N
N

N

HAL

open science

Full counting statistics of energy transfers in
inhomogeneous nonequilibrium states of (14+1)D CFT
Krzysztof Gaw dzki, Karol K Kozlowski

» To cite this version:

Krzysztof Gaw dzki, Karol K Kozlowski. Full counting statistics of energy transfers in inhomogeneous
nonequilibrium states of (14+1)D CFT. 2019. hal-02360663

HAL Id: hal-02360663
https://hal.science/hal-02360663

Preprint submitted on 12 Nov 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02360663
https://hal.archives-ouvertes.fr

Full counting statistics of energy transfers in inhomogeneous
nonequilibrium states of (1+1)D CFT

Krzysztof Gawedzki* and Karol K. Kozlowskif

Université de Lyon, ENS de Lyon, Université Claude Bernard, CNRS,
Laboratoire de Physique, F-69342 Lyon, France

Employing the conformal welding technique, we find an exact expression for the Full Counting Statis-
tics of energy transfers in a class of inhomogeneous nonequilibrium states of a (1+1)-dimensional
unitary Conformal Field Theory. The expression involves the Schwarzian action of a complex field
obtained by solving a Riemann-Hilbert type problem related to conformal welding of infinite cylin-
ders. On the way, we obtain a formula for the extension of characters of unitary positive-energy
representations of the Virasoro algebra to 1-parameter groups of circle diffecomorphisms and we
develop technique, based on the analysis of certain classes of Fredholm operators, that allows to
control the leading aymptotics of such extensions for small real part of the modular parameter 7.

1. INTRODUCTION

(141)D Conformal Field Theory (CFT) provides an effective description of long-range physics in a number
of critical systems in one spatial dimension. The examples include electrons or cold atoms trapped in one-
dimensional potential wells, carbon nanotubes, quantum Hall edge currents or critical XXZ spin chains.
CFT permitted to explain the long-range equilibrium properties of such systems that are driven by the
low lying excitations but, more recently, it has also been used to describe the nonequilibrium situations,
like the evolution after quantum quenches [10] or in the partitioning protocol after two haft-line systems
prepared in different equilibrium states are joined together [6]. In [30] a smooth version of the partitioning
protocol was considered for nonlocal and local Luttinger model [35, 37] of interacting fermions with the initial
nonequilibrium state possessing a built-in inverse-temperature profile S(x) interpolating smoothly between
different constant values on the left and on the right. More exactly, such a profile state corresponds in finite
box of length of order L to the density matrix proportional to exp[—Gp] where G = [ f(z)€(x)dx with
E(z) standing for the energy density and the integral running over the box. The evolution of the energy
density and current in such an initial state was computed in [30] in the L — oo limit in the perturbation
theory in the difference of the asymptotic values of the inverse-temperature profile, for the local version of the
model to all orders. The local Luttinger model is a (1+1)D CFT and in [20] the evolution of similar profile
states was analyzed for a general unitary (1+1)D CFT using global conformal symmetries of the theory®.
The latter permitted to reduce the arbitrary correlation functions of the energy-momentum components
or the primary fields in the nonequilibrium profile states to equilibrium correlation functions, considerably
generalizing the results of [30] on the local Luttinger model.

The present paper is, in a sense, a continuation of [20]. We show how global conformal symmetries may
be used to provide an exact expression for the generating function for Full Counting Statistics (FCS) of
energy transfers through a kink in the profile of a profile state. The notion of FCS was introduced by L.
S. Levitov and G. B. Lesovik in [32], where an exact formula for the generating function for FCS of charge
transport between free-fermion channels was obtained. For finite volumes, the expression involves Fredholm
determinants containing scattering amplitudes [2]. The definition of FCS requires a measurement protocol
for the changes of the conserved quantity which may be assimilated with its transfers. The measurements
may be indirect, performed on a device coupled to the system [34], or direct, performed on the system in
question, [38]. Our approach to FCS of energy transfers in a profile state will be based on the two-time
measurement protocol that belongs to the latter class. We shall extract the energy transfer through the kink
in B(z) from two measurements, separated by time ¢, of the finite box observable Gj, introduced above.
To associate the difference of the results of such measurements with the energy transfer through the kink
encompassed by the spatial box, we shall have to impose boundary conditions that guarantee that there is
no energy transfer through the edges of the box. Those are different from the periodic boundary conditions
used in [20]. The finite-volume CFT with such boundary conditions is chiral, i.e. its space of states carries
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a unitary, positive-energy representation of a single Virasoro algebra with generators L, and central charge
c. The Virasoro representation lifts to a projective unitary representation of the group Diff,S' of smooth,
orientation-preserving diffeomorphisms of the circle. We show that the generating function for FCS of energy
transfers extracted from the two-time measurements of G may be expressed in terms of the character

T(f,7) = Te(U(f) e2mimboi) (L.1)

of the projective representation f +— U(f) of Diff,S*, where 7 is in the upper half-plane. In fact one only
needs to know such a character on 1-parameter subgroups (fs) of Diff;S'. Unlike the Virasoro characters
X(7) defined by a similar formula but with U(f) absent, the characters Y(f,7) have not been studied in
detail. Inspired by the recent work [14], which used conformal welding of boundaries of two discs with a
twist by the circle diffeomorphism f; to express the vacuum matrix elements (0|U(fs)|0), see also [42],
we obtain an exact formula for Y(fs,7) from conformal welding with the twist by fs of the boundaries of
complex annulus {z|[e?™7| < |z| < 1}. In fact, following the approach of [44], one of the present authors
(K.G.) has previously obtained a general formula for Y(f,7) involving Fredholm determinants of operators
appearing in a Riemann-Hilbert type problem underlying the same conformal welding construction [19]. The
approach based on the idea of [14], that we describe here, produces, however, a simpler integral expression
for Y(fs, 7). This reduction resembles the use of a Riemann-Hilbert problem solution in [38] in the context
of the Levitov-Lesovik formula. In our case, the generating function for finite-volume FCS is finally expressed
by a ratio of Virasoro characters at two different values of 7 and the exponential of an integral involving
the Schwarzian derivative of a solution of a Fredholm equation directly related to conformal welding of the
boundaries of annuli?.

In the infinite-volume limit, whose rigorous control is somewhat cumbersome, the expression for the gen-
erating function for FCS simplifies to the exponential of an integral involving the solution of a Fredholm
equation now related to conformal welding of the boundaries of an infinite strip in the complex plane or,
equivalently, of the boundaries of two discs. The corresponding Fredholm equation may be studied numer-
ically as discussed in [45]. The infinite-volume result exhibits a large degree of universality: the generating
function for FCS depends only on the profile 5(z) and on the central charge ¢ that enters as an overall
power, but not on the details of the CFT. For large times ¢, the generating function for FCS should take the
large deviations form derived in [4] for the partitioning protocol. That form depends on S(z) only through
the asymptotic values. It arises when conformal welding of the strip boundaries involves the diffeomorphism
that is a simple translation but we still lack a sufficient rigorous control of the large ¢ asymptotics of the
finite-time Fredholm equation so that the large-deviations result remains only heuristic at the moment.

The reference [20] considered also nonequilibrium states with profiles for both the inverse temperature and
the chemical potential in CFTs with the u(1) current algebra. The approach to FCS discussed here may be
extended to cover the u(1)-charge transfers at least in states with chemical potential profile but constant 3.
We postpone the study of such extensions to a future publication.

The present paper is organized as follows. In Sec.2, we describe the structure of (1+1)D CFT in a finite
box with no energy-flux through the boundary. Sec.3 gives three simple examples of such CFTs: the free
massless fermions (Sec. 3 A), the free massless compactified bosons (Sec. 3 B), and the local Luttinger model
(Sec.3C). In Sec. 4, we construct the finite-volume non-equilibrium profile states (Sec.4 A), show how they
may be related to equilibrium states (Sec. 4 B), and discuss their infinite-volume limit that coincides with the
one obtained in ref. [20] which used periodic boundary conditions (Sec.4 C). Sec.5 contains a preliminary
discussion of FCS of energy transfers in the profiles states, describing the two-time measurement protocol
for FCS (Sec.5 A) and defining the FCS generating function (Sec.5B). Sec.6, that constitutes the core of
the paper, relates FCS to conformal welding. First, we express the generating function of finite-volume FCS
via characters of Diff,S' (Sec.6A). Next, we explain a correspondence between Diff,S! and Virasoro
characters that originates from the isomorphism between tori which are conformally welded from annuli with
and without twist by a circle diffeomorphism (Sec. 6 B). Then we discuss the connection between conformal
welding of tori and an inhomogeneous Riemann-Hilbert problem (Sec. 6 C). Next, we obtain a relation between
the 1-point function of the Euclidian energy-momentum tensor on the tori welded with and without twist
(Sec. 6 D). Such a relation gives rise to a formula for Diff, S!-characters on 1-parameter subgroups (Sec. 6 E)
and for the correspondence between modular parameters of tori welded with and without twist (Sec.6F).
Finally, we apply the above formulae to obtain an exact expression for the generating function for finite-
volume FCS (Sec. 6 G). The infinite-volume limit of that expression is discussed in Sec. 7. First, we study the

2 The integral in question may be viewed as a complexification of the Schwarzian action [1] revived recently in the context of
the SYK model [26].



infinite-volume behavior of the 1-parameter subgroups of circle diffeomorphisms providing twists for conformal
welding of tori on which the finite-volume FCS formula was based (Sec.7A). Next, we discuss conformal
welding of cylinders to which conformal welding of tori reduces in the infinite-volume limit (Sec. 7B). Based
on that, we extract, under some technical assumptions, our exact infinite-volume formula for the generating
function for FCS of energy transfers (Sec. 7 C) and check that it represents correctly the first two moments of
the energy transfer (Sec.7D). Sec.8 examines the long-time large-deviations asymptotics for FCS of energy
transfers and discusses its consequences that were first pointed out in [4]. Sec. 9 is devoted to a rigorous proof
of the technical assumptions used in Sec. 7 about the the convergence of solutions of the Fredholm equations
related to conformal welding of tori and of cylinders. This is the most technical part of the paper and it uses
results developed in Appendix C about Fredholm operators of two classes relevant for our problem, their
determinants and their inverses. Finally, Sec.10 lists our conclusions and other Appendices A,B,D,E and F
establish few more technical results used on the way.

Acknowledgements. K.G. thanks Chris Fewster and Stefan Hollands for inspiring discussions and Jan
Derezinski, Stefan Hollands and Karl-Henning Rehren for an invitation to the BIRS 2018 workshop “Physics
and Mathematics of Quantum Field Theory” that influenced the work on the present paper.

2. MINKOWSKIAN CFT IN A FINITE BOX

Let us consider a Minkowskian CFT in the spatial box [—%L, +L] with a special type of boundary conditions
that assure the following gluing relations for the right- and left-moving components T’y (x~) and T_(z") of

the energy-momentum tensor>:

Ti(z7)=T_(z¥) for aw==+7L, (2.1)

where ¥ = 2 + ot are the light-cone coordinates. The latter relations mean that there is no energy flux
through the boundary and they imply that 7. (x) and T_(x) are L-periodic distributions with values in

self-adjoint operators in the Hilbert space H of states of the finite-box theory satisfying the relation
T_(z) =T (~z £ 5L). (2.2)

Such a theory is then chiral: there is just one independent L-periodic component of the energy-momentum
tensor for which we shall choose T (x) = T'(x). The Fourier modes of T'(z) define the generators L,, n € Z,
of the Virasoro algebra*
oo
2min 1
T(z) = i% Z ezt (@t+zL) (Ln _ i(sn,o) ; (2.3)
n=-—oo

with L, = L! satisfying (on a common dense domain) the commutation relations

—n

[Lp, Ln) = (n—m) Ly + %(n?’ —n)0n,—m (2.4)

which are equivalent to

[T(2), T(y)] = —2i6},(x — y) T(y) +160(x — 9) T'(y) + mox 51 (x — y) , (2.5)

where ¢ is the central charge of the theory and &y is the L-periodized delta-function. We assume that
the Hilbert space of states Hy of the finite-box theory is a (possibly infinite) direct sum of the unitary
highest-weight representations of the Virasoro algebra with fixed central charge ¢ containing the vacuum
representation exactly once.

The energy density of the theory is defined by

Et,x) =v(Ty (") +T-(zF)) =v(T(z") + T (-2t — %L)) , (2.6)

3 The existence of such symmetric boundary conditions constraints somewhat the class of CFT models that we consider.
4 The shift « to = + iL in the expansion, introduced for convenience, amounts to the replacement of L, by i" L.



and the self-adjoint Hamiltonian in the box is

L 1L
Hp = E(t,x)dr = v/ T(x™)de = 2WTv(LO— i) (2.7)
V) _3L
It generates the right-moving dynamics of T'(x):
HL T (g) e L = T(27). (2.8)

We assume additionally that Tr (e_BUHL) < oo for all By > 0, a condition that is satisfied for a rich class of
models of CFT including the rational ones. The expectation values of observables in the finite-box equilibrium
state with inverse temperature By are then defined by the formula

e (AePofr)

War = T e romy (29)

(we set h=1=kpg).

Let Dif f+§1 be the group of smooth, orientation-preserving diffeomorphisms of the circle S =R/LZ
and let Diff. S! be its universal cover. Elements of Diff, S are smooth functions f:R — R such that
f'(z) >0 and f(x+ L) = f(z)+ L. The group Diff, S* is contractible and one has the central extension
of groups

0 — Z — Diff S* — Diff,S' — 1 (2.10)

where n € Z is represented by the translation z — x + nL. (Direct sums of) unitary highest-weight
representations of the Virasoro algebra with central chage ¢ lift to unitary projective representations f —
U(f) of DiffS* [24,48,12] such that,

c

UNT@ U = F@?T(f@) = 5 (Sf)@), (2.11)
where
_ @) 3 ()2
is the Schwarzian derivative of f fulfilling the chain rule
S(fiofo) = (f2)*(Sfi)o fo + Sfo. (2.13)

If (:R — R is a smooth function satisfying ((z + L) = {(x) defining a vector field —((2)0, on R and if
fs(x) is the flow of the latter that forms a 1-parameter subgroup of Diff, S!, i.e.

9 fs(x) = =C([s(z)),  folz) ==, (2.14)
then
iL
wmz%w@F/gmﬂm@, (2.15)
—%L
where |cs¢| = 1. In particular, if {(z) = L then fs(x) =  — sL are translations that form the Cartan
subgroup of Diff, S' and
U(fs) = Cs,L e?mistlo=z3), (216)

The projective factors in U(f) may be fixed so that [12]

L

=

U(EUf) = exp [ 35 [

487 7%[/

I (f 0 o) (@) dIn f3(@) |U(fr o fo) (2.17)

The exponential term on the right-hand side of (2.17) defines the Bott 2-cocycle on Diff S that corresponds
to the infinitesimal 2-cocycle given by the last terms on the right-hand side of (2.4) or (2.5) [27].



Egs. (2.11) and (2.2) imply that in the special case when
f(-— L) = ~f(x) ~ 1L (218)
one also has the relation

UNT-(2)U) " = f@) T-(f(@) = 5 (SF)(@). (2.19)

The projective representation f — U(f) in the Hilbert space Hy of the finite-box theory will be our main
tool used below.

The primary fields ®(z,t) satisfy in the light-cone re parameterization the commutation relations
[T(2), ®(y~,y")] = =i(A38L (e —y7) + Apdy(e+y" +50) 2y, y")
HioL (e —y7) 0By, y") —1dule +yT + L) A0y, yT), (2:20)

where (Af,Ag) are the conformal weights of ®. Under the adjoint action of U(f) for f € Diff{S* they
transform according to the rule

U(H)@(a™, e U(f)™" = f/a7) (=t — 3L)% &(f(z7),—f(—2" — 3L) — ;L) (2.21)
that simplifies to
U@, a ) U = f@) f (@) o(f(@7), f() (2.22)
if f satisfies (2.18).
3. SIMPLE EXAMPLES

For illustration, we list three simple examples of models of CFT with the structure as discussed above. Many
other examples, e.g., the unitary minimal models or the WZW and coset theories, may be added to that list.

A. Free massless fermions

The classical action functional of anti-commuting Fermi fields has here the form

Stosvv-] = 2 [ar | LL (W30, — v70 v ]dz, (3.1)
Bk
where 04 = %(835 +v719;). We impose on the fields the boundary conditions
Yo(t,—3L) =v_(t,—3L),  u(t, ;L) = —¥_(t, ;L) (3.2)
The quantized theory has the fermionic Fock space F; carrying the vacuum representation of CAR
[ep,cpr], =0 = [c;r), C;,L_, [cp,c;,L = 0p (3.3)

with p,p’ € §+Z as the space of states H,, with the normalized Dirac vacuum |0); annihilated by ¢, and

T

¢! with p > 0. The quantum fermionic fields are

velta) = T 3 et T = g7 (3.4)
p

P

and the energy momentum tensor components

Te(2F) =51 (O5vh)vs — vlomys)(@¥): — 25 (3.5)



satisfy (2.1) and correspond to ¢ =1 Virasoro generators

L, = Z(p -2): c:,_ncp : (3.6)

where the fermionic Wick ordering : — : puts the creators ¢, and cip with p < 0 to the left of the
annihilators, with a minus sign for each transposition. 4 (zT) are primary fields with the conformal weights

(3,0) and (0,31), respectively, and so are their hermitian conjugates YL (zF). Among the other primary

fields of the theory there are the chiral components of the U(1) current
(@) = 2 (Whva) @) - (3.7)

with conformal weights (1,0) and (0, 1), respectively.

B. Compactified free massless bosons

The classical action functional of the massless free field ¢(z,t) with values defined modulo 27 is

/dt/ [(0r0)? — (029)?] da . (3.8)

The parameter r has the interpretation of the radius of compactification of the circle of values of the field.
We impose on the fields ¢(x,t) the Neumann boundary conditions

dup(t,—1L) = 0= 0,0(t, 1 L). (3.9)

The space of states Hj of the quantized theory is then the tensor product Ho ® F,. The second factor is
the bosonic Fock space Fp carrying the vacuum representation of the CCR algebra

[y ] = ndp —m (3.10)

for n € Z, with the normalized vacuum state |0), annihilated by «,, for n >0 and with a_, = . The
mode ag, that commutes with all a,,, acts in the zero-mode space Hy spanned by the orthonormal vectors
|]€>, k € Z, by

aolk) = Lk|k). (3.11)

The quantum bosonic field is

@(tvx) = <p+($_) - P (37+) ) (312)
where
oi(aF) =+ 5 %0 — fTao(xI + L f eEFE(@THIL) (3.13)
n#0

with [pg, an] = i5n0@, so that the action of e*¥0 on H, is well defined with e*¥o|k) = |k £ 1). The
components of the energy-momentum tensor satisfying (2.1) are

r2 T
Ty (z¥) = o (3¢¢i)2($$) ‘T 1or2 (3.14)
and they correspond to the ¢ =1 Virasoro generators

= %Z D Oy Ol © (3.15)

where the bosonic Wick ordering puts the creators «,, with n < 0 to the left of annihilators «,, with n > 0.
Among the primary fields, there are the chiral components of a U (1) current

Ji(zT) = (8;(,4& xT) fL Zan

(@T+3D) (3.16)




with conformal weights (1,0) and (0,1), respectively.

