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ANALYTIC SMOOTHING EFFECT
FOR THE NONLINEAR LANDAU EQUATION
OF MAXWELLIAN MOLECULES

Y. MORIMOTO & C.-J. XU

ABSTRACT. We consider the Cauchy problem of the nonlinear Landau equa-
tion of Maxwellian molecules, under the perturbation frame work to global
equilibrium. We show that if HZ(L2),r > 3/2 norm of the initial perturbation
is small enough, then the Cauchy problem of the nonlinear Landau equation
admits a unique global solution which becomes analytic with respect to both
position z and velocity v variables for any time ¢ > 0. This is the first result
of analytic smoothing effect for the spatially inhomogeneous nonlinear kinetic
equation. The method used here is microlocal analysis and energy estimates.
The key point is adopting a time integral weight associated with the kinetic
transport operator.

1. INTRODUCTION

We consider the Cauchy problem for the spatially inhomogeneous Landau equa-
tion, a kinetic model from plasma physics that describes the evolution of a particle
density f(t,z,v) > 0 with position # € R? and velocity v € R3 at time ¢. It reads

Of +v-Vaof =QL(f, f),
fli=o0 = fo,

where the term Qr(f, f) corresponds to the Landau collision operator associated
to the bilinear operator

Qule.1) = 9o+ ([ ato =) (g (Vuf)0) = (Vug)(w)f(0) ..

Here a = (a; )1<i,j<3 stands for the non-negative symmetric matrix
(1.2) a(v) = [v[" (o' T—v®v) = [v]"T?P,. € M3(R), —3 <7< +o0,

where P,. is the orthogonal projection on v-.

The Landau equation with y = —3 was first proposed in 1936 [24] by the Russian
theoretical physicist Lev Davidovitch Landau, as a transport equation for a system
of charged particles, where the long range of the Coulomb interactions makes it
impossible to use the normal Boltzmann equation. It soon became (in combination
with the Vlasov equation) the most important mathematical kinetic model in the
theory of collisional plasma.

The “generalized” Landau equation with v > —3 was independently introduced
by several authors ( see e.g. [7, 15]). It plays a role of a model of the Boltzmann

(1.1)
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equation for various interactions including inverse power law potential p~"+1,n > 2.
This equation can be obtained as a limit of the Boltzmann equation when grazing
collisions prevails (see [35, 36] for a detailed study of the limiting process and further
references on the subjects). Though the Landau equation has no relation to physics
in the non-Coulomb case, from various mathematical points of view, it has been
intensively studied by mathematicians in last two decades, because it is a simple
approximation of the non-cutoff Boltzmann equation (see, e.g.[1, 25]). We refer
the reader to the surveys [27, 36, 10] and recent papers [9, 8, 13], as well as to the
references therein for matters related to the derivation and basic results for that
equation.

In this article, we focus our attention on the analytic smoothing effect of a
solution for the Cauchy problem (1.1). More specifically, we study the Landau
equation with Maxwellian molecules in a close to equilibrium framework. The
Maxwellian molecules corresponds to the case when the parameter v = 0 in the
cross section (1.2). We consider the fluctuation

f=n+ng,
around the Maxwellian equilibrium distribution
v 2
(1.3) () = (2m) "2

This distribution is a stationary solution for the Landau equation since it only
depends on the velocity variable v and the fact that Qr (i, 1) = 0. We consider the
linearized Landau operator around this equilibrium distribution given by

Lg=—p2Qr(p, ' ?g) — QL' P g, ).

The Cauchy problem for the Landau equation (1.1) is then reduced to the one for
the fluctuation
0, "V ZLg=T s I)
(1.4) kg +v-Vag+ ZLg=T1(g,9)
9gli=0 = go,
with
L(g. f) = ' 2Qr(v/hg, Vif)-

To state our main result, we define the Sobolev space H”(L?) for r > 0 by
H(L7) = {u € L*(R] ,); (Do) € L*(R,)},

with (D) = v/1— A, and D, = —i0,. Let A(R™) denote the analytic function
space on R".

Theorem 1.1. Let r > 3/2. There exists a small constant ey > 0 such that for all
go € HI(L?) satisfying

lgollar(r2) < €o,
the Cauchy problem (1.4) admits a unique global solution such that

g(t) € ARS ), Vt>0.
Furthermore, there exists a co > 0 such that,
(15) AP a0 A (1) € 17 ([0, +00), HE(LD)),
where t = min{1,t} fort > 0.
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This article concerns the existence of a solution to the Cauchy problem for the
Landau equation, as well as the smoothing properties of that solution, which is
a topic studied in many previous works, as stated above. Among them we refer
[35, 17, 18, 16] concerning the existence result, [32, 28] about higher regularity
such as (ultra-)analyticity, in the spatially homogeneous case, while in the spatially
inhomogeneous case, [5] concerning renormalized solution with defect measure, [22,
33, 14, 13, 12, 19] in a close to equilibrium setting, and recent regularity results by
[11, 20, 23] under boundedness conditions on the mass, energy, entropy densities.
Also we want to mention the related works on the non cut-off Boltzmann equation,
e.g., the papers by [1, 30, 29, 21, 2, 3, 4, 26, 31, 6].

The rest of paper is arranged as follows: In Section 2 we recall the exact ex-
pression of the linear operator given in [25], introduce a version of the exponential
weight used in the previous work [32], and show the estimate for the linear term
with the exponential weight. In Section 3 we give an explicit form of the nonlinear
term by means of creation and annihilation operators and spherical derivatives. In
Section 4, we use this to show a trilinear estimate for the inner product of the
nonlinear term and test function with exponential weight. Section 5 is devoted to
complete the proof of the main theorem by constructing the time local solution with
analytic smoothing property and by combining this and the known global existence
result.

2. FOURIER ANALYSIS OF LINEAR LANDAU OPERATOR

With g defined in (1.3), the linearized Landau operator .Z is defined by

Lg=—p2Qr(p, 1" ?9) — 1mV2Qr (1?9, ),

is an unbounded symmetric operator on L#(R2). In the case of Maxwellian molecules,
the linearized Landau operator may be computed explicitly (see e.g. [25], Proposi-
tion 1), and we have

L =L+ Lo,
with
T
+ [—ASQ—2(—AU+$—2)}P
where

1
Agz = 5 Z LZJ-, Lk,j = ’Ujavk - vk&,j,
1<5,k<3
I#k

stands for the Laplace-Beltrami operator on the unit sphere S?, and Pj denotes
the orthogonal projection onto the Hermite basis & = Span{®q}qens o= Here

