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Hamiltonian gyrofluid reductions of gyrokinetic
equations

E. Tassi!

I Université Cote d’Azur, CNRS, Observatoire de la Cote d’Azur, Laboratoire J. L.
Lagrange, Boulevard de I’Observatoire, CS 34229, 06304 Nice Cedex 4, France

Abstract. We provide a general framework for deriving Hamiltonian electromagnetic
gyrofluid models from a Hamiltonian system of gyrokinetic equations. The presented
procedure permits to derive gyrofluid models for an arbitrary number of moments
with respect to the velocity coordinate parallel to an equilibrium magnetic field. The
resulting gyrofluid models account, in particular, for finite Larmor radius effects,
equilibrium temperature anisotropies and fluctuations of the magnetic field in the
direction parallel to the equilibrium magnetic field, thus generalizing Hamiltonian
gyrofluid models previously presented in the literature. The Hamiltonian reduction
procedure leading from the parent gyrokinetic model to the gyrofluid models is
formulated in two stages. In the first step, after having shown that the parent
gyrokinetic system indeed posseses a Hamiltonian structure, a Hamiltonian system
is derived, by means of a Poisson sub-algebra argument, which describes the evolution
of the perturbation of the gyrocenter distribution function, averaged with respect to
the magnetic moment coordinate. The second stage brings from the latter model
to the gyrofluid models by means of a closure relation, applicable at an arbitrary
order in the moment hierarchy, which guarantees the preservation of a Hamiltonian
structure. Casimir invariants of the noncanonical Poisson brackets of the gyrofluid
models are provided. It is also shown how, in the two-dimensional limit, the gyrofluid
model equations can be cast in the form of advection equations for Lagrangian
invariants transported by generalized incompressible velocity fields, thus extending
results obtained for previous Hamiltonian gyrofluid and drift-fluid models. The
Hamiltonian reduction procedure is applied to derive a five-field gyrofluid model
evolving the first two moments for the electron species and the first three moments for
the ion species. The Casimir invariants and the Lagrangian advection formulation are
provided explicitly for the five-field model. Remarks concerning possible variants of
the procedure are discussed. As an example, it is shown how, by means of a variant of
the procedure, it is possible to derive an isothermal two-field model for kinetic Alfvén
waves including equilibrium electron temperature anisotropy effects.
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1. Introduction

Reduction from kinetic to fluid systems is a frequently adopted operation for modelling
many-particle systems, such as gases and plasmas, that can be treated as continuous
media. Indeed, fluid systems possess the advantage that the corresponding dynamical
variables, i.e. the fluid moments, depend on a reduced number of coordinates,
with respect to the dynamical variables of the original kinetic models, consisting of
distribution functions. This makes fluid models in general more amenable to analytical
treatments, with respect to kinetic models, and also less demanding in terms of
computational resources required for numerical integration. Clearly, due to the loss
of information occurring in the reduction procedure, the drawback of fluid models is
their inability in describing, for instance, phenomena such as wave-particle interactions
in plasmas. When an accurate description of such phenomena is not prior, however, fluid
models provide an effective alternative to the more complete kinetic models. In most
cases, the starting point in reductions from kinetic to fluid systems is a kinetic model (e.g.
Vlasov-Maxwell or Vlasov-Poisson) which contains partial differential equations 0, f = F
evolving one-particle distribution functions of the form f(xy, -+, X, Vi, Vp, 1), with
1 <m,n < 3. The coordinates (xi,- - ,X,,) € R™ indicate a position in space, whereas
(v, ,Vvy) € R™indicate a set of coordinates in velocity space and ¢ € R indicates time.
The evolution operator F' is, in general an integro-differential operator depending on
X1, Xm, V1, " ,Va,t, on f and, possibly, on further dynamical variables that might
be present in the system (e.g. electromagnetic fields in the case of the Vlasov-Maxwell
system). The value of the function f(xy,---, X, Vi, Vy,t) represents the probability
density of finding a particle at position (vq,---,v,) in the velocity space, with spatial
coordinates (x1,- - ,X,,) at time t. The reduction consists of deriving, from the kinetic
model, a fluid model evolving in time a finite set P = {f;, .. ;. (x1, - ,Xm,t) 1 0 <
i; < N; forj = 1,--- ,n}, of (fluid) moments f; ..., , where Ni,--- N, are non-
negative integers determining the number of moments retained in the fluid model.

The fluid moments thus only depend on a reduced number of coordinates (spatial
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coordinates and time) and are typically obtained by integrating, in velocity space, the
distribution function multiplied by a polynomial in the velocity coordinates. Upon
choosing a basis of the form P;(vy),- -, Pn(v,) for the polynomials in velocity space,
the generic moment f; .. ; (x1,--- ,Xp,t), with respect to the chosen basis, can be
defined as fi, .. i, (X1, Xm, ) = [av [[}_, P (vi) f (X1, s Xy V1, Vi, t), Where
dv indicates the volume element in velocity space. One of the main difficulties in the
reduction procedure, as is well known, lies in the fact that the evolution equation for a
moment f;, .. ;. € P, (which, according to the ordinary procedure, is obtained from the
kinetic equation 0, f = F upon multiplying both sides of the equation by H;L:1 Pjij (v;)
and integrating over velocity space), is of the form 0,f;, ..., = G, ..., where the

evolution operator Gy, ... ;, can depend also on a (possibly infinite) number of moments

fi1. 4, not belonging to P because, for some k, ji > Nj.

This leads to a closure problem, which consists of imposing, for all moments f;, .. ;,
appearing in the evolution operators G, ... ;. but not belonging to IP, relations of the
form fj ..;. = B, .. j., where B, .., is a set of operators depending only on the

moments belonging to P. In this way, the evolution operators Gj, ... ;, only depend on

the moments f;, ... ;, € P and the resulting system is closed. Clearly, the choice of the
closure operators 3;, ... ;. is crucial in determining the dynamical properties of the fluid
system.

In the physics of strongly magnetized plasmas, one of the most commonly adopted
kinetic theories is the so called gyrokinetic theory (see, e.g. Refs.[1, 2]). A large number
of gyrokinetic models have been derived, with various assumptions depending on specific
applications. The gyrokinetic model considered in this manuscript, which was derived
in Ref. [3], belongs to the class of so-called df gyrokinetic models, which assume
the distribution functions to be close to equilibrium ones. The model describes the
evolution of the first order (according to a prescribed ordering) perturbations of the

equilibrium distribution functions for each particle species. In particular, the model can

be formulated as a system of evolution equations for the perturbations of the gyrocenter
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distribution functions fs(xl,xg,wg,v”, fos, t), corresponding to the case m = 3,n = 2
of the general situation described above. Such evolution equations are valid only to
a certain order (for instance they neglect terms which are higher than quadratic in
the small perturbations). The coordinates in velocity space are denoted as v; and
s and represent the gyrocenter velocity coordinate along the equilibrium magnetic
field and the adiabatic invariant related to the species s. In principle, space and
velocity coordinates of the gyrocenter distribution functions are obtained by means
of a near-identity transformation from the guiding-center coordinates (see, e.g. Ref.
[4]). However, for the perturbation fs, it is required to consider, for each coordinate,
only the leading order term in this transformation. In particular, only the leading order
term s, corresponding to the magnetic moment in the presence of the unperturbed
magnetic field, contributes in the expression for the adiabatic invariant ps. The higher
order terms indeed yield negligible contributions, in the asymptotic regime of validity of
the model. J f gyrokinetic equations are evolution equations of the form &Js = F,, where
F are operators, associated with the particle species s, that depend on f; (and possibly
on electromagnetic fields, if these are independent dynamical variables of the system,
satisfying their own evolution equations). A fluid reduction problem, as above described,
emerges, when one intends to obtain, from the gyrokinetic equations 8tﬁ = F;, a
gyrofluid [4] system, that is a closed system of equations of the form 0,P;, ;,. = G, .,
with P ;, (x1,X2,X3,t) = fdVPil(vH)sz(,us)f;(Xl,X2,X3,v”,us,t), for 0 < iy < Ny,
0 < iy < N5, with non-negative integers Ni_, N3,. We remark that, due to the presence
of the so called gyroaverage operators, which involve all powers of the magnetic moment
coordinate ps in the parent gyrokinetic system, the evolution operators G, ;, depend
on an infinity of moments with respect to the u, coordinate, for a given basis.

In the plasma physics literature, various approaches to the closure problem of
gyrofluid models (also outside the 0 f limit) have been adopted. In Refs. [5, 6, 7, 8, 9],
electrostatic and electromagnetic gyrofluid models have been derived, adopting closure

relations such that the dispersion relations obtained from the linearized gyrofluid
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models agree with those of the linearized gyrokinetic parent equations. Thanks to this
approach, the phenomenon of Landau damping, which requires a kinetic description,
can be modelled, at least in the linear phase, also by means of gyrofluid models. In
Ref. [4], although the closure problem is not explicitly addressed, an expansion of
the perturbation of the distribution functions is assumed, which allows to determine
moments involving gyroaverage operators. Closure relations guaranteeing energy
conservation in gyrofluid models are adopted in Refs. [10, 11, 12]. In recent years,
a number of gyrofluid models were derived [13, 14, 15, 16], for which, in addition to
energy conservation, the existence of a noncanonical Hamiltonian structure was proved.
This guarantees that, in the non-dissipative limit, the intrinsic Hamiltonian character of
the original gyrokinetic dynamics is preserved. This property also turned out to be useful
for deriving invariant quantities (Casimir invariants), carrying out stability analyses [16]
and interpreting numerical simulations of magnetic reconnection by means of gyrofluid
models [17, 18, 15]. In the above References [13, 14, 15, 16], the Hamiltonian structure
of the gyrofluid models was, however, found a posteriori, once the model equations
were derived by imposing a closure relation guaranteeing energy conservation. Also,
all of the models described in such references, apply to plasmas with g < 1 (where g
indicates the ratio between the internal and the magnetic pressure in the plasma), thus
neglecting perturbations of the magnetic field along the direction of the equilibrium
magnetic field (we point out, however, the existence of a model, described in Ref. [19],
accounting for such perturbations, but for which no Hamiltonian structure is known).
Equilibrium temperature anisotropies were also neglected in those models, assuming that
the equilibrium distribution function of the parent gyrokinetic model was a Maxwellian
distribution.

