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A time-incremental Eshelby-based homogenization scheme for
viscoelastic heterogeneous materials

Stéphane Berbenni and Hafid Sabar

Abstract A time-incremental Eshelby-based homogenization scheme for Maxwellian heterogeneous mate-
rials is proposed and discussed. This is based on the exact solution of the heterogeneous Eshelby ellipsoidal
inclusion problem obtained in the time domain. In contrast with hereditary methods, the effective behavior
as well as the evolution laws of the averaged stresses per phase are solved incrementally in the time domain
without need to inverse Laplace or Laplace-Carson transforms. This is made through a time-differential
equation to exactly solve a volume term in the integral equation that was generally approximated in pre-
vious internal variable methods. The present formulation works for any arbitrary anisotropic ellipsoidal
Maxwellian inclusion embedded in an isotropic Maxwellian matrix without any other restrictive assump-
tions. In order to show the interest of the present approach, a Mori-Tanaka homogenization scheme is
applied to two-phase composites using the developed strain rate concentration equations. The results are
reported and discussed in comparisons with other existing methods, including hereditary approaches and
more recent internal variable approaches, in order to show the efficiency of the present time-incremental
homogenization scheme.

1 Introduction

Materials like composites, metals or polymers exhibit time-dependent behaviors which, from the homoge-
nization point of view may require the use of linear viscoelastic properties [7, 22]. Generally, the coupling
between elastic and inelastic deformations renders micromechanical homogenization schemes particularly
complex even in the case of linear viscoelastic heterogeneous materials. For instance, it was highlighted that
the overall behavior of aggregates with Maxwellian constituents is no longer Maxwellian [44, 40, 24]. This
is due to the differential nature of constitutive equations which involves different orders of time derivation
mechanical fields. In past decades, several approaches were proposed to solve linear viscoelastic problems.

Riemann-Stieltjes integral-based “hereditary ” homogenization approaches using Laplace-Carson trans-
forms and the correspondence principle (see e.g. [26]) were first developed in the case of non ageing linear
viscoelastic materials. The inclusion problem was first solved [13, 22], and, further introduced in differ-
ent homogenization schemes: Mori-Tanaka [47, 24, 25, 6, 37], Hashin-Shtrickman [9] or self-consistent
[22, 50, 45, 40, 41, 29, 5] estimates, among others. The overall properties of composites in the time do-
main are then obtained by the Laplace or Laplace-Carson inversion either analytically in simple cases
[13, 40, 47, 24], or, numerically in major cases [22, 23] which demands large CPU time and memory.

A more efficient homogenization strategy is based on “incremental internal variables approaches”
whereby the stress history is recorded through the inelastic strains of the individual constituents. The hered-
itary approaches give the solution in the transformed (Laplace or Laplace-Carson) domain whereas the
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internal variables formulations directly provide the solution in the time domain. Time is implicitly present
in these formulations through the inelastic strains. Thus, these fields are defined as “internal variables”.
One of the main advantage of developing such approaches in addition to CPU time and memory, lies in
examining complex loading paths in time domains and aging behaviors.

First internal variables self-consistent and Mori-Tanaka approximations for heterogeneous linear and
non linear viscoelastic materials were developed in [48, 14, 33, 36, 42, 32]. The first developments were
carried out by [48] in the eighties who adapted [16]’s elastoplastic self-consistent model to the case of
elasto-viscoplasticity. However, similarly to the original proposition of [16], internal stresses are overesti-
mated with this method. In the nineties, an “additive” interaction law for the Eshelby inclusion problem was
derived for Maxwellian local viscoelastic behavior by Molinari et al. [14, 33, 32]. This interaction law was
written in terms of strain rates and was postulated as the superposition of elastic and inelastic interaction
laws. It was applied to the non linear elasto-viscoplastic Eshelby inclusion problem using a “tangent” for-
mulation with some applications to the Mori-Tanaka and self-consistent estimates in [30]. The “translated
fields” method was developed for linear and non-linear viscoelasticity in [36] and in [42] starting from the
integral equation of the heterogeneous elasto-viscoplastic problem. Good predictions were found in [36] in
comparison with the exact “1-site” self-consistent solution of [41]. The “translated fields” approach of [36]
was recentlty extended to treat linear viscoelastic composites with the Mori-Tanaka scheme in [31], where
it was compared to the “additive” interaction law and Fast Fourier Transform (FFT) calculations. A very
rich but complex interaction law was obtained with the “translated fields” method in [31]. The extensions
of the “translated fields” method to non linear viscoelastic composites and polycrystals with an “affine”
formulation were recently reported by [2] and by [27], respectively. The results of this extended “trans-
lated fields” method were successfully compared to the ones obtained by the “affine” hereditary approach
developed by [29] for the same non linear polycrystal [27]. Another approach based on a “sequential” lin-
earization technique was recently developed by [15]. This technique is based on the sequential resolution of
purely elastic and purely viscoplastic interaction laws. Different “variants” of the technique were proposed
for sequential linearization and the aforementioned “additive” interaction law was retrieved as a specific
“variant”. Lastly, a self-consistent internal variables approach for two-phase linear isotropic viscoelastic
composites was also proposed by [8] and successfully compared to the exact results of [13] and [41] for
two-phase composites. Variational approaches were developed by [19, 20] and by [4]. An incremental in-
ternal variables approach was first developed in linear viscoelasticity by [19] and extended to non linear
viscoelasticity in [20]. These authors used two potentials (free energy density and dissipation potential)
with an implicit time discretization scheme based on a variational method. Their theory was applied to both
Maxwell and Kelvin-Voigt rheological models. The FFT technique was also reported in [19, 20] as “exact”
reference solutions to assess the variational approach. Recently, another variational approach was developed
in [4] for non linear two-phase elasto-viscoplastic composites using a “secant” linearization scheme and a
Mori-Tanaka approximation. A method inspired from the collocation method was first developed by [39].
Interestingly, this approach is based on an equivalence between the collocation method and an internal vari-
ables formulation to obtain the exact effective behavior for a two-phase microstructure in the cases of Voigt,
Reuss and Mori-Tanaka estimates. Exact analytical results were provided in [39] in the case of two-phase
elastically homogeneous Maxwellian linear viscoelastic composites. These solutions will be used in the se-
quel to assess the present internal variables formulation with a Mori-Tanaka estimate. The extension of the
[39]’s method to the case of linear viscoelastic polycrystals with a self-consistent procedure was recently
reported in [28]. It is noteworthy that the [39]’s homogenization scheme was also applied to ageing linear
viscoelasticity. A different homogenization scheme for aging linear viscoelastic matrix-inclusion composite
materials using the Volterra operator and working in the time domain was developed by [43] for isotropic
phases and spherical inclusions. This scheme was recently extended by [21] to ellipsoidal inclusions and
assuming isotropic aging viscoelastic matrices with time-independent Poisson ratio.

