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Well-posedness result for a system of ran-
dom heat equation coupled with a multiplica-
tive stochastic Barenblatt equation

Caroline Bauzet, Frédéric Lebon, Asghar Ali
Maitlo and Aleksandra Zimmermann

Abstract. In this paper, a stochastic nonlinear evolution system under
Neumann boundary conditions is investigated. Precisely, we are inter-
ested in finding an existence and uniqueness result for a system of ran-
dom heat equation coupled with a Barenblatt’s type equation with a
multiplicative stochastic force in the sense of It6. To do so, we investi-
gate in a first step the case of an additive noise through a semi-implicit
in time discretization of the system. This allows us to show the well-
posedness of the system in the additive case. In a second step, the deriva-
tion of continuous dependence estimates of the solution with respect to
the data allows us to show the desired existence and uniqueness result
for the multiplicative case.

Keywords. Stochastic system, random heat equation, Barenblatt equa-
tion, additive noise, multiplicative noise, It6 integral, Neumann condi-
tion, time discretization, fixed point, maximal monotone operators.

1. Introduction

We consider the following system, coupling a heat equation with Barenblatt’s
one, perturbed firstly by an additive noise:

atmat(x—/'hdw)—m = 0 (0,7) x D xQ,
0
o (&(X —/ hdw)) —Axy = 9Yin(0,T)xDxQ, (1.1)
0
Vxn=Vdn = 0on (0,7)x 0D x Q,

x(0,.) =x0 and ¥0,.) =9,

and secondly by a multiplicative one:
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atﬁ+at(x—/yf(x)dw) A9 = 0in (0,7)x D x
0
& (6,5()( —/ %(X)dw)> —Ax = ¢in (0,T) x D x Q, (1.2)
0
Vx.n=Vdn 0on (0,7) x 9D x £,

x(0,.) =x0 and ¥(0,.) = vy,

where T > 0, D denotes a smooth and bounded domain of R? with d > 1, n
is the outward normal vector to the boundary 0D, xo and ¢ are given ini-
tial conditions. We consider a standard adapted one-dimensional continuous
Brownian motion
w = {wt,]:t,O Stf T}

defined on a complete probability space (2, F, P) with a countably generated
o-field denoted F and a filtration (F;):>0 satisfying usual conditions (see [14],
[20] for further informations on stochastic calculus). Let us precise that the
additive and multiplicative stochastic integrals [; hdw and [; 5 (x)dw are
considered in the sense of Ito.

We assume the following assumptions:

Hy: h e N2(0,T, HY(D))'.

Hs: & =15+ a where I; : R — R is the identity function and o : R — R is
a Lipschitz-continuous, coercive and non-decreasing function such that
a(0) =0.

Hsj: Xo,ﬂo S Hl(D)

Hy: 2 : HY(D) — H'(D) is a Lipschitz-continuous mapping with Lipschitz
constant Cr > 0.

1.1. State of the art

In the deterministic case (i.e. when h = S = 0), one application of such
nonlinear evolution system is the description of phase transition phenomena,
including irreversible phase changes (for instance, solidification of glue, cook-
ing an egg...) see [12] for further details.

Let us mention that Barenblatt’s type equations, (namely f(9;x) — Ax =0
with f a non-decreasing function), were initially studied by G.I. BAREN-
BLATT for the theory of fluids in elasto-plastic porous medium [6], under
the assumption that the porous medium is irreversibly deformable. After
that, number of researches was carried out around such equations for detail
one is refereed to [I5] [16] [I7]. Moreover these type of equations has been
studied in various areas : for irreversible phase change modeling [21], for
reaction-diffusion with absorption problems in Biochemistry [21], for irre-
versible damage and fracture evolution analysis [10, 11 [9] and recently for
constrained stratigraphic problems in Geology [II, 2], 3], [} 24].

TFor a given separable Hilbert space X, we denote by /\fE,(O7 T, X) the space of predictable
X-valued processes endowed with the norm ||¢HJ2\[2 O0.17,x) = E [fOT H¢||§(dt] (see Da
Prato-Zabczyk [14] p.94).



Concerning the study of Barenblatt equations with a stochastic force term, a
few papers has been written. Up to our knowledge, none of them proposes the
study of the coupling with a random heat equation. Let us mention the study
[5], where the authors were concerned by Barenblatt equation with stochastic
coefficients. In [7], the authors proposed an existence and uniqueness result
for a stochastic Barenblatt equation (in the sense of Itd as in the present pa-
per) under Dirichlet boundary conditions in the additive and multiplicative
case. After that, well-posedness theory for stochastic abstract problems of
Barenblatt’s type has been investigated in [9]. More recently, an extension of
[7] has been proposed in [§], by considering Neumann boundary conditions
and additionally the presence of a nonlinear source term.

1.2. Goal of the study

In the study of composite or bonded structures, temperature effects in the
evolution of damage at the interface can not be ignored, it is even a fun-
damental coupling [I1], 25]. Additionally, the introduction of stochastic and
random effects is also important from a modeling point of view in order to
take into account several phenomena such as microscopic fluctuations, ran-
dom forcing, effects of interscale interactions... In this direction, the aim of
the present work is to study the coupling between a stochastic Barenblatt
equation and a random heat one under Neumann boundary conditions. The
idea is to extend the work done in [8] on a stochastic Barenblatt equation by
proposing an existence and uniqueness result for such a coupling system.

1.3. General notations
For the sake of clarity, let us make precise some useful notations :
. Q=(0,T)xD.
. x.y the usual scalar product of z and y in R?.
. 9(D) =% (D) and 2'(D) the space of distributions on D.
. ||| and (., .) respectively the usual norm and the scalar product in L?(D).
. E[.] the expectation, i.e. the integral over Q with respect to the proba-
bility measure P.
. C, > 0 the Lipschitz constant of a.
. Cy > 0 the coerciveness constant of o which satisfies for any z,y in R,

(a(z) —a(y))(z —y) = Calz —y)*.
. Cs > 0 the coerciveness constant of & which satisfies for any z,y in R,

(a(x) —a(y))(z —y) = Calz —y)*.

1.4. Concept of solution and main results of the paper
Let us introduce the concept of solutions we are interested in for System (|1.1)

and System (|1.2)).
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Definition 1.1. Any pair of predictable processes (¢, x) € (N2(0,T, H* (D)))2
such that ¥ € L2(Q, H*(Q)) and 0;(x — [; hdw) € L*( x Q), is a solution
of System if t-almost everywhere in (0,7"), P-almost surely in {2, the
following variational formulations hold: for any v € H'(D),

/ Oydvdz —|—/ O (x — / hdw)vdx —|—/ V#.Vodr =0 (1.3)
D D 0 D

/Dd(at(x—/ol hdw))vdm+/ijX.Vvdx:/E)z9vdx, (1.4)

with x(0,.) = xo € H'(D) and 9(0,.) =99 € H' (D).

Definition 1.2. Any pair of predictable processes (¢, x) € (N2(0,T, H* (D)))2

such that ¥ € L?(Q, H'(Q)) and 8;(x — [; #(x)dw) € L*(Q x Q), is a
solution of System (|1.2)) if ¢t-almost everywhere in (0,7"), P-almost surely in
€, the following variational formulations hold: for any v € H(D),

/8t19vdx+/ 6‘t(xf/.<%ﬂ(x)dw)vda:+/ V§.Vodr =0
D D 0 D

/D a(at(x— /0 '%(X)dw))udw /D V. Vods — /D Yvda,

with x(0,.) = xo € HY(D) and 9(0,.) = 99 € H (D).

Remark 1.3. We will see later on that the respective solutions of (1.1)) and
1' belong to the space L? (Q, €([0,T7, LQ(D))). Thus, they satisfy the ini-
tial condition in the following sense:

P-as,in Q  x(t=0,.) = lim x(¢,.) in L*(D)
t—0
and P-a.s, in YHt=0,.)= }iné d(t,.) in L*(D).
—
The results we want to prove in the sequel are the following :

Theorem 1.4. Under assumptions Hy to Hs, there exists a unique pair (9, x)
solution of System in the sense of Definition|1.1}

Moreover, the unique solution of (|1.1)) satisfies the following stability
result which asserts the continuous dependence of the solution with respect
to the integrand h in the stochastic noise :

Proposition 1.5. Consider h, h in N2(0,T, H* (D)) and denote by (9,x) and
ﬁf() the associated solutions to the System in the sense of Definition

A with the respective set of data (Jo, X0, h) and (Yo, x0, h). Then, there exists
a constant CL > 0 which only depends on T, C,, and Cy, such that for any t
in 0,7

E[[[0 = 9)®I1] + B[V - 9)®)?]
+ 1B 6= DOIF) + 3 IV - 0017

< O (Il = hlfF2@xqn + IV = W)iE20xa,) )
where Qy = (0,t) x D.