The purpose of this paper is to provide a general framework for deriving gyrofluid
models from a Hamiltonian gyrokinetic system, in such a way that the resulting gyrofluid
models also possess a Hamiltonian structure. The Hamiltonian reduction that we

present, permits to derive Hamiltonian gyrofluid models evolving an arbitrary number
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of moments with respect to the (normalized) v, coordinate. A convenient choice of
the basis of polynomials adopted for defining the moments is the customary one,
consisting of Hermite polynomials for the (normalized) parallel velocity and of Laguerre
polynomials for the (normalized) magnetic moment. The gyrofluid models derived with
this procedure are valid also for values of 8 ~ 1 and account for equilibrium temperature
anisotropies, originating from the choice of a bi-Maxwellian equilibrium distribution
function in the parent gyrokinetic model. Therefore, the Hamiltonian gyrofluid models
derived with our procedure, permit to extend the Hamiltonian gyrofluid models present
in the literature, by the inclusion of parallel magnetic perturbations and equilibrium
temperature anisotropies. These two aspects can be particularly relevant in view of the
application of gyrofluid models for the investigation of phenomena relevant to space
plasmas. In this respect, the reduced gyrofluid models presented here, could act as
a tool, complementary to more realistic (but also more complex) kinetic and fluid
models, for the investigation of basic phenomena relevant for the solar wind and the
magnetosphere. These could include, for instance, instabilities induced by equilibrium
temperature anisotropies, kinetic Alfvén wave turbulence and collisionless reconnection
in asymmetric configurations. A complete description of space plasma phenomena would
of course require much more complex models accounting for, among other aspects,
inhomogeneous equilibria and more realistic boundary conditions. Such description
lies outside the scope of the present reduced gyrofluid models.

It is important to point out that the results obtained from the different approaches
to closures mentioned above, are not necessarily in conflict among each other. In
particular, results obtained from our procedure, which emphasizes the importance of a
Hamiltonian structure, could be compatible with those obtained from more traditional
approaches based on kinetic closures or energy conservation. The Hamiltonian
derivation, nevertheless, provides additional information on the model and puts it on
more solid ground. From this point of view, the case where higher-order closures are

imposed on both coordinates in velocity space (i.e. N7, > 2 and Ny, > 2) and for which
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a Hamiltonian theory is, at the moment, essentially absent, represents an interesting and
challenging problem, also with regard to the comparison between the results obtained by
means of the different approaches. Moreover, as above mentioned, the present procedure
permits to derive gyrofluid models in their non-dissipative limit. Dissipative terms,
possibly obtained from the linear kinetic theory, can of course be added a posteriori.
The structure of the paper is the following. In Sec. 2 we introduce and review
the main physical ingredients of the parent gyrokinetic model (which is taken from
Ref. [3]) in the non-dissipative limit. In Sec. 3 we show that such gyrokinetic model
possesses, as required, a Hamiltonian structure. In Sec. 4 we present the Hamiltonian
reduction to gyrofluid models, which is formulated in two stages. The first one brings
from the Hamiltonian parent gyrokinetic model to a reduced Hamiltonian model, still
of kinetic nature, which evolves the perturbation of the gyrocenter distribution function
averaged with respect to the magnetic moment coordinate. The parent gyrokinetic
model evolves the perturbation of the distribution function denoted, for the species
s, as fi(z,y, 2,0, Hos, t) (actually, an alternative variable g,(z,y, z, v, pos, t), including
perpendicular magnetic perturbations, is most often used in the paper). The model
obtained after the first stage of the reduction, on the other hand, evolves the averaged
distribution function fo,(x,y,z,v),t), thus reducing the dimension of the velocity
coordinate space from n = 2 to n = 1. The preservation of the Hamiltonian character
is guaranteed, in this stage, by the property that functionals of f,, form a sub-algebra
with respect to the Poisson bracket of the parent gyrokinetic model. We remark that
the first stage of the reduction implies that all moments of ﬁ(x, Y, %, V||, Hos, t) of order
19 > 1 with respect to Laguerre polynomials in a normalized s coordinate are set equal
to zero. Physically, this corresponds to setting equal to zero all the moments involving
powers of the velocity component perpendicular to the equilibrium magnetic field, such
as, for instance, the perpendicular temperature and heat flux. This solves (although
rather brutally) the above mentioned closure problem with respect to moments in the

magnetic moment coordinate. The second stage leads from the reduced kinetic model
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obtained from the first stage, to the actual Hamiltonian gyrofluid models, evolving
moments fo;, (2,9, 2,t) of fo,(x,y,2,v),t), with respect to a basis of normalized Hermite
polynomials in the velocity coordinate vj. The procedure of the second stage extends
results obtained in Ref. [20] and leads to a family of Hamiltonian gyrofluid models for
an arbitrary number N, + 1 of moments, for each species. Casimir invariants of the
resulting models are presented and it is shown that, in the limit of invariance along
the direction of the equilibrium magnetic field, the model equations take the form of
advection equations for Lagrangian invariants. The result of the Hamiltonian reduction
is exemplified in Sec. 5, where a five-field Hamiltonian gyrofluid model for a plasma
consisting of two species is constructed, following the procedure described in Sec. 4.
The Casimir invariants and the two-dimensional formulation of the model in terms of
Lagrangian invariants are provided. Section 6 discusses some possible variants of the
reduction procedure, that can allow to obtain further Hamiltonian gyrofluid models.
A concrete example is discussed, which consists of a two-field model for kinetic Alfvén
waves, including corrections due to electron inertia, finite ion Larmor radius and finite
[ effects as well as equilibrium temperature anisotropy. The model does not descend
directly from the reduction procedure of Sec. 4 but requires a variant of it, for it assumes
an isothermal closure. We conclude in Sec. 7. At the end of the paper we also provide
the Appendix A, where we discuss properties of the operators that permit to express
electromagnetic fields in terms of the distribution function in the parent gyrokinetic

model.
2. Parent gyrokinetic model

We consider as starting point the gyrokinetic system presented in Ref. [3] (and
corresponding to Eqs. (C58), (C66), (C67) and (C68) of such reference) in the specific
case where the plasma consists of only two species, namely electrons and (single ionized)
ions. The equilibrium distribution function is taken to be a bi-Maxwellian for both

species with no equilibrium drifts. In this limit, Egs. (C58), (C66), (C67) and (C68) of
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Ref. [3] can be written (also with the help of Eq. (C60) of the same reference), as
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— - — Ay -+ 2F0s20
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Eq. (1) is a gyrokinetic equation governing the evolution of the perturbation of the
generalized gyrocenter distribution function gs (note the different notation for this
function with respect to Ref. [3]), whereas Eqgs. (2), (3) and (4) relate electromagnetic
perturbations with the distribution functions and correspond to the quasi-neutrality
relation and to Ampere’s law in the direction parallel and perpendicular to the magnetic

equilibrium guide field, respectively.
We formulate the system over the domain {(z,y,z, v, flos;t) : —Ly < = <
Ly, —L, <y < Ly,—L., <2< L,,—00 <y < 400,05 > 0, > 0}, where z,y, 2
are Cartesian coordinates indicating the spatial variables, v is the velocity coordinate
parallel to an equilibrium uniform and constant guide field of amplitude By directed
along the z axis of the Cartesian coordinate system, s is the magnetic moment
of the particle of species s (with s = e for electrons and s = i for ions) in the
equilibrium, straight and homogeneous magnetic field, in the absence of electromagnetic

perturbations. The coordinate ps is related to the perpendicular velocity coordinate v
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by pos = mgv? /(2By), with m, indicating the mass of the particle of species s. Clearly,
the coordinates pip. and pg; are not independent but it will be convenient to use one
or the other according to the dependent variable under consideration. We remark that
we make use of the coordinate ps instead of the coordinate v; adopted in Ref. [3], for
it turns out to be more practical in our case, given our choice (5) for the equilibrium
distribution function. The coordinate t is the time coordinate, whereas L, L, and
L. are three positive constant determining the boundaries of the spatial domain. We
assume that the variables depending on x,y, and z satisfy periodic boundary conditions
with respect to these coordinates. In particular, we assume that such space-dependent
variables admit a Fourier series representation with respect to x, y and 2. For variables
depending also on v and jigs, we assume that their values decay to zero as v — £o00 and
also as pps — +00, for every s, whereas we assume that they have a smooth dependence
on z,y,z,v) at any time ¢, at p, = 0, for every s.