(I)O(U) = /1'1/2(U)7

1
O, = —=al a0 D0, a = (a1, a2,a3) € N3, al = aqlaslas!
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with

Uj .
r = — e 1 < < 3-
At j 2 + a’l}j, >J)>
We have then,
> 1
Fig sy =23 (1000l + sl )
j=1
1

t3 > ILk,59117 2 sy — 3llglI72rs)-
1<5,k<3
J#k
The operators %5 is bounded in L?(R3). Putting
> 1 1
Wglll2 = 22 (||3ng|%2(11§3) + Z||Uj9||%2(Rg)> T3 Z ||Lk,j9||%2(Rg)
j=1 1<5,k<3
Gk
& 1 1
Mol =23 (10 oliiycsny + ghsslan ) +5 3 IEwsaliipon
j=1 1<5,k<3
37k

we have the following coercive estimates; there exists C' > 0 such that for all
g€ S R?),

Iglll5 < (Z9,9)L2(r3) + C||QH%2(R3) .
Ultra-analytic smoothing effect of Kolmogorov equation. We recall the
Cauchy problem of Kolmogorov equation

Of+v-Vaf —Auf =0,
f(vavU) = fo(;v,v) € LQ(R?,ZU)'

Using the Fourier transform ( (z,v) < (n,£) ) we have

F(t,m,€) = e~ Jolerenldn o ¢ 4 )

because (9, — 7 - Ve + [€]2)f = 0. Using the following Ukai inequality (2.1) with
a =2,

t
2> 0, c(tigf + ) < [ €+ ol
0
Then we have
3
TR () € AR,
which shows the ultra-analytic smoothing effect of (z,v) variables for any ¢ > 0.

Lemma 2.1. For any o > 0, there exists ¢, > 0 such that

t
o a/2
(2.1) / (L4 1€ + pn2)*%dp > cat {1+ €2 + L2},
0

for allt > 0.

Remark 2.2. The following simple proof is due to Seiji Ukai. On the other hand,
there exists C,, > 0 such that

t
22) [ rle+onPrr e < Cat (L1 + P} w0
0



LANDAU EQUATION 5

Proof. Put p = tr, 7 = —tn, then the estimate (2.1) is equivalent to

a/2

1
/0<§—Tﬁ>“dT20a{1+|€|2+|ﬁ|2} ,

with the notation (-) = y/1+|-]%. Since the case 7 = 0 is trivial, we assume
71 # 0. Notice

1 1
2/ (€ —Tm“dr >1 —|—/ |€ — 77|“dr.
0 0

If €] > [7]
1 1 S o 1 N
[ e=riear =g | (1—T%) a2l [ (1-7)dr
0 0 0
|§|a 1 2 ~12\/2
= > .
If €] < |7
! o o (M K®
|§ — 77| *dT > |7 T— = dr
0 0 |77|

s [ Y [ (- )

77— 1 7]*
> gotl 4 (1 — gty = "
Z 1oy, O =0T = o
1

N 2 F2)e/2.

> sy 67+ 1)
We finally get (2.1). O

We set

t t
W(tn§) =co [ (€+pdp=co [ (€4 (=P,
0 0
for a sufficiently small ¢y > 0 which will be chosen later on. We have that
(Or =1 - Ve)¥ = co(§)-
Then we can use (2.1) with a = 1 to estimate .
To study the Gevery (and analytic) regularity of kinetic equations, exponential

type weights were used in [30, 32] (see also [6]). Now we set

¥

F6,5’ (tu n, 5) = (1 4 56‘1})(1 + 5/\11)7“

for 0 < <1,r>3/2,0<rd <1. Without the confusion, we use the same nota-
tion Fj s for the symbol Fj s (t, n, £) and also the the pseudo-differential operator
Fs55/(t,Dy, D,). If Ais a first order differential operator of (¢,7,) variables, then
we have

(2.3) AFs 5 = <

1 rd’
1+6e¥Y 1460

) (AU)F5 5,

and
1 rd’

1+6e? 14460

' <1, since 0 < a,b < 1 implies |a — b| < 1.
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We study now the apriori estimate of solution g € L>(]0,T[, HL(L?)) of the equa-
tion
Og+v-Veg+ ZLg=T(g,9).
Since in this case,
v-Vzg € L>(0,T], H;_l(Lz—l(Rz)))v
Zg, T(g.9) € L=(|0, T[, H;(H-3(R}))),
we will take
§ = Fs/(t, Dy, Dy)(6'v) " *Fs 5 (t, Dy, Dy)g € L>(0, T, Hi" (RS )

as test function, where H;"(RS ) is the weighted Sobolev space of order ¢ with
respect to v variable. Taking the H?(L2) inner product for r > %, we get,

((8,5 +v- Vz)g, F(;’(;/ (5’v>74F515/g) + (Zg, F515/ (5’v>74F575/g)

HE(L3)

= (F(gv g)v F5,5’ <5/U>_4F6,5’g)

H(L3)
H(L3)
For the first term, we have
Proposition 2.3. There exist C1,Cy > 0 independent of 6,6’ such that, for 0 <
t<1,
(O + v Va)g, Fs 5 (5'0) " *Fs )
( it +v - Va)g, F5s(6'v) 6,69 Hr(12)
> 1450 -2g, C1[|(Dy)(8"v) "2 Fs5 597
=Y [1{6"v) 55’9”HT r2) — ¢ 1[(Dy)(0"v) 575’9HH;(L5)
— Col| (") " Fs5gllrr2) -
Proof. Using the Plancherel formula, we have
((3t +v-Va)g, Fso <5lv>74F5,5/9)
1

N~

Hi(L3)

&' De) ™2 F5.5:(0 — - Ve)g, (m)*" (8" De) ™ Fs.504(t, 1, 5)) L

€

(¢
5 (0= VO D) Fopg, )" (6'De) * Fisg(tm.9)) |

€

55 (1000 2P 0= 0 Vela. (0 (D) Fysitn.9))

6

(

2m)
1

(2m)

+

)

and
(0 =+ Vo) (' De) ™2 Fs.59. ()" (' D) *Fawg(t.m.6)) |

€
- dndg
(2m)°

_1ld
T 2dt

[ 105D Pt )P

We study now the commutators term. Since (9, — - Ve)¥ = (), we have

1 rd’
—[Fs.50, (Op —=m-Ve)| = (0 —n - Ve)Fs 5 = co(€) <1 Tt 14 5,\I]> Fss,
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and
[(6'De) > Fy.o0, (85 — - Ve)] = (8'De) *[Fs.50, (8 =1 - Ve)]

1 o
(D 6) (15 — Ty ) 0'D€?) /D0 P

Moreover, we have

/ -2 <€> T5/<§> ! 2 _ 1 rd'
(6'De¢) (1+5e‘1’_1—|—5’\11><6D£> —<§>(1+56\p_1+5/\p)

+ 00072 © (155 — g ) 0

and
(6'Dg) 2 [<§> (1 +156\1/ - 1_::56/’\IJ> ’<5/DE>2}
8 (e )
—(8'De)72(8")? (D? <1 fgew N 1Ti fzﬂ)) '
Now using

(2.4) |0g, W[ = co < cot, |0gV] < Cucpt for |af > 2,

L& —pny
/0 (& —pm) 4

we can complete the proof of Proposition 2.3. O

We study now terms concerning linear operators.

