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THE TORSION IN SYMMETRIC POWERS ON CONGRUENCE
SUBGROUPS OF BIANCHI GROUPS

JONATHAN PFAFF AND JEAN RAIMBAULT

ABSTRACT. In this paper we prove that for a fixed neat principal congruence subgroup
of a Bianchi group the order of the torsion part of its second cohomology group with
coefficients in an integral lattice associated to the m-th symmetric power of the standard
representation of SLy(C) grows exponentially in m2. We give upper and lower bounds for
the growth rate. Our result extends a a result of W. Miiller and S. Marshall, who proved
the corresponding statement for closed arithmetic 3-manifolds, to the finite-volume case.
We also prove a limit multiplicity formula for combinatorial Reidemeister torsions on
higher dimensional hyperbolic manifolds.
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1. INTRODUCTION

1.1. Torsion homology growth of arithmetic groups. An arithmetic group is, roughly
speaking, a group of the form G(Z) where G is a semisimple Q-subgroup of some GL,,. It
is then a lattice (discrete subgroup with finite covolume) in the Lie group G(R). If I' is
such a group, given a Q-representation p of G on a vector space V' there exists a lattice
A C V(R) which is preserved by p(I'). The cohomology groups H*(I'; A) are then finitely
generated Abelian groups and as such they split noncanonically as a direct sum

H*(T; A) = H¥ (D A) free @ H*(T; A tors

where H*(T; A) free is free abelian and H¥(T'; A)yps is finite. The classes in the free sum-

mand can be interpreted as automorphic forms for the group G and have been extensively
1



2 JONATHAN PFAFF AND JEAN RAIMBAULT

studied both from the theoretical and the computational perspective. More recently the
torsion subgroup and mod-p classes have attracted a lot of interest from number theorists,
as it gained significance in a mod-p analogue of the Langlands programme (see for example
the work of N. Bergeron-A. Venkatesh [BV13], F. Calegari-A. Venkatesh [CV12] and P.
Scholze [Sch15]) and, perhaps less prominentely, for links with the K-theory of number
fields (see [CV12, 9.7] and V. Emery’s paper [Emel4]).

Our topic of interest in this paper lies purely on the side of the study of the groups
H*(T'; A), without any further number-theoretical considerations (though number theory
will feature prominently in our arguments). More precisely, motivated in particular by
the above it is interesting to study the growth rate of the size |H*(I"; A)sops| when either
the group I' or the representation p (and thus the [-module A) varies. The question of
studying sequences of congruence lattices in a fixed Lie group G(R) is the topic of the
seminal work [BV13]. We note that this reference dealt only with uniform lattices and
that further work on non-uniform lattices by the authors of the present paper is in [Pfal4]
and [Rail3]. In [BV13] it is conjectured that, for a lattice I' C G(R)and a fixed I'-module A
as above and a sequence of congruence subgroups I'),, C F,E] the size of the group H*(T',,,, A)
is asymptotically exponential in the covolume of T',,\G(R), with a rate depending only on
G(R), if the following two conditions are satisfied:

(1) k= (d+1)/2 where d is the dimension of the symmetric space of G(R);
(2) G(R) has “fundamental rank” equal to 1, for example G(R) = SO(n, 1) or G(R) =
SL;(R).

Otherwise they conjecture that the size of H*(T',, A) is always subexponential in the co-
volume. They prove their conjecture when G(R) = SLy(C) x K (with K compact, so that
d = 3 and the fundamental rank is 1) and p is a symmetric power of the adjoint represen-
tation. The general case is completely open at present, though they prove that exponential
growth occurs in at least one of the groups H*(I',; A) in the cases where it is expected
(when G(R) has fundamental rank one). Let us note that is this cas G(R) = SLy(C) the
conjecture is also of interest to topologists, see for example [Lel4].

We will study what happens when we fix the arithmetic lattice I' and vary the represen-
tation p. In this setting it is expected that a statement similar to the Bergeron—Venkatesh
conjecture should hold, with covolume replaced by a function of the Z-rank rankyz(A(m))
(see e.g. [MP14b]). We only study the case where G(R) = SLy(C) and the sequence of
representations p,, = Symm™(p;) of G(R), where p; is the tautological representation of
G(R) on C2. The most obvious Q-forms of SLy(C) which admit Q-representations which
become p; over the reals are the Weil restrictions of the groups SLs /F where F' is an
imaginary quadratic field, that is F' = Q(v/—D) for some square-free integer D. The
associated arithmetic lattices are (up to commensurability) the so-called Bianchi groups
I'p = SLy(Op) where Op is the ring of integers in Q(v/—D). Note that they represent
all commensurability classes of nonuniforms arithmetic lattices in SLy(C). Fixing D, it is
obvious that the lattice O% C C? is stable under p;(I'p) and we are thus interested in the

n fact Bergeron and Venkatesh only consider exhaustive towers of such groups, but in view of IABB™17,
Section 8] it is natural to extend their conjecture to all congruence subgroups.
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groups H*(T'; A(m))tors as m tends to infinity, where
A(m) = Symm™(Op)

and I' C I'p is a fixed subgroup of finite index. We will restrict to the case where I is a
principal congruence subgroup, that is

I'=T(a):= {(CCL Z) € SLy(Op) :a,d € 1+a, b,c e a}.
Our main result is then the following.

Theorem A. There exist constants C1(I'p) > 0, Co(T'p) > 0, which depend only on T'p
such that for each non-zero ideal a of Op with N(a) > C1(I'p) one has

Wyt <1og|H2<r<a>;A<m>>m|> 1 vol(X) (1 ) 01<PD>> -

Im 1n m2 = T N(a)
and
1.2 hgjo%p (10g|H <F(2;A<m))tom’> < VOIETXa) (1 n 0]2\;(115)) .

Finally, we also have
(1.3) [HY(T(a); A(m))iors| = O(mlogm),
as m — oo.

We were not able to prove the expected limit
log |H?(T'(a); A ors 1 1(X
o Lo Tog (T (@)s AGm)ars| 1 vol(Xa)

m—00 m2 2 ™

but it is conceivable that various refinements of our arguments could be used to do this. The
constants C1, Cy(I'p) can be made explicit, and if the class number of F' is one and O}, =
{1}, we can take C1(I'p) = 4 (this is the case exactly for D = -7, —11,—19, —43, —67
and —163 by the Heegner—Stark Theorem).

We end this introductory section with a few comments on the analogue of our result for
a uniform I, which was studied by S. Marshall and W. Miiller in [MM13]. The simplest
case is then when G is the group of norm 1 elements in a quaternion algebra A over an
imaginary quadratic field F; and T" is (a torsion-free congruence subgroup in) the set of
units in an order O of A. The representation py is the adjoint representation and it can
be defined as a rational representation for G since it is isomorphic to the conjugation
action of G on the subspace U of purely imaginary quaternions in A ® C, and the lattice
A(2) = UNQO is stable under T as are its symmetric powers A(2m) C Symm?®™(C?). Then
Marshall and Miiller prove that

lim log | H?(T; A(2m))tors| _ ZVOI(XQ)‘

m—00 m2 e

For higher-dimensional groups G(R) there are results of the first author together with W.
Miiller [MP14b].
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1.2. Sketch of proof. The statement on H'is deduced from explicit computations,
see Lemma . For H? the upper and lower bound are proven separately, and by very
different methods. Since the proof for the upper bound is much shorter and more straight-
forward we will explain it first.

In general it is very easy to get rough bounds for the order of all torsion subgroups of
H*(I'; A(m)) of the same order as in (1.2). We will first explain the idea for the similar
case where one considers a sequence I',, C T of finite index subgroups and want to get
exponential bounds in [I" : T',,] for the torsion subgroup of or H*(I',,; A). Let X be the
symmetric space of G(R) and X = I'\X, which is a K(T',1). There exists a local system
L of Z-modules A on X such that H*(I'; A) = H*(X;L£). There exists a triangulation
T of X, and lifting it to X,, = Fm\X we get a triangulation 7;, of X,, with at most
C[I" : T,,,] simplices in each dimension, and where each simplex is incident to at most C
other simplices of the same dimension (for some constant C' depending only on X'). This
means that the cohomology H*(I',,;; A) = H*(X,,; £) can be computed from the cochain
complex (C*(T,,; L), d,) which satisfies

ranky (C*(T,,; L)) < rankz(A) - [[: T,,]

and the entries of each differential dj, are uniformly bounded (depending on coefficients of
p(7y) for v in a finite subset of T') and at most C' are nonzero in each column. So H*(T,,; A)
embeds into Z"/AZ® where r,s < [I' : I';,] and A is a matrix with at most C' nonzero
entries in each column, and by a well-known lemma in elementary linear algebra it follows
that the torsion is at most (C")['"' (see Lemma . This method was used in [Saul6]
in a different context.

When varying A things are different since entries in the differentials dj can be arbitrarily
large, but in our case where p,, = Symm™(p;) they can be at most C™ (for some C
depending on T'). Since the rank of the C*(X; A(m)) is linear in rankz(A(m)) = m it follows
from the same lemma that the torsion in H*(I'; A(m)) is (roughly) at most (C"™)™ = C"™”.
To get the more precise estimate (|1.2)) we use a few more tricks.

Getting a lower bound for the torsion in H? is much more involved. In fact we, following
the earlier work [BV13] and [MMI13], prove the abundance of torsion classes via a some-
what indirect path. First we need a “limit multiplicity formula” for the analytic torsion
Tx,(X; E,,.) (see Section |2 for the definition—here and later E, is the flat vector bundle
over X associated to the representation p) as in [BV13, Section 4]. This means that

(10gTX0(X;Epm)> _ _vol(X)

lim 5
m—+oo m 21

In our context such a limit is proven to hold by the first author and W. Miiller in [MP12].
Then we use an equality relating the analytic torsion to a Reidemeister torsion 7p5(X; E,,,,)
(see Section 4| and [Pfal7] for the definition), and following [BV13|] we relate the latter to
torsion homology. Bergeron and Venkatesh as well as Miiller and Marshall use an extension
of the classical Cheeger—Miiller theorem due to Miiller and J.-M. Bismut— W. Zhang, but
for non-compact manifolds we need a recent result of the first author [Pfal7]. There are
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actually some additional terms in the formula for cusped manifolds (see Proposition
below), and while a more thorough analysis might show that they disappear in the limit
we use a simpler trick, which gives us only a lower bound on the exponential growth of
Reidemeister torsion (Proposition . A similar result was proven by P. Menal-Ferrer
and J. Porti in [MEP14], for a different normalisation of the Reidemeister torsion that we
cannot use here and using very different methods.

Once we get this exponential growth it remains to extract the behaviour of the specific
torsion subgroup H?(X;A(m)) from that of 7s;5(X; E,,,). This is the main new contribu-
tion of our work, and we will now detail a bit how this is done. The relation of Reidemeister
torsion with cohomological torsion is given by:

_HNTAM))tors| - R (X, L(m))
|H2(T; A(m))sors| - RM(X, L(m))

(15) TEis(X; Epm)

where the “regulator” terms R¥(X;L(m)) are defined as the covolume of the lattice
H*(X;L(m)) C H*(X; E,, ) where the right-hand space is identified with a space of har-
monic forms with the L?-metric. For the Bianchi groups this is somewhat tricky since when
X is noncompact there is no natural L?-metric on the space H*(X; E, ). However, the
theory of Eisenstein cohomology developed by G. Harder in [Har87] allows to “transport”
the L?-metric from the harmonic forms on the boundary 0X of the Borel-Serre compacti-
fication X (see Section . This way of defining regulators is similar to that used in [CV12]
Section 6.3].

In view of ([L.5)), to prove exponential growth of H?(T'; A(m))sers we would like to show

that
i (10gR’“(X;E(m))> _o.

m2

m—r+00

This only causes serious problems for R!, so let us explain more precisely how this regulator
defined and how to deal with it. When m > 0 there is an isomorphism £ : HY(0X; E,, ) —
HY(X;E,,) defined through Eisenstein series (where the right-hand side is the (0, 1)-part
of the cohomology in the Hodge decomposition, see below). The problem is then
that, while the map E is rational it is not integral. This means that we do not have
E(HY(0X;L(m))_ C H'(X;L(m)) but there exists a N € Z- such that

E(H"(0X;L(m))- Cc N~'- H'(X; L(m)).