As above anticipated, compared to Ref. [3], we restrict our analysis to the case
where the equilibrium distribution functions Fy, are bi-Maxwellians with no equilibrium
flows. Given its order of accuracy, the model requires to make use only of the leading
order term, with respect to electromagnetic perturbations or in Larmor radius expansion,
of the bi-Maxwellian equilibrium distribution functions of gyrocenter particle invariants.
In terms of the adopted coordinates v and pg,, the explicit expressions for such
distribution functions at leading order are given by

msof 0 By

3/2 — s
ms> o 2To, To,

Fos (v, fos) = (E We (5)
0”5 OJ_s

where ng is the uniform equilibrium density (assumed to be identical for both species),
whereas Ty, and Tp, | are the uniform equilibrium temperatures for the s-th species, in
the direction parallel and perpendicular to the guide field, respectively. First order
corrections, due to electromagnetic perturbations, to the leading order distribution
functions (5) intervene in the transformation that relates the perturbation of the

gyrocenter distribution function with the perturbation of the particle distribution



Hamiltonian gyrofluid reductions of gyrokinetic equations 11
function [3].
In the system (1)-(4) the function g is defined by

Gs(@,y, 2, v, fos, t) = fs(x,y, 2,0, pos, t) + TqTTl%]:OS(m,,uOS)JO(aS)g”(x,y, z,t), (6)
where f; is the perturbed distribution function for the gyrocenters of the species s, ¢
is the charge of the particle of the s-th species (given that we are considering single
ionized ions we have ¢ = —e and ¢; = e, where e is the proton charge) and c is the
speed of light. The constants vy, , = /To,, /mg, on the other hand, indicate the thermal
parallel speed associated with the species s.The field EH indicates the perturbation of
the magnetic field in the plane perpendicular to the guide field. More precisely, up to

second order terms in the perturbations, we consider a magnetic field B of the form
B(z,y,2,t) = VA|(z,y,2,t) x 2+ (Bo + By (z,y, 2,1))2, (7)

with EH indicating, on the other hand, the perturbation along the direction of the guide
field.

Resorting to the Fourier-series representation of the space-dependent variables, and
upon introducing the wave numbers k, = mn/L,, k, = nn/L, and k, = pr/L, for
m,n,p € Z, we can introduce the standard gyroaverage operator .Jy,. Given a field f
periodic in the spatial variables, we represent it as f(x,1) = > .., fi(t) exp(ik - x),
where k = (kg ky, k) , x = (2,y,2), and Z is the lattice defined by ¥ =
{(mn/Ly,nw/L,,pr/L,) : (m,n,p) € Z*}. Clearly, in order for the system (1)-(4) to
be well defined, it is required that the equations (2)-(4) permit to express gg, Z” and EH
in terms of g. and g;. This might in principle impose conditions on some of the Fourier
components of g, and g; . This issued is discussed in the Appendix. The gyroaveraged
field Jo(as)f is then defined as Jy(a,) f(x,t) = D cop Jo(as) fi(t) exp(ik - x), where Jy is
the zeroth order Bessel function and

a, = kivy _ Ky /QMOSBO’ (8)
Wes Wes ms

with ky = /kZ + k2 the perpendicular wave number and w., = eBy/(msc) the cyclotron

frequency associated with the species s. The above definition of the gyroaverage operator
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Jo is extended in a standard and straightforward way to the other gyroaverage operators
appearing in Egs. (1)-(4) and involving also the first order Bessel function J;.

We complete the definitions of the quantities appearing in Egs. (1)-(4) by
specifying that 5 = (E(az, y,z,t) indicates the electrostatic potential perturbation,
dW, = dv| (27 By/m)dpos is a volume element in velocity space and

nolo,,
2
BO

BJ_S = 87T (9)

are two parameters measuring, for each species s, the equilibrium temperature
anisotropy and the ratio between perpendicular equilibrium kinetic pressure and
magnetic pressure based on the guide field, respectively. The canonical bracket [, ],
on the other hand, is defined as [f, ¢g] = 0, f0,9 — 0, f0,¢g for two functions f and g.
The model (1)-(4) is derived in Ref. [3] by performing an asymptotic expansion of
the Boltzmann-Maxwell system, based on the following gyrokinetic ordering (adapted

to our notation and assumptions):

w L ke UL AL U By f

1 10
o "L T T "B T B TR S (10)

kLpJ_SNQSN/BJ_SNTJ_SNl. (11)

In Egs. (10)-(11) we introduced the following quantities:

vy _ By _ To,,
pJ_S - 9 UA - 9 TJ_S - T 9
Wes Vammng 0Le

corresponding to the gyroradius of the particle of species s, to the Alfvén speed based on

(12)

the guide field and to the ratio between the equilibrium perpendicular temperatures of
the species s and of the electron species, respectively. In Eqs. (10)-(11) we also denoted
with w, L, Uy and U, characteristic values of the frequency of the perturbations, of a
macroscopic length scale of the system and of fluid velocities in the direction parallel to
the guide field and in the plane perpendicular to it, respectively. In Eqgs. (10)-(11), k.,
ki, g”, EII’ ]75 and p, _ are to be intended as characteristic values of the corresponding

quantities.
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Eqgs. (10)-(11) determine also the regime of validity of the model. We remark that,
apart from standard gyrokinetic assumptions such as low-frequency, strong anisotropy
of the perturbations and finite gyroradius effects, the model is valid for values of /3,
of order unity, which is consistent with retaining the parallel magnetic perturbations
EH- Equilibrium temperature anistropy is also retained but strong anisotropies are
not allowed (O ~ 1). Also, the perturbation of the gyrocenter distribution function is
assumed to be a small disturbance of the equilibrium bi-Maxwellian. The latter actually
also represents a particular choice for a spatially homogeneous distribution function
which satisfies the Vlasov equation at the lowest order according to the ordering (10)-
(11) [3]. Our simple choice of the bi-Maxwellian allows for the inclusion of equilibrium
temperature anisotropies and at the same time makes easier the comparison with
previous reduced fluid or gyrofluid models (see, e.g. Ref. [21]) that could be derived
assuming a Maxwellian distribution .

Further details about the properties of the model can be found in Ref. [3].

It is worth mentioning, at the end of this Section, that the df gyrokinetic model
(1)-(4) can also be derived, in a way alternative to that described in Ref. [3], and which
is based on well known gyrokinetic theory, the foundations thereof, are reviewed, for
instance, in Ref. [1]. In particular, the §f gyrokinetic equation (1) can be obtained

from the gyrokinetic equation

8fs Y afs E afs
o T ax, PYan

=0, (13)

where the dot indicate time derivatives along a gyrocenter orbit and f; = f5(Xs, Us, fis, )
is the full gyrocenter distribution function for the species s. The variables Xy, U; and
ls are gyrocenter variables obtained by means of near-identity transformations from
the guiding center variables adopted for the unperturbed equilibrium state. These
transformations are given explicitly, for instance, in Ref. [4]. In particular, the adiabatic

invariant p; does not evolve in time (i.e. fis = 0), whereas the evolution of X, and Uj
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is governed by [4]

N U, . By Ji(a,) B
X, =Uj2+ Biz x V (Jo(as)(b(Xs, t) — ?Jo(as)A”(Xs,t) + 2MM—”(XS¢)> :

0 qs Qg BO
(14)
_ 9 04 g (1 ~ -
Us = mSCJO( s) ot <X37 t) m. \ By [Jo((ls)A”(Xs, t), J0<as)gb<X87 t)
posBo i (as) By ~ osBo Ji(a,) By
I qs Qg BO (XS’ t) + aZs JO(GS>¢(XS7 t> 2 qs Qg BO (X87 t> ’
(15)

where spatial derivatives are taken with respect to the coordinates X,. Upon inserting
into Eq. (13) the expressions for X, and U, given by Eqs. (14) and (15) one obtains a
gyrokinetic equation in a fixed Eulerian frame of coordinates. In the resulting equation
one can insert the expression for the gyrocenter distribution function descending from
the 0f approximation, i.e. f; = Fos(Us, ps) + ﬁ(XS, Us, pis, t). If one takes for the
function Fys the expression for the bi-Maxwellian given in Eq. (5) and applies the
ordering (10)-(11), one obtains namely Eq. (1) as leading order evolution equation for
ﬁ. We recall that, up to higher order terms negligible in this model, the expression for

the adiabatic invariant p, is given by [3, 4]

_ ‘]1(&8) E” ds ik-pls Y Ul x
s = [os — 2flos @ B#O(Xos,t) + By (e — Jo(as)) <¢(X087t) — ?AH(XOS, t)) .
(16)

where ps = (1/wes)(2 X V), with v = v, 4+ v,y + v,2, and Xo; = x — p5 is the vector

indicating the guiding center position related to the species s.

3. Hamiltonian formulation of the parent gyrokinetic model

In this Section we present the Hamiltonian structure of the gyrokinetic model (1)-(4).
Such structure is inherited from the Hamiltonian character of gyrocenter dynamics (see,
e.g. Ref. [1]).

We recall that a dynamical system possesses a Hamiltonian structure (see, e.g.
Refs. [22, 23]) if it can be cast in the following form:

ox

ati = {x:, HY, i=1,---,N. (17)
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In Eq. (17) x1,---,xw~ is a set of suitable dynamical variables (with N positive
integer) possibly depending on coordinates other than time. H = H(xi,...,xn) is
the Hamiltonian functional (corresponding to the total energy of the system, conserved
by the dynamics) and {, } is a Poisson bracket, i.e. a bilinear antisymmetric operation
satisfying the Leibniz and the Jacobi identity.