The bosonic theory with the compactification radius r = /2 is equivalent to the fermionic theory from the
previous subsection. The equivalence is established by the unitary isomorphism between F; and Ho ®@ F
that maps the fermionic vacuum [0); to |0) ® |0);, and intertwines the chiral components (3.7) and (3.16)
of the U(1) currents as well as those of the energy-momentum tensor (3.5) and (3.14). The fermionic fields
(3.4) are, in turn, intertwined with the bosonic vertex operators

2 @F+ED) S IR T+
7O

1
. . i w&n n
\/% . e$2190:t($;) s = \/%e_lSooiQL (90¥+%L)040 en;[) " en>0 " . (317)

C. Local Luttinger model

The (local, spinless) Luttinger model [49,35,37,50,22,36] is obtained by perturbing the Hamiltonian Hj =
20 (Lo — 55) of the free massless fermions of Sec. 3 A by the addition of a singular local interaction term

L

= [ fgade 4 2+ 2] )+ comst. (3.19)
1L

P

=

with Jy as in (3.7) and 2mv + gy > |g2|. After replacing HI'® by its cutoff non-local version and con-
jugating with a cutoff-dependent unitary [37], one may remove the cutoff. What results is a CFT that is
equivalent to the bosonic massless free field with Neumann boundary conditions considered in Sec. 3 B with
the compactification radius given by the relation

2 2
L:,/MEK (3.19)
2 2m0 + g4 — g2
and the modified Fermi velocity
9 2_ 2
7= \/( T + ga) 93 . (3.20)

2

In particular, the chiral components of the energy momentum tensor and of the U(1) current of the Luttinger
model are those of the massless free field:
~ K 5 ~ T ~ K /5 ~

Ty (z%) = T (aﬂﬂi)z(ﬁ) STz J(@F) = —;(c’&gpi)(:ﬁ), (3.21)
for z+ =z + vt and 5i = %(Bx + %at). The fermionic fields of the Luttinger model are represented by the
vertex operators

Yo (2,t) = - (—x — SL,t) = A () s e FHDe )i -Dp- @)

—ipoH T E 0o (T~ +TFT+4 L) H—Z—ao(F —FT)

= Ag,r(z) e _ VR
e A (1) PE D (Ko1)o TERETHEL)
. egj{)ﬁ((xﬂ)eﬁ’"(m +%L>_(K_1)e—2’1‘"<m++%m)7 (322)
where
K2 e
AKL(x):%(%’T) T (2c0s(Zmzy) T (3.23)

The fields 94 (z,t) and wi(x,t) anti-commute at different points and are primary fields with conformal
(K+1)? (K71)2)
8K ' 8K /)

weights (

4. NONEQUILIBRIUM STATES WITH TEMPERATURE PROFILE

The main aim of this paper, similarly to that of [30,20], is to study certain aspects of the time evolution of
nonequilibrium states with preimposed smooth inverse-temperature kink-like profiles 3(z) > 0 such that

for x sufficiently negative,
Bla) = {ﬂ‘ yues (11)

Br for x sufficiently positive,



for some positive constants (., Bz, see Fig. 1.

FIG. 1: An example of a profile 3(z)

A. Finite-volume profile states

We shall consider first such states in a finite box [~1L,1L] assuming the boundary conditions (2.1) and
taking L sufficiently large so that B(x) = 8, for x < —%L and B(z) = fr for z > +L. Let Br(x) be the

smooth L-periodic function on R satisfying

) B(=) for T € [_lLv lL]’
i) = {5(—x —3L) for  ze [_éLiiL]’

e
™~
|
i
™~
|
e
h
Q
Al
h

FIG. 2: The extended inverse-temperature profile
see Fig. 2. The relations
1
Br(+L)=Br(z),  Pr(-z—3L)=pBL(z)

hold then for all real x. Let for the energy density £(¢,z) given by (2.6),

+L

GL(t) = Blx)e(t,x)de = v | Br(x)T(a")dr = v | Br(a™)T(z)dw,
L Ir Ir

1
4

(4.2)

(4.3)

(4.4)

where we used (2.2) and (4.2) denoting by Z; the extended interval [—2L,1L]. As will be shown below,
G (t) is a bounded below self-adjoint operator such that Tr(e~%2()) < oo, see also [12]. We shall consider

the finite-box nonequilibrium state with expectation values defined by

neq Tr (A eiGL(O))
e = a2,

B. Relation between nonequilibrium and equilibrium states

Let hy be a function on the real line defined by

T iL
hp(z) = ﬁQL/ lLﬂL(x’)*lda;’ — %L for By = 2L’1/ B(x) tdx.

Then

/ _ Bo,L
L(m) - Br ()’

x+L
1

hi(x+L) = for [ Bola’) e’ +Bor [ Br(z')'da' — 7L
—iL T

(4.5)



=por | Br(@)'da’+L— L =hy(z)+L, (4.8)

—1iL
L —z—3%L L —z—%L L L
hi(—z— L) = 50,L/ Br(a')tda' — L = 5”/ Br(—a’ — L) "da’ — L
—1ir —1L
=—Bor | Bu(@)'da' — ;L =—hg(z)— L. (4.9)
_1r,
4

In particular, hy € Diff, S'. It follows then from (4.4) and the transformation rule (2.11) that
Uhe) GL()Uhe) ™ = v | () (Wy(@)* T (he (@) = 55 (Sho)(@) ) da
I
= . | Bo(@®)Br(e) ' Ty (hr(x)) dhi(e) — Crp = / G T (y)dy — Cor, (4.10)
IL IL

where we introduced the notation 7 = vfy 1 for the combination of dimension of length that will frequently
appear below and where

&L 2471'/ Br(x™) (Shr)(x) dx (4.11)

is a number and to obtain the last equality in (4.10) we changed the variable of integration to y = hp(z)
setting

BLlhi!(y) +vt)

C(y) =7 BT @) (4.12)
Note for the later use that
Crly+ L) =Coely).  Guol—y—50) = C(rr(y). (4.13)
Since (o,1(y) = 71, it follows, in particular, that
U(hr) GL(0)U(h)™ = Bo,.Hr — Co,r (4.14)

and that G(0) is a bounded below self-adjoint operator (and so is Gp(t) because of (2.8)). The identity
(4.14) allows to relate the non-equilibrium to equilibrium expectation values:

(A), " = (UML) AU(hL) )50 - (4.15)

Although essentially tautological, this relation is the main result of the present section. It means that the
nonequilibrium state is obtained from the equilibrium one by the composition with the action of a Diff, S!
symmetry on observables. in particular, using (2.11), (2.19) and (2.22), we infer from (4.15) that

<1_[TJr x;) HT (x5) >neq
_ <H<h’( D2 T (hi(2:)) — ge= (Shr) () ) TT (W@ - (hiay) = 52 (Sho) @ ))>@qL (4.16)

<H‘I’ _ >neq H(h/L(z._) S (a ><H<I>+ (hp(z7), he (] ))>:L;L. (4.17)

Analogous relations were obtained in [20] for CFT in a periodic box.

Remark. Using more general L-periodic inverse-temperature profiles 81, (x) equal to 8, around z = —iL

and fr around iL, one may similarly obtain expression for the nonequilibrium expectations with G, (0) in
(4.5) replaced by

1L
/ (B4 (2) Ty (2) + B ()T (2)) da (4.18)

for fy(x) = pr(x) and B_(x) = fr(—x — L), i.e. for the right- and left-movers corresponding to different
temperature profiles with the same asymptotics. The boundary conditions (2.1) do not admit, however,
nonequilibrium states corresponding to different profiles f1(z) possessing arbitrary asymptotic values that
were discussed in [20] using periodic boundary conditions.



O(L) O(l) O(L)
-sL Vi Yoo Yo Var 7L

FIG. 3: Euclidian cylinder

C. Thermodynamic limit

The thermodynamic limit L — oo of the expectations (4.16) may be controlled similarly as in [20]. First,
we observe that, for the fixed inverse-temperature profile (4.1),

Bor = 2L7N(ABZ + ABRY) + 3(87" + 87, (4.19)
where
0 o)
AB = / (5(m)_1 — 521) dz ABR! = /0 (ﬁ(m)_l - ﬂle) dz . (4.20)
It follows that
Bor = —o—t — —— (AL + ABRH LT + O(L72), (4.21)

BB (B HBR)?
In particular,

li =2 _=35. 4.22
LE};O BO,L ﬁ;1+[37_31 BO ( )

Similarly, for fixed =z,
_ -1, 1p-1 ’ N1da! 1
hu(w) = Bou (D87 +367'L + / B(a') dx) -1

18-85 208,87 =088 / -1 1
=2 L da’ LY. 4.23
4 ,321_,'_57—%1 + (/3214‘/37731)2 Bc +,3R B x + ( ) ( )

Since Llim Bo,r = Po and Br(z) = B(z) for |zr| < %L, it is enough to study the limit of the equilibrium
—00

expectations
eq
<HT+(Z/¢,L)) HTf(yj7L)> (4.24)
i J Bo,L;L

with yr L = hr(zx) for k=1 or k = j, and with the products running over subsets of the original indices.
The latter equilibrium expectations are the amplitudes of the Euclidean CFT on a cylinder of spatial length
L and temporal circumference v, = vf3y ., see Fig.3. In the dual picture interchanging the roles of the
space and of the Euclidean time, they may be represented as matrix elements in the theory on the spatial

circle of length ~r with the variable £ playing the role of the Euclidean time:

<HT+ Yi,L) HT Yi,L >50L,

<<B£|| o LH, T(II-T (i) TH-T-(=i52) e || Br )

_ _ , 4.25
(Be e F"c [ Br) (429

where “BE>> and HBR>> are the states in the (extended) space of states of the theory on the circle of
circumference 7y (an appropriate combinations of the so-called Ishibashi states [25]) that represent the
conformal boundary conditions at the ends of the interval [—4L, L], the operator H.,, is the Hamiltonian
of that theory,

q

Ti(z+ivr) = e™HTy(x)e "Hou | (4.26)
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with T4 (z) standing for the components of the energy-momentum tensor of the theory on the circle, see
Appendix A, and 7 reorders the factors so that y; ; and y;; increase from right to left.

This type of finite-volume equilibrium expectations is standard in CFT [9] and was discussed in detail for
the compactified free massless field in [15] or [21]. In that case, the dual theory on the circle of length ~r,
used in the representation (4.25) has the field with the periodic boundary condition ¢(t,x) = (¢, 2 + vr)
leading to independent left- and right-moving components and two commuting sets of modes «, and &,
satisfying each the relations (3.10). The zero-mode space is generated by orthonormal vectors |k, w) with
k,w € Z, k corresponding to the momentum and w the winding number of the fields. One has

T

75 (a0 + ao)[k, w) = K[k, w),

7o (o — @) |k, w) = wlk,w), aplk,w) =0=ay|k,w) for n>0. (4.27)

The dual-theory boundary states representing the Neumann boundary conditions (3.9) of the original theory
have the form [41]

|Be) = e == > 10,w) = | Br). (4.28)
wEZ
The action of a_,, or &_, for n > 0 raises the eigenvalue of the Hamiltonian H,, of the theory by gg”z
whereas H,, |k, w) = ﬁ(r”kQ + 72w? — 1). The vacuum vector is |0, 0).
Coming back to the general case, let
~ B B lﬁzl—,@%l
Yk,L = hr(ox) — 3 ERETE (4.29)
so that
im k. = yo + h(zk) (4.30)
L—oo
_ 2(AB: B =ABR B
for yg = TREE and
_ ‘ Bo ’
h(z) = /0 Gy 4’ (4.31)
Note that
1 182 Bz Bz 1 18-z .
ip -1 L= L lp4 !t = 4.32
If we replace (o1 by its limiting value By on the right-hand side of (4.25) and denote vy =~ then
(Bell e T (TH=T i) TH-T- (=) ) 7 Br)
i J
(Bel e # Br)
_Z(ﬁ‘fiﬁ‘l)v LHy ™~ i~ _Z(ﬁ_fiﬁ_l)v Ly
(Belle == T (I-T4 (5 ) TIT-(<iF5.0) ) e 2 =07 Br)
_ i J
(Bele | Br)
o O (TTCT G+ w) TTCT=(itwo + 9,00 ) [0)
i J
. . eq
= (O T(ITe o) [T7- i )10) = (TT 7w TT7- ) (4.33)
N . . . 0
i J ? J

where yi = h(zy) for k =i or k = j and the expectation on the right-hand side is in the infinite-volume
Gibbs state at inverse temperature ;. The limit was obtained using the fact that the leading contribution
to e CLHy HBE72>> for C > 0 and large L comes from the vacuum vector |0> of the theory on the circle
of radius v, with the other contributions exponentially suppressed. Finally, 5y on the right hand side
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of (4.25) may be turned to By by rescaling the Euclidian space coordinates by Cr = v/vr = 1+ O(L™1).
Upon such a rescaling, the theory on the circle of length ~; is mapped to the one on the circle of length
v, Ty (Fiy; ) to C#Ty(+iCLy; 1), and the boundary states HBLE,R>> to states with the similar asymptotic
behavior under the action of eI~ and the argument goes as before. Dropping the subscript L in the
infinite-volume limit of the equilibrium and nonequilibrium expectations, we obtain from (4.16) the identity

(TI7 @) TI7-@)
= (T (W@ Teth@)) = 5z (m)@) L0 @) T-(hla) = 5z (S@)) . (434)

i J
where By and h are given by (4.22) and (4.31). This is the same infinite-volume relation that was obtained
in [20] using in finite volume the periodic boundary conditions. In particular, one gets

<Ti(x)>neq - W — S (Sh)@). (4.35)
neq, ¢ e

(Talrn); Tale)) = S(0B(w1))2 (0B (w2) 2 sink® (Z(h(w1) — h(z2)) (4.36)

(Te(e); Te(e)) =0, (4.37)

where < ; >neq’ “ denotes the infinite-volume limit of the connected expectations.

For (4.17), the thermodynamic limit reduces again to that for the equilibrium expectation values. For
the equal-time correlations or if the primary fields are chiral, the latter may be controlled the same way as
above. For non-chiral fields at non-equal times, one should first analytically continue to imaginary times. For
Euclidian points with purely imaginary times the thermodynamic limit may again be controlled by passing
to the dual picture that leads to the vacuum expectation values. This should yield the convergence for
L — oo of the analytic continuations to imaginary times of the equilibrium correlators of the primary fields
and, in turn, of their boundary values with real times. The thermodynamic limit of the latter may also be
controlled directly for the examples of CFTs and their primary fields discussed above. The end result is the
infinite-volume version

(TTear )™ = TT (W@ w )<H<I>+ ha) (4.38)
of the identity (4.17) [20].

Remark. The condition Sy = # in (4.31), (4.34) and (4.38) may be dropped using the scaling
L R

properties of the infinite-volume equilibrium state.

5. FULL COUNTING STATISTICS OF ENERGY TRANSFERS: PRELIMINARIES
A. Two-time measurement protocol

The aim of the subsequent part of the paper is to describe the statistics of energy transfers in the nonequi-
librium states with preimposed inverse-temperature profile with a kink as in Fig. 1. To access that statistics,
we shall follow a two-time quantum measurement protocol [32,38,4]. To this end, we consider in the setup of
Sec. 4 the observables

Gr(t) = eHr G (0) e itz (5.1)

defined by (4.4) and possessing the spectral decompositions®

) = Zgipi,L(t) (5.2)

5 The operators Gp(t), that, by (4.14), are unitarily equivalent to Bo,L Hy, + const., have discrete spectrum with finite
multiplicities.
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with P (t) = ™2 P, 1 (0) e L. If the inverse-temperature profile 8(z) is a narrow kink with constant
values B, and fBr to the left and to the right, respectively, of a small interval [a — §,a + §] then

GL(t) = BcEc(t) + BrER(), (5.3)

where the observable E,(t) measures the energy in the system at time ¢ to the left of the kink and Exr(t)
the one to the right of the kink (redistributing the small energy contained within the kink appropriately).

Suppose that we measure the observable G (0) in the nonequilibrium state w;® given by (4.5). The
probability to obtain the result g; is

Tr (PZ-’L(O) e_GL(O))

_ : neq _
pL(gi) - <P7,,L(0)>L - TI‘ (e—GL(O)) (54)
and, after the measurement, the nonequilibrium state is reduced to the new state with expectations
1y = TPLOAPL O 0) e (AP 0)e ) (5.5)
Wl = Tr (P;,(0) e=Gr(®) © T (Pp(0)e L) '

where the second equality follows from the commutation of P; 1 (0) with Gp(0). We now let this state
evolve for time ¢ and then measure the observable G (0) for the second time. This is equivalent to the
measurement of the observable G (¢) in the state with expectations given by (5.5). The probability that
the result of the second measurement is g;, under the condition that the first one was g;, is then equal to

Tr (P (t) Py, (0) e=CGL(®)
Tr (P;(0) e=Gr ()

perlgilg) = (Pc(t), , = (5.6)

Hence the probability to get the results (g;,g;) in the two-time measurement of G1(0) separated by time ¢
in the nonequilibrium state with expectation values (4.5) is

T (P, (t) P2, (0) e~ =)

_ , o) — _ /D , neq
pe,.(9i,95) = pr(9:) pe.L(gilgs) = Ty (oG] = (P L(t)P;0(0)); " (5.7)
B. The generating function for FCS of energy transfers
We shall consider
AR =% "9 (5.8)

Ap

where AS = fr — Bz, as a measure of the net energy transfer through the kink during time ¢. Indeed, the
energy on the right of the kink should change in time ¢ by AFE and on the left of the kink by —AFE so that,
by (5.3), g; — g; should be equal to SrAE — B:AE. Upon the identification (5.8), the PDF of AE, called
Full Counting Statistics (FCS) [40] of energy transfers, takes the form

P,1(AE) Zé(AE ) penlsi ) (5.9)

and its Fourier transform (called the FCS generating function) becomes

. ix(gj—9;)
\I/t,L(/\) = /QIAAE Pt,L(AE Ze iﬂ Pt,L g'qu)

iX(gj—94) n n
_Ze v (t)Pi,L(0)>Leq: BFOL(D) o RFGLO) e, (5.10)

In particular, the average of the energy transfer

(AE)p = 19 InW, 1 (0) = (AB) "' (GL(t) — GL(0))}™ (5.11)
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and its variance
neq, ¢

(AE;AE); = =03 InW, 1(0) = (AB) 2 (GL(t) — GL(0); GL(t) — GL(0)), . (5.12)

U, (A\) extends to an analytic function in the interior of the strip 0 < Im(\) < Ap if A > 0 and
AB <Im(M\) <0 if A <0, with the boundary value

. Ty (ef%GL(t) e“zéﬁ GL(0) e—GL(O)) Tr (e—GL(t)e*%ﬂG () g x5 G (0 ))
Uy (A +iAB) = Tr (-G ) = Tr (e=C(0)
Tr (e_GL(o)efg—*ﬁGL(O)e%ﬁGL(*t)) Tr (eAQGL( ) e AﬁGL(O) —-Gr(0 ))
— — = — =U_,(N). (5.13)
Tr (e L(O)) Tr (e GL(O))

The above identity is a “fluctuation relation” between the FCS generating functions for the direct and the
time reversed dynamics. If the CFT is time-reversal invariant so that there exists an anti-unitary involution
or anti-involution © such that ©74 (z)©~! = T (z) and, consequently, OG(t)0~! = G (—t) then

Tr (Q¢ B3 C0L® ¢X5GL0) o=Cr(0) 9=1) Ty (™ 2rCr(t) x5 GL(0) ~GL(0))

\Ifft,L()\) = Tr (e—GL(O)) = Tr (e_GL(O))
Tr (" 25T 025 TL(0) o=GLO) Ty (¢=Cr(0) ¢~ A5G (0) (X5 G (1))
= Tr (e~ G2 (0)) - Tr (o= G2 ()
Tr (eXgGL( ) o= K5 CL(0) O)
- Tr (-G 0)) = ¥z () (5.14)

and we infer the “transient” fluctuation relation for the generating function ¥, r(A) [11,28,5]:
Ue,p(A) = e p(=A+1AB) (5.15)

In fact, in the Hilbert of the boundary theory such that Ty (z~) = T_(zT) for © = +1L, there always
exists an anti-unitary involution © that does the job: it is sufficient to take © that preserves the highest-
weight vectors of the unitary irreducible representations of the Virasoro algebra and that commutes with the
Virasoro generators L,. Hence the transient fluctuation relation is always valid in our case.