So to estimate R'(X; £(m)) we need to get an upper bound on N (it is easy to estimate
the covolume of the integral lattice H'(0X; £(m))_ in H'(0X; E,, )_, see Lemma .
We will not deal with this problem completely in this paper (but it is very likely that
this could be done using additional arguments from [CV12]). However, using the long
exact sequence we can estimate R! in terms of the torsion in H? and an integer M such
that *E(HY(0X; L(m)). € M~*HY(0X; L(m))_ (where ¢ is the inclusion 0X C X), see
Lemma {4.1| This allows us to balance the two against each other, and thus instead of N
we need only to control the smaller number M (at the expense of getting a less precise
result, halving the lower bound). This is easier since we need only to deal with boundary
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integrals and it boils down to evaluating the denominator of the “intertwining matrix”

C € Hom(HY(0X; E,,)_, H'(0X; E,,,)) defined by
V' E(w) =w+ Cw

(see also Section 6.6 in [CV12]). After classical computations summarised in this in
turn reduces to controlling a ratio of values of Hecke L-functions. To deal with this we use
two papers of R. Damerell [Dam70l [Dam71]: we have to give an effective version of one
of his results and analyse [Dam70] to this effect in Appendix [6.10] In the end we obtain
in Proposition an estimate M < (m!)?. This essentially finishes the proof, and the
wrapping up is done in Proposition [7.3|

In this sketch we were not completely accurate. In particular, we will work with the
self-dual lattices A(m) = A(m) & AY(m) to avoid some issues with duality, and relate
H*(I'; A(m)) with H*(I'; A(m)) using Proposition [7.4| at the end.

1.3. Some further comments. Theorem [A] also holds with the same proof for slightly
more general rays of local systems. Namely, the finite dimensional irreducible represen-
tations of SLy(C) are parametrised as Symm™ ®Symm ~, where ni,n; € N and where
Symm”? is the complex conjugate of Symm™2. Each such representation space carries a
canonical Z-lattice preserved by the action of I'p. If we fix ny and ny with n; # ny and
let pm(n1,n2) be the representation Symm™™ @Symm™"?, then the analog of Theorem
holds if we replace the factor m? by mdim p,,(n1,ns) which grows as m? if both n; and
no are not zero. However, we can by no means remove the assumption n; # ns. In other
words, the ray p,,(1,1) = Symm™ ®Symm™, which is the ray carrying cuspidal cohomol-
ogy, cannot be studied by our methods. For a fixed I'(a), we can only show that the size of
cohomological torsion with coefficients in the canonical lattice associated to p,, (1, 1,) grows
at most as mrk p,,(1,1) = O(m?), but we can say nothing about the existence of torsion
along this ray, i.e. we cannot establish any bound from below. The reason is that here
0 belongs to the essential spectrum of the Laplacian in the middle dimension. Therefore,
essentially none of the results on analytic torsion we use in our proof is currently available
for p,,,(1,1) and also the regulator would be more complicated. We remark that, as far as
we know, even in the compact case no result for the growth of torsion along this particular
ray has been obtained. For an investigation of the dimension of the (cuspidal) cohomology
along this ray, we refer to [FGT10].

The results we use on limit multiplicity for analytic torsion and its relation with Reide-
meister torsion are valid for hyperbolic manifolds in all odd dimensions, i.e. for lattices in
the groups SO(d, 1) for odd d > 3. However intertwining operators in higher dimensions
are more difficult to deal with in groups other than SL,, which are of absolute rank > 1.
This implies that the L-functions one needs to deal with are no longer Hecke L-functions.
We have no idea about how to estimate the absolute value and denominators of normalised
L-values in this more general class of functions, and are in consequence unable to extend
our result on cohomology growth to higher dimensions even in a weaker form similar to
what was done for uniform lattices in [MP14h].
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Using the first author’s result relating analytic and Reidemeister torsion and his result
with Miiller on limit multiplicities for analytic torsion in sequences of manifolds [MP14a]
we prove in Corollary that in the case where G = SO(d, 1) for any odd d > 1, and T,
is a sequence of principal congruence subgroups in G(Z), and X,,, = I',,\H? we have:

. log Tgis(Xm; E,)
1 A 2
fars < vol(X,,) 70

For Bianchi groups a similar result is proven in |[Rail3]. However even in this absolute
rank 1 setting we are currently not able to deduce exponential growth for the torsion
cohomology. This is because it is harder to deal with absolute norms of Hecke L-functions
when allowing the characters to change at finite places rather than infinite ones as we do
in this paper.

Acknowledgements. The first author was financially supported by the DFG-grant PF
826/1-1. He gratefully acknowledges the hospitality of Stanford University in 2014 and
2015. We are very grateful to a referee for their careful reading of our manuscript and
numerous corrections, remarks on the clarity of our exposition and suggestions to improve
it.

2. THE REGULARIZED ANALYTIC TORSION FOR COVERINGS

In this section we shall review the definition of regularized traces and the regularized
analytic torsion of hyperbolic manifolds X of finite volume. These objects are defined in
terms of a fixed choice of truncation parameters on X and there are two different ways to
perform such a trunctation which are relevant in the present paper. Firstly, one can define
a truncation of X via a fixed choice of I'-cuspidal parabolic subgroups of G. Secondly, if X
is a finite covering of a hyperbolic orbifold X, then a choice of truncation parameters on
Xo gives a truncation on X in terms of which one can define another regularized analytic
torsion. We shall compute the difference between the associate regularized analytic torsions
explicitly. For more details we refer to [MP12], [MP14al.

2.1. Hyperbolic manifolds with cusps. We denote by SO%(d, 1) the identity-component
of the isometry group of the standard quadratic form of signature (d,1) on R4l Let
Spin(d, 1) denote the universal covering of SO°(d,1). We let either G := SO°(d, 1) or
G := Spin(d, 1). We assume that d is odd and write d = 2n + 1. Let K := SO(d), if
G =50°d, 1) or K := Spin(d), if G = Spin(d, 1). We let g be the Lie algebra of G. Let 0
denote the standard Cartan involution of g and let g = € ® p denote the associated Cartan
decomposition of g, where € is the Lie algebra of K. Let B be the Killing form. Then

1
2(d—1)
is an inner product on g. Moreover, the globally symmetric space G/K, equipped with the
G-invariant metric induced by the restriction of (2.1)) to p is isometric to the d-dimensional

real hyperbolic space H?. Let I' C G be a discrete, torsion-free subgroup. Then X := I'\H¢,
equipped with the push-down of the metric on H¢, is a d-dimensional hyperbolic manifold.

(2.1) (X,Y) = — B(X,0Y)



8 JONATHAN PFAFF AND JEAN RAIMBAULT

We let P be a fixed parabolic subgroup of G with Langlands decomposition P = MpApNp
as in [MP12]. Let a denote the Lie algebra of Ap and exp : a — Ap the exponential map.
Then we fix a restricted root e; of a in g, let H; € a be such that e;(H;) = 1 and define
tp 1 (0,00) — Ap by vp(t) := exp(logtH,). If P, is another parabolic subgroup of G,
we fix kp € K with P, = k;plPk:;ll and define Ap, = k:plApk;f, Mp, = k‘leplk;ll,
Np, := kp Np kp'. Moreover, for ¢ € (0,00) we define tp, (t) := kp,tp(t)kp € Ap,. For
Y >0 welet Ap [Y] :=tp,([Y, 0)).

A parabolic subgroup P; of G is called I'-cuspidal if I' N Np, is a lattice in Np,. From
now on, we assume that vol(X) is finite and that I" is neat in the sense of Borel, i.e. that
I'n P, =1 N Np, for each I'-cuspidal P;. If P, is I'-cuspidal, then for ¥ > 0 we put

Fpip(Y) == (N Np )\Np, X Ap, [Y] = (I'0 Np,)\Np, x [Y, 00).

We equip Fp,;r(Y) with the metric y~*gn,, +y *dy* where gy, is the push-down of the
invariant metric on Np, induced by the innerer product (2.1)) restricted to np,.

2.2. Trace formula and analytic torsions. Let Rep(G) denote the set of finite-dimensional
irreducible representations of G. For p € Rep(G) the associated vector space V, possesses
a distinugished inner product (-, -) , which is called admissible and which is unique up to
scaling. We shall fix an admissible inner product on each V,. If p € Rep(G), then the
restriction of p to T' induces a flat vector bundle E, := X x olr Vp. This bundle is canon-
ically isomorphic to the locally homogeneous bundle £/, := I'\G x|, V, induced by the
restriction of p to K. In particular, since p|x is a unitary representation on (V,, (-, ) p),
the inner product (-, -) , induces a smooth bundle metric on E} and therefore on E,. For
p=20,...,d let Ay(p) denote the flat Hodge Laplacian acting on the smooth E,-valued
p-forms of X. Since X is complete, A,(p) with domain the smooth, compactly supported
E,-valued p-forms is essentially selfadjoint and its L-closure shall be denoted by the same
symbol. Let e **»() denote the heat semigroup of A,(p) and let

ER¥(t,2,y) € C*(X x X; E, K E})

be the integral kernel of e~*2r(0),

We let Br be a fixed set of representatives for the I'-conjugacy classes of I'-cuspidal
parabolic subgroups of G. Then ‘Br is finite, and it is non-empty if and only if X is
non-compact. Moreover, k(I') := |PBr| equals the number of cusps of X which from now
on we assume to be nonzero. The choice of PBr and of a fixed base-point in X determine
an exhaustion of X by smooth compact manifolds Xgq.(Y') with boundary, Y > 0. This
exhaustion depends on the choice of PBr. Then one can show that the integral of K5” (¢, x, x)
over Xy.(Y') has an asymptotic expansion

(2.2) / Tr K9P (t,z,2)dx = a1 () log Y + ap(t) + o(1),
X‘ﬁr(y)

as Y — oo, [MP12][section 5]. Now one can define the regularized trace Ttyeq x ., €~ 27
of e7t2#() with respect to the choice of Pr by Tryegxap. e 27 1= ay(t), where ag(t) is
the constant term in the asymptotic expansion in ([2.2]).
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From now on, we also assume that there is a hyperbolic orbifold X := I'y\H? such that
X is a finite covering of Xj. Let 7 : X — X denote the covering map. Then if a set of
truncation parameters on X, or in other words a set Pr, of representatives of I'y-cuspidal
parabolic subgroups are fixed, one obtains truncation parameters on X by pulling back
the truncation on X via m. One can again show that there is an asymptotic expansion

(2.3) / Tr KRP(t,z, x)de = a_1(t)log Y + ao(t) + o(1),
T Xy (V)

as Y — oo and one can define the regularized trace with respect to the truncation pa-
rameters on Xg as Tryeg: x;x, e tAr(p) = ap(t). This regularized trace depends only on the
choice of a set Pr, of representatives of I'p-cuspidal parabolic subgroups of G. Put

(2.4)

Kxpr(t, p) == Z(_l)pp Trregpr e tarle); Kx;x,(t, p) = Z<_1)pp Thrreg;x:x0 e A ),

p p

Now assume that p satisfies p # py. Then one defines the analytic torsion with respect to
the two truncations of X by

1d 1 < o
(25) g T () = 53| (s || ¢ vt e
s=0
1d 1 Oo
2. log T = T Kxx, (t :
(2:6) ()= 5t (g [0 Kt

Here the integrals converge absolutely and locally uniformly for $(s) > d/2 and are defined
near s = 0 by analytic continuation, [MP12] section 7], [MP14al section 9].

To compare the two analytic torsions in and , we need to introduce some more
notation. We fix Pry = {Fo1, ..., Porry)} and Pr = {P1,..., Pyry}. Then for each P; €
Pr there exists a unique 1(j) € {1,...,x(T)} and a 5; € T such that ;Pry; ' = Py
Write

(2.7) Vi = N01G) Py, (TP ) K0 10) s

noa) € Npy,,)s tp; € (0, 00), LPouis) (tp,) € Ap,,,; as above, and ko,;) € K. Since Fy ;)
equals its normalizer, the projection of 7; to (FO N POJ(J»))\FO is unique. Moreover, since
Po,j) is T'g-cuspidal, one has I'o N Pyyj) = T'o N NPOJ(J.)MPOJ(].). Thus ¢p, depends only on
Pr, and P;.

Now the analytic torsions log Tt (X; E,) and log Ty, (X; E,) are compared in the follow-
ing proposition. The representation o, of Mp and the positive number A, are defined
respectively in [Pfal7, (6.5) and (6.6)].

Proposition 2.1. One has

n . k .
log Ty, (X: E,) = log T, (X; E,) + Y log(tpj)( (=1) dlm(%,kwk).

Pj ePr
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Proof. This follows by an application of a theorem of Kostant [Kos61] on nilpotent Lie
algebra cohomology. For p € {0,...,d} define a representation of K on APp* @ V(p) by
vp(p) == AP Ad" ®p. Let El,p(p) = G X,,(p K, which is a homogeneous vector bundle
over HY = G/K. Let Q be the Casimir element of g. Then —Q + p(Q) induces canon-
ically a Laplace-type operator Ap(p) which acts on the smooth sections of El,p(p). The

heat semigroup of e~t2e(P) g canonically represented by a smooth function H” : G —
End(APp* @ V), [MP12] section 4, section 7]. Let hY” := Tr H{” and put

T S E
P
Then by the definition of the regularized traces, one has

(2.8) / (Z kf7p($_1’yaz)) dr = a_1(t;p)logY + Kx.p.(t, p) + o(1),
Xpp)

vel

as Y — oo, resp.