Proposition 2.4. If0 < ¢y < 1, then there exists a C > 0 independent of 6,6 > 0
such that for any 0 <t <1 we have

A9, .5 (8'0) Fag)
(Zi9. oo ) Fosg)

1 _ _
> SII6"0) 2 Fssglll7.o = ClO"0) " Fo o0 gy 12 -

Proof. Note that

3 2
_ 2 Y 1 2
gmay i Danl Y
=1 1<j,k<3
7k
Then we have firstly
D2 g, Fy.5(5'0)~*F, ) z(D2_F g, (6'0)1F, )
( 0,9, Fo.60(8"0) " Fs 09 ) v, Fo.609,(0'0) " Fs 59 e

_ I \N—2 712 1aN2 (870 —2 ’ vy 72 !
_ (<5 v) =D, (0'0)(6'v) " Fs 59, (6'v) " Fss g)Hg(L%)

_ 2 1,0\ —2 1o\ —2
= (va (6'v) " Fs5.509,(0'v) Fs,&/Q)H;(Lg)

/. \—2 2 1 \2 7 \—2 7 \—2
+ (02 D8, 01 0) P Fag (00) P Fogg)

Since
(D, (0'0)%] = =26 — i46"v; D,
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we have
(412108, (021 50) o0, 070) P

< 25/2”<5/U>_2F6,5’9H%I;(Lﬁ)
+ 48| Dy, (0"0) "2 Fs 50 gll 22y 1 (6'0) "2 Fs.09 ] mrr 22

HE(L3)

_ 1 _
< 1007 |[(0"0) "> Fs.9ll7ry 12y + 511 Doy (0"0) 2 Fo o0 gly 12):
which gives

1
2 ro\—4 Tp)—2 2
(25) (DL For 00 Fang) ) 2 51D 6 P Fsglh s
—100™(8"0) "2 Fs 5091311 12

Now, for the second terms, we write

(“JQ'Q, Fss <5/’U>_4F5_’5/g) = (”32 (') *Fy9, <5/U>_2F5,5'9)

Hr(L2) H(L3)

+ (<§IU>_2[F6,5H ’U?]g, <§IU>_2F576,9) HT(L2)’

and note that

(2.6) [Fs.50, V] = 2(Dg; Fs.60)(t, D, Dy )vj = (DZ, Fs.50)(t, Do, D)
= 20;(Dg, Fs.5/)(t, Dz, Do) + (D, Fi.6:)(t, D, D) .

By using (2.3), we have

1 rd’
(DiszS,é’)(taDmaDv) = (1 ¥ e 1 + 5'\I/> (Dij‘lj)FzS,é'

(27) = j,5,5/(t;DI;D’U)F5»5/

and moreover
(ng F6,5')(t7 Dy, Dv) = ((Dﬁj Bj76,5’)(t7 D,, Dv) + Bjs. (t’ Da, DU)2)F6’5/
(2.8) = ~j,(s,zs/ (t, Dy, Do) s,

Consequently

/o \N—2 2 /o \N—2
(6 s o 50 Frsg)
< 2/[{0"0) 2 Bjs,o (0'0)*(0'0) T Fyo gl mr 12y v (60) 2 Fs 5 gllarp 12
+ [(6'0) "2 By, (6"0) 2 (60) "2 Fs.50 gl rrr (12) 1(6"0) "> Fs.5gll rrr L.2)-

Since it follows from (2.4) that (§'v) 2Bs s (§'v)? = Bss — 6"2('v)"2[Bs s, [v|?] is
an Lz(Rgv) bounded operator with a constant factor cot and the same fact holds
for BM/, we have that for 0 <t <1,

(29) (’UJQ-Q,F(S,(;/ <5’1}>*4F5,5/g)

Hi(L3)

1 _ _
> S l03(0'0) 2 P9l 02 — Coll070) ™ Forgliiy sy
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Finally, for the last terms, let f)k,j = —£10¢; + &0, . Then we have

1 B rd’
1+6e¥ 14680

(210) Ly jFs5(t,n,€) = ( ) Fsor (—&k0g, ¥ + £;0¢,0)

and hence, in view of 7§’ <1,

( — L} ;9. Fs.s <5/U>74F5,5/9)

H(L2)
~ 1 ro’ ~ 2r
- /R {(Zesm o Tvow)(TH%YE §06.Y)) Ford } (1)
. 1 ré’ _ .\ dnd§
< (Bt (1 Foer 1+ 5/@) (= 606,V +€06,V) ) (5'De) *Fod} (2m)0

> || Ly, i (6"0) 2 Fs.09ll 70 (12
— ct*C (Havj (0"0) 2 Fs.5 9l (12 + 110w, <5/U>_2F6,5'9||§1;‘(L3))
— cotCs|| L ;(6'v) " Fs5gllmr 2
X (Havj (0'0) " Fs.59ll rr 2 + 10, <6/U>_2F6,5’9”H;‘(L3))
— cot*Cull(0"0) 2 5,09l s 12y

where we have used [f)kﬂj, (5’D§>] =0, because (¢’ Dg) is radial.
Therefore, for 0 <t <1 and 0 < ¢y < 1 we get

— L2 g, Fs.5(8'v)"*F, )
(= Lhso. Foo 00 Frsg)

1 _
(2.11) > §||Lk,j<5lv> *Fs59l 7y (12)
1 _ _
- g(”avj (0"0) 2 Fs5.5 9l Hr (12) + 100 (0"0) 2F5,5’9”%{;(L5))
= Cs[(6"0) 2 Fs,50 90717 (1.2 -

Combing the estimates (2.5),(2.9) and (2.11), we finish the proof of Proposition
2.4. O

We recall the notations: ®¢(v) = u'/?(v),

D, = \/%aiflaiaafﬁéo, a = (ar,az,a3) € N3 al = oglaslas!,
with
ai,j—%ia%, 1<j <3l
1

(I)ek = qu)07 (I)2ek = (’U]% - 1)(1)07 (I)ej-l-ek = Ujvkq)o (.7 7é k)7

V2

where (e1, e2, e3) stands for the canonical basis of R3.
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Proposition 2.5. For 0 <t <1, there exists Cg > 0 independent of 0 < § < 1,0 <
3 <r~tand 0 < cog < 1 such that we have

‘ (229, Fs.5 <5’v>*4th)

< Cs||(8"0) " Fs,5 gl rr22)146"0) > Fy.o bl prr (12 -

Proof. First we recall

H(L3)

B N
+ [—AS2 —2(—AU+% - g)}mg.