The objective of this chapter is to present and discuss a recent internal variables approach first intro-
duced by [3] based on a an incremental Eshelby-based homogenization scheme for viscoelastic hetero-
geneous materials operating in the time domain. Section 2 introduces the constitutive equations and the
exact time-incremental internal variables formulation in the case of micro-heterogeneous linear viscoelastic
Maxwellian behavior. The integral equation can be simplified by considering isotropic viscoelastic prop-
erties for the reference medium without other more restrictive assumptions. Then, the incremental internal
variables approach is set up through a time differential equation related to the “volume” term in the integral
equation. In section 3, the viscoelastic Eshelby inclusion problem is exactly solved through incremental
strain rate concentration laws and through incremental interaction laws that does not contain any approxi-
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mation. Based on the strain rate concentration equations of the Eshelby problem, a time-incremental inter-
nal variables homogenization Mori-Tanaka scheme is derived in Section 4 for linear viscoelastic two-phase
composites and an isotropic distribution of phases. Then, this homogenization scheme is applied to different
cases, including comparisons with other Mori-Tanaka homogenization schemes for two-phase Maxwellian
composites: (i) the exact analytical derivations from [24] using a hereditary approach and Laplace transform
inversion, (ii) the [39]’s exact formulation for compressible viscoelastic phases with homogeneous elastic-
ity, and (iii) the approximate models based on the “translated fields” method [36, 2, 27] or based on the
“additive” interaction law [14, 33, 32, 30].

2 Time-incremental formulation

2.1 Constitutive equations

A heterogeneous linear viscoelastic medium V with boundary ∂V is considered with Maxwellian con-
stituents characterized by linear elastic moduli c

≈
(elastic compliances s

≈
= c
≈
−1) and linear inelastic moduli

b
≈

(inelastic compliances m
≈
= b
≈
−1). For linear viscoelasticity, m

≈
and b

≈
are constant (i.e. time independent).

Here, non-linear viscoelasticity, where m
≈

and b
≈

are time and stress-dependent, is disregarded. The problem
is treated within the framework of quasi-static equilibrium with infinitesimal strains and no volume forces.
Thus, for a given applied homogeneous strain rate ε̇

∼
0, field equations of the linear viscoelastic (Maxwellian)

problem are given by:
σ
∼
= b
≈

:
(

ε̇
∼
− s
≈

: σ̇
∼

)
or σ̇
∼
= c
≈

:
(

ε̇
∼
−m
≈

: σ
∼

)
divσ̇
∼
= 0

divσ
∼
= 0

ε̇
∼
= ∇

su̇

u̇d = ε̇
∼

0 · x on ∂V

(1)

where ε̇
∼

is the total strain rate with linearized kinematics, σ
∼

is the Cauchy stress, ε̇
∼

e = s
≈

: σ̇
∼

(resp. ε̇
∼

v =m
≈

: σ
∼

)

is the elastic (resp. inelastic) strain rate. In Eq. 1, u is the unknown displacement field, ∇s denotes the
symmetrized gradient operator, div denotes the divergence operator and the symbols “.”, “:” denote simple
and contracted products, respectively.

