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CONVERGENCE AND STOCHASTIC HOMOGENIZATION OF NONLINEAR
INTEGRODIFFERENTIAL REACTION-DIFFUSION EQUATIONS VIA
MOSCOXxI'-CONVERGENCE

OMAR ANZA HAFSA, JEAN PHILIPPE MANDALLENA, AND GERARD MICHAILLE

ABSTRACT. We investigate the convergence of sequences of nonlinear integrodifferential reaction-diffusion
equations when the Fickian terms belong to a class of convex functionals defined on a Hilbert space,
equipped with the Mosco-convergence, and the non Fickian terms belong to a class of convex func-
tionals, whose restrictions to a compactly embedded subspace is equipped with the I'-convergence. As
a consequence we prove a homogenization theorem for this class under a stochastic homogenization

framework.
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1. INTRODUCTION

In the spirit of [2], under suitable variational convergences on the classes of functionals ® and ¥, we
investigate the stability in terms of convergence of integrodifferential reaction-diffusion problems defined
in L2 (0,7, X) by

d t

ditb () + 0 (u(t)) +/ K(t—5)0V (u(s)) ds> F (t,u(t)) for a.e. t € (0,7T)

(P) 0

u(0) =u’, u® € dom (99).
The integral in the first member is taken in the sense of Bochner, and the domain of the lower semicon-
tinuous convex functionals ®, ¥ : X — RU {400} is a subspace V' compactly embedded in the Hilbert
space X. More precisely, the class of functionals ® is equipped with the Mosco-convergence; the class
of the restrictions to V' of functionals W, is equipped with the sequential I'-convergence associated with
the weak topology of V. When dealing with concrete functionals ® and ¥ of the calculus of variations,

problems of type (P) arise from the conservation of mass when the flux is splitted into two terms: the
Fickian flux whose divergence is 0® (u (¢,-)) and the non Fickian flux which takes time memory effects
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2 CONVERGENCE AND STOCHASTIC HOMOGENIZATION OF NONLINEAR INTEGRODIFFERENTIAL . ...

into account, and whose divergence is fg K (t— )0V (u(s))ds; see Section@for various examples in the
framework of stochastic homogenization.

We say that u is a solution of (P) if u € L? ([0,T], X) is absolutely continuous in time and satisfies
(P). Well posedness in the sense of existence of solutions has been extensively studied using maximal
monotone operator techniques under an extrinsic condition involving the scalar product of 9® with the
Yosida approximation of 0¥, not easy to handle, even for elementary examples; see [I1, Example 2].
Refer to the pioneers [0 [7, 1T, 23] and references therein when F' is a source without reaction term.
Theorems are devoted to the existence of a strong solution of (P) with a right derivative at
each t € [0, 7] under a coerciveness condition on 9P o (8\11)71, which is more flexible and stable for
the product of the Mosco-convergence with the I'-convergence. For existence of solutions of nonlinear
Volterra integrodifferental equations under a weak formulation but with nonsmooth kernels, refer to [14].
For existence results related integrodifferential equations of non covolution type or for integrodifferential
equations whose source includes a delay term see [9] [T0, 23]. For recent developments in non-Fickian
diffusion and its applications to viscoelastic materials, we refer to [15] and references therein.

The main result of the paper is stated in Theorem where we establish the convergence of sequences
in the class of problems (P) when the classes of functionals ® and ¥ are equipped with the two variational
convergences mentioned above. This theorem can be seen as a compactness result for the class of
problems (P), and, with some additional conditions, as a stability result (see Remark . In the
concrete case when X = L2 (2), we extend the convergence to reaction diffusions problems (Theorem
5.2). In Section |§| we apply Theorem for the stochastic homogenization analysis of problems of
the type (P) when ® and ¥ are concrete random functionals of the calculus of variations. In Section
we address the stochastic homogenization of a random problems modeled from a Fick’s law with
delay: the non Fickian flux is superimposed on the first flow at each time ¢. According to the models,
it may accounts for maturation period, resource regeneration time, mating processes, or incubation
period. In Section we treat the stochastic homogenization of general nonlinear integrodifferential
reaction-diffusion equations in one dimension space in the setting of a Poisson point process. The general
problem considered is a randomization of [I1], Example 2] with a reaction source. For recent developments
in periodic homogenization of parabolic problems in L? (0,7, L? (R%)) with a convolution type operator,
refer to |21} 22]. By contrast, our results falls within the scope of stochastic homogenization of parabolic
problems with non-local operators in the context of boundary valued problems.

2. PRELIMINARIES

In the following X denotes a Hilbert space endowed with a scalar product denoted by (-,-) and its
associated norm || - ||x. In Section and Section |§|, X = L?(9Q) where Q is a C'-regular domain in
RY. We denote by V a reflexive Banach space compactly embedded in X, by || - ||y its norm, and by V’
its dual. Therefore, for T' > 0 fixed all along the paper, the following compact embeddings hold:

Ve X oV

L?(0,T,V) < L*(0,T,X) << L*(0,T,V")

where X and L? (0,7, X) are identified with their duals. For a proof and general results concerning
compact embeddings for vector valued spaces, refer to [I] and references therein. We assume that
(u,v)ys = (u,v) whenever u € X and v € V.

2.1. Structure of the first member of (P). We are given two lower-semicontinuous (Isc in short)
convex proper functionals &, ¥ : X —]—o00, +o0] with domain V', satisfying inf x ® > —oo, infx ¥ > —o0,
and such that dom (0®) C dom (0¥). We denote by |y the restriction of ¥ to V. Recall that the
subdifferentials of ¥y, and ¥ are connected through the relation

When there is no ambiguity, to simplify the notation, for u € dom (0®) we write 0P (u) and OV (u)
to denote any element of the sets 0@ (u) and OV (u) respectively. We assume that 0 € dom (0¥) with
0V (0) = {0}. The functional ¥y, is assumed to be strongly convex in the following sense:

(0(¥1v) (u) =0 () (v),u— U>V,’V > ay|lu— |} for all (u,v) € dom (0 (\IILV))Q . (1)
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Note that when (u,v) € dom (8¥)?, then (T)) yields
(0W (u) — O (v),u — v) > ayllu—v|%,
hence, since ¥ (0) = {0}, for all u € dom (0T), we infer that
(OF (), ) > agul?.

We assume that the subdifferentials 0® and 0¥ are connected via the following coercivity condition
on 9P o0 QU ~1: there exist two constants ag ¢ > 0 and Se ¢ > 0 such that for all u* € Rye (9V),

<8<P ((8\1/)71 (u*)) ,u*> > agwllu X — Bow. (2)

For the definition of (9%) ™" and the relative range Rag (O¥) of ¥ with respect to ®, refer to Appendix
This condition must be understood in the sense of a set relation, i.e. for every & € dom (0®) every
u* € Rgp (0V) such that u* € 9V (&), we have

(€ u*) > agu|u % — Bo,w for all £ € 9P (€).
Therefore condition [2]is equivalent to
(00 (u) , 00 (w)) > as w[|OV (u) |5 — Ba,v.

Condition (2)) replaces condition
(09 (u), 00 (u)) > —B([|0® (u) |5 + |ulk +1) for all u € dom (0P) (3)

in [7, 11, 23], or [6, (d) page 253], which links 9P and OV, the subdifferential of the Moreau-Yosida
envelope at A > 0 of W. We say that and hold uniformly if the constants oy, ap, v and Bo ¢ do
not depend on the functionals ® and V.

Examples 2.1. Consider ¥ : X —] — 0o, +00] Isc convex proper, and let G : X —] — 0o, +o0] be a lsc
convex functional, continuous at a point of V. Assume that there exists Sy ¢ > 0 such that

(00 (u),0G (u)) = —Pu.c (4)

inf
u€dom(0¥)Ndom (9G)

inf inf (£,¢) > —oo. Then the functional ¥ and its pertur-
u€dom(9¥)Ndom(9G) £€0P(u),(€OG (u)

bation ® = ¥ + G by G, satisfy (2).

Indeed, dom (0®) = dom (0¥) Ndom (OG) C dom (O¥), and from [5, Theorem 9.5.4], 0® = ¥ + IG.
Hence for all v € dom (0P)

(0P (u) ,0F (u)) = [|0W (u) % + (O () ,0G (u))

> 2 i
OVt (0 (), 06 ()

> [|0% (u) % — By.c-

As a particular case, take U satisfying (I, and G = b|| - ||% where b > 0. For all u € dom (9¥) we
have from

in the sense that

(00 (), 0G (u)) = 2b(OW (u) ,u) > 2b][ul?.
Consequently ¥ and G satisfy (4] since
(0¥ (u),0G (u)) > 0.

inf
u€dom(8¥)Ndom (9G)
Therefore the functionals ¥ and ® = W+b||-[|% satisfy (2). Existence in the case when b =0, i.e. ® =V
has been established in [I8]. Other examples are provided in Section

Remark 2.1. Without being able to prove it, it seems that and are not comparable. Nevertheless
if we assume that OV is univalent and we let A\ — 0 in , we obtain (see [5l, Proposition 17.2.2])

(0P (u) ,0F (u)) > = (0% (u) X + [|ullk +1)

which is less restrictive than . Therefore, we can only say that at the limit, i.e. when A — 0, is
less restrictive than .

However from Remark below, in the absence of equi-coercivity of the class of functionals ¥y, we
can suspect that they are not equivalent.
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Define the class F of pairs of functionals (®, V) by
O U : X —] — 00,+00] are Isc convex proper,
dom (®) = dom (¥) =V,

(®,0) e F <—
dom (0®) C dom (0¥),

0 € dom (0¥) and 0¥ (0) = {0},

and let (®,, ) be a sequence of F. Then we write

neN
M
P, — P,

Vv Py Vv,
to denote the Mosco-convergence of the sequence (®,,),, .y to some Isc convex proper functional ® : X —
] — 00, +00] and the T',.y-convergence of the sequence (\II"LV)nEN to the restriction to V' of some lsc
convex proper functional ¥ : X —] — 0o, +o0] with dom (¥) = V. Let us equip X x X with the strong
topology product, V' x V’ with the product of the weak topology of V with the strong topology of V/,

and denote by Gs s and G, s the associated graph convergence (see Appendix . Then the following
implications hold (see Theorem [C.1)):

o, %o — 00, 90,
. (5)
Wy 5 Wy =0 (W) 50 (Ty)

Acccording to above considerations, we endow F with the product M x I',_y-convergence. The class
F is not closed for this convergence, however the proposition below shows that conditions and ,
which are essential in establishing existence in Sections are in some sense stable in F, then well
suited to the convergence analysis of Section [5| (see Remark 7 and Section @

Proposition 2.1. Assume that and are satisfied uniformly with respect to all elements of F.

For every sequence (®,,V,), oy of F and every lsc convex proper functionals ®,V : X —] — oo, +o0], if

dom (¥) =V, &, 2o and U, v g U\, then (O, V) satisfies , and dom (0®) C dom (0P).
Proof. We denote by oy and ag,w the two uniform constants appearing in and .
Stability of (I). According to (5), 0 (¥, v) G g (¥|v). Hence, from Proposition for (u,v) €
dom (8 (\I/W))2 there exists (uy,v,) € dom (8 (‘I’nLV))2 such that
Uy — u weakly in V,
O (VUpv) (un) — 0 (¥|y) (u) strongly in V',
vy, — v weakly in V,
O (Vyv) (v) — 8 (¥ v) (v) strongly in V.
The claim then follows from the convergences above by passing to the limit on

(0 (‘I/nLV) (un) — 0 (\IInLV) (Vn) ) Un — Un>V’,V > oy |jun — vn”%/

Stability ofB associated with . Let v € dom (0®). From 09, oo 0% and Proposition there
exists u, € dom (0®,,) such that

Uy — u strongly in X

(6)
0P, (up) — 0P (u) strongly in X.