Theorem 1.6. Under Assumptions Hy to Hy, there exists a unique pair (9, x)

solution of Problem in the sense of Definition .
1.5. Outline of the paper

The paper is organized as follows. Firstly, we are interested in showing the
existence of a couple (19, x) solution of System . To do so, the approach is
the following one: we approximate our “additive” stochastic system by using
an implicit time discretization scheme with a parameter At > 0.

After deriving stability estimates satisfied by the time-approximations of the
couple (9, x), our aim is to pass to the limit on the obtained discrete sys-
tem with respect to the time-step At. Note that due to the random variable,
classical results of compactness do not hold, and the main difficulty is in the
identification of the nonlinear term’s limit associated with the discretization
of a(d(x — [, hdw)). Using arguments on maximal monotone operator, one
is able to handle this difficulty.

Secondly, the uniqueness result for is proven by using classical energy
estimates well known for the heat equation and adapted to the random and
stochastic case. This allows us to show additionally at the limit on the dis-
cretization parameter At that the couple (9, x) depends continuously on the
data. Finally, exploiting this stability result of the solution with respect to the
data, we are able to extend (thanks to a fixed point argument) our result of
existence and uniqueness to the multiplicative case, that is the well-posedness

of Problem ([1.2)).

2. Time approximation of the additive case

The result of existence of a solution for Problem is based on an implicit
time discretization scheme for the deterministic part and an explicit one for
the Itd part. To do so, let us introduce notations used for the discretization
procedure.

2.1. Notations and preliminary results

We consider X a separable Banach space, N € N*  set At = % and t,, = nAt
with n € {0, ..., N}. For any sequence (z,)o<n<n C X, let us denote by

N—1
A
x t = Z xk+11[tk,tk+1)7
k=0
N-1
TAr = el ) = IAt(' - A,
k=0
N—-1 T T
At k+1 — Lk
3 _ [At (= te) + k| Ly tign)s
k=0
oAt = @t — T
> = Tﬂ[tk,tk+1)’
k=0
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with the convention that t_; = —At, for t < 0, %% (ty) = 29 and 22 (tx) =
72t (tx) = zx. Elementary calculations yield for an arbitrary constant C' > 0
independent of At

N N
A ~A
122720, = At Y llzwl%e 5 13217 20,7,x) < CAED laell;
k=1 k=0
N—1
122 = | F20.rx) = A Y ks — anlis
k=0
N—-1
||mAt(- —At) - xAt”%?(O,T;X) = At Z k41 — xk||§(,
k=0
- N—-1
0FAt |12 1 2
ot lr2orx) At Z |Zk+1 — 2kl
o k=0
Iz

| (o,rix) = max k] x and 122 Loe (0,7 %) = Jmax k| x.

vy yers

We will use the following notations for the discretization of the data for any
nin {0,...,N}:

1 tn n-1
wy, = w(ty), hy = N /tn1 h(s,.)ds, B, = I;J(wk;+1 — wg) hi,

with the convention that t_1 = —At and h(s,.) =0 if s < 0.
Remark 2.1. As h is predictable with values in H!(D) then h,, belongs to
L? ((Q, F,); HY(D)) for any n in {0,...,N}.
tn
Remark 2.2. For any n in {0,...,N}, B, = / hat(s)dw(s).
0

Indeed, as hy is F;, -measurable, one has

n—1 tht1 t, n—1 tn
By=3 / hiduw(s) = / > il g (8)duw(s) = / hiae(s)dw(s).
k=0"tk (U —t 0

Lemma 2.3. There exists a constant C > 0 independent of At such that for
any n in {0,...,N}

- c
2
E Z Ihellzn oy | < A
k=0
Proof. The proof of this result can be found in [§] (Lemma 2.3). O

Lemma 2.4. The sequence (ha¢) converges to h in N2(0,T, HY(D)) as the
time discretization parameter At tends to 0.

Proof. See SIMON [22], Lemma 12 p.52. O



Proposition 2.5. The sequences (B2') and (B®') converge to / hdw in
0

L2(0,T; L?(Q, H*(D))) as the time discretization parameter At tends to 0.
Proof. The proof of this result can be found in [8] (Proposition 2.5). O
Remark 2.6. If one assumes that h belongs to N2(0,T, H2(D)), one shows
in the same manner that B2! converges strongly to fo hdw in L?((0,T) x
Q, H%(D)) as At tends to 0.

2.2. Discretization schemes

Let N be a positive integer and n € {0, ..., N}. Using the notations of the
previous section, the discretization scheme for is the following one: for

a given small positive parameter At, for ¥, x, in L? ((Q, F,); L?(D)) and
Xn+1 € L? (Q, F,,,); LA(D)), our aim is to find 9,41 in L? ((Q, Fy,,,, ); H(D)),
such that P-a.s in Q and for any v in H'(D)

S, (e o [ (A e

+/ Vin41.Vodzr = 0. (2.1)
D

Similarly the discretization scheme for is the following one: for a given
small positive parameter At, for x, € L?((Q,F,);L*(D)) and 9,41 €

L2((, F,.,); L2(D)), our aim is to find x,41 € L2 ((Q,F,.,); H (D)),
such that P-a.s in Q and for any v in H'(D)

/ d(XnJrl ~—Xn hnwn+1 —wn)vdm+/ Vxnt1-Vodz
O D

At At
= / Ipprvde. (2.2)
D

With the notations introduced in the previous section we propose the fol-
lowing discretization of the variational problems (1.3)) and ( - t-almost
everywhere in (0,7), P-almost surely in {2 and for any v in H'(D)

/ A (02 Yvda: + / O (X2 — B2 )vdr + / VA Vudz = 0 (2.3)
D D D

/ a ((% ()ZAt - BAt)) vdx —|—/ VXA Vods = / 9 vda. (2.4)
D D D

Firstly, we show that the discrete system composed by the approximation
schemes (2.1)) and (2.2) is well-defined. Secondly, our aim is to derive bound-
edness results for the approximate sequences 92, 92, Y2t and Y~ — BAL.

Proposition 2.7. Set N € N*,n € {0,..., N} and ¥, xn € L*? ((Q, F,); L*(D)),
Xn+1 € L? ((Q, Fe,,,); LA(D)). If we assume that At < 1, then there exists

a unique Upq1 € L? (U, Fy,,,); HY(D)) satisfying , P-a.s in Q and for

any v in HY(D).

Proof. A direct application of Lax-Milgram Theorem gives us the result. O
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Proposition 2.8. Set N € N*,n € {0,..., N} and x,, € L? ((Q,F,); L*(D)),
Ons1 € L2 ((Q, ftn+1) 2(D)). If we assume that At < 1, then there exists
a unique Xn41 € L? ((Q, Fy,.,); H' (D)) satisfying , P-a.s in Q and for
any v in HY(D).

Proof. The proof is mostly the same as in [8], Proposition 2.7, so we refer
the reader to this paper. O

Proposition 2.9. Set N € N*,n € {0,..., N} and ¥, xn € L? ((Q, F,); L*(D)).
Assume that At < C’a, then there exists a unique pair (11, Xnt1) belonging

to L2((Q, Fy,,,0 ); HY(D)) x L? ((Q, Fe,,,,); HY(D)) and satisfying P-a.s in Q)
(.ﬁ/ 2.9).

and for any v in H*(D),

Proof. Set N € N*,n € {0,...,N} and ¥, x, € L? ((Q,F,); L*(D)). We
introduce the following functionals

f : L2 ((Q ‘Ftn+1) (D)) ((Q ]:tn+1) 1(D))
X9,
where 9/ satisfies, P-a.s in Q and for any v in H'(D)

/D (ﬁfA_tﬁn)vder/D (X Atxn = hn wnHAt )”dm

+ / v Vuvdz = 0. (2.5)
D

Thanks to Proposition 2.7] f is well defined. Similarly, we introduce
g:L* (L F 2(D)) = L* (0 Fy,,, ) HY(D))

i )i L
D X,
where Y9 satisfies, P-a.s in © and for any v in H!(D)
(XY — Xn Wpy1 — Wy -
/D a(X AtX — hy, +1At )Ud:z: + /D Vx?.Vodzr = /D dvdzr.  (2.6)