The Hamiltonian structure of the model (1)-(4) turns out to be analogous to that
of some "0 f” drift-kinetic models [24, 25, 26, 20]. In particular, physical intuition
suggests that, in terms of the two dynamical variables xy; = g. and x2 = ¢;, a candidate

Hamiltonian functional is given by

3
geugz - Z/d fL‘dW <T03f0

4G (Joms)% () Ay 4 gt T ) By )) | (18)

qs Qs BO

which can be shown, by direct computation, to be a quantity conserved by the dynamics.
In terms of the actual gyrocenter perturbed distribution functions f;, the Hamiltonian

(18) takes the form
Z 3 f2
feafz - /d dW TOHS.FO

+4s fs (Jo(as)cb + Jolas) A + oo 11(0:) B” )) ; (19)

qs Qg BO

which is more perspicuous from the physical point of view. The first term on the
right-hand side of Eq. (19) corresponds to the internal plasma free energy, whereas
the three remaining contributions on the right-hand side, with the help of Eqs. (2)-
(4), yield the electromagnetic energy, with contributions coming from the polarization
and magnetization effects. The candidate Hamiltonian functional (19) represents then
the total energy of the system and generalizes the Hamiltonian functionals of Refs.
[24, 25, 26, 20] by the inclusion of finite Larmor radius effects, parallel magnetic
perturbations and equilibrium temperature anisotropy.

Analogy with Hamiltonian drift-kinetic models suggests that the Poisson bracket,
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expressed in terms of the variables g, and g;, on the other hand, be given by

3 o Ay g U
{F G} - Z/d xdW < gS[FgMGQS] TOHS ‘7:08ng aZ ) . (20)

The Poisson bracket (20) is the sum of two independent Poisson brackets, associated

with the two particle species. The subscripts on the functionals F' and G indicate
functional derivatives so that, for instance, Fj, = 0F/dgs.

Poisson brackets of the same form were presented in Refs. [24, 25, 26, 20|, therefore
we do not provide here a verification of the Poisson bracket properties, and in particular
of the Jacobi identity.

We remark in particular that, the finite Larmor radius effects, as well as the parallel
magnetic perturbations and temperature anisotropy effects present in this model, but
not considered in Refs. [24, 25, 26, 20], intervene in the Hamiltonian, not in the Poisson
bracket.

Direct computation shows that the Hamiltonian (18) and the Poisson bracket (20)
indeed yield, using Eq. (17), the model equations (1). In order to see this it is convenient

to note that, from Eq. (18) one has

Hy, = To, 2=+ (Jo<as>¢——Jo<as>K|+2“0530"1( 2 B'>. 1)

qs Qg BO

This relation follows from the property
/ d3$dW3 f(X, V)5 Hos t>k7isslg(x7 Ul|s Hsts t)
= / d3{L‘dWS/ g(xv )5 s’ t>$slsf(x7 V)15 Hos t)a (22)

for two functions f and ¢ and with ¢ = 1,2,3, s = e,i and s’ = e,i. The operators

N, T2, T3, are defined as

(Y
Trod = 0Tl Loy f; Fof =~ Jolas)La, f,
Jl (CLS)

S

\Z’)Sslf = 2“08 LBS/f (23)

for a function f. We indicated with Ly, , L4, and Lp, the operators allowing to express
QNﬁ, EH and EH? respectively, in terms of g, and g; and which are defined in Eqgs. (A.17),
(A.24) and (A.18), respectively.
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4. Hamiltonian reduction to gyrofluid models

In this Section, we carry out a reduction of the parent model (1)-(4) leading to gyrofluid
models evolving an arbitrary number of moments. The reduction is such to preserve
the existence of a Hamiltonian structure in the resulting gyrofluid models and can be
carried out in two steps. A first Hamiltonian reduction, described in Sec. 4.1, leads
from the parent model (1)-(4) to a Hamiltonian model evolving the perturbation of the
gyrocenter distribution function averaged with respect to the magnetic moment. The
second step leads from the latter model to the Hamiltonian gyrofluid models.

4.1. First Hamiltonian reduction: from gyrocenter distribution functions to averaged
distribution functions

We begin the procedure by assuming that the following decomposition is valid:

+oo

- tos B

gS(X,UH,uQS,t) = fer(MUS) ZLTL < s 0) gns(xa U||at)7 (24)
n=0

where the L,,, with non-negative integer n, are the Laguerre polynomials and

.B
ms _ H0osBo

Tors . 25
Qﬂ-TOLS ¢ - ( )

fe‘ls (/’LOS) -

Due to the orthogonality of Laguerre polynomials, we have the relations

2n B sBo\ ~
gls(X7 U”,t) = m ° /d/’LOS Ll (M; 0) gs<X7UH:UOS>t)7 (26)

s 0Ls
for any non-negative integer [. The functions g¢;, correspond, for each species s,
to moments of the generalized distribution function g,, with respect to Laguerre
polynomials in the normalized squared perpendicular velocity posBo/To,, = v} /vj,
where vy, . = (Ty,./ms)"/? is the thermal perpendicular velocity associated with the
species S.
We can also transfer the decomposition (24) to the gyrocenter distribution function

]75 in the following way:

+o0o
~ ILL s
fS<X7 UH?MOSv t) - fest (/“LOS) Z Ln ( :
n=0
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Equation (24) can then be written as

~ Hos qs e
s (X, U||7 MOsa = eqs ,MOS (Z L < 7(10 0) fns (X, 'U|| s t) + = To H Feqs <U||)J0(as)A|| (X7 t))
1ls

(28)
+00 - J_F’thLg n
HosBo | e k4 o,
fe S Ln n ) 7t Fe s A t )
o0 3 2 () o4 8- B o) (15 ) A
where ,
ms )
ms 2T,
F, = Ois 29
a(01) = 0 2Ty, (29)

Note that Fg, (v))feq, (tos) = Fos(v)), ftos). We also remark that, for the last step of Eq.

(28), we made use of the relation [27]

24105 B Rt | B k2p% \"
Jo(as) = JO (k)lptth /;::) 0> = e 2 + Z ELn (M;O 0) ( = 215th) 5 (30)
Ls n—= ° 1ls

with py, . = /T, ./ms/wes indicating the perpendicular thermal radius for the species

S.

Upon introducing the gyroverage operators

27TB() MOsBO
ne — d sfe S Ln J S/ 31
G, =222 [ it o (22 ) e @
27 By tosBo '\ tosBo Ji(as)
ns d sfe sLn ) :071727"'7 32
T L (32)

from Eqgs. (26) and (28) it also follows that

qs | =
g, = fi. + T, — e (v))Gu, Ay (33)

Applying the expansion (24), the Hamiltonian (18) can be transformed in terms of the
new variables g;, as

H(90579167'” ,901-791”"' ZZ/d?)xdv (TO F

s n=0

~ v Bj
+ngTLs (glns¢ - _”g]-nsA” + 2£g2ns_>> : (34)
c q By

S
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As far as the Poisson bracket (20) is concerned, we first remark that, by the chain

rule for functional derivatives, one has the relation

P _SL posBo'\ & (35)
" n=0 ! TOLS e

for functionals F' and F such that F(g,) = F(go., 91.," " )-

With the help of the relation (35), the Poisson bracket (20) can be expressed in

n'+n

terms of the new variables in the following way:
> Y ContalF G

{F,G} = - Z/d xdu)
n,n'=0 p=|n’—n|
H FEQ&Z gns gns> (36)

||5

BOQS

where the constants Cl,,/, permit to express a product of Laguerre polynomials as a

linear combination of such polynomials in the following way:

n'4n

L,(z) = > Cuplyl(x (37)

p=In/—n|
The expressions for the constants C,,, are derived, for instance, in Ref. [28], and are
given by

" (n+n" —m)!
Crntp = (_5) Z (n—m)!(n" —m)!2m —n—n'4+p)l(n+n —p—m)l’ (38)

m

where the sum over the integers m is defined by requiring that none of the arguments
of the factorials be negative.

We perform a reduction on the expansion (24) by imposing that
fi.=0, forl>1, s=e,i. (39)
In terms of the generalized distribution functions g;,, the reduction (39) corresponds to

s || F
TO €qs

Ils

(UH)Q’US;{”, for il >1, s=e,i. (40)

g, =

The condition (39) amounts to setting to zero all moments of the gyrocenter

distribution function, involving finite powers of the perpendicular velocity. For instance,
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this amounts to setting equal to zero the gyrofluid perpendicular temperature and
perpendicular heat flux fluctuations. Although this is a rather strong restriction, it
could be suitable, for instance, to plasmas for which the evolution of the perpendicular
temperature fluctuations (in terms of particle moments) is adiabatic.