(2.9) / (Z kf’”(x‘lvw)) do = a_1(t; p) log Y + Kxx,(t, p) + o(1),
ﬂ-_l(X‘prO(Y))

yel
as Y — oo, where we use the notation (2.4). On the other hand, for £ = 0,...,n let

h;** € C*(G) be defined as in [MP12, (8.7)]. If we apply the same considerations as in
[MP14al, section 6] to the functions hy**, then combining [MP12, Proposition 8.2], (2.8)

and ([2.9) we obtain

" (—=1)*dim(o, K)e o
P;ePr k=0 VAt

The Proposition follows by aking the Mellin transform of this expression. O

Next, as in [Pfal7], for each P; € Pr and for Y > 0 one can define the regularized
analytic torsion T'(Fp,r(Y),0Fp,r(Y); E,) of Fp,r(Y) and the bundle E,,|ij;r(y), where
one takes relative boundary conditions (that is, we restrict the Laplacian to smooth forms
whose normal component at the boundary vanishes). For different Y, these torsions are
compared by the following gluing formula.

Lemma 2.2. Let ¢(n) € R be as in [Pfal7l, equation 15.10]. Then for Y7 >0 and Y5 > 0
one has

log T'(Fp,;r (Y1), 0Fp,;r(Y1); E,) — c(n) vol(0F p;;r (Y1)) tk(E),)
= log T'(Fp,;r(Y2), 0Fp;;r(Y2); E,) — c(n) vol(9Fp;;r(Y2)) rk(E,)

+ > (=DM dim(o,,0) (log(Y2) — log (Y1)

Proof. This follows immediately from [Pfal7, Corollary 15.4, equation (15.11) and Corol-
lary 16.2]. O
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2.3. Comparison of anaytic and Reidemeister torsions. We let X denote the Borel-
Serre compactification of X and we let 7x;5(X; E,) be the Reidemeister torsion of X with
coefficients in E,, defined as in [Pfal7l section 9]. For simplicity, we assume that I is
normal in I'y. Then for the torsion T'x,(X; E,), the main result of [Pfal7] can be restated
as follows.

Proposition 2.3. Forl=1,..., k(1) let a; = [{P; € Pr: ijjvj_l = Py, }| be the number
of cusps of X lying over the lth cusp of Xo. For the analytic torsion Tx,(X; E,) we have:

U

—1
(—=1)Flog |\, 4| dim H*(0X; E,)

0

log 7e:is(X; E,) = log Tx, (X E,) —

A~ =
e
Il

£(To)

- Z a (1OgT (FPO,Z;F(1)7 aFPo,l;r(l); Ep) - C(”) V01<8FPO,Z;F(1)) rk<EP)) .

=1

Proof. By [Pfal7, Theorem 1.1] and by Proposition 2.1] we have

"L (—1)kdi A
lOg TEiS(X; Ep) = log TXO (X, Ep) —+ Z 10g<tPj) <Z ( ) lm(ap,k) p,k)

2
P;ePr k=0

— Y (logT (Fpyr(1), 0Fp,r(1); E,) — c(n) vol(0Fp,;r(1)) tk(E,))

P;ePr

d—1
1 . _
- > (—=1)*log |\, k| dim H*(0X; E,)
k=0

where we recall that the regularized analytic torsion used in [Pfal7, Theorem 1.1] is the
torsion denoted Ty, (X; E,) here. Using that I' is normal in I'y, it easily follows from the
definition of ¢p, that for each P; € Pr one has a canonical isometry ¢p,. Poagy) - Fp.r(l) =

Fp,,,r(tp;). 1t is easy to see that also UbyiPy i (Ep\ppoyl(jwr(t%)) is isometric to Ep\ppj;r(l).
Thus we have

(2.10) logT(Fp,r(1),0Fp,r(1); E,) — c(n) vol(OFp,r(1)) rk(£,)
= logT<FPo,z(j);r (tPj>7 aFPo,z(j);F (tPj); EP) - C(”) VOl(aFPO,z(j);F (tPj)) rk(Ep)'
Applying Lemma [2.2] the Proposition follows. O

2.4. Limit multiplicity property for Reidemeister torsions. Although the main
topic of this paper is the behaviour of cohomological torsion of congruence subgroups
of Bianchi groups under a variation of the local system, we now state the following limit
multiplicity formula for Reidemeister torsion in arithmetic hyperbolic congruence towers
of arbitrary odd dimension, since the latter is an easy corollary. It is easy to generalise
this result to more general arithmetic lattices and sequences of congruence subgroup but
for convenience we restrict to the simplest case.
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Corollary 2.4. Let G := SO°(d, 1), d odd, and for ¢ € N let T'(q) := ker(G(Z) — G(Z/q7Z)
denote the principal congruence subgroup of level q. Let X, := T'(q)\H?. Then for any
p € Rep(G) with p # ps one has

i log Tgis(Xg; E,)

(2)
=1
g0 vol(X,) s (P)

where tI(H?)(p) is the L?-invariant associated to p and H® which is defined as in [BV13],

IMP14a] and which is never zero. The same holds for every sequence X, of arithmetic
hyperbolic 3-manifolds associated to principal congruence subgroups I'(a) of Bianchi groups
if N(a) — oo.

Proof. Let us give a rough idea of the proof before getting more formal. For analytic torsion
the corresponding result is known, so we need to prove that in the sequence I'(¢) the terms
on the right-hand side in the equality of Proposition are all o([T" : T'(¢q)]). This is easy
since the number of cusps is an o([I" : I'(¢)]) and the geometry of the cusps stays within a
finite number of conformal classes of flat manifolds, with only mild rescaling in addition.

First we assume that G = SO"(d, 1). Let Ty := G(Z) and X, := T'\\H?. By [MP14a,
Corollary 1.3}, for the analytic torsion T’x,(X4; E,) one has

g0 vol(X,)

=t (p),
as ¢ — 00. Next it is well-known that for the number x(I'(¢)) of cusps of I'(¢) one has

)
g—o0 vol(X,)

see for example [MP14a, Proposition 8.6]. For Fy; € Pr, we let Ap)(Fo,) := log((I'(g) N
Np,,), which is a lattice in np,,. By aresult of Deitmar and Hoffmann [DH99, Lemma 4], for
each Py; € Pr,, there exists a finite set of lattices Lp, = {A1(Foy), ..., A (FPoy)} in npy,
such that for each ¢ € N the lattice Ap)(Fo,) arises by scaling one of the lattices A;(Fy,),
Jj=1,...,m,see [MPI4a, Lemma 10.1]. For A;(Fy;) € Lp,, welet Ty, (p,, := A;j(Foy)\np,,,
equipped with the flat metric (2.1)) restricted to np,, which we shall denote by ga,(p,,)-
Then we let Fj,(p,,)(1) := [1,00) X A;(FPoy), equipped with the metric y*(dy® + ga, ()
y € [1,00). If Apg)(FPoy) = pgsp,, Aj(Pog) with Aj(Pog) € Lp,, and pg;p,, € (0,00), then by
Lemma 2.2 one has

log T (FPO,W (1),0F 5, 10, (1) Ep> — ¢(n)vol(dFp, .., (1)) 1k(E,)
=logT (FAj(Po,l)(1>7 aFAj(Po,z)(l); EP) - C(”) VOI(AJ' (POJ)) rk(EP)

n

+108 gzpy, D (—1) A dim(o, ).

k=0

(2.12) — 0,

We can obviously estimate pig,p,, < C1[l'o N Np,, : I'(q) N Npg,,], where C} is a constant
which is independent of g. Thus there exists a constant C such that for all ¢ one can
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estimate
(2.13) (108 T (Fpy 1) (1) 0F 5y (13 By ) = c(m) vOl(OFp, ., (1) 1(E,)

< CQ log[FO N NPO,Z . F(q) N NPO,I]'
Recall that a; = [{P; € Bry),V;F;7; ' = Poa}|. For each I € {1,...,x(Co)} one has

a__ |(T(@\lo/(To N Po))| _ 1
[FO : F(Q)] [FO : F(Q)] N [FO N NPo,z : F(q) N NPo,z]'

Thus for all ¢ one can estimate

k(Do)
(2.14) Z |logT (Fpomq)( ), 0Fp, 0 (1); Ep) — ¢(n) vol(dFp, ., (1)) 1k(E,)|

e f log[To N Ng,, : T(g) N Np, |
~ 2
=1 [FO N NPo,l : F(q> M Npo,l]

Since N,I'(¢) = {1}, o N Np,, : I'(¢g) N Np,,] as ¢ — oo and thus the last term in
goes to zero as ¢ tends to infinity. Since dim H*(0X,) = O(x(T,)), the corollary
follows by applying Proposition , equation and equation ([2.12). For a sequence
X, associated to principal congruence subgroups of Bianchi groups, one argues in the same
way. U

3. ANALYTIC AND COMBINATORIAL TORSION FOR CONGRUENCE SUBGROUPS OF
BIANCHI GROUPS

From now on, we let G = Spin(3,1) = SLy(C), K = Spin(3) = SU(2). We take P to be
the standard parabolic subgroup of GG consiting of all upper triangular matrices in G. Then
the unipotent radical Np of P is given by all upper triangular matrices whose diagonal
entries are one. Moreover, we let Mp and Ap denote the subgroups of SLy(C) defined by

(3.1) Mp = {(659 ega) e [0,27@}; Ap = {(é tol) .t e (0, oo)}.

Then P = MpApNp. Let np denote the Lie algebra of Np and let ap denote the Lie
algebra of Ap. For k € Z, A € C we let o1, : Mp — C, &, : Ap — C be defined by

i0
O ((60 691-9)) = eike; & <(é t01>) =t

Then the assignment A — &, is consistent with our earlier identification C = (a},)c. The
group K, acts on g/€ by Ad and we let K, act on ap @ np by using the canonical
identification g/¢ = ap @ np.

Let F := Q(v/—D) be an imaginary quadratic number field and let dp be its class
number. Let Op denote the ring of integers of F'. Let O}, be the group of units of Op, i.e.

Op = {1} for D #1,3, O = {£1,+/—1} for D =1, O% = {£1, £/} for D = 3.
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Let T'p := SLy(Op). The quotient Xy := I'p\H? is a hyperbolic orbifold of finite volume,
see for example [EGMO98]. We have

(3.2) FDHNP:{G) Z{):beoD}

We fix a set Pr, = {Fo1,. .- ,ng,ﬁ(pD)} of representatives of I'p-cuspidal parabolic sub-
groups of GG, where we require each parabolic to be F-rational and where we assume that
Py; = P. Let P}(F) be the one-dimensional projective space of F. As usual, we write
oo for the element [1,0] € P!(F). Then SLy(F) acts transitively on P*(F) and P is the
stabilizer of co. In particular for each subgroup I' of I'p one has x(I') = |(I'\G/P)| =
|(T\P!(F))|. Moreover, by [EGM98|, Chapter 7.2, Theorem 2.4], one has x(I'p) = dp. Let
{m:1=1,...,n4,} denote fixed representatives of I'p\P!(F) such that Py; € Pr, is the
stabilizer of 7; in SLy(C) for each I.

For a a non-zero ideal of Op we let I'(a) denote the principal congruence subroup of I'p of
level a. This group is normal in I"p; moreover, for N(a) sufficiently large (N(a) > 3 in the
case O}, = £1), the group I'(a) is neat. We shall assume from now on that this is the case.
Then X, := I'(a)\H? is a hyperbolic 3-manifold of finite volume. According to the previous
section, for p € Rep(G) with p # pg, we can define the analytic torsion log Ty, (Xq; E,) of
X, with coefficients in F, with respect to the choice of truncation parameters coming from
the covering 7 : X; — X, and the choice of Pr,,.

We shall now simplify the formula in Proposition a bit further for the specific mani-
folds X,. Let b be a non-zero ideal of Op. Taking the identification (|3.2]), we shall regard
b as a lattice in np. We denote this latttice by Ap(b) and we let Ty, (b) := exp(Ap(b))\Np
denote the corresponding torus. As above, for r > 0 we let Fy ) (r) := [r,00) X T )
denote the corresponding cusp. We fix ideals s;,, [ = 1,...,dr in Op which represent the
class group of F'. Then we have:

Proposition 3.1. There exist n1 (), - - - s Napr@) € NU{0}, with ny r@y+- - -+napr@ = dr,
and there exist (1 (), - - -, fdp,r (@) € (0,00) such that

dr
log Tris(Xa; E,) =log Tx,(Xa; E,) — Z

=1
- nl,F(a)C(1> vol (Ap(s))) tk(E),) + (Ap1 — Apo)ti,r(a) lOg Ml,r(a))

£(C(a))
2

Here the ny (), - - -, Ndp,r(@ € NU{0} and the pi1 v, - - - fhapr(e) € (0,00) depend on I'(a),
but not on the representation p.

