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Résumé — A crystal elasto-viscoplastic FFT formulation coupled with the Mesoscale Field Dislocation
Mechanics (MFDM) theory is presented. This MFDM-EVPFFT approach accounts for plastic flow and
hardening from densities of geometrically necessary dislocations (GND) in addition to statistically stored
dislocations (SSD). It is shown on 3D periodic Voronoi polycrystals that GND densities modify both
intra-granular incompatible fields and stresses, which are at the origin of a grain size dependent flow
stress of the Hall-Petch type.
Mots clés — crystal plasticity, elasto-viscoplastic, field dislocation mechanics, FFT, grain size effect.

1 Introduction

Numerical spectral approaches based on fast Fourier transform (FFT) algorithm have been recently
proposed [1, 2, 3] for static Field Dislocation Mechanics (FDM) theory [4]. In the present contribution,
an elasto-viscoplastic fast Fourier transform-based method (EVPFFT) for Mesoscale Field Dislocation
Mechanics (MFDM) theory [5] is developed for describing grain size effects, slip constraints, flow stress
due to both GND and SSD and local GND dislocation density evolutions in the course of monotonous
plastic deformation of polycrystals (i.e. tensile deformation). Starting from the EVPFFT formulation [6],
it is based on a novel expression of the Jacobian for the augmented Lagrangian scheme inferred from
MFDM and on a numerical spectral resolution of the GND density evolution equation. Furthermore,
the hardening model accounts for GND density and a geometric mean free path due to GND in addi-
tion to SSD classic hardening. Here, an interfacial jump condition on plastic distortion rate describing
the conservation of Burgers vector for impenetrable grain boundaries is used [7, 8]. To numerically im-
plement lattice incompatibility and integral Lippmann-Schwinger equations, discrete Fourier transform
together with finite difference schemes are employed. Such numerical method has been revealed to be
efficient for studying size effects in two-phase laminates [9].
The paper is organized as follows. In section 2, the constitutive equations of the Mesoscale Field Dis-
location Mechanics (MFDM) are summarized and the elasto-viscoplastic FFT-based numerical imple-
mentation for MFDM, named MFDM-EVPFFT, is introduced. Section 3 is devoted to the numerical
application of the MFDM-EVPFFT to faced-centered cubic (FCC) polycrystals with different grain sizes
subjected to tensile loading. Grain size effects on the overall flow stress are reported as well as GND
density and local stress profiles.

2 Field equations and numerical spectral method : MFDM-EVP-FFT ap-
proach

2.1 Field equations

To solve the displacement u and stress σ fields, the following equations are solved in a small defor-
mation setting for elasto-viscoplastic materials with volume V with external boundary S using standard
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traction/displacement boundary conditions on St and Su (S = St U Su) :

divσ = 0

σ = C : (Ue)sym

U = grad u = Ue +Up

σ ·n = t0 on St

u = u0 on Su

(1)

where C is the fourth order elastic stiffness tensor with classic minor and major symmetries. In the pre-
sence of dislocation ensembles both the average plastic distortion Up, which results from dislocation
motion, and the average elastic (or lattice) distortion Ue are incompatible fields. In non local crystal plas-
ticity and depending on the resolution scale, dislocation ensembles can be categorized as GND (Geome-
trically Necessary Dislocations [11]) and SSD (Statistically Stored Dislocations). The mesoscale FDM
theory (MFDM) is based on an average value of the dislocation density (or Nye) tensor α. Here, a sim-
plified reduced version of the MFDM is considered [5, 10], where incompatible fields are assumed to be
as smooth as necessary and the average plastic distortion rate writes :

U̇p =α×v+Lp (2)

The mobility of SSD is represented by the mesoscale plastic distortion rate denoted Lp where the avera-
ging procedure was defined in [5]. The space-time evolution of the average dislocation density tensor α
is prescribed as :

α̇=−curl U̇p (3)

Constitutive specifications on the dislocation velocity v and on the slip distortion rate Lp are now
given from thermodynamic considerations, see [5] for details. Furthermore, plastic flow incompressibility
is considered from the fact that Lp

ii = 0 and eiklαikvl = 0. The GND velocity v is prescribed as follows :

v =
g
|g|

v with v≥ 0 (4)

where g is the glide force parallel to v and v is the magnitude of v. The constitutive equation adopted for
v is based on the Orowan law for GND mobile dislocations yielding :

v =
η2 b

N

(
µ
τc

)2 N

∑
s=1
|γ̇s| (5)

where N is the total number of slip systems (N = 12 for FCC metals), γ̇s is the slip rate on slip system s, η

is a material constant close to 1/3 [11], b is the magnitude of the Burgers vector, τc is the shear strength
and µ is the isotropic elastic shear modulus of the material. Furthermore, g writes in component form :

gr = eikrα jkSi j− eikrαik
Smnαnp(αmp−αpm)