As a consequence of the imposed conditions (40), the Hamiltonian (34) becomes

H(go., 90,) Z/d%dv <To|s

~ ~ B
+4s90, <glos¢ - _HQIOSAH +2 Lo, g203—”>) . (41)
c qs BO

On the other hand, the relations (2), (3) and (4), after the truncation, read

;qs Gio, / dvy go, = noz (
; (qsglos / dvj vy go, — ﬂ‘;—;gfoﬁ)

- AT A (1) 0 ne) (43
S22, g0, = =30 A () ~ T3

_ (2 £237 A (Tolb) - n(bs))) & (44)

where I',,(bs) = I,(bs) exp(—bs), with I, indicating the modified Bessel function of

Lo(b:))6 — a(To(bs) = T (b, >>§”) SCE)

2
qsno
msC

order n and by, = k% p7, . In order to derive Eq. (43), use was made of the relation

:i% Gi,. = Lo(bs). Following the arguments provided in the Appendix, it is possible to
find conditions for expressing (Z, EH and §|| in terms of the go,. With the electromagnetic
fields expressed in terms of the generalized distribution functions g, one sees that the
Hamiltonian (41) effectively only depends on gy, and go,. For functionals F' and G

which, as the Hamiltonian (41), only depend on gy, the Poisson bracket (36) reduces to

v 0
(FGh=-3 / d%dvu< 00, Foo.s Gon) = 72 Foa Fan, 3G ) (45)
lls

Because {F, G} is also a functional of the go, only, the functionals of gy, and gy, form a

sub-algebra with respect to the Poisson bracket (36). This guarantees that the reduced
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system preserves a Hamiltonian structure (in particular, the bracket (45) satisfies the
properties of a Poisson bracket), and the evolution of the observables of the system is
governed by the Hamiltonian (41) and the Poisson bracket (45). Following Eq. (17),

the evolution of the averaged distribution functions go,, for a species s, is given by

agO c ~ V| - TO NH
_J7s - — A 2 Ls 1
o + B Gio, ¢ c Gio, Ay + 0 G20, 307903
) qs ~ v, 5 1o B,
— —F, - — A 2—== =0. 46
A 0z (903 i Tp,, * (glos¢ ¢ Gro. A+ ds G, By (46)

Eq. (46), complemented by Eqgs. (42)-(44), provides a system that governs the evolution
of the gyrocenter distribution functions averaged over the magnetic moment (recall that,
from Eqs. (6) and (26), we have go, = (27 Bo/ms) [ dpos(fs + (qs/TOHS)(v“/c)fOSJOZ||))
in such a way that the Hamiltonian character of the parent (not averaged) gyrokinetic
model is preserved. This generalizes previous Hamiltonian models for drift-kinetic
equations [24, 20], by taking into account parallel magnetic fluctuations, finite Larmor
radius effects and equilibrium temperature anisotropies. From it, one can also obtain,
in the appropriate collisionless limit, the hybrid fluid-kinetic model of Ref. [29].

4.2. Second Hamiltonian reduction: from averaged distribution functions to gyrofluid
moments

In this second stage, we consider as parent model the Hamiltonian model derived in
Sec. 4.1 and consisting of Eqs. (46), (42)-(44). It turns out that, in order to obtain,
from such model, a Hamiltonian gyrofluid model, it is possible to extend the procedure
adopted in Ref. [20], which we will refer to in the following. As a result, a class of
Hamiltonian gyrofluid models for moments of arbitrary order in the parallel velocity
coordinate, will be derived.

We begin by assuming that the following decomposition of the functions go, in
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terms of Hermite polynomials is valid:

o s Jons (Xv t) i
gos (X7 I, t) - Z \/m H, Feqs (UH)a

Uthy

+oo
_ Z fOn\s/(ni'a t)Hn ( gl ) Fop(v)) + 7:]—S%Feqs(U||)9105A||(X, t). (47)
n=0 '

Vthy s s

In Eq. (47), H,, indicates the Hermite polynomial of order n, with n a non-negative
integer. The functions ¢g,, and fy,, are then proportional to moments, with respect
to the Hermite polynomials in the normalized parallel velocity coordinate v /Uth”sv

of the averaged distribution functions go, and fy,, respectively. Indeed, due to the

orthogonality relation of Hermite polynomials, one has

1 1
ne = ——= [ dvy Hpgo,, ne = /dv H, fo.. 48
9o 7/LO\/E\/\ I 9o fO no\/m I fO ( )

From the definition (47), it follows that go,, = fon, for n # 1, and go1, = for, +

(qS/TOHS)(vth”S/C)glosgn, where we also made use of the fact that Hy(v)/vin,,) = v /Vin,, -
In order to exemplify the relation between the moments ¢q,, and the usually adopted

gyrofluid moments, we specify that the following relations hold:

Ns Us qs e
oo, = —, goi, = =+ Gio, A, (49)
No /UthHs msvthnsc
T, 2 Q
= = gos, =\ 3 (50)

Jo2, = ) )
\/§msvt2h“ 3 nOTOHSUth”S

where N, = [dvfo, U = [dopyfo,/no, Tj, = (msd, /no) [ dvy(vi/o}, —
1) fo., @”S = (msvf’hus/2)fdvn(vﬁ/vfhus — 30 /v, ) fo, are the fluctuations of the
gyrofluid density, parallel velocity, parallel temperature and parallel heat flux,
respectively, for the species s.

From the relation (48) and from Eq. (46), one can obtain the following hierarchy
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of evolution equations for the functions go,,:

Agon. 2T, B Uiy, L~ Vth,
Jo + = glO ¢ + 0L g205§H7 gOn5] —Vvn + 1?“[%0514”,90”“5] — \/_ I [glosA” Jon— 1, ]
0 0

at BO qs

n s n—l1sg qS 7 2T s B
+ \/n——i-lvthHS 20 ;1 \/_ thHs 90 92 ! + 0, UthHS (glo ¢+ qOL g203§>
s 0

1TOH
(51)

B Uhs ~
— (Bnp + 62) V70 j? il G A =0, n=012"
0” C Z

where use was made of the relation ©H,,(x) = H,41(z)+nH,_1(x). These equations are
complemented by the relations (42)-(44) for the electromagnetic fields which, in terms

of the moments gg,,, become

> G090, = Y ( % (1~ Ty(5,)) - au(To(by) — n(m))%‘) . (52)

s TOJ_S
g2no e
E Gio, | n0qsVin, o1, — G0, 4
- msC
2

C 2 X qsno 1 1
=——Vi4+) 1— — ) (1 —To(by))Ay, 53

47TVJ_ |+ mc( @s)( 0(bs)) 4 (53)

> 2B1,Ga0,900, = Z B, To (bs) = T'1(bs))o

- (2 +2 B, (To(bs) — Fl(bs))> By’ (54)

From Eq. (51) one can see that the evolution equation of gq,,, for a generic n, depends
on the higher order moment gg,,+1,. The hierarchy is thus not closed and some additional
constraints are required if one intends to reduce the infinite system, given by Eqs. (51),
to a closed system with a finite number of equations. However, we can first remark that,
by a simple extension of the arguments provided in the Appendix, when the relations

(52)-(54) can be inverted, one can write

o= Z Ly, 900, ZH = Z L 4,901, EH = Z LB, 900, (55)

for appropriate linear symmetric operators L4, , L4, and Lp,. When this property is
taken into account, one sees that the system (51) falls into the framework treated in

Ref. [20] (more precisely, Eq. (51) has to be compared with Eq. (26) of Ref. [20]).
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In such reference, it was shown that infinite hierarchy of the type of Eq. (51) can be
truncated at an arbitrary order, while preserving the Hamiltonian structure. This is

accomplished by imposing

JoN,+1, = CsGoNs, > s = 671.’ (56)

where N ; are arbitrary positive integers that fix the desired order of truncation for
each species, and «.; are real constants.
The truncated system of evolution equations resulting from imposing the closures

(56) to the hierarchy (51), can then be written as

9gom By thue
2 e m - A ) s n
at + BO glO ¢ + 0s gQOS B » 9o s [glos || mngo s]
0 ~ 2T, . B
 Viny. 77 Womn Gon, + Om1 Vi, 77— T 0z (glosgb q‘:lé G0, Eﬂ) o

— Vinl(8mo + Om2) Vi, Tq g105A|| =0, 0<m <N,

where the sum over the repeated index n is understood and W, indicate the elements

of a pair of symmetric matrices Wy, for s = e, i, defined as

smn \/—5mn+1+ vim 5mn 1+ Qs \/N + 5m/\/9 n,Ns>s . (58)

for 0 <m < N,, 0<n<N,and s = e,i. We establish as a convention in this paper,
that in the expression A,,, for the element of a matrix A, the first index m refers to the
row of the matrix, and the second index n to the column.

As described in Ref. [20], it is convenient, for a system of the type (57), to introduce,

for each species, the alternative set of dynamical variables G;, defined as
Gi,(x, 1) =Uy, gom,(x,1),  0<ig <N, s=ed, (59)

In Eq. (59) U

Sim

indicate the elements of the pair of orthogonal matrices U, such that, for
each species s, UTW,U, = A, where A, = diag(Ao,, A\i,, -, Av.) with Ao, A, A

the eigenvalues of the matrix W,. In terms of such variables, in fact, the Poisson bracket
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for the truncated Hamiltonian system (57) (complemented by the relations (55)) takes

the remarkably simpler form [20]

SF G Vth SF 0 6G
F, = el sy / 3
e gz (quonovu / FrCe [5Gi5’6Gij +T0|\sno>\ls @ 6G;. 026G, )

(60)

where the constants v(;,) are determined by imposing that the eigenvectors of the
matrices U, be orthonormal. In particular we notice that, for each species s, the matrices

U, have the form

V(o) V(1) U(NG)
Ao,V0) ALy AN VS)
2 _ 2 _ 2=
u - | % 23,-1 )\L\ﬁlv(/\/’s) , (61)

We notice also that, in terms of the variables G, Egs. (57) take the simpler form

8Gi5 ~ 21T B Uth 0 is
T Gio0,¢ + qolsg SB! — g1ogA||, i | T Uth”S)\iSW
~ 2T B
+ ViV mlUg ( mlTO B <g1o o+ oGy, B| ) = Vthy, (Omo + 5m2)T_gloeA> 0,
II's s s

(62)
for 0 <i < N and s = e,i. In the two-dimensional (2D) limit in which the dependence
on the z coordinate is suppressed, the equations of motion (62) reduce, for a given

species s, to

aG,,

o T Vi VG, =0, 0<i<A (63)
where
- R ~ 2T B Uth,
Vi, =ixV <9103¢ + qﬂlsg SBH H glos ) (64)

This shows that, in the 2D limit, the system (57) can be cast in the form of advection
equations for the Lagrangian invariants G;,, transported by the incompressible velocity
fields v;, defined in Eq. (64).

