seconds for reaching that
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precision. Hence, the 2 dimensional approximation seems again to be the better choice.

H Non-Markovian — 2d ‘ Markovian — 4d

I

2Y || 1 ms (1000) 1 ms (1000) | 25 ms (8000) 4 ms (1000)
5Y || 3ms (1000) 4 ms (1000) | 98 ms (8000) 1903 ms (64000)
10Y || 7 ms (1000) 7 ms 0) | 468 ms (16000) 3850 ms (64000)

50bp 500bp 50bp 500bp

Table 7: Time in milliseconds needed for reaching a 5bp relative precision for the pricing of a
Bermudan option using both methods with, in parenthesis, the size N of the grid at each time

step. (0q=0f=0)

Remark. Again, the pricers can even be used when we consider non-zero correlations and we
choose to show only the asymptotic behaviour of the non-Markovian method, for the same reasons
as the European case. We consider the same correlations as in the European case

psy = —0.0272, psq = 0.1574, par = 0.6558.

Figures and display the price given by the numerical method as a function of N
and Table [§ summarises the computation time needed in order to do better than a 3bp precision.

28725 3.26365
2d —w— 2d —v—

287245 32636

28724 326355
2.87235 3.2635
28723 326345
287225 32634

28722 326335
287215 32633
28721 | 326325

2.87205 3.2632
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N N
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Figure 10: 04 = oy = 50bp — Price for the non-Markovian method for 2Y, 5Y and 10Y Bermudan
Options (with correlations).
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H Non-Markovian — 2d

M 50bp
2Y || 122 ms (1000)
5Y || 553 ms (1000)
10Y || 1283 ms (1000)

Table 8: Time in milliseconds needed for reaching a 3bp relative precision for the pricing of a
Bermudan option with non-zero correlations using the non-Markovian method with, in parenthe-
sis, the size N of the grid at each time step. (04 =0f = 0)

Conclusion

We were looking for a numerical method able to produce accurate prices of Bermudan PRDC
options with a 3-factor model in a very short time because the pricing of such products arises in a
more complex framework: the computation of counterparty risk measures, also called xVA’s. We
proposed two numerical methods based on product optimal quantization with a preference for
the non-Markovian one. Indeed, even if we introduce a systematic error with our approximation,
the error is controlled, as long as the volatilities of the domestic and foreign interest rates stay
reasonable. Moreover, the numerical tests we conducted confirmed that idea: we are able to
produce prices of Bermudan options in the 3-factor model in a fast and accurate way.
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A W/ is a Brownian motion under the domestic risk-neutral mea-
sure

Let (Wf ) a P-Brownian motion. In this section, we show that the process W7 defined by
AW! = dW{ + psrosds (A.1)

is a IP-Brownian motion.
First, we define the following change of numéraire, where P is the foreign risk-neutral prob-
ability and P is the domestic risk-neutral probability,r

- ST T J T f
dP = —exp| — | rids)exp rids |dP
So 0 0

o2
= exp <05Wfq - ;T)dIP

or equivalently
2
dP = exp (- oW + 025T>d]P

o2 ~
25T> dP (A.2)

= exp < —og(W5 —ogT) —
~ 0'2 ~
= exp ( osWi3 — 2ST> dPp

where W is a P-Brownian motion defined by thS = dW} — ogdt. More details concerning the
definition of the foreign risk-neutral probability can be found in the Chapter 9 of [Shr04].

Now, we are looking for ¢ € R such that dwi = dWN/J — qdt is a P-Brownian motion. Let
AeR and Vt > s

. [ek((wtf_qt)_(wg_qs)) | fs] - INE)[eA((Wtf—qt)—(VT/J —g5)) —os(Wi W)~ % (7—s) \fs]
— INE[e/\((VT/tf—qt)—(Vstf—qs)) _”S(Wts_wss)_é(tﬂ) | ‘7:5]

0'2 —~ ~ ~ ~
_ e—AQ(t—s)—TS(t—s) INE[GA(Wtf—W!)—os(WtS—WsS) | -7:3]

- (A.3)
_ o alt=5)- L (t-5) 2 (t-5)-Asps (t-s)+ T (t-5)
_ N (t-s) g Malt—s)-Aosps (t—s)
_ X (t9)
the last equality is ensured if and only if
0=—Aq(t —s) = Aospsp(t —s) < q=—ogpss- (A.4)

Hence, W/ defined by N
AW{ = dW! + psjosds

is a IP-Brownian motion.
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B FX Derivatives - European Call
The payoff at maturity ¢ of a European Call on F'X rate is given by
(5t — K)+

with K the strike and S; the F'X rate at time t.
Our aim will be to evaluate Vj

Vo=E [e—SET?dS(St - K)+].