Thanks to Proposition[2.8] g is well defined. Let us prove that the composition
go [ is a strict contraction in L? ((Q,F;,.,); L*(D)). On the one hand, note
that (2.5) can be written P-a.s in © and for any v in H'(D) as

/ Wodr + At / v Vodx
D D

z/ (O — X + xXn + hn(Wpy1 — wy))vde. (2.7)
D

Set %1, X2 in L? ((Q,ftn);Lz(D)) and define 19{ = f(x1), 195 = f(X2)- Then
using (2.7), one gets P-a.s in Q and for any v in H*(D)

/ (19{ - ﬁg)vdx + At/ V(ﬁ{ — ﬁé).de = / (X2 — x1)vdz. (2.8)
D D b



By choosing v = (19{ - 195) in (2.8) we obtain
2 -
[ 1ol = offdes s [ (9] —ohPds = [ (o= 50)0] ~ o)do
D D D
Then
/ W] — 9f2da + 2At/ V(@] — 9f)Pdr < / %1 — ol?da.
D D D
By taking the expectation, one gets

E [/ |19{—19£2dx] +2ALE [/ |V(19{—19£)|2dx} <E [/ X1 —;gg|2dx],
D D D

which implies that
E[[9{ - 0517 < B (Il - %I - (2.9)

On the other hand, by defining x{ = g(z?{) and x§ = g(ﬂg), 1) gives P-a.s
in  and for any v in H*(D)

o9 o9
~ X1*Xn7 wn+1*wn)7~<X2*Xn7 wn—&-l*wn)
/ {O‘( AT A \Ta A vdr

/V Vvdx—/(ﬁ{—ﬁg)vdx. (2.10)
D

By choosing v = x{ — x5 in (2.10) and using the coercivity of &, we obtain
by taking the expectation

~ 1 _ _
-5 E[/ Ixf—xé’IdeC}
+E [/ V(¥ 2dx] < E[/ 9 — 19f|2d4,

o(So Ve -wl < B[l o] @

By comparing (2.9) and (2.11)), we get

and so

1

ElIx{ - %311 < (719 (%1 = xall’] - (2.12)

\@

)

o
N

Under the assumption At < Cj, the function go f which maps L? ((Q, Firir)i

LQ(D)) in itself is a strict contraction and admits a unique fixed point in

L? (2, F,.,); L*(D)). Using this, there exists a unique pair (n41, Xn+1) in

L2(( Fepy); Hl( )) x L2 ((Q, Ft,.,,); H'(D)) satisfying P-a.s in  and for
1

any v in H'(D), (2.1 and (2.2) O
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2.3. First estimates on the approximate sequences

Our aim is to find boundedness results for the sequences JAt YAt YAt (At

and YAt — BAL

Proposition 2.10. There exists a constant C' > 0 independent of At such that

192 Lo 0,7, L2 D)) 192 || L= (0,712 (0x DY) < C, (2.13)
H1§At — 19At||L2(Q><Q) < CV AL, (2.14)

IV 2% @), IV || L2 (ax) < C, (2.15)

IV Lo 0.7, L2025 D) VX | Lo (0,722 (0% DY) < C, (2.16)
10:(X2" — B2 || p2(ax0) < C. (2.17)

Proof. Set N € N*, n € {0,.., N —1} and k € {0, ...,n}. Consider the varia-

tional formulations (2.1) and (2.2]) with the couple of indexes (k + 1,k). By
adding (22.1)) with the test function v = ¥541 and (2.2]) with the test function
= Xkl Z Xk Wkl — Wk

Al k AL , one gets
/ (ﬂk+1 - 19]6 )19k+1d$ + ||V79 ||2 + Xk+1 — Xk _h Wr41 — Wk 2
o At h At FTTTAL
Xk+1 — Xk Wr41 — Wk Xk+1 — Xk Wr4+1 — Wk
e —h—— —h d
+/O‘( At FTTAL >X< At FTTAL )x
XE+1 — Xk Wk41 — Wk
—h dr = 0.
/ VXk+1.V < A7 k A7 ) z=0

Using the coerciveness property of «, one gets

2

Y — 9 _ — w —w
k+1,VEk+1 k 2 1 Xk+1 = Xk k+1 k
/D Y (7& Jdz + [|[VOpq1|” + (Co + 1) H A7 h—x;

Xk+1 — Xk Wr+1 — Wk
. —h dx < 0.
+/DVX]@+1V< AL k AL ) r <0

Then

2
[ [T (Co 1) [N gy

At At
Xk+1 — Xk
+ /D VXk1. Vo da

dx—i—/ vxk,thw
D

Al dx.

w —w
S/ V(Xt41 —ch)th%
D

Using the formula

ala—0b) = %{a2 — b+ (a —b)?}
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with a = ¥4 (respectively a = Vxg41) and b = 9y (respectively b = Vxy),
one gets for any € > 0

1

gz U0kl ® = [19x]1* + [0 = 04l1”] + [ VOra|l”

+(Co+1)

2
Xk+1 Xk _ g Whtl — Wk
FTTAL

1
o [||vXk+1|\2 Il 1V e — x)11?]
W41 — Wk
ol 4 e ey g o

||V(Xk+1 SN

- QAt

Wg41 — Wk
- Vh, ————dx.
/DVXkV k A7 x

Then, since Vxi and Vhy are F;, -measurable, by taking the expectation one
gets

1
37 B [0l = 1901 + 91 = 04| + B V9]

2
~ Xk+1 — Xk Wg+1 — Wk
Co+1)FE h

+(Cort DB || X g ML

+ o B (195112 = 19l + 19 Gk — o)l

1
= EE 119 0tksr = x)lIP] + 5. [[IVAx] 7] -

In this way

B [19ki1l] = B [198l1°] + B [|01s1 = 001] + 2868 [V

2
A Xk+1 — Xk Wk41 — Wk
o+ DALE —h
+2Cat1) H At FTTAL
2 2 2
+ E [Vl = B [IVal?] + (0= 9B [I¥ Gosr = x)l]

< Ze{vh?].
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By summing from k = 0 to n, one gets

S B [I00eal?] = 30 B [10617] + 3 [101ss = 00l?] +2 30 A1 |90,
k=0

k=0 k=0 k=0

At At k

+2(Ca+1) ) AtE

k=0

+ 3 B[I9xnl?] - S B [IVal] + (-0 3 B [I900s ~ xol]

k=0 k=0 k=0

H Xk+1 — Xk Wr4+1 — Wk h

< 1;&15 R

1
By taking € = 3 and using Lemma there exists a constant C' > 0 inde-
pendent of At such that

B [10al] + 308 [0 — 007 + 30 A 901

k=0 k=0
2
w —w
+ZNE | X 2 2 (9]
1 n
+5 2 E[IVoan -l <€, (2.18)
k=0

and we get directly the announced estimates:

102 L= (0,122 (@x D)) [[02 Wl oo 0,1, £200x D)) < C
102 = 03[ 12xq) < CVAL

V9 2x @ IV ll20xg) < C.

18:(x2 = BM)llr20xq) < C,

IV | Lo 01,2200y VX || (0,7, 22(0x D)) < C-

Additionally, let us note that one can also deduce from ([2.18]) the following
bound:

IV(XA = x®)lz2axq) < CVAL. (2.19)

d

From these first estimates, one can deduce directly the following ones.
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Proposition 2.11. There exists a constant C' > 0 independent of At such that

X2 = X2 L2 (0.1 <011 (D)) < CVAL, (2.20)

920 =928 — Ab)[| 2 axq) < CVAL, (2.21)

1IR3 = X2 (. = AD)|| 20,1y x. 11 (0)) < CVAL, (2.22)

12 = B |1~ (0,r:22(2x D)) < C, (2.23)

IV(X2 = B2 @axq) < C (2.24)

X2 L2 0.1y <2, (D)) X 20,1y x 2,11 (D)) < €, (2.25)

XA — Ab)|| a2 (0,1, (D)) |[9A(. — Ab)|| a2 0,1,151 (D)) < C. (2.26)
Proof. Using (2.18)), we have

N-1
I3 = ey = 342 E e ]
k=0
N-1 % X w w ?
<AtSE oA || XL T XR g TRLT TR Lok - wy)|’
B kZ:O At e ar || T2 I ]
N-1 % X w w 2 =
= oA S At ||| XEHL T XE g Wkt 7 Wk 2 At2E[h 2]
> aup | [t s ) S e
P k=0
< OAL,

combining it with the previous estimate (2.19)), one deduces that (2.20]) holds.

