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SPECTRUM OF A NON-SELFADJOINT QUANTUM STAR GRAPH

GABRIEL RIVIERE AND JULIEN ROYER

ABSTRACT. We study the spectrum of a quantum star graph with a non-selfadjoint Robin
condition at the central vertex. We first prove that, in the high frequency limit, the
spectrum of the Robin Laplacian is close to the usual spectrum corresponding to the
Kirchhoff condition. Then, we describe more precisely the asymptotics of the difference
in terms of the Barra-Gaspard measure of the graph. This measure depends on the
arithmetic properties of the lengths of the edges. As a by-product, this analysis provides
a Weyl Law for non-selfadjoint quantum star graphs and it gives the asymptotic behaviour
of the imaginary parts of the eigenvalues.

1. INTRODUCTION

1.1. Quantum star graphs. We consider a compact metric star graph I'. It is defined, for
some integer N > 2, by a set of IV edges ey, ..., ex of respective lengths ¢, ..., ¢y € R} =
(0, +o0), and by (N + 1) vertices v, vy,...,vn. Weset £ = (¢1,...,0y). For each j € [1, N]
(we denote by [1, N] the set {1,2,..., N}), the edge e, is identified with the interval [0, ¢;],
the end of e; parametrized by 0 is identified with v; and the end parametrized by /; is
identified with v. Then all the egdes have a common end (the vertex v).

A quantum star graph is a metric star graph on which we consider a differential operator.
One typically considers the Laplacian on each edge with some boundary conditions at the
vertices. In this article, we aim at understanding the spectrum of these operators when
we impose boundary conditions of non-selfadjoint type. More precisely, let o € C. We
consider the set Dom(H,,) of functions u = (u;);<j<n belonging to the Sobolev space H*(T')
(each wu; belongs to H?(0,¢;), see (2.1) below) and satisfying the following conditions (see
Figure 1):

(i) w vanishes on vy, ..., vy:

Vje[1,N], u;(0) =0. (1.1)
(i) w is continuous at the vertex v:
Vi, ke[l,N], w;(l;)=up(l). (1.2)

(iii) At v we have a Robin-type condition on the derivatives of u:
N
Z uj(4;) + au(v) = 0, (1.3)
=1

where u(v) is the common value of u;(¢;), 1 < j < N.
1
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Notice that for @ = 0 we recover the usual Kirchhoff (or Neumann) condition in (1.3). Then,
for a € C, we define on the domain Dom(H,,) the operator H, which maps u = (u;)1<j<n
to

Hau - (—u‘;/)lgjgN (14)
A more complete definition of this operator will be given in Section 2.1 below. The
purpose of this paper is to investigate the spectral properties of H,. Note that H, can also

be viewed as a Schrodinger type operator with a (possibly complex valued) Dirac potential
at the central vertex.

Vi, k, u](v) = uy,(v)

6
Z;u]'(ﬂj) +au(v) =0

FIGURE 1. The quantum star graph with N = 6 edges.

1.2. Main results. It is known (see [BK13] for a general overview about quantum graphs)
that the spectrum of the selfadjoint operator Hy is given by a sequence of positive eigen-
values. We denote them by

where each eigenvalue is repeated according to its multiplicity. Then, for n € N* we denote
by 7, the positive square root of A, (0).

We recall (see for instance [BK13, Lemma 3.7.4] or Remark 2.8 below) that we have the
following Weyl Law. If for Ry < Ry we set

No(Rl,Rg) = #{n . R1 < Th < RQ},
then there exists Cr > 0 independant of R; and R, such that

L]

No(Rl,Rg) — ?(RQ — Rl) < CF, (15)

where we have set

N
INE YN
j=1
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This gives in particular
T, T
L 1.6
n mn—+w0 |F| ( )
These properties are also known for any a € R, but the corresponding proofs strongly
rely on the selfadjointness of H,. Our first purpose here is to verify that the spectrum of
the operator H, has in fact similar general properties for any o € C. We begin with the

nature of the spectrum for a general o € C:

Proposition 1.1. For all a € C, the spectrum of H, consists of infinitely many isolated
eigenvalues with finite multiplicities. Moreover, the geometric multiplicity of each eigen-
value coincides with its algebraic multiplicity.

Then we turn to the Weyl Law for H,. The eigenvalues of H, are denoted by \,(«),
n € N*. They are repeated according to their algebraic multiplicities and ordered with the
convention that
VneN*, Re(A.(a)) < Re(Aps1(w)).
Then, for n € N* we denote by z,(«) a square root of \,(a) with non-negative real part.
In particular, 2,(0) = 7,.