The Hamiltonian for the system (57), (52)-(54), on the other hand, is best expressed

in terms of the original variables go,, and is obtained [20] directly from the Hamiltonian
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of the parent model by replacing into Eq. (41), the following truncation of the expansion

(47):

90ns X, t v
(x,v),1) Z <_Uth| ) Fg, (v)). (65)

The resulting Hamiltonian reads

H(gO[)ea 5 G0N 00, T 7,90_/\/'“-)
N ~
1 3 ~ 5 ~ 20y, B Uthl\s
=5 ES no/d x <T0|s ngzo 9on, + ds9o0, <g108¢ + 0 gQOSEO — qs9o1, glOSA” :

(66)
The Hamiltonian (66) can then be expressed in terms of the variables G;,. By inverting
the relation (59) it is possible to express the gyrofluid moments go,, in terms of the
variables G;,. The resulting expression, combined with the Poisson bracket (60), yields
the gyrofluid evolution equations (62). With regard to this last step, it is helpful to
remark that, by means of the expression (61) and making use of the symmetry of the
operators Gig,, Gao,, L4,, La, and Lp,, one finds that the functional derivatives of the
Hamiltonian with respect to the fields G;, are given by

SH
el

fori =0,--- , N, and s = e, 1.

2T E Uthy ~
Ot —=Goy, —”> — qsToAi, V(i) CH G, 4, (67)

= @sM0V(i,) (glo ¢+ 0 * B

Noncanonical Hamiltonian systems such as those belonging to the class of gyrofluid
models we derived, are characterized by conservation laws associated with Casimir
invariants. These are functionals C' of the field variables such that {F,C} = 0, for
all functionals F', and where {, } is the Poisson bracket of the system. It follows,
in particular, that 9,C = {C,H} = 0, which justifies why such functionals C' are
invariant. In the case of the gyrofluid systems (57), complemented by Eqgs. (52)-(54),
the identification of the Casimir invariants becomes simplest if carried out in terms of
the variables G;,. Indeed, from the expression (60) for the Poisson bracket in terms of

such variables, it is possible to see that the functionals

C;. = /d?’xGiS, i=0,--, N, s=e,i, (68)
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are Casimir invariants. In the 2D limit, in particular, infinite families of such invariants

exist, and are given by
O’is _/dQI’CZ‘S(GiS), Z:O, ,./\[5, s:e,i, (69)

where C;, are arbitrary functions. The existence of such infinite families is related to the
possibility, offered by the 2D limit, of casting the system in the Lagrangian invariant
form (63). This feature is common to many fluid and gyrofluid reduced models for

plasmas [21, 20, 30, 15, 13, 14, 31, 16].
5. Example: a five-field model

In this Section we provide an example of Hamiltonian gyrofluid model that can be built
by means of the above described procedure.

In this example we consider a model describing the evolution of the first two
moments for the electron species (i.e. ggo, and go1, ) and of the first three moments
for the ion species (i.e. goo, , go1, and goo,), which corresponds to setting N, = 1
and N; = 2. We close the hierarchy of Eqs. (51) by imposing that the gyrofluid
electron parallel temperature and ion parallel heat flux fluctuations are both zero, i.e.,
go2. = 9o3, = 0, which, from Eq. (56), amounts to setting a, = o; = 0.

We express the model in terms of the following set of normalized variables, which
provide a physically more transparent notation and make the connections with models

already present in the literature easier:

$:£7 yzga Z:i7 t:waa (70)
Ps Ps B Ps B
ed 4 By Us
¢ = 7 A= ) B = o Us = ) 71
jjoJ_8 | BO,OS I BO Cs, ( )
Mg Vth,
Ns = goo,, Ay = sgn(qs)f c “ dois, T||S = \/59025 (72)
3 S|
where
T s
CsJ_ = k? s = ‘ = (73)

m; Wei
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are referred to as sound speed and sonic Larmor radius, respectively, and are both related
to the perpendicular electron equilibrium temperature. In Egs. (70)-(72), the tilde
symbol refers to dimensional quantities. We also remark that the explicit expressions
for the dynamical variables A, and A;, corresponding to gyrofluid versions of the electron

and ion parallel canonical momenta, are given by
Ae = Gro. A — §°UL, A = Gio, A+ Us, (74)

where 62 = m,/m; is the mass ratio.
Taking into account these considerations, the resulting five-field model consists of

the following five evolution equations, obtained from truncating Eqs. (57),

age + [Gi0. ¢ — 2Ga0. By, Ne) — [Gro, Ay, Ue] + %ze — 0, (75)
%(gloeAl — 0°Ue) + [Gro.¢ — 2Ga0, By, Gro, A — 0°UL] + @ie[gloeA”, N.]

+ % (gloecb — 2G5, By — g—:) =0, (76)
%&‘%Wwﬁ**hhgmbAﬂ—T%m&p%k+igﬁza (77)
g%QmA”+Uw+ﬂ%m¢+2ﬁgQ&BQOgq+lm——gﬁgmAmA@+TM

+ % (Qmigb +271,Ga20, B + g) =0, (78)
8;;“1' + [G10,¢ + 271,G20, By, T)1,] — 2[Gao, Ay, Uil + 288? —0, (79)

complemented by the relations

G1o,Ni — G1o. Ne = (%lo(b» +1- FO(be>> ¢ — (Lo(bi) — T'1(bi) — To(be) + T'1(be)) By,
| (50)

Gro,Us — Gro,Us — ivu” + ((1 _ @i> (To(bi) — 1) + (1 - @i) %) Al
(81)

271,Go0, Ni + 2G99, N, =

_9 (i +To(be) — Iy (be) + 71, (To(bi) — Fl(bi))) By + (To(be) = T (be) = To(bi) + Ta(b:)),

Bi.
(82)
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descending from Eqs. (52)-(54). This model generalizes previous gyrofluid models
such as those of Refs. [16, 14, 13] in the absence of equilibrium magnetic curvature
and density gradients (which could be added a posteriori), by including parallel
magnetic fluctuations, equilibrium temperature anisotropy and electron FLR effects.
In particular, by including the terms related to magnetic curvature, the model could
be used for instance to extend the analysis of the Ion Temperature Gradient instability
performed in Ref. [16].

By construction, the model (75)-(79),(80)-(82) is Hamiltonian. The Hamiltonian

functional corresponds to (66) and, in the normalized variables, it reads

H(Nea Niu A67 Ai? ﬂ‘z)

1 N2 7 A? r Tt
— - [ B2 EN2 e g2y il 83
2/x<@e+@il+52+z+@i2 (83)

A,
+N;i(Gro,0 + 271,G20,B)) — Ne(Gro.¢ — 2G20. B)j) — AiGio, A — ﬁgwez‘l) .

Given that, for the five-field model under consideration, o, = o; = 0, from Eq. (58)

we obtain that the expressions for the matrices W, and W; are given by

01 01 0
We:<1 o)’ Wi=[1 0 2 (84)
0 V2 0

and the corresponding eigenvalues read

do, =1, AL =—1, (85)

e

X, = V3, AL = —V/3, Ao, = 0. (86)

The orthogonal matrices U, and U;, on the other hand, correspond to

Ue

Il
VR

1 1
1 1 NN 3
v f) U= |1 - 0 (87)
V2 T 1

V3

V3 V3

w
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Consequently, the alternative set of variables {Gy_, G1,, Go,, G1,, Ga,} is given by

goo go1
G, = —&= — —, 88
. V2 V2 (53)
902 G, = goo;,  9goi; |, Yoz, (89)

\/_
v TV V2B
\/7 Goo, + 902 ( 90)

or, in terms of the variables (70)-(

N.  [e. A _Ne oA (o1)
Go. = V2 V26 V2 2 5’

Go. = 9005

Go, =

7

\/_
\/_

N; O; Ty, N; O; 1y,
Go, = + A+ —=, G, = —=— A+ —=, 92
“T 6 27y, V6 VG 27, V6 %)
2 T,
Gy, = —/ =N; - 93
2; 3 + \/6 ( )
According to Eq. (68), the Casimir invariants of the model are given by
Coe = /d3£L' Goe, Cle = /dSQT Gle, (94)
COZ. = /d3f]3 GUM Cli = /d?’x Gli, CQZ. = /dsl' Ggi. (95)

In the 2D limit, following Eq. (69), the model admits five infinite families of Casimir

invariants, corresponding to

Cr. = / d*z Cp (G, m=0,1, (96)
Cy, = /d% Cn.(Gr)), n=0,1,2, (97)
with Cp 1, and Cy,1 2, arbitrary functions.