The heterogeneous elastic moduli c
≈

(resp. compliances s
≈

) and the heterogeneous viscous moduli b
≈

(resp.

compliances m
≈

) can be written in terms of spatial fluctuations δc
≈

(resp. δ s
≈

) and δb
≈

(resp. δm
≈

) with respect

to the infinite homogeneous reference medium c
≈

0 (resp. s
≈

0) as follows:

c
≈
= c
≈

0 +δc
≈

; s
≈
= s
≈

0 +δ s
≈

; b
≈
= b
≈

0 +δb
≈

; m
≈
= m
≈

0 +δm
≈

(2)

where c
≈

0, s
≈

0, b
≈

0, and, m
≈

0 denotes the elastic moduli, elastic compliances, viscous moduli, viscous compli-
ances of the homogeneous reference medium. Using the classic Green’s function technique and previous
constitutive equations yields:

ε̇
∼
= ε̇
∼

0 +Γ
≈

c0
? c
≈

0 : R
∼
+Γ
≈

c0
? c
≈

0 : m
≈

0 : σ
∼

(3)

or:
ε̇
∼
= ε̇
∼

0 +Γ
≈

b0
? b
≈

0 : R
∼
+Γ
≈

b0
? b
≈

0 : s
≈

0 : σ̇
∼

(4)

where ? denotes spatial convolution and R
∼

contains the fluctuations of both elastic and inelastic compliances
and is given by:
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R
∼
= δ s
≈

: σ̇
∼
+δm
≈

: σ
∼

(5)

The fourth-order tensor Γ
≈

c0
(resp. Γ

≈
b0

) is the modified Green tensor associated with c
≈

0 (resp. b
≈

0) as
defined in [17]:

Γ
∗

i jkl(x− x′) =−1
2
(
G∗ik, jl(x− x′)+G∗jk,il(x− x′)

)
(6)

where G
∼
∗ is the Green tensor (see [35]) associated with ∗= c0 and ∗= b0, and, x and x′ are position vectors.

2.2 Time-incremental internal variables formulation

For the rest of the paper, we assume the case of a homogeneous reference medium with isotropic elastic and
viscous properties, where k0, kv

0 are the elastic and inelastic bulk moduli of the reference medium, and, µ0,
µv

0 are its elastic and inelastic shear moduli, such that:

c
≈

0 : m
≈

0 : σ
∼
=

(
k0

kv
0 −

µ0

µv0

)
σmδ
∼
+

µ0

µv0 σ
∼

b
≈

0 : s
≈

0 : σ̇
∼
=

(
kv

0

k0 −
µv

0

µ0

)
σ̇mδ
∼
+

µv
0

µ0 σ̇
∼

(7)

where σm is the spherical part of σ
∼

(i.e. hydrostatic pressure σm =
1
3

σkk).
For any statically admissible stress field verifying Eq. 1, traction vector continuity at perfectly bonded

interfaces and homogeneous boundary conditions, the modified Green operators associated with the homo-
geneous reference elastic and viscous media have the following property [18, 17]:

Γ
≈

c0
?σ
∼
= 0 and Γ

≈
b0
? σ̇
∼
= 0 (8)

Using Eq. 7 and Eq. 8, Eq. 3 can be recast:

ε̇
∼
= ε̇
∼

0 +Γ
≈

c0
? c
≈

0 : R
∼
+βσ

∼
∗ (9)

with:

β =
3

3k0 +4µ0

(
k0

kv
0 −

µ0

µv0

)
(10)

and Eq. 4 simplifies to:
ε̇
∼
= ε̇
∼

0 +Γ
≈

b0
? b
≈

0 : R
∼
+ γσ̇
∼
∗ (11)

with:

γ =
3

3kv
0 +4µv0

(
kv

0

k0 −
µv

0

µ0

)
(12)

and where:

σ
∗
i j (x) =−

1
4π

∫
V

(
1

|x− x′|

)
,i j

σm
(
x′
)

dV ′ (13)

with σ∗i j (x)→ 0 when |x| → ∞.
In Eq. 13, σ

∼
∗ is a volume term that is difficult to solve using only the integral form described in Eq. 9

or Eq. 11. Therefore, an incremental time differential equation is now proposed to solve σ
∼
∗. Then, σ

∼
∗ is

incrementally computed using Eq. 13 as follows:

σ̇
∗
i j (x) =−

1
4π

∫
V ′

(
1

|x− x′|

)
,i j

σ̇m
(
x′
)

dV ′ (14)
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In Eq. 14, the rate of σm (x) is obtained using the first constitutive laws in Eq. 1 together with Eq. 9 or
Eq. 11, and using Eq. 13 (see [3] for details). Finally, the following time differential equation is obtained
for σ

∼
∗:

σ̇
∗
i j (x) =−

αc0

4π

∫
V

∣∣x− x′
∣∣
,i jkl Rkl

(
x′)
)

dV ′

+
3αc0

2π

∫
V

(
1

|x− x′|

)
,i j

Rm
(
x′
)

dV ′− αc0

αb0 σ
∗
i j (x)

(15)

where:

α
c0

=
3k0µ0

3k0 +4µ0 (16)

α
b0

=
3kv

0
µv

0

3kv
0 +4µv0

(17)

Eq. 15 together with Eq. 9 or Eq. 11 represent the two exact equations of the present incremental in-
ternal variables approach that are to be solved simultaneaously in a given time step. In the following, the
Eshelby inclusion problem is solved in the context of arbitrary anisotropic ellipsoidal Maxwellian inclusion
embedded in an infinite isotropic Maxwellian matrix.