For all n € N we have
(02, (un), 0V, (un)) > a‘i’,\IIHa\Pn (un) ”?X' — fo,v- (7)
From @ and we deduce that
sup [|0Wy, (un) [ x < 400,
neN
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which combined with gives

sup ||un|lv < 4o0.
neN

Hence, there exist a (non relabeled) subsequence (uy), oy and £ € X such that

u, — u weakly in V' (and strongly in X),

(8)
Y, (un) — € weakly in X thus 0V, (u,) — & strongly in V.

Since 9 (¥,,|v) S (¥|v), we conclude from above that £ € 9 (V) (u) N X = OV (u). From (6) and
, and by passing to the limit n — 400 on , we obtain
(0P (u), 0T (u)) > as,w lim_ii_nf 109, (un) % — Ba.v

> ag,w |0V (u) X — Po,v
where ¢ is denoted by OV (u). This completes the proof. |
Remark 2.2. It is not clear that is stable in the following sense: let ((®n,%,),cn,(®,¥)) be a

sequence of Isc convex proper functionals from X into | — oo, +o0] with dom (¥,,) = dom (¥) = V such
that (®,,, ¥,,) satisfies and converges to (®,¥) for the product M x T',_y-convergence, then (P, )

satisfies .

However under an additional equi-coerciveness condition, one can establish this stability. Indeed
let (®,,V,),cn be a sequence of Isc convex proper functionals @, ¥, : X —]| — oo, +o0] such that
dom (¥,,) = V| which satisfy , and ®, ¥ : X —] — 00, 00| Isc convex proper functionals such that
dom (V) =V and (®,,¥,) — (P, V) for the product M x T, .y, convergence. Assume furthermore that
(\I/n)nGN fulfills the equi-coerciveness condition: for all r € R, there exists a weakly compact subset K.
of V such that for all n € N

[\IjnLV < 7'] C KT-

We claim that (®, ) satisfies (3). Indeed take u € dom (8®). From 0%, % 99 and Proposition
we infer that there exists u, € dom (9®,,) satisfying (€). From we have
(0P (un) , 0. (un)) = =B (100l % + llunl% +1) - 9)

Since OV, ) is Lipschitz continuous with Lipschitz constant 1 (see [5, Proposition 17.2.1]), we have
1
[0Wnx (un) = OWpx (u) | x < < flun —ulx- (10)
By combining @D and , we infer that
1
(0P (n) ;0 x () = =B (0Pn% + l[unl® +1) = $10Pn (un) [|x[[n — ullx. (11)

On the other hand, by using the equi-coerciveness hypothesis and the compact embedding V' —— X it
is easy to show that

v 0, — v, L,
for a proof see Proposition Consequently (refer to [4, Proposition 3.29])
OV (u) — 0¥ (u)
strongly in X for all A > 0. Therefore, by passing to the limit n — 400 in , we obtain
(0% (u), 005 (u)) = =B ([|02[% + [lul* + 1),
which completes the claim.

Regarding the kernel of the Bochner integral, we assume that K : [0,7] — R, belongs to C* ([0,T7).
For every v € L? (0, T, X) we adopt the notation

K *v(t) ::/0 K(t—s)v(s)ds.

In case OV is linear, to obtain the uniqueness of the solution we assume that K satisfies the additional
conditions

K e C?(0,T)), K(0) >0, and (—1)* K® (¢) > 0 for t €0, T[ and k = 0,1,2, (12)
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which imply that for every v € L? (0,7, X) such that v (¢) € dom (0¥) for a.e. t >0,

t(v(s),K*@\P(v(s)))dsz KT(” o tv(s)ds , tv(s)ds for all £ > 0. (13)
0 0 0

For a proof see [7, [16].

2.2. Structure of the reaction functional. The reaction functional F : [0,T] x X — X is a Borel
measurable map satisfying:
(Cy) there exists L € L?(0,T) such that ||F (t,u) — F (t,v)||x < L(t)|ju —v|x for all (u,v) € X2
and all t € [0,T];

(Cz) the map t — ||F (¢,0) ||x belongs to L?(0,T);
(C3) L belongs to L? (0,7) N W1 (0,T) and there exists a nonnegative © € L' (0,7 such that for

t
alls<tandallu € X, |F (t,u) — F (s,u) || x g/ O (o) do.

When € is a bounded domain of RY and X = L? (Q), we specify F as follows: let [ € N*, then for all
u € L?(Q) and for a.e. z € Q, F (t,u) (x) =r(t,x) - g (u(x)) + q (¢, z) where
e reL>((0,T) x RN,RZ) nwhi (O,T, L. (RN7RZ))7

o g L2 (0,7, L2, (R¥)) n Wi (0,7, L2, (RN)),

loc loc
e g:R — R is bounded and L4-lipschitz continuous.
It is easy to check that F" fulfills the conditions |(Cy)} |(Cz)[and |(Cs)| with L = ||| Lo ((0,7)x N &) L9
and © (1) = M,y||% (1,") lz2(r) + H% (7,) lz2() where My = sup,cg|g(r)|. See Section H for
sequences of functionals of this type, and Section [f] for more details when F' is randomized.

3. EXISTENCE OF A LOCAL SOLUTION

From now on, to simplify the notation, we assume that ® and ¥ are Gateaux-differentiable, i.e. 0P
and OV are univalent. We follow the standard strategy of [6, [7, [IT], 23] consisting in regularizing the non
Fickian term fg K (t — ) 0V (u(s)) ds by means of the Yosida approximation of ¥. The novelty is the
presence of a reaction term and that we assume that condition holds in place of .

3.1. The regularized problem (P)). Consider the Cauchy problem

B ) 0D (u(8) + K 0 (u) (1) = F (,u(t)) for ace. t € (0,T)

u(0) =u u® € dom (99),

and denote by ¥, the Moreau-Yosida approximation of index A > 0 of ¥. We begin by establishing the
global existence and uniqueness of a strong solution for the approximate problem expressed in L? (0, T, X)

dur (t) + 0P (uy (t)) + K x 0V, (uy) (t) = F (t,uy (t)) for a.e. t € (0,T)

uy (0) =1, u° € dom (9P)

Set G (t,uy) := F (t,uy (t))—K*0U (uy) (t) for all A > 0 and all ¢ € [0,T]. We rewrite the approximate
equation in (Py) as

du

dTA (t) + 09 (uy () = G (t,uy) . (14)
Lemma 3.1. Assume that [(C1)], |(C2)l and |(C3)| hold. Then, there exists a unique solution uy €

C([0,T),X) of (Py). Furthermore %> € L2 (0,T,X), 0% (uy\) € L? (0,T, X), and

d+
(Sx) ux (t) € dom (0®) for all t € [0,T], and admits a right derivative A
every t € [0, T

(t) which satisfies for

d+u)\
dt

(t) + 0P (ux (1)) = Gx (t,un) .



CONVERGENCE AND STOCHASTIC HOMOGENIZATION OF NONLINEAR INTEGRODIFFERENTIAL . ... 7

Proof. Since 0V is Lipschitz continuous with Lipschitz constant %, it is easy to show that for all
(u,v) € C([0,T], X) x C([0,T], X),

[ K %0y (u) — K * 0%y (v) oo, 11,x) < Cxrllv —vleqon,x) (15)

where Cy 1 = %(fOTK(s) ds). For each w € C([0,T],X), denote by Au the unique solution in
C ([0,7T], X) with dé‘—t“ € L%(0,T, X) of the Cauchy problem
A
de (£) + 00 (Au (t)) = G (t,u) for ae. t € (0,T)
Py @
Au (0) = ug, up € dom (0P)

For existence and uniqueness of Au, we only have to check that G € L? (0, T, X) (refer to [5, Theorem
17.2.5], or [8, Theorem 3.7]). The claim follows straightforwardly from (Cy)| and (15).

The method is to show that the iterated map A™ is a strict contraction for n large enough. Indeed,
from existence of a unique fixed point u) for A™ we will deduce that Auy is a fixed point too. Thus,
from uniqueness Auy = wuy, so that uy is a fixed point for A which clearly solves (Py) and satisfies
dur € 12(0,7,X) and 0@ (uy) € L*(0,T, X).

Let (u,v) € C([0,T],X) x C([0,T], X) satisfying for a.e. ¢t € (0,T)

B0 + 0% (A (1) = Gr (1),
dj;—tv (t) + 0P (Av (t)) = Gy (¢,v).
From the monotonicity of 0®, we infer that for a.e. o € (0,7T)
<d$: (0) = dji\Tu (0),Av (o) — Au (U)> <A{Gy (o,u) — G (0,v) ,Av () — Au (o)),
hence p
%@IIAU (0) = Au (o) [% < (G (0,u) = Gr(0,v), Av (o) — Au(0)).

By integration, we have for all ¢ € [0, T]
S8 (1) — Au (1) I < /Ot (G (0,1) — G (0,0) , Av (0) — Au(0)) do
</ 16 (0) — G (0,9) 110 (0) — A (o) L xdo
Thus, according to Lemma with p = 2, it follows that for all ¢ € [0,T]
A0 (6) - Au(o) s < [ 16 (0.4) - G (0,0) o

From and we infer that for all ¢ € [0, T]

t
[Av = Aullo..x) < / Lo (9) [lu = vlleqo.0.x)do (16)
0
where Ly r (0) := Cx 1 + L (0). By iterating (16]), and according to the formula
t o1 On1 (fot Lyr(0) da)
/ L)\,T (0’1)/ L)\7T (0'2)/ L)\,T (O'n)dO'n...d0'1 = ol
0 0 0 !

obtained by a standard calculus for multiple integrals, we obtain

(fOT Ly (o) dO’)n

n!