Note that

DA IR (—At) = (92 =98 4 (92 =92 (—AL) )+ (92 (—At) 92 (—At))

and that there exists a constant C' > 0 independent of At such that

192 =022k ) 102 =02 (= A0)| 725 ) and [[02"(-—=AH =D (= A1) 172 (0xq)

are controlled by
N-1
CALY " E (|01 — 0kl)?] -
k=0
Then, owing to (2.18)), one gets directly (2.21]). Now, using the same kind of
decomposition for Y2t —y2*(.—At), one shows that (2.22) holds. Additionally
for any n in {0,..., N — 1} since By = 0 one has
n 2
< 2llxol* +2T ) | AtE ]
k=0

E [Ixes1 = Busal]
combining this with lj we show that ||[Y2! — BAtHLoo(O’T;LZ(QXD)) <C.
Let us now prove that ||V (32! — BAt)HL2(SZXQ) is bounded independently of
At. Using (2.16), it remains to show that VB2 is bounded in L?(Q x Q).

Xkl = Xk p Wkl — Wk
At A
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Due to Lemma and the fact that E [(wj11 —w;)?] = At for any j €
{0, ..., N — 1}, one has

2

k
IVBA32anq) < AtZE /D > (wjr1 —w;)Vhy | de
7=0
= AtZZ/ (wjs1 —w))*] E [(Vh))?] do
k= 07 0
= AtZAtEZHh 1)
< G

and the result holds. Using the fact that Y2t — B2t and B2 are bounded in
L?(2xQ), one gets that Y2¢ is also bounded in L?(2x Q). Finally, combining
this with (2.16)), one obtams the boundedness of ¥ in L2((0,T)xQ, H(D)).
Thanks to (2.20)-(2.22), one gets the same result for Y2*(. — At) and 2!
which gives (2.25)).

Note that ¥2*(. — At) and 92*(. — At) are bounded in L2((0,T) x Q, H'(D))
respectively due to lb and (2.13)-(2.15)-(2.21). Thus, they be-
long to N2(0,T, H' (D)) as continuous and adapted processes. Finally, ([2.26])
holds. (I

2.4. Second estimates on the approximate sequences

Proposition 2.12. There exists a constant C' > 0 independent of At such that

At At
HV§ HLoo(O,T,L?(QxD)) Vi HL""(OTLQ(QxD)) =G (2.27)
HV(éAt _ gAY <CVAL,  (2.28)
£2(QxQ)
IV (92 — 92 (. — AD)||r2(ax0) < CVAL, (2.29)
Haﬂ?m <c. (2.30)
L2(QxQ)

Proof. Set N € N*, n € {0,..,N — 1} and k € {0,...,n}. We consider the

variational formulation (2.1)) with the couple of indexes (k+ 1, k) and choose
k+1 —

AL " to get P-almost surely in 2

the particular test function v =

At At At At
P
+/ V1.V (222 gz = 0,
D

H19k+1 — U 2+/ (Xk+1 ~ Xk g Wk _'wk) o (ﬁkﬂ —ﬁk)dx
D

At
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Then, for any § > 0, we have

D1 — O ||

H’”At +2At (1900 = 19900 + ¥ Gesr — 90)1°]
Xk+1 oy, Whet1 — W 20 ||k — O ||

= 25 AL 2 At

By choosing § = 1, taking the expectation and summing from k = 0 to n,
one gets

Z AtE

£ BV — ) )] < ZAtE
k=0

Thanks to (2.18)), one concludes that

n 9 Sy 2
S ArE ‘kﬂk
k=0

At
Finally, we have directly the announced estimates

+ B [IV0en ] - ZE (19,17

k=0

H'l?k+1 O |7

Xk+1 Wk — W
FTTTAL

i

4 B[I90,001] + 30 B[V 00| < €
k=0

IVI2| oo (0,7, 222 DY) I VI | Lo (0,722 D)) <
[V (92 — 928 | L2 (axq) < CVAL,

o] <o
L2(2xQ)

Arguing as for the obtention of (2.21]), one shows finally that
IV (92 — 92 (. — A)) || p2(ax0) < CVAL

2.5. Weak convergence results on the approximate sequences

Due to Propositions [2.10] [2.11] and [2.12] we obtain the following convergence
results.

Proposition 2.13. Up to subsequences denoted in the same way, there exists
¥ belonging to N2(0,T, H' (D)) N L*(Q, H*(Q)) such that

(i) 98t 9A 9 in L2((0,T) x Q, HY(D)),

(1) VOA, VYAt 5 V9 in L(0,T; L*(Q x D)),
(i17) 0,92t — 90 in L2(Q x Q),

(iv)  9A0) — 9(0) in L*(Q x D).

Proof.
(¢) Thanks to (2.13), (2.14), (2.15), (2.21)), (2.26), (2.28) and (2.29), there
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exists ¥ in L2((0,T) x Q, H'(D)) such that, up to subsequences denoted in
the same way, we have

DAL YA YA (L — At) — 9 in L2((0,T) x Q, H'(D)).
Since 92(.— At) belongs to the Hilbert space N2(0, T, H' (D)) endowed with
the norm of L?((0,T) %, H' (D)), one gets that ¥ is also in N2 (0, T, H'(D)).
(#) Using —, one gets directly that up to subsequences denoted in
the same way,

VIR, VoAt 2 in L°(0,T; L2(Q x D)).

(#i7) (2.30]) gives us directly the announced result.
(iv) Since L*(Q, H'(Q)) is continuously embedded in L*(Q, ¢ ([0, T], L*(D))),
one gets that ¥ belongs to L*(Q,¢([0,T], L*(D))). Thus, ¥ is an element of
€([0,T), L*(2 x D)) and we have and that

9240) — 9(0) in L*(Q x D).
O
Proposition 2.14. Up to subsequences denoted in the same way, there exist x

belonging to N2(0,T, H (D)) N L*(Q,€([0,T], L*(D))) and X in L*(Q x Q)
such that

(i) X2, X2 = x in L2((0,T) x Q, H'(D)),

(i) VXA VXA 2 Vy in L=(0,T; L>(Q x D)),
(iii) ¥ — B2 —~ x — | hdw in L*(Q, HY(Q)),
() (@7 - BY) 2 ¢ in L@ x Q),

(v) (X2 = B2)(0) — x(0) in L*(Q x D).

.
<
=

Proof. (i) Thanks to (2.20)-(2.22)-(2.25)) and (2.26)), there exists x in L?((0,7T") x
Q, HY(D)) such that, up to subsequences denoted in the same way, we have

XA = At = x in L2((0,T) x Q, HY(D)).
Since Y2!(.— At) belongs to the Hilbert space N2(0, T, H'(D)) endowed with
the norm of L?((0,T)x ), H'(D)), one gets that y is also in N2 (0, T, H'(D)).

(#4) Using (2.16))-(2.20)), one gets directly that up to subsequences denoted in
the same way,

VAL VXA A Yy in L0, T; L2(Q x D)).

(iii) Thanks to (2.17)-(2.23)-(2.24)), there exists ¢ in L®°(0,T; L?(Q x D))
and L2 (Q, ! (Q)) such that, up to a subsequence,

YA —BA = ¢in L*(Q, HY(Q)) and YA = B2 5 ¢ in L>®(0,T; L*(Qx D)).

Using Proposition [2.5] one gets by uniqueness of the limit that

g:x—/o'hdw.
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(iv) Due to the Lipschitz property of o and (2.17), a(0;(¥2! — BAt)) is
bounded in L?(2 x Q) and there exists ¥ in the same space such that, up to
a subsequence

a(9,(x* — BA)) — xin L*(Q2 x Q).

(v) Since L*(Q2, H'(Q)) is continuously embedded in L (€2, € ([0, T}, L*(D))),
one gets that X,/. hdw belongs to L? (Q, €([0,T], L* (D))) Moreover, as the
It6 integral of an ?/\fi (0,T,L?(D)) process is a continuous square integrable
L?(D)-valued martingale (see [14]), / hdw is in L? (Q,%([0,T], L*(D))).
Thus x belongs to L? (Q,‘K([O,T],LQ(OD))) and finally x is an element of
€ ([0,T],L*(2 x D)). Particularly, we have

¥21(0) — BAH(0) — (x — /0 hdw)(0) = x(0) in L*(Q x D).

O

Using these convergence results, let us derive some properties satisfied
by the weak limits ¢ and x.