Notice
3

Prg = Z(qu)ek)Lz(R%)q)eka Pog = Z (g, (I)a)LQ(R%)(I)a-
k=1 |ov|=2
Then
3 jd ~
229 = Z(g,@ek)LZ(R%)@ek + Z (9, Pa) L2 (r3) Par
k=1 |o|=2
with

b, = [Ae —2( - A+ % = )] @ = pesw)e
by = [—Agz —2(—AU + % — g)}@a :pa(v)efg,

where p,(v) are the polynomial of v-variables of 3 or 4 degrees. We then study one
of terms, where ® denotes @, , ®,,

((97 D) p2(ra)®, Fs.5(6'v) *Fs 5 h)

Hi(L?)
B / L v (®)) L2z Fo(R)(€) Fo o (8" De) ~4Fs rh(t, 1, £) (n) ™ (Clzfﬁ
m,
= | o e @O R D) skt O T

= /ff* (<5’D5*>—2F5,5/(t,n,g*)g(tmjg*)) (<5’Dg*>2fv*(@)(5*)).7:U(<i>)(§)

" Fs5(t,n, &) o dnd&dg™
Fss5(t,m, &%) (2m)?

+ 25/2 / £o (<6/Df*>_2 F6,5’ (tv 7775*)57(@7775*)) (DE*]:U* ((I))(g*))]:v((i))(g)

F5,t5’ (t7 m, 5) 2r dndfdf*
. (Dﬁ* F(S-,él (tv 7, g*) (271')9

+ §? / e (<5/D£*>*2 F(;y(;/ (t, n, f*)g(t, n, 5*)) (E}TW}-U(@)({)

y (DgM o dndéde”
> Fss(t,m, &) (2m)?

<6/D§>74F5,5/ (t, 7, f)iL(t, , 5) <77>

) (& De)*Frg (6,1 (61 E) 1)

) (5 De)*Frg (6,1 Oh(6 7€) 1)
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On the other hand, we have
co [L(€ +pn)d
Fos(t,n,€) —eco JE(E+omy— (€ +pmdp L T Jeco foff pn)dp
Fs5(t,n, &) 1 + §eco Jo (E+pm)dp

y <1 +0'co fot<§* +pn>dp>r'
1+ dco [y (€ + pn)dp

Since

(2.12) €+ pm =116+ pn)| <[(1,€ + pn)| +1(0,€ = &)
<+ o)+ L€l + €7, Ve € € R

we have, by using (2.3) and (2.4), for 0 <t <1,1<p <2,

Dp* F5,5’ (ta 7, 5)
& Fs 5 (t,m,6%)
Because, for 0 < p <2

‘ < Ot UEHIED (1 4 (g]” + |e*]").

€17 >N DEF, (8)(€) € L*(RY),

we proved that, for 0 <t <1,

((97 D) 2(ra)®, Fy.0(0'v) " Fys. 5 h)

HE(L3)

— ~ - 7 T d
gC/H(zS’Dg*} 2Fs.9(t.,)nz. 0" D)~ Fs.ht,n, )| p2 (n)* (2:)9
n

< CI{6"v) 2 Fs.5 9l mr 2y 1(6"0) "> Fs 50 bl v (12).-

Remark 2.6. Compared to (2.12), there is no constant C' > 0 such that
(€ +pm)® — (€ +pn)* < CUEI +1€7]%), V& & eR?,

if a« > 1. By this reason we do not seek for the ultra-analytic smoothing effect in
the present paper.

In conclusion, for the linear operators, we get that there exists C'; > 1 indepen-

dent of 0 <3 < 1,0 < ¢ <r ' and 0 < ¢y < 1 such that, for 0 <t <1

) S —4 ,
((& +v-Vo+ L)g, Fss(6'v) " Fis g>H;(L%)
>

. 1 _
(2.13) 1(6"0) ™ Fs,o0 gl 7z 12y + Z111000) * Foogll[70

— Crll8) B gl -

N |
|

3. DECOMPOSITION OF NONLINEAR OPERATORS

We compute now the nonlinear term T'(f, g),
Proposition 3.1.
(3.1) ((f,9), h)p2®sy = D1+ D2 + D3 + Dy + D5 + D¢ + Dr,
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with

D1 =vV2 > (f ®a,)r2ms)(as.ig,a ih)r2(ms),
1<4,5<3
i#]
Dy =- Z (f, ®o)r2(ms) (a9, a—ih) L2(rs),
1<4,5<3
i#]
D3 = - Z (fs ¢Bi+€j)L2(Rg)(a+)jg,afﬁih)L2(]Rg),

1<i,5<3
7]

Dy = Z (fs Pe;)2(r3)(9: a—ih) L2 (r3).
1<4,5<3
g
1
D5 = —5 Z (f, q)O)LQ(R%)(Li,anLi,jh)Lz(R%)v
1<4,5<3
i#£]
Dg = Z (fs @e; ) r2®s)(Lijg,a—ih)2rs),
1<i,j<3
i#]
Dr=— Y (f%c,)r2@s)(at.ig, Lijh) 2(zs).-
1<4,j<3
i#£]

where the creation (resp. annihilation) operator ay ; (resp. a— ;) is given by

vj 0
arj =35 F Av; and  Lij = vj0v, — 0y,

Proof. We begin by computing explicitly the bilinear term T'(g, f). Notice that
for all f,g € Z(R3),

1<k,j<3
— W2 () Z O, (/ ai,5(v = v.) Dy (Ml/z(v*)f(v*))Nl/z(v)g(v)dv*>=
1<k,;<3 R3
that is,
I(f.9) = O~ ) (/ ar g (=0 u 2 (0.) £(0.) (B9(0)— 2 g(v) ) dv.
1<k,j<3 R3
= 3 (0u =) ([ ansto v 2w (0150 = 0 ) gtw)ie.)
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It follows that for all f,g,h € & (R2),
((f, 9)7h>L2(Rg)

= > /RGak,jw—v*ml“(v*)f(v»(ajg(v)—%9@))

1<k,j<3

X ( — Oh(v) — v—;h@))dv*dv

S /Rﬁa,w-(v_v*)ulﬂ(v*)(ajf(v*)—%f(m))g(v)

1<k,j<3

X ( — Oph(v) — %h(v))dv*dv.

Integrating by parts, we obtain that

*

/R3 ar (v — v ) (v,) ((%f(v*) - %f(v*))dv*
T /R (v a3 (v = v.)) 2 () f(v2)don,

and this implies that

(L(f,9)h)rz@s) = Y /Rgu(v*)l/zf(v*)

1<k,j<3

(015 (0-0) (019(0) = F 9(0) 05 (a5 (0-02)) 9(0). ~Oeh(w) = Fh()) |

Since for the Maxweillian case,
arj(2) = Oujl2)* — 2rzj, 1< k,j<3.
We have that
(r(f, 9)7 h>L2(Rg)

= > [ e
1<k, j<3”R?
k#j
vk

x (0 = 20307 + (0))%) (g (v) = “2g(v)), ~Orh(v) — —h(v)>L2(R%)dv*

2 2
DN WIS

1<k,j<3
k#j
x (= (= vp) (v = v) (D39(0) = Zg(0)) + (06 = v})g(v),

o
— Okh(v) — ?h(v)>L2(R3)dv*.