[A"v — A™ul|c(o,17,x) <

v —vlleqo,r),x)-

The claim follows for n sufficiently large.
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To prove that uy satisﬁes we have to establish that G € W11 (0,T, X) (see [5, Theorem 17.2.6],
or [, Theorem 3.7]). We first claim that K x 9¥, (uy) belongs to W12 (0,7, X). This follows from

d
HdtK*a\I/k (U)\)

< (K0 + THE 20,1 ) 1095 () 200,79
L2(0T,X)

which is obtained from the formula

%K €Oy (uy) (£) = K (0) 90U (ux) (£) + K’ % 0T (uy) (£) for ae. € (0,T). (17)

It remains to establish that F(-,uy) € W1 (0,7, X). This follows from and the following calcu-
lation: for all (s,t) € [0,T]? with 0 < s <t < T, we have

[ (8 ux (£)) = F (s,ux (5)) [ x < (F (8 ux (8) = F (s,ux (8) lx + [L(s) [[lux () —ux (s) | x

t T t
dL d
g/ 0 (0) do + (L 0) +/ L da> / dux (a)” o, (18)
s o |do s || do x
which proves that F (-, uy) is absolutely continuous. The proof is complete. |

3.2. Convergence of (P,) to (P): existence of a local solution of (P). The following lemma
furnishes local estimates for the solution of (P, ), needful for establishing the convergence of (Py) to (P).
Its proof is postponed to Appendix [A]

Lemma 3.2. Assume that (T)), and |(C1), [(Co)l |(Cs)| hold. Then for every 0 < T < T satisfying
Tz 1K 20,1) + anHLHLQ(O 7) < Qv the following estimates hold:

sup || 0P (uy) ||L2(0,f,X) < 00, (19)
A>0
sup ||u>\||L2(0’iV) < 400, (20)
A>0

d
sup et < +00, (21)
A>0ll 20,7 x)
sup || 0P (uy) HLQ(QT,X) < 400, (22)
A>0
sup ||u>\”C(0,T,X) < 400, (23)
A>0

dr ~
sup A (t)H < 400 for each t €]0,T] (24)
A>0 dt X
sup [|OW (uy () ||x < 400 for each t € [0,T), (25)
A>0
sup [|0® (uy (t)) || x < 400 for each t € [0,T]. (26)
A>0

Theorem 3.1 (Local solution). Assume that (1)), (2), l(CL |(C)L |(C3)| hold, and let T > 0 satisfying
T%HKHH(O,T) + ozq;||L||L2(0 ) < 0a,v- Then (P) admits a solution uz in C ([QTLX) which satisfies
ugz (t) € dom (OP) for each t € [0, .

Proof. To shorten the notation we write u for uz. The proof falls into four steps.

Step 1. (Compactness in C ([0, ZN“], X). We establish existence of u € C (O, f, X) and a subsequence
of (ux)yso (not relabeled), such that

uAHuinC([O,f],X), (27)
Jauy (t) — u(t) in X, for all t € [0, 7], (28)

where Jy = (I + )\8\1')_1 : X — X is the resolvent of index A of ¥ (for the properties of Jy see [5]
Proposition 17.2.1]).
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To prove , the method consists in applying Ascoli’s theorem. From and we have

SUP x>0 ||U)\||C(07rf7x) < 400 (equiboundedness) ,

d -
% for all 0 < s <t < T (equicontinuity).

£2(0,T,X)

1
l[ux () —ux (s) Ix < (£ —s)? sup
A>0

It remains to show that for each ¢ €]0,T], the set By := {uy (t) : A > 0} is relatively compact in X (for
t =0, E; is reduced to {up}). Let ¢ €]0,T]. From the compact embedding V —<— X, it suffices to
establish that supy.q [|ux (t) || < +oo. The claim follows from (1)) and which yields

1
ay

iua\lf (un (1)) llx Jux (8) [l

lux )} < (OU (ux (1)), ur (1)) < illa\l/ (ux () [l [lux () [ x

IN

hence )
Jux (t) lv < — sup[|0¥ (ux (1)) || x-
QY \>0

Estimate is established as follows: from the definition of Jy, we have Jyuy (t) — uy (t) =
AU (uy (t)) so that, from

[0 (ux () lx < [[0F (ux (1)) [|x (29)
(see [B, Proposition 17.2.2]), we infer that

[ Txux () = ux (8) |x < A0 (ux (1)) [ x < MOV (ux (1)) [|x-
Hence, from (25), Jyux (£) — ux (t) — 0 in X for ¢ €]0,T] as A — 0.

Step 2. We prove that u () € dom (9®) for all ¢ € [0,7], and that @7, hold in V' equipped with
its norm || - ||y. More precisely

uy — u in C ([O,TLV) , (30)

Jyuy () = u(t) inV for all t € [0,77]. (31)
Fix t € [0,T]. From (26), there exist B (t) € X and a subsequence such that

0P (uy (t)) — B (t) weakly in X.

From uy (t) — u () strongly in X, and since the maximal monotone operator @ is demi-closed (see
|5, Proposition 17.2.4]), we deduce that u (t) € dom (0®) and B (t) = 9P (u (t)).

Observe that uy (t) and u (t) belong to dom (®) C dom (W) for all ¢ € [0,7] . Hence from (@), we
deduce

lux (1) = w (B [} < (0P (ux (1) = O (u(t)), ux (t) — u(t))
< (ili% [0V (ux (1)) [|x + [0 (u(t)) ||X> [Jux () = w () || x-
Hence follows from and . The proof of is similar. More precisely, for all ¢ € [0, T]

| xun (8) = ux (8) [} < (O (Jaun (1) — O (un (£)) , Jaud (£) — ux (£))
< sup (193 (un (1)) [ + 9 (s () ) s (6) = (8) .

(recall that Wy (ux (1)) = OV (Jaux (1)), see [5], Proposition 17.2.1]). From and
sup |00 (ux (1)) [|lx < sup [[0W (ux (1)) [[x < +oo,
A>0 A>0

hence
[ Taux () —ux () I3 < 2§up 0% (ux (1)) [[x[[Ixux (1) —ux (8) [[x
>0

so that follows from and (28).
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Step 3. We establish that G (-, uy) — G (-, u) in L2 (0, T, X) where G (-, u) is defined by G (£, u () :=
F(tu(t) — K * 00 (u) (t).

From |(C1)| |(C2)[ and (27), F (-, u») strongly converges to F (-,u) in L? (0,%, X). We claim that
oWy (uy) — OV (u) in L? (O,i X), from which we easily deduce that K % 00, (u) — K % 0¥ (u) in
L? (O,f, X). From we have

sup |0 (uy (1)) HLQ(O,ZF,X) < sup [0V (uy (1)) HL2(o,f,X) < +00.
A>0 A>0

Thus, using the compact embedding L? (O7 T, X) e 2 (O7 T, V’), we infer that there exists a subse-

quence (not relabeled) and C' € L? (07 T,X ) such that successively,

OV (uy) — C weakly in L? (O,T, X) ,
OV, (uy) — C strongly in L? (O,T, V’) ,

AU (us (1) — C (1) in V' for ae. t € (of) .

Since Oy (uy) = 0P (Jyuy), we deduce from above that U (Jyuy (t)) — C (t) in V' for a.e. t € (0,T).
As from B1)), Jyux (t) — w(t) in V, from the maximality of ¥ we infer that C' (t) = OV (u (t)) for a.e.
t € (0,T). This proves the claim.

Step 4. (u solves (P)). To shorten the notation, we write Gy (t) for G (¢, uy (t)). Denote by ®* the
Legendre-Fenchel conjugate of ®. According to the Fenchel extremality condition (see [5, Proposition
9.5.1]), equation is equivalent to

d’U,)\ dU)\

B (0 (1) + 07 (620 - % ) + {52 (0= G (0, (1)) =0

for a.e. t € (O, f), which, from the Legendre-Fenchel inequality, is in turn equivalent to

/Of [cp (ur (1)) + @ (GA (t) - %A (t)) + <d;‘; (t) = G (1), un (t)>} dt = 0.

Therefore, is equivalent to

T . duy d1 ) B
| e o (6nw -G @) + Fglu @1 - G500 0] de =
hence to

dU)\

[ [p o+ 0 (a0 - 220)] as g (1o (F) 12~ al?) - [ @300 0 ar=o.

Equivalently
To i)+ Tor (@20~ 22 ) 4] (o ()12 = Juol?) = [ (G 0,n @) =0 @2)

where the integral functionals Ig and I~ are respectively defined in L? (07 T, X) by I (v) = fOT O (v(t))dt

and I (v) = [T ©* (v (1)) dt.

T
~ d d d
Combining uy (T) = ug +/ % (t) dt with % - ditL in L2 (0,7, X) which is obtained from (21)),
0
we infer that
timinf |fux () |2 = lu (T) I (33)
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By passing to the lower limit in , from (33] , 27), Step 3, and noticing that I and Ip+ are lower
semicontinuous for the weak topology of L2 0, T X |, we obtain

/OT [@(u(t))w* (G(t)—(j;:(t)ﬂ dt + = (||u( )|2—||u0||2)—/OT<G(t),u(t)> dt < 0

or equivalently,

/oT [<I> (u(t) + @ (G (t) - % (t)) " <Ccl;; 6 -G ’“<t)>] w=o o

From the Legendre-Fenchel inequality, we have ® (u (t))+®* (G (t) — % (t)) + (%% (t) = G () ,u (t)) > 0,
so that yields that for a.e. t € (0,T), ® (u (t))+®* (G (t) — % () + (%% (¢)
is equivalent to

du

gy
The proof is complete. n

+ 0P (u(t)) =G(t) for ae. t € (0,T).

4. EXISTENCE OF SOLUTIONS IN C'([0,T],X)

4.1. Existence of a global solution in C ([0,7],X): translation-induction method. Any local
solution obtained in Theorem can be continued on [0,7] as follows: cover [0,T] by the translated
segments of [0, T], and stick together the T-translated local solutions in C ([O, T], X ) of each suitably
modified problem (P). This process is a generalization of a standard method; see for instance [0, page
243].

Theorem 4.1. Given T > 0 satisfying T? 1Kl z20,m) + a\pHLHLz(O 7) < Cew, any local solution uz of

(P) in C ([0, T, X) obtained in Theorem can be extended to a solution of (P) in C ([0,T], X).
Proof. For i = 1,--- £ where ¢ := max{k € N : kT < T}, set T; := ii Ter1 = T, and denote by ug

the solution uz of (P) on (O, f) whose existence has been established in Theorem Fori=1,---,¢

consider the Cauchy problem defined by induction:

d;i (t) + 0P (u; (t)) + K x 00 (u;) (t) = F (t + Ty, u; (t)) — R; (t) for a.e. t € (O’f)
(Ps)
wi (0) = w1 (T)
where ‘
Rit) =3 [ K (4T~ )00 (uy (s~ Tir)) ds.
k=1"Tk—1

Existence of u; can be obtained as in the proof of Theorem substitute F; (t,u; (t)) := F (t + T;,u; (t))—
R; (t) for F (t,u(t)), and observe that R; € Wh! (0,f,X so that F; satisfies |(Cq)} [(C2)} |(C3)l Note

that u;_1 (f) € dom (0®) (repeat the first part of Step 2 in the proof of Theorem [3.1| and reason by

induction).

Finally we show that the function u defined by u (t) := u; (t — T;) whenever ¢ € [T;,T;41], solves (P).
Indeed, for t € [T}, T;+1] the following calculation holds:

‘f;;()wcp /Kt—sa\ll( (s))ds — F (t,u (1))
d’UJi ‘ T
= (t=T0) + 0% (w (thi))+; Tk-lK(t—s)@\II(uk_l(s—Tk_l))ds

tK(t—s)B\Il(ui(s—Ti))dS—F(t,ui(t—Ti)).
T;
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Since o :=t — T, € [0, T;41 — T;] = [0, T), the second member is equal to

W 0) 400 (i (o) + Y [ K (0 +Ti— )% (s (5~ Ty1)) ds

k=17Tk-1

o+T;
+/ K(o+T;—8)0¥ (u; (s = T;))ds — F (0 + T3, u; (0))

T;

= dCZ; (o) + 0% (u; (t)) + Ri (o) + /" K (o0 —8)0% (u; (s))ds — F (0 + Tj,u; (o))
0
= d(;/tfz (g-) + 0P (uz (t)) + K % 0W (uz) (a’) + R; (0-) —F (O’ +T;,u; (O’))
which, from (P;), is equal to 0. Moreover u (Tf) = Ui ({f) and u (Ti+) = 4; (0) = w1 (T) <o that
ue C(0,T],X). -

4.2. Existence and uniqueness when V is a quadratic functional.

Proposition 4.1. Under the conditions of Theorem[3.1], assume further that U is a quadratic form in
V. Then (P) admits a unique solution.