αi j(αi j−α ji)
, (6)

where Si j = σi j−
1
3

σkkδi j denotes the deviatoric stress tensor.
Plastic distortion rate tensor Lp due to slip from SSD is defined as :

Lp =
N

∑
s=1

γ̇
sbs⊗ns =

N

∑
s=1

γ̇
sms, (7)

where ms is the crystallographic orientation tensor such that ms = bs⊗ns. For each slip system s, the
unit vector bs denotes the slip direction and ns the slip plane unit normal. The constitutive equation for
γ̇s introduced in eqs. 5 and 7 is given by a classic power law :

γ̇
s = γ̇

0
(
|τs|
τc

)1/m

sgn(τs) (8)
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where m is the strain rate sensitivity of the material, τs = ms : σ is the resolved shear stress, γ̇0 is the
reference slip rate and τc is considered identical for all slip systems. The cumulated slip rate on all slip
systems is given by :

Γ̇ = |α×v|+
N

∑
s=1
|γ̇s| (9)

The evolution law for the shear strength τc follows the same hypotheses as the strain-hardening model
developed by [8, 9] :

τ̇c = θ0
τs− τc

τs− τ0
Γ̇+ k0

η2µ2 b
2(τc− τ0)

(
N

∑
s=1
|α ·ns| |γ̇s|+

N

∑
s=1
|α ·ns| |α×v|

)
(10)

where τ0 is the yield strength due to lattice friction (which is low for FCC metals), τs is the saturation
stress, θ0 is the stage II hardening rate for FCC metals, k0 is related to a geometric mean free path due to
GND forest on slip system s.

For the space-time evolution of the dislocation density tensor (see eq. 3), an explicit forward Euler
scheme was derived to numerically solve this equation starting from an implicit backward Euler scheme
together with a Taylor expansion at first order of α

t+4t
i j where 4t is the time step [12]. In contrast with

classic crystal plasticity (CP) theories, the evolution equations for MFDM leads to a jump condition
on plastic distorsion rate across a material interface modeling impenetrable or penetrable interfaces to
dislocations, see [7]. In the case of impenetrable grain boundaries to dislocations, which corresponds to
the modeling of completely constrained plastic flow at the interface, this condition becomes U̇p×n = 0
according to [8]. The unit normals have been computed using Cartesian moments following the procedure
indicated in [13].

2.2 MFDM-EVPFFT formulation

Here, an elasto-viscoplastic crystal plasticity formulation is adopted in a small deformation setting.
Using a backward Euler implicit time discretization and the generalized Hooke’s law, the expression of
the stress tensor σ at t +Mt is given by :

σt+Mt = C : εe,t+Mt = C :
(
εt+Mt −εp,t − ε̇p,t+Mt(σt+Mt)Mt

)
, (11)

In what follows, the supra-indices t +Mt are omitted for sake of simplicity, and only the fields corres-
ponding to the previous time step t will be explicitly indicated. The unknown total strain field ε is solved
through an integral Lippmann-Schwinger equation for the unknown strain field ε :

εi j(x) = 〈εi j〉−
∫

V
Γ

0
i jkl(x−x′)τkl(x′)dV ′ (12)

where 〈ε〉 represents the average value of ε in V, Γ0
i jkl is the modified Green tensor associated with the

homogeneous elastic moduli C0 and τi j = σi j−C0
i jklεkl is the stress polarization field. In the following,

eq. 12 is solved using a computationally efficient scheme based on FFT and augmented Lagrangian
introduced by [14].

In the Fourier space, let ξ be the Fourier vector of magnitude ξ =
√
ξ ·ξ and components ξi in a ge-

neral three-dimensional Cartesian coordinate system setting. The complex imaginary number is denoted
i and defined as i =

√
−1. Let ε̂(ξ) and Γ̂0(ξ) be, respectively, the Fourier transform of ε(x) and Γ0(x).