6. FCS IN FINITE VOLUME AND CONFORMAL WELDING
A. FCS and Diff{S' characters

Using the relation (4.15) between the nonequilibrium and equilibrium expectations and the transformation
identity (4.10), we may rewrite the expression (5.10) for the generating function for FCS of energy transfers
in the form

UL (A) = (U(hy) 3590 550 Oy ) ) dosir
¢, dy _ i e _ A _
_ <er Cr@TW)dy g, by >Bq0,L;Le 25(Cr.L—Co.1). (6.1)
In virtue of (2.7) and (2.15),
<eM Sz, G T) W —RyBoLHL >eq
Bo,L;L
Tr (elrf* fILC"’L(y)T(y)dy o TE (H‘M)(L”_ﬁ)) Tr (U(fsp,1) e*mimen(Lo=31))
= = - " < 62
Tr (ef ngvL (L(rﬁ)) o, , Tr (eme,L(Lofﬂ)) ( )
where, as before, v, = vy, and
A
SZT/}? TsL_Ll(l_S)’yL (63)
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and fs,r € Diff+S' describe the flow of the vector field —(; 1,(y)0,. Note that the relation (4.13) implies
that

Foap(—y—2L) = —f-s_11(y) —5L. (6.4)
The function
X(1) = Tr(e*mi7(bo=s1)) (6.5)

of 7 from the complex upper half-plane H, where the trace is over the space of a Virasoro algebra repre-
sentation, defines the character of the latter. Such characters are explicitly known for the (direct sums of)
irreducible highest-weight representations of the Virasoro algebra [43]. By analogy, we shall call the function

Y(f,7) = Te(U(f)e*mmEom30) (6.6)

of fe Diff S' and 7 € H, the character of the projective representation U of DiffS'. We may then
rewrite the relation (6.1) as

() = Y(fst,L,7s,L) o—i5(Ct,L—Co 1) (6.7)
' Cs,Ce,L X(T(LL) ’

where the characters pertain to the representation of the Virasoro algebra in the space Hj of states of the
boundary CFT and to its corresponding lift to Diff, S?t.

Unlike the Virasoro characters, the characters Y(f,7) where not studied in detail and we shall try to fill
this gap in the next section for the special case that occurs on the right hand side of (6.7) for which f = f;
belongs to the flow of a vector field.

B. Reduction of Diff,S' characters to Virasoro ones

c

The Virasoro character x(7) of (6.5) is given by the trace of the operator e>™7(fo=31) If 7 were real, such
an operator would represent (up to a phase) a translation in the Cartan subgroup of Diff[S', see (2.16).
Instead, 7 is taken with a positive imaginary part in order to assure the convergence of the trace. In the
simpler context of finite-dimensional representations of compact groups, it is enough to know the characters
on the Cartan subgroup, as they are class functions that are constant on conjugacy classes and each conjugacy
class contains an element in the Cartan subgroup. When dealing with the characters Y(f,7) of Diff, S,
however, there are complications. The first one is due to the insertion of the operator e*77(Lo—37) that
represents an element in the complexification of the Cartan subgroup of Diff, S' and assures the convergence
of the trace. The second complication is due to the projectivity of the representation of Diff, S'. Finally,
the conjugacy classes in Diff, S' rarely contain elements in the Cartan subgroup. All these difficulties find
an elegant resolution in the setup advocated by G. Segal [44] where one replaces Diff,S' by a semigroup
of complex annuli with parameterized boundaries and one studies its projective representations. Within this
approach, the operator U(f) e?mi7(Lo—33) ig proportional to the trace-class operator (the chiral amplitude)
representing the complex annulus

A = {zC|lgl < |- <1} (6.8)

2miT

for g=-e with the boundary components parameterized by

2 27i

PO = pi(z+ L), pa)=e T =pyla+L), (6.9)

p1(r) =qe”

see Fig.4. The precise normalization of the chiral amplitudes that allows to handle the projectivity of the
representations of the semigroup of annuli is fixed in [44] using the theory of determinant line bundles for
Riemann surfaces with boundary and we shall not dwell on it here. Within Segal’s approach, the counter-
part of the “class-function” property of the compact-group characters is the fact that the trace of the chiral
amplitude associated to a complex annulus depends, up to a controllable factor, only on the complex torus
obtained from the annulus by “conformal welding” that identifies the two boundary components using their
parameterizations. The complex structure of such a welded torus is fixed by defining the local holomorphic
functions on it as those whose pullback to the annulus is smooth and holomorphic in the interior.
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In particular, identifying the boundaries of the annulus Ay, by setting pi(xz) = p2(z), one obtains a
complex torus Ty .. The torus Ty, comes with a natural marking ([al, [b]), where [a] and [b] are homology
classes of 1-cycles @ and b with intersection number 1 given by the curves

T, sz % pi(x) = pa(x) and [0,1] > s 2y el (@mir— 10O, (6.10)

respectively. The marked complex tori have the upper half-plane H, as the moduli space. This means that
T¢,- must be isomorphic to a more standard complex torus Ty, 7 with fo(z) = = for certain 7 € H; that is
unique if we demand that the isomorphism 77 . = Ty, » intertwines the markings. Note that the torus Tz, »
may be also viewed as obtained by identifying 0 # z € C with gz for §= ™17,

Since U(f)e?™7(Lo=31) is proportional to the chiral amplitude of Ay and e2™7(Lo=37) to the chiral
amplitude of Ay, >, with controllable proportionality constants, and the traces of those amplitudes differ by
a controllable factor, it follows that we must have the relation

Y(f,7) = Ctrx(7) (6.11)

with a controllable coefficient Cy ;. Indeed, a closer examination of Segal’s theory shows [19] that Cf, may
be expressed by explicit Fredholm determinants and the vacuum matrix element (0|U(f)|0), where |0) is
the highest-weight vector in the vacuum representation of the Virasoro algebra.

The matrix element (0|U(fs)|0) for the flow f; of a vector field, where U(fs) is given by (2.15), was
studied extensively in the context of “energy inequalities”, see [12,13]. For free fields, it may be expressed in
terms of Fredholm determinants, see e.g. [8], and for other CFTs the free-field expression should be raised to
the power given by the central charge c¢. Recently, C. J. Fewster and S. Hollands derived in [14] an integral
expression for (0|U(fs)|0) using conformal welding of discs [45]. Employing in a similar vein conformal
welding of tori Ty, we shall obtain below an integral expression without Fredholm determinants for the
proportionality constant Cy_ . Its derivation is the subject of the three subsequent subsections.

C. Conformal welding of tori 77, and an inhomogeneous Riemann-Hilbert problem

We shall need more information about the isomorphism 7y, = T, » of the complex tori. In the first step to
construct such an isomorphism we shall look for a continuous function

Y :Af,— C (6.12)
holomorphic in the interior of Ay, and possessing the boundary values Y; = Y op; that satisfy the relation
Yo=Y —-Yo=f—fo+ L(T—7). (6.13)

This may be viewed as an inhomogeneous Riemann-Hilbert problem [17] on 7. searching for a holomorphic
function with a prescribed jump along the a-curve of Ty, which was obtained by welding the two edges of
Ay ;. see Fig. 5. As we shall see below, this problem has a solution Y for a unique 7 € H;, assuming that
Y; € L?(S}). Besides such a solution is unique up to an additive constant, and Y; are automatically smooth.
Given Y, the function

W(z) =z TV (6.14)
on Ay, has the boundary values W; = W op; that satisfy
Wy =qWs (6.15)

,4 s
p,(x) \ //P2(X, p, (x) \\—/spz(x)

FIG. 4: Annulus Ay, and torus Ty,

16



jump of a holomorphic function Y(z)
prescribed along the welding curve

FIG. 5: Inhomogeneous Riemann-Hilbert problem on 7y -

so that it defines a holomorphic map from 7y, to (CX/(w ~ gTlw) = T#,7- That map provides the

isomorphism Ty . = Ty, 7.

The solution of the inhomogeneous Riemann-Hilbert problem searching for the function Y follows the
standard strategy [17]. In the interior of Ay ,, Y(z) is expressed in terms of its boundary values Y; via the
Cauchy formula. Taking the limits z — p;(x) in the latter and using (6.13), one obtains a Fredholm equation
for, say, Y7. Its solution, together with Y5 obtained from (6.13), and the Cauchy formula determine Y.

Here are some more details. Let us first assume that Y; are smooth. The Cauchy formula for Y'(z) with
z in the interior of Ay, reads:

Y(z) = 2 /I(Yl(y)dpl(y) _ Yy dpg(y)>. (6.16)

2ri pi(y) — 2 p2(y) — 2

By sending z to p;(z), one obtains for the boundary values of Y the relations

- [ X))
2Y1( ) 27i /IL o (y) —m (1‘) i 7, p2(y) - (l‘) ) (6.17)

2 7, p1(y) —p2(z) 2™ 7, P2(y) — p2(x)’

where PV stands for “principal value”. We shall identify L-periodic functions on R with functions on the
circle R/LZ = Si and shall denote by Ey the orthogonal projections in L?(S:) on the subspace spanned
1 — 2mn

by functions e,(x) = ﬁe_il’”i with n > 0 and n < 0, respectively, for p, = =7*. Similarly, we shall

denote by Fy+ the orthogonal projections corresponding to n > 0 and n < 0. For a smooth L-periodic
function X, one has the relation

Y(Boy — E)X)(@) = — o pv [ 20 dpav)

w Y ) ) (@) (6.19)

Adding (6.19) for X =Y; to (6.17) and subtracting it for X = Y5 from (6.18), we obtain the identities:

E0+Y1 = K11Y1 —+ K12Y2, E_Y2 = K21Y1 , (620)
where
1 dpi(y)  dpa(y)
(KuX)(e) = 55 | X0 (50 ™ ) @) (6.21)
1 dp2(y)
(KiX)(w) = ok [ Xy (6:22)
(K X)(a) = 2= [ x()— DLW (6.23)

2l T p1(y) — p2(2)

are trace-class [46] operators on L?(S}) as they have smooth kernels and S} is a compact manifold [7, 47].
We also have the representations:

Ky=Ey, —F'Eq,F=-E_+F'E F, Ky = F'QEy, , Koy =E Q'F, (6.24)

where (FX)(z) = X(f~'(x)) and Qe, = q¢"e,. By a limiting argument, the relations (6.20) also hold if
Y; € L?(S}). Summing the equations (6.20), substituting Y2 = Y7 — Y72 and denoting

K =K1+ Ko+ Ko, (6.25)
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we obtain the identity
(I - K)Y1 = (E- — K12)Y12 (6.26)

which is a Fredholm equation for Y;, given Yjs. It appears that, conversely, if Y; € L?(S}) is a solution
of (6.26) for some Y12 € L?(S}) then there exists a holomorphic function Y on Ay, for which Y; and
Y2 = Y] — Yio are its boundary values. Besides, if Y12 is smooth then so is (E_ — K13)Y12 and KY7 so
that (6.26) implies that Y7 is also smooth.

The Fredholm operator I — K has only constants in its kernel. Indeed, if (I — K)X; = 0 for some
X1 € L?(S}) then there exists a function X holomorphic on Ay, with smooth boundary values X; and
Xo = X;. Such X defines a holomorphic function on the torus 7; . and must be constant. Since the index
of the Fredholm operator I — K vanishes, it follows that the image of I — K is of codimension one. The
solubility of (6.26) for Yj, given Yja, requires a fine tuning of the constant contribution to Yi2. Let w be
a holomorphic 1-form on 7. fixed by the normalization condition

/a w=1. (6.27)

We shall identify w with its pullback to Ay . that satisfies the relation pjw = pjw. If Yio is the difference
of the boundary values of a function Y holomorphic in the interior of Ay, then, by the Stokes theorem,

Y10 plw :/ Yipiw— | Yapiw :/ dYw) = 0. (6.28)
IL Iy Tr A

fiT

One may show that this is also a sufficient condition for the solubility of (6.26) for Y7, given Yi5. For Yio
of (6.13), it fixes uniquely 7. The form w may be constructed as the pullback by W given by (6.14) of
the holomorphic form —3%- on C* (that descends to C*/(w ~ gt'w)). It follows that it is given by the
formula

dz

= — L7ldy. 2
w 2miz (6 9)

The integrability condition (6.28) takes then for Y2 given by (6.13) the form of an implicit equation for 7:
?:T_L*Q/ (f = fo)(df —dY1). (6.30)
I
One also obtains from (6.10) and (6.29) the relation

/w o LF(0) 4 L Via(0) = 7 (6.31)
b

which, together with (6.27), shows that 7 € H, and that the isomorphism 7y, = Ty, 7 defined by W of
(6.14) intertwines the markings defined by (6.10).

It will be convenient to introduce the functions
Xi(z) = f(z) = Ya(z) — L7,
Xo(z) =2 —Ys(x) =2 —Yi(x) + Yi2(2) = f(2) + L(T—7) = Y1(2) = Xq1(2) + LT (6.32)
such that

Wi(z) = e TX() (6.33)
for the boundary values W,; of W. The functions X; and their derivatives satisfy the relations
Xi(x+L)=X;(z)+ L, Xi(x+ L) = X[(z), X1 (z) = X)(x). (6.34)
We shall need below the following identities.

Lemma 1. One has:

/IL(Xé(m)) dw:/ILf,(x) (Xi(2)) dz, (6.35)
[ xo@ = [ 5 (X0 - (5n@) dr, (6.36)



where S denotes the Schwarzian derivative, see (2.12).

=

W,((j)))zzdz on Ay¢ .. One has

[ o= (=2 [ (3% (6.37)
Tr Ir

Proof of Lemma 1. Consider first the 1-form 7 (z) = (

On the other hand,

/I pim = (- ) /I Lﬁ(Xi(m))zdx (6.38)

so that the identity (6.35) follows from the holomorphicity of the 1-form 7, in the interior of Ay . Similarly,
consider the 1-form 72(z) = (SW)(z)zdz that is also holomorphic on the interior of Ay ,. Now one has:

[ pime= (=5 [ (- 5530~ (65X ) + § e (6.39)
and
i = (=2 [ 55 (= 5(00@)* ~ Er(SX0(@) + £S5 ) + 4 @) de
= (-2 /I (&)( - 3 (X1@)* - £ (SX1)(@) + (SN (@) ) + ;) dz. (6.40)

Comparing both integrals and using (6.35) and the equality SX; = SX5, we obtain (6.36).
O

D. 1-point function of the Euclidian energy-momentum tensor

The holomorphic component of the Euclidian energy-momentum tensor is given by the formula®

o0

TH(z)= Y i"Lnz "2 (6.41)

n—=—oo

In view of (2.3), the Minkowskian energy-momentum tensor T'(z) is related to T¥(z) for |z| = 1 by the
identity

T(z) = 2 (e— o B (o= ey _ ﬂ) (6.42)

that we shall use below several times. We would like to find the 1-point function of T#(z) on the torus 77,
defined as

Te(U(f) TE(z) e2™im(Lo—33)
<TE(Z) >Tfﬂ B (Tr(U(f) ezm'r(Lo*ﬁ)) ) . (6.43)

(T"(2))
sense, that we would like to relate. Since the commutator with Lo — 22—4 generates the dilations of T (2) so
that.

s is holomorphic in the interior of Ay, and has boundary values, at least in the distributional

PTP(gz) = e2mm(Lo—52) T8 () o277 (Lo—5) (6.44)

we infer using (6.42) and the transformation rule (2.11) that

6 The replacement of L, by "L, in the usual formula for T¥ absorbs the shift of z introduced in (2.3).
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f'(x)? (q2 e~ @) <TE( 2gif(x))> B i)

Tfr

f'(@)? Tr<U(f) (42 B/ TE(ge?
Te (U (f) 2rirtho=2))
F(x)? Tr<U( ) e2mir(Lo—5) (e* @) TE (e~ @)y 24))
Te (U() e2miro )
P Te(U () 7o) ET(f(@)) 5 Tr(f/ @) T @) U() o750 )

Tr(U(f) e2miT(Lo— 37 ) Tr (U(f) e27ri‘r(L07i)>
5T(U%¥ﬂﬂw %wanvu>wﬂra) B
) (U () e #) + L (SHE)

L? Tr(U(f) T(x) e2miT(Lo— 24))
& cL?
= + i S
T (U(f) e2rir(o=50)) 1572 (S1)(2)

T (07) (e Hore e ) - ) i) )

B Tr(U(f) eQ’TiT(Lo—i)) s (5)@)

I
®

271-1 c cL?
<TE( )> — e L (Sf)(a). (6.45)
Tf,T
This is a linear inhomogeneous equation for the boundary values of the 1-point function (7F (z)}Tf . Let us
consider now the function

G(z) = 5 (SW)(2), (6.46)
where W (z) is given by (6.14). By the chain rule for the Schwarzian derivative (2.13) and (6.15),

(SW1)(z) = (a(—=22) f'(x) e

2mi

- f(w))2 (SW)(qe

_ 2mi

LW»+%4%F +(S1)(x)

= (SWa)(z) = ((=3) e )" (SW) (e ') + 27 = 2 (e B o (SW) (e E7) — 1) (6.47)
from which we conclude that
F@)? (e FID Glge BI@) - £} = o B Gl ) - 5+ s (S)(@), (6.48)

which is the same linear inhomogeneous equation that for the boundary values of (T (z)}Tf . But the

corresponding homogeneous equation for the boundary values of a holomorphic function F(z) on the interior
of Af -,

F1(@)? ¢ o (@) F(qef%f(a:)) — o = F(efszif’?)7 (6.49)

has solutions that correspond to holomorphic quadratic differentials F(z)(dz)? pulled back from 7y, that
necessarily are of the form A(dInW(z))?, i.e.

F(z) = A(W/(Z))2 (6.50)

for some constant A. This leads to the identity

<TE(Z) >T“: G(z)+ F(z) = % (SW)(z) + F(z). (6.51)
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The parameter A in (6.50) may be fixed from the transformation rule of the Euclidian energy-momentum

expectations between the isomorphic tori 7y, and Ty, 7 in Euclidian CFT which gives

F(z) = W'(2)* (TP(W(2)))

bl
Tio.7

see Eq. (5.124) in [3] or (2.15) in [18]. Since

. Tr (TE(w) e2fri?(LOfﬁ)> Tr(Lwaz 027 (Lo— 3 )
(T%(w)), = — = —
fo,7 Tr(eQ‘ﬂ'lT(LO*ﬁ ) Tr(eQmT(Lofﬁ )

2<Tr(<L — g) b)) ) -2
=w — — =w ?8/\
Tr(eQ‘ﬂ'iT(Lofﬁ )

we obtain then the identity

(T5:), = 56 + (Y (oemn) + )

W(Z) 2mi

Tf,r

that is the main result of the present subsection.

E. Diff,S' character on l-parameter subgroups
We shall use the identity (6.54) to calculate the logarithmic s-derivative of
c;é Y(fo,7) = Tr(eis Jz,6@)T (z)de e%i-r(h—i)) = T(fs, 7)
for the flow fs of the vector field —((x)0;, see (6.6) and (2.15). First note that

9sInT B iz, C(x)Tr<U(fS)T(x) ezmr(LO,ﬁde
sIn Y (fs,7) = TI‘(U(fs)e27ri-r(Lo_ﬁ)) :

(6.52)

(6.53)

(6.54)

(6.55)

(6.56)

Denoting by Wy the function defining the isomorphism 7y . = T, 7, constructed as in Sec.6C and by
Wei = e~ Xei s boundary values such that X1 = X,.2 — L7,, we infer from (6.42), (6.54), (6.47) and

(6.34) that
En(U(f)T(@)emitoms)) .
=e z <T (e x)> - 57
T(U(r) i) i
4 2mi 4 722]1)

e T (SW,) (e

x —drmig Ws/(e - 2 1 ~ c c
L ) + e L (m) (ﬁ a?s IHX(TS) + ﬁ) - 51
cL2 2 2 ~ c
= i (SWa) (0) — o (eI Wia(2))” (55 0 Inx(R) + ;)
= — (S X i) (@) + 5 (X1(2))? 07, Inx (7).