Proof. Let u; and us be two solutions of (P). This yields for a.e. s € (0,7,
d (ul — UQ)
dt

Form the scalar product of with u; (s) — uz (s), and integrate over (0,t). Taking into account the
monotonicity of 0® and 7 this gives

(s) + (0P (u1 (8)) — 0P (uz (s))) + K *x 0V (u; —uz) (s) = F (s,u1 (s)) — F (s,uz(s)). (35)

1 t
Slu () —ue @)% < /O L(s) [lux (s) — u2 (s) | *ds.
We conclude by applying the standard Gronwall’s lemma. |

From Proposition [.1] and Theorem we have
Corollary 4.1. When ¥ is a quadratic functional, then (P) admits a unique solution in C ([0,T], X).

4.3. Existence of a right derivative of the solutions at each ¢ € [0,7[. Theorem below is
crucial to establish the convergence in Section [5| For its proof, condition does not play any role.

Theorem 4.2. Every solution u of (P) admits a right derivative at every t € [0,T[ which satisfies the
equation:

d+

d—tu () + 0P (u(t)) + K+ 0V (u) (t) = F (t,u(t)), t €]0,7T]. (36)
Proof. Step 1. Fix tg in [0, 7] and write h to denote a sequence (hy,),,c of positive numbers decreasing
to 0. This step is devoted to the following estimate:

1
liI}?S})lp E(u(to—l—h)—u(to)) <|| = 0P (u(to)) — K * 0% (u) (to) + F (to, u (to)) || x- (37)
- X
Observe that v := u (to) satisfies
d
= (£)+ 02 (v(1) = 0 (u (to) (33)
for each ¢t € (0,T). Subtract from

CC%L )+ 0P (u(t)) = —K 9V (u) (t) + F (t,u(t)),

form the scalar product with w (t) — v (¢) and integrate over (to,to + h). This yields

1 9 to+h
3 llu(to+h) —ulto)lx < / (0@ (u(to)) — K x0¥ (u) (s) + F (s,u(s)),u(s) — u(to)) ds.

to
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According to the Gronwall type lemma, Lemma with p = 2, it follows that

1 1 [loth
Hh (u(to+h) — u(to))HX < 7 /to | = 0P (u(to)) — K x 0V (u) (s) + F (s,u(s)) || xds.

The conclusion follows by passing to the upper limit when h — 0%.

Step 2. We prove that

(u(to +h) —u(ty)) = —0P (u(ty)) — K x 0¥ (u) (to) + F (to,u (to)) weakly in X. (39)

==

From Step 1 a subsequence not relabeled of 3 (u (to +h) — u(ty)) weakly converges to some w in X.
For identifying w, take (§,&*) € 09, i.e. £ = 9P (£). Then & satisfies

dv N
o2 w(t)=¢ (40)

for all t € (0,T"). Subtract from

CC%L )+ 0P (u(t)) = —K 9V (u) (t) + F (t,u(t)),

and form the scalar product with u (¢p) — £ and integrate over (tg,to + h). This yields

1 2 1 2 foth .
lutto +0) — €~ lulto) ~ €l < [ (~K 0% @) (5) + F (5:0() €' uls) — s

From the elementary inequality 2 (a — b,b) < ||a||% — ||b]|% we infer that

1 1 [loth
<h (u(to+h) —u(ty)),u(ty) — 5> < 7 t (=K %00 (u) (s) + F (s,u(s)) — & u(s) — &) ds.

Passing o the limit s — 0 we find
(w,u(to) — &) < (=K *9¥ (u) (to) + F (to,u(to)) — & u(to) — &),
thus
(=K %0V (u) (to) + F (to, u (to)) —w — &, u(to) = §) =0
for all (¢,£%) € 09, ic.
(u(to), —K %9V (u) (tg) + F (to,u (to)) — w)

is monotonically related to 0® (see Definition |C.1)). Since d® is maximal monotone, from Proposition
[Cd] we deduce that —K x 0V (u) (to) + F (to,u (to)) — w = 0 (u (to)).

Step 3. (End of the proof) Combining , the lower semicontinuity of the norm, and , we
deduce that

= || = 0% (u(to)) = K %9V (u) (to) + F (to, u (to)) [l x-

mﬂ;m%+m—wm>

’ X

Hence % (u(to +h) —u(ty)) — —0P (u(ty)) — K 0¥ (u) (to) + F (to, u (to)) strongly in X, i.e.,

C%U (to) + 0P (u (to)) + K x 9V (u) (to) = F (to,u (to))

which completes the proof. |
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5. CONVERGENCE UNDER MOSCO XI'-CONVERGENCE

5.1. The abstract case. This section is placed within the framework defined in Section Let (Py)
be a sequence of integrodifferential diffusion problems in L? (0,7, X) defined by

neN

dun
up (0) = u¥, u? € dom (9®,,),

where F,, € L?(0,T,X) N WHt(0,T, X) satisfies [(Cy)} [(Co)l and |(C3)| with F, (t,u) = F, (t). In next
Sections and [6, X = L2 (Q) and the source F, is structured as a reaction functional F, (t,u,, (t)) as
defined in Sectlon 2.2l Recall that ®@,,,¥,, : X —]—00,+00] are lsc convex proper functionals with domain
V. Without loss of generality we assume that inf x ®,, > 0 and infx ¥,, > 0. The subdifferentials 0,
and 0V, are assumed to be univalent. Observe that this hypothesis is not closed under the Mosco and
the I',.y convergence of (®,,),, o and (\IjntV)neN respectively. We assume that dom (9®,,) C dom (9V,,)
and that conditions and hold uniformly in the sense that o, and ag, v, do not depend on n.
We denote it by ay and ag v respectively.

(1) + 0%, (un ))+/0 K (t— 5) 0, (un (s)) ds = Fy (t) for ae. ¢ € (0,T)

Let T > 0 satisfying T3 K| z2(0,7) < @a,w, by a particular solution of (P,), we mean any solution in
C ([0,T7, X) obtained by translation-induction of a local solution v, # € C ([0, T), X ), whose existence
is established in Theorem[4.1] Note that when ¥,, is quadratic, according to Proposition a particular
solution is nothing but the unique solution of (Py,).

Theorem 5.1. Under the general conditions above, assume furthermore that
(STABy) F, = F in L? (0,T, X), sup,en | Fn (t) || x < +o00 for allt € [0,T], and sup,,cy H
+00;

(STAB) sup @, (ul)) < +oo;
neN

HLl 0,1,x) <

(STAB3) ul — u® strongly in X;

(STAB,) there exists ® : X —] — 0o, +00] such that D, M,

l—‘w-V

(STABs) there exists W : V —] — 00, +00] Isc convex proper, such that W, 5 V.

Then any particular solution u, of (P,) admits a subsequence which converges to a solution u €
C ([0, T], X) of the differential inclusion

du
(P) dt

u(0) = u® u® € dom (69).
Proof. We use the notation of the proof of Theorem @ and do not relabel the various subsequences.
Take T > 0 satlsfymg T2 K20,y < a@w. Set T; :=4T for i = 1,...,¢ where £ := max{k € N: kT <
T}, and Tg+1 =T. Accordmg to Theorem for i =0,...,¢, the restriction of u,, to [T}, T;+1] is given

by un —uzn

(t) + 0% (u /Kt—s [0 (u(s) N X] ds > F(t) for ace. t € (0,T)

) where u; ,, is a solution in C ([0, T], X ) of

)+ 0Py, (wip (1) + K % 00, (uin) () = Fip (t) for ace. t € (o, T)

(t—
dul n
{ Ujip (0) = u;e 1n(f) € dom (09,,),

with
Thy1
Fn(t):=F,t+T;) Z/ K (t+T;, —s) 0V, (ugn (s —Tk)) ds,

and by convention, u_g (Tv) =uY and Zk:o = 0. We set
Gin (t) == Fipn (t) — K x0T, (u;n) (1),
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then (P; ,,) may be written as
duim

R (1) + 0@ (Ui (1) = G (1) for ae. t € (of)

(Pi,n)
Ui (0) = w1 (f) € dom (09,,).

Our strategy is the following: for each i = 0,. ../, we show that u; ,, converges to some u; in C ([0, T], X);

next we claim that u defined by w(t) = w; (t — T;) for t € [T}, T;41] solves (P) and that uw, — u in
C ([0,T],X). We proceed in this way to check the uniform estimates similar to those of Lemma
which require T small enough, i.e. T satisfying Tz 1 Klz200,7) < 0p,w-

Step 1. Reasoning by induction for ¢ = 0--- , ¢, we prove the following three assertions:
a)
sSup ”a\l'n (ui,n) ”LZ(O,T“,X) < o0, (41)
neN
d i,m

Sup L < +OO, (42)
neN || dt £2(0,T,X)

81€1p ”ui,an(o,f“,X) < 00, (43)
sup [|0%,, (us.n (1)) ||x < 400 for each ¢ €]0,T], (44)
neN

sup [|0®,, (usn (1)) || x < 400 for each ¢ €]0,T. (45)
neN

b) There exists a subsequence of (u; ), .y Which uniformly converges to some u; in C ([0, T), X )

c¢) For k=0,...,i, there exists & € L? (0,?, X) with & (t) € 0¥ (ux (£)) N X such that

OV, (wk.p) — & weakly in L2 (o, T, X) .

Step i = 0. Proof of a). According to the uniform bounds , 7 (STAB; )|, (STAB, )|, infx &, >0,
infy ¥,, > 0, and finally to the existence of a right derivative of u; , at each ¢ €]0, 7] (cf Theorem ,
assertion a) is obtained by reproducing the proof of || with F,, substitute for F', ®, for &, and
U, for ¥, (unlike and , we cannot claim that (44]) and hold for ¢t = 0 because of the
dependance on n of u, (0) = ul)). We only establish (1) to highlight the importance of condition (2)),
and to emphasize the need for hypothesis

For a.e. t € (O,T), form the scalar product in X of 99, (ug, (t)) with the equation of the first

formulation of (P; ,,) and integrate over (O, T) This yields

T4 T T
/o dit‘l’" (uo,n (t)) dt + /0 (0D, (ugn (1)), 0, (uop, (t))) dt + /0 (K %0, (ug.p) (t),00 (ugn (t))) dt

T
- / (Fy (), 0%, (o (1)) dt. (46)
0
An easy calculation gives
~1
[ K % 0, (uo,n) ||L2(07ix) < T2||Kl L20,1)]|0%s (u0,n) ||L2(o,ix)' (47)

Combining (46), (47) and we conclude that
~1
(0w = THIK 20 | 10%n (0.0) 17 x) < T+ 5up Wi ()

+ sup HFn (t) HL?(O,T,X) Ha\yn (uO,n) H[ﬁ(o)ﬁx)-
neN

We deduce from |(STAB, )| [(STAB,)} provided that T2 [|K]|12(0.7) < cve,w-
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For establishing first observe that by reproducing the proof of in Appendix [A] we have

sugI | K+ 0%, (uo,n) ”le?(of,X) < +o0. (48)
ne
Next, from and [(STAB, )| we deduce that
sup dGo.n < 400. (49)
neN dt L1(0,T,X)

Hence, combining the inequalities
‘ d+’LLO’n duO,n

1t t

t <= d
dt ()‘Xt/o dt (S)X S+/0
for all t €]0,T] (see [2, Lemma 3.3]), with and (49), we obtain that for each ¢ €]0, 77,

d+’u,0,n

d(ji(;’n (s)|| ds

X

sup
neN

Take the scalar product of the equation
d+U07n
dt

with OW,, (ug , (t)) for each t €]0,T]. This yields

(t) + 09, (UO,n (t)) = GO,n (t)

<d+uo7n 2
(1), 00 i () + 0,0 [0 () < (G (8000 (1 0) — B

from which we deduce
dtug
aaw ][0T, (uon (8)) % < (H 0

dt

(”HX G (1) ||x) 1%, (o (1)) 1 — B

for all t €]0,T]. The claim follows from (B0), and sup,,cy [|Go,n () [|x < 400 which is obtained according
to

IGon () 1 < N lLz2(0:2) 0% (u0.) 07 x) + 1 (8) 1 x
and and [(STAB; )
Proof of b). From and we infer that the sequence (uon), .y is bounded and uniformly

equicontinuous in C ([O, T], X ) . Assertion b) then follows from the Ascoli compactness theorem provided

that for each fixed ¢ € [0, T, we establish that the set Ey (¢) := {ug, () : n € N} is relatively compact
in X. For t = 0 we have Ey (0) = {u) : n € N} so that the claim follows directly from [(STAB3)l For

t €]0,T7, yields

1
luom (I < —

ay

1
< 0¥ (uon (1)) llx l[uom (2) v
4

(O, (uon (1)) w0, (1)) < illa‘l’n (uo,n (1)) [ x[[wo.n (£) llx

and the claim follows from and the compact embedding V —— X.