Also, from Eq. (63), it emerges that, in 2D, the system can be cast in the following

form of advection equations

ag;ne + Vi, mae - 07 m = 07 17 (98)
aGm + Vi, VGm = Oa n =0, 1’ 2’ (99)

ot
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where
. Gio A||>
= \Y4 -2 By — e , 100
Vo, = 2 X <g106¢ Gao. B 50, (100)
vy, =2xV (gw ®» — 2Gy BII + 9106 ”> (101)
e e e 6\/_
R 3
vy, =2 xV (g1oi¢+ 271,Go0, B — Tl glo, ||) (102)
A 37,
Vi, = 2 X (gmiﬁﬁ + 271ig2o,~BH + @+2 glOiAH) ) (103)
Vo, = 2 X V (Gi0,0 + 271,G20,B)) , (104)

which follows from Eq. (64) upon using the normalized variables (70)-(72). Compared
to the models of Refs. [16, 14], one notices that the presence of parallel magnetic
perturbations affects the stream functions associated with the velocity fields that advect
the Lagrangian invariants. The presence of equilibrium temperature anisotropy affects
the stream functions too. In particular, from Eqs. (100)-(103), one sees that, depending
on whether the perpendicular temperature dominates over the parallel one or not,
the contribution to the generalized velocity fields due to the perpendicular magnetic

fluctuations (associated with Aj) becomes less or more relevant.

6. Remarks about variants of the procedure

The procedure for deriving Hamiltonian gyrofluid models described in Sec. 4 admits
some possible variants that might be helpful, should one be interested in incorporating
specific physical effects into the model. On one hand, it is possible to consider
expressions for the gyroaverage operators G, ; and Gs_, different from those that follow
from Eqs. (31)-(32). In the latter case, due to the assumed expansions (24) and (47),

it follows that

exp(—bs/2) .

g1os = exp(—bS/Q), 9203 = 9

(105)

This is in agreement with Ref. [4]. However, in the plasma physics literature, alternative
choices for the expressions of the gyroaverage operators are also frequently used (see,

e.g. Refs. [5,9, 11]), in particular if a better agreement with the linear kinetic theory is
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prior. In the procedure described in Sec. 4 no use was made of the explicit expression
for the operators Gig, , and Gy, , (the only ones appearing in the final gyrofluid models).
In particular, for the resulting models to be Hamiltonian, it was not required that such
gyroaverage operators have the expressions (105). The important property is that the
gyroaverage operators be symmetric, i.e. such that [d®z fGio,9 = [d*x gGio,f and
[ &Pz fGa,9 = [ d*x gGao, f for two functions f and g and for s = e,i. Provided that
this requirement is satisfied, linear differential operators (independent on the v and /i,
coordinate) other than those of Eq. (105) can be used, if so wished, in order to derive
Hamiltonian gyrofluid models with the above procedure.

A second variant concerns the relations (55) between electromagnetic quantities and
gyrofluid moments. Also in this case, the above procedure can in principle be applied
for operators L;,, L4, and Lp, other than those obtained by inverting the relations
(52)-(54). It suffices that the (typically integral) operators L4, L4, and Lp, be linear,
symmetric, invertible and independent on the coordinates v and .

In order to exemplify a variant of the procedure described in Sec 4, we derive a two-
field model that generalizes, by including equilibrium electron temperature anisotropy,
the two-field model for kinetic Alfvén waves presented in Ref. [31].

The model describes the evolution of only the first two moments of the electron
species, so that s = ¢ and N, = 1. The closure on the parallel temperature fluctuations
is again isothermal so that a, = 0. Electron gyroaverage effects are neglected, assuming

be < 1. The following expressions for the gyroaverage operators are then taken:

1

glO6 = 17 g20€ = 57 (106)

which, of course, trivially satisfy the properties mentioned at the beginning of Sec. 6.

Following these prescriptions, from Eq. (57), we obtain that the two evolution
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equations of the model are given by

ON, oU,
ot + [¢ - BH? Ne} - [AH7 Ue] + Oz = 07 (107)
) ) ) 1
E(A” -0 Ue) + [(25 — B||,A|| — 0 Ue] + @_e[AH,Ne]
) N
+o (¢ — B — @—e) = 0. (108)

On the other hand, the relations (55) for this model follow from

¢

N, + (1 =To(b;) + Ty (0:)) By + (1 = To(b;) — Hﬁvi)T—L =0, (109)
U, = b.V3i 4, (110)
By = —%e (N. — (1 = To(b:) + Ti(b:))p + (L + 271, (To(b;) — Tu (b)) By),  (111)

which can be obtained from Egs. (2)-(4) by applying the ordering specified in Ref. [31]
and allowing for equilibrium electron temperature anisotropy (note that, in order to
derive Eq. (110) from Eq. (81), an expansion in the limit 6> — 0 was performed, which
is consistent with the limit b, — 0 yielding Eq. (106)).

In Eq. (110) the parameter

2 1
b= 41— —. 112
5Le 68 ( )

was introduced, which clearly reduces to 2/4,, in the absence of electron temperature
anisotropy. We remark that the inequality b, < 0 corresponds to the condition for
firehose instability (see, e.g. Ref. [32]).

Ion gyrofluid moments do not appear in the relations (109)-(111), (according to
Ref. [31], in this model N; = T}, = 0 and the evolution of U; is decoupled) so that the

relations (55), in normalized variables, reduce to

e Cs

L
Ly Ne, Ay=- =

<N, (113)

it A, B = By

62Uth”e Bops

with the operators L4, , L4, and Lp, satisfying the required above mentioned properties.
Ion gyroaverage effects, on the other hand, are taken into account and are associated

with the functions I'y(b;) and I'y(b;).
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We remark that the relation (111) cannot be obtained as an asymptotic limit of Eq.
(54) (or, in normalized form, of Eq. (82)). In particular, the factor 1, corresponding to
the first term of the three terms multiplying Bj on the right-hand side of Eq. (111),
cannot be obtained from Eq. (54). Its origin comes from the closure assumption of
Ref. [31], according to which the fluctuations of the perpendicular electron temperature,
denoted, in normalized form, with 7', ., satisfy the relation 1", . = — B, corresponding to
an isothermal closure on the (particle, instead of gyrocenter) perpendicular temperature
fluctuations as well. This closure is not compatible with the closure assumption
(39) adopted in our procedure, and which concerns the moments with respect to
the perpendicular velocity. More explicitly, the gyrocenter perpendicular electron

temperature fluctuations are defined by

1 B ~
T e(x,t) = _/dWe (“O 0 _ 1) (%, 0, Hoes t) (114)
no To,,
1 MOeB(J) = (MOeBo> 1 /
=—— [ dWN. L f, e L, ne (X, 0, ) = —— [ dyy f1,(x,v),1),
-~ 1 ( T a. (Ko ); Ty o (%,0),7) - 1 f1.(x,0),t)
(115)

where use was made of the expansion (27) and of the orthogonality of Laguerre
polynomials. According to our closure (39), we would have f;, = 0, which implies
Ty, = 0. This is evidently in contrast with the closure T',. = —B) used to derive
Eq. (111) from Eq. (4). Nevertheless, because the Equations (109)-(111) still lead to
relations of the form (113), a Hamiltonian gyrofluid model can be derived. This shows
that, in principle, our procedure can be extended to include also relations between
electromagnetic fields and gyrofluid moments different from those descending from Egs.
(52)-(54).

The Hamiltonian functional of the model, obtained from (66), reads

| NZ A2 A,
H(Ne,Ae) = 3 /d?’gp (@_e + ﬁ — Ne(gb — B”) — 5—2A||) . (116)

Making use of Eq. (110) and of the relation A, = A — §*U,, the Hamiltonian (116) can
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be rewritten as

2
H(N,, A.) = %/d% (g— + 82U2 + b, |V LA — No(¢ — B”)) : (117)

which lets emerge the contribution due to the parallel kinetic energy and to
the perpendicular magnetic energy, modified by magnetization effects due to the
temperature anisotropy. These two contributions correspond to the second and third
term of Eq. (117), respectively.

Finally, we remark that, because N, = 1 and a, = 0, as in the five-field model of Sec.
5, the matrices W, and U, are again those appearing in Eqs. (84) and (87). Likewise,
the expressions for the alternative variables G,  and G, , as well as for the Casimir
invariants and for the 2D formulation in terms of Lagrangian invariants are analogous
(provided, of course, that the form (106) is taken for the gyroaverage operators) to those
for the two electron moments of the five-field model and correspond to Eqs. (91), (94)

and (98), respectively.

7. Conclusions

We presented a framework based on a Hamiltonian reduction, which makes it possible to
derive Hamiltonian gyrofluid models for an arbitrary number of moments in the parallel
velocity coordinate. The resulting models include, in addition to finite Larmor radius
effects, magnetic perturbations along the equilibrium magnetic field and equilibrium
temperature anisotropies, which are not present in Hamiltonian gyrofluid models
available in the literature. The Hamiltonian reduction is presented in two stages. A
first reduction leads from the original Hamiltonian gyrokinetic model (1)-(4), evolving
the variables gy(x, v, tios,t) (or, equivalently, the variables ﬁ(x, v, tos, t)) to the
Hamiltonian model (46), (42)-(44) evolving the averaged perturbation of the distribution
function go,(x,v),t) (or fo,(x,v,t)) depending on a reduced number of coordinates.
The second stage applies a closure to the system (46), (42)-(44) yielding Hamiltonian
gyrofluid models (57), (52)-(54), evolving the moment variables go,,. (X,t) (or fom.(X,1)),

for 0 < m < N, with arbitrary A,. Casimir invariants for the Hamiltonian gyrofluid
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models were presented and it was shown that, in the two-dimensional limit, they can
be cast in form of systems of advection equations for Lagrangian invariants (associated
with the Casimir invariants), transported by generalized incompressible flows. The five-
field model presented in Sec. 5 and the two-field model presented in Sec. 6, permit to
observe the features of the general models by means of concrete examples.