The Fourier transform of the integral Lippmann-Schwinger equation (eq. 12) yields :

ε̂(ξ) =−Γ̂0(ξ) : τ̂ (ξ) ∀ξ 6= 0
ε̂(0) = 〈ε〉

(13)

where Γ̂0
i jkl was given in [15]. The calculation of the modified Green tensor in the Lippmann-Schwinger

equation is performed using a centered finite difference scheme on a rotated grid introduced by [16].
Let us assume now that λ

(n)
i j and e(n)i j are, respectively, the auxiliary guess stress and strain fields at

iteration (n). The stress polarization tensor becomes : τ
(n)
i j = λ

(n)
i j −C0

i jkle
(n)
kl . An alternative fixed-point
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expression, which requires computing the Fourier transform of the stress field instead of that of the
polarization field was reported in [14] :

ê(n+1)
i j (ξ) = ê(n)i j (ξ)− Γ̂

0
i jkl(ξ)̂λ

(n)
kl (ξ) ∀ξ 6= 0

ê(n+1)
i j (0) = 〈ε(n)i j 〉

(14)

Once e(n+1)
i j = FFT−1(ê(n+1)

i j (ξ)) is obtained in the real space by using the inverse Fourier transform
(FFT−1), the nullification of the residual R, which depends on the stress and strain tensors σ(n+1) and
ε(n+1), is solved :

Ri j(σ
(n+1)) = σ

(n+1)
i j +C0

i jmnε
(n+1)
mn (σ(n+1))−λ

(n)
i j −C0

i jmne(n+1)
mn = 0 (15)

This nonlinear equation was solved by [6] using a Newton-Raphson-type scheme. The (p+1)-guess
for the stress field σ(n+1)

i j is given by :

σ
(n+1,p+1)
i j = σ

(n+1,p)
i j −

((
∂Ri j

∂σmn

)
σ(n+1,p)

)−1

Rmn

(
σ(n+1,p)

)
(16)

Using the constitutive specifications, the Jacobian in the above expression reads :(
∂Ri j

∂σmn

)
σ(n+1,p)

= δimδ jn +C0
i jklC

−1
klmn +Mt C0

i jkl

(
∂ε̇

p
kl

∂σmn

)
σ(n+1,p)

(17)

The expression of ∂ε̇
p
kl/∂σmn considering the constitutive equations of the MFDM theory yields [9] :(

∂ε̇
p
kl

∂σmn

)
σ(n+1,p)

=
1
2

(
∂Lp

kl
∂σmn

+
∂Lp

lk
∂σmn

)
σ(n+1,p)

+
1
2

(
∂(α× v)kl

∂σmn
+

∂(α× v)lk
∂σmn

)
σ(n+1,p)

(18)

An approximation expression of ∂Lp
kl/∂σmn is given by :(

∂Lp
kl

∂σmn

)
σ(n+1,p)

' nγ̇
0

N

∑
s=1

ms
klP

s
mn
|Ps

mnσmn|n−1

(τc)n (19)

where Ps = (ms)sym. The determination of the expression of ∂(α× v)kl/∂σmn is new compared to the
standard EVPFFT formulation and is computed as follows [9] :(

∂(α× v)kl
∂σmn

)
σ(n+1,p)

= elqrαkq

(
∂(gr/|g|)

∂σmn
v+

gr

|g|
∂v

∂σmn

)
σ(n+1,p)

(20)

with :
∂(gr/|g|)

∂σmn
=

(
δrs|g|2−grgs

|g|3

)(
eoksαqk− eiksαik

αqp(αop−αpo)

αi j(αi j−α ji)

)
(

δomδqn−
1
3

δmnδoq

) (21)

and : (
∂v

∂σmn

)
σ(n+1,p)

' nγ̇
0 η2 b

N

(
µ
τc

)2 N

∑
s=1

Ps
mn
|Ps

mnσmn|n−1

(τc)n (22)

In eqs. 19 and 22, the approximation lies in the fact that the derivatives ∂τc/∂σ and ∂Ps/∂σ are neglected.
Once the convergence is achieved on σ(n+1) and ε(n+1), the new guess for the auxiliary stress field λ

is given by using the Uzawa descent algorithm :

λ
(n+1)
i j = λ

(n)
i j +C0

i jkl

(
ekl

(n+1)− εkl
(n+1)