2.6. Properties of the weak limits ¥ and x
Proposition 2.15. ¥(0) = 9y and x(0) = xo in L*(D).
Proof. Thanks to Proposition and Proposition we have
924(0) — 9(0) and (¥2* — BAY)(0) — x(0) in L*(Q x D).
Note that 944(0) = 9o and (Y2 — BA*)(0) = xo. Using the fact that xo

and Yy are deterministic, one concludes that the announced result holds in
L%(D). O
Proposition 2.16. The following results hold

(i) The application t € [0,T] — E [|[VI(t)||?] € R is continuous.

(i4) 9 belongs to the space € ([0,T], L*(Q, H*(D))).
Proof. (i) Note that P-almost surely in 2, ¢ satisfies the heat equation

o —AY = —0,U,
19(07 ) 7907

where U = x — / hdw. Since ¥y € H*(D), the study of the heat equation

0
gives us the following energy equality (see [I3] Theorem X.11 p.220), for any
t € [0,T] by denoting Q: = (0,t) x D :
1 1
/ 0iPdsdz + [ UBddsdz + SIVIEZ = 3|90l
t Qt
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Then by taking the expectation :

E [/ |6t19|2d8dx] + F [ 3tU8t19dsdx}
t Qt

+ %E INCIGIRES %E [[IV9l[?] - (2.31)

Using (2.31)) and the properties of the Lebesgue integral, one gets the conti-
nuity of

te[0,T)— E[|IVI()]*] € R.
(i7) Firstly, since ¥ belongs to L2(Q2, H'(Q)), it is also an element of

% ([0,T], L*(Q, L?*(D))). Combining this with the continuity result proved in
(), one gets that the application

te0,T]— E [||19(t)||§p(m} €R

is also continuous. Secondly, that thanks to the following embedding (see [I§]
Lemme 8.1 p.297) :

L>(0,T; L*(Q, H (D))n% ([0, T], L*(Q, L*(D))) C%., ([0, 7], L*(Q, H' (D))) T

one shows that ¢ also belongs to ¢ ([0,77], L?(Q2, H*(D))). Thus, combining
this with the above continuity result, one concludes that 1} is an element of
‘5([07T]7L2(Q,H1(D))). O

3. Proof of Theorem [1.4]

Thanks to the weak convergence results stated in the previous section, passing
to the limit in — with respect to At is now possible and gives, using
the separability of H'(D), t-almost everywhere in (0,7, P-almost surely in
Q and for any v in H*(D)

/ Oydvdx +/ Oy (X — / hdw)vdm +/ V. Vodr =0
D D 0 D

/(’“)t(x—/. hdw)vdw—l—/ )’(vdx—i—/ Vx.Vvdx:/ Yvdz.
D 0 D D D

Then it remains to identify the nonlinear weak limit y in L?(Q2 x Q) of
(0 (X2 — BAY)). To do so, we suppose in a first step (only for technical
reasons) that h belongs to N2 (0, T, H?(D)) by following the idea of [§]. In a
second step (Subsection , we will see how to get back the well posedness
result when h is in N2(0, T, H'(D)).

€ ([O,T},LQ(Q,H1 (D))) denotes the set of functions defined on [0,7] with values in
L2%(Q, H'(D)) which are weakly continuous.
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3.1. Existence result for (1.1) when h € N2(0,7T, H?>(D))

Proposition 3.1. Assume that h belongs to N2(0,T, H*(D)). Then, up to a
subsequence

o (6,5()2At - BAt)) — a0 (x — /0. hdw)) in L*(Q x Q).

Proof. Set n in {0, ..., N — 1}. We introduce for the sequel the notations

n

U=x —/ hdw and Up41 = Xnt1 — Z(wk_H — wg) hg.
0 k=0

Firstly, we consider (2.2)) with the test function

_ Un+1 - Un _ Xn+1 — Xn
At At

Thus, one gets P-a.s in {):

Un+1 - Un ? Un+1 - Un Un+1 - Un
/D (At > dx + /D o < Al Al dx

Wnp4+1 — Wp
At

— h,

Un+1 - Un
AU VA (a2 I 1
+/DVU+1V< ~ )x (3.1)
- Un - Un Un - Un
= E (wk+1 — wk)/ Ahk <+1At) dx +/ <+2At> 7.9n+1d517.
k=0 D D

Secondly, (2.1)) with the test function v = ¥,,41 gives P-a.s in {:

19n+1 — ﬁn Un+1 - Un 2 _

and then

Un+1 - Un
[, (P52 e

1
— o (19l = 190l + 191 = 90l 2] = 1990141

Injecting this in (3.1)), we obtain

Un+1 - Un 2 Un+1 - Un Un+1 - Un
A _— A
t/D( A7 ) dx + t/Da< At Al dz

1 1
+ 5 (VU = IVUIIP) + 5 (19n4a]1* = [[9n]?)

1
t S l10ngr = Onl[* + AH[VInsa |”

Un+1 - Un

da.
At

< At / AB,
D
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By adding from n =0 to N — 1, we get

AtZ/ < ntl U") d:c+AtZ/ < ”“ )(U"+1AtU”>dz

1 N— 1 N-1 N—-1
5 Z ||VU7L+1||2 - ||VU7L|| 5 Z ||19n+1‘|2 - HﬁnHQ) + At Z |‘V19n+1||2
= n=0 n=0

< Atz / AB, -t ——n "“ Un " dr,

and then

/ 0,72 — BAY) Pdtda + / (B (F2 — B, (R — B dtda
Q Q
1 1
+ g (ITUNE = IVO0IP) + NI = Iol) + | 902 s
< / ABA, (xA — BAYdtdz.
Q

Noticing that VUA(T) = VUy and that 924(T) = 9, we finally get after
taking the expectation

B [ o= 5 Patas| + 3 902y
+ %E [IW2o)P] + B [/Q |V19At|2dtda:}
+E [ /Q o (0,22 — B2) 0, (x> - BAt)dtdx]
< 2| [ AN = 5| + 58 [IVUF] + 32 [10lF]. 62

Now, passing to the superior limit in (3.2)), we have using Proposition m
and Proposition

.. . ~ 1. . ~

lim inf [0,V = B3z + 5 lim inf B |[VTA(D)|?]
1 : : QAL 2 . : At|12

+ 5 lim inf B [[92(T)] } +lim inf [ V923 o)

+lim sup FE {/ (O (XA = BAY)9 (A BAt)dtdx}
At—0 Q

K 1 1
<FE U / Ahdw@tUdtdz] +5F [1IVx0ll?] + 5F IENIEE
0

Indeed, due to Remark B2t converges strongly in L? ((0,T) x Q, H?(D))
to fo hdw and so, by continuity of the Laplace operator, AB?* converges
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strongly in L*(2 x Q) to A [ hdw. Moreover, following [20] (Lemma 2.4.1

p-35),
A/‘hdw:/‘mdw,
0 0

and the convergence holds. Note that thanks to the following embedding (see
[18] Lemme 8.1 p.297) :

L>(0,T; L*(Q, H (D))n% ([0, T], L*(Q, L*(D))) C%. ([0,T], L*(Q, H" (D))) T
one gets that for all times ¢ in [0, 77, UAL(t) belongs to L2(, H'(D)) and
UAYt) — U(t) in L?(Q2, H*(D)). Then owing to the lower semi-continuity of
the L2(Q, H'(D))-norm
. : FTAL 2 2
lim inf B [|[VOA(T)|2] > E[|IVU@)|P].
Using the same arguments on 92t one gets also that
. . qAt 2 2
lim inf B [[04(T)|2] > E [I1o(7)]1*].
Finally, the lower semi-continuity of the L?(€2 x Q)-norm gives us
: 1
0.0~ [ haw)lBaqaey + 32 (VU]
SE D] + 11Vl @xq)

+lim sup F [/ (9, (XA — BAY))d, (XAt — BAY)dtdx
At—0 Q

t 1 1
<E [/ / Ahdw&tUdtdx} + 5||VXO|\2 + 5||190||2. (3.3)
QJo

Note that P-almost surely in €2, U satisfies the heat equation

8tU —AU = g,
U(Ov ) = X0,

where g = ¥ — X+/ Ahdw. Since xo € H' (D), the following energy equality
holds for any ¢ € [0,T] (see [13] Theorem X.11 p.220):

1
/ |8tU|2dsda:+/ )Z@tUdsdx+§|\VU(t)||2

S
1
— / / Ahdwd,Udsdx + 198tUdsdx+§||VX0|\2,
Q¢

€ ([O,T},LQ(Q,H1 (D))) denotes the set of functions defined on [0,7] with values in
L2%(Q, H'(D)) which are weakly continuous.
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where @ = (0,t) x D. Then by taking the expectation :
E [/ |6tU|2dsdx} +F U XatUdsdx] + - E[||VU®)|] (3.4)

—E [/ / Ahdw(?tUdsd:c] +E [ ﬁBtUdsd:c} + §HVX0||2-
Q1

In the same manner, note that 9 satisfies P-almost surely in ) the heat
equation

o9 — A9 = —d,U,
9(0,.) = W€ H'(D),

and so the following energy equality holds for any ¢ € [0, 7] (see [23] Lemma
1.2 p260) :

1 1

3B O] 199 + 2 | | d0widsds] = ZI0O)F. (39

In this way, by injecting (3.4)-(3.5)) written with ¢ = T in (3.3) we finally
have

lim sup E {/ o (at(xﬁt - Bm)) (XA — BAt)dtdx}
Q

At—0

< F {/ Xat / hdw dtdx] .