We obtain that

(L(g, f)sh)2msy = Ao + A1 + Ax + Az + Ay + A5 + Ag + A7,
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with

Z /vkvuv* 1/Qf( +)

1<k,j<3
k#j

x<@g@y_%g@%_mh@y-%h@w dv.,

L2(RY)

M= X[ @)

1<k,j<3
Tk#j
3

< (Org(v) = Fglv). ~0kh(v) = Fh(w)) . dv.,

A2 = Z /R3 1/2f )<ng(v), —3kh(v) a %kh(v)>L2(JR3)dU*7

> [ vinto 2 1) (g(0),~0uh0) = Fhw)) |, don,

x (- vkv + ’Uk’l)]’UJ + vkv vi + vkv — 202vv J)g(v), h(v)>L2(Rg)dv* =0,

since > 1<k j<3 (vkv vi — vivjv J) = 0. We have also

k#j
(32) A5 = Z/ (v) 2 f (v.)
1<k,j<3
k#j
% (0F = 20509)0kg(0) + (= vyoy + k0] + 0300 039(0), ~Okh(v) ) . dvs,
and
2: / Y2 f(02) (0k0;9(v), (—0r0j+0r0] +000)h(0)) o s A0
1<k:_]<3 N
k#j
1 * *
5 Z / 1/2f )<(—Uk’l)j+’l)k’l}j+’Uj’Uk)g('U),’Uja]gh('l))>L2(R3)d’U*,
1<]57£J<3 v
J

3 2 [ 0 (0,009(0), () = 2000)h(0)) g
1<k;<3 !
k#a

Z / (vs) 1/2f v*)<( vEv; — 2005 )g(v), vj[)kh(v)>L2(R%)dv*

1<k <3
kg
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It follows from (3.2) that

Z / 1/ f(v )<vj8kg(v) — v0;9(v), —vj(?kh(v)>L2(R3)dv*
1<k7£]<3 !
k#j

+ Z / DY f( v*)<—2vjv;-‘8kg(v)—|—(vkv;—kvjv,j)@jg(v),—8kh(v)>L2(Rg)dv*

1<k,j<3
k#j

In the sequel, we shall use several times the (obvious) formula > 1<k j<s g, =

k#j
> 1<kj<s @j k. We notice that
kot
Z (v;0,pg(v) — vp0j9(v), —vj[)kh(v)>L2(R3)
1<k,j<3 v
kg
1
= 5 Z <v]6kg( ) _Ukajg( ) _Ujakh( )>L2(R3)
1<k,j<3
k#j
1
+ 3 Z (vk0;9(v) — v;0k9(v), —vkajh(v)>L2(R3)
1<k,j<3 N
k#j
1
= -3 (v;0kg(v) — v 0;9(v), v;Oh(v) — vkajh(v)>L2(Rg),
1<k,j<3
k#j
and
(= 20;v50kg(v) + (vxv] + vjv5)0;9(v), —8kh(v)>L2(R3)
1<k,j<3 N
k#j

= Z [<vj8kg(v),v}‘@kh(v»m(m)+<v;8kg(v),vjakh(v)>L2(R%)}
1%;2;3

- Z <Uk8jg(v)v U;akh(v»L?(R%)

1<k ;<3
k]

- Z (v5 kg (v), vkajh(v»m(m)

1<k, j<3
kot

= > [(wkg(v) = vrdsg(0), v RAD)) 12 s
1<k,j<3
k#3j

+ (v} Okg(v), v;0kh(v) — vkajh(v»Lz(Rg)],
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This implies that

Z / DV () (v;Okg(v) — vrDjg(v),

1<k J<3
kg

v;Okh(v) — Uk8<h(v)>L2(R3)dv

30 )20 [ (0,000(0) = 00,0000, k() s
1<,f7£]<3

+ {Okg(v),v;0h(v) — vkajh(v)>L2(Rg)] dv,.

On the other hand, we may write that

As + A? =
3D N WICS ER(CAIE O]
1<k <3
kg
(—vkvj + vEv] + Vv + v — 2Ujv,t)h(v)>L2(R%)dv*
Z / (02 f (v D{((—vrvj + vV} + V05 + vy — 20p05)g(v),
1<k <3
kg
vjakh(v)>L2(R%)dv*
It follows that
Ag+ A7 = — Z / 1/ f v*)<vk8]g( )s (vpvF — vij)h(v)>L2(R%)dv*
1<k <3
k#j
Z / (0) 2 f( (vs)((vj05 — vrv})g(v), v;0kh(v )>L2(R%)dv*.
1<k <3
k#j
This implies that
Agtdr=—7 Y / V2 F(0.) (kD9 (0) — v 9kg (v),
1<k <3
k#j

(vkv; — vij)h(v)>L2(R%)dv*
/RS ,u(v*)l/2f(v*)<(vjvk vV )g(v), v Ok h(v )—vkﬁjh(v)>L2(R%)dv*,
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that is,

Ag+ A7 = 5 Z / ’U 1/ f v*)<1)]8kg( ) - vkajg(v)vvkh(v)>L2(R3)dv*
1<k7£]<3 R3 !
k#j

§ : / )Y2 f(v D{(vg(v),v;0ch(v) — vk({)jh(v)>L2(R3)dv*
1<k <3 N
k]

We obtain that

(T(f,9),h)r2rs) = E1 + E2 + Es + Ey + Es + E¢ + Ex,

with
B 2 ul/2 Yk - —
Ei= Y (fin >L2(R3)<akg —Okh =3 h>L2<R3>’
1<k,57<3 ’
kg
_ 1/2 - —
Ey = Z <f7 UEVj | >L2(R3)<8J9 2 —Okh 2 h>L2(R%)’
1<k,57<3
kg
- 1/2 — _ Uk
Es = Z (fm >L2<R3><Uk97 Oh =5 h>L2<Rg>’
1<k,j<3
kg
. 1/2 _ _ Uk
Ey= Z (fsvkp >L2(R2><9’ Okh 2 h>L2(R3)’
1<k,j<3
k]
1
By =5 > (1) e (viOkg — vkdig, 00kh — vdjh) o o,
1<k,5<3
kg
Uk
Eg = Z (f, vju1/2>L2<R2><“ja’“g — ok0ig, Ouh + 7h>L2<R3>’
1<k,j<3
kg
Vi
Br= > f, i) ey (Oh9 = 5 9 00h — v’“ajh>L2<Rz>'
1<k,j<3
kg
This is exactly (3.1). -

4. TRILINEAR ESTIMATES WITH EXPONENTIAL WEIGHTS

Proposition 4.1. Let 0 <t <1 and 0 < co < 1. Ifr > %, then there exists

Co > 0 independent of 6,0", co such that we have for suitable functions f,g,h,

|(T(f,9), Fs.o(6"0) " Fs.o0h) rir 1) |
(4.1) < CollFso fllmzcezy (11(6"0) 2 Fs 50 glllro + 1(6"0) > F5.5:9ll 17 (12))
x (||[(6"v) "> Fs,5h||r0 + 1(6"0) > Fs bl mr(12)) -
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We consider the nonlinear term (I'(f, g), Fs,s(6'v) ~*Fj55h) gr(r2) . For instance
we estimate a term of Ds, that is,

/Rs (f,90)L2(w3) (Lk.jg: (D2)* Ly j F5. 50 <5/U>74F5,5/h)L2(R%)d$

x

- F1 = 7€) B0 (E0) 2251, €)di
/( 2n)?