T 4872

The substitution of (6.57) to (6.56) gives then the relation

O Y (fo,7) = *ii/zé(x) (SXsii)(x) dw + L2 IC(x) (X5i(x))da 9, Inx(7;) .

In the next subsection, we shall show that
as?s = Li? C(JJ) (X;71($))2dx .
Ir

Using this identity, we infer from (6.58) that
T(fs,7) = Cr.r X(75)
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(6.57)

(6.58)

(6.59)

(6.60)



with
Cr.r = Cs¢ exp{iﬁﬂ/ ds'" [ ¢(x)(SXy )(x)dz|. (6.61)
0 I

This establishes the relation between the characters of Diff, S' on 1-parameter subgroups and the Virasoro
characters.

Remark. We could obtain formulae similar to (6.58) and (6.59) if we replaced fs by f o fs for any
f € DiffS'. This would lead to an expression for Y(f,7) involving the integration along any smooth
curve joining f to fy, but we shall not need such a generalization here.

F. The effective modular parameter

In this subsection, we shall obtain an integral expression for the effective modular parameter 7, such that
Tt r =2 Ty, 7,- With the applications to FCS in sight, we shall consider a slightly more general situation with
the initial modular parameter 7 replaced by 7, = 7—L~'as for some real constant a. Let W, : Ay, ;. — C*
be the map constructed as in Sec.6 C defining the isomorphism Ty, -, = Tz, 7, with the boundary values

Wsi = e~ *F'Xsi such that Xsa1(x) = Xg0(z) — L7,. Clearly, X,; and 7; depend now also on a.

Proposition. The effective modular parameter 7, satisfies the relation

0sTs = Lfg/I (¢(z) — a) (XL,(2)) da (6.62)

Proof of Proposition. Eq. (6.62) will be established by calculating the infinitesimal change in 7;. Denote
by A the annular region in C* that is the image of Ay, . by W, and has the boundary components
parameterized by

T — Ws(qse_%fs(”’)) = e_%x*‘;l(ﬁ), x — Wy(e™ T”‘) — o B Xan(@) (6.63)

for g, = 2™, Consider the map Uso = Wyio 0 I/VS’1 : As — C* that is holomorphic on the interior of
A, and that satisfies the relations

Ug a(ef%XS;l(fs_l(fSer(xH’aU))) — Ws-&-o‘(q‘s-i-a ef%fs+a(m)) — e~ ZEiXSJrG;l(I)
~ _2xi e _ 2w e _2xi
- qg+<7 € L XSJFG;Q(Q?) = q5+0' Ws+o’(e L x) = qur(r Us,a(e L XS;Q(QE)) (664)
for g, = e*™™. One may write

Uso(w) =wet Verlw) (6.65)

where V' is a function on A, with the boundary values

27i

‘/s,a;l(x) = ‘/;,a(e_ L

‘/S,O';Q(I) ‘/s,o(ei 2Z‘d

Xﬁ;l(fjl(fpra(ac)—i-ao))) = XS'I(f_l(fera(x) + ad)) - Xercr;l(x) )

’ S

Xe2(®)) = X 0(2) — Xepon(x) (6.66)

so that

2
5:2(2) + L(Tsxo — Ts) - (6.67)

Y A\ (6.68)

Then

R 2i”Xs;l(.f{l(J‘Ha(fﬂ)-ﬂ-aff))) = wyp(e” 2Z'iXs;z(ﬂﬂ)) = LY (X (@) de — V! o(x)) dz,  (6.69)
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where the first equality follows from (6.64). Besides, w; , satisfies the normalization condition

/ W, (€7 T Xe2@)) = 1. (6.70)
I

As V; , is a holomorphic on the interior of A,, we have the relation

" d(VS)UW&U) - / VS’U;l(x) wS,U(e_ 2?Xs;1(f;1(fs+(,(m)+ao))) _/ VS,U;Z(JJ) OJSJ(G—?PXS;Q(I))

A, . s

- V970;12($) Ws,o (ei%XSQ(‘”))
Zr

= / (Xs;2(fs_1(fs+a($) +ao)) — XS;Z(QC)) We.o (e—%xs;z(@) - LRy —7)
L

=17 [ (Xl Grra@) + @0)) = Ko@) )(Kiola) = Vipola) ) do + LR =) (671)

L

Differentiating the last line over o at ¢ =0 and using the fact that V; o =0, as well as the relation
(F1) (fs(@)) ((fs(@)) = ¢(2) (6.72)
that follows from the differentiation over s of the identity f;'(fs(x)) = x, we infer from (6.71) that

0=L7" [ Xio(@) (ST (fs(@) (= C(fs(@)) + a) Xig(w) do + LOT,

I

=-L IL(C(OC) - f;‘z:v)) (Xia(@)? + LOS, . (6.73)

Together with (6.35), this implies (6.62).

Corollary. Taking a = 0, we obtain (6.59).

G. Generating function of FCS in finite volume

We are now ready to eliminate the Diff  S'-character Y(fs.r,7s.r) from the expression (6.7) for the finite-
volume generating function ¥y 1, (A) of FCS for energy transfers. To this end, we first rewrite the formula
(6.7) in the form

:f(fstL77—sAL) —is(C; 1, —C,

i} 2\ = S SE g is(Ct,L o,L) 6.74

N = o) o

recalling that

Bu(hy' (z) + vt)
Br(hg(x))

and fs 1 is the flow of the vector field —(; 1 (z)0,. The only difference with respect to the setting of Sec. 6 E
is that 7 is now replaced by 75 ; which corresponds to the situation considered in Sec.6F if we set a =,
there. Differentiating In ¥, ; over A, we obtain the relation

s=z5, Tsp=L7'i-s)n, Gul@)=1 (6.75)

8)\ ln\I't’L()\)
= M(— / G (#) (SX i) (@) do + L2 | Gor(@) (XL p0(2)2da Oz, , 0 X (o p.0)
7y Iy

TI‘(U(fs,L,t) (LO — 2L4) eQﬂ'iTsyL(Lo_ﬁ)>

—o2miL Yy, —i(Cr — CO,L)>, (6.76)

Tr(U(fva»t) e2WiTva(Lo—ﬁ))

where the 1%%-line on the right-hand side came from the s-dependence of fst,L in In T(f57t7L, Ts,1,) given by
(6.58) and the 1°* term of the 2"d_line from the s-dependence of Ts,r. Functions X, .., pertain to the
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boundary values of the maps W, defining the isomorphisms Ty, , , -, = Ty 7, ., see Sec. 6E. Now,

from (6.57),
2miL =" Tr (U(fs,L,t) (Lo — 37) eQ”iTS(LD_ﬁ)) iTr(U(fs,L,t) J7, T(x)da ez”iTs(LO_ﬁ)>

Ty (e2wiT5(LD_TC4) U(fs,L,t))

Ty (e2ﬂi7’s(Lo—ﬁ) U(fs,L,t)>
= —i%/ (SXst.n)(x)dx + L_Q/( ;’tﬁLﬂ-(x)fdx Oz, ., Inx(Ts,,t) - (6.77)
7y I
Thus the net effect of the 1°* term on the 2°¢ line on the right-hand side of (6.76) is to replace Gt in the
(6.78)

17 line by
&0 =CL — YL -

Altogether, we obtain the identity

AW, L (A) = 35 ( — g / §.0() (S Xt 150) (z) da
Ir
+ L7 &) (XL, p4(2)de 0z, Inx(Terr) — i(Cir —C(J,L)>- (6.79)
IL

Moreover, taking ¢ = ¢;, and a =z in Proposition of Sec. 6 F, we infer from (6.62) that

OsTsrr = L2 | &.0(2) (X4 pa(2))*da (6.80)
IL
so that (6.79) implies that
25 X(Tp on)
\Ift,Lu):exp{‘iQZ / s st,L<w><sxs.t,L;i><m>d4 S0 o (Cumton), (6.81)
™ Jo 7 ' x(7o,L)
(6.82)

where
A
~ —92 A 1 2
T 4L = ToL + L ds | &.o(x) (Xgy pa(2)) d
0 T

and Cyr is given by (4.11). This is our final formula based on conformal welding for the finite-volume
generating function for FCS of energy transfers. Note that the right-hand side of (6.81) depends on the

spectrum of the CFT via the Virasoro character x.

7. THERMODYNAMIC LIMIT FORMULA FOR FCS

We would like to compute the limit L — oo of the generating function ¥, 1, (A) for FCS. Let us first consider
the last factor on the right hand side of (6.81). Using the symmetries (4.3) and (4.9) of S and hy and the

behavior of the latter when L — oo, see (4.23), we infer that

o [ ) - pufo) () o) ]

Lh—{r;o e_%ﬁ(cm_CM) - Lli—I>I;O P [T a5 2n 4L
—oxp [ D5 [0+ 8la) - 25() (SW)@) o], (71)

where h is given by (4.31) and (4.22). Note that the integral on the right hand side is concentrated on the

support of the kink in the profile 5(z).

A. Large L behavior of the vector field (; (y)9, and of its flow

In order to study the limiting behavior of the other terms in the formula (6.81) for ¥, 5 (A), we shall need
more detailed information about the forms of the inverse function h;l and of (; 1 given by (4.12). Let us
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L/A+ut
L/44

FIG. 6: h;' and hy' + vt

assume that [(z) takes its asymptotic values outside the interval [a — J,a + ] containing the kink. Then
on the interval [—1L, 2L], the function hj' is linear to the left and to the right of the interval [A;, By]

(y+iL)- 1L for —1L

hp'(y) = {ﬁ“ ! =Y S?L’ (7.2)
Sm(y—iL)+4L  for By <y<iL
for
Ap=hp(a—08)="2(a—0) - (1- 252, Br=hrla+0)="22+0)+(1- %55, (73)

see Fig. 6, and its form stabilizes inside that interval. More exactly, with the function h(z) given by (4.31)
and (4.22) and

A=h(a-19), B = h(a+59), (7.4)
and for
Of =—A+ AL, (7.5)
we have the identity
h' (y+07) = b (g y + (1 - 322)A) (7.6)
so that by (4.21)
Jim bty +0f) =h7H(y), (7.7)

and the difference between h;'(y +O7) and h='(y) is O(L™') uniformly for y in bounded sets and the
same is true for all the y-derivatives of that difference. The inverse function h~' is linear on the left and on
the right of the interval [A, B] and it maps this interval into [a — d,a 4 6]. More precisely,

(7.8)

hil(y): %(y—A)—l—a—& for y<A,
BR(y—B)+a+4 for y> B,

An examination of the function ¢;; of (4.12) shows now that if |z| < iL then ¢ r(z) = vbor = VL
outside an interval [Ar — O(|t]), Br + O(|t]|)] and that the form of (; j stabilizes inside this interval. More
precisely,

B(h; (y + OF) + vt)
Blhp'(y+07))

Gy +07) =1 (7.9)
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for large L so that
B(h(y) + vt)

li 0f) = = 7.10

Jim Gy +0p) =7 B0 W) G () (7.10)

for v =vfBy with (" (y) = v outside an interval [A — O([t|), B+ O(Jt|)]. Similarly, for & ; given by (6.78),
Jm & (y+070) =G () =7 =& (v) (7.11)

with & (y) vanishing outside [A — O([t|), B + O([t|)]. In particular, if vt > 2§ then

0 for y<A-— g—zvt,
AB Bo
&) =450 for A — 5o(vt—26) <y <A, (7.12)
0 for B <y.

The functions fs; ; forming the flow of the vector field —(; r(y)0, are equal to fo — yrs outside an
interval [Az — O(|t| + |s]), BL + O(|t| + |s|)] when restricted to [—~$L, L] and their form stabilizes inside
that interval when L — co. More exactly,

Aim (fonn(y+07) = 01) = £L(v), (7.13)

where the limiting functions f:' , form the flow of the vector field —¢;"(y)9,. It will be convenient to introduce
the shifted functions

9st,.(y) = for,L(y) + L8 (7.14)
equal to y outside an interval [A; — O(|t| + |s]), Br + O(|t| + |s|)] when restricted to [—1L, 1L] for which
lim (g5, (y+07F) = OF) = g, (y), (7.15)

L—oo

where the functions gzt(y) = f:‘t(y) +s are equal to y outside an interval [A—O(|t|+|s|), B+ O(|t|+|s])]-
It is straightforward to see that the convergence in (7.10), (7.11), (7.13) and (7.15) is uniform on compacts
with all derivatives and that it proceeds with speed O(L™1).

The symmetry relations (4.13) and (6.4) imply then that for

Op =A—Ap— L, (7.16)
Jm Gy +0p) = Ch(=y) = ¢ (), (7.17)
Jm & (y+0p) = ¢5(-y) = & (), (7.18)
th[;o (fs,t,L(y + OZ) - OZ) = _firs,—t(_y) = fs_,t(y)7 (7.19)
Lh_{réo (gsmL(y +07) — OZ) = fo1(y) +vs =g.,(y) (7.20)

with fg, forming the flow of the vector field —¢; (y)J,. Again the convergence is uniform on compacts with

all derivatives and speed O(L™'). Similarly as for & and g, & (y) =0 and g,,(y) = y outside some
bounded intervals. In particular, for vt > 26,

0 for y<-—-B-— ﬂ—th,
& (y) = —'y% for —B-— g—g(vt —20) <y<-B, (7.21)
0 for —A<y.

Note that the two different limits for L. — oo distinguished by the superscript £+ were obtained in the
L-dependent frames with the centers at Of, respectively, where

Of =0 = —2h(a—0)+ (20— 26+ £) 2L = M, (7.22)

so that Of are separated by an O(L) distance from each other. For the later use, let us observe that

. -1 _ Br
Lh_)rr;o LMy = g5 <1. (7.23)
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B. Conformal welding of cylinders

Below, for more clarity, we shall attempt to use capital Roman letters for functions and operators in the
finite-volume context (whose dependence on L will often be suppressed in the notation) and capital script
letters for functions and operators pertaining to the infinite-volume context.

A detailed analysis, that we shall perform in Sec.9, will show that the derivatives of the functions
Xst,0:(x) appearing in Eqgs. (6.81) and (6.82) and obtained from conformal welding of the tori Ty, , , - ,

converge when considered in the frames centered in Of to the derivatives of functions X gi”(x) that appear
in the context of conformal welding of cylinders that we shall describe now.

Consider for v = vfy the infinite band
By = {z€C| —iy <Im(z) <0}, (7.24)
in the complex plane with the boundary components parameterized as
Rz — pi(z) = —iy+ g(2), Rox — po(z) =2 (7.25)

for a diffeomorphism g : R = R, ¢’(z) > 0, equal to the identity outside a bounded interval. Let Z, ., be
the complex cylinder obtained from B, . by conformal welding that identifies p;(x) with ps(z), see Fig. 7.

FIG. 7: Conformal welding of a cylinder

Z,~ is isomorphic to the standard cylinder Z,, ., for” go(x) = x, with the isomorphism given by a function
X : By, — C holomorphic in the interior such that its boundary values X; = X o p; satisfy the relation

Xy (x) = Xa(z) —iy. (7.26)

One may obtain such a function X by conformal welding of discs [45]. To this end, let us first consider the
map

Byny22z— u= e * (7.27)

that sends B, onto C cut along R, C C, with the sides of the cut parameterized by
Roz — e39@) 4i0= pi(z) and R3z+—— ea”—i0= p2(). (7.28)
Note that p;(x) and pa(x) agree for |z| large enough. Welding the sides of the cut by identifying p1(z) =

p2(z) and adding the point u = oo, we obtain a closed Riemann surface S, of genus zero. Another way to
describe the same surface may be obtained using the map

1—iu
1+iu

(7.29)

of CU{oco} =2 CP! into itself that sends the real line R to the unit circle S and Ry C R into the lower half
of the circle. Then S, may be viewed as obtained from the two discs into which the unit circle cuts CU{oo}
by welding them back together after twist by a circle diffeomorphism equal to the identity on a neighborhood
of the upper half of the circle. As discussed e.g. in [45], one may construct an isomorphism of the surface

7 go = fo are both the identity diffeomorphism of R but fo was primarily viewed as the unit of Diff:Sl.
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S, obtained this way with CU {oc} by solving an explicit Fredholm equation in L?*(S'). Composing that
isomorphism with the map (7.29), one obtains a holomorphic map W from C\ R; to CU {co} whose
boundary values satisfy the relation

W(pi(x)) = W(pa(z)) (7.30)

implying that W is also holomorphic in neighborhoods of © = 0 and u = co. By composing W with an
appropriate Mobius transformation, we may also demand that W(0) =0 and W(oo) = oo so that

au + O(u?) for |u| small,
W(u) = 7.31
() {bu +0(1) for |u| large (7:31)
for a,b # 0. Then the map
Byg2z— X(z2) = %IHW(G%Z), (7.32)

where In(w) is chosen with a branch-cut along the image of Ry by W, is holomorphic in the interior of
By, and its boundary values satisfy the relation (7.26) so that X’ defines the isomorphism Z, ., = Z, .. In
particular, from (7.31) we infer that

o= S G = (et e =
Besides, X!(x) # 0. Writing
Xi(z) =g(x) = Ni(2) —iy,  Xa(2) =2 —Ia(z) = X1(2) +1v, (7.34)
so that
Via(x) = N1(x) — Wa(z) = g(2) — =, (7.35)

we infer from (7.33) that YV/(z) have an exponential decay when © — foo. Note that ); are the boundary
values for the function Y(z) = z — X(z).

It is easy to obtain an integral equation for }; similar to (6.26) of Sec.6C. Indeed, using the Cauchy
formula,

V) =5 /791@,) Vi) dy - o [ Maly)d (7.36)
[ gly) — iy — 2 Ty R '
for z in the interior of By, and sending z to p;(z), one obtains the relations
1 1 J'(y) 1 1
73?1::—.PV/7)/ df—./i,y dy, 7.37
2N(@) = 5 o) — o) W W mw | Ty W) (7:37)
Vo) = 2 [ IOy yay- v [y (7.38)
2 27 g(y) _ 1,}/ — 2mi y—x

that, with the help of the identity
1

where €1 are the orthogonal projections on functions X € L?(R) with the Fourier transform

~

X(p) = /eim)((x) dx (7.40)
vanishing outside R., respectively, may be rewritten in the form

EV =K + Ki2)s, E_ Vo =K, (7.41)
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for

_ 1 J'(v) o 1
1 1
(CX)w) = g [ e Xy, (7.43)
(n)(o) = 5% [~ x)ay. (7.44)

The summation of (7.41) gives then rise to the integral equation
(=K1 = (E- = Ki2)Drz, (7.45)
where Z stands for the identity operator in L?(R) and
K=K+ K2+ Ko . (7.46)
We also have the representations:
Kin=-6 +G ' G=E6 -G 16,6, Ki2=G1Q€&,, Ko =€-Q7'G, (7.47)

where (GX)(z) = X (g7 (x)) and Qe™'P* = e~ P e~P2, Contrary to the operator K of Sec. 6 C, the operator
K in L%*(R) is not trace-class and the solution of Eq. (7.45) will require more care.

Note that for f = f,+ 1 and 7T =7, the kernels of the operators K;; of (6.21)-(6.23) become

_ 1 SAC) 1
Kii(z,y) = 73(1 _ e (95,0, (¥)—gs,1,0(2)) o 1 _ o 28 (x_y)) (7.48)
1
Kip(z,y) = — _ 7 (7.49)
L(l —eL (y*gs,t,L(w)JrryL))
/
Koi(z,y) = — 9o,,.(Y) -

L(l — e (gs. L (y)—z— wL))

where g5+ 1 are given by (7.14). From the results of Sec. 7 A it follows that in the frames centered at Of
of (7.5) and (7.16) they converge pointwise to the kernels of operators IC;; for g = git when L — oo.
This renders plausible the convergence of the derivatives of functions X, r.; in the recentered frames to
the derivatives of the functions X ;[t;i obtained from conformal welding of the cylinders Z ot Indeed, the
corresponding functions are determined in terms of the solution of, respectively, Eq. (6.26) and (7.45). A
rigorous proof of such a convergence, however, requires more subtle analysis that will be presented in Sec. 9.