3 Viscoelastic ellipsoidal Eshelby inclusion

3.1 Strain rate concentration equations

Here, we consider the whole volume V constituted of an ellipsoidal inclusion I with volume VI embedded in
an infinite matrix (here considered as the homogeneous reference medium) subjected to ε̇

∼
0 at remote bound-

aries. The inclusion and the matrix follow a Maxwellian behavior with uniform respective linear elastic c
≈

I ,

c
≈

0 and inelastic b
≈

I , b
≈

0 moduli (and conversely uniform respective linear elastic s
≈

I , s
≈

0 and inelastic m
≈

I ,

m
≈

0 compliances). In the following, only the infinite homogeneous reference medium (0) is restricted to be

isotropic. Thus, the spatial fluctuations of elastic and linear inelastic properties are given by δc
≈

I = c
≈

I− c
≈

0,

δ s
≈

I = s
≈

I− s
≈

0, δb
≈

I = b
≈

I− b
≈

0, δm
≈

I = m
≈

I−m
≈

0.

By denoting ε̇
∼

I the spatial average of ε̇
∼

over the ellipsoidal inclusion VI , ε̇
∼

I is obtained from Eq. 9:

ε̇
∼

I = ε̇
∼

0 +T
≈

c0I
: c
≈

0 : RI
∼
+βσ

∼
∗I (18)

or from Eq. 11:

ε̇
∼

I = ε̇
∼

0 +T
≈

b0I
: b
≈

0 : RI
∼
+ γσ̇
∼
∗I (19)

where for any x ∈VI , the fourth order tensors T
≈

c0I
and T

≈
b0I

defined as:

T
≈

c0I
=
∫
VI

Γ
≈

c0 (
x− x′

)
dV ′

T
≈

b0I
=
∫
VI

Γ
≈

b0 (
x− x′

)
dV ′

(20)
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are uniform tensors due to the Eshelby’s property for ellipsoidal inclusions [11]. In Eqs. 18 and 19, σ
∼
∗I is

the spatial average of σ
∼
∗ over VI and RI

∼
is given by:

RI
∼
= δ s
≈

I : σ̇
∼

I +δm
≈

I : σ
∼

I (21)

where σ
∼

I is the spatial average of σ
∼

over VI .
Using Eq. 21 together with the constituve laws in Eq. 1, Eq. 18 can be rewritten as:

ε̇
∼

I = A
≈

c0I
: ε̇
∼

0 +A
≈

c0I
: T
≈

c0I
:
(

c
≈

I : m
≈

I− c
≈

0 : m
≈

0
)

: σ
∼

I +βA
≈

c0I
: σ
∼
∗I (22)

and Eq. 19 can be rewritten as:

ε̇
∼

I = A
≈

b0I
: ε̇
∼

0 +A
≈

b0I
: T
≈

b0I
:
(

b
≈

I : s
≈

I− b
≈

0 : s
≈

0
)

: σ̇
∼

I + γA
≈

b0I
: σ̇
∼
∗I (23)

The strain rate concentration tensors A
≈

c0I
and A

≈
b0I

are given by:

A
≈

c0I
=
(

I
≈
+T
≈

c0I
: δc
≈

I
)−1

A
≈

b0I
=
(

I
≈
+T
≈

b0I
: δb
≈

I
)−1 (24)

Using Eq. 15, σ
∼
∗I is the solution of the following time differential equation:

σ̇
∗I
i j =−αc0

4π
ψ

I
,i jklR

I
kl +

3αc0

2π
φ

I
,i jRm

I− αc0

αb0 σ
∗I
i j (25)

In Eq. 25, φ I and ψ I are harmonic and bi-harmonic potential functions [12, 10, 11] related to the ellipsoidal
inclusion VI . φ I

,i j and ψ I
,i jkl are given by equation 11.35 (p. 85) in [35]:

φ
I
,i j =

∫
VI

(
1

|x− x′|

)
,i j

dV ′ ψ
I
,i jkl =

∫
VI

∣∣x− x′
∣∣
,i jkl dV ′ (26)

which are uniform when x ∈ VI . The expressions of φ I
,i j and ψ I

,i jkl for a general ellipsoidal inclusion are

given in classic books in micromechanics [35]. φ I
,i j and ψ I

,i jkl are contained in T
≈

c0I
, resp. T

≈
b0I

, as follows:

T c0I

i jkl = −
1

8πµ0

(
φ

I
, jlδik +φ

I
,ilδ jk

)
+

3k0 +µ0

8πµ0 (3k0 +4µ0)
ψ

I
,i jkl (27)

T b0I

i jkl = −
1

8πµv0

(
φ

I
, jlδik +φ

I
,ilδ jk

)
+

3kv
0 +µv

0

8πµv0
(
3kv

0 +4µv0
)ψ

I
,i jkl (28)

Furthermore, the elastic (resp. inelastic) Eshelby tensors S
≈

c0
(resp. S

≈
b0

), for elastic (resp. inelastic) reference

media defined as S
≈

c0I
= T
≈

c0I
: c
≈

0 and S
≈

b0I
= T
≈

b0I
: b
≈

0.