< >2rijF55/<5 D§> 4F§6’ (77 é') (d’l]d)f
:/ ( Fon—1,6)80(6) 5ss ad =Lk ;90 §)d77)
RS R3 ( )
X (n)*" Fy.50 Li (8" De) =4 Fy 50 h(n, €) (Cmd)5
T . .
+/RG (/Rgf(n—n,ﬁ*)fb (& )(%) L o(7 é)dn>
X (n)?" (L, F5,5/)(8' De) = F5 5:h(n, €) (dnd)g

=17+ Is.

We consider

e¥ "
Fos (0. )00)" = 5w )((1+<n§/w>> = Fyo G

By means of (W + V) < (W) 4 (V), we have
t t R ~ t
/0 (€ —pmydp < /0 (€ + & —p(n—10)— pidp +/0 (&)dp

< / (& — pln —i))dp + / (& — pil)dp + tE.).

Noting that F5(X) = eX /(1 + de¥) is an increasing function and that
F5(X +Y) < 3F5(X)F5(Y),
we have
Fso(t,1,€) < 9Fs0(t,n — 1, &) Fo,0 (8,77, €)e! &) |

Since W(t,1,&) ~ cot(1 + |€]% 4+ t2|n|>)*/? and (1 +Y)/(a + bY) for any constants
a > b > 0 is increasing in Y, there exists a constant C' > 0 independent of §' > 0
and (t,£),n, 7 such that

(n—m)" + )"
(140" (t,7,6)"

Consequently, for another constant C7 > 0 independent of §' > 0 and (¢,&),n, 7 we
have

(42)  Fss(t,n,&)(n)"
< Cr ({n = )" + (0)") Fro(t,n — i1, &) Fsor (1,7, )€

G5’ (tu 7, 6) < C
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= /RG ( s f(n —7775*)&)0(5 )(253 L;w<6 D£> (ﬁ,f)dﬁ)

X ()" (8" Dg)2F 50 Ly, ; (6" De) =4 Fs 5 h(n, 5)(77(1)5
d€.

:/Rs ( 2 =i, €)o(&. )( ) 5L (0'De) " (ﬁaé)dﬁ)

dndg
(2 )

X ()% Fs 5 Ly, ;(8' De) =2 F5 5:h(n, €)

F n df* T / ~ ~
X (1)*"[(0' D)2, Fs,0) (0' D) =2 L (6 De) =2 Fs, 7 h(n, 5)(7761)5

=T11+T12,
where we have used again [ikyj, <5’D§>} = 0. By means of (4.2) and Young in-
equality, we get
T3l S 1) Foo( € F (o &l maqasy e € =16 /) o gy

X || F5,50 (-, €) L (6" De) 24, )||L2L1HLkj<5/v>72F5,5/hHH2/2+5L3

+ [ Fs0( &) f (-, Ellrz, Lo flecot @) e T /4HL2(R2*)

X () Fog0 (- €) L i (6" De) "2, ) 2oy | L, (8'0) ool rp 22

S Fsof | apa) 1 Fs.or(0'0) "> L jgll 2y | L. (6'v) " Fs ohll mrr2) -

By the same calculus as in (2.6), we note that

Fs.50(t,m,Dy) = (8'0) 2 Fs 5:(t, 1, Dyy) {6'v)?

3
+26/22’Uj<6/’1) (Dg Es, 5/)(t n, D 6/2 5/ QZ Dg Fy, 6’ t 77,D )
j=1

j=1
By means of (2.3) and (2.4), there exists a constant Cs > 0 independent of
t,n,8,8" > 0 such that for H(v) € L3(R?) we have

|| Fs.5 (t,n, Do) H|| 2 <[|(6"0) > F55 (t,m, Dy)(8'v)* H|| 2
+ Cgd'co|| Fs,50 (t, 1, Dy)H|| 12,
and hence
| Fs,6(t, 0, Dy)H|| 12 < 2|[{6'v) " Fs.6:(0'v)* H|| 2
if ¢9Cs < 1/2. Consequently, we obtain
1 E5.50(0"0) "2 L jgll 22y < 211(6"v) "> Fs 5 L jgll my 2)
< 2| Ly j(6"0) " Fs.69ll rrrrzy + 20(6'v) "2 [Li.j, Fo.60)9 )| mrr2)
S Lk (80) " Fyogllmr 2y + | Do, (6'0) > Fs 59l (12
+ || Do, (8'0) 2 Fs 509l mr(r2) + 1(6"0) > Fs.50 gl rr(r2) -
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Here we have used (2.10) at the third inequality. As a consequence, we obtain
ITal S 1 Fs0f ez (11(0'0) "> Fs.5glllro + 11(6"0) "2 Fs 519l m7L2))
x ([[146"0) " Fo.5hll[r0 + [1(6"0) " Fs.5 bl mrp(r2)) -
Since it follows from the almost same calculation as in (2.6), (2.7) and (2.8) that
(6" De)?, Fy,5] (6" De)™*
3

((De, Fo.o) (26 De, (' De) ™2) + (DE Fis.51)8 (' Dg)~?)

j=1
3

= i (t.0.©) Y (Brs (61,6 (26 De, (' De)™2) + B (1.0 (9'De)2)
7j=1

and since the last factor is a bounded operator, the estimation for I'y 2 is similar
to the one for I'; 1,
As for the estimation of T'y, we recall (2.10). Then

[Lij, Fs.5)(8' De) ™2 = iFy.g (Bk_ng _ Bjyg_,g,gk) (6'De) 2

5’2D£ 5/2D
_ , 8! B S -2 Sk
— iFs (Bk,g,a (/D) (& ~ 2izgpos) — Bisartd' Do)~ (6 —2igp ) |
Writing

Fs5.5/Br.s.5(6'De) ™% = Fs 50 (0'De) ™2 (Bk,é.,é' + [(0'De)?, Bk,é,é']<5/D£>72)v

we see that the estimation for I'sy is quite similar to the one for I'y, because there
exist bounded operators Ry, R;, R;  such that

[Ly,j, Fs,5](8' De) ™2 = Fs 5 (8' De) =2 (Rkéj + Rk + Rj,k) -

Thus we have a desired estimate for Ds. For the other terms D;, we remark that
[+, (0’ D¢)] # 0, but it is bounded, whence we also can estimate them by the same
procedure. We omit the detail.

5. END OF PROOF OF MAIN THEOREM

In the first subsection we show the local existence of solution in [0,1] and its
analytic smoothing effect. We remark the stability and uniqueness of this local
solution in the next subsection. In the last subsection we complete the proof of the
main theorem by using the global existence theorem given by Guo[22].