[Cp : T(a)]

—_— o logT (Fa,s)(1),0F ) ,s)(1); E
|O*D|N(Cl) (nl»r() 0g ( Ap( l)< ) Ap( z)( ) P)

(/\p,O - )‘p,l)'

Proof. Let {m;: I = 1,...,n4,} denote fixed representatives of I'p\P!(F') such that P; €
Br, is the stabilizer of 7, in SLy(C) for each I. For each [ =1,...,dp we fix B,, € SLy(F)
with Bym = oo. Then Py, =: P, = B,'PB,,. Let (I'p), = I'p N P, resp. I'(a), =
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I'(a) N P, be the stabilizers of 7, in I'p resp. I'(a). One has

(33)  Byu(Tp)yB,' = {J(Bm(FD)anl AN),J e {(8‘ 0491) o€ (9;5}} .

In particular, one has B, I'(a),B,' N P = B,T'(a),B,' NN for N(a) sufficiently large.
Write B,, = (? §l> € SLy(F) and let w; be the Op-module generated by 7, and §;.
1O

(By(Tp)yB,,') NN = { (é Cf) we ul_z}

_ 1 W _
(er(a)anl) NN = {(0 1> ;w' € ay; 2}

(the first equality is proved in [EGM9S8 Chapter 8.2, Lemma 2.2] and the second can be
proved using the same arguments). Thus one has

Then one has:

and

[Bm(FD>TilBr;1 NN: er(a)mBal N N} = N<a)

Thus by (3.3)), for each [ =1,...,dp and N(a) suffciently large one has [(I'p),, : I'(a),,] =
|O%|N(a) and so one gets

o : T'(a)]

|{P GSBF » Vj ],7] POJH ’O ‘N( )

For each [ there is a constant x; > 0 which depends only on B, such that one has
a canonical isometry ¢ : Fp ,r@w(l) = F 2)(1) which induces an isometry ¢*

Ap(mau
E’D|FAP(nluul_2)(1) & Ep|FP0Yl;F(u)(]-)' Next, there exists a unique map o from {1, ... dp} into
itself such that for each [ = 1,..., dp there exists a ji; ) € F* with aul = [l T(a . We
let pyre) = Ki|fu,re|. Then it follows that there is a canonical isometry ¢ : F pOl ( )(1) =

FAP(sa(z>)(F‘z_r1(a)> which extends to an isometry ¢* : Ep|FA . Thus
’ P

it follows from Lemma 2.2 that
log T(FPO,UF(C‘)(D? 8FP0,13F(0)(1); E,D) - C(l) VOl(aFPO,HF(ﬂ) (1)) rk<EP)
=logT (FAP(ﬁa(z))<1)= aFAP(ﬁa(l))(]‘>; Ep) —¢(1) vol <aFAP(5a(l))(]‘)> + log NZ,F(O)(APJ — Apo)-

—1 N
(50_(”)(#1;(“)) p|FP LT (a

For each | =1,...,dp we let nypr@ = [{o7()}|. Then, since dim(o,;) = 1 in the case of
G = SLy(C), the Proposmon follows from Proposition [2.3 O

We let p; denote the standard representation of SLy(C) on C? and for m € N we
consider the representation p,, := Symm™ p; on V(m) := Symm™ C2. We can now deduce
the following result on the growth of the torsion 7pis(Xq; E(pr)) if m — oco. .
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Proposition 3.2. Let a and ay be two ideals in Op such that T'(a) and I'(ay) are neat
and such that, in the notation of the previous proposition, one has 1@y = 1) for each
l=1,...,dr. Then one has

[I'p : T(ao)] _ Tp:T(a)] .
[OpV(an) 18 75Xt E10) ™ oy Ty o8 7ot ()
_ o)y T@) (1 1\ 2 Ot T
- 210 [ (N(ao) N(a)) I(Tp\H")m* + O(m log m),
as m — Q.

Proof. In the notation of [MP12], the representation p,, is the representation of highest
weight (m/2,m/2). If T is a neat finite index subgroup of I'p and if we let X := ['\H?,
then specializing [MP12, Theorem 1.1] to the present situation, we obtain

1
log Tx,(X; E,,.) = ~5- vol(X)m? + O(mlogm),

as m — 0o. Moreover, one has A, o= (m+1)/2 and A, 1 = m/2. Thus the proposition
follows from the previous Proposition (3.1 O

There is a constant C{(I") such that I'(a) is neat for all ideals a of Op with N(a) > C{(T").
If O}, = {£1}, one has C'(I') = 3. Next we remark that by the requirement ny p@) +-- -+
N4 (a) = dp there is a finite set A of ideals of Op such that N(ag) > C{(T") for each ay € A
and such that for each non-zero ideal a of Op with N(a) > C{(T") there is an ay € A such
that nyr@) = Mr@) for each I =1,...,dp. We let él(F) :=max{N(ag): ap € A} and we
let C1(T) := max{C(T'), C1(I")}.

4. TORSION IN COHOMOLOGY AND REIDEMEISTER TORSION

4.1. Local systems and cohomology. We keep the notation of the preceding section.
Let A(m) := Symm™ Op. Then A(m) is a lattice in V(m) which is preserved by I'(D); we
denote the representation of I'(D) on Autz(A(m)) by pp.z. Let AY(m) := Homg(A(m), Z)
denote the dual lattice of A(m) and let p,,z denote the contragredient representations of
I'(D) on AY,. We let pz.m = pzm ® pzm denote the corresponding integral representation
of I'(D) on the lattice

A(m) := A(m) @& AY (m).

We let p,, denote the corresponding real representation of I' on V(m) := V(m) @ V(m)*.
Over R, the representation p,, is self-dual, i.e. one has p,, = pn, & pn. In particular, no
irreducible summand of p,, is invariant under the Cartan involution 6.

Let I' be any neat, finite index subgroup of I'(D). Then we may regard each A(m) as
a I'-module. Let H*(T', A(m)) be the cohomology groups of I" with coefficients in A(m).
These groups are finitely generated abelian groups and thus they admit a (non-canonical)
decomposition as a direct sum

H*(T,A(m)) = H* (T, A(m)) free © H* (T, A(m)) 0rs,
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where H*(T', A(m)) re. are free, finite-rank Z-modules and H*(T', A(m))ors are finite abelian
groups. Let X be the hyperbolic manifold T'\H? and let X denote its Borel-Serre com-
pactification. The latter is a compact manifold with toric boundary which is homotopy
equivalent to X. In particular, pz,, defines an integral local system L£(m) over X. Since
the universal covering of X resp. X is contractible, one has a canonical isomorphism
H*(T,A(m)) = H*(X,L(m)). Let E,, denote the flat vector bundle over X resp. X
corresponding to p,, and let H*(X; Eﬁm) denote the singular cohomology groups of X with
coefficients in E,_ . Then H*(L', A(m)) e is a lattice in H*(X; Ej,)).

4.2. Eisenstein bases for the characteristic zero homology. We now recall the de-
scription of the canonical bases in the cohomology H*(X; E,,) which are used to define
the Reidemeister torsion 7g;s(X; Ej,,). For more details, we refer [Pfal7, section 8], the
notation of which we shall also use. Let 90X denote the boundary of X and ¢ : 0X — X
denote the inclusion map. The corresponding maps ¢ : H*(X; E, ) — H*(0X; E,,) in
cohomology are injective for k € {1,2}, see |[Pfal?, Lemma 8.3]. Thus the cohomology
H*(X; E;,.) is completely described in terms of the Eisenstein cohomology described by
Harder in [Har87], which we will explain below in our particular case.

For each P; € Pr let H*(np;; V(m)) denote the harmonic forms of degree k in the Lie
algebra cohomology complex of np, with coefficients in V(m). We equip this space with
the inner product induced by the restriction of the inner product on g to np, and the
admissible inner product on V(m). Let o | € Mp and Ao € (—00,0) resp. 05,0 € Mp
and Az, 2 € (—00,0) be defined as in [Pfal7, section 6]. In the present situation, we
have o, | = 0 o and A\; | = —m/2 vesp. 05,0 = 0, and A5, 0 = —(m + 1)/2
By the finite-dimensional Hodge theorem and a theorem of van Est one has a canonical
isomorphism

(4.1) “0X;Ep,) = @ HE(np, V(m)).
P;epBr
In degree 1, Kostant’s theorem gives a splitting
Hl(ﬂpj, V(m)) = H1<11pj, V(m))_ ©® Hl(l’lpj, V(m))_,.
We define the positive and negative parts of the cohomology by:
o x(T) -
(4.2) HY(0X; E;,)x = @ H (np,, V(m))s.
j=1
An essential ingredient in the theory of Eisenstein series, which will be central to our
argument as well, is the intertwining operator
Q(O-_m_27m/2) (aX Ean) (aX Ep7n)+

We will give other interpretations of this map in later sections, but for the moment we will
only observe that it can be defined out of the following relation: for any ® € H'(0X; E,,, )
we have

E(®,m/2) =&+ C(o_n_2,m/2)D
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Now let us describe the cohomology in degree 1. We have dimH'(np;V(m))s

2dim H! (np,; V(m))s = 2. For each P; € Pr let @] ; be an orthonormal basis of H! (np,; V (m

Then the set
BUT: ) = {E(®L,m/2),j = 1. 5(D),i = 1., dim H'(np,; V(m))_}

forms a basis of H'(X; E,,,), where E (CDfJ, m/2) denotes again the Eisenstein series eval-
uated at m/2 as in [Pfal7 (7.3)], which is regular at this point by [Pfal7, Proposition
8.4]. As noted above for ®}; € H'(np;V(m))_ one has (pending the definition of the
intertwining operators):

(43) LTE( m/2> (I)zl,j + Q(U—m—27 m/2)q)z1]

1,79

Things are simpler in degree 2, since we have dim H?(np;; V(m)) = 2dim H?(np,; V(m)) =
2 and the map ¢5 is an isomorphism. Let ®7; be an orthonormal basis of Hz(ﬂp V(m)).
Then the family

B*(C; pm) = A{E(®};,(m+1)/2) : j=1,...,k(D):i=1,...,dimH*(np; V(m))}

forms a basis of H*(X; Ej,,). Here E(®};, (m + 1)/2) denotes the Eisenstein series associ-
ated to @7 ; evaluated at (m~+1)/2 (which is regular at this point). For ®7; € H?(np,; V(m))
one has the simpler restriction formula:

(4.4) LE(®?;, (m+1)/2) =

7,_]7

4.3. The Reidemeister torsion 7z;;. We will use the expression for the Reidemeister
torsion in terms of the “regulators” introduced in [BV13], which in our case are similar
to those studied in [CV12] 6.3.2] and |[Rail3]. We need some notation and terminology to
define those. If L is a discrete subgroup (not necessarily a lattice) in an Euclidean space
V' then we denote by vol(L) (with implicit reference to V') as the covolume of L is the
subspace of V' it spans, alternatively it equals the square root of the determinant of the
Gram matrix of a Z-basis of L (which also makes sense in Hermitian spaces).

By the definition of [Pfal7, section 9], the Reidemeister torsion 7p,,(X; Ej,,) is taken
using the bases in the cohomology defined in the previous subsection. We can also endow
the spaces H¥(X;V(m)) with an Euclidean structure by taking the bases By (T, p,,) to be
orthonormal. The size of the groups H*(I', A(m))s0rs is then related to the combinatorial
torsion 7p;s(X; Ej,,) in the following way: by [BV13| section 2.2] one has

[ HY (L5 A(m))1ors| - vOI(H?(X, A(m)) frec)

(4.5) 7l Bon) = 3 0 (1) o] - Ol H (X, A (1) )

In the notation of [BV13], the term in the second line of (4.5)) is called the regulator.

)-
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4.4. Boundary denominators of Eisenstein classes. We denote by H*(0X;A(m))
resp. H*(0X; E(p,,)) the cohomology of 0X with coefficients in £(m) resp. E(py,) re-
stricted to 9X. Again there is a (noncanonical) splitting of H*(9X; A(m)) into a direct sum
H*(0X;A(m)) free ® H*(0X; A(m))iors and H*(0X; A(m)) free is a lattice in H*(0X; E;,).
It is easy to see that the subgroups defined by

HY(0X;A(m))x == H'(0X; A(m)) pree N H'(0X; E;, )+

are Z-lattices in H'(0X; E, )+. This is a particular case of results in [Har87], see also
[Rail3, Lemma 6.3] for a more hands-on proof in our case. Thus H'(0X;A(m))_ @
HY(0X;A(m))y is a Z-sublattice of finite index in H*(9X; A(m))ree. Moreover, with
respect to the lattices H'(0X;A(m))+, the matrix C(o_,,_2,m/2) is Q-rational. This is
something that will be proven along with more precise results (see Proposition but it
is also proven by Harder in [Har87] (see Corollary 4.2.1 there).

As a consequence of the rationality of intertwing operators there exists N € N such that
N -C(0_,,—2,m/2) defines a map

(4.6) N -C(0_m_2,m/2) : H(0X;A(m))_ — H'(0X;A(m)),.
We let dgisc(T, pm) denote the smallest N € N such that (4.6) holds.

4.5. Inequalities for regulators. We will not deal with the denominator of Eisenstein
cohomology classes which would be needed, but only with the denominator of the constant
term matrix (equivalently that of its restriction to the boundary). We will be able to
use this to establish exponential growth of the torsion part of H? thanks to the following
crucial result which allows us to avoid a more detailed analysis.