3.2 Interaction laws

The interaction law for an arbitrary anisotropic and ellipsoidal inclusion VI embedded in an infinite matrix
can be obtained from Eq. 18 or from Eq. 19 and by using the constitutive law in Eq. 1. Using Eq. 1, and
after algebraic manipulations, RI

∼
defined in Eq. 21 can also be rewritten as follows:
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RI
∼
= ε̇
∼

I− ε̇
∼

0− s
≈

0 :
(

σ̇
∼

I− σ̇
∼

0
)
−m
≈

0 :
(

σ
∼

I−σ
∼

0
)

(29)

Thus, using Eq. 18 together with Eq. 29 leads to a first form of the interaction law for the linear viscoealstic
Eshelby problem:

σ̇
∼

I− σ̇
∼

0 =

(
c
≈

0−
(

T
≈

c0I)−1
)

:
(

ε̇
∼

I− ε̇
∼

0
)
− c
≈

0 : m
≈

0 :
(

σ
∼

I−σ
∼

0
)
+β

(
T
≈

c0I)−1
: σ
∼
∗I (30)

where σ
∼

0 is the uniform remote stress at the boundaries. Using Eq. 19 together with Eq. 29, a second form
of the interaction law can be written for the linear viscoealstic Eshelby problem as follows:

σ
∼

I−σ
∼

0 =

(
b
≈

0−
(

T
≈

b0I)−1
)

:
(

ε̇
∼

I− ε̇
∼

0
)
− b
≈

0 : s
≈

0 :
(

σ̇
∼

I− σ̇
∼

0
)
+ γ

(
T
≈

b0I)−1
: σ̇
∼
∗I (31)

Eqs. 30 and 31 are two forms of the interaction law that are written for the same Maxwellian linear
viscoelastic inclusion problem where all the averaged terms are exactly defined. In both equations, the third
terms in the second members are new in comparison with other previous approximations starting from the
same constitutive equations as Eq. 1 and using the Green’s function technique as in [14, 33, 36, 32, 30, 31, 2,
27]. These terms describe the complex spatio-temporal integral nature of elastic-inelastic accommodations
within the heterogeneous viscoelastic material. Here, they are fully defined through isotropic elastic and
inelastic constants of the matrix and the evolution of σ

∼
∗I . Note that only the viscoelastic properties of the

infinite matrix are isotropic, not the ones related to the inclusion. In [3], the exactness of the interaction
law was shown for an arbitrary anisotropic and ellipsoidal inclusion VI embedded in an infinite matrix with
isotropic properties in comparison with the exact hereditary approach obtained with the Riemann-Stieltjes
integral-based technique [22].

4 Homogenization and results for two-phase composite materials

4.1 Homogenization for two-phase composite materials

In the case of two-phase composite materials, the Representative Volume Element (RVE) is constituted of
several inclusions (phase I) with volume fraction f embedded in a matrix phase M with volume fraction
(1− f ). The RVE is subjected at its boundary ∂V to the homogeneous macroscopic strain rate here denoted
Ė
∼

satisfying:

f ε̇
∼

I +(1− f )ε̇
∼

M = Ė
∼

(32)

The Mori-Tanaka scheme [34, 49, 1] is based on choosing the infinite homogeneous reference medium
0 as the matrix phase M (i.e. 0 = M). This popular scheme is very well suited to estimate the effective
properties of two-phase composites with an isotropic distribution of phases, provided the volume fraction f
of inclusions is not too large (generally not larger than 0.2). Based on Eq. 22, the strain rate in the phase I
is given by:

ε̇
∼

I = A
≈

cMI
: ε̇
∼

M +A
≈

cMI
: T
≈

cMI
:
(

c
≈

I : m
≈

I− c
≈

M : m
≈

M
)

: σ
∼

I +βA
≈

cMI
: σ
∼
∗I (33)

where from Eq. 25, σ
∼
∗I is the solution of the following time differential equation:

σ̇
∗I
i j =−αcM

4π
ψ

I
,i jklR

I
kl +

3αcM

2π
φ

I
,i jRm

I− αcM

αbM σ
∗I
i j (34)

and from Eq. 24:

A
≈

cMI
=
(

I
≈
+T
≈

cMI
: δc
≈

I
)−1

(35)

with δc
≈

I = c
≈

I− c
≈

M . Using Eq. 33 together with Eq. 32 gives the strain rate in the matrix phase M:
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ε̇
∼

M = B
≈

cMI
: Ė
∼
− f B

≈
cMI

: A
≈

cMI
: T
≈

cMI
:
(

c
≈

I : m
≈

I− c
≈

M : m
≈

M
)

: σ
∼

I

− f βB
≈

cMI
: A
≈

cMI
: σ
∼
∗I

(36)

where B
≈

cMI
is defined as:

B
≈

cMI
=
[
(1− f ) I

≈
+ f A

≈
cMI]−1

(37)

In the case of spherical inclusions, T
≈

cMI
is given by:

T
≈

cMI
=

1
3kM +4µM J

≈
+

3
(
kM +2µM

)
5µM (3kM +4µM)

K
≈

(38)

and the expressions of φ I
,i j and ψ I

,i jkl (Eq. 26) are simplified to the following expressions [46, 35]:

φ
I
,i j =−

4π

3
δi j ψ

I
,i jkl =−

8π

15
(
δi jδkl +δikδ jl +δilδ jk

)
(39)

Therefore, the explicit forms of A
≈

cMI
and B

≈
cMI

follow from Eq. 38 together with Eq. 35 and Eq. 37,
respectively. Furthermore, Eq. 34 for spherical inclusions simplifies to:

σ̇
∗I
i j =

4
15

α
cM (

Ri j
I−6Rm

I
δi j
)
− αcM

αbM σ
∗I
i j (40)

Therefore, the average stress rates in each phase σ̇
∼

I and σ̇
∼

M are obtained from Eqs. 33, 36, and from the
constitutive laws (Eq. 1). Lastly, the overall stress Σ

∼
of the composite is incrementally obtained from the

stress rate averaging rule:
Σ̇
∼
= f σ̇

∼
I +(1− f )σ̇

∼
M (41)

In the following applications and for simplicity, both phases (inclusions and matrix) will have isotropic
properties and the inclusions will be supposed to be spherical.

4.2 Results and discussion

4.2.1 Comparison with a hereditary approach

A first type of application is to show that the present time-incremental Eshelby-based homogenization
scheme is able to easily retrieve the same results as the ones obtained from hereditary approaches using
the correspondence principle and inverse Laplace or Laplace-Carson transforms. One of the main short-
coming of these approaches compared to the present approach derived in the time domain is that simple
analytical solutions remains limited to particular cases even for a composite constituted of two phases with
a Mawellian behavior and isotropic properties. As an example, let us consider the case developed by [24]
who used a Mori-Tanaka scheme for two-phase composites under constant strain rate loading in the case
where the spherical inclusions with volume fraction f = 0.2 are elastic and the inelastic (viscous) behav-
ior of the matrix phase is supposed to be pressure independent. Starting from the effective bulk and shear
moduli in the transformed Laplace domain, the equations 5.5 and 5.6 in [24] were obtained by Laplace
inversion. By considering Eqs. 32 to 41 of the present model, the exact solutions for purely hydrostatic
and purely deviatoric loadings are easily retrieved. As an illustration for the application of the present ex-
act time-incremental approach to this specific case, the materials parameters used for this comparison are
reported in Table 1. Fig. 1(a) shows the evolution of the overall hydrostatic stress Σkk as a function of the
overall dilatational strain Ekk whereas Fig. 1(b) displays the evolution of the overall (deviatoric) shear stress
Σ12 as a function of the overall shear strain Ekk, for both applied Ėkk and Ė12 equal to 10−4s−1. The dif-
ferent asymptotic states are large times were also checked to be consistent with the expressions given by
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[24] (see their equations 5.7 and 5.8). For large times or large strains, the shear stress tends to a saturation
stress whereas the dilatational stress response is characterized by a constant tangent modulus equal to the
effective elastic bulk modulus of the composite.

Inclusions (elastic) kI (MPa) µ I (MPa)
58666.66 35200

Matrix (viscoelastic Maxwell) kM (MPa) µM (MPa) kv
M (MPa.s) µv

M (MPa.s)
3633.33 1211.11 ∞ 480000

Table 1 Materials parameters for the introduced two-phase composite with elastic inclusions and Maxwellian matrix for
comparison with the hereditary formulation of [24]. For the simulations, the volume fraction of inclusions is set to f = 0.2.
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Fig. 1 Overall stress-strain responses of a two-phase composite with spherical elastic inclusions of volume fraction f = 0.2
and with a matrix phase exhibiting a Maxwell behavior such that the bulk viscoelastic modulus is restricted to the bulk elastic
modulus (see Table 1). (a) Overall hydrostatic stress Σkk as a function of Ekk for an applied dilatational strain rate Ėkk =
10−4s−1, (b) Overall shear stress Σ12 as a function of E12 for an applied shear strain rate Ė12 = 10−4s−1. The present model
exactly matches the [24]’s analytical solutions which are superimposed to the present’s model responses.
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4.2.2 Comparison with another exact internal variable approach

In the case of linear Maxwellian compressible two-phase composites with homogeneous elastic properties,
exact solutions were recently using a Mori-Tanaka homogenization scheme by [39]. Their approach is based
on an internal variable formulation inspired from the collocation method. The evolution laws of the average
stresses in both phases were obtained with inverse Laplace-Carson transforms in [39], knowing the overall
behavior from the internal variables evolutions. For comparison, in the present method, the average phase
behaviors and the effective behavior are directly obtained from Eqs. 32 to 41 in the time domain without the
need of Laplace-Carson inversions. The inclusions are assumed spherical with a volume fraction of f = 0.2.
In order to assess the present model in comparison with the [39]’s solutions, four cases are considered as
reported in Table 2. The common parameters in all cases are the elastic shear moduli µ I = µM = 50000 MPa
and the inelastic shear modulus of the matrix µv