Proof of ¢). We have to establish the existence of & € L2 (O,i X) with § € 0¥ (ug (t)) such
that 9V, (ug,n) — & in L2 (O,f, X). From and the compact embedding L? (O,f, X) e
L? (O,f, V’), we infer that there exist a subsequence of (9V,, (upn)),cy and & € L? (O,T, X) such
that successively

OW,, (o) — & weakly in L2 (o, T, X) :
OV, (ug.n) — & strongly in L2 (O,T, V’) ,
0V, (uo,n (t)) — & (t) strongly in V' for a.e. t € (O,f) ,
Uo.n (t) = uo () weakly in V for each ¢ €]0, T
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(the last convergence follows from ([)), (44), and ii) to identify the weak limit). According to [[STAB;)|
and the implication

U,y Y U= 0,y O 0u

(cf Theorem , the two last convergence above yield that for a.e. t € (O, f), ug (t) € dom (0¥) and
&o (t) S 8\1/(u0 (t )ﬂX

Step ¢ > 1 from steps 0,--- ,7i — 1. Fix i > 1. We assume that assertions a), b) and c) hold for all
k=0,...7—1 and we establish that they hold for 3. N

Proof of a). We first claim that F; ,, satisfies [(STAB;)|for ¢ € [0,T]. From c) for k =0,---i — 1, we
easily deduce that

1—1 Tht1 1—1 Trt1
Z/ K(-+Ti—s)allln(ukm(szk))dsAZ/ K(+T;—s)& (s —Ty) ds. (51)
k=0" Tk k=0" Tk

0,7, X). Hence from [(STAB;)| and , F;, — F; in L? (O,f, X). On the other hand, from

Try1

dF; , dF, — :
n(f) = t+T) — K (t+T; — 5)0U,, (upn (s — Ty)) ds,
i 0= G T = 3 [ K 0 T )0 G (s T

Ty

we deduce that
,n

sup dt

neN

< 400,
L1(0,T,X)

which proves the claim. By repeating the arguments of the proof of a) at ¢ = 0 where Fj, is sub-
stitute for F,, we obtain the estimates of a) provided that sup, cy ®n (uin (0)) < 400, that is to say

Sup,en Pn (ui,lwn (f)) < 400 (this condition replace |(STABs)|). For that, first note that from b) at
index 7 —1

sup ||ui—1,n (T) H < 400. (52)
neN X

Next, fix arbitrary v € dom (®). From [(STAB;)| there exists a sequence (vn)nEN such that v,, — v
strongly in X and ®,, (v,) — ® (v). The thesis then follows, from the convexity inequality

B (10 (7)) £ 00+ (08, (s1o10 (7)) 501 (T) = )
and , ~

Proof of b). The proof of b) is exactly the one of b) at ¢ = 0, by establishing that E; (t) := {u;, (¢) :

n € N} is relatively compact in X. Observe that for ¢ = 0, E; (0) = {ui_lm (T) in € N} so that the

claim follows directly from b) at index ¢ — 1.
Proof of ¢) The proof is exactly the one of Step ¢ = 0 by using estimates obtained in a).

Step 2. By using a method similar to that of the proof of Theorem [3.1] and from the convergences

obtained in Step 1, we are going to prove that u,; defined in b), Step 1, solves the Cauchy problem
dui
dt

(t) + 0P (u; () + K x 0V (u;) (t) > F; (t) for ae. t € (0,1’:)
(Ps)
u; (0) = u;—q (T) € dom (09) .
We will infer that the function u defined by u (t) = u; (t — T;) for t € [T}, T;+1] converges toward v in
C ([0,T], X) and, according to Theorem solves (P).

By using the Fenchel extremality condition, the equation of (P; ) written with G; ,, as second member,
is equivalent to

/O ! {cpn (s (1) + (Gn (1)~ Mo (t)) + <‘“;t" (£) = Gin (8) i (t)>] dt =0,
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where we have denoted by @ the Legendre-Fenchel conjugate of ®,,. Equivalently

I, (i) + I (G (t) - ‘“;t) +5 (ls () 12 = s ) = (G (00 () =0 (53)

where the integral functionals I, and I: are defined in L? (0, f, X ) by

T T
To, (v) = / B, (v (£)) dt and Lp: (v) = / " (v (1)) dt.
0 0
From [(STAB,)|and [2| Lemma 4.1] we have

Is. 2 Iy (54)
T Ju , , -
On the other hand, combining u; ,, (T) = U?,n‘f'/ dz—;n (t) dt with dqjiiltn — d;tl in L2 (O, T, X) which
0

is obtained from , we infer that

timinf s (7) 12 = flus (T) 1% (55)
Finally, from [(STAB; )| and assertion ¢) of Step 1
Gim — Gi = F; — K % & weakly in L? (0, T, X) (56)
where
i-1 Tr41
F(t)=F(t+T) - Z/ K (- 4T, — )& (s — Ty) ds.
k=0"Tk
Hence, by passing to the limitinf in , from , , Step 1, b) and , we infer that

[ ey or (6w - @)] a2 - 1) - [ (610 0) ar <o

or equivalently,

/ ) {cb (ui (1) + @* (Gi 0 -5 <t>) T <d;; ) -G (t).u; (t)ﬂ dt <0, (57)

from which we conclude that
dui
dt

The initial condition w; (0) = u;—1 (T) is obtained from

(t) + 0P (u; (t)) > G; (t) for a.e. t € (0,T).

uw; (0) = lm w;,(0)= lim w1, (T) = uj_1 (T) .

n——+oo n—-+oo

Finally we claim that w;_; (f) € dom (0®). It comes from

Uiz, (T) € dom (09,,),
lim  wi—1p (f) = Uj_1 (T) strongly in X,

n—-+oo
((STAB,)|and Theorem m This completes the proof. ]

Remark 5.1. Let us strengthen [(STAB5)| by :

(STAB’5) there exists ¥ : X —] — 00, 4+-00] Isc convex proper, such that dom (V) =V and ¥, |y Fwsy Uy

Then, with the notation above, we can assert that 0¥y (u(s)) N X = 0¥. The limit problem then
becomes

du

u(0) =u’, u® € dom (99).

(t) + 0% (u(t)) + /0’5 K(t—5)0V (u(s))ds > F(t) for ae. t € (0,7T)
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Moreover, from Proposition dom (0®) C dom (0V) and ® and W fulfill conditions , . Therefore,
under condition (STAB;)7 Theorem may be considered as a stability result, although d® and 0V are
not univalent in general.

5.2. The case X = L?(Q). In this section, Q is a bounded domain of RY, X = L?(Q), and V =
H} (). We keep the same conditions on ®,,, ¥, and u® but we further specify the structure of
the source F,. Given a positive integer I, r, € L* ((0,T) x RN, R") n Wt (0,T, L} (RN, R')),
qn € L? (O T,L? . (RN)) N whi (O T,L% . (RN)), and g, : R — R! a uniformly bounded and Lips-
chitz continuous function, we consider the reaction functional F}, defined for all v € L? (Q) and all z € Q
by

Fo (t,0) (2) = 7 () - g (1 (2)) + o (£, 7).

We assume that

T\ ar,
sup — dt < 400,
neNJo dt L2(Q,RY)
(58)
d
sup H n dt < +o00.
neN

Denote by L, the uniform Lipschitz constant of the functions gn and by My = sup,.cp |gn (7) | their uni-

form norm. Then, as noticed in Section F, fulfills with Ly = |IrnllLoe (0,1) <™ w1) L9
b

and O, (1) = My||%= (r,-) ll2rny) + 1% (7,7) l2(0)- Theorem elow is a concrete version of The-
orem [5.11

Theorem 5.2. In addition to [(STAB2){(STABs5)|, assume that
sup |7 | oo (jo,7) xRN RY) < 400, and Ty, — 1 for the o (L> (0,7, L* (Q,RY)), L' (0, T, L? (Q,R")))
neN

topology;

Gn — g pointwise in R!;

for all t € [0,T], sup ||gn (t,-) | 22(0) < 400, and ¢, — q weakly in L* (0, T, L? ().
neN

Then any particular solution u, of (Pn) admits a subsequence which converges to u in C ([0,T],X),
solution of

du

(P) dt
u(0) =u®, u¥ € dom (09),

where F (t,v) () =7 (t,z) - g (v(z)) + q(t,x) for all (t,x) € [0,T] x Q and all v € L*(Q).

(t) + 0Du (¢ /K (t—s) \IJ)(u(s))ﬂLz(Q)] ds 3 F (t,u(t)) for a.e. t € (0,T)

Proof. We use the notation of the proof of Theorem Clearly sup,,c || Fp (¢, wn (1)) || 22(0) < +oo for
all t € [0,T]. On the other hand from [(C3)| and the uniform bounds we easily deduce that

dFy
dt

< +00.
L1(0,T,L2(2))

sup
neN

Therefore Step 1 of the proof of Theorem is still valid. The rest of the proof mimics the one of Step
2. We only have to establish that F,, (-,u;, (-)) = F (-, u; (+)) in L? (O,T, L? (Q)) This convergence is

a straightforward consequence of the weak convergences r, — r, ¢, — ¢ and the pointwise convergence
gn — ¢ together with the uniform bound of g,, (for a complete proof refer to [2]). |

6. STOCHASTIC HOMOGENIZATION OF INTEGRODIFFERENTIAL CAUCHY PROBLEMS

In this section Q is a C'-domain of RN, X = L?(Q) and V = H} (). For any Borel measurable
function W : RN x RY — R such that for a.e. € RY, & — W (z,€) is convex, when & — W (z,€) is
not Gateaux differentiable we adopt the following convention: for any v € H! (£2), we write indifferently
divogW (-, Vo) for the set

{divg™ : &" € 0:W (-, Vv)}

or any element of this set.
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6.1. Stochastic homogenization of a random problem modeled from a Fick’s law with delay.
To model the spatial environment, we consider a general probability space (X, .4, P) equipped with a
group (717.),c,~ of P-preserving transformations on ¥. We denote by Z the o-algebra of invariant sets
of A by the group (7%),.,~ and, for every h in the space Lj (X) of P-integrable functions, by EZh the
conditional expectation of h with respect to Z. If 7 is made up of sets with probability 0 or 1, the discrete
dynamical system (E,A,P, (TZ)zEZN) is said to be ergodic. Under this condition, we have E’h = Eh
where Eh = [, h (w) dP (w) is the mathematical expectation of h.