For Ri, Ry € R with R; < Ry we set
No(R1, Ry) = #{n : Ry < Re(z,(a)) < Ry}.

Note that the z,(«), n € N*, are not necessarily ordered by non-decreasing real parts, but
we will see that this is in fact the case for n large enough. The next result shows that we
recover for any « € C the same Wayl Law as in the selfadjoint case. For r > 0, we denote
by D(r) the closed disk centered at 0 and with radius r in C.

Proposition 1.2 (Weyl Law). Let r > 0. Then there exists C' > 0 such that for a € D(r)
and Ri, Ry € R with Ry < Ry, we have

r
No(Ry, Ry) — ?(Rg - Ry <C.

The proof of Proposition 1.2 will rely on the fact that for large n the eigenvalue A\, («)
is in fact, in a suitable sense, close to A,(0). In the following, we aim at describing more
precisely the asymptotic behaviour of the difference between A, (0) and A, («). For n € N*|
we set

On(@) = Ap(a) — An(0). (1.7)
Our main result is the following description of the asymptotics of d,,(«):

Theorem 1.3. There exists a probability measure y, supported in [0, 2|T|71] such that, for
every a € C and for every continuous function f on C,

2
1]

=2 S = [ 7 e duato)

n——+00

Moreover,
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(i) of €;/¢, € Q for all j € [1,N], then w is a linear combination of Dirac masses, one
of them being carried by s = 0;

(ii) if k- € # 0 for all K € ZN\ {0}, then the measure p, is absolutely continuous with
respect to the Lebesque measure and its support is ezxactly [0,2|T|7!].

Note that Im(A,(«)) = Im(d,(«)), so the asymptotic properties of §,(a) give in particu-
lar the asymptotic properties of the imaginary parts of the eigenvalues of H,,.

The measure which appears in Theorem 1.3 will be defined in terms of the measure
introduced by Barra and Gaspard in [BG00] to describe the asymptotics of A, 11(0)— A, (0).
It is in fact more specifically connected to the measure appearing in the related result of
Keating, Marklof and Winn on spectral determinants [KMWO03, Th. 3]. As in this reference,
it turns out that the size of 0, («) is in fact closely related to the distance between A, (0)
and the rest of the spectrum of Hy. In particular we have the following estimate:

Proposition 1.4. Let r > 0. Then there exists n, € N* such that for all « € D(r) and
n = n, we have
|6 ()] < dist(Aa(0), Sp(Ho)\ {Aa(0)} ).
With the Weyl Law (1.5), this implies in particular that the sequence (d,(@))nen+ is
bounded (uniformly in a € D(r)).

In the proofs of Proposition 1.2 and Theorem 1.3, we will be more precise about the
properties of §,(«) in different directions, which we describe in the next results. The
following result is already known for « real:

Proposition 1.5. Assume that there exist j, k € [1, N| such that j # k and {;/{;, € Q. Let

/A v/
TE— N —.
l; Uy,
Then 72 is an eigenvalue of H, for any o € C. Moreover, its multiplicity does not depend
on a.

As we shall see in the proof of Theorem 1.3, 0 is always in the support of the measure
te. This means that one can always find a subsequence of eigenvalues (\,, (a))g=1 such
that n, — 400 and 6, (ov) — 0. We will in fact be slightly more precise on that issue:

Proposition 1.6. Let a € C. Then, there exists an increasing sequence (ng)ren+ in N*

such that .
On = — .
W)= 0 (/\nk(o))

Observe that, under the assumption of Proposition 1.5, one has in fact d,, (o) = 0 along
an increasing subsequence. Hence, Proposition 1.6 is meaningful in the case where - ¢ # 0
for every x € ZV\{0}. In that case, Theorem 1.3 also implies that for every s € [0, 2|T|7!]
there exists a subsequence of eigenvalues (A, («))g=1 such that ny — +00 and 6, (o) — sa.
Under appropriate Diophantine assumptions on ¢, our proof is slightly more quantitative
on that particular question:
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Proposition 1.7. There exists Q < (R*)N such that (R*)¥\Q has null Lebesque measure

and if £ € Q then the following assertion holds. Let e > 0 and a € C. Let s € [0,2|I|'].
Then there ezists an increasing sequence (ng)ren+ i N* such that