M = 10000 MPa.s. Both phases have same elastic properties
like in [39]. The inclusions are also considered with mechanical contrasts 100 (cases 1 and 2), resp 1/100
(cases 3 and 4), with respect to the matrix on the bulk/shear elastic/inelastic moduli. In the “case 1 ” and the
“case 3”, the phase behaviors are assumed compressible elastic (uniform elastic Poisson ratio: νe =0.05)
and incompressible inelastic (uniform inelastic Poisson ratio νv ∼ 0.5). In the “case 2 ” and the “case 4”, a
full compressible viscoelasticity in both phases is assumed with constants νe = 0.05 and νv = 0.3.

Case kI = kM (MPa) kv
M (MPa.s) kv

I (MPa.s) µv
I (MPa.s)

Case 1 38890 ∞ ∞ 1000000
Case 2 38890 21666.66 2166666 1000000
Case 3 38890 ∞ ∞ 100
Case 4 38890 21666.66 216.6666 100

Table 2 Materials parameters introduced for the first illustrations (comparisons with [39]’s approach): compressible elastic-
ity/incompressible inelasticity (cases 1 and 3), compressible elasticity/inelasticity (cases 2 and 4).

A uniaxial tension-compression test is simulated with the following prescribed macroscopic strain rate

Ė
∼
= Ė11

1 0 0
0 −0.5 0
0 0 −0.5

 with Ė11 = 10−4s−1 for tension and Ė11 =−10−4s−1 for compression. For com-

parisons of the overall responses given by the present internal variables approach with the [39] solutions,
equations 10, 18 and Table 1 in [39] are used.

Fig. 2 shows the overall stress Σ11 cyclic responses up to t = 20s for cases 1 and 2 (high mechanical con-
trast of 100 with the matrix) as functions of E11 (Fig. 2(a)) and physical time t (Fig. 2(b)). It was checked
that both present and [39] models give the same responses (the curves for both models are superimposed)
regarding the transient regimes between overall elastic and inelastic states and the asymptotic state during
tension and compression. In particular, the differences between compressible elasticity only and fully com-
pressible viscoelasticity are well captured by the present model, especially when the loading changes from
tension to compression.

For cases 3 and 4 (high mechanical contrast of 1/100 with respect to the matrix), Fig. 3 verifies that
both present and [39] models also give the same responses up to t = 10s (the curves for both models are
superimposed) regarding the transient regimes between overall elastic and inelastic states and the (inelastic)
asymptotic states during tension and compression. As a function of materials properties, the composite
responses have different transient and asymptotic states which are observable on Fig. 2 and Fig. 3. The
effect of elastic or viscoelastic compressibility is observed in the same way with both models. The present
formulation also well captures the stress history due to materials properties in the transient effective behavior
during the reverse compression loading that are more important than during the first tensile stage.

In order to refine the analysis, the time evolutions of the uniaxial phase average stresses σ I
11 and σM

11
corresponding to cases 1 to 4 are reported in Figs. 4 and 5 to see the differences due to two different
mechanical constrasts on the phase responses, i.e. 100 in Figs. 4(a) and 5(a), and 1/100 in Figs. 4(b) and
5(b).



A time-incremental Eshelby-based homogenization scheme for viscoelastic heterogeneous materials 11

0 0.2 0.4 0.6 0.8 1

x 10
−3

−3

−2

−1

0

1

2

3

E
11

Σ
1

1
 (

M
P

a
)

a.

0 5 10 15 20

−3

−2

−1

0

1

2

3

t (s)
Σ

1
1
 (

M
P

a
)

b.

 

 

Present (exact): Case 1

Ricaud−Masson (exact): Case 1

Present (exact): Case 2

Ricaud−Masson (exact): Case 2

Fig. 2 Cases 1 and 2 (see Table 2 for materials parameters): overall tension-compression uniaxial stress Σ11 responses predicted
by the present linear homogenization Mori-Tanaka approach based on the exact interaction law for the Eshelby’s inclusion
problem (Eqs. 32 to 41) or by the [39]’s Mori-Tanaka approach, as functions of applied macroscopic strain E11 (a) and physical
time t (b). The present model matches exactly the [39]’s solutions which are superimposed to the present’s model responses.
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Fig. 3 Cases 3 and 4 (see Table 2 for materials parameters): overall tension-compression uniaxial stress Σ11 responses predicted
by the present linear homogenization Mori-Tanaka approach based on the exact interaction law for the Eshelby’s inclusion
problem (Eqs. 32 to 41) or by the [39]’s Mori-Tanaka approach, as functions of applied macroscopic strain E11 (a) and physical
time t (b). The present model matches exactly the [39]’s solutions which are superimposed to the present’s model responses.
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Fig. 4 Tension-compression simulations in the case 1 (a) and in the case 3 (b) (see Table 2 for materials parameters): time
evolution of uniaxial overall stress Σ11 and phase average stress σ11 responses predicted by the homogenization Mori-Tanaka
approach based on the exact interaction law (Eqs. 32 to 41).
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Fig. 5 Tension-compression simulations in the case 2 (a) and in the case 4 (b) (see Table 2 for materials parameters): time
evolution of uniaxial overall stress Σ11 and phase average stress σ11 responses predicted by the homogenization Mori-Tanaka
approach based on the exact interaction law (Eqs. 32 to 41).
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4.2.3 Comparisons with the “translated fields” method and the “additive law”