Proposition B.1. If we consider a 3-factor model on Foreign Ezxchange and Zero-coupon as

defined in (1.1), Vo is given bgﬂ

f(0,0) SoP7(0,t)
log (22 ( + (0, ) log — u(0,t)
Vo = SoPY(0,t) ( <Kpd(°’“> ) — KPY0,t) N ( (Kpd(o’t)> )

a(0,1) o(0,)
with
1(0,1) = L %(Ug(s) T 02(s,1) + 02(s,))ds
+ fo (psros(s)of(s,t) = psacs(s)oa(s, t)ds — praoy(s,t)oa(s,t))ds
and

o2(0,t) = 2u(0,1).
Proof. In this part, we want to evaluate
Vo= E [e—SST?dS(St _ K)+].

If we consider a 3-factor model on Foreign Exchange and Zero-coupon as defined in (1.1)), we
have ) .
Vo= B |e bt (s, - K), |

- F 7(e—Sér5dds S, — e—Sérgds K)+:|

=1 78_837"?(18 Sy ]l{SzZK}] —KE [e—Sérgds]l{St>K}].

We focus on the first term

KE[e 55 |. (B.1)
We do the following change of numéraire:
Q _Z
dP  Z,

with 1
Zgzexp(ﬁ—§<l~/,l7>t>,

~

Zy=1

2We ignore the settlements details in the present paper in order to alleviate the notations but the formula can
easily be extended to take them into account.
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where Y; = Sé oa(s,t)dWe and < Y,V >= Sé o2(s,t)ds.
Hence, we can define the following Brownian Motions W/d, W/ , WS under Q:
AW =dWe—d<Y,We>, = dW?—cy(s,t)ds,
W] = dWf —d <YV, W/ >, = dW] — praca(s, t)ds,
AWS =dW5 —d <Y, W5 >, = dW?5 — pgao4(s,t)ds

and S; becomes

— Spexp U ( "§2(S)>ds+ L th(S)de)

_ Sopf ) exp <f: )+ 03(s,8) — 03(, 1)) — psyos(s)os(s,t) ds)
X exp (L os(s)dW? + f or(s,t)dW — Lt ad(s,t)dW§l>
= S;):Zfoott exp< )+ af(s t) 4 o3(s, t)) ds )

x eXp( Jo (psfos(s)ap(s,t) — psaos(s)oa(s,t) — Pfde(Sat)Ud(Sat))dS)

t ¢ t
X exp (j os(s dWS J or(s,t)dWs —J Jd(S,t)de>
0

0 0
pf t ~ ¢ ~ ¢ =
_ PO (o, + f os(s)dWS + j os(s,)dW] - f oa(s, )W ).
Pd(0,1) 0 0

0

Hence, as exp ( — Sé r?ds) = P4(0,t) x Zt, (B.1)) becomes

KE [ S réds n{St>K}] =KPd(O,t)IE@[]l{St>K}]
— KPY0,1)Q(S; > K)

KP(0,t)
SOPf(O,t) ) + ,u(O, t)
a(0,1)

1
- KPd(O,t)Q<Z > Og(

SoP7(0,t)
Kopd(oﬂf) ) - N(Oa t)
a(0,1)

1(0,t)
log ( S5 ) — (0, )
0.0) ’
:KPd(O,t)./\/< ( (0 2) )

1
- KPd(O,t)Q<Z < Og(
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where Z ~ N(0,1) with

w(0,t) = f %(O’%(S) + ch(s,t) + ag(s,t))ds

+ | (psros(s)as(s,t) — psaos(s)oa(s,t)ds — praos(s,t)oa(s,t))ds,
0
t t t
02(0,t) = Var <J os(s)dW? +J or(s,t)dWs j O'd(S,t)dWSd>
0 0 0
t N t N t N
= Var <J Us(S)dWSS> + Var <J af(s,t)dWSf> + Var (J ad(s,t)de>
0 0 0
t ot ,\, t ot N
+2Cov <f Us(s)dWsS,f Uf(s,t)dst> —2Cov (J Us(S)dWSS,J ad(s,t)de>
0 0 0 0
t t
—2Cov (J af(s,t)dWSf,f ad(sjt)dWsd>
0 0