1
On, () = s+ O — .
k( ) k—+o0 <)\nk(0)21\/ 5)

1.3. Related literature on non-selfadjoint problems. The properties of selfadjoint
operators on compact graphs are now well understood (see [BK13]), but much less seems
to be known on the spectrum of non-selfadoint Laplacian. Yet, some authors have already
considered the related problem of the damped wave equation on graphs, which motivated
our analysis. More precisely, if we consider on I' the problem

Opuy(t, x5) — 07, ui(t, x5) = 0, Vt = 0,Yj € [1, N],Vz; € (0,¢;),

u;(t,0) = 0 Vi > 0,Vj e [1,N], 19
u;(t, 0;) = ui(t, ), Vt = 0,Vj, ke [1,N],

Z;V:l O, uj(t, 0;) + adu(t,v) =0, VYt =0,

with some initial conditions (u(0), du(0)) = (ug,u;) € H'(T') x L*(T'). The first results on
that direction concern the stabilization of coupled strings joint by a damper (this can be
seen as a star-graph with N = 2 edges). This is related to the accumulation of eigenvalues
on the real axis. In [CCW8T] it is shown that, depending on the damper and boundary
conditions, we may or may not have exponential decay to equilibrium. In [Liu88, GZ97],
the lengths are still equal to 1 but the wave speeds can be different on the two edges.
The asymptotic properties of a wave (the energy does not go to 0, it goes strongly to 0,
it decays uniformly exponentially to 0) are then described, depending on the arithmetic
properties of the ratio of these wave speeds. Similar stabilization results for the wave
equation were also obtained on star graphs [AJ04, AJKO05] (see also [NV07]) and on more
general graphs [VZ09, Zual3].

The spectrum of the damped wave equation has been studied in [AMN13] (star-graph)
and [FL17] (graph with general topology). In both cases, the lengths of the edges are
rationally dependant. As in the present paper, the result in [FL17] is the description of the
distribution of high frequency eigenvalues. However, the damping is on each edge, and not
at the vertices as in the present work or as in (1.8). In these references, it is proved that
this asymptotics only depends on the mean value of the damping on each edge. Moreover,
there are only a finite number of high frequency spectral abscissa. With the notation of our
Theorem 1.3, this means that the measure p, is given by a finite sum of Dirac measures.
This is exactly what we recover with a Robin vertex condition for rationnaly dependant
lengths (case (i) of Theorem 1.3). We also refer to [GX09] for a discussion about the basis
properties of the (generalized) eigenfunctions.

We expect our study to be a first a step towards the understanding of the spectrum of
the damped wave equation (1.8) on graphs. Here we consider a Laplacian with a fixed
Robin coefficient. The operator corresponding to the wave equation with damping at the
central vertex would be of the same form with a frequency dependent Robin coefficient.
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Indeed, if we look for stationary solutions to the damped wave equation (1.8) of the form
u;(t, ;) = e "w;(z;), then w = (w;)1<j<n has to be a solution of the problem

H_w = 2*w.

This kind of problems are left for further works. Other classical and related non-selfadjoint
problems on graphs are the ones concerned with the distribution of resonances on non-

compact quantum graphs, see [EL10, DEL10, DP11, LZ16, CT18] and references therein.
For the wave equation on some non-compact star-graph, we also refer to [AJK16].

Our results can also be compared to questions that appear in the context of the Laplace
operator on a compact Riemannian manifold (M, g). In the selfadjoint case, we can mention
the study of the Schrodinger operator —Agn +a, on the sphere S” endowed with its canonical
metric where a is a smooth real-valued function. In that case, eigenvalues are organized in
a sequence of clusters and the deviation between the eigenvalues for a = 0 and for a general
a was described by Weinstein in [Wei77] in terms of the Liouville measure. When « € R,
our Theorem 1.3 can be thought as an analogue of this result where the potential would
be a Dirac mass at the central vertex of the star graph. Yet, as we shall see in our proof,
the measure p, that we obtain in the case of a graph is of completely different nature.