As o : R — R is a Lipschitz-continuous nondecreasing function, the operator

Ap: LP(Qx Q) — L*(QxQ)
u = au),

is maximal monotone and one gets that y = a(@t(x — / hdw)) (see LIONS
0
18] p.172). O

Proposition 3.2. Assume that h belongs to N2(0,T, H*(D)). Then, the fol-
lowing results hold

(i) The application t € [0,T) — E [[|[Vx(t)||*] € R is continuous.
(ii) x belongs to the space € ([0,T], L*(, H'(D))).

Proof. (i) Using (3.4) and Lebesgue’s theorem, one shows the continuity of
te[0,T]— E[|IVU@)|?] €eR

where U = X—/‘ hdw. Moreover, since / hdwisin % ([0, T], L*(Q, H'(D))),
0 0
one gets that the application

€[0,T)— E [| /Ot Vh(s)dw(s)z} €R
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is continuoug and the announced result holds. )
(#i) Due to 1} Lebesgue’s theorem and the fact that U = x —/ hdw is an
0

element of ¢ ([0, 7], L?(Q2, L?(D))), one gets the continuity of the application

te(0,T]— E {||U(t)||%1(D)} eR.

Note that as mentioned in the proof of Proposition [3.1, U belongs to the
space €, ([0,T], L*(2, H*(D))). Combining this with the above continuity
result, one concludes that U is in ¢ ([0, 7], L*(Q, H'(D))) and due to the
regularity of It6 integral, it is the same for x. O

Proposition 3.3. Assume that h belongs to N2(0,T, H?(D)). Then the couple
(9, x) given by Proposition and Proposition s a solution of System
in the sense of Definition .

Proof. Firstly, note that using Proposition[2.13] Proposition[2.14] Proposition
2.16] and Proposition [3:2] ¢ and x own regularities required by Definition
E Secondly, they satisfy respectively the initial conditions ¢(0,.) = 9o
and x(0,.) = xo in L*(D) owing to Proposition Thirdly, thanks to
Proposition by passing to the limit in 1) with respect to At
and using the separability of H*(D), one gets t-almost everywhere in (0,7,
P-almost surely in  and for any v in H(D)

/8t19vdx+/ 8,5( /hdw vdw+/ Vi.Vudx =0
/ /hdw vdx—|—/ Vx. Vvdx—/ Jvdzx.

Hence, (19, x) is a solution of (1.1]) in the sense of Definition O

We now have all the necessary tools to show the result of existence and
uniqueness for Problem (1.1)) stated in Theorem

3.2. Existence result for (1.1) when h € N2(0,7, H!(D))

Assume that h belongs to N2 (0, T, H'(D)). Owing to the density of €>°(D)
in H'(D), we propose to approach h by a sequence (hy,)nen C N2(0,T,6>°(D)).
Using Proposition [3.3] one is able to define the following sequences :

Definition 3.4. Set n,m € N and consider ¥y, xo in H'(D) and hy,, b, be-
longing to N2(0, T, 42°(D)). We define the couples (U, X») and (9., xm) as
solutions of Problem in the sense of Definition with the respective
sets of data (Jo, X0, hn) and (Fo, X0, M)

For any n,m € N, we introduce the notations
U, = xn 7/ hpdw and U, = Xm f/ hodw.
0 0

In what follows, our aim is to show that (¢, )nen, (Xn)nen and (U, )nen are
Cauchy sequences in suitable spaces.
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Lemma 3.5. The sequences (% )nen, (Xn)nen and (Up)nen introduced in Def-
inition satisfy the following properties

(1) (9n)nen is a Cauchy sequence in N2(0, T, H (D)) N L?(Q, H(Q)).
(i1) (Xn)nen is a Cauchy sequence in N2(0,T ( ))
(i41) (Upn)nen is a Cauchy sequence in L*(Q H1
)

(iv F or any t in [0,T], (9n(t))nen and (x n(t))neN are Cauchy sequences in
L*(Q,H'(D)).

Proof. Since the couples (¢, xn) and (U, xm) satisfy the variational for-
mulation (|1.3]) respectively with h, and h,,, one gets by subtracting them,
t-almost everywhere in (0,7), P-almost surely in  and for any v in H!(D)
that

/ O (P, — ) vdx + / o (U, — Uy )vdx
D D

+ /D V¥, — ). Vodx = 0. (3.6)

For a fixed ¢ in [0,T], we consider in (3.6 the test function

(O — Fm)(t) — (U, — ) (t — AL)
At '

v =
By noticing that

[ V00 = 9009 (90(0) = 0 6) = (Dt = A8) = 0t — A1) ) da
D
= S [IV 0 = )OI — 1900~ 9,0) ¢ — A1)|]

4 S IV~ ) (1) = V(0 — D) — A,

we thus obtain

[ o = i) = O = o = 02200,

At
i [||v< ) = [V (I — D) — AD)

2At||v( ﬁm)(t)_v(ﬁn_ﬁm)(t_At)‘F =0.
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By taking the expectation and the integral from At to T, one gets

/TE U Oy (9 — ) O = Im)(t) = O = Frm)(t = AY) d:c} dt
At D

At
T (O — Om)(t) — (O — 90 (t — At)
+/AtE UDat(Un—Um) o dx} o
T
JrQLAt [||V(T9n*19m)(t)\|2* HV(ﬁn—ﬁm)(t,At)HQ]dt
T
+ﬁ/ [HV(ﬂn—ﬂm)(t) —V(ﬁn_ﬁm)(t_At)Hﬂdt:O.

Then, a change of variables gives us

/AT E [/ R e dx} «

e [ 010~ e 0o = B 0280, ],

! vV, =9 2cl<1 AtE vV, -9 2d
QN/T_N IV (@00 = 2m) ()] dt < 5% ; [[IV (95 — 9) (8)]|?] dt

By using Proposition [2.16] we obtain by passing to the limit with At and
using the initial values:

Q Q

+%E[||V(19n m) (D] < SE [|IV(0n — 9m)(0)[]] =

By denoting @Q; = (0,t) x D, using the identity ab = 1[(a + b)* — a® — b?] in
the second term of the above equation and discarding nonnegative terms one
has (since T is arbitrary) for any ¢ € [0, T

10:(0n = I [72 (05 + B [IIV (W00 = 9n) ()] (3.7)
< 10e(Un = U205 q)-

In the same manner, using the test function 9, — 9, in (3.6]), one shows the
following inequality for any t € [0, T]

E|[(9n = 9m) O] + 2V (9n = Im)l[T20xq0)
<|10:(Un = Un)|l20x@0) + 190 = Iml|72(0x0))- (3.8)

DO =

Similarly, exploiting the fact that (9, x») and (9, xm) satisfy additionally
the variational formulation (L.4)) respectively with h,, and h,,, one gets by
subtracting them, ¢-almost everywhere in (0,7"), P-almost surely in £ and
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for any v in H(D) that
/ Oy (U, — Up)vda + /D (a(0:(Un)) = a(0(Uny))) vdz
/ V(x ).Vodx = /D(ﬁn — ) vdx. (3.9

For a fixed t in [0, T], by taking in (3.9) the test function
_ (Un - Um)(t) B (Un - Um)(t B At)

At ’
we get
/atU o G = On ) = Un = Un)t = 80,
/VX” X ()9 (300(6) = Xn(6) = (nlt = A1) = X (1 = A1) )