Lemma 4.1. We have
Vol (B (X, A(m))) pree < 1HZ(X, A iors] - (dis (T, )" - vol(H' (0K A(m)) ).

Proof. For convenience we will denote H'(X, A(m))) tree by H'(X) and similarly for other
integral cohomology groups. The rough idea of the proof is to compare volumes between
H'(X) and the lattice B of Eisenstein classes whose restriction to the boundary has an
integral component on H'(9X;V(m))_: the quotient will depend on the default of inte-
grality dg;s of the intertwining operator, and the default of integrality of Fisenstein classes
whose restriction is integral which is controlled by the torsion in H?(X) via a long exact
sequence.

Let A be the submodule of H!(9X) defined by
A= (1HY(X)®Q)N H'(0X).

Then the finite abelian group A/i; H'(X) ree embeds into H(0X)/i; H'(X), and from the
long exact sequence in cohomology for_the pair (X,0X) we see that the torsion subgroup
of the latter latter embeds in H*(X,9X );rs. So we get that:

[A: SHY(X)] < [HXX, 0X )iors -
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It follows from Poincaré duality [Bro82, p. 222] that H?(X,0X) = H,(X), and from the

[

universal coefficient theorem that Hi(X )sors = H*(X )tors. We will explain a bit more how
to get this last isomorphism, as in [Pfal4]. Since A(m) is self-dual we have an isomorphism
C*(X) = Hom(C.(X),Z). By the universal coefficient theorem as stated in [Bro82, p. §]
we get an exact sequence :

0 — Exty,(H(X),Z) — H*(X) — Hom(Hy(X),Z) — 0

which proves our claim since EXt%(M L) = Ms for any Z-module M, and the term on
the right is torsion-free. Together with the inequality above this implies that:

(4.7) A GHY(X)] < [H(X )i

Since restrictions of rational Eisenstein classes span (;H'(X) ® Q we get that A is a
subgroup of finite index in:

B={n+C(n):neH(0X)_}.

Moreover, by definition of dg;s we have that B C dg;, A and as k(') = dim(A ® Q) we
deduce that

(4.8) (B : A] < (dgi,)" ™).

Now let 7 be the orthogonal projection of H'(0X) ® R onto H'(0X)_ ® R. Since
(11 E(®,m/2)) = ® by ([&.3)), the map 7o} is by definition an isometry between H'(X)®R
and H'(0X)_ ® R. Since 7(B) = H'(0X)_ we deduce that

vol(H' (X)) = vol 7 (st H' (X))
=[B:H(X)]-voln(B) = [B: t{H*(X)] - vol(H*(0X)_)
=[B:A]-[A:H (X)]-vol(H'(0X)_)
and the lemma follows from the last line together with and (4.7)). O
In degree 2 the situation is much simpler and we have complete control over the regulator.
Lemma 4.2. We have :
vol(H?(0X; A(m))) < vol(H?*(X, A(m))) tree < |[H' (X, A(m))|sors - vOI(H?*(0X; A(m))).

Proof. The map ¢} : H*(X) ® R — H?(0X) ® R is by definition an isometry and thus we
need only to show that
[GH*(X) - HA(0X)] < [H'(X)1ors]

which follows immediately from the long exact sequence of (X,9X). g

5. THE ADELIC INTERTWINING OPERATORS

The main goal of this section and the next one is to establish an estimate of dg;s ¢ (I, pm)-
For this we will use the computation of intertwining operators via integrals over adele
groups.
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5.1. Adélic setting. We let G := SLj as an algebraic group over F'. Let A denote the
adele ring of F' and let A be the finite adeles. For a linear algebraic group H defined over
F let H(A) denote its adelic points. For v a finite place we let F, denote the completion
of I at v, we let O, denote the integers in F, and we let m, € O, be a fixed uniformizer.
We let I' be a fixed neat congruence subgroup of SLo(Op) of level a = [], .0 Piv, Where
p, is the prime ideal corresponding to v.

Let P be the parabolic subgroup of G consisting of upper triangular matrices and let
T denote the set of diagonal matrices of determinant one. Let Np denote the unipotent
radical of P, that is the subgroup of upper triangular matrices with 1 as diagonal entries.
We regard both P and Np as algebraic groups over F. Then P = T'Np.

For notational convenience we shall write K, := SU(2). Let

Kpar = Koo x [ SL2(0,).

v finite

Then one has the Iwasawa decomposition G(A) = P(A)K 4. Let K(I')f C K00 be the
compact subgroup of G(Ay) corresponding to I', meaning that I' = G(F) N K(I'); where
I' and G(F) are embedded diagonally into G(Ay).

Let h = k(I') and Py,..., P, be representatives of the I'-conjugacy classes of parabolic
subgroups in G(F') (these are F-algebraic subgroups of G). Let gp € G(F') such that
P, = g;ingpi, so that gp,, ..., gp, are representatives of P(F)\G(F)/I'. We will assume
that P, = P. In this section and the next one, we let Np, denote the unipotent radical of
P, regarded as an algebraic group over [’ and we shall denote by Np, » the corresponding
real subgroup of SLy(C).

We embed G(F'), P(F) as well as the elements gp,, ..., gp, diagonally into G(A). Then
we have a canonical isomorphism

(5.1) Ty : P(F\G(A)/K(T); —| |(I'n Np,)\ SLa(C)

i=1
which is defined as follows. By the strong approximation theorem one has G(A) =
G(F)SLy(C)K(T")s. This implies that each g € G(A) can be written as
(5:2) 9 = bgr,gecky,

where b € P(F), gp, € {gp,,-.-,9p,} is uniquely determined and g¢., is unique up to
I'NP(F)=TNNp, . Let m: G(A) - P(F)\G(A)/K(T'); denote the projection. Then
according to (5.2)), for g € G(A) we set Zy(7(g)) := (I' N Np, 00)goo, Where (I' N Np, o) goo
denotes the equivalence class of go in (I' N Np, o)\ SL2(C). We also denote by

Ty, (TN Np o)\ SL2(C) — P(F)\G(A)/K(T);

the maps induced by Z, (each corresponding to the embedding of a cusp into the disjoint
union (j5.1f)).
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5.2. Function spaces. Let

W = (C*(P(F)N(A)\G(A)/K(T);) @ (np @ ap)* @ V(m))"™ .
The map Z, induces an isomorphism
k()
(5.3) (Za)" - €D (C™(Np,o\ SLy(C)) @ (np @ ap)* @ V(m)) = Z W,

i=1

Here K, acts on the C™-spaces by right translation and on (ap @ np)* ® V(m) by
Ad* ®p(m). We shall denote this representation also by v1(p(m)).

We regard the real subgroups Mp and Ap of SLy(C) from (3.1)) or more generally the
real subgroups Mp, and Ap, for a parabolic P; introduced above as subgroups of G(A). For
o € Mp with [v1(p(m)) : 0] # 0 and A € C we let W;_ (0, \) be the subspace of W defined
by:

(54) Wy, (0,\) ={f €W : Vg€ G(A),a€ Ap, t € Mp, f(atg) = &ria(a)o (1) f(g)} -

If we view W as a space of (vector-valued) differential forms on the cusps of X = I'\H?3
then the spaces Wj, (0, A) correspond to the summands of the Mellin decomposition of
compactly-supported elements of W (with a further refinement corresponding to the Mp-
equivariance). See also [CV12| 6.6] for further explanations. The functions in Wj, (o, A)
are eigenforms for the Laplace operator (with eigenvalue depending on A, p), and we will
be intereted in the harmonic ones which will serve to describe the Eisenstein cohomology
classes.

Let Kp, o = g;ilKoogpi. Then Kp, o acts on (np @ ap)* ® V(m) by conjugating with
gp,. We let Ep (o, A\, v1(pm)) be the space of all f € (C*®(Np, \SL2(C)) ® (np & ap)* ®
V (m))¥Pi which additionally satisfy

flapmp,g) = Epai1(ap)op,(mp')f(9) Vg € SLy(C), Vap, € Ap, Vmp, € Mp,.

Here p, \+2 and op, are the characters which arise from £, and o by conjugating with gp,.
If v is a finite-dimensional representation of K on a complex vector space V', we let V7
denote the op -isotypical component of the restriction of the representation v to Mp,. Then
we have the following Lemma.

Lemma 5.1. For f € W; (0,)\) define o \(f) € @:ﬁ) ((ap ®np)* @ f/(m))gl’i by

k(T) k(T)

Hoa(f) =Y (Tup) F(1) = flgr)

i=1 i=1
Then pi, 5 defines an isomorphism

K(T)
Hox : Wi (0, 0) = €D ((ap @ np)” @ V(m)) "

=1
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Proof. 1t is easy to see that each function (I&}%)* f belongs to Ep, (0, A\, v1(pr)) and is
therefore determined by its value at 1, which moreover belongs to ((ap @ np)* ® V(m))”".
On the other hand, for ®p, € ((ap ®np)" ® V(m))"" we define ®p, € Ep, (0, A, v1(pm))
by

(55) (I)Pi;)\(nPiaPik) = gpii)\‘l'l(api)yl(pm)(k_1)®Pi'
Let p(o,\)"H(®p) := Z;(®p,r). Then it immediately follows from the definitions that
w(o, \) and u(o, A)~! are inverse to each other. O

We shall from now on identify 7'(A) with the ring of ideles A* by sending = € A* to the
diagonal matrix diag(z,271). Let U(T); := T(A) N K(T);. Let 0 = oy, k € Z and let
)\ € C. Then we combine o~ ! and \ to a character Xoo,on Of MA =T, = C* by putting

_ k
(5.6) Yoo (2) i= 220D (—) .

E

We let H(o, A\, K(I')¢) denote the set of all Hecke characters x : F*\A* — C which are
trivial on U(I'); and which satisfy oo = Xooo. If |-|, denotes the usual norm on the
adeles, then each y € H(o, A\, K(I')f) can be uniquely written as

(5.7) x =[x,

where x; is unitary. For x € H(o, A\, K(T')¢) with x as in (5.7) we define
wox = X' = [ %1 € H(woo, =\, K(D),).

Since T'(A) normalizes N(A) and T is abelian the group 7'(A) acts on W; (o, A) by left
translations and thus we obtain a decomposition of W (o, \) into y-isotypical subspaces:

(58) Wﬁm (0-7 )\) = @ Wﬁm (0', )\)X
XE€EH(o,A\K(T)y)

Let tp,,...,tp, € T(Af) denote fixed representatives of T'(F)\T(A;)/U(I');. Then for
f e W, (0,)), its projection f, onto W, (o, \), is given by

k(T)

(5.9) fxlg) = mZi(tﬁil)f(tPig)-

=1

5.3. Cohomology spaces as function spaces. Now we use the the notations of the
previous sections for the various cohomology groups. We can canonically identify the Lie

algebra np, of Np, o with np. Then we have canonical embeddings
k(T k(T") k(T) k() -

)
H (np; V(m))y = @(ap@np)*o@mm); P H' (np; V(m))- = E(apenp) @V (m).

i=1 i=1 =1
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Moreover, an easy computation shows that in the present case these embeddings in fact
give isomorphisms

k() k()
P e Vom). = D) ((ar 1p)* @ V)™ = (CX. @ 0. )%

i=1

k() k()
EB M (np; V(m))- = €B ((ap ®@np)" @V (m))" " = (CX_®v_)*

where X are the vectors of weight £2 for su(2) in p* and v. the vectors of weight +m
for su(2) in V(m) (recall that V(m) = V(m)?). Thus together with Lemma [5.1] we obtain
isomorphisms:

w(T)
(5.10) pe(m) : Wa,, (0mya, —m/2) = @”Hl(@; V(m))y = HY(0X;V(m))
and

k(T) B o
(5.11) p—(m) : W5, (0_m_2,m/2) = @Hl(np; V(m))_. = HY(0X;V(m))_.

5.4. Integral formula for the intertwining operators. The various function spaces
we consider are subspaces of the invariant subspace

(LAGP\G(A) @ p* @ V(m)) =1

This is naturally isomorphic the v;(p,,)-isotypic component of L*(G(F)\G(A)) and in the
sequel we will view it as such, so that we implicitely interpret all vector-valued functions
on various quotients of X as scalar-valued functions on G(A) (we will use an explicit
isomorphism when needed).