)
(23)

and the algorithm is stopped when the normalized average differences between the stress fields σ and
λ, and the strain fields ε and e, are smaller than a given threshold error (typically 10−5). This condition
implies the fulfillment of both stress equilibrium and strain compatibility up to sufficient accuracy.
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In the algorithm described above, an overall macroscopic strain E = 〈ε(n)〉 is applied to the periodic
unit cell V in the form of :

Ei j = Et
i j + Ėi j4t (24)

In cases of mixed boundary conditions with imposed macroscopic strain rate Ėi j and stress Σi j, the
(n+1)-guess of the macroscopic strain E(n+1)

i j was given in [14, 6].
Let α̂(ξ) be the Fourier transform of α(x). Following [12, 9] :

α̂
t+4t
i j =κ(η)

(
α̂

t
i j−4t i ξk

(
(̂αi jvk)

t
− (̂αikv j)

t))
−4t i ξk e jkl

(̂
Lp

il

)t
(25)

where an exponential second order spectral low-pass filter was used to stabilize the numerical approxima-
tion of by eliminating high frequencies leading to spurious oscillations. The exponential filter is defined
as function of discrete frequencies η as :

κ(η) = exp
(
−β(η)2p

)
, (26)

where the damping parameter β is defined as β = −log εM, where εM is low value parameter that was
optimized by [12]. For applications, εM = 0.2 and p = 1. To fix the time step 4t in eq. 25 to satisfy
stability requirements for numerically solving the dislocation density transport equation, a user-specified
fraction denoted c = 0.25 of Courant-Friedrichs-Levy (CFL) limit is used in the numerical applications
such that :

4tCFL = c
δ

vmax
(27)

where δ is the voxel size and vmax is the maximal GND velocity.

3 Application : grain size dependent behavior of FCC polycrystals

3.1 Material and simulation data

In the following numerical simulations, an elasto-viscoplastic Al polycrystal constituted of 27 grains
resulting from periodic Voronoi tessellations is considered, see Fig. 1 (left). The crystallographic orien-
tations of the grains are randomly distributed. As in [17], the average grain size d is deduced from
H/3
√

27 where H is the period of the unit cell. The material parameters related to elastic constants (Al),
slip rule, GND velocity (γ̇0, m and η) and hardening (τ0, τs, θ0 and k0) were consistent with pure Al.
Here, a specific fit to experimental data has not been carried out. The Burgers vector magnitude for Al
is b = 2.86×10−10m. The reference material parameters used for numerical simulations are reported in
Table 1. The unit cell is submitted to a tensile loading with mixed strain/stress boundary conditions and
applied tensile strain rate is Ė33 = 0.001s−1.

TABLE 1 – List of reference material parameters used for simulations
E (GPa) ν γ̇0(s−1) m η b (m) τ0 (MPa) τs (MPa) θ0 (MPa) k0

69 0.33 1 0.05 0.33 2.86 ×10−10 3 12 150 20
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FIGURE 1 – (Top) : Periodic unit cell representing a Al polycrystal constituted of 27 grains resulting from
Voronoi tessellations (643 voxels). A random crystallographic texture is used and the average grain size
d varies from 0.083µm to 125.54µm. A pure tensile deformation is applied to the unit cell with applied
strain rate : Ė33 = 0.001s−1. (Bottom) : Grain size dependent tensile stress/strain curves obtained from
present MFDM-EVPFFT approach for the different grain sizes d.

3.2 Results and discussion

The overall tensile stress (< σ33 >)/ tensile strain (< ε33 >) responses are reported on Fig. 1 (right).
It is shown that the macroscopic tensile flow stress is grain size dependent and the scaling law for the
flow stress at 0.2% strain is of Hall-Petch type : < σ33 >∝ d−1/2. This grain size dependent behavior is
due to the effect of GND density as reported in Fig. 2 (top) and associated non local plasticity inferred
from MFDM-EVPFFT, which is at the origin of larger stress gradients compared to classic CP-EVPFFT
(conventional size-independent plasticity), see Fig. 2 (bottom).
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FIGURE 2 – (Top) : GND density ρGND =
√

αi jαi j/b (m−2) distribution in the unit cell at 0.2% strain
for a polycrystal with grain size d = 1.547µm ; (Bottom) : Spatial profile of stress component σ33 (MPa)
in the x3 direction crossing the center of the unit cell : comparison between classic CP-EVPFFT (grain
size-independent) and MDFM-EVPFFT (grain size-dependent) (here d = 1.547µm).
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