For comparisons with previous internal variable models containing approximations like the “translated
fields” method [36, 31, 2] and the “additive interaction” law [14, 33, 32], a third application of the present
time-incremental Eshelby-based model is now focused on heterogeneous and compressible elasticity in ad-
dition to heterogeneous incompressible inelasticity for inclusions stiffer than the matrix (case A) or the
matrix stiffer than the inclusions (case B). Interestingly, such a case was recently treated by [15] with
different approximate models (see their Fig. 4) and using inverse Laplace-Carson to find the exact time
evolution of the strain rate in the spherical inclusion. This application can be performed assuming a diluted
concentration of Eshelby inclusions, i.e. in the limiting case where f → 0 using the present Mori-Tanaka
homogenization scheme. The common materials properties describe elastic compressible properties for the
matrix and inclusions with same elastic Poisson ratios νe

I = νe
M =0.05, an elastic Young’s modulus for the

matrix of EM = 200 MPa, and, an incompressible inelasticity for the matrix given by µv
M = 1/3 MPa.s.

The other parameters are introduced to account for different mechanical contrasts. More specifically, two
different elastic Young’s moduli and inelastic shear moduli ratios are considered in Table 3.

Case EI/EM µv
I/µv

M

Case A: inclusions stiffer than matrix 3 10
Case B: matrix stiffer than inclusions 1/3 1/10

Table 3 Materials parameters introduced for the third application for comparisons with approximate models.

Following [15], a uniaxial tension-compression test is simulated with the following applied strain rate

Ė
∼
= Ė11

1 0 0
0 −0.5 0
0 0 −0.5

 with Ė11 = 1s−1 for tension and Ė11 = −1s−1 for compression. Fig. 6 reports

the axial strain rate ε̇ I
11 evolution in the inclusion along the tension-compression axis as a function of time

t obtained with the present model for “case A” (Fig. 5(a)) and for “case B” (Fig. 6(b)) according to the
parameters given in Table 3. By comparing such evolutions with the exact solutions obtained by the cor-
respondence principle and Laplace-Carson inversion, both approaches give the same results. In particular,
for “case B”, Fig. 6(b) displays a peak strain rate at the onset of the tensile and compression stages with
the present exact solution which is not really captured by the “translated fields” method and by the “addi-
tive interaction” law (see Fig. 6(b)). As reported in [15], the “translated fields” method and the “additive
interaction” law were the best approximate models for this application. This application demonstrates the
advantage of the present model to obtain the exact strain rate evolution in the inclusion without the need
of Laplace-Carson inversion. The present approach also improves the predictions of previous approximate
models that were seen to be unable to match the exact solutions.
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Fig. 6 Time evolution of axial strain rate ε̇ I
11 in the inclusion along the tension-compression axis predicted by the present

linear homogenization Mori-Tanaka approach based on the exact interaction law for the Eshelby’s inclusion problem (Eqs. 32
to 41) in the “case A” (a) and ine the “case B” (b). For both cases, the present model (solid lines) matches exactly the inverse
Laplace-Carson solutions reported in [15]. For comparisons, the time evolutions of ε̇ I

11 given by the approximate “translated
fields” method (dashed lines) and “additive interaction” law (points) are reported.

5 Conclusions

A time-incremental internal variables homogenization scheme for Maxwellian linear viscoelastic heteroge-
neous materials has been presented. The formulation is based on isotropic elastic and inelastic homogeneous
reference media associated with the strain rate integral equation. The complete solution is obtained through
the introduction of the variable σ

∼
∗, which reflects a volume term in the integral equation of the hetero-

geneous viscoelastic problem. This variable is exactly solved by a time-differential equation. The major
advantage of the present internal variables formulation compared to previous internal variables approaches
containing approximations is the derivation of the exact interaction laws for the Eshelby ellipsoidal inclusion
problem. In the case of a homogenization Mori-Tanaka scheme for an isotropic distribution of phases, the
present internal variables formulation may be considered as another alternative way to fasten some numeri-
cal calculations in structures made of linear viscoelastic composites. The present time-incremental internal
variables approach can be applied to ageing linear viscoelastic behaviors without any major difficulty in
contrast with Riemann-Stieltjes integral-based hereditary homogenization approaches. The extensions to
more refined homogenization schemes taking into account ellipsoidal distributions of phases [38, 51] are
left for future work. Furthermore, the present framework can be extended to other types of rheological
models in linear viscoelasticity, such as Kelvin-Voigt, Burgers and Generalized Maxwell models.
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