We shall denote the operator from W;, (0_y,—2,m/2) to Wj, (042, —m/2) induced by
C(0_m—2,m/2) and the isomorphisms ps(m) by C(o_,,_2,m/2) too. The constant term
of a differential form w € Q*(T}; V(m)) is defined by

VO I /

It follows immediately from the fact that the group action T?> ~ H*(Tj; V(m)) is trivial
that the de Rham class of a differential form is the same as that of its constant term.
In turn, this implies that the intertwining operators are given by the constant term of
Eisenstein series and it follows that for f € W5 (0_,—2,m/2) and g € G(A) one has

Clo-nzm/2(9) = [ | Sngyin, - (tl) —01>

(see e.g. [Rail3l 2.2.4] or [CV12, 6.6.2], we use the same normalisation of Haar measure on
N(A) as in these references). With respect to the decompositions of W, (0_p,—2,m/2) resp.
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W, (042, —m/2) into Hecke-isotypical subspaces given in (5.8)), the operator C(o_,,—2,n/2)
splits as
C(0_m2,m/2) = P C(x),
XEH(0—m—2,m/2,K(T)5)

where C'(x) : W, (0_m—2,m/2)y = W5, (Omt2, —m/2)uy- Let f € W(o_p—2,m/2),. For
our later purposes we can assume that f = foo ® @), e fo- Then one has for Re(s) large
enough so that the product converges (in general we need analytic continuation of the
global expression):

CO)f = Cool0-m2,m/2) foc ® Q) Colxw) for

v finite

where the operators C,(x,) for v finite or infinite are defined by

(512 cwlita = [ 4w (5 7)o)as

The integrals above can be computed more or less explicitly at each place, which we will
do separately for finite and infinite places.

5.4.1. Finite places. Let us set some further notation. Recall that n, is the v-valuation of
the level of the congruence subgroups I'. Let x; be as in . For v a finite place of F
we let i, be the local component of x; at v. Then we say that x; is unramified at v if
X1, 1s trivial on Q). Otherwise we say that x; is ramified at v. If x; is unramified at v,
then x1,(m,) does not depend on the choice of 7, (this happens in particular if n, = 0).
Let ¢ = |0, /m,O,|. For v a finite place, x; unramified at v and s € C the local L-factor
L,(x1,,5) is defined by

1
(5.13) Ly(X1.0:5) :

1= x1o(m)gs

Then the following Lemma holds.

Lemma 5.2. Let f € W;, (0_m—2,m/2) and v be a finite place of F. Suppose that f, tales
integral values on SLy(O,) = Kynaww- Then we have:

(1) If n, =0, one has
L'U (O8] 2
Co(xv) fo(1y) = Lgﬁ Zilsfv(lv).

(2) If ny > 0 and x is ramified at v, then for k, € K40, one has

Cfu(XU)fv(kv) = Iv(kv)fv(kv)a

where I,(k,) € g2 (m+27,
(3) If ny, > 0 and x is unramified at v, then for k, € Kz one has

o) fo(ky) = Lol M D) pp sy,

Lv(Xl,vy m + 1)
where I,(k,) € ¢~ 2.
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Proof. For convenience we will denote n = n, and s = 1 4+ m/2 during the whole proof.
We prove (i) first. For z € F,, |z|, > 1 we have the Iwasawa decomposition

w(o1)=(o )00 1)

On the other hand for ¢ = nak we have f,(g) = a(a)*x1.,(a)f(Id). Hence we get

_ _9s 1 1 0 0 -1
I, = /|x|v>1 ’x|v Xl,v(x) fo <:(:1 1) dx + /Ov fo <1 z ) dx
— (/ |x|;25X17v(x)_1dx+/ 1dx> fo(1d)
|z]o>1 Oy

_ (Z(l — g g xau(m) g+ 1) f.(1d)

k>1

_ (X1p(m)g® )1 = ¢7") 1= xq(m)g ™
- (1 + 1 — x10(m) g2+ ) fo(ld) = 1 — x1.0(m)q 2+ - fu(Id).

Now let us prove (ii). It obviously suffices to deal with k, = Id. Recall from the preceding
proof that :

(5.14) I, = /| @y, (;1 2) da + /O fu ((1’ ;1) dz.

The second term is a linear combination of integers (values of f,) with coefficients in ¢~"Z
(the measure of a coset on which f, is constant is equal to ¢~") and hence lies in ¢~ " Z. It
remains to deal with the second term. Since y; is ramified at v we have for any k € Z the

equality
/ X10(z)dz = 0.
|2|v=q"
It follows that :

) 1 0 ) 1 0
2|72y (x v(_ )da::/ x| 7y, (x U<_ )dx
/WH waolfo (Y P e TCT

. 1 0 _
= X tn (y Yt [
14+a—1v70O,

a€vOp /o™

Now there are two possibilities for the integral on the second line: either x;, is trivial on
1 + a~tv", in which case the integral equals ¢~"|a|™!, or the integral vanishes. In either
case it lies in ¢~"Z, hence the sum lies in ¢~ ?s=V"Z.

The proof of (iii) is just a combination of those of (i) and (ii). The decomposition (5.14)
is still valid, and the estimate for the denominator of the first factor done there is still
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valid. For the first one we have :

10 1 0
ol sl ( )da:: U( )/ 227 X1 0 (2)da
/$|v<1| ’U X ( >f r 1 Z f a 1 a-‘rv"OU’ ‘v X1, ( )

a€Op /o™

=" (Cll (D X1o(@)laly™ + fu(ld)/ |z X10(2)da

a#0 ||, <q—™

(since 1 is not ramified at v it is constant on every coset a+v"Q,). The terms with a # 0

belong to g, ** V" 7Z, and the same computation as in the proof of (i) yields that the last

—2sn_ Lv(x1,29) Z [l

term lies in ¢ oo 25 1) L
v Lo

5.4.2. Infinite place. Finally, the term Coo(0_1—2,m/2)(f), which is always a ratio of I'-
functions, can be described explicitly in the present case. Thereis ® € ((np © ap)* ® V(p(m)))”
such that fo = ®,,/2. Moreover, there is an M-equivariant isomorphism

vi(pm)(wo) : ((np & ap)” ®@ V(p(m)))” = ((np & ap)” @ V(p(m)))™”.

The representation v (p,,) of K is not irreducible. However, if v, denotes the represen-
tation of K of highest weight m + 2 in the canonical parametrization, then v, o occurs
with multiplicity one in v (p,,) and belong to the v, o-isotypical subspace. Thus we have

(5.15) Coo(0—m—2,m/2)(Prms2) = Cuppia(0—m2z : m/2) - (1(Pm) (W0)P) 2

where ¢, ,(0_m—2 : m/2) € C is the value of generalized Harish-Chandra c-function. In
the present case, the latter is known explitly. Namely, by [Coh74, Appendix 2], taking the
different parametrizations into account, one has

1 1
5.16 ’ ) e ———
( ) Cm+2(0 2 m/ ) Tim+m4+ 2

5.5. Final expression for C(o_,,_2,m/2). It follows from (5.16) and Lemma that
we have an expression of the following form for C(o_,,—2,m/2):

lL(lem_‘_ 2)

1 e 2 =N
(5.17) Clo-m—2,m/2) 7w L(x1,m+1)

where

e [ is the Hecke L-function associated with the character yi;
e N is an integer depending on I' (via the possible ramification of x1);
e U is a function taking integral values on Ky 0.

We will use this expression in the next section to study the integrality of the operator
C(o_m_2,m/2).
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6. ESTIMATION OF THE DENOMINATOR OF THE C-MATRIX

We keep the notation of the preceding section. Our goal here is to prove the following
estimate for the denominator of the intertwining matrices.

Proposition 6.1. Let I" be a (principal) congruence subgroup of I'n. Then there exists a
constant Co(I") such that one can estimate

log |dEis,C(F7 :am)l S CO(F)mlog(m)
for all m € N.

Using the maps p+(m) from and we obtain distinguished integral lattices
pt(m)(HY(0X; A(m)),) in the space Wj, (012, —m/2) and p='(m)(H'(0X; A(m))_) in
W5, (0_m—2,m/2). More generally, if R C C is a ring with Z C R we will say that f €
W, (Gmy2, —m/2) is defined over R if it is in the image of ' (m)(H'(0X; A(m)); ®z R)
and we make the corresponding definition for W, (0_,,—2, m/2).

6.1. Reduction to the isotypic case. The decomposition of W; (0_,,—2,m/2) with
respect to Hecke characters given in does not respect the Z-structure on this space
just introduced. In other words, if f € W, (0_,,—2,m/2) is defined over Z and if we
decompose

(6.1) f= > Fo
XEH(o—m—2,m/2,K(')¢)
then we cannot expect the f, to be defined over Z. However, we have the following

Proposition which controls this defect.

Proposition 6.2. There exists an algebraic integer o € Z which depends on the group T’
but not on the representation p(m) such that if f € W5 (0_m—2,m/2) is defined over Z
then o™ f, is defined over Z for each f, in the decomposition ([6.1)).

Proof. Recall that the character X o_,,_,m/2 is the character

0 m
(6.2) Xoom+2 1 T'(C) = C, Xoom+2 <(é 2_1)) . ym2

onT(C). Let H'(np; A(m))_ denote the integral lattice in corresponding to H*(9X; A(m))_.
Without loss of generality, we may assume that f = u='(®), where ® € H'(np; A(m))_.
We fix x € H(0_p—2,m/2, K(I')f). We have

k()

e (2 ®))y) = D (121 (@)x(gr)-

=1

On the other hand, by (5.9)), for each i we have

(6.3) (1= (2)x(g Z x(t ®))(tp, gr,)
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We will now evaluate the denominators of the x(tp,) and of the (u~' (@))(t;jl gp,) separately.
Essentially, we will see that these values which depend on m have denominators which are
(m + 2)th-powers of a finite number of algebraic integers. For the x(tp,) this follows from
the fact that the finite part of the characters y that we need to consider does not change
on algebraic units, and for the (,u:l((I)))(t;jl gp,) it follows from a simple computation using

the fact that ® € W, (m/2,0_m+9)).

Each Hecke character y : F*\A* — C which is trivial on U(I') and which satisfies
Xoo = Xm+2,00 15 Of the form X2, where y : F*\A* — C is a character which is trivial on
U(I') and satisfies Yoo(2) = 2 for 2 € C*. The set of such characters y is finite. Thus it
follow that there exists a 8 € Z such that:

(6.4 2 (b)) €7
forall j=1,...,k(T) and all x € H(o_m-2,m/2, K(T')).

For each i, j there exists a unique [ = {(i,5) € {1,...,h} and a goo = goo(?,J) € SLa(C)
such that
(6.5) tp, gr, = bgpgeck,

where b € P(F), k € Kf(I'). We fix g satistying (6.5). If gp, # gp, = 1, then, by
definition one has (ujl(q)))(t;jlgpi) = 0. One the other hand, if gp, = 1, then by definition
one has

(6.6) (1=H(P) (5 gp) = Piny2(goo(is 1)),
where ®,,/0 = Pp/0 € Ep(0_m—2,m/2,V1(pp)) is as in (5.5). Write the Iwasawa decom-
position goo = Pockoo, Where poy € Pa, koo € K. Then:

Dy 2(9o0(5.5)) = V1(Pm) (koo (i, 7)) ™) P2 (Do (i, 7))

One has @,,/2(pc) € (ap B np)* @ V(m))7-"-2 and v1(pm)(koo) ' ®m(pso) € (ap B np)* ®
V(m))°-m-2. It is easy to see that this implies ko, € My, i.€. goo € Ps. Moreover, together
with it follow that g., € P(F'). Thus one can write go, = toonoo With to € T(F)
and ne, € N(F). We write o = diag(t;;,t; ) with ¢;; € F*. Then by and by the
definition of ®,,/2 we have @, /5(gs0) = tZ‘jH@. Thus if a; ; € O is the denominator of
tiﬂ', i.e. ai,jti,j S O} we get that

(6.7) a2 12(goo (i, 5)) € H' (np, A(m)) - @z OF.
Combining (6.3)), (6.6), (6.7) and (6.4) we get the statement in the proposition. O

6.2. Integrality of quotients of L-values. For a unitary Hecke character x; recall the
Euler product formula for the Hecke L-function:

L(x1,$) = HLU(X17U7 s).

For a place v where x does not ramify we defined the local factor L, in (5.13]); we take
the convention that L,(x1,s) := 1 if x; is ramified at v. The infinite product converges
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absolutely for Re(s) > 1 and admits a meromophic continuation to C. For a € Q we shall
denote by |alg,q or simply [a its absolute norm given by

lalgo:=1Bl, B= ] bteqQ
bcCal(Q/Q)-a

where Gal(Q/Q) is the absolute Galois group of Q. The following proposition evalu-
ates the denominator of the quotient of L-values appearing in the computation of the
intertwining operators in Lemma It is essentially contained in the work of Damerell
[Dam70],[Dam71]: our argument consist in keeping track of norm estimates along the steps
in the proof of the main theorem of [Dam70]. We learned of Damerell’s theorem through
the book [CV12], which makes use of it for purposes similar to our own in Section 6.7.