C. Infinite-volume formula for the FCS generating function
We shall assume here the uniform convergence on compacts of derivatives of the functlons X +.1;; occurring in
(6.81) and (6.82) in the frames with centers at OF 7 to derivatives of functions X i obtained from conformal

welding of cylinders Z = in agreement with the discussion of the last subsection®. For the first term on
the right-hand side of (6 81), we obtain then the limiting behavior

lim exp[—%/ [ 10X, ]

L—oo

= exp[—i247r Z/ ds/@ (SXE ) (z )dx} (7.51)

8 We also assume that the above convergence is uniform in s for s bounded.
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We are still left with the control of the L — oo limit of the ratio of Virasoro characters in (6.81). Note
that 79 =iL~ 'y, = O(L™1) and that ?ﬁ;,tl — 70,1, = O(L™?) as follows from (6.82) and the relation

A
AB
lim ds | &0(x) (X],p4(2)?de = Z / ds / &5 (2) (X2 (2))? da. (7.52)
Ir

L—oo Jg

The behavior when 7 — 0 for the Virasoro character x(7) of the finite-volume theory may be obtained from
the dual picture or the modular properties of the characters of of the Virasoro algebra or its extensions:

X(7) = Ce?™ai (14 o(e” 7)), (7.53)

where C' > 0 and € > 0 are constants dependent on the theory but independent of 7. This holds e.g. for
general rational unitary CFT’s where x(7) is a finite sum of the characters of a chiral algebra transforming
linearly under 7 f% [3], but also for toroidal compactifications of free fields, e.g. for the massless bosonic
field considered in Sec.3 B with any radius of compactification. Assuming (7.53), we infer that

ABIT

. X(Ta tL)
lim ————
L—oo X(TO L)

- exp i Z/ ds/ft ) (XX );de], (7.54)

where, as before, v = vfy. Collecting (7.51), (7.54) and (7.1), we obtain for the infinite-volume generating
function for FCS of energy transfers the expression

= exp [ i lim

V() = lim () =[O0, (7.55)
+

where \Ilti()\) are the contributions of the right- and left-movers, respectively, given by the relations

U = GXP[I%T (/ ds/ft SX5.) (@) — %2)(;;1_@)2> da
+ Tﬁ (B(z*) — B(z)) (Sh)(z) dx)] : (7.56)

The last formulae show that in the infinite-volume, the generating function ¥;(\) for the FCS of energy
transfers in the non-equilibrium profile states is universal depending only on the profile S(x) and the central
charge ¢ of the CFT but not on the spectrum of the theory. Besides, the central charge enters simply as an
overall power.

D. Simple checks: the first two moments of the energy transfer

In virtue of (5.11), the average energy transfer through the kink is given in the infinite-volume limit by the
expression

(AE), = lim (AE), ;= lim 27(Gr(t) = GL(0)}"

L—oo L

a5 / ((B*) = B@)(T4 (@)™ + (B(z™) = B@)(T-(2))" ) da
- ALB/ ((5(9:*) - 6(93))(% 247T (Sh)(z )) (B(z7) — ﬂ(x))(m _ 247r (Sh)(z )))dm

= 159245 Z/ft ~ S1nAF Z/ ))(Sh)(ﬂﬁ) dx, (7.57)

where we have used (4.35), (7.10) and (7.17), changing the integration variable to y = h(x) in the part of
the integral. The result agrees with + ) In ¥(0) for ¥,(\) given by (7.55) and (7.56) since Xﬁilt;i(x) =1.

For the variance of the energy transfer given by (5.12), we obtain in the infinite-volume limit the expression
neq, c

(AB;AE); = lim (AE;AE); | = lim oo <GL() GL(O);GL(t)—GL(O)>

L—oo , L—o00 I
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- & / ((ﬂ(x;r) — B(x1)) (B(x3) — ﬂ($2))<T+(x1); T+(5172)>ne%C
" (6 ) - 6($1)) (B(SE?_) - 5(x2))<T—(=’E1) . ($2)>ne%c)dx1dx2

m2c gt yl)ft (yQ) )
= dydys , 7.58
8(AB)2y* Z/ (smh4 y1 — Yo — 10)) YL ( )
where we used (4.36), (4.37) and (7.10) and the way the singularity m has been treated was obtained
by writing
neq, ¢
(GLt) = GL0): Go(t) = GL(0) |
neq, ¢
= lim (G(t) ~ GL(0): O (GL(1)  GL(0)) ) T (7.59)
Expressing &5 (y) by its Fourier transform,
&) = [emeEway. (7.60)
and using the result (B.2) from Appendix B, we infer that
c x2c —i(P1y1+p2y2) = -
(AE;AE), = 8(AB)2A* (2m)% Z/ smh4 = 10)) & (p1) & (P2)) dp1dpa2dy1dy:
p + 47'r _
= ety 3 [ W& na. (7.61)

In order to compare this to —8% In ¥;(0), we have to find the 15° order correction in s given by 95X %'“(x)
to XOH = 1. Write X7, () = g5 (z) — Ve (z) — iy, see (7.34), recalling that Vs satisfies (7.45) for
g = gsyt Differentiating the latter equation with Y5 = g;'ft —go over s at s = 0, where, as before,
go(z) = x, one gets:

(1 - Ko)asyo;l — (5— - K?z)(_gti) (7'62)

where K7 correspond to g = go. In terms of the Fourier transforms, (7.62) reads®:

(1= e 7)0, Vo1 (p) = —(0(—p) — e 70(p)) & (p) (7.63)

and we infer that

0.X5 () =€ () - = [ POCP) e 700D gy gy = 1 [ Y ) dp,

1— el 1—eP
.55 =050 = - [ e wap. (7.64)
Hence
—R I W4(0) = i =577 Z / &8 (@) (0u(5X5 (@) — A 1 (2) 0, X% (0)) da
4r? —ipx
= 487r2(A,8)2 Z/gt / v 1+ eip : &) dp) dx
p +4w

- 487r2(A/3)2 Z/ i & (p) & (—p) dp (7.65)

which agrees with (7.61).

9 0(q) denotes the Heaviside step function.
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8. LONG-TIME BEHAVIOR OF FCS

It is not difficult to understand heuristically the long-time large-deviations type asymptotics of the right-hand
side of (7.56). Using the relations (7 12) and (7.21), we observe that the functions & are, respectively, equal
to constant values 'y? and —’yﬁ for v = vfo on intervals of length 5 Zt—0(1) and 7 7=t—0(1), and that

they vanish outside O(1) extensions of those intervals. It follows that the shifted flows gs’t( x) = f&t(x) +7s,
which satisfy the equations

Osgir(x) = =& (92(2) —=75),  goule) =, (8.1)

are equal, respectively, to z — y%s = gF(z) and to z + 7%3 = ¢, (z) on those intervals shortened by
O(|s|) on either side. For estimating the right-hand side of (7.56), we would like to know the behavior

of the functions Xsi“ on the support of £&F. In the bulk of the support, we expect Xstl(x) to fast

approach for large t the functions obtained from conformal welding of the cylinders Zzx . The holomorphic

maps X Y+ B~i S C generating the isomorphisms Z~i = Z,4,,, are in that case given simply by the
multlphcatlon by complex factors:

Xr(z)=(1-i52s) 20t XT(x)=(1+i52s) 2+ CT (8.2)

up to arbitrary additive constants C*. Indeed,

Xh() = Xf (—iy + 35 (2) = (1—i52s) (—iv+2—752s) + CF

=(1- 1%5) .’L’+C+—1’7=XS;2($)—1’77
X (x) = X7 (—iv 47, (@) = (1+152s) 7' (=i )+ o
s;1 - 17+gs (’JZ))—( +1/3728) ( 1"}/+IL’+"}/[3RS)+
= (1+i52s) 2+ O —iy = X, (2) — iy (8.3)
so that
@) =(1-i52)7", Xl =(1+i52s)" (8.4)

A rigorous proof of the convergence of the derivatives of functions X'%;.; to those of fsib(:v) in the bulk of

the support of fti requires a rather subtle control of the solutions of the Fredholm equation that computes
X iﬁtﬂ- that we have not performed in detail. Assuming such a convergence, the only contributions to the
large-deviations rates

=E(\) = lim - ln\I/i()\) (8.5)

t—o0

would come from the middle terms on the right-hand side of (7.56) leading to the formulae

A
xB
+ _ . mc ¥ Ap _ mc 1 1
(A) = IW/O 5775 (1_1 8) ds = ﬁ(ﬁgfi)\ _57)7
A
_ oo [BP 4 AB .AB e 1 1
(W) = 11272/0 5?(_7)5?(1“,3?5) ds = 7<BR+1/\ /3R)’ (8.6)
in agreement with the Bernard-Doyon result [4] obtained for the partitioning protocol. For ¢ =1, the latter

expressions also agree with the large-volume long-time limit of the Levitov-Lesovik formula for two channels
of free massless fermions with pure transmission that gives [33, 34, 39]

(1]

(1]

SEE N = g [ Lo o)™ < 1)+ fr(@)(1 - fe@)e ™ = D]de, ()

+

where fr(w) = ﬁ and fr(w) = ﬁ are the Fermi functions for the right and left movers. Observe

that the functions Z*()\) depend on the inverse-temperature profile only via its asymptotic values 8, Az
exhibiting even more universality than \Ilit()\) The Legendre transform

1=, o ) .
VvE]—=PBRr,Bcl 12\ Be(Be—v) Br(Br+V)
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with the asymptotic behavior

_ ) Beo—/Fo +0(1) when o — oo
Hel = {_ﬂng - \/ST?C‘T + O(1) when o — —o0 (8.9)

determines the long-time large-deviations form of the of energy transfers in the thermodynamic limit:

P(AE) = lim P (AE) = exp[—tZ(2E)]. (8.10)

L—oo

The rate function possesses the Gallavotti-Cohen symmetry [16]: Z(—o) = Z(o) + cAS that follows here
from the transient fluctuation relation (5.15).

Another way to characterize the behavior of the FCS at large times is to note that

Tc iA iA _ 4 Tc il -8 B
tﬁ(ﬂg(ﬁg*i/\) — BR(,@RHA)) = tﬁ /(e q _ 1)(e £‘19(q) +e Rqa(_q)>dq (8.11)
is the logarithm of the Fourier transform of the time-¢ distribution of a Lévy process [31] with the jump rates
w(e,y) = T (¢ 0=20(y — 2) + e PRz —y)) (8.12)

that starts at = 0. The right hand side of (8.11) gives the Lévy-Khintchine representation for the infinitely
divisible distribution of such a process, see also [4, 6].

9. THERMODYNAMIC LIMIT OF FCS: PROOF OF CONVERGENCE

This section fills the missing element in the proof that the thermodynamic limit of the FCS generating
function W, ,(\) given by (6.81) and (6.82) takes the form (7.55)-(7.56). It is addressed to readers not
convinced by the heuristic arguments of Sec. 7.

The functions X, 1.; that appear in (6.81) and (6.82) satisfy the relations
Xs,t,L;l = gs,t,L — Yl - LT(),L 5 Xs,t,L;Z = Xs,t,L;l + L?S,t,L ) (91)

where Y7 is the solution of the Fredholm equation (6.26) related to conformal welding of tori described in
Sec. 6 C. On the other hand, the functions Xsﬂfm that appear in the formula (7.56) satisfy the relations

X)) =gl (@) = Vi(@) =iy, AS(e) = A, +iy, (9-2)

where Vi are solutions of Eq. (7.45) for g = g, obtained in the context of conformal welding of cylinders
discussed in Sec. 7 B. '

We shall prove here the uniform convergence on compacts with all derivatives of the functions X, 1,
viewed in the frames centered at Of of (7.5) and (7.16) to the functions X;‘Et’z We often suppress the
dependence on (s,¢, L) in the notation for the finite-volume quantities (like for Y7 in (9.1)) and on (s,t)
in the infinite volume (like for Y in (9.2)). All the estimates established below are uniform in s = x5

belonging to bounded sets.

A. Recasting equation for Y;

The main point is to control the behavior for large L of the derivatives of functions Y; solving Eq. (6.26)
in the frames centered at Of To this end, it will be convenient to rewrite the Fredholm equation (6.26) in
which K = K1 + K2 + K21 with

K11 = E()+ - G_1E0+G = —E, + G_lEfG, K12 = G_IQEOJr, K21 = EfQ_lG (93)
for (G7'X)(z) = X(gs.+.1.(x)) and Qe, = e *E* e, see (6.24), and where

Yio(x) = gs () —x+ L(Tst,L — To,1.) - (9.4)
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First, we shall eliminate from (6.26) the constant mode contributions involving the toroidal modular
parameters. Applying the orthogonal projector Ey = E, + E_ to the both sides of (6.26), we obtain
the relation

Ey(I-K)YY1 =Ef(I - K)Ey Yy = Ey (B_ — K12)(Ey Y12 + EgYi2) = B (E- — K12)Ey Y12 (9.5)

since Ed‘KijEO = 0. Recall that the kernel of I — K is composed of constants, the range of I — K has
codimension 1, and the solvability of (6.26) fixes uniquely the constant contribution to Yia, see (6.28), with
E_ — K;5> mapping constants into constants. Thus the range of I — K cannot contain nonzero constants.
It follows that the operator Ej-(I — K)Ej7- is invertible on the range of Ej and that the function EjY; is
uniquely determined by (9.5) from Ej Y. Note from (9.3) that K = QEy; + E_Q~! is the operator K

27|n|

for gs: 1 replaced by the identity diffeomorphism. Explicitly, K%, =e~ "1 7te,. Factoring out the part
related to K°, we shall rewrite

B (I - K)E§ = B (I - (K - K)E¢ (Ef (I - K*)E§) ™ ) B (1 - K) By, (9.6)
where
K-K'=-E_ +G'E_G+(G'-DQEy +E_Q "G -1)
=Eyy —G 'Ey G+ (G'—1)QFEy. + E_Q YG —1I). (9.7)

In the matrix notation corresponding to the decomposition L2(Si) = Ei-L*(S}) = E.L*(S}) @ E_L*(S}),

pi-roms = (e By ) (U@ g ). 08)
where

Sip = (GG + (G =DQ) ) U - Q7L (9.9)
Sy = (GG (I-Q 712, (9.10)
Sy = (6T G (G4 + Q7)) I - Q)L (9.11)
S = (G 4G - (QNG-D)__)U-Q@ ! (9.12)

in the notation Dy, = F, DFE,, D,_ = E,DFE_, etc. Similarly,

Y (cato) I

B - Kb = ((Gag)t ). (9.13

Hence (9.5) becomes

<E+ +2 DI ) <Z+> _ ( —(G7'Q) 4412 ) (9.14)
Y4 E_+3__ Z_ —(G_lQ),JrYlQ +E_ Yo/ ’

for
Z=Zo4Z =(I—-KYY, o Zi=(I-Q4 Y1, Z-=I-Q__Y;. (9.15)
Recall that K is trace-class in L?(S}) so that from (9.8) it follows that the operator ¥ = (gji gf:) on

L3(S}t) is also trace-class and that I + X is invertible on that space.

To control the L — oo limit, we shall need a better control of those operators. Note that, for L sufficiently
large, the diffeomorphism gs¢.1, is equal to the identity except on two disjoint intervals, one inside | — %L, iL[
and the other inside | — 2L, —1L[. Let us set

gsrn(x+0f)—0f for z+0f € -1L,LL],
A )={ wilr +01) =0y L €=l 1kl (9.16)
x otherwise ,
- gsp,(x+0;)—0p for z+0; € —3L,—1L],
1z 9.17
9a.,1.®) {:c otherwise (9.17)
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so that
gse.n(z+ Oz') — Oz' —r= g:_’tyL(x) — +g;t7L(m + M) — M, -z, (9.18)

where M7, is given by (7.22). When restricted to Z,, g;t’tyL may be viewed as diffeomorphisms of S} = R/LZ
and, when considered on the whole line, as diffeomorphisms of R. In the latter case, it follows from
the analysis of Sec.7A that g:t7 (z) = gjft(x) = x outside an L-independent bounded set and that for
(=0,1,...,

1059511 (2) = D595, ()] < L7'C (9.19)
uniformly in x.

Let T, and (G*)T! be the translation and substitution operators acting on L?(S}) by
(L,X)(2) = X(z—b),  (GH)7'X)(2) = X (g5 L (2). (9-20)
Given an operator D acting on L?(S%t), we shall denote by D the operator T(;IlDTOzr7 i.e. the operator
D viewed in the frame centered at Oz. The relation (9.18) implies that

Gl —I=(GH) —I+T, (G) = D)T, (9.21)
and, similarly,
G-I=G"—I+Ty (G~ DTy, . (9.22)
Since T, commutes with F, we infer that
(GF = Dy = (GH)F' = Dy + T3 (G)F = 1)y Ty, | (9.23)
(GF1 = D)o = (G = D)+ Ty (GT)F = 1) T, | (9.24)
(G714 ((G+)¢1)+ + T, (GT) T4 T, (9.25)
(Gt = (@)t + Ty (G)F) 4 T, - (9-26)
In the frame centered at OF, the relation (9.14) becomes
(I+5)Z = (G Qs +(GT'Q) s — B Va2, (9.27)
where
Z= To‘z}Z, Yig = T(;zly12 (9.28)
and, by (9.4) and (9.18), we may take
Yie = Y + Tyl Vi3 (9.29)
for
YIJE = g;r,t,L — 9o, Y, = 9st.1. — 90 (9.30)

dropping constant terms from Y375 that do not change the right hand side of (9.27). The operator Y =
T‘iETO+ on L3(S}t) is obtained from the relations (9.9)-(9.12) by replacing G*! by G*!.

We have to deal with the fact that the contribution of the right- and left-movers corresponding to dif-
feomorphisms gg ¢, are mixed together in finite volume. Let YT be the operator obtained from Y by

replacing all inputs with GF! by the first terms on the right-hand side of (9.23)-(9.26) and let Ty Z T,
be obtained similarly but using the second terms on the right-hand side of (9.23)-(9.26). Con51der first the
decoupled equations!®

(1+5%)2% = —((G*)7'Q) s + (G5)'Q) 4 — B ) Vi (9.31)

10 The superscripts + pertain to the right- and left-movers whereas the subscripts 4 correspond to components in the range
of projectors F.
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They may be solved for Z* because I + %%, similarly as I + X, are invertible on L2(S}). Exhibiting the
corrections due to the coupling between the right- and left-movers, we shall write

S =Xt + T, S Ty, +0%, (9.32)

where
6514 = = ((GF) )Tk (G7) s Tar, + Ty ((G7) )4 Tar, (G- ) (T = Q)31 (9.33)
65— = ((GH)™ = Dy Tyt (G7)4-Tar, + T (G7)™ = 1)y Tar, (G- ) (T = Q7 ZL, (9.34)
654 = = ((GH) ™ = D) T (G7) 4 Tary + Ty (G)7 = D)= Tar, (G4 ) (T~ Q)5 (9.35)

65— = (((GH) ™) s T (G )+-Tary + Tt (G7) )4 T (GH)4- ) (1 = Q7 2L (9.36)
and
Z=7"+Ty'2" +6Z. (9.37)
The decoupled contributions (9.31) to (9.27) will now cancel out resulting in the equation
(1+5)0Z = —(Tyh = Tag, +0%) 2 — S+ +05) Ty, 2
(T3t (G = DQ)44 Tar, + Tyt (G7)7'Q) 4 Tar, ) Vi

~((GH) T = DQ) 1y + (G171 Q) 1 ) Tyt Vi (9.38)

for 67. Below, we shall show that this equation implies that §Z tends to zero in an appropriate sense when
L — oo. This will establish the factorization of the right- and left-movers contributions in the thermodynamic
limit.