Let © be Cl-regular domain of R and denote by u(w,t,x) a scalar state variable of a physical,
biological or ecological model at position x and time ¢, subjected to an alea w € ¥ ; according to the
cases u (w, -, ) is a concentration, or a density. We assume that for the model considered, the diffusion
flux in Q related to u (w, t, z) has two contributions:

e the Fickian flux which locally has at each time ¢ the direction of the negative spatial gradient of
the state variable, given by Jp (w,t,z) = —D (w,z) Vu (w, t, ),

e the non Fickian flux which locally has the direction of the negative spatial gradient of the state
variable at some past time 7 > 0, given by Jyr (w,t,2) = =D (w,x) Vu (w,t — 7, ).

For example, in population dynamics, the non Fickian flux may accounts for maturation period, resource
regeneration time, mating processes, or incubation period, which is superimposed on the first flow at each
time t. The coefficient D accounts for the rate of movement in the heterogeneous spatial environment
modeled according to (XA,P, (TZ)ZEZN) in RY. From the mass conservation principle, for a given
source F (w,t,x), the variable u satisfies the equation

d

d—ltt (w,t) +div (Jp (w,t,2)) + div (InF (w, t,2)) = F (w,t, ). (59)
Assume 7 small. Then we can express div (Jyr (w,t,z)) as a divergence of the gradient field distributed
following a suitable time kernel. Indeed, from Jyp (w,t 4 7,2) = —D (w,x) Vu (t), using the first order
time approximation, we have

aJ
INF (wvt + 7, x) ~ JNF (W;t) + 7 (;:F (w,t,x)
so that Jyp satisfies the first order differential equation
aJ
T 8];[F (w7ta$)+JNF (W,t)Z—D(w,t,x)Vu(w,t).

By an elementary computation using the method of variation of constants, we see that Jyp is given by

I -
JNF(w,t,m):—;/ exp(STt)D(w,x)Vu(Ms,w)ds.
0

Therefore, becomes

D ot — div (D (0, ) Y (w,£) , ) — dliv <1 /Ot exp (

s—t

7 = ) D (w,") Vu (w, s, -)ds) = F(w,t,)

and can be written as

t—s

du . 1 [t
G )~ div(D @) Tulet )~ 1 [ e (—

- > div (D (w, ) Vu (w, s,+)) ds = F (w,t, ),

.
which is an integrodifferential diffusion equation as treated in Section [3] with the kernel K defined
by K (t) = %exp (—f) To take into account the size of order e of the spatial heterogeneities, above

integrodifferential diffusion equation becomes

d;jj () =div (D (10, 2) Ve (,8,) ) ~div (i /Ot exp (5 ~ t) D (. 2) Vue (w5, -)ds) CF(wt,)
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We are therefore led to consider the following more general problem, written in a mathematically
rigorous formulation as follows: for P a. e. w, the function u. (w,-) € L? (0,T, L* (Q)) solves

) 1) 00 o )+ [ K590 (e 005) s

(Pe (w)) = F, (w, t,uc (w,t)) for a.e. t € (0,7)

ue (w,0) = u? (W), u? (w) € dom (99, (w)).

The kernel K is given as in Section [2| For given a > 0 and b > 0, the functionals ®., ¥, : L? (Q) —
] — 00, +00] are defined by

b
a/D(w,g) Vu - Vu dz + §/u2d33 ifu e HY (Q),
e (wu)=4q o 0 F ?
400 otherwise.
/D(w,f)Vu~Vudx if uc Hy (Q),
Uo(wu) =4 70 0 F
+00 otherwise,

where the random matrix valued map
D= (dij); j_y. x5 X RY — MV
s (A ®B (RN) , B (MN))-measurable and covariant with respect to the group (%), ,~, that is
D (T,w,z) = D (w,x + z)

for all w € ¥ and all # € RY. We also assume that there exist a > 0 and 8 > 0 such that a¢|? <
ZN, dij (w,x)&E < BIEJ? for all w € B, all z € RY and all £ € RY.

1,7=1
The random reaction functional F. is structured as follows: for all u € L? (Q2), all ¢t € [0,T], and all
x €,

x x
F. (w,t,u)(x)=r (w,t, g) cg(u(z)) +q (w,t, E)
where
e g:R — R!is a bounded L4-Lipschitz continuous function;
e r: Y x[0,T] xRY - Rlis (A® B([0,T]) ® B (RY), B (R'))-measurable;
7 is covariant with respect to the group (7.), ¢y~ , ie., 7 (Tow, -, -) = 7 (w, -, - + 2) for P-a.e. w € ¥
and for all z € ZV;
forallw € 3, r (w,-,-) € L= ([0, 7] x RV, R nw! (0,7, L . (RV,RY));
for all bounded Borel sets B of R, the real valued functions

w7 (w,t, ) L2y for all t € 0,77,

w H/
belong to Lp (%),
e ¢: I x[0,T]xRY - Ris (A® B([0,T]) @ B (RY), B(R))-measurable,
q is covariant with respect to the group (7.),cyn, i€, ¢ (Tow, -, ) = ¢ (w, -, + z) for P-a.e. w € ¥
and all z € Z¥,
for all w € 33, ¢ € W2 (0,7, L, . (RY)),
for all bounded Borel sets B of R, the real valued functions

w g (w,t,-) ||%2(B) for all ¢ € [0, T, (60)

(UH/
0

dr
L2(BR!)

dr (61)
L*(B)

E (wv T, )

belong to Lp (X).
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Taking into account the expression of each two subdifferentials 909, (w, ) and ¥, (w, -), the problem
(P. (w)) can be written as

% (t) —a div (D (w, g) Ve (w,t)) + b ug (w,t)

(Pe (w)) / K(t—s le( ( ) Vue (w, s)) ds = F. (w,t,u. (w,t)) for ae. t € (0,T)
UE(W,O)—U (W), u ( ) € dom (0% (w)).

where

dom (89, (w,-)) = dom (0¥, (w,-)) = {v € H} (Q) : div(D (w,) Vv) € L*(Q)}.

Condition is clearly uniformly satisfied: take ay, = «. According to Examples condition is
uniformly satisfied. Moreover, since U, (w, -) is quadratic, from Proposition (P: (w)) admits a unique
solution ug (w,-).

For all w € ¥ and all (z,¢) € RY x RY set
W (w,z,8) := D (w, ) &8
and define W"°™ for P-a.e. w € ¥ by

n—-+oo

1
Whom (w,€) = lim inf{nN/ W(w,y,§+VU(y))dy:ueHé(nY)}
nY
. . 1
:n1€an*EImf{nN/nyw(w,y,£+Vu(y))dy:ueH6 (nY)}

It is well known that this limit exists for P-a.e. w € ¥ and is given by the formula above; for a proof,
refer to [5, Proposition 12.4.3] and references therein. Note that if (3, 4, P, (T%),c,~) is ergodic, then
Whem ig deterministic and given for P-a.e. w € ¥ by

Whom(é‘): lim inf{nlN/nyl/V(My,S—f—Vu(y))dy:ueH& (nY)}

n—-+4oo

: : 1 1
= nlng*Emf{nN/nyW(~,y,§+Vu(y))dy tu € Hy (nY)}

As a consequence of Theorem [5.2] we obtain

Corollary 6.1. Assume that for P a.e. w € X
(HOM;) sup ®. (u? (w)) < +o0;
e>0

(HOM3) u? (w) — u® (w) strongly in L*(Q).
Then for P a.e. w € X, the solution u. (w,-) of (Pe(w)) converges to u(w,-) in C ([0,T], L*(2)),
solution of the homogenized problem
du (w)
dt

(t) — a div (D" (w) Vu (w, 1)) + b u (w,t)

(P (@) —/0 K (t—s)div (D"™ (w) Vu (w, s)) ds = F (w,t,u (w,t)) for a.e. t € (0,T)

u(w,0) =u’ (), u®(w) € dom (80" (w))

with Dh™ (w) = (df™ (), )y

dfgm (w) = (Whom (w,e; +ej)+ + Whom (w,e; — ej)) ,

l\D\>—~

dom (9@"°™ (w)) = H} () N H? (),
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where (e;),_, y s the canonical basis of RY. The homogenized reaction functional is given for every
u€ L?(Q), P-a.e. w€ X, and all (t,x) € [0,T] x RN by

Fhom (w’ L, U) (Qf) = phom (wv t) g (u (.I)) + qhom (w’ t) )

phom (w,t) = E? / r(w,t,y) dy |,
(0,1~

""" (w,t) = EF (/ q(w,t,y) dy) :
0.1~

Proof. Firstly, by using arguments from ergodic theory of additive processes, we obtain that for P-
ae. w € X, re(w,-) = r"m(w,-) for the o (L= (0,T,L* (0, R")), L' (0,T,L* (,R"))) topology,
g (w,+,+) = ¢"™ (w,-) weakly in L? (0,7, L? (2)), and sup,-q |l¢ (w,t, 2) || 12(n) < 400 for all ¢ € [0,T].
For a proof refer to [2, Lemma 5.2] and [2], proof of Theorem 5.1].
It remains to establish |(STAB4)[and (STABj) of Remark i.e., that for P ae. we X, : &, (w) 2
Fw—Hé

o (w7 ) and ¥ (w7 )LH[%(Q) - v (w7 >LHé ) where

b
a/Dhom(w)vu.vud$+§/u2d:L’ lfUGH(%(Q)a
D (w,u) = @ ?
400 otherwise.
/ phom (w) Vu-Vudr ifuc Hé (Q) s
U (w,u) = @
+00 otherwise.