5.1. Existence of analytic time-local solution.

Lemma 5.1 (local existence for a linear equation). Let r > 3/2 and 0 < ¢y < 1.
Assume that 0 < § < 1. Then there exist g > 0 and Cy > 1 independent of § such
that for any 0 < T <1, go € HL(L?), f € L>([0,T); HZ(L?)) satisfying
(5.1) 15,01l Lo (0, 11: 17 (L2)) < €0,
the Cauchy problem

7] “Vag+ Lg=T(f,9),
(5.2) kg +v-Vag+Lg=T(f.9)

gltZO = go,
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admits a weak solution g € L>([0,T]; HL(L?)) satisfying

T
(5:3) [ Fsogleqorpa ey + / 1E5.09()[120ds < CollgollZy z2).
Proof. Consider
Q=-0+ (- Vot L-I(f,))",

where the adjoint operator (-)* is taken with respect to the scalar product in
HT(L?). Then, by using (2.13) and (4.1) with §,6’,co — 0 we see that for all
he C>([0,T],S(RS ,)), with h(T) =0 and 0 <t < T,

1d
Re(h(t), Qh(D)) yy 2y = 5 g (Il ce2)

+ Re(v - Vzh, h)Hg(L%) + Re(Lh, h)H;(Lg) — Re(T(f, h), h)H;(L%)

1d 1
> = S S (AN ) + IA@IZ0 - Gl s

= CollF )1z ez IR0

because L is a selfadjoint operator and Re(v-Vih, h)gr(r2) = 0. Since (5.1) implies
Il fll Los (0,777 (L2)) < 2€0, We have

d 1
— (OO ey + 5 RO

< 2620 (1) | 1 ) | QB0 s 2,
if 16e9Cp < 1. Since h(T') =0, for all ¢ € [0,T] we have

1 T
10O ey + 1 / A2 dr

T
< 2 / 2T g ) | QR (T Ly 22 d7
t

< 26*T| bl oo (o, 1317 (22)) | QN L1 (0,7, 17 (12))> 80 that

(5:4) ol o1z () < 26*T Qb 20,77, 11523))-
We consider the vector subspace
W ={w=0Qh:heC>®(0,T],SRS,)), h(T)=0}

c L0, T, H(L2)).

This inclusion holds because it follows from Proposition 3.1 that for g € H?(L2)
(@) hs 9 2y = [(h T(f, ) mr oy | S I a2y L9l ar ez 10) 2Bl e a2

and hence, for all ¢ € [0,T],

ICCE ) Pllarcezy S W as e 102 Rl g ey
Since go € H(L?), we define the linear functional

G : W —C
w =Qh +— (go, h(0)) r(L2)
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where h € C>([0,T],S(RS ,)), with 2(T) = 0. According to (5.4), the operator Q
is injective. The linear functional G is therefore well-defined. It follows from (5.4)
that G is a continuous linear form on (W, || - ||z1(jo,1);7 (22)))>
G(w)| < [lgoll rz£2) 17 (0) || 7 (r.2)
< 2T goll 221 Qb L1 o,y pz(12)
= 2"\ goll prr (2 1wl L1 o, 7y 7 (22)) -
By using the Hahn-Banach theorem, G may be extended as a continuous linear
form on
LY([0,T); Hy(L7)),
with a norm smaller than 2¢>957 || go || 77 (2. Hence there exists g € L>([0, T]; H;(L2))
satisfying
gl e o, 77, 22 22)) < 2€°*T ||goll mrr (22),
such that

T
vwe L(OTHIED). Gw) = [ (alt)w)uwst.

This implies that for all h € C§°((—o0, T),S(RS ,)),

T
G(Qh) — /O (9(t), Qh(t)) sy (12t

= (90, 7(0)) mr(L2) -

This shows that g € L>([0,T]; HZ(L?)) is a weak solution of the Cauchy problem
(5.2).

It remains to show (5.3). Noting that g € L°°([0,T]; H:(L?)) implies, for any
5>0,0>0,

() (t7(Dy)" + 77 (Da)")(8v) * Fs,5rg € L=([0, T); Hy(L3)),

we multiply the first equation of (5.2) by Fs s (6'v) *Fssg and take its HT(L2)
inner product. Then it follows from (2.13) and (4.1) that for 0 <t <T <1

(5.5)
1d _ 1 _ _
§EII<5'U> Fs59l 3y 12y + LA 2Fss9ll17.0 = Csll(0"0) "> Fs 5y 1)
< 2C0l1Fso fllazazy (11670 2FssglliZo + I16"0) 2 Foogliy 2, )
Since ¢q is chosen small enough that 16¢oCy < 1, we get

_ 1 (T i
[[(6"v) 2F575’g||%w([O,T];Hg(Lg))+Z /0 1[(6"v) =2 F5.5:9(s)[|2 odls

< 265 (') 2 g0l 3 (12
which yields (5.3) with Cy = 8¢3%¢, by letting §’ — 0. O
Theorem 5.2 (analytic time-local solution). Let r > 3/2. There exists an €1 > 0
such that for all go € HEL(L?) satisfying
lgollzrz2y < €1,
the Cauchy problem (1.4) admits a solution such that
gt) € ARE,), 0<Vt<1.
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Furthermore, there exists a 0 < ¢; < 1 such that,
ecl{tQ(7AI)1/2+t(7Av)1/2}g(t) c Loo([o7 1],H;(L12))),
more precisely for any 0 <t <1
e JE2(—A /2 _ 1/2
(5.6) [[ect (Al AR ()] e (12) < v/ Collgoll mr(r2)-

Proof. Consider the sequence of approximate solution defined by

(5.7) {8tg"“ +v Vet + L =T(g", "),
9" =0 = go,
with
0 = e~ EDDY) o

We apply Lemma 5.1 with f = ¢™ and g = g"t! by assuming v/Coe; < €. Then it
follows from (5.3) with 7"= 1 that for n > 1

1
(5.8) H%MW$W%@@M+A|Mm¢®m%®§%wﬂ%@@ﬁﬁ

holds inductively because ||F509°|arz2) < llgollar(r2) < €1 < €. Setting w™ =
g™t —g", from (5.7) we have

Ow" +v - Vew" + Lw™ =T (", w") +T(w" 1, ¢g"),
with w™|;—¢p = 0. Similar to the computation for (5.5), we obtain

1d — n 1 — n — n
S 100 2 Fs g Iy ) + 7 I10'0) 2o g [[20 = Coll(6"v) 2 Fosrw™ g 3y
2dt 4
< 2G| Fs0 9" lizazy (K60} 2 Faorwo™ |20 + I160) 2 Faoro™ 31y 13))

_ _ n 3 N 1/2
+2Co| Fsowlizaz) (I160) 2 Fasg™lI120 + 160)* Foog™ Iy )