Following similar steps as in finite volume, the infinite-volume equation (7.45) with g = gsjft may be recast
upon writing

I-K=(IZ-K-KYZ-K")"")NT-K" (9.39)
into the form

(T+25)2% = ~(((6%) 7' Q)ws +((6%)7'Q) 4 — &)V (9.40)

+ +
where Y+ = (iﬁ iy) act in L2(R) = £, L?(R) ® £_L?*(R) and have the components X, = £, Y&, ,
=+

etc., given by Eqgs. (9.9)-(9.12) in which G*! is replaced by the operators (G¥)*! such that ((G*)7'X)(z) =
X(g;%t (z)), and where

zE = (- K¢, Vi =05 —90. (9.41)

Above, K% = Q& + E_Q~! denotes the operator K of (7.46) for g equal to the identity diffeomorphism
go-

B. Fast-decay and Schwartz type operators

We shall consider operators on L?(R) acting in the momentum space representation by
(DX)(p) = 5= / D(p,q) X(q) dg dz. (9.42)

for )?(p) given by (7.40).
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Definition 1. We shall call D of fast-decay type if for any k£ = 0,1,... there exists a constant Cj such
that

Cr
(1+p)k(1+g?)k

D(p, q)| < (9.43)

Let j J’ be open subsets of R. We shall call D of Schwartz J x J' type if (i) D(p,q) =0 for (p,q) ¢

T x j’ (i) (p7 q) is smooth on T j’, and (i) for any ¢1,02,k = 0,1,... there exists a constant Cy, ¢,
such that

Coytn
(1 +p?)F(1+¢?)*

1041022 D(p, q)| < (9.44)

on J x J,

Definition 2. Let Dp, D be operators of fast-decay type. We shall say that D converge to D with speed
L=' if for any k= 0,1,... there exists a constant C}, such that

L_lck

‘ﬁL(paQ) —ﬁ(p,q)| < (1 +p2)k(1+q2)k

(9.45)

for all L > Ly where Ly is k-independent. Similarly, the convergence with speed L' of Schwartz T xJ
type operators is defined by demanding that for any ¢1,02,k =0,1,... there exists a constant Cy, 4,  such
that

L~ Cfl,ZQ,
(L+p?)*(1+¢?)*

0402 (Dy(p, q) ,0))] < (9.46)

on jxj’ for all L > Ly.

Note that the Schwartz-type operators are of fast decay type, that the latter are Hilbert-Schmidt [46], and
that the Schwartz-type convergence implies the fast-decay one.

Definition 3. We shall call a function X € L3(S:) the L-periodization of a function X on R if
VL {en|X) = X(p,) for 0 # n € Z, where e,(z) = ﬁe_ipn’” and p, = 2. Similarly, we shall call
an operator D on LZ(S}) with the matrix elements D,,, = (e;|Dlen) the L-periodization of an operator
D on L?(R) with momentum-space kernel D(p,q) if LDy, = D(pm,pn) for 0# m,n € Z.

Definition 4. We shall call an operator D on LZ(S}) of fast-decay or Schwartz TIxJ type if D is the
L-periodization of an operator D on L?(R) of the corresponding type. If Dy are the L-periodization of

fast-decay or Schwartz TIxT type operators Dy on L?(R) converging as such to operator D with speed
L~', we shall say that D, converge to D with speed L~ as fast-decay or Schwartz J x J' type operators.

In Appendix C we present basic general results about the fast-decay and Schwartz type operators and the
related Fredholm operators, their determinants and their inverses that we shall frequently evoke in the sequel.

C. Schwartz-type convergence results

Let g: R — R be a diffeomorphism that is equal to the identity outside a bounded subset of R and let G
be the substitution operator on L?(R),

(G71X)(z) = X(g(2)). (9.47)

We shall denote by P the operator i9, and by Q the operator e 7#” for vu = v, or v4 = 7, as
specified below, with v = vfBor and v = vfy. As before, £ will denote the orthogonal projections in
L?(R) on functions with Fourier transform vanishing outside Ry and we shall use the shorthand notation
D++ = E+Dg+, etc.

Lemma 2. The following operators on L?(R) are of Schwartz R, x R, type:
¢ Di=(G'"P )= (G =T)P V)4 for (0,0') = (+,-),

37



e Dy= (6P )y = (G- T)P )y for (0,0) = (—+),
e Dy= (G~ ~T)QP )y for (0,0") = (+,4),
e D= (Q NG ~T)PY)__ for (0,0") = (—,-),
« Ds= (G —T); 1 (GP V)4 for (0,0") = (+,-),
« Do= (G -T)__(GPY)_, for (0,0") = (—,+),

The same claims hold for the above operators with G and G~! interchanged.

The proof of Lemma 2 based on straightforward estimates is given in Appendix D. Applying Lemma 2 to
the case when g = g:ti of (9.16) and (9.17) with Q = e 72" or to g = git with @ = e 7", we infer
that the corresponding operators DfL and DijE for i = 1,...,6 are of Schwartz type. A straightforward
modification of the proof of Lemma 2, see Appendix D, together with the estimates (9.19), show that DliL

converge to D W1th speed L~! as operators of Schwartz-type. For i = 5,6, we introduce an additional
modification of DZ 1, described at the end of the proof of Lemma 2 in Appendlx D, which does not change

the above propertles Now, let D be the L-periodization of the operators D . In view of Definition 4,

the operators DF ;. converge with speed L' to Di as operators of Schwartz type Explicitly, Dl ;, are the
11

operators
DY, = ((G5)'P ), Dy, = ((G*)'PY)_y, (9.48)
Dy =((G*) ™ =Dy (@P )14, Dy =@ ) (@) =) (P, (9.49)
DE, = (G*) ' = D)4 (GFP Yo, DL =((GF) = 1) (G*PY)_y, (9.50)

where Pe,, = pye, and (G*)~! are the operators of substitution of g%, ; acting on L2(S}). On the other
hand,

Dy = ((Qi)_lp_l)Jr—a Dy = ((G5) P )y, (9-51)
Dy = ()" —1)4+(QP )++, Dy =(Q1)--((¢5) " =) (P71, (9.52)
Dy =((G) " — D)4 (P )4 Dy =((G) " —T)-—(G"P )4, (9-53)

where (GF)~! are the operator of substitution of g;t’t acting on L?(R).

+ +
Recall from Sec. 9 A that the operators Y+ = @ﬁ g;—) on L2(S1) have the components that are given
ST Yl

by Egs. (9.9)-(9.12) with G*! replaced by (G*)*! and that their L = oo version acting in L?(R) are the

+ +
operators X+ = (;ﬁ ;;*) with the components given by Egs. (9.9)-(9.12) in which G*! is replaced by
_+ —_—

(GF)*' and Q by Q=e""". Let Ry =R\ {0}.

Proposition 1. The operators ©* and X* are of Schwartz R0 x Ryo type and Y+ converge with speed
L7! to X¥* as such.

Remark. Schwartz Ry X Ry type operators have momentum-space kernels that are smooth away from
{0} x RUR x {0} but may be discontinuous across that set.

Proof of Proposition 1. The claim follows from the above results and their version with diffeomorphisms
git ;, and git replaced by their inverses, together with Propositions C2 and C3 of Appendix C. For example,
in

vt = (657,65 + (6D = D), ) - Q)7L (9.54)

the operators ((Gi)*1)+_Gf+(I — Q)7L are the L-periodization of DprpiL(H%)++7
’D; ;, one should invert gf:t - Those operators converge with speed L~! as operators of Schwartz R, x R,

where in

11 The modification of operators D?:L for 4 = 5,6 just mentioned was done to assure the stated form of their L-periodization.
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type to DfEPDQi( L

7o), > Wherein Dj one should invert g, . Similarly, (((G*)™! fI)Q)_H(IfQ);_l‘_

is the L-periodization of D;L(H%LP)++ that converges to D?T(HL*W)MF' In
¥, = —(((Gi)‘l —I)__GE +GE +(GH7'Q)_ + (Q‘lGi)7+)(I -Q)3L, (9.55)

the operators ((G*)~! — I)__Gf_,_(] — Q)7L are the L-periodization of DéL(
with speed L' to DéE(HL,W)

are the L-periodization of Dzi’ L(I_Q%L,,) o where in D; 5, one should invert gin - They converge to
DQi(I_eL,W), where in Di one should invert gglft. ((Gi)_lQ)_+(I — @)} are the L-periodization of
operators DQyL(%)J’_J’_ that converge to DQ(%)++. Finally, (Q~'G*)_,(I — Q)I_i_ are the L-
periodization of (e“’LP)__D;L(Iieénp)Jr+ with git,L inverted that converge to (e’YP)__DQi(HL,W)
with gsjft inverted. The convergence of Zf_ and Y _ is obtained in a similar way.

O

The Fredholm determinants det(I + X%) and det(Z + X*) are well defined, see Appendix C. We shall
prove in Appendix E the following result:

P
m) . They converglge

., as operators of Schwartz R_ x Ry type. Similarly, ij+(I - Q)i

++

Lemma 3.

|det(Z+ XF)| > C>0. (9.56)
In virtue of Proposition C9 of Appendix C, it follows from (9.56) that the operators T + X+ are invertible
and that the operators R* =T — (Z + £*)~! are of Schwartz R_o x R type. The convergence of ¥+ to

X* with speed L~! as operators of Schwartz R0 X R4 type implies in turn by Propositions C4 and C6 of
Appendix C that

det(I +X%) = det(Z+ Z*%) + O(L™Y). (9.57)

As a consequence, |det(] + X*)| > £C for L large enough, and the operators R* =1 — (I + £%)7! are
of Schwartz Ry x R type and, as such, they converges with speed L™! to R*, see Proposition C10 of
Appendix C.

D. Solution of the decoupled Fredholm equations

The decoupled Fredholm equations (9.31) in LZ(S1) take the form
(I+¥5) 7% =273, (9.58)
where
7 =~ (((G*)1 = DQ) ., + Qv +(GH)'Q) 4 — BV
= _(Dét,LP-‘r-l- + Qv + Dy (PQ)yy — E—) (95,0 — 90) - (9.59)
We shall first consider the limiting version (9.40) in L?(R) of the above equations taking the form
(T+ %)zt =235, (9.60)
where the functions
25 = (@) =D, + Qs +((G5) Q)1 — &) (g5~ 90)
= _(Dgcpﬂw + Q41 + D5 (PQ) 4y — 57) (95 — 90)- (9.61)
satisfy the following estimates:

Lemma 4. For p#0 and ¢,k=0,1,...,

—~ C
|05 25 ()] < ( - (9.62)

1+ p2)*

39



for some constants Cy .

Proof of Lemma 4. We have

%(p) ;/ﬁ(lf?g\:(n q)q + D (p,q)qe” 7q) (g@(q)dq

(7 0) ~ (=) (95 — 90) () (9.63)

and the assertion follows since the operators Dii are of Schwartz R_o x R type and (g;'ft — go) are Schwartz
functions.
O

The solutions of the Fredholm equations (9.60) have the form
zt=zf R*zL. (9.64)

From the fact that R* =7 — (Z+ X*)~! are of R x Ro Schwartz type and from Lemma 4, we infer that
for p#£0 and ¢,k=0,1,...,

Cek

¢ i

(9.65)

for some constants C .

Let us recall now that the functions y1 that satisfy (9.2) are related to Z* by the first of Eqgs. (9.40)
that may be solved for the derivative of yl by setting

== iP(T - KO ZE = i P — e P zE (9.66)
The estimate (9.65) implies that for p #0 and ¢,k =0,1,...,

Cok

14
’a y ’ - (1+p2)k

(9.67)
for some new constants Cl . It follows, in particular, that the functions yli’ are smooth and satisfy the
uniform bounds
LY ()] < G (9.68)
for 1 =0,1,....
Let us pass now to the finite-volume Fredholm equations (9.58).

Lemma 5. There exist functions Zf;’ ;, on R such that Zlﬂt2 are their L-periodization in the sense of
Definition 3 and for p #0, £,k =0,1,...,

0525 L (0) — .25 (p)]| < 14:(;‘2)’“ (9.69)
Proof of Lemma 5. We shall set
Zi;(p) =7 3 (Ei(p,pn)pn + EST\L(pmn)pne’””’") (g;'f?go)(pn)
n=1
(€77 0(p) — 0(-1)) (9%, — 90) (). (9.70)

That Zfé are the L-periodization of le; ; follows from the fact that D;; are the L-periodization of D; .
A comparison of (9.70) and (9.63) shows that the estimate (9 69) is a consequence of the convergence of D; 1,

to D; as Schwartz-type operators and the convergence of gg .1 — 90 to gs + — go as Schwartz functions, and
of the bound

=E =E =E L~1Cy
' DE(p,pn) — 0L DF <7L7! 00, DE(p,r)| < :
|0, D5 (p.pn) = 8,0 (p, @) < 7 L (10,0:25(p )| < o+ )

(9.71)
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holding for |¢ — p,| < 7L~!, and of a similar estimate for ’8£ (g;'ft —90)(pn) — 0, (gf,t - go)(q)| and, finally,
of (4.21).
O
The solutions of the Fredholm equations (9.58) have the form

Z* =75 + R ZE. (9.72)
We shall need below a result about Z* analogous to Lemma 5 about Z3

Lemma 6. There exist functions Zf on R such that Z* are their L-periodization and that for p # 0
and /,k=0,1,...,

— 1(7
¢ i ¢ 0k
Z Zi — .
0521 (p) — 0,2+ (p)| < 1+p) (9.73)
Proof of Lemma 6. We take
Zit (p) = Z1i2 r(p E RL P, Pn) 12 L(p") (9.74)

O#nGZ

where RE 7. are operators of Schwartz Ry x ]R#) type that converge to R* with speed L~! and such that
R* are their L-periodization (their existence is a consequence of the convergence of R* to R as Schwartz
operators, see Definition 4 and the end of Sec. 9 C). Then the functions Zi have the desired properties.
O
Let us consider now the functions

Y = -iP(1 - K% 1z*. (9.75)
in L3(S1). They are the decoupled versions of the recentered functions Y/, where Y; is related by (9.1) to
the functions X, 1.1 that appear in the finite-volume formulae (6.81) and (6.82) for the generating function
W, 1(\) of FCS. The functions Y;*' are the L-periodization of the functions

Vi =—iP@E—e P 12E. (9.76)

The estimates (9.65) and (9.73) imply that

L~C

o 7” 9.77
5 Wl < 2% o)

for /,k=0,1,.... Since for [ =0,1,...,
(10,) Vi (@) =1 > phe e YEI(p,,), (9.78)

O#nGZ
we infer that
xYli/(z) — 831,: %/(x)’ S Z ‘pn‘ |y1 L pn ylil(pn)|
O#nGZ

i3 e I - & [de ™ V) do). (9.79)

0#n€EZ

The first term on the right is estimated directly from (9.77) with £ =0 by %LilCl whereas the second one
is bounded using (9.67) for £=0,1 by $L7*Ci(1+ |z|). It follows that

LY (@) = 9LV ()| < 271 + Jal) (9.80)

proving the uniform convergence on compacts of Yli’ to yli' with all derivatives.
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E. Corrections coupling the right- and left-movers

The estimates (9.73) and (9.65) provide the needed control of the solutions of the decoupled Fredholm
equations (9.58) and of their infinite volume version (9.60). The complete finite-volume Fredholm equation

coupling the right- and left- movers has the form (9.27) in the frame centered at Of and its solution Z

decomposes according to (9.37), where 57 solves Eq. (9.38). In the present subsection, we shall estimates
0Z.

The main tool that will be employed is the summation by parts formula

m m—1 m
E UpUp = U Sm — U180 — E (Un+1 — Un)Sn for Sm = E Un (9.81)
n=1 n=1 n=0

that will allow to obtain fast-decay type estimates. As an example of its use, let us prove the following result
that will be applied below:

Lemma 7. If functions X; on R satisfy for p 20, £ =0,1 and £ =0,1,... the uniform in L bounds

—~ C
¢ Lk
X, < .82
’ap L(p)| < (1+p2)k (9-82)
then
237 e Xy (p) M| < LTNC(1+ [ (9-83)
0#n€eZ
for 1=0,1,....

Proof of Lemma 7. Clearly, the bound (9.83) would hold if we dropped the factor L=!(1 + |z]) on
the right-hand side. To extract such a factor, we apply the summation by parts formula (9.81) for w, =

pf1 e~ iPn® Xr(pn) and v, = etiPn ML - Tp that case, u, — 0 and
m— 00

1 — etiPm+1 ML

Sm = T oEmi (9-84)
are uniformly bounded for sufficiently large L in view of (7.23). Besides, by (9.82),
L71Ck(1 + |2])
Upg1 — Up| < ————F—= 9.85
st = unl < = (9:85)
for some constants Cj. Hence
‘%Zp; e iPnT X (p,,) eFiPn Mr | — ‘L‘lul + LY (Ungr —un)sa| < sLTICIL+a). (9.86)
n=1 n=1
The sum over the negative n is estimated the same way and the bound (9.83) follows.
O
Let us define the functions
Vi = —iP(I - K°)7'T5 Z% = —iP(I — e 1P =1l 7% (9.87)
in L3(S1).
Corollary. The functions )71i’ are smooth and they satisfy the bounds
LY ()| < L7'Cy(1 + |a)) (9.88)

for 1=0,1,....

Proof of Corollary. We note that the inequalities (9.82) hold for the functions Xy, = —iP([—e :IPH-1zE
as a consequence of (9.65) and (9.73) and that

Yif(@) =1 Y o7 Xy (py,) oo Me (9.89)
0#n€EZ
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so that (9.88) follows from the bound (9.83).

O
Lemma 8. There exist operators D, 1, i = 7,...,10, on L?(R) of fast-decay type converging to zero with
speed L~! whose L-periodizations are
(GH) Ny THH(GFP Y| (GH) ) THH(GFP Y, for i=7 and 8,  (9.90)
(GH) = D)y THA(GFP Y (GH) ' =D)__TH(GFP )4 for i=9 and 10. (9.91)

The proof of Lemma 8 is again based on the summation by parts formula (9.81). The details may be found

in Appendix F. Lemma 8 implies immediately that the operators 5% with the components given by the
relations (9.33)-(9.36) are of fast-decay type and that they converge to zero with speed L™!.

Lemma 9. The operators Z*TA}iE*TML are of fast-decay type and they converge to zero with speed L1
as such.

The proof of Lemma 9 goes as for Lemma 8 in Appendix F using the Schwartz property of £+ and the
summation by parts.

U
Recalling the decomposition (9.32), we shall write
S =Dy +6Dg (9.92)
for
Dy =St + Ty S Ty, + XTI STy, , 6Dy, = —XTT5,! STy, +0%. (9.93)

From the fact that $* are operators in L2(S1) of Schwartz Ry x R, type that converge as such to
X+ with speed L~! and Lemma 9 it follows that the operators Dy are the L-periodization of fast-decay
operators in L?(R) satisfying uniform in L fast-decay bounds. Note that

det(I + Dp) =det (I + S + Tyt 57Ty, ) = det(I + ET) det(I + £7)
=det(Z+ X)) det(Z+X7)+O(L1) (9.94)

by Corollary C2 of Appendix C. From Lemma 3, it follows then that det(l + D) are bounded away from
zero for L sufficiently large. Finally, by Lemmas 8 and 9, operators dDj, are of fast-decay type and converge
to zero with speed L~!. Hence the pair (Dy,dDy) satisfies the assumptions of Proposition C8 of Appendix
C from which we infer that the operators I + X are invertible for L large enough and the operators

R=I—-(I+%)" (9.95)
are of fast-decay type being the L-periodization of fast-decay type operators Ry on L?(R) such that the
bounds (9.43) on the momentum-space kernels of R;, are uniform in L.