Observe that the I'-convergence of ¥, (w,-) to ¥ (w,-) when L? (2) is equipped with its strong topology
yields the I'-convergence of W, (w")LHé(Q) to ¥ (w7')LH§(Q) when H{ (Q) is equipped with its weak
topology. This property is a direct consequence of the uniform coercivity (see Proposition [D.1):

U, (w,u) > aa/ |u () |*dx, for all u € Hj ().
Q

Noticing that ®. (w, ) is a continuous perturbation of a¥. (w,-) by 2| - ||%2(Q), these two convergences
are straightforward consequences of [, Theorem 12.1.1, (ii)] and [5, Theorem 12.4.7]. Finally, it is easily
seen that the matrix D"*™ (w,-) satisfies the bounds

N
alg? < > drm (w) & < BIEP

inj=1
for P-a.e. w € ¥, and all ¢ € RY. Hence dom (0@ (w)) = H (Q)NH? (Q). This completes the proof. MW

6.2. Stochastic homogenization of nonlinear integrodifferential reaction-diffusion equations
in one dimension space in the setting of a Poisson point process. Denote by M the set of all
countable and locally finite sums of Dirac measures in R, equipped with the o-algebra generated by all
the evaluation maps £g : m — m (B) from M into NU {+oco} when B belongs to B (R). Then, given
A > 0, there exists a subset ¥ of locally finite sequences (w;);cy in R, a probability space (X, A, Py) and
a point process, called Poisson point process, N : w — N (w, -) from ¥ into M satisfying
(i) N(W, ) = Zéwi;
€N
(ii) for every finite and pairwise disjoint family (B;),.; of B (R), the random variables (N (-, B;))
are independent ;
(iii) for every bounded Borel set B and every k € N

i€l

k exp (AL (B))

P\ (V' (-, B) = K]) = A*L(B) o
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We denote by E, the expectation operator with respect to the probability Py. Note that for every
bounded Borel set B in R, we have N (w, B) = # (X N B), and that Ey (N (-, B)) = AL (B). We define
the group (7%.),c,~ of Py-preserving transformation on (X, A4, Py), by T.w = w — z. From we can
easily show that (Z,A, P,, (TZ)ZGZ) is ergodic, i.e. the o-algebra of invariant sets of A is made up of
sets with P y-measure 0 or 1. In the problem below, we use the dynamical system (E, A, Py, (TZ)ZGZN)
to describe the heterogeneous spatial environment.

Let © be an open bounded interval of R. Let o* € C! (R) be two scalar functions, and a® two positive
real numbers satisfying
a* < (o%) (62)
and set for all £ € R

£
= = O':l: S S.
w <s>f/0 (s)d

We assume that there exists (o, 3) € Ry, such that a2 < W* (¢) < (1 + 52). Such a condition is
fulfilled by assuming suitable conditions on o*, as for example a growth condition of order 1. Given

R > 0, we define the random density W by
W= ifx e U Br(w;),
W e (VO e Y B
W (€) otherwise

and the random integral functional ®. : L? () —] — oo, +oc| by

/W(w,z,;lu(x)>dx if w e HE (Q)
b, (w,u) = Q € ar

400 otherwise.

It is easy to show that ®. (w,-) is a proper convex lsc functional with domain H¢ () and that for all
w € X, its subdifferential (actually its derivative) is given by

dom (8P, (w,-)) = {u € H (Q): (Wg’ (w, 2, %))l €L? (Q)}
0% (w,) = — (W (w2, )

On the other hand, we set

(.2) a” (z) ifx e _gNBR(w,-),
a(w,z) = i
a™ (x) otherwise

and we define the the random quadratic integral functional W, : L? (Q) —] — oo, +00] by

v [ e

e ()
+00 otherwise.

2
de ifu € H} (Q)

The subdifferential of U, (w,-) (actually its derivative) is given by
{ dom (90 (w,)) = {u e HY (@) : (o (w,2) ) € L2 (@)}
0P (w,) =~ (a(w, ) %)/ ‘

Condition is uniformly satisfied: take oy, = % min (a~,a™). In the lemma below we state that is
uniformly fulfilled for Py-a.e. w € X.

Lemma 6.1. For Py-a.e. w € X, the subdifferentials 0P, (w,-) and 0¥, (w,-) are connected as follows:
dom (0%, (w,+)) C dom (0¥, (w, ")),

(0. (w,u), 0T, (w,u)) > |0V, (w,u) ||%2(Q) for all u € dom (0P (w,-)) .
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Proof. For Py-a.e. w € ¥set Q7 (w) := QN [2 € Uien Br (wi)] and QF (w) := QN [£ & Uien Br (wi)]-
Let u € dom (09, (w, -)), we have

-\ du 2 o [ d2u)\’ o [ d2u)\’
- — dx= - — | d + — | d
~/Q<a(w’5) dx) ! /Qa(w) (a ) (d$2> x+/ﬂi(w) (a ) (da?Q) !
c(du 2\’ c(du 2\’
< = )—] d =)= d
/Qa(w) (U (dx> dﬁUQ) $+/Qj(w) (G (dx> dﬁUQ) !
"2
:/ (Wf/ (w,;,;lzd)) dr < 400
Q
so that v € dom (¥ (w, -)).
Fix now u € dom (09, (w,-)). From we have
/ !
_ () E ) du
(0%, (w,u),0¥, (w,u)) —/Q <W§ <w7 = d:c)) (a (w, 6) dx) dx
/ 2 / 2
:/ (0'_ <du>> a_d—de—i—/ <0+ (du)) a+d—de
Qr (W) dx dx af () dx dx
2, \ 2 2, \ 2
:/ o a” (dz) dx+/ ot at <dg> dx
Qr (@) dx of () dz
2, \ 2 2,1\ 2
2/ a2 d—g dx+/ at? d—z dx
Qr (@) dz of (@) dx

= |09 (w, u) [[72(0-

This completes the proof. |

Let K be a kernel as defined in Section [2| and a reaction functional as in the previous section with
N =1,ie.
T T
FE (w7t7u) (I) =r (watvg) g(u(x)) +q (wvta g) )

fulfilling the same conditions. Consider the random integrodifferential reaction-diffusion problem defined
for Py-a.e. w € ¥ by

d“‘;]f” (t) + 0D, (w, ue (w,t))+/0 K (t—s) 00, (w,ue (w,8)) ds = F- (w,t,ue (w, 1))

(Pe (w)) for a.e. t € (0,T)

e (w,0) = u? (W), u? (w) € dom (99, (w)).

From Proposition (P: (w)) admits a unique solution. When w € ¥ and e are fixed, the problem
(Pe (w)) is nothing but the problem treated in [I1, Example 2] in term of well posedness. Here we consider
sequences of such problems with, additionally, a reaction source and in a stochastic homogenization
framework. A straightforward application of Theorem yields

Corollary 6.2. Assume that for Py-a.e. w € ¥
(HOM;) sup ®. (u? (w)) < +o0;
e>0
(HOM;) u? (w) — u® (w) strongly in L* (2).

g
Then for Py a.e. w € %, the solution u. (w,-) of (Pe(w)) converges to u(w,-) in C ([0,T],L? (1)),
solution of the homogenized problem

% (w,t) — (8Wh‘”” (u (w,t)))/ - /0 K (t—s) ahom% (w,8) ds > F (t,u(w,t))

(P (w)) for a.e. t € (0,T)

u(w,0) =u® (W), u’ (w) € dom (5P).
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where Who™ s deterministic, given by

d
wen(©) = i it { S [ (e 5 w) dyiue i o)}

n—-+00

. . 1 du
= inf E)‘mf{nN/nyW(’y’g—’—dy(y)) dy:ueH&(nY)},

neN*

the coefficient a*o™

is given by
a~at

:9(1——&—(1—0)(14‘7

ahom

0 =1—exp(2AR)
and, with the preamble convention, O®"™, possibly multivalued, is given by
, !/
dom (9dhom) = {v € H Q) (Whom (%)) € L2 (Q)}

gphom — _ (Whom’ (%))’_

The homogenized reaction functional is given for every u € L? (Q), and all (t,x) € [0,T] x R by
Fhom (t, u) (,T) _ rhom (t) g (u (3?)) =+ qhom (t) ,

hom o (-

r (t) - E)\ (/(0’1)N (at’y) dy> )
hom 1y = E Lty dy |-
7" (1) AQ@ﬂ<y>Q

Assume further that the Fenchel conjugate of W+ satisfies the following condition: there exists v* > 0
such that (& — &5,6" = &%) > v*[& — &I for all (€1,&) € R x R and dll (£],65) € W= x W=,
Then Who™ s univalent and is the Px-almost sure pointwise limit of W/ (w,-) where W, (w,§) =

inf{n%\,fnYW (w,y,£+ Z—Z(y)) dy :u € H} (nY)}

Proof. The weak limit of the reaction term is obtained as in the proof of Corollary[6.1] In order to apply
Theorem [5.2] it is enough to establish that for Py a.e. w € X, the following variational convergences

r 1
waU

hold: ®. (w) % ® and ¥, (w) 1) — = ¥ where

» /Qwhom @1) dr ifue H} ()
P (u) =

400 otherwise,

where

and
U (u) = %/Qahom|% (z)|?dz.

The first convergence is well known (see for instance [b, Theorem 12.4.7]. For the second convergence,
note that for quadratic functionals in one dimension

EM:A%w

F?U— 1
with 0 < a < a. < 3, one has : F; 0 F é converges to % for the o (LOO, Ll) topology, and F has
the integral representation
Fw= [ a)
Q

2

d
Y dx,

e (z)

2

du dx.

dr (z)
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For a proof, see [5, Theorem 12.3.1]. Hence it remains to establish that for Py a.e. w € ¥ the following
convergence holds
1 Aﬁa*Jr(lfG)a*
a (w, g) ata~

o(L>,L").

This result is a direct consequence of the additive ergodic theorem (see [5, Theorem 12.4.2]) which states
that for Py-a.e. w € ¥

1 1
- E -4
a(w,?) A/(0,1) a(,y) Y

1 fa~ 1—-60)a*
E)\/ dy = a +S_ — )a .
(0,1)a('7y) ara

An easy calculation gives

The last claim follows straightforwardly from [5, Proposition 17.4.6]. This completes the proof. |

APPENDIX A. PROOF OF LEMMA

Step 1. Proof of and .
Observe that from Lemma for all ¢ € [0,7T], uy (t) € dom (®) C dom (d¥). For a.e. t € [0,T],

form the scalar product in X of U (uy (t)) with the approximate equation and integrate over [0, T.
This yields

Ty 7 7
/alll(u)\(t))dt—i—/ <8<I>(u,\(t)),a\I!(uA(t)»dt—k/ (K %00y (uy) (£), D (uy (1)) dt
0 ” 0 0

T

_ / (F (£, ux (1)), U (us (1)) dt. (63)

0

We have used the fact that 0@ (uy) € L* (0,7, X) yields from (2)), that 0¥ (uy) € L?(0,T, X), hence
<dg—? (t),00 (uy (t)) = LW (uy) (t)) (cf [5, Proposition 17.2.5]). An easy calculation gives

~1
||K*(9\If)\ (UA) ”L"’ 0,7,X <T> HKHLQ(O,T)”‘?\I’)\ (u)\) ||L2 0,7,X)" (64)
(0.7.X) (0.7.x)

Since for all A > 0,
[0 (ux (1) [lx < [[0F (ux (1)) [ x (65)
(see [Bl, Proposition 17.2.2]), we infer that

T ~1
[ 0w ) 1) 09 ur (0)) ] < THE s 10% (00 g 7.1 (66)

On the other hand from [(C; )| and
1 Cyun) Nl g2 o, 7.x) < I (5 0) 2 0,m,x) + 1Pl g2 (0.7 [uall L2 0.7 x)
< F (. 0) 0,00 + w2 10% (03) |20 7 x). (67)

Hence from

/ U (tun (60), 0% (s ()t < 1F (0) 030100 (1) 0 7.0
+ awllLl s (o.2) MW (02) 22 7y (69)
Combining , , and , yields that
loww = (THIKlz20) + @wll Ll 20,7 ) [19% (@3 1320 7. x) < T + ¥ (uo) — inf ¥
HIE G0 2 0,7,x) 109 (ux) ll 22 0,7, x)

from which we deduce provided that 7'z 1Kl z20,m) + O‘\I'HLHLZ(O 7) < Qe Estimate follows
by combining with (T)).
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Step 2. Proof of (21)), and (23). For a.e. t € <O,T) form the scalar product in X of £ (t) with

the approximate equation and integrate over (O7 T) This yields

duy . duy
dur <a —f@(K@\If (o) I () o 7o) ) |
% oy < 2008 (J 00 00 o) + P o) o % .
and . follows from (|19), ), , and (67). Estunate ) follows straightforwardly from the
approximate equation, ([19)), (20f , and (164). Estlmate | is obtalned from ., according to
~1 || du
lux () lx < Juollx +T= | => .
L£2(0,T,X)

Step 3. Proof of , and . First observe that

sup || K x 00y (uy) ||W1)2(0:,~17X) < 400, (69)

A>0
which follows from and the two inequalities:

~1
||K * OV (UA) H[ﬁ(oﬁx) <72 ||K||L2(O,T)||a\11 (UA) ||L2(0,f,x)a
d ~1
122 K % 0% () [l (o7.x) < (K (0) + T IIK'IIL2<o,T>) 18 () Il 2 (0,7, x)
(the second inequality follows from ) Next, from and , we have
dF (-
sup ‘(’UA) < 400. (70)
A dt L1(0,T,X)
From and we deduce that
dGy
sup ||—— < +00.
A dt L1(0,T,X)

Hence (24) is a straightforward consequence of and [2, Lemma 3.3] which states that for each ¢ €]0, 7]
dU)\ ¢
— d

‘ dt (#) HX T /0

To establish , foreach t, 0 <t < T form the scalar product of the approximate equation

d+U)\ 1

t
o <3 a6,
dt <t/

7 ds.