= ft (03(s) + a?(s,t) +05(s,t))ds
+ 2J0t (psros(s)of(s,t) — psaos(s)oa(s,t) — praop(s,t)oa(s,t))ds.
Now, we deal with the term
B o0 8t gopy | = PO BR [Si 15,21 ] (B.2)

using directly the formula of the first partial moment of a log-normal random variable. Let
X ~ Log- N (p,0?), then

2 _
E[X Tjxss ] = 0% N (’HU log(x))

o

Finally, as S; = SoPT00) ¥ with X 2 Log- N'(—u(0,t),02(0,t)), we get

Pa(0,t)
X1 . ]
{x>grgonl
K P20,
—u(0,) +0*(0,1) — log ((A5A00 )
o(0,t)

B2) = SoP’ (0,1) E?

a2(0,t)
2

= SoP’(0,t) e HOOF N (

f(0,t)
log (528704 1 1u(0, )
— SoPT(0,6) N < (s )

o(0,t)

noticing that u(0,t) = 02(20,15).

Finally, we get
Vo=E [e* fordds(g, — K)+]
t t
= E [e_Sngds St ]l{StZK}] — KE [e—gorgds l{Sf,?K}]

7(0,t) S0P/ (0,t)
10g SK();)d (0 + /‘l'(()? t) lOg KPI0 - M(O, t)
= 5P 0.0 N ( ( 0((6) 2) ) - KPOON < ( ;(g) 2) )

36



Special case of constant volatility: og(s) = g, 04(s,t) = 04 x (t —5) 0¢(s,t) = 0f x (t = 5)

w(0,t) = Jo %(O’%(S) + a]%(s,t) +05(s,t))ds

+ f (psros(s)ap(s,t) — psaos(s)aa(s,t) — praos(s,t)oa(s,t))ds

0
1 2, 2t3+ o t3 N t2 t2 3
=—|o 04— + 05— 00 f— — PSATSOd— — PO f0q—
5\ 78 I3 d3 PSfOSOf S = PSATSTdy — PfdOf0d 5
t
o?(0,t) = J (U?g(s) + J?(S,t) + afl(s,t))ds
0

+

37



References

[BGMOY7]

[BMP13]

[BPO3]

[BPPO5|

[BST73]

[Burl2]

[CAGMY7]

[CBB14]

[Don73]

[EKFG96]

[EKMV92)

[GEKRO5]

(GGs2

[GLOO]

[GLPOS)|

[Grel5|

Alan Brace, Dariusz Gatarek, and Marek Musiela. The market model of interest rate
dynamics. Mathematical finance, 7(2):127-155, 1997.

Damiano Brigo, Massimo Morini, and Andrea Pallavicini. Counterparty credit risk,
collateral and funding: with pricing cases for all asset classes, volume 478. John
Wiley & Sons, 2013.

Vlad Bally and Gilles Pagés. A quantization algorithm for solving multidimensional
discrete-time optimal stopping problems. Bernoulli, 9(6):1003-1049, 12 2003.

Vlad Bally, Gilles Pagés, and Jacques Printems. A quantization tree method for
pricing and hedging multi-dimensional american options. Mathematical Finance,
15(1):119-168, 2005.

Fischer Black and Myron Scholes. The pricing of options and corporate liabilities.
Journal of political economy, 81(3):637-654, 1973.

John Burkardt. C+-+ library which evaluates the upper right tail of the bivariate
normal distribution, 2012.

Juan Cuesta-Albertos, Alfonso Gordaliza, and Carlos Matran. Trimmed k-means:
an attempt to robustify quantizers. The Annals of Statistics, 25(2):553-576, 04 1997.

Stéphane Crépey, Tomasz R. Bielecki, and Damiano Brigo. Counterparty risk and
funding: A tale of two puzzles. Chapman and Hall/CRC, 2014.

Thomas G. Donnelly. Algorithm 462: Bivariate normal distribution. Communica-
tions of the ACM, 16(10):638, 1973.