The Fredholm equation (9.38) for the corrective term due to the coupling of right- and left-movers has the
form

(I+%)6Z =622, (9.96)
where
621 = (Tt 2 Ty, +0%) 2+ = (3F 4+ 63) Ty 2
(Tt (G = DQ),, Tary + Tt ((G7)7'Q)_ Ty, ) Vb
~((6H) ™ =1Q),, + (6)7'Q)_ ) TutVia (9.97)

Lemma 10. There exist functions 52127 r, on R such that 6212 are their L-periodization and for k& =
0,1,...,

= L~ 1C
|6Z12,.(p)| < ( u

T (9.98)

43



Proof of Lemma 10. For all terms of 5212,L except for —(6%)Z+ and f(éi)TA}iZ’, this is shown as in
Proof of Lemma 8 in Appendix F using the Schwartz-type estimates for £+, Z+, D;j 1, D2r and Yé and
the summation by parts formula (9.81). For the other two terms, it follows from the fast-decay type result

for 8% established above and the bounds (9.73) and (9.65) with ¢ = 0.
O

Since the solution of (9.96) takes the form
62 = 62y — R6Z1s, (9.99)

we infer from Lemma 10 and the result about R that there exist functions 5z;,’VL on R such that that 67
are their L-periodization and for £ =0,1,...

= L~1cy
0ZLp)| < 9.100
920)| < T (9-100)
Let us now consider the functions
§Y) = —iP(I — K°)~'6Z (9.101)
in L3(S}). They are the L-periodization of the functions
OV L=iP(T —eIPh~l5Z, (9.102)
so that for £ =0,1,...,
— Lfle
5 ’ < / 9.103
‘ yl,L(p) = (1 —|—p2)k ( )
and, as a result,
|6L6%7 ()| = ]% 3 phe ™ Yi(pa) | < LG (9.104)

0#n€eZ

for 1 =0,1,....
F. Infinite-volume limits of functions X, ;.
From the relations (9.15), (9.28) and (9.37), we infer that
nglyl’ =—iPI-K%'Z=—-iPI—-K)y " Z"+ Ty 2~ +6Z)=Y{" + Y +6YY  (9.105)

with the last equality following from (9.75), (9.87) and (9.101). The established estimates (9.80), (9.88) and
(9.104) imply then that

\a;nglyl’ — oLV < LT'Ci(1+|x)). (9.106)
Similarly,
ngl v = TMLTO}lYl’ = P - K Y (T, Z* + 2~ +Ta, 0Z) = Y7 + Y7 + Ty, 0y (9.107)

and now,

|a;T5L}Y1’ — LY < LT'Ci(1 + Jz). (9.108)

From the identity (9.1) it follows that

Tai (Xiipa—1) = T(;% (9err—1)— T(;% Y. (9.109)
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and from (9.2) that
XH-1=gf-1-0, (9.110)

Since T(;i (9s.t,L. — go) converges to g;%t — go uniformly on compacts with all derivatives, see (9.18) and
L
(9.19), we finally obtain the desired result:

Proposition 2. The functions X7, ;.,; considered in the frames centered at Of converge to X, ;tt’;l uniformly
on compacts with all derivatives.

Remark. The speed of convergence is proportional to L~!.

10. CONCLUSIONS

We have obtained an exact expression (7.55) and (7.56) for the infinite-volume generating function for Full
Counting Statistics (FCS) of energy transfers in an inhomogeneous nonequilibrium state with a preimposed
kink-like inverse temperature profile in a broad class of unitary CF'Ts. The expression involves a complexified
version of the Schwarzian action of functions X on the line obtained from conformal welding of the boundaries
of an infinite strip in complex plane after the twist by diffeomorphisms related to the inverse-temperature
profile. It depends only on the inverse-temperature profile and the CFT central charge. The latter enters as
an overall power, so that the generating function could be computed from free massless fields, although such
a computation would lead to a more complicated expression involving determinants. Our infinite-volume
formula was obtained by taking the thermodynamic limit of a finite-volume one involving conformal welding
of boundaries of complex annuli. When deriving the finite-volume formula in a way inspired by [14], we
have obtained, as a byproduct that may be of independent interest, an expression for the extension of the
characters of unitary positive-energy representations of Virasoro algebra to l-parameter groups of circle
diffeomorphisms. The rigorous control of the thermodynamic limit of the finite-volume FCS formula required
a considerable effort in order to derive the asymptotic behavior of solutions of a Riemann-Hilbert problem
related to conformal welding of tori from annuli. The original motivation of this work was to prove rigorously
in the context of profile states the long-time large-deviations FCS formula of [4]. Although the picture how
such a large-deviations regime arises from our all-times expression for the generating function for FCS is very
clear, a rigorous control of such a regime appeared to require a refined asymptotic analysis of the solutions of
the Riemann-Hilbert problem corresponding to conformal welding of complex cylinders from an infinite band
that proved difficult and was postponed to a future work. The functions X involved in our infinite-volume
generating-function formula may, however, be computed numerically using the conformal welding algorithms
developed in [45] and we wish to perform such a computation in the future to access the finite-time corrections
to the long-time large-deviations regime of FCS of energy transfers. The similar approach to FCS of charge
transfers in CFTs with u(1) current algebra, for which nonequilibrium states with chemical potential profiles
were studied in [29] and [20], is another project left for a future study. A relation between the approach
to FCS based on profile states and the original approach of [32] and [38] based on scattering amplitudes of
free fields also needs a closer examination for finite times although the correspondence between the long-time
regimes in the two approaches is transparent.

Appendix A

In a conformal field theory on a circle of circumference L, the energy-momentum components with Euclidian
time dependence are

Ty (z +ivt) = i—: Z 2" (aivt) (LE — 550n0), (A1)

n 24
n=-—o0

where Lt are generators of two commuting unitary Virasoro representation in the space of states. They
satisfy the relations

Ty(x +ivt) = LTy (z) e HL (A.2)
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where the Hamiltonian of the theory

L —
HL = 1)/0 (T(x) + T(—x)) dr = 27TTU(L() + Lo - %) (A3)

The normalized vacuum vector ’O> is the unique state for which Ln|0> =0= I_/n’0> for n > 0. It follows
then by a straightforward calculation that

(0] Tx(z £ i0t)[0) = —575 (A.4)
with the vacuum energy (0|Hp|0) = —%% and that for t; # o,
. . e \2 n2c  2iz3
(O] T (T (w1 £ ivty) Ty (w2 £ ivty))|0) = (3=z) + 2L4C (211222)4 (A.5)

27wi

where z; = eL

(z1Eivty) and 2o = e%(zgiivtrz).

Appendix B

From the residue theorem,

Z4efzpz

2=0 sinh? (%z)

e—ipY p e~ iP(yFi) J ni g3
/ sinh® (Z(y £ 10)) v / sinh® (Z(y +10)) YT

T (N 3 _ w03 —ipz (1 _ 2 m* 2)
L =0(l+igm22)t 8 0 z:0<e (1-30r7)
mi ()4 . —i w2 _ipz w2
- s (11 8‘3 z:o((_lp) pz(l - g(v)2 22) - %e " (7)? Z)
=F5 (7’:214 0. 0((—ip)ze_ipz — 2(:)22 (—ip) e Pz — %e_im%)
Tl 4 - 472 .
= 3(11 ((—lp)3— W(—lp))
71.2
=20 (% + o) (B.1)
Hence
/ e o) (B2)
sinh® (Z(y £ 10)) 870 ] — P

Appendix C

We collect here few results concerning operators of fast-decay and Schwartz type introduced in Sec.9B in

Definitions 1 to 4. The two cases will be covered separately as they often differ and both are needed in the
main text.

1. Products of operators of fast-decay and Schwartz type

Let us start by two Propositions that are straightforward to prove.

Proposition C1. If Dy, D, are operators on L?(R) of fast-decay type then so is their product D;D,. If
Dy 1, Da 1, are families of fast-decay type operators converging with speed L~! to fast-decay type operators
Dy, Do, respectively, then the products Dy D converge with speed L™! to the product DDy as op-
erators of fast-decay type. If D, Dy are operators on L2(S}) of fast-decay type then so is their product
D1Ds.
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Proposition C2. If Dy, Dy are operators on L?(R) of Schwartz T x T and J' x J" type, respectively,
then DDy is of Schwartz j X j " type. If D11, D21, are families of such operators converging with speed
L7! to Dy, Dy, respectively, then D1, D21, converges with speed L~! to DD, as operators of Schwartz
T xT" type. If D1, Dy are operators on LZ(S}) of Schwartz I xJ and J' x J" type, respectively, then
DDy is of Schwartz J x J" type.

The next result is a little more subtle.

Proposition C3. If D; 1, Dy are families of operators on L2(Si) of Schwartz R, x R, and Ry, x R~
type for o,0’, 0" = 4 converging with speed L' to operators D1, Dy on L3(R) of the same Schwartz type
then the operators D Dy on LE(S}) of Schwartz R, x R, type converge with speed L™ to D;Ds.

Proof. Let D; and Ds be operators on L?*(R) of Schwartz R, x R, and and R, x R, type, re-
spectively, converging with speed L™! to, respectively, D; and D, and such that D;  and Dsj are the
L-periodization of, respectively, D; 1 and Ds; (the existence of such operators follows from our assump-
tions in view of Definition 4 of Sec. 9B). Let Ds 1 be the operators on L?*(R) with the momentum-space
kernels

D3, L(p,q Z Dl (P, pn) D2, L(PmQ)- (C.1)

PnER ’

Note that the product operators D3 = D; D are the L-periodization of D3 . Let D3 = DDy with
the momentum-space kernel

—~ 1 —~ —~
D3(p7Q) = % & Dl(p,'f‘) DQ(T7 q) dr. (02)

We shall prove Proposition C3 by showing that Ds; converge with speed L™' to Ds as operators of
Schwartz R, x R, type. To this end, let us estimate for (p,q) € R, X Ryn

‘aﬁl 8Dy 1 (p,q) — 0102 D (p, q)]

1 — — — —
> ’8§1D1,L(p7pn)3§2D2,L(pmq)—aﬁlDl(pypn)aﬁzDz(me)’
anRal
L 94D, 92D, L i D, 92D, d C.3
+ Z Z D 1(papn) q 2(pn7q)7% R D 1(]3,7") q 2(?",(]) . ( . )
p.,LGR(,/ o’

The 1% term on the right is easily bounded using the convergence of D; 1, to D; by

L~ Czl o,k Ok
3 ) < 3 ) X C4
(1+p2)*(1+q?) Z L 1+p 2T (14 p2)k(1+ ¢?) (©4)

The 2°¢ term on the right-hand side of (C.3) is estimated by

w2,

9Dy (p, pn) 02 Da(pn, q) — 85 D1 (p, ) 02 Da(r, q)| dr

JnCR,/
1 —~ —~
o= [ | D) 0 Darg)| dr (C.5)
™ J()I'W]Ro_/
for
=~ 271'(71——) 27T(n+ )
Jn:} = } (C.6)

so that p, is the middle-point of jn The 1% line is estimated by (C.4) using the bounds of the r-
derivative of 851 Di(p,r) 852 Dy(r,q) and the 2"¢ line using the bounds on that function and the small length
|JoNRy | = 7L, Altogether, the left-hand side of (C.3) is then bounded by L™1Cy, 4, x(14p%) "% (14¢2)~*

for some L-independent constants Cp, ¢, r, as required.
O
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2. Fredholm determinants

Let D be the operator of fast-decay type on L?(R). Then Z+D is a Fredholm operator and its determinant
may be defined by the series [23]

oo

1 A
det(Z + D) = g ) / detrcr (D(gi- 7)) day -+ da (C.7)
The determinant of an r x r matrix M = (M,;;) may be viewed as an r-linear function d,(ms,...,m,) of

the row vectors of M, where (m;); = M;;. We shall frequently use below the Hadamard inequality that
states that

[detrs (3] < [T Iml (C8)

where ||m|| stands for the Euclidian norm of the vector m. In particular, we infer that

R T C . T
|detrw(D(Qi,(Jj))| < 11;11 (\/; ﬁ) = TQCIZHM (C.9)

which assures the convergence of the series (C.7).

Proposition C4. Let Dy and D be operators on L?(R) of fast-decay type such that Dy converge to D
with speed L~!. Then

|det(Z +Dr) —det(ZT+D)| < L7'C (C.10)
for some L-independent constant C.

Proof. Viewing the determinant as the r-linear function of row vectors, we may write

detrxr(DL(Qian)) 7detr><r q“% Zd mi La"'amk’—l,Lamk,L7mkamk’+17-'-amr)7 (Cll)

~

where (m; 1); = ﬁ(qi, q;) and (m;); = D(g;,q;). Then, by the Hadamard inequality,

r k-1 r
[dety e (Dr(61:4;)) — detcr (Blai )| < D2 (T Imacl) s = mill( T llmall)
k=1 i=1 i=k+1
-1 - \/;Ck -1 41 - 1
<rL Ei(wq%)k = L lr3 C’fil:[li(wqf)k' (C.12)

The assertion of Proposition C4 follows now from the Fredholm series representation (C.7) for det(Z + Dy,)
and det(Z + D).
t

If D is an operator on LZ(S1) of fast-decay type in the sense of Definition 4 of Sec. 9B then I+ D is a
Fredholm operator and its determinant may be defined by the series

det(I + D) Z Z detrxr n“nJ Z detrw(ﬁ(pni,pnj)) (C.13)

" (na, RRUS IS/ :U (nl,...nr)GZ?gb

o0

if D is a fast-decay operator on L?(R) such that D is its L-periodization. The convergence of the series
follows from the Hadamard inequality that implies the bound

~ r T 1
|detysr (D(pn,,n,)| < 72 Cp || 75 (C.14)
s 1;[1 (1+p2,)*

and the uniform in L convergence of the series ) i T +p " for k> 1.
0#£nEZ
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Proposition C5. Let D; be operators on L?(S1) of fast-decay type and let dDj be similar operators
converging with speed L~! to zero. Suppose that Dy are the L-periodization of operators Dy on L?(R)

of fast-decay type satisfying uniform in L fast-decay bounds. Then for Dy =Dy + 6Dy,
|det(I + Dy) — det(I + Dy)| < L7'C (C.15)
for some L-independent constant C.

Proof. Let dD; be fast-decay operators on L?(R) converging with speed L~! to zero and such that 6Dy,
are their L-periodization (their existence follows from Definition 4 of Sec.9C). Set Dy, = D, + §Dy,. Then

|det(I + Dy) — det(1 + Dy )|

1 = —
S Z L Z ‘dEtrXr(DL(pniapn_j))) - detrxr(DL(pnmpnj) . (C16)
r=0 (n1,...,nr)E€Z L,
Using the Hadamard inequality as in Proof of Proposition C4 above, we obtain the bound
= —~ 1= T 1
‘detrXT(DL(pn“pnj)) - detTXT(IDL(pniapnj)‘ S L 1T2+1 Ck; H (1 + p2 )k (017)

i=1

from which (C.15) follows.
O

Corollary C1. Let Dj, be operators on L3(S}) of fast-decay type converging with speed L' to operator
D on L3(R) of fast-decay type and let D be the L-periodization of D. Then

|det(I + D) —det(I + D)| < L™'C (C.18)
for some L-independent constant C.

Proof. We set D} =D and §D} = D, — D and apply Proposition C5 to the pair (D% ,dD%).
U

Proposition C6. If D is an operator on L?(R) of Schwartz R x R type and D is its L-periodization
then

|det(I + D) —det(Z+D)| < L™'C (C.19)
for some L-independent constant C'.

Proof. Let Dr be the operators on L?(R) with momentum space kernels

Drp.g) = Y. 17 (0) D(pm,pa) 17 (0), (C.20)
0#m,n€Z

where 13 is the characteristic function of the interval T, see (C.6). We have the identity
det(I + D) = det(Z + D) (C.21)
and for p € fm and g € jn with m,n # 0,

L‘le
AR+

1DL(p.a) — D(p,a)| = |D(pm.pn) — D(p.q)| < ( (C.22)

for some C}, by the Schwartz-type property of D. This bound may fail, however, for p or ¢ in jo in which
case Dr(p,q) =0 and D(p,q) may be of order 1 with a possible discontinuity at p = 0 and/or ¢ = 0. If
we define D as the operator on L?(R) with the momentum-space kernel

o~

Dy (p,q) = 1g7,() D(p, ) 1, 5, (0) (C.23)
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then repeating the argument from Proof of Proposition C4, one shows using the bound (C.22) that
| det(I + D) — det(Z + D})| = | det(Z + Dr) — det(Z + D) < 3L7'C. (C.24)

On the other hand,

o0

| det(Z + D) — det(Z +D)| < Z(ril Ty / dql/RT lydetm (41, 9;)) | daz -+
r=1
1,
Szr_l /J 611/]er )dq2"'dQT§§L '‘c, (C.25)
7":1 0 i= 4q;

where the L™! factor is due to the length %’T of Jy. Together with (C.24) this gives (C.19).
O

Corollary C2. If Dy, are operators on L3(S}]) of Schwartz Ry x R type converging with speed L~*
to operator D on L?*(R) of Schwartz R x R type then

|det(I + Dp) — det(Z+D)| < L7'C (C.26)
for some L-independent constant C'.

Proof. This follows directly from Corollary C1 and Proposition C6 since the Schwartz type convergence

implies fast-decay type one.
O

3. Inverses of Fredholm operators

Proposition C7. If D is a fast-decay type operator on L?(R) and det(Z + D) # 0 then the Fredholm
operator Z + D is invertible and R = Z — (Z + D)~ ! is of fast-decay type. If, moreover, operators Dy on
L?(R) of fast-decay type converge to D with speed L~! then Ry =Z — (Z+ D)~ ! are well defined for L
large enough and are of fast-decay type and they converge to R with speed L~!

Proof. The invertibility of Z + D follows since this operator has no zero eigenvalue and (Z + D)~! is also
a Fredholm operator. The momentum-space kernel of R is given by the Fredholm series [23]

~ 1 > 1 -
R(p,q) = Aot £ D) > T2y /R det(rq1)x(r41) (D@, 4))) day - - dar (C.27)
r=0
where
©0=p, G=¢ G=¢q for i=1..r. (C.28)
By the Hadamard inequality,
. 1 - 1
‘det(r—&-l)x(r—kl)(’D(q“q] ‘ < 7”+ 1) CT+1 2Nk H 2Nk (C29)
(L+p?)r 25 (L +4f)
and similarly, applying it to the column vectors,
. 1 J 1
r—+1
‘det(r+1)><(r+l) (D(Qz;qj ’ < (r+ 1) C’,c L H s (C.30)
0 ;
Using the geometric mean of those estimates, we infer that
N = (r + 1 1
R < zk / ————=7 dq1 - - - dgy
| (p’q)‘—|detI+D|Z (1+p>)*(1+¢?)* 1:[ (1+q2)% o 4

=

Ch
(1+p) (1+ ¢k

for some new constants Cj. This proves that R is of fast-decay type.

(C.31)
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Now, if D, converge with speed L™! to D then, by Proposition C4, det(Z + D) converges with speed
L1 to det(Z + D) and hence is bounded away from zero for L sufficiently large. On the other hand, using
the Hadamard inequalities as in Proof of Proposition C4, we obtain the bounds

det(r-i—l)x(r—l—l)( qqu ) - det(r+1)x(r+1)(D(Qi,q;))’
1 - 1

< 71 R | )
R (e o S (e .
and, finally, the estimate
— le
Rr(p, C.33

for some L-independent constants Cj. This proves that R converge to R with speed L~! as operators
of fast-decay type.
O

Proposition C8. Let, as in Proposition C5, D, be operators on L?(S}) of fast-decay type and let Dy, be
similar operators converging with speed L1 to zero. Suppose that Dy are the L-periodization of operators
Dy, on L?(R) of fast-decay type satisfying uniform in L fast-decay bounds. Assume additionally that there
exists Lo > 0 such that the Fredholm determinants det(I + DL) are bounded away from zero uniformly in
L < Ly. Then for L large enough the Fredholm operators I + DL for DL =Dy, + 6D, are invertible and
the operators RL =I-(I+ DL) are of fast-decay type. Besides there exist operators RL on L?(R) of
fast-decay type satisfying uniform in L fast-decay bounds and such that RL are their L-periodization.