At/DV(Xn() xm(t)).v(/ttm(hn —hm)dw>dx

+ /D ((D,U,) — a(8:U,)) (Up — Up)(t) — (AUtn — Uy (t — At) i
_ (Un - Um)(t) — (Un — Um)(t _ At)
B /Dwn = Um) At dx

Then, by taking the expectation, the integral from At to T and using changes
of variables one arrives at (see [8], Proof of Theorem 1.4 for details)

/Ai B| [ aw, - v,) =0 = U= 20 4. 4

T At

Yo /A E IV (xa — xm) (1) ] dt — it/ B IV (xn = xm) (®)|?] dt
T (Un - Um)(t) — (Un - Um)(t — At)

*/AtE [/D (&) = a(0:Un)) dm] "

At
< IV (hn = ha)llZ20x )

+ /D(an g, Wa = Un)(®) - gn —Un)(t=A1)

By passing to the limit with At in this inequality, using Proposition [3.2] and
the initial value we obtain:

_ 2dx 1 B 2
B [ 10,0 ~Un)Pasc] + 52 [1¥ 00, = ) TP
+E [/Q (a(BU) — a(0,U)) 04 (Uy, — Uy )dadt

<[V = o) |Bageany + /D (O — D)0 — Upn)de.
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Then, due to the coercivity of a, one also has for any t € [0,T], by still
denoting Q; = (0,t) x D,

(Ca+ 10U = Un) e + 3 (V00 = xm) @] (3:10)

1
<V (b = b2 0x @0y + §||79n — Il 20x00)-

In the same manner, using the test function U,, — Uy, in (3.9)), one shows the
following inequality for any ¢ € [0, T

1 1
S E (10 = Un)AIP]+ SV O = xm) [0
2 2 1 2
< CaHat(Un - Um)HL2(Q><Q,,) + 5”Un - Um||L2(Q><Qt)
T
+ —HV(hn - hM)”%?(Qth) 95 = Il 20x 00 (3.11)
Now, by adding (3.8]) and ( , one gets
E[[|(0n = 9m)®)I°] + 3 E[II( = Un) ()]
< (G2 +DN0(Un = Um)lIZ2(xq) + §\|V(hn — h)ll220x00)
1
+ 5 1Un = UnllZziaxq) + 2100 = ImlZ2@xqu)- (3.12)

From (3.10)

1 1
1000 = U)oy < g {190 = o) ftaeay 3190 = FlBsncn

substituting it in (3.12]), we obtain
1
E[||(0n — 9m)(0)|*] + S E 10 - Unm) ()]

C2+1 T 5
< (G +3) 190 - hlEaancy

1 ) C?+1 )
+ §||Un = Unllizxgn + (m + 2) 197 — Imllz2(0x0,)-

By denoting for any ¢ in [0, 7]
y(0) = B[00~ 9m)OIP) + 5B (1T~ Un)OIP)

C2+1 T) )
Krmt) = (22 4 2 ) ([ V(hn — b
0= (GE7+ ) 190~ hu)lEaasc
C2+1
20, +1

and C, = + 2,



C. Bauzet, F. Lebon, A.A Maitlo and A. Zimmermann

) 2

28
we have for any ¢ in [0, 7]
y(t) < K™ (t) + Coy / s)ds < K™™(T) + Cy / (3.13)
Firstly, Gronwall’s Lemma then asserts that for any ¢ in [0, 7T
1 N
E [[|(0n = 0m)OIP] + 5B [|(Un = Um)@)|P] < KZ™(T)e%". (3.14)
Thus, by taking the supremum over [0, T] in (3.14)), one obtains the estimate
sup B (|| = 9m)(0)[*] + sup B [[[(Un — Un)(®)]]°]
te[0,T] telo,
— hn) 1720 @) - (3.15)

< (zc; i Z) ST ||V (h

Secondly, using (3.15) in (3.10) allows us to affirm that

1
7 = sup E[||[V(xn— DIE
m)HLQ(QxQ) + 2 tes[%PT] [” (Xn = xm) @l ]

(Ca+ )Hat(
((c; + Z)TeC“T + 1)|\V(h T 22(2x0) - (3.16)
Thirdly, thanks to (3.16]) in (3.7, we obtain
10:(On = Im)|[T20xq) + sup_ E [[[V(9n = 0m)(8)][]
t€[0,T
(3.17)

1 4 T 5
((Ca+PTT +1) 1V (= b [F2 00

Finally, since (hy,), is a Cauchy sequence in N2(0,7, H*(D)) and owing to

(3.15), (3.16)) and (3.17)), one concludes that
)Jnen is a Cauchy sequence in N2 (0,7, H'(D)) N L*(Q, HY(Q))

(On
(Xn)nen is a Cauchy sequence in N2 (0,7, Hl(D))

(4)
(i)
(i73) (Upn)nen is a Cauchy sequence in L? (Q H1
(tv) For any t in [0,T], (U (t))nen and (xn(t))neN are Cauchy sequences in
12(0, H'(D)).
(v.) (0¥ )nen is a Cauchy sequence in L?(Q x Q).
U

As mentioned by DA PrRATO-ZABCZYK [14], N2(0,T, H'(D)) is com-
plete, thus due to Lemma[3.5] the following convergence results hold directly.
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Corollary 3.6. There exist ¥ in N2(0,T, H (D)) N L?(, H(Q)) and x in
NZ(0,T, HY(D)) such that the sequences (9, )nen, (Xn)nen and (Up)nen (in-
troduced in Deﬁnitz’on satisfy the following convergence results

9, — 0 in  N2(0,T, H'(D)) and L*(Q; H'(Q)),
Xn = X in  N2(0,T, H (D)),
9,9, — 0,9 in  LAQx Q)

w%%@u—/ﬁmg in L*(Qx Q)
Vi€ [0,T], Ont,) = 9(t,.) in  LXQ,H'(D)),
vt € [0,T), xal(t,.) = x(t,.) in L*Q,HYD)).

Note that since (9,,)nen converges in L2(2; H1(Q)), it also converges
in L2(Q,%([0,T],L*(D))) and, using the regularity of the Ito integral, the
same is true for (x,)nen. Thus, using Corollary we get that t-almost
everywhere in (0,7), P-almost surely in © and for any v in H!(D)

/8tﬁvdx+/ at(xf/' hdw)vdx+/ V9.Vvdz =0

D D 0 D
/&(8t(x—/ hdw))vdm+/ Vx.Vvdm:/ Yvdz,
D 0 D D

and we have the existence result when h € N2(0,T, H*(D)) as announced in
Theorem [L.4

3.3. Uniqueness result for (1.1)

Theorem 3.7. For h in N2(0,T, H' (D)) and initial data (xo,90) € H*(D)?
the solution in the sense of Deﬁnition of System s unique.

Proof. We consider h in N2(0,T, H! (D)) and (x,9), (X,9) two solutions in
the sense of Definition of System . Using the notations U = y —
B
0

/ hdw and U = X — dw, one has

0
00 —=0)+0(U-U)=A@-D9)=0 in (0,7)x D x,
0:(U = U) = AU = U) + (0U) — (8m:ﬁ J in (0,T)x D xQ,
VU-U)n=V@W—-9n=0 on (0,T)xdD x ,
(U - xa):o and (9 —9)(0,.) =0

Denoting £ =¥ — 9 and u = U — U, it follows that (&, u) is the solution of
the following system of heat equations

& — AL = —0wu in (0,

0,T) x D x Q,

Ou— Au = a(0,0) — a(0U) + ¢ in (0,7
0, T
(0

)
) x D x £,
Vun=Vién=20 on ( )><6D><Q
u(0,.) =0 and )=
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Following the same arguments as in (3.5)), note that & satisfies the energy
equality

SENEWI] + 2| [ 9ePasas] = S~ | [ o).

for any ¢ in [0, 7] where Q; = (0,t) x D.
Then

E D] + 2IVElZ2ax0n < 10sullfzoxqy + 1€172@x0,)  (3:18)
As in (3.4), one has for any ¢ in [0, 7]

1 1
B | [ 10iasds] + 3B (1901 ) = 51960

+E { §6tudsdx] _EB { / | (@) — a(@,0) 8tudsdx} .