X

(s)

d+U)\
dt
with OV (uy (t)). This yields from

() + 0% (ux (1)) = Gx (t,ux) (1)

<d+u,\
(1), 00 (un <t>>>+a@,m||aw (ux () Ik < (G (tun) (6), 09 (ur (1)) = Bow

from which we deduce

awelow (i 0) 1 < (| 4

duA

(t)HX G () (0 ||x) 10 (ux (1)) 1 x — B

The claim follows from (19)), ([23), (24)), and supy [|Gx (¢, ux (t)) || x < +o00 obtained according to
G (& un () 1x < (1K 220,2) [0 () | 2 0,7, x) + 1 (£, 0) [lx + L (2) fJux (2) [l x-

For t =0, OV (uy (t)) = OV (ug) which does not depend on . To obtain ([26), take the scalar product of
the approximate equation with 9P (uy (t)) and follows the same calculation. [ |
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APPENDIX B. A GRONWALL TYPE INEQUALITY
The following lemma generalizes the result stated in [8, Lemma A.5].
Lemma B.1. Let T >0, m € L' (0,T) such that m > 0 a.e. in (0,T), and a > 0. Let p € [1,+00) and

¢:[0,T] — [0,+00) be a continuous function satisfying

1(;517 (t) < 1ap + /t #*~ (s)m (s)ds for all t € [0,T).
p P 0 ’

Then
¢
o (1) §a+/ m (s) ds for all t € [0,T].
0

Proof. We assume that a > 0, otherwise substitute a + € for a and make £ — 0 in the last inequality of

¢
the proof. Set ¢ (t) = lap +/ #P~ (s) m (s) ds so that ¢ > 0 and
p 0

P (s) < pripr (s) for all s € [0,T7. (71)
Hence, since 9 is absolutely continuous
ov o1 11
o (s)=m(s)p? " (s) <m(s)peepa (s) for a.e s € (0,T) (72)
where ¢ is the conjugate of p, i.e. % + % = 1. It follows from that for a.e. s € (0,T)
_1 ov 1
PO ()9 () < ms),
that is
1 d 1
P — P <
p = (7 (5)) <m(s)

Integrating over (0,t), we infer that for all ¢ € [0,T]
11 1 K
propr (1) <prepr (0)+ [ m(s)ds,
0
t
that is, according to (71)), ¢ (t) < a +/ m (s)ds for all t € [0, T]. |
0

APPENDIX C. GRAPH-CONVERGENCE

Let us recall the classical notion of the Kuratowski-Painlevé convergence for sequence of sets: let
(An),en be asequence of subsets of a metric space (X, d), or more generally of a topological space. The
lower limit of the sequence (A,), oy is the subset of X denoted by liminf A, and defined by

liminf A, = {z € X : 32,, — =, z, € A, for all n € N}
The upper limit of the sequence (4,,), oy is the subset of X denoted by limsup A,, and defined by
limsup 4,, = {x € X :3(M) ey, 3@k pens YR, 2k € Ay, 2 — x}
The sets liminf A,, and limsup A,, are clearly two closed subsets of (X, d) satisfying
liminf A,, C limsup A4,,.
The sequence (A,,),, oy is said to be convergent if
liminf A, = limsup 4,,.

The common value A is called the limit of (A4,),y in the Kuratowski-Painlevé sense and denoted by
K-lim A,,. Therefore, by definition A := K-lim A,, if and only if

limsup A, C A C liminf A,,.
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From now on (V, ||.||) is a Banach space and V* its topological dual space whose dual norm is denoted
by ||.||« and we recall that for (u,u*) € V x V*, we write (u*,u) for u* (u). Given a multivalued operator
A:V — 2V for any v € V we write Av instead of A (v). Let us recall some basic definitions

dom (A) = {v € X : Av # 0} denotes the domain of A;
G (A) :=={(v,v*) € V x V*:v* € Av} denotes the graph of A;
R(A):={v* € V*:3w eV st. v* € Av} denotes the range of A.

We define the inverse operator A~!: V* — V of A by
AT () ={v eV v* € Av}.
Note that dom (A™') = R(A). Consider another multivalued operator B : V — 2V". The range of A
with respect to B is the set
Rp(A):={v* € V*:Jvedom(B) v"e€ Av}.

Definition C.1. An operator A : V — 2" is said to be monotone, if (u* —v*,u —v) > 0 whenever
(u,u*) € G (A) and (v,v*) € G (A). It is maximal monotone, if it is monotone and if its graph is maximal
among all the monotone operators mapping V to V* when V' x V* is ordered by inclusion. An element
(u,u*) of V' x V* is said to be monotonically related to a monotone operator A provided

(u* —v*,u—v) >0 for all (v,v*) € G(A4).

A useful form of the definition of maximality for a monotone operator A is the following condition
whose proof follows straightforwardly from Definition

Proposition C.1. Let A:V — 2V be a monotone operator. Then A is mazimal monotone if and only
if whenever (u,u*) is monotonically related to A then u € dom A and u* € Au.

The most basic class of maximal monotone operators is the class of subdifferentials of convex functions
(see [Bl, Theorem 17.4.1]). Given a sequence of operators, one can consider the lim inf and lim sup of the
sequence of their graphs as subsets of V' x V*. This leads to the following definition.

Definition C.2. A sequence (A,),y of operators mapping V' to V* is said to be graph convergent to
A:V — 2V if the sequence (G (An)),en converges to the graph G (A) of A in the sense of Kuratowski-
Painlevé when V' x V* is endowed with the product norm.

From now on we identify the operators with their graphs so that we write A instead of G (A) and

A = G-lim A, or A, S A instead of G(A) = K-lim,_, 4o G (A,). When considering sequences of
maximal monotone operators, thus subdifferentials, the definition of the graph convergence is reduced
to:

Proposition C.2. Let (A, A)
Then we have

. . N
nen be a sequence of mazimal monotone operators mapping V to V*.

A=G- lir_~r_1 A, = AC limiann. (73)

Proof. The only implication we have to establish is
ACliminfA, —= A=G- lim A,,

n—-+00 n—-+00
the converse being trivial. Thus, it remains to show that limsup A,, C A is automatically satisfied. Let
(u,u*) € limsup A, then there exists a subsequence (1), of integers and (ux,u}) € Ay, such that
(ug,ujp) — (u,u*) in V x V* whenever k — +o0.

In the other hand, since A C liminf A4,, for all (v,v*) € A, there exists (vn, v}
(U, v%) = (v,0*) in V x V*. Passing to the limit in

Uy — Uy, ) >0

) € A, such that
{up — v,
when k — 400 (recall that A,, is monotone), we infer

(u* —v*,u—v) >0 for all (v,v") € A.

Therefore (u,u*) is monotonically related to A and, according to Proposition (u,u*) € A, which
completes the proof. [ |
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GS.S . . . .
Denote by A,, = A the graph convergence in V' x V* of A,, to A when V x V* is equipped with

Gu,s .
the strong product topology, and by A, — A the graph convergence in V' x V* of A, to A when

V x V* is equipped with the weak-strong product topology. On the other hand denote by ¥, Loy

¥ and U, "™ ¥ the sequential I-convergence of the functional ®, : V' — R U {+oo} toward the
functional ® : V. — R U {400} when V is equipped with its strong and weak topology respectively.
The following theorem states the link between the variational convergence of convex functionals and the
graph convergence of their subdifferentials. For a proof, refer to [4, Theorems 3.66, 3.67] or [5, Theorem
17.4.4]

Theorem C.1. Let ¥,,, U : V — R U {400} be a sequence of lsc convex proper functions. Then the
following implications hold:

v, = v — aw, E 0w,

Tow- Gu,s
U, WU = 9V, -3 0V.
APPENDIX D. I'-CONVERGENCE VERSUS MOSCO-CONVERGENCE

Definition D.1 (Mosco convergence). Let (V,|.|) be a Banach space, and (®,),.y a sequence of
extended real-valued functions ®, : V.— R U {+o00}. The sequence (®,) Mosco converges to the

extended real-valued function ® : V.— R U {+o0} and we write ®,, Mo

neN

O =Ty -, =Tsy-P,.

The argument, which naturally led to introduce the Mosco convergence notion, is the bicontinuity of
the Fenchel duality transformation in the context of convex functions (see [B, [19} 20]). This Appendix is
devoted to the following Proposition.

Proposition D.1. Let X and V' be two Banach spaces with V. —— X, and V,, ¥ : X —| — 0o, +o0]
Isc convex proper functions such that dom (¥,) = dom (¥) = V. Assume that for all r € R, there exists
a weakly compact subset K, of V' such that for alln € N

[\IIRLV S ’f‘] C KT.

Then
Vv 0, = v, LU,

Proof. Assume that ¥,y Py U y. Let u, € X and u € X such that u, — u in X, and assume that
liminf, 4o ¥, (u,) < +00. Then

lim inf W, (u,,) = liminf W,y (u,).

n—-+o0o n—-+oo

According to the equi-coerciveness hypothesis and to the compact embedding V' << X we can extract
a subsequence of (uy), .y wWhich weakly converges in V' and strongly in X to some v € V. Thus v = u

and u, — u in V. Hence from ¥,y Fuy W |y we infer that

U (u) =¥y (u) <liminf ¥,y (u,) = iminf ¥, (u,). (74)
n—-+4oo n—-+o0o
Let v € X and assume that ¥ (u) < 400 so that ¥ (u) = ¥ |y (u). From ¥,y Fuy ¥y and the compact
embedding V << X, we can derive that for a subsequence of (\Ilnw)n N (not relabeled) there exists a
sequence (uy), oy of V' such that u, — u in V, u, — u strongly in X, which satisfies

lim ¥, (u,) = nEm U,y (un) = W (u). (75)

n—-+oo —+o0

From and we deduce that there exists a subsequence of (¥,,), . such that ¥, 2 W. This

conclusion being valid for any subsequence of (¥y,), .y, we conclude that ¥, 2 W, which completes the
proof. |
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