Nicole El Karoui, Antoine Frachot, and Hélyette Geman. A note on the behavior of
long zero coupon rates in a no arbitrage framework. 1996.

Nicole El Karoui, Ravi Myneni, and Ramanarayanan Viswanathan. Arbitrage pricing
and hedging of interest rate claims with state variables, theory and applications.
Preprint, 1992.

Hélyette Geman, Nicole El Karoui, and Jean-Charles Rochet. Changes of numeraire,
changes of probability measure and option pricing. Journal of Applied probability,
pages 443-458, 1995.

Allen Gersho and Robert M. Gray. Special issue on quantization. IEEE Transactions
on Information Theory, 29, 1982.

Siegfried Graf and Harald Luschgy. Foundations of Quantization for Probability
Distributions. Springer-Verlag, Berlin, Heidelberg, 2000.

Siegfried Graf, Harald Luschgy, and Gilles Pagés. Distortion mismatch in the quanti-
zation of probability measures. ESAIM: Probability and Statistics, 12:127-153, 2008.

Jon Gregory. The xVA Challenge: counterparty credit risk, funding, collateral and
capital. John Wiley & Sons, 2015.

38



[HIM92)

[HW93)

[Kie83]

[LMP19]

[NP14]

[Owe58|

[Pag98|

[Pagl5]

[Pagl8|

[Pit05]

[PPP04]

[PS18]

[She97|

[Shr04]

[Vas77|

[Wys17]

David Heath, Robert Jarrow, and Andrew Morton. Bond pricing and the term struc-
ture of interest rates: A new methodology for contingent claims valuation. FEcono-
metrica: Journal of the Econometric Society, pages 77-105, 1992.

John Hull and Alan White. One-factor interest-rate models and the valuation of
interest-rate derivative securities. Journal of financial and quantitative analysis,
28(2):235-254, 1993.

John C. Kieffer. Uniqueness of locally optimal quantizer for log-concave density
and convex error weighting function. IEFE Transactions on Information Theory,
29(1):42-47, January 1983.

Vincent Lemaire, Thibaut Montes, and Gilles Pagés. New weak error bounds and
expansions for optimal quantization. Journal of Computational and Applied Mathe-
matics, 2019.

Jodo Pedro Vidal Nunes and Pedro Miguel Silva Prazeres. Pricing swaptions under
multifactor gaussian hjm models. Mathematical Finance, 24(4):762-789, 2014.

Donald B. Owen. Tables for computing bivariate normal probabilities. Sandia Cor-
poration, 1958.

Gilles Pagés. A space quantization method for numerical integration. Journal of
computational and applied mathematics, 89(1):1-38, 1998.

Gilles Pages. Introduction to vector quantization and its applications for numerics.
ESAIM: proceedings and surveys, 48:29-79, 2015.

Gilles Pagés. Numerical Probability: An Introduction with Applications to Finance.
Springer, 2018.

Vladimir Piterbarg. A multi-currency model with fx volatility skew. Awailable at
SSRN 685084, 2005.

Gilles Pagées, Huyén Pham, and Jacques Printems. Optimal Quantization Methods
and Applications to Numerical Problems in Finance, pages 253-297. Birkhauser
Boston, 2004.

Gilles Pagés and Abass Sagna. Improved error bounds for quantization based nu-
merical schemes for bsde and nonlinear filtering. Stochastic Processes and their Ap-
plications, 128(3):847-883, 2018.

William Fleetwood Sheppard. On the calculation of the most probable values of
frequency-constants, for data arranged according to equidistant division of a scale.
Proceedings of the London Mathematical Society, 1(1):353-380, 1897.

Steven E. Shreve. Stochastic calculus for finance I1I: Continuous-time models, vol-
ume 11. Springer Science & Business Media, 2004.

Oldrich Vasicek. An equilibrium characterization of the term structure. Journal of
financial economics, 5(2):177-188, 1977.

Uwe Wystup. FX options and structured products. John Wiley & Sons, 2017.

39



	Diffusion Models
	Bermudan Options
	Product Description
	Backward Dynamic Programming Principle

	Bermudan pricing using Optimal Quantization
	About Optimal Quantization
	Quantization tree approximation: Markov case
	Quantization tree approximation: Non Markov case

	Numerical experiments
	European Option
	Bermudan Option

	Wf is a Brownian motion under the domestic risk-neutral measure
	FX Derivatives - European Call