Proposition 6.3. Let T be an ideal in Op. There is A € Z~q such that for all unitary Hecke
characters x whose conductor divides J and whose infinite part xo(2) = (z/|2|)" = (z/2)"/?

for an even integer n, and for any integer s € {0,...,n/2} there is an integer a’ € 7 such
that |a'| < (n))? and we have :

L _
(6.8) 2"*%“@’& € .
L(Xa s — 1)
Proof. The arguments used in [Dam70] can be adapted to yield the following effective
version of Theorem 1 in this reference; we will detail how to use Damerell’s calculations to
obtain this in the appendix [A]

Lemma 6.4. There is an Q2 € C* (depending only on the field F') such that the following
holds. Let n be an even integer, x a unitary Hecke character of F with infinite part
Xoo(2) = (Z/2)"/% and s an integer in the range {0,...,n/2}. Then

(6.9) 25 Ly, 5)/ Q"

1s an algebraic number, whose degree over Q is bounded by a constant depending only on
F and the conductor § of x and whose absolute norm is bounded by C(n!)* for positive
integers C; A depending only on F.

Bounds for the denominators of special values of L-functions are also given by the work
of Damerell. We will use the following statement to evaluate denominators of the L-part
of the intertwining integrals: let n be an even integer, x be a unitary Hecke character of
F', with infinite part

Xoo(2) = (@/a)"?
and finite part x; of conductor J. Then [DamT71l, Theorem 2| states that for the complex
number 2 € C* appearing in Lemma there is an algebraic integer a € Z, whose

absolute norm |a| = |alg,q is bounded independently of s, Xo, such that for all integers
s € {0,...,n/2} we have

(6.10) "/2=3q . L(x,s) € Q" /a"? 5.
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The proposition follows from this and the bound for the abolute norm of normalized L-
values given in Lemma (the transcendental factors cancel between the numerator and
denominator). O

6.3. Pairing and integrality. To be able to use Proposition[6.3|together with the formula
we need to relate the values of a function ® € W(o_,,_2,m/2) with the integrals of
the 1-form ;i (m)® against integral cycles in H,(9X;V (m)), since the 1-form is integral if
and only if these are integral.

First we describe the integral homology classes. Fix a component T} of X and identify
it with (T' N N;)\N;. Let np,z = exp~'(I' N IV;); in this case since N; is unipotent abelian
this just means that TN N; = {Id+Y : Y € npz. Let Y € npgandn=1+Y . Let
v € A(m) such that v — p(n)v = 0. Then the 1-chain cy,, defined by:

cyo(t) = (1 +tY),v, t €[0,1]
is an integral cycle, and the classes associated to these cycles span H,(Tj; A(m)).

Now let (-,-) be the G(R)-invariant nondegenerate pairing on V(m) for which A(m) is
self-dual. For an element ® € W and Y € np,g € G(A) let ®(g)(Y) € V(m) be defined
by
O(9Y) =) [@OXYYV)uifd=) fi®X) @uveC™(G(A)e (np ®ap)” @ V(m).
i=1

i=1

The pairing on HY(T;; V(m)) x Hy(T; V(m)) is given by
ps (D) (cyy) = /1<(1 + 1Y), (1 +tY), @1 +tY)(Y))dt

and by the invariance property of ® we have that ¢ — (c(t), exp(tY).®(exp(tY))(Y)) is
constant, equal to (v, ®(Id)(Y)). Let fy, = (v,®(-)(Y)). We see that the class pu_(P)
is integral if and only if fy, € L*(G(F)\G(A) takes integral values on K;(T') for any
given Y € np, 7 and v € A(m) as above. Of course the same statement holds for ® €
W (012, m/2) with p_ replaced by g .

6.4. Proof of Proposition According to the previous paragraph the statement in
the proposition reduces to the following claim: let K’ be a compact-open subgroup in
G(Ay) and f € W, (042, —m/2) corresponding to a rational integral cohomology class
(the space W being defined as above with K;(I') replaced by K}). Then we claim that
there are N, C, A € Z¢ depending only on K’ such that we have

C(s(m))f(Id) € CTIN"™(m)AZf(1d).

To prove we note that it suffices to prove a similar result over Z, namely that for all f as
above corresponding to a cohomology class with coefficients in A(m) ® Z we have

(6.11) C(s(m))f(Id) € a~'Zf(1d)
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for an algebraic integer a with |alg,q < C (m!)4 (indeed, since we know a priori that if the
right-hand side is defined over Q the proposition follows by taking the product of Galois
conjugates of each side).

Let us prove . First, it follows from Proposition that it suffices to prove it for
f € W,. By Lemma and we get that it suffices to prove that

1 L(x, m)

1. _2em) g
7 Lhom—1)

for an a € Z with absolute norm |b| < (m!)#. This last statement follows from Proposition
0.9l

7. BOUNDING THE TORSION FROM BELOW
In this section we prove the estimate (1.1 (and also ([1.3]), which we actually need to

prove the former) from our main Theorem [A]

7.1. Regulators on the boundary. We have evaluated most terms from the estimates
in Lemmas |4.1| and but we still need to control the covolumes of integral homologies
from the boundary components. This is elementary and we give estimates in the next
lemma.

Lemma 7.1. We have
log vol(H*(0X; A(m))_),log vol(H*(0X, A(m))) = O(mlogm)
as m — +00.

Proof. We will prove this for cohomology with coefficients in A(m). Since A(m) splits
as A(m) ® A(m)¥ and A(m)" containes a sub-lattice of index at most (m!)¢ which is T'-
equvariantly isomorphic to A(m) (see Lemmal[7.7 below) it implies the statement for A(m).
We will be a bit sketchy in our arguments below.

Since H'(0X; A(m))_ splits as the direct sum @ffl) HY(T' N Nj; A(m))_ it is enough to
estimate the volume of each lattice H'(T'N N;; A(m))_. We let w be the cohomology class
corresponding to X_ ® v_ in the isomorphism (|5.11)) where v_ spans over Op the integral
vectors in V' (m) of weight —m for the Cartan subalgebra ap, corresponding to P;. The class
w is not necessarily integral but we will see that it is rational and control its denominator.
Since its norm is clearly bounded independently of m this will imply the estimate we want.

Let i € {1,...,k(I")} and X, X5 € np, such that I' N P, is generated by 1+ X3, 1+ Xo.
Let v; be a vector of weight m — 21 for ap, in V(m). There exists integral polynomials Q%
such that

p(1+ 2X1)u = v + Z Q'(2)vp.
j=1+1
and using this equality it is possible to produce cycles 0y, 6, which span Hy(I' N N;, V(m))
over Q, which are not necessarily integral but whose denominators are controlled linearly
by the coefficients of the Q! appearing above. Moreover the integrals w(6;) = 0 and w(6s)
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also have denominators controlled by these coefficients. Since all of these are essentially
binomial coefficients, and thus at most exponential in m this finishes the proof.

In degree 2 the cohomology/homology for each component is 1-dimensional and the proof
is much simpler and left to the reader. U

7.2. Torsion in H*(I', A(m)). We first show directly that the order of the group H*(T'; A(m))s0rs
grows slower in m than our leading term. Since we work with a split algebraic group the
proof of this is simpler than that of the corresponding statement in [MM13].

Lemma 7.2. Let I' be a congruence subgroup of I'p. Then
log |H1(Fa /_\(m))tors| = O(m log m)a
as m — oo.

Proof. One has HY(T'; A(m))iors =2 Ho(T'; A(m))sors by the universal coefficient theorem. Let
A°(m) denote the submodule of A(m) generated by all (p,,(v) —Id)v, where v € A(m) and

v € T. Then Hy(A(m)) = A(m)/A°(m). There exists an a € N such that for n, := <(1) Cll)

1

and n, = one has ng, g € I'. If we let X, Y denote the standard basis of C2, then

0
1
X™ X™lYy, ..., Y™ is a basis of A(m) and in this basis, p,,(n,) — Id is represented by an
upper triangular nilpotent matrix. For j > 4, the entry in the i-th row, j-th column of this
matrix is given by a’~ (?7 B 1) . Thus it follows inductively that (I +1)aX™'Y" € A%(m)

for 0 <[ < m. On the other hand, one has (p,,(7,) — Id)XY™ ! = aY™. Thus one has
|Ho(A(m))] < a™'ml. ie. log|Ho(A(m))| = O(mlogm) as m — oco. For AY(m) one can
argue similarly. Il

The main result we prove here is the exponential growth of the torsion subgroup of
H?(T', A(m)); in the remainder of this subsection we will show how all the work done in
sections 4-6 implies the following result.

Proposition 7.3. We have
log |[H*(T'(a), A 1(X N
- i 198 (@) A vol(Xe) (| Nao)
m—+00 m2 ™ N(a)

Proof. Let A and C(I") be as in the end of section|3| Let a be a non-zero ideal of Op with
N(a) > Ci(T") and let ay € A such that nyp@) = 1) for each [ =1,..., dp. For brevity
we shall use the following notation in the remaining computations:

RY(X,L(m)) = vol (H'(I', A(m))) .
With this notation becomes
log Tris (X Ep,,) = log R*(X,, L(m)) + log [H' (T (a), A(1m12))0rs|
—log R'(X,, £(m)) — log |H*(T(a), A(m))1ors|-

(7.2)
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By Lemmas [£.2] and [7.2] we have that
(7.3) |log (|H'(T(a), A(m))tors|) | [log R*(Xa, L(m))| < mlog(m).

On the other hand, applying by Lemma [7.1, Proposition to the right-hand side of the
estimate in Lemma {4.1f we get that

1 C 2
i inf 108 (Xa, L(m)) < lim inf log |H*(T'(a), A(1))sors]

m—+oo m2 m—r+00 m?

From ([7.3) we get that in the expression (7.2)) for the Reidemeister torsion 7g;s(Xa; E5,,)
all terms but log|H?| and log R! are O(mlog(m)) and using the preceding inequality we
get that

(7.4) lim inf (2

m—-+00

log |H2(F(a)a A(m))tor8| )

m2

> lim inf (—

m——+00

log Tris(Xa; Eﬁm)>

m2

On the other hand, we also get from Lemmas and [7.1] that

_ 1 ;

m—+00 m2

from which and (7.3]) (used for ay instead of a) it follows that

(7.5) lim inf (log Tiis (Xao: Epm)) <0.

m——+40oo m2

Putting together ([7.4)) and (7.5) we get that

(2 [Cp : T(ag)] log IHQ(F(a)7A(m))tors|> >

lim inf

m=+oo \ " |Op| - N(ap) m?
lim inf _[FD : F(Clo)] ) log TEis<Xa; Eﬁm) [FD : F(Cl)] ) lOg TEis(XaO; Eﬁm) '
m—+o0 \ |Op| - N(ao) m? O] - N(a) m?

Finally, the right-hand side above converges to

2.

FD : F(Clo)] . [FD . F(Cl)] 1 _ 1 vo 3
205 | (N(ao> N(a)) o \H)
_[Mp:T(ay)] vol(Xa) (1 B N(ao))
05N (@) w N(a)

by Proposition (which we are allowed to use for the representation p,, @ p,, instead
of p,, since the analytic or Reidemeister torsion of the former is the square of that of the
latter). This finishes the proof of Proposition [l
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7.3. Independence from the lattice. Here we prove that log|H?(T, A, )tors| does not
depend on the choice of lattices A,, C V(m) up to an error term of size mlog(m).

Proposition 7.4. Let ' be a finite-index subgroup of the Bianchi group U'p. There is a
constant C' depending only on I such that for any m > 1 and any two I'-invariant lattices
Ay, Ay in V(m) we have

‘1 <|H2(F7A1>t07‘s|

< .
|H2<F,A2>tm|>‘ < Cmlog(m)

We will deduce the proposition from the two next lemmas.

Lemma 7.5. Let ' be a subgroup of a Bianchi group, p be a representation of SLa(C) on
a vector space V' and A, N two p(I')-invariant lattices in 'V such that M - N C A" C A for
some integer M € Z~q. Let L, L' be the local systems on X = I'\H? induced by A, N’ and
E, the Euclidean bundle on X induced by p. Then we have

1 < ) < M 1im (X,Ep)
- RYX,L) T
Proof. Let h = dim H*(X, E,) and let ¢1,...,c, € Z'(X, L) such that the cohomology
classes [c1],...,[cn] generate the free part of H'(X,L). Then each M - ¢; belongs to

ZY(X, L") and together the M - [¢;] generate a finite-index subgroup of H'(X, L’). Thus
we get

M-HYX,L)c H'(X, L)
and the inequality
RNX, L) < [HNX,L): M-H (X, L)R"(X,L) = M"R'(X, L)
follows immediately. U

Lemma 7.6. There is a constant ¢ € Z~y depending on U such that if Ay, Ny are two
[-invariant lattices in V(m) then there exists a € Q such that

al; C Ay Ca(m!) CA;.

Proof. Let (-,-) be the pairing on V(m) = Symm™ C? induced by the determinant on
C? x C?* (which is hence nondegenerate and ['-invariant) and let A} be the (-, -)-dual lattice
of Ay in V(m), that is

AN ={veV(m): Yue A, (u,v) € Z}.
Then
(7.6) m!A, € Ay C (m!) A}

as follows from the expression of (,) in coordinates (see for example [Ber(08, 2.4]). Now
let u be a primitive vector in Ay which is a vector of maximal weight for the standard
parabolic subgroup of SLy(C) in V(m) (i.e. a rational multiple of X™); there exists an
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a € Q such that au is a primitive vector in A]. Then Az := (T" - au) C A}: indeed, for any
v € Ay and v € T we have

(v,7-au) = (y' - v,au) € Z.