Qt
Note that this allows us to affirm thanks to Lebesgue’s theorem that the
application ¢ € [0,T] — E [[[Vu(t)||?] € R is continuous.
Due to the coercivity property of «, one gets for any ¢ in [0, T]
A 1 2 1 2 L2
(Ca+ )0l axan + 5B [IVe®20)| < 51613200000

and then

1
2 2
10wl 22 ax gy < m”ﬁ“m(nx@y (3.19)

On the one hand, going back to (3.18)), in virtue of (3.19)), we have for any ¢
in [0, 7]

B0 < (1+ 15557) | 2l ds

and Grénwall’s Lemma allows us to assert that € = 0, thus ¢ = 9.
On the other hand, the study of the heat equation also provides the following
estimate on u for any ¢ in [0, T:

1 1
3 E @] = SO + [IVullZ2xq.)

Cc? 1
< ||U||%2(ngt) + 7||3tu||%2(Qth) + §|‘£||%2(Q><Qt)7

which gives using (3.19) and the fact that £ =0
1
oE Hu@)1?] < lullZ20xq.)-

According to Gronwall’s Lemma, v = 0 which implies that x = x and the
uniqueness result holds for (|1.1)). O
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4. Proof of Proposition (1.5

The proof of Lemma [3.5] allows us to show directly the following continuous
dependence result on the sequences (9, )nen, (Xn)nen given by Definition
with respect to the sequence of integrands (h,,),en in the stochastic noise.

4.1. Preliminary result

Lemma 4.1. There exists a constant CT > 0 which only depends on T, C,
and Cq such that the sequences (O )nen, (Xn)nen and (Up)nen introduced in
Definition satisfy the following inequality for any t in [0,T]

_ 1
110 (9 — ﬁm)”%%ﬂx@t) + (Ca + §)||8t(Un - Um)HQL?(Qth)
+ E[[|(0n = 9m) DIP] + E [[IV (0 — 03n) ()]
1 1
2B (10— xm) O] + 1B (190 = x) (1))
<C (th — b2 ax @) + [V (hn — hm)”%?(Qth)) ; (4.1)
where Q¢ = (0,t) x D.
Proof. Owing to (3.13) and by using again Gronwall’s Lemma one gets for
any t in [0, T
1
E |0 = 9m)OIF] + S [[1(Un = Un)(DI7]

t .
< KM™(t) + / Co K™ (s)eCt=5) s,
0

where

C?2+1
K’n,mt — 704
2= (G

Thus we obtain
1
E [H(ﬁn - 19m)(t)||2] + §E [H(Un - Um)(t)Hg]
C:24+1 T )
4 ) 190 = Bl
And using this in (3.10]) allows us to affirm for any ¢ in [0, 7] that

_ 1 1
(Ca+ 0T = Un) Bz + 3E [IV (0 = xm) D]
r o ocory (Catl | T 2
Now by injecting this last inequality in (3.7), we obtain for any ¢ in [0, T]

10090 = Im)l[Z2(2x ) + E [IIV W00 — 0m) (D)]7]

1 T & daT Cg(_‘_l T 2
< 5o {2(1+CaTe ) <0a+; + 5 | 1 IV = ho)llz2 0500

2

C2+1

= 2.
2. +1 "

T .
+ 2) ||v(h’n - hm)||%2(QXQt) and Coz =

<(1+ CaTe%T) (




32 C. Bauzet, F. Lebon, A.A Maitlo and A. Zimmermann

Finally, by noticing that for any ¢ in [0, T]

E |00 = xm) O] < 2B [I(Un = Un)(OI1?] + 2|10 = hnll720xq))

one gets

E [[|(9n = 9m)OIP] + E [10¢n = xm) (@)]1?]

+ 1009 — O l[72 QxQ,,)+E[|IV(19n*19m)(t)||2]

+ (Cat O~ Un)lBsreany + 3B IV 0w~ xn) ()17

1 T oo (Ca4+1 T )
+1){2(1+CaTe )(Ca+§+2 + 10 V(A = o)l 72(0x00)

. ; C2+1 T
CaTec“T) (C 1 + 2) ||v(hn - hm)HQL?(Qth)
o 2

1
+ §|\hn — hll22(0x0,)

and thus the existence of a constant CZ which only depends on T, C,, C,
and C,, such that

1[0 (I — )HL2(Q><Q,5)+(C + )||3t( m)”%Z(Qth)
B 10— 9OIF] + B (190~ 9,01
+ 2B [0 = xm) O] + 12 [V 0t = xom) O]

4
<CT (I1hn = bl B2y + 1V (hn = ) Ba(@xay) ) -

4.2. Proof of Proposition

Using a Cauchy sequence argument as in Subsection and recalling the
uniqueness result of Theorem one gets by passing to the limit in the
inequality aAbove the stability result announced in Proposition More
precisely, for h,h € N2(0,T, H'(D)) there exist (h,)nen and (h,)nen in
N2(0,T,C°(D)) such that h, — h, hy, — h in N2(0,T, H (D)) for n —
oo. We fix initial data (9o, xo) € Hl(D) and consider solutions (¥, xn),
(197,, Xn) with data (hy, 99, X0), (ilmﬁo,Xo) respectively. Plugging (9, xn) =
(O Xn)s (Oms Xm) = (O Xn) into and using the convergence results
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from Corollary [3.6] we can pass to the limit and obtain
10:(9 = D)l[72(2xq,) + (Ca + )||5t(U DIl xq)
+ B [Il0 -] + [va—vw)u |
+ 3B [lc- DI + 3B IV D17
< O (I1h = i 2axqn + IV 0 = Wl 2axqn )

where (9, x), (9, X
respectively, U :=

) are the unique solutions with data (h,90,X0), (h, Y0, x0)
x—Jo hdw, U := % — fohdw.

5. Proof of Theorem [1.6]

Under Assumptions Hy to Hy, we are interested in the following system with
multiplicative noise:

8t’l9+8t /% dw AU 0 in (O,T)XDXQ,

d( /%p dw))—Ax = ¢in (0,T) x D x Q,

Vxn=Vdn = 0on (0,7)x0D xQ,
x(0,.) =x0 and ¥0,.) =d,.

Using Theorem [T.4] we define the application
FeNZ(O,T,HY (D)) — N0, T, H' (D)) x Nj(0,T, H'(D)),
S = (ﬂSa XS)?

where (¥g, xs) is the solution of the following system with additive noise

Opds + O ( XS—/ H(S)dw) — Avg = 0in (0,T) x D x §,
(at Xs —/ H(S dw)) —Axs = Ysin (0,T)x D x Q,
Vxsn=Vidn = 0on (0,T)x 09D x,

xs(0,.) =x0 and ¥g(0,.) = Vo,
in the sense of Definition with h = J2(S). Additionally, we consider the

following projection application

9 No(0, T, H' (D)) x N3 (0,7, H (D)) — N

w

(0,T,H' (D)),
(u,v) — o

Our aim is to show that the composition g o f admits a unique fixed-point
in N2(0,T, H'(D)). The idea is to exploit the fact that, for any a > 0, the



34 C. Bauzet, F. Lebon, A.A Maitlo and A. Zimmermann

following exponential weight in time norm

Ni(OaTaHl(D)) - R-i—

T
v /OefatE[Hv(t)H?{l(D)]dt

provides an equivalent norm to the usual one on N2(0,T, H*(D)).

Set a > 0, consider S and S in N2(0, T, H'(D)) and define f(S) = (Js, xs)
and f(S) = (Yg,xg). According to [20] Lemma 2.41 p.35, note that J#(S5)
and #(S) belong to N2(0,T, H'(D)). Using Proposition one gets for
any t in [0, T

E (|95 = 95) I’ + E [IVWs —95)(1)II]
+ 7B o = x)OIF] + 1 [19(xs = xs)0)I]
< CT (I17(8) = #(S)E2(@xqn) + V() = #(9)B2@xay)
<t [ B[11r(®) - # S ds (1)
We fix ¢ > 0. Multiplying with e7% and integrating over (0,7, we

obtain
T

/0 =B [|l(xs = xg)(1)I|?] dt + / B [V (xs = xg) )] dt

<act [ [ RIS - AN ) st

By using an integration by parts one gets
T

T
| e el —xa) 0Pl de+ [ e B 90 - xo)0)IF]
0 0
<actc, [ et [ B[S - $) | st
O1 - 0 )
— 4CTC2, X a/0 =B [I(S — )(1) s oy
—actCl x (e [ "B (15— 800 )

1t :
<a0lCs x g [ B (165 - H0)ln) .

Finally
. .
/0 e E [|l(g 0 1)(S) = (90 ) (p)| dt

1t A
<a0lCs x 3 [ emB (15 - 90l at.
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Under the condition a > 4CTC%,, go f is a contractive mapping, it has a
unique fixed-point and the result holds.
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