The analysis of the physical properties of the gyrofluid models derived by means
of the above procedure is an on-going work. In particular, as anticipated in Sec. 1,
the inclusion of finite § effects and of equilibrium temperature anisotropy make these
models suitable for application to space plasmas. For instance, they could be applied
for the investigation of instabilities, such the firehose or the swelling instability, induced
by equilibrium temperature anisotropy and relevant for the solar wind. A comparison
with the results obtained from the linearized parent gyrokinetic system, analyzed in Ref.
[33], would also be a natural step in order to identify advantages and limitations of the
reduced gyrofluid models with respect to the original gyrokinetic model.

We remark that the gyrofluid models considered in the present paper are derived
from a gyrokinetic system evolving small perturbations of the equilibrium distribution
functions. A natural step forward would be to identify Hamiltonian reductions of ”full-
f7 gyrokinetic systems (such as that adopted, for instance, in Ref. [12]), following the
direction of Refs. [26, 34], where Hamiltonian closures for drift-kinetic models were
derived. The additional nonlinearities present in such systems, however, makes the
treatment of the electromagnetic problem considerably more complex.

With regard to more mathematical aspects, an obvious question concerns the
possibility to find Hamiltonian reductions leading to gyrofluid models evolving also
finite order moments with respect to the coordinate pps. Hamiltonian reduced models
evolving also such moments were presented in Refs. [35, 36, 37] but did not take into
account finite Larmor radius effects when both parallel and perpendicular temperature
fluctuations for the same species were considered. In Ref. [11] an energy conserving

gyrofluid model including both parallel and perpendicular temperature as well as heat
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flux fluctuations is presented, but its Hamiltonian structure has not been found yet. The
presence of gyroaverage operators associated with the functions Jy and J;, depending
on figs, in the parent gyrokinetic system, makes the gyrofluid moment equations depend
in principle on an infinite number of moments with respect to the pos coordinates. This
provides a significant difference with respect to the hierarchy of equations (51) obtained
by taking moments only with respect to the v coordinate. Identifying sub-algebras
other than the trivial one adopted in this paper, involving functionals of moments with

respect to polynomials in pgs, appears not to be an easy task and is part of future work.
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Appendix A. The invertibility of the operators acting on 5, 12[” and EII in
the quasi-neutrality relation and in Ampere’s law

The quasi-neutrality relation (2), the parallel (3) and perpendicular (4) Ampere’s law
relate the electromagnetic perturbations 5, Aﬁ and EH to the functions g, and g;. In
order for the fields gz~5, Z” and EII to be well defined, it is necessary that such fields can

be expressed in the form

¢ = Ly.ge + Lo, Gis (A1)
Zn = La.ge + La,gi, (A.2)
By = Lp,ge + Lp,gs, (A.3)

for some operators Ly, ,, L4, ,, Lp,,. Moreover, the expression (21) for the functional

derivative of the gyrokinetic Hamiltonian follows from the symmetry of the operators

Ji.,, fori=1,2,3, which in turn depends on the form of the operators Ly, ,, La, ;, LB, ;-

e,
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These issues turn out to be rather simple to handle under our assumption of spatial
domain with periodic boundary conditions, and are discussed hereafter.
Namely by virtue of the hypothesis of periodicity, we perform the following Fourier

series expansions in the spatial coordinates:

gs (X7 V)|, Hos) t) = Z gsk(””a Hos, t)eik.xa (A4)
keg
x,t) = Y au()e™*, By(x,t) = > B(t)e™, (A.5)
keg keg
A” X, t Z A”k ka. (AG)
keg

For each wave vector k, the linear relations (2) and (4) yield

MexGex + Migix = M¢k;£k + MBkEHky (A7)

NexGex + Nixgix = N¢>k$k + NBkénk, (A.8)

respectively, where the Fourier multipliers Mg, Mgk, Mk, Nk, Ngi, Npk are defined by

SB S
M = /dWS Jolas),  Nac= Pr, dw, 2120 0 Ji(a ), (A.9)
no TOJ_S ag
|q5|
Mgy = ng E T, (1 —To(bs)), Ny = E B, Tols (bs) — T'1(bs)), (A.10)

Mpx = =50 3 sn(a:) (Co(bs) = T1()), N = —B% (1 + 2 B (To(by) - F1<bs>>> -

(A.11)
On the other hand, Eq. (3) yields
Ouacder + Oacdie = Oarc A, (A.12)
where
O = qs / AW, vy Jo(as), (A.13)
O = Z Cf:gl“o(bs) + iki + Z i—"{f (1 . @i) (1 — To(by)). (A.14)

We begin by discussing the invertibility of the operators appearing in the system (A.7)-
(A.8), which involves ¢y and §||k-
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Because the operators Mgk, Mpk, Ny and Npy all consist of linear combinations of
multiplication operators in Fourier space, the invertibility condition amounts, for each

k, to the determinant of the matrix
Mgy M
%_<¢k “) (A.15)

not to be zero. Such determinant is given by

1-
detQk_—2§Oe§s: Tols <1+ZBL (To(bs) — T (bs )))

_ ng_g (Z(mbs) - Fl(bs))> < 0. (A.16)

Indeed, the first term on the right-hand side of Eq.(A.16) is always negative or zero,
given that 1 — ['y(bs) > 0 and T'g(bs) — I'1(bs) > 0 for all b,. Because of the latter
inequality, on the other hand, the second term on the right-hand side of Eq. (A.16)
is strictly negative. Consequently, it is possible to solve the system (A.7)-(A.8) for
every k and eventually express 5 and éll in the form (A.1), (A.3), with the help of the

representations (A.5), in the following way:

=3 dult)e* =

ke
= Z L¢ek§ek(v||7 Hos; t)eik.x + Z L¢ik§ik(v||’ Hos, t)eik.x
ke ke
= Lo.ge + Ly, i (A.17)
zk~x
By(x,t) =) Bj(t)e™™ =
ke
= Z LBekgek(UHa Hos; t>eik.x + Z LBikgik(U“ » Hos; t)eik.x
ke ke
= LBeZie + LBZ.E];', (A18)
with
Ly, =~ (NpeMae — MpNad) (A.19)
Psk — detQk BkiVisk Bk4iVsk ), .
1

L M N Ny Mgy). A.20
Bae = dtQk( sk Nak — N M) (A.20)
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As far as Eq. (A.12) is concerned, solving with respect to an is possible without
imposing restrictions on g, and g;, if Ok never vanishes for all k. If ©, > 1 for
s = e,i then this condition is satisfied. This follows from the fact that T'g(bs) > 0,
1 —To(bs) > 0 and k2 > 0 for all k. If ©, or ©; are less than one, then a sufficient
condition for invertibility can be found assuming that one of the species (say ions) has an
isotropic equilibrium distribution (©; = 1), whereas electrons have parallel equilibrium
temperature greater than the perpendicular equilibrium temperature (i.e. ©, < 1). In

this case the quantity O 4y reads

2 2
en c en 1
OAk = E mSEFO(bs) + Eki + m—eg (1 - @_6) (1 - FO(be))' (A'Ql)

The sum of the first two terms on the right-hand side of Eq. (A.21) is positive, whereas
the last term, which depends on the temperature anisotropy, is negative for b, > 0 and
vanishes for b, = 0. If the absolute value of the latter term is sufficiently small, however,
O ax is always positive and Eq. (A.12) can be solved with respect to ,quk for every k.
For ki = 0 this is always the case. For ki > 0, the condition O, > 0 can be rewritten
as

1 0°To(bs) +To(be) +kTdZ _

o 2
5 <1t o) = U(k2), (A.22)

where d, = c(m./(4me?ng))/? is the electron skin depth. For k2 > 0 the function W

is continuous, takes always values greater than 1 and, in particular, it is bounded from
below by an infimum taken at a value of k7 that we denote with k7, ;. Therefore, if the
condition

1
1>0, > ——— A.23
W(kZ,) (4.23)

is satisfied, then the condition (A.22) is satisfied for every k and the magnetic potential
Z” is well defined.
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More explicitly, we can write

Ay t) = Aplt)e’™* =

ke
- Z LAekgek (U\lv Hos; t)eik'x + Z LAikgik(UH’ Hos> t)eik'x
ke ke
= La.ge + La,gi, (A.24)
where
Osk

Lj, = . A.25
Ask OAk ( )

If, on the other hand, for ©, < 1 and/or ©; < 1, there exist some wave vector k such
that Oy = 0, then, for Eq. (A.12) to hold, we require that g.x = ¢;x = 0, which
imposes some restrictions on the generalized distribution functions g, and g;.

By a similar argument is is also possible to find conditions for the magnetic potential
appearing in Eq. (43).

Given the expressions (A.17), (A.18) and (A.24) for the operators Ly , L, and L4,

and the definition (23) for the operators J;_,, the property (22) follows easily.
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