Proof. From Proposition C5 it follows that det(I + EL) are bounded away from zero for L large enough
so that I + l~)L are invertible. Let dDy be the operators on L?(R) of fast-decay type converging to zero
with speed L~! and such that 6D are their L-periodization. Set 5L = Dy, + 0Dy. The matrix elements
of Ry are then given by the Fredholm series [23]

jng 1 > 1 ~
(RL)m, - = _ - det r4+1 r+1 (DL)n,i,n’.
det(I+DL z:(:) ! (n1 %})ez (+)X(+)( J>

Z det (DL (s pr)) - (C.34)
I L+l Z (r+1)x (r+1) AL > P
det I+ DL r=0 L (n1,.. ,n7)6Z¢0 ]

where ng =m, nj =n, n; =n} for i =1,...,r, and the 2nd equality follows from the fact that 5L are
the L-periodization of Dy. Let us now define an operator Rz, on L?(R) with the momentum-space kernel

- 1 1 e
Rr (pv Q) = = Z 177 Z dEt(r+1)><(r+1) ((DL (in q;)) ; (C35)
det(I + Dyr) = T.L(nl, €L,
where
Q=p, d=¢,  QG=pn =q; for i=1,...r. (C.36)

Clearly, Ry is the L-periodization of R.. Since operators Dy satisfy uniform fast-decay bounds, we get
from the Hadamard inequality the uniform estimate

= rHl g 1 - 1
det(rq 1y (r+1) (IDL(inqz')” < (r+1)7 CQ]:F (1+p2)k(1 + ¢2)F H (1+p2 )2F (C.37)
i=1 i

leading to the uniform fast-decay bounds

Ck

Relo 0l < T 7

(C.38)
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Proposition C9. If D is an operator on L?*(R) of Schwartz Ro x R type and det(Z + D) # 0 then
R=I—(Z+D)! isalso of Schwartz R x R type. If, moreover, operators Dy, on L?*(R) of Schwartz
R0 x R4p type converge to D with speed L~! then the operators Ry, =Z — (Z+Dyz)~!, well defined and
of Schwartz Rz x R type for L large enough, converge as such to R with speed L.

Proof. The momentum-space kernel of R is given by (C.27). Since for (g;,q}) asin (C.28) with ¢; # 0 # ¢/,

910t det(ry1)x(rr1) (D(gi, 0})) = detirinyxirin) (D2 (a5, q})) (C.39)

where

( g
Dbt (90,4;) = 6£1D(p, gj) for j=1,...,r,
D2 (g ql) = szﬁ(qi,q) for ey T
Dél’@(q ,q;») :ﬁ(qi,qj) for 4,5=1,...,r, (C.40)

we infer from the Hadamard inequalities that

01,0 L 1 r 1
|detirr1)xrrn) (D™ (a0 )| < (r+1)7% g, o1 1+ p2)F(1+ g2k L1 g2y (CA1)
i=1 i
for some constants Cl, ¢, 21 and the bounds
05102 R (p,q)| < Cs b, (C.42)
P T (L4 p?)k (L4 g?)r

for some new constants Cy, ¢,  follow. The statement about the convergence of Ry, to R with speed L1
is inferred similarly from the bound

01,02

|detrriyx 1) (DL (66,4))) — detriyx (1) (D"*2(q;, a))|

< L4 1)H o ! !

. C.43
sk TR @F L (T (e

O

Proposition C10. Let D; be operators on L3(S}) of Schwartz Ry x Ry type converging with speed
L~ to an operator D on L?(R) of Schwartz R x R type such that det(Z + D) # 0. Then for L large
enough, I + Dy, are invertible Fredholm operators and Ry, = I — (I + Dy)~! are operators on L2(S}) of
Schwartz R_zo x R type converging with speed L™! to R =7 — (Z+ D) ™.

Proof. Let Dy, be the operators of Schwartz Ry x R type on L*(R) converging with speed L™ to D
and such that Dy are the L-periodization of Dy, see Definitions 3 and 4 in Sec.9 C. From Propositions C4
and C6, we infer that

|det(I + D) —det(Z+D)| < L™'C (C.44)

for some C. It follows then [23] that for L large enough the Fredholm operator I + Dy, is invertible and
Ry =1— (I+ Dr)"! has the matrix elements given by the Fredholm series as in (C.34) but without tilde
and is the L-periodization of the operator R given by (C.35), again without tilde. Now for p,q # 0,

ool det(r+1)x(r+1)(DAL(qz'7q;-)) = det(r+1)><(r+1)(6zehez (96,95)) (C.45)
where
" (10.5) =20 Bupa).
P, @(qo,qj) = 8plDAL(p,pnj) for j=1,....r,
L (ai,qp) =08 Drpn,,q)  for i=1,...,r,
/281 ez(qi,q;) :7/)\L(pm,pnj) for d,j=1,...,r (C.46)
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and

—~ 1,02

det(r41)x(r+1) (Dr

1 : 1
i < 1 r+1 | | A4
wa)l < 0+ DTy ey Laegm (©47

for some constants Cl, ¢, 21 implying the bounds

(C.48)

= Coy 00k
aél 8€2R < 1,t2, )
| b 0" R (p, q)‘ = (L4 p)F(1 + @)F
This proves that Ry, and hence also Ry, are operators of the Schwartz Ry x R type.

It remains to prove that R; converge to R with speed L' as Schwartz-type operators. Because of
(C.44), it is enough to estimate

1 —~ 1 ~
Z F 351852 det(7-+1)><(r+1) (DL(qla Cl;)) - / (27‘(‘)7" p 852 det(r_;,_l)x('rq'_l) (D(q“ q;)) dq1 N dqr

nl,...,n,VEZ#TD R”

1 ~
(qz',q;')) —/ @n)r det(r41)x (T+1)(D21,€2 (qi,q;)) dqy - - - dg,

1 —~ U0
> ety (Pr

>

nl,..A,nTeZ

(Afl,fz

IN

det (g 1)x (r41) (4 45)) — det(ry1yx(rs) (D" (g, q;))

1 ~ 1
+ Z r det(r+1)><(r+1)(Del’22 (%q;')) */ (27r) det(7+1)x(7+1)(D 1, z(qi,q;)) dq; - - - dg,|(C.49)
Ny yeeny Ny EZ T
The 15 sum on the right-hand side is estimated as in Proof of Proposition C7 by
Lil(T—F 1) 2 141 O?"-‘rl 1 Z i ﬁ;
£1,£2,2k (1 +p ) (1 +q2)k . e, Lr palet (1 +pni)2k
-1 r+l 9 Cngél k
SLT(r+1) Tt e : (C.50)

1+ (1 +¢?)"
with some new Cy, 4, 1, compare to (C.43). For the 2°¢ term on the right-hand side of (C.49), we use for
g; € Jn, with ¢ =1,...,7 the bound
|det (1) (r41) (75121’152 (ai, ;) — detpnyx (1) (D™ (a5, d)) |

1 s 1
— 1 ~r+1
<L (7’+ 1) L+ C(ﬁ&,Qk 1+ p2)F(1+ 2)F H 1+ Q)% (C.51)
=1 ?

and for at least one ¢; € jm we extract the factor L™! from the length of j};, similarly as in the proof of
Proposition C6. Altogether, this gives for the 2°d term on the right hand side of (C.49) a similar bound as
that for the 1%* one and permits to conclude the proof.

O

Appendix D

Proof of Lemma 2. The support properties of the momentum-space kernels 731- (p,q) of the operators in
question are evident. Now on Ry x R_,

1
ﬁl(p, q) — q*l/eilﬂfﬂ (efiqg(:zr) _ flqw) do — q l/eipa:(/ d, efiq(a:JrU(g(fF)*w))do.) dr
1 0
=i / do / elPria@tolg(@) =) ((2) — 2) da (D.1)
0

so that

94192D (p, q)
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1
= / dg/ ipz—ig(z+o(g(z)— a:))( ) 1 (—i(x—f—a(g(x) _m)))éz (9(x) — z) da
0
1

0
for n=0,1,... a

. 1
(d1X)(z) = (18x)(mé\f(x)>. (D.3)

The last equality in (D.2) follows by the subsequent integration by parts over z in which all the boundry

terms vanish because of the compact support of g(x) — . Since |p — q(1 + o(¢'(z) — 1))| > |p| + €|g| if p
and ¢ have different signs for some € > 0 independent of = and o, it follows that

Co ton
9092Dy (p,q)| < (D.4)
| 9| < (Ip| + [ah)™
from which the claim of Lemma 2 follows for D;. The claim for Dy follows the same way. For Ds,
Ba(p,q) = —ie 1 / do [ re-iate o0 (o(0) - 2) da (D.5)

on Ryx Ry, where y4 =g, or yx = so that
94198 Ds(p, q
= —ie 'Y#q/ da/ ipz—iq(z+o(g(x)—x)) (mc) ! ( —vu —i(z+o(g(z) — x)))g2 (9(z) —z)dz. (D.6)
It follows that
(14 p*)" (1 +¢*)" |3£13€2D3 (pq )\
= e 1 (1+¢?) ’ / dO’/ e ( (mc)zl (= —ilz+o(g(z) - m)))z2

x (g(z) — ) e—iq(w+a(g<x)—x))) dx‘
< etk € # (L4 ¢2)F < Coypoi (D.7)

which gives the claim of Lemma for D3. For Dy,

1
Dalpg) = i [ do [ i) (o) ) da (D)
0

on R_x R_ so that

04192 Da(p.q
= —i ev#p/ do/ ipr—ig(z+o(g(z)—z)) (v + ix)el (—i(z+o(g(z) - 1‘)))22 (9(x) —x)dx. (D.9)
Hence
(14 %) (1 + )" (05 02 Da(pr, p2)|
1
— @Y#P (1 +p2)k‘/ da/efiq(m+a(g(m)fz))(1_i_dg)k(eipz(,y#+ix)21
0
: ¢
x (=il +olgl@) )" (g(e) = @) ) da|,  (D.10)
where
: 1
(@2) (@) = =0 (107 oy X (@) ). (D.11)
It follows that
(1+p*)F(1+¢%)" |5£13§2754(P, Q)| < copane*? (140" < Coypk (D.12)
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which proves the claim of Lemma for Djy.

For Ds,
Dilra) = 3 [ apna-(rayrdr (D.13)
on Ry x R_, where
q) = i /0 'do / el te (g @0 (B (1) — ) dir (D.14)
Estimating as for D; and Ds, we infer that for pg < 0,
|6L02 3 (p, g)| < cf;ff’l’“ ol (D.15)

and for pg > 0,

ook (1+¢%)"

01 o0
‘8p18qai(p, q)’ < 1+ p2)F (D.16)
The above estimates with ¢ =0 imply that
—~ o)
08202 D5 (p, q)| < e (D.17)

T @+ L+ )k
as claimed. For the later use, let us observe that if we consider operator Ds ; with the momentum-space
kernel

oo

Ds.1(p.q) = Z (P, Pn) A= (Pns 9) Pn (D.18)

for p, = 2 then the estimates (D.15) and (D.16) with ¢ =0,1 show that

L~ 0517527

0110 D; 1 (p,q) — 002 Ds(p,
‘ p» Yq 5,L(p ) 5p | =~ 1+p (1+q )k:

(D.19)

i.e. that Ds converge to D5 with speed L™! as operators of Schwartz Ry x R_ type. Similarly we prove
that Dg is of Schwartz R_ x R, type and that its analogous modifications Dg ;, converge with speed L1
to Dg.

O

If gr, is a family of diffeomorphisms of R such that g (x) = g(z) = x outside an L-independent bounded
set and if for £ =0,1,...,

0LgL(x) — 0bg(x)| < L7'Cy (D.20)

uniformly in « then a small modification of the above proof shows that the operators D; ; for i =1,...,6
obtained from D; by replacement of g by ¢ and, for i = 5.6, by cumulating this change with the one
discussed above, converge as operators of Schwartz type to D; with speed L~!.

Appendix E

Proof of Lemma 3. Z + X% is a Fredholm operator in L?(R) since X* is Hilbert-Schmidt as it is of
Schwartz Ro x R4y type. We have then to show that 7 + X+ has a trivial kernel, i.e. that, if we assume
that for some Z* € L*(R) (T + X*)Z* vanishes, then it follows that Z* = 0. The assumption implies
that for £,k =0,1,... and p # 0,

Crk

W pF =

025 (p)| <
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in virtue of the Schwartz-type property of X*. If we write Z% = (Z — K°)P~1)} then )} also satisfies the
last bound (with new constants). It follows that Y (z) is smooth and is bounded by C(1 + |z|)~! for some

C (as ﬁ(p) may have a jump at p = 0). Besides, from the relation
It =—(K-KZ -k, (E.2)
where K is given by (7.46) and (7.47) or (7.42)-(7.44) for g = gih it follows that
(Z-K)P~'y;=0. (E.3)

Let Y, be a function whose derivative is equal to Y. )i is smooth and determined up to a constant and
|Vi(x)] < Cln(2+ |z|) for some C. Then

(ZT-K)y, =0, (E4)
where K111 and (K12 4+ K21)Y; are well defined and K111 =0, (K12 4+ K21)1 =1 so that the zero mode

equation (E.4) is solved for all choices of ). Let us define a holomorphic function Y(z) on the interior of
By~ by

y(z):;ﬁ/(g(y)g/(y) - )yl(y)dy~ (E.5)

—iy—z y—=z

where g = g;t,t. Note that the integral converges since g(y) = g;'ft(y) = y for large |y|. Besides, if we
add a constant to ); then the same constant is added to ). A straightforward estimation shows that for
z = z1 + 129,

V()] < Cln(@+|a)) (E.6)
for some C. We shall show below that the boundary values of the function ) satisfy the relation

Yopi =1 +c (E.7)

for p; given by (7.25) and for the same constant ¢ for ¢ = 1,2. In the variable u = e’ (keeping the
same notation for the function), |V(u)| < C'Inln(|u| + |u|~1) in virtue of (E.6) and a similar estimate holds
in the variable w = W(u), where W is the map discussed in Sec. 7B with the properties (7.30) and (7.31).
Besides, ) is analytic in the complex variable w everywhere except at zero and at infinity because of (E.7).
Let

1 Y(w')
2mi w' —w
w=R

dw’ (E.8)

for any R > |w|. Y+ is an entire function on C. Since

Vi (w) = 5 f{ mczw’, (E.9)
lw'|=R

taking R — oo, we infer from the a priori bound
|V(w)| < Clnln(Jw| + |w|™h) (E.10)

that ) =0 and Y = const. Similarly, let

/—1
y_(UJ) = ﬁwilf u}/?’;(/uj—uj)l)dw/ (Ell)
|lw’|=R

for any R > |w|~!. Y_ is holomorphic on C* and vanishes at infinity. Taking R — oo, we infer from the
a priori bound (E.10) that ¥Y_ =0. But Y =Y_ + Y. as Y, is given by the part of the Laurent series of
Y with nonnegative powers and )Y_ by the one with negative ones. Hence ) = const. and, consequently,
V) =const., V, =0 and Z* = 0.
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It remains to show (E.7). To this end, let us first consider the derivative of function ),

V) = g [ (Cote— - e iwa. (B.12)

—iy—-z y—z
Due to the decay of Yj, one has an a priori bound
V'(2)] < CA+ )™ (E.13)
for some C'. For the boundary values of ), we obtain the equations
Vop =E(¢ V) +Kulg V) +KuY,  YVop=E Y +Kulg V) (E.14)

similarly as in (7.37), (7.38) and (7.41), except that we do not know yet that }’op; = ¢’ ')} and Y'op, = Y}
and we would like to show it. Let us now consider for Im(z) > 0 and Im(z) < —y the holomorphic function

1 1
— I L - () d E.1
() = sentn() 3 [ (e = M . (B.15)
with the boundary values
Uopr =E(g' "' V) —Kulg ™'V — K2y,  Uopy=—E V| +Kalg ™'V} (E.16)
such that
Uopr —Uops = E(g 7 V]) — Kii(g' ™' V}) — Ko} + E Vi — Kar(g' ™' V1). (E.17)

Differentiating (E.4) with the use of the relations
OK11 = ¢Kng '0—E.0+g¢E ¢ o, OK12 = ¢'K120, Ko = Karg' ™', (E.18)
we obtain after some algebra the identity
g (5+(9'_1yi) —Ku(g "' V) - Klzyi) +E V] = Kalg V) =0 (E.19)
that substituted to (E.17) yields the equality
Uopy =Uops + (1-g ") (ED] = Kai(g ™)) = ¢ "Uopn. (E.20)
From (E.16) and (7.47) it follows that
E GUop =0, E Uopy =0. (E.21)
Thus
(Gg' ™ )——Uopy =0 (E.22)

But (Gg'~')__ is the hermitian adjoint of (G~')__ and the operator (G~')__ is invertible on £_L2(R).
The latter fact is well known but let us digress to indicate how it is proven. First one shows that (G71)__
is injective since if (G7!1)__X =0 for X € £_L?*(R) then X is a boundary value of a holomorphic function
on the upper half-plane that vanishes at infinity and & o g is a boundary value of a holomorphic function
on the lower half-plane that also vanishes at infinity. Such functions define a holomorphic function vanishing
at one point on the Riemann sphere welded from the two compactified half-planes using the diffeomorphism
g so that X must vanish. Similarly, one shows that G__ is injective. But

G NH_ G _ =& —(GNH_ 4G, (E.23)

and the right hand side is a Fredholm operator of index zero on £_L?*(R) because (G~!)_, and G,_ are
Hilbert-Schmidt by Lemma 2 of Sec.9 C and it has no kernel by the injectivity of the left-hand side. Hence
(G™Y)__G__ is invertible on £_L2(R) and so are (G~')__ and its hermitian adjoint (Gg' ')__. As a
consequence, the relations (E.22) and (E.20) imply that U o p; = 0. We are almost done since the latter
relations together with (E.16) and (E.14) imply that

Yopi=¢g 'V, Yop=Y (E.24)
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so that

Yopi =1 +ecr, Yops =1 +co (E.25)

for some constants ¢;. But, for = sufficiently large,
0
1 —co=Y(x—iy) = Y(x) = i/ V'(z +iy) dy (E.26)
-

which is bounded by O(ﬁ) in virtue of (E.13) so that ¢; — ¢ must vanish. This establishes (E.7)

completing the proof of Lemma 3.
O

Appendix F

Proof of Lemma 8. For D7i ;, we take the operator with the momentum-space kernel
—_— e
1 ~ ~ i
DE () = 7 > T (p, —pn) G (—pn, @) (—pn) M2 (F.1)
n=1
on Ry x Ry, where af(p,q) and are given by (D.14) for g = gfytL and they satisfy the estimates (D.15)
and (D.16) uniformly in L. Note that these bounds imply that

Coy 0,00,k
L4 p2)R(L+r2)*(1 4 ¢2)*

|01 0502 (@ (p,r)ax (r,q)r)| < ( (F.2)

for non-zero p,r,q not all of the same sign. Using the summation by parts formula (9.81) in which we set
E(—pnsq) (—pn) and v, = eFP»Mr  we infer that for L sufficiently large,

Un =y (p, —pp) 4=
DE,(pq) = (ﬁ (p, —p1) @ (—p1, ) 11
+ i (ﬁ(p, ~Pn+1) G (=Pat1,@) Pt — AL (P, —pn) A (—pns ) pn) ﬂ) (F.3)
n=1
where we used the facts that by (F.2), wu,, = 0, and that s,, are bounded uniformly in L sufficiently
large, see (7.23). The bound (F.2) also implies that

L=1C,
~+ _ ~t/ ~+ _ ~Ff < k F4
‘(cu(p, Pnt1) @ (=Pn+1,9) Pat1 + a5 (p, —pn) a=( pn,q)pn) S A0 0T OF (F.4)
which used on the right hand side of (F.3) gives the estimate
— Lflck
DF < F.5
| 7,L(p7Q)| = A+ p2)F(1+ )k (F5)

showing that 2)7i ;, converge to zero with speed L~! as operators of fast-decay type. The case of operators

DiiL with ¢ = 8,---,10 is treated same way using again the summation by parts formula (9.81) and the
estimates (F.2).
O
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