B n B n 1/2
x (16'0) 2 Fram |20 + 16'0) 2 Fraw 30 )
1 _ n - n
<(2C01Fs0 9" lye) + 15 ) (1002 Frgw |2 + 1460 2 F o™ Iy u) )
+ 32C5 | F5.0 0™ M [T e 0,17; 17 (22
x (160'0) 2 Fsrg 120 + 146'0) 2 Fosrg™ Iz 1)) -

which implies

[1{0"v) 2F6,6/w ||%oo([o,1];H;(Lg))+§/O [11(6") 2F575/w (T)|||3,od7

1
< 64036308(/0 1 F5.09™ (D17 gdT + ||F5,OgnH%OO([O,l];H;(L%)))

X |1 Fs0w" ™ oo (0,117 (12))
< 64C7e°7 X 265 Fo,0w™ [T e (0,17, 117 (22)) +

because of (5.8) and 16c0Cy < 1. Letting 6’ — 0, we see that there exists a
0 < A <1 such that

1 00 2w f0,77: 11722y < AllFo.0 "™ |70 0,7 11222
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if €o > 0 is small enough so that 128CZe3%s€2 < A. By taking § — 0 we see that
there exists a local solution g € L*([0,T]; H5(L?)) of the Cauchy problem (1.4)
such that

le¥ (9" — Dlo(o,1);m7(22)) = 0 as n — oo,
and
1
le¥ 912 o1y 22)) +/0 e g()lI70ds < Collgollzrrz2) < €5 -

By means of Lemma 2.1, we get the desired estimate (5.6). O

5.2. The stability and uniqueness of time-local solution.

Proposition 5.3 (Stability and uniqueness). Let r > 3/2,0 < ¢y < 1 and let
€0 > 0 satisfy 16Cheq < 1 for the constant Cy in Proposition 4.1. Let 0 < T <1
and let g;(t) € L>([0,T); HL(L?)), j = 1,2 be two solutions of the Cauchy problem
(1.4) with initial data g1,0, 92,0 € HL(L?), respectively. Assume that

”e\PngL“’([O,T];H;(L%)) < o,

and there exists M > 0, such that

T
e glf ooz + | Me¥aa(o)Eods < 1.
Then there exists a Cpy > 1 independent of co such that

(5.9) lle¥ (g1 — 92)H%°°([0,T];H;(Lg))
T
+ /O lle¥ (91 = g2)(s)I[2.0ds < Carllgon — go.2llzr (r2) -

Remark 5.4. It is easy to see that this proposition holds in the case where co = 0,
that is, ¥ is replaced by 1. Therefore the uniqueness of solutions belonging to
L>°([0,T); HE(L?)) holds under above conditions with e¥ = 1.

Proof. Putting w = g1 — g2, we have
w +v-Vyw+ Lw =T (g1, w) + T'(w, g2) ,

with an initial datum w|;—¢o = go1—go.2 € H(L2). Similar to the proof of Theorem
5.2, we obtain

1d
sz l¢

1 _ _
< (2C0olFsogillizwzy + 7¢) (160 2 FsswllZe + 1670) 2 Fopwllly zz))
+ 32C5 (| F5.0 wll3pr 12
% (I60) 2 Frgal 20 + 16'0) " Frogallfzus, )

which implies

_ 1 _ _
d'v) 2F6,6’w||§1;(L3) + Z|||<5/U> 2Fé,é’w|||z,o — Cs]|(6"v) 2F5,5’w”%{;(L3)

_ 1 _ _
(6"0) 2 Fs 5wl 3y (12) + §|||<5/U> 2Fsow||[29 — 3Cs|[(6"0) "2 Fs 50wl r 12
< 64C3|| F5.0 |3y 12y (11(8"0) " Fs o0 gall[7 g + M) .

4
dt
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By integrating from 0 to ¢ € (0,7, we get

N I N
[[{6"v) 2F6,5’w(t)||%r;(L3)+§ /0 [1(6"v) 2 Fs 5w (7)||[? o dr

t
< (0|2, (1) + 64¢°<T0C2 / 1 Fso ()3 a2 (M + lle¥ g2 (M) 120 ) dr
Let & — 0 and denote the right hand side by Y5(¢). Then
Y3 (1) < 646°T0C3 (M + | gu(0)]|120) Vs (8), ae. ¢ € [0,7],

so that we obtain

Ya(t) < 0(0) g2y e P CBMTHLT MmO )

Finally, letting § — 0 we obtain the desired estimate (5.9). O

5.3. Time global solution and its analytic smoothing. To show the existence
of a global solution and its analyticity smoothing, we refer the following theorem
that was first proved by Guo[22] in the torus T2 case and was extended to the whole
space R3 by Yang-Yu[34];

Theorem 5.5 ([22, 34]). There exist some positive constants e3 > 0, C1g > 1 such
that if go € H®(RS, ) satisfies ||gollgs =< ez then the Cauchy problem (1.4) admits

a unique global solution g(t) € LOO([O; o0); HS (RY)) fulfilling
sup lo®llms . < Crollaolas .
0<t<o0o
Assume that 0 < e3 < (¢1)®/(8!Co) min{e; /Cho, €2} and ||go|l gr(r2) < €3. Let

1 < 7 < 2 and apply Theorem 5.2 with the initial time tg = 7 — 1, in view of
VCoes < €1. Then for any 7 € [1,2] we have

c1((— 1/2 4 1/2
e (7 A=) (=4) )Q(T)HH;(Lg)
(5.10) = [|ecr(((T=t0)*(=Aa) /2 (T—t0)(=Au) /%) g 1)
< VOollg(to)llmr(rz) < VCoes,

which implies the existence of local solution g(t) € L>([0,2]; H.(L?)) satisfying

lrz(22)

8!
sup [[g(t)||lgs . < —z v Coes < ea.
[1,2] It )”H” (c1)®

By using Theorem 5.5 with the initial time ¢; = 1, we obtain a global solution
g(t) € L>([1,00[; H3 ,(R®)) satisfying

8!
sup |90z 2y < sup [[g()]las , < 75V CoCio€s < e€1.
[1,00[ [1,00] ' (c1)
For 7 > 2, apply again Theorem 5.2 with the initial time ¢ty = 7 — 1. Then we

obtain

e ((— 1/2 1/2
SI;I;HB H(=8e)7 (= 40) )9(7’)HH;(L3) < \/0951;1[2)||9(7'— Dl arzzy < v/ Coer.

This together with (5.10) and Theorem 5.2 complete the proof of (1.5).
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Global stability and uniqueness. It follows from Proposition 5.3 and the

stability of global solutions in Theorem 5.5 that the stability of analytic global
solutions holds. In fact, for any fixed T > 2, if t € [2,T] then

o ((— 12, 1/2
[Jecr(ZR=DTHEADT (g1 (8) — g2 (8)) | arr 2y < VCrllgr(t — 1) — g2t — 1) e 12

< VOuCrllgi(1) = g2(1)l s,

8I1Cr er((— /24 (_ 1/2
< VOuisle HEATH AT (g1 (1) = go (1))l 22)

81Cr
< (OM)@ 901 — go,2llmr(r2)-

The case 1 <t < 2 is an easy consequence of Proposition 5.3. Thus the uniqueness
of global solutions holds. Now the proof of Theorem 1.1 is complete.
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