From this and (7.6) we get that A3 C (m!)~!'A;. By arguments similar to those used in
the proof of Lemma (which we will detail after we explain how to conclude the proof
from there) , we also have that

(7.7) aly € N™™(m!)?As
for some N € Z-o depending on I'. It finally follows that
aly C N™™(m!) A

which proves half the lemma ; the second half also follows by a completely symmetric
argument.

Let us explain how is proved. For ease of notation we will suppose that au = X™.
We put Ag = A(m) = OpX™ ® OpX™ 'Y @ ... OpY™. Let z € Z such that n, € T
and k € {1,...,m} ; suppose that bX™*Y* € A, for some b € F. Then we get that

Ay >0k bX™TRYR = bEl1FX™

so that bk!z™ € Op. Thus we get that Ay C (2™m!)"1Ag. On the other hand the proof of
Lemma [7.2] yields that [Ag : Az] < z™ml, hence Ay C (z™m!)72A;. O

Proof of Proposition[7.4 Let L; be the local system on X induced by the lattice A;. We
have by (7.2) that

RQ(X7 »Cl) . |H1(P, Al)tors| — (X ) _ RZ(X, £2) . |H1<P, A2)tars|

R1<X7 £1> ' ’H2(F7A1)tors| s »Pm RI(X’ £2) ' |H2(F7A2)t0rs|.
By Lemmas [4.2| and [7.2| we have that H', R* are < mlog(m) for whichever lattice, and by
Lemmas and [7.6] we get that

e (i )

) \ < mlog(m)

and we can thus conclude that the remaining terms log(H?(T', A;)) in the Reidemeister
torsion differ by at most C'mlog(m) for some C' > 0 depending on T'. i

7.4. Conclusion. Let A’(m) be the lattice A(m)@A(m) in V(m)@V (m). By Propositions
and [7.3] we get that

lim inf >

m2 T

log |[H?(T'(a), A'(m)) tors| S vol(X,) (1 B ]X[((CZ]))> '

Since H*(I'(a),A'(m)) = H*T(a),A(m))? we get (L.1). The estimate (1.3)) is proven
exactly as in Lemma [7.2]
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8. BOUNDING THE TORSION FROM ABOVE

In this section we proof equation from Theorem [A] : we give the proof for A(m)-
coefficients, the case of A(m) follows immediately by Proposition The main ingredient
is the following lemma, usually attributed to O. Gabber and C. Soulé (we note that it is
also an important tool in V. Emery’s a priori bound for the torsion in the homology of
certain arithmetic lattices, see [Emel4]). We refer the reader to [Saul6l Lemma 3.2] for a
proof.

Lemma 8.1. Let A := Z* with standard basis (¢;)i=1.. o and let B := Z°. Equip B ®z R
with the Euclidan norm ||-||. Let ¢ : A — B be Z-linear and assume that there exists « € R
such that ||p(e;)|| < « for each i =1,...,a. Then one has

| coker(¢)yors| < ™M)
Next, we have the following elementary Lemma.

Lemma 8.2. Let {v; := e"'e}: i = 0,...,m}, denote the standard integral basis of
the lattice A,, C V(m). Equip V(m) with the inner product such that the v; form an
orthonormal basis and let ||| guq(v,,) denote the corresponding norm on End(V,,). Then for
each v € I'p one has

HPm(’Y)”End(Vm) < ||P1(’Y)||;:nnd(vl)
Proof. This follows immediately from the definitions. O

Now we can estimate the torsion from above as follows.

Proposition 8.3. Let I' be a finite index, torsion-free subgroup of I'p. Then there exists
a consant cr such that one can estimate

10g |H2(F, A<m>>tors| < CFm2
for each m € N.

Proof. Let X := T\H?. Let K be a smooth triangulation of X and let K denote its lift
to a smooth triangulation of H?. For each ¢ let Cy(K) := {014,...,0Nn(q),q} denote the
simplicial g-chains of I, where N (T, ¢) € N depends on K. Let C’q(lé) denote the simplicial
g-chains of K and let 9, : C,(K) — C,_1(K) be the corresponding boundary operator. For
each 0;, we fix a 0, , € K such that 7.(Giq) = 044, where 7 : X — X is the covering map.
The group I' acts on C,(K) and we denote the corresponding action simply by -. For each
;4 there exist elements v, ,1 € I', k =1,... N(¢ — 1,I'), such that

N(g—1,T")

Uzq = g Ve, g—1 " qu 1-

Let Cy(KC; Ay) = Co(K) ®zr) Arr. Then the homology groups H,(I'; A,,) are isomorphic
to the homology groups H.(C.(KC; A,,)) of the complex

(CL(KC; M), Dapy) = (CL(K) @iy A, O @ 1d).
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Let {vg,...,v,} denote the standard integral basis of A,, as in Lemma Then an
integral basis of C,(K; A,,) is given by

B,(K;Ap) ={6i,®v;:i=1,...,N(I',q): 7=0,...,m}.

We equip C,(K; A;,) ®z R with the inner product for which B,(K;A,,) is an orthonormal
basis and denote the corresponding norm by [|-[|¢, c.v(m))- Then we have

N(g—1,T)

Ogipm (Gig ® v;) = Z Okg—1 @ (pm<71;;—1)vj)
k=1

and thus by the definition of the norms we have

. —1
(8.1)  NOgp, (i ® Uj)”cq,l(zc;v(m)) < N(¢—1T) k:l,..rfll\zfi();—l,l“) ‘}pm(Vk,q—l)"End(vm)

_ _ ~1
= N(q 1, F) ( _ ma};_l’r) le(’Y]@qfl) HEnd(Vl)) )
where the last step follows from Lemma [8.2 We put

c(l) =max  max o1 Vg1l o -

Then ¢y(I") depends on I' and the triangulation /C, but not on the local system A,,. If
we apply Lemma with A = Cyl(K;Ay,), B = Cy1(K;Ay), ¢ = 0y, and a =
N(T',q — 1)co(I')™, then, using that rkz A = (m + 1)N(q,T"), vk, B = (m + 1)N(¢ — 1,T")
we obtain from that

|(coker(Dgspn))pors| < (N(T',q — 1) co(T)m™)m+) min{N(@D).Ng-L))

tors| —
For A), one argues in the same way. Thus the proposition follows by applying the universal
coefficient theorem. O

Remark 1. Using the K AK-decomposition, it should be possible to generalize Lemma, 8.2
and thus the proof of Proposition to arithmetic subgroups I' of arbitrary connected
semisimple Liegroups G defined over Q which satisfy §(G) = 1. For suitable rays py(m)
of Q-rational representations of GG of highest weight mA with ['-invariant integral lattices
A(pa(m)), this should give an upper bound of the corresponding sizes of all cohomological
torsion subgroups H;: .. (I', A(pa(m))) by C(I')ym dim py(m). Such a bound can be regarded
as complementary to the lower bound obtained in the compact case in [MP14b].

Let ag € A be as in the previous section. If we apply Proposition for the group I'(ay)
instead of the group I'(a) and also use Proposition we can improve the constant in
the upper bound of the size of m™2log|H?*(T'(a), A(m))sors| and thus prove (1.2)). Namely,
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arguing similar as in the proof of ([1.1)) given in the previous section, we obtain

n sup m-2 ke L)) Ly — Lo L]
1 m—}Zo |O |N( ) | tors(F<a)7A( ))| |O |N() (FO)

. o [I'p:T(ao)] ['p:I(a)]
< hmniglgom (_WlogTEZS(XCUE ) WIOgTEzs(Xaan (m)))
Iy T,

Invoking Proposmon 3-2 equation (1.2) follows.

APPENDIX A. GETTING EFFECTIVE BOUNDS FROM DAMERELL’S PAPER

Here we give a proof of Lemma following [Dam70]. Let us recall the statement first.
We are given an imaginary quadratic field F', and want to prove that there is Q € C*
such that for any even integer n and unitary Hecke character x of F' with infinite part
Xoo(2) = (Z/2)"/2, for all integers s € {0,...,n/2} we have that the normalised L-value

Wn/Q—SL(X7 S)/Qn

is an algebraic number, whose degree over QQ is bounded by a constant depending only on
F and the conductor f of xy and whose absolute norm is bounded by C(n!)# for positive
integers C; A depending only on F.

Before detailing Damerell’s arguments we give a brief explanation: the main step is to ex-
press the L-function as a rational fraction whose arguments are elliptic functions associated
to the elliptic curves C/A where A are ideals in Op (see (|{]) and below). When eval-
uating this expression we will evaluate the elliptic functions at finite-order points, where
they take algebric values of controlled degree.

From now on all our numbered references will be to Damerell’s paper [Dam70]. Damerell’s
statement includes only the algebraicity, but his arguments give the full statement above
as we shall now explain. Formula (6.2) yields the following expression for the normalised
L-value occuring above :

(1) TP L(x, ) [ = M - Zﬂxf T X (BPEL(BQ, 5, Q8;)

BeN; /B,
where:

e M is an algebraic number depending on f and [ ;

e 2y, ..., A, are integral ideals representing the elements in the class-group of F' ;
e 7 is a number depending on F' and p = n/2 — s;

e [, is a particular function which we will analyse below;

e () € C* is a particular number depending only on F'
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The next step is Lemma 5.2, which yields an expression of F,,(-,-, A) in terms of arith-
metic invariants of the elliptic curve C/A. More precisely, let o be the Weierstrass function
associated to this elliptic curve, and let s > 1. Then we have :

(¥ Whs ) = Y P (o) () K (2)

where :

e h(z) is a rational fraction (with coefficients in Q) in p(kz), ¢'(k2), " (kz) where
k=1,...,0—2, with £ the exponent of the finite abelian group 2;/8; (see Lemma,
4.3) ;

e K} is a polynomial (with coefficients in Q) in h, p(2), ¢'(2), g2(A) and g3(A) and ¢
(Corollary 4.1) ;

e ¢ is a constant depending on the curve C/A.

The key fact is then that all points at which the various g occuring in ([f|) are estimated
are of bounded finite order on the elliptic curves: this yields algebraic equations for the
relevant values of p and its derivative whose degree is bounded (depending on F' and f).
The values of go and g3 are algebraic of degree depending on the elliptic curve (this is where
the choice of = enters, see the remark after Lemma 2.1). It then follows that the values of
@" are algebraic of bounded degree, as we can see by differentiating in z the equation

(dp/dz)* = 49" — gap — g5
satisfied by g, which yields

() d*p/dz" = 60" — ga/2

(cf. (3.10),(3.11)). All of this proves that the factors h(z) and K _, in are algebraic
of bounded (depending on Ff) degree. It remains to deal with ¢. Choosing a 7 € Op,
equation (6.1) yields the expression

p=(T-1)" > pp/7)
pETHB; /xB;
p#0

which is algebraic of bounded degree. This finishes the proof that all factors of the sum-
mands in are algebraic of bounded degree. To finish the proof that the normalised
L-value itself is so we need only note that since the character x; is of bounded finite order
(depending on ), its values in ({{|) are roots of unity of bounded degree. Thus all terms in
() are algebraic integers of bounded degree.

Now we must bound the absolute norm of the right-hand side in ({]). It is obvious from
, and the proof that the degree is bounded that it suffices to prove that the valuation
of Kij, for 2 <i+2 < j < n is bounded by C(n!)* for some constant C. To do this we
must return to the arguments of Damerell; in the proof of Lemma 3.3 he shows that for
J > 2 one has
de_QKJ(Z)

K9(z) = (-1p 2
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From this an easy recursive argument using the identity (]ED allows to prove that for 7 > 2
KJ(z) is a polynomial in p(2), ¢'(2)/2 and g2/12 of degree less than 25 in each variable,
with coefficients in Z that are < (2j)!- N7 for some integer N € Z~ ; we will denote this
polynomial by P]Q € Z[ X, ..., X4] (the last variable represents g3/4).

Damerell proves that for 0 < i < j there is a polynomial Pf € Z[Xy,...,Xy] such
that K3(z) = Pj(p(2), ¢'(2)/2, 92/12, gs/4). For this he uses the recurrence relation (3.12),
which is :

/
i1 9'(z) 1, g2 1 1 ;
() KiR(e) = i57 S K7 () =iy - SKG5 () = =D ()
where D is a differential operator (in both second variables of p). It is given explicitely for
0, ¢, g2 and g3 in the equalities (3.7), which we rewrite here :

1

Dgy, = —6g3, Dgs = —5937
Dp = —2¢° — %, D' = —-3p-¢.

Together with these finally yield that the degree of P; in each variable is less than

2(i + j) and the coefficients are majorised by 2(i + j)!N(+7) for some N € Zq. It follows
that for the values of 2 occuring in (f}) we have |K7?_,(2)| < n!N™ at each place, hence the

absolute norm is bounded by (n!N")#@  This finishes the proof of our statement.
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