The spectral properties of the damped wave equation have also attracted a lot of atten-
tion on compact manifolds. See for instance the results of Sjostrand [Sjo00], Hitrik [Hit02],
Asch-Lebeau [AL03] and Hitrik-Sjostrand [HS04]. Sjostrand proved that the complex eigen-
values of the damped wave operator verify a Weyl Law in the high frequency limit and he
considered the distribution of the imaginary parts of their square roots. He showed that
any limit distribution is supported on an interval [a_,a,] where ay corresponds to the
infimum (resp. supremum) of the average of the (smooth) damping function —a along a
typical orbit of the geodesic flow. In particular, in the case of flat tori or of negatively
curved manifolds, both quantities are equal to the average of —a against the normalized
volume on M. In other words, the limit distribution of the imaginary parts is the Dirac
mass at a,. For more general manifolds, identifying the limit measure remains an open
problem — see for instance [Hit02, AL03, HS04] for results in the case of the sphere. These
results of Sjostrand remain true for non-selfadjoint Schrodinger operators with a weaker
non-selfadjoint perturbation, e.g. A, +ia. In the irrational case (case (ii) of Theorem 1.3),
our limit measure is supported on an interval and it is in some sense opposite to the case of
flat tori and of negatively curved manifolds, where the limit measure is carried by a single
point.

1.4. The case of more general graphs. In principle, the results presented in this article
could be extended to more general graphs that are not star-shapped. Yet, we emphasize
that such an extension would a priori require to make some restriction on the choice of
the metric (i.e. on the choice of £) we put on the graph. In fact, to every choice of graph
and to every choice of boundary conditions for the Laplace operator at the vertices of the
graph, one can associate an analytic function Ft p, defined on the N-dimensional torus
TV, where N is the number of edges of the graph. This function does not depend on the
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choice of ¢ and the vanishing locus of Fr g, plays a central role when studying the spectral
properties of Hy [BK13]. Our argument is based on ideas that go back to the works of
Barra and Gaspard studying the level spacings on quantum graphs [BG00]. More precisely,
it consists in analyzing the ergodic properties of the map induced by the flow

ohiye TV vy + 1l

on the vanishing locus of Fr g,. To exploit this idea of Barra and Gaspard, it is necessary
that the orbit of 0 under this flow intersects the vanishing locus of Fr py, on a nice enough
subset, typically a smooth submanifold. For instance, this can be achieved by considering
a quantum graph H, with Neumann boundary conditions at each vertex (for which Fr g,
is nice enough thanks to [Fri05]) and by picking a generic metric £ (typically such that ¢!
is uniquely ergodic). This was the approach followed in earlier works of Berkolaiko-Winn
on level spacings [BW10] or of Colin de Verdiere on the failure of quantum ergodicity for
quantum graphs [Col15]. See also [KMW03, BKWO04] for earlier results on these problems
by Keating et al. in the case of star graphs (still for a generic ¢). Here, we chose to work
only on star-graphs for which the expression of FT p, is explicit enough to determine all
the singularities of the vanishing locus and to handle any choice of metric £. This will
illustrate the difference of behaviour depending on our choice of metric /.

Finally, in order to extend the results to more general graphs, we would need to define
an appropriate equivalent of d,,(«) (for instance, the imaginary part of A,(«) when « ¢ R)
in order to state an analogue of Theorem 1.3. Typically, the proof of Proposition 4.2 below,
which gives Proposition 1.4 and then Theorem 1.3, relies on explicit computations.

1.5. Organization of the paper. In Section 2.1 we define the operator H, and give some
basic spectral properties. In particular, we compute the secular equation on which all the
subsequent analysis relies. In Section 3, we focus on the distribution of the eigenvalues
of Hy. In particular, we introduce the corresponding dynamical system on TV and the
Barra-Gaspard measure. In Section 4 we prove that, for high frequencies, the perturbation
of the Robin parameter does not move the spectrum so much. So each eigenvalue of H,
remains close, in a suitable sense, to the corresponding eigenvalue of Hy. This will finish
the proof of Proposition 1.1 and prove Propositions 1.2, 1.4 and 1.5. Finally, the last
section is devoted to the proofs of Theorem 1.3 and Propositions 1.6 and 1.7.

1.6. Notation. We denote by N the set of non-negative integers, and N* stands for N\ {0}.
As already mentioned, we also write [1, N] for {1,--- ,N}. For zy € C and r > 0 we set
D(zp,7) = {z€C: |z — 2| <r} and C(zp,7) = {z€C: |z — 2| =r}. As said above, we
write D(r) for D(0,r).

2. SPECTRAL FRAMEWORK AND FIRST PROPERTIES

In this section, we define the operator H, on a suitable Hilbert space on I'. Then we
derive some basic properties for its spectrum. In particular, we give some rough localization
for the eigenvalues, and we derive the secular equation, that will be used all along the
article.
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2.1. The Schrodinger operator with Robin condition. The metric graph IT' is en-
dowed with the Hilbert structure of

N
- @ L2(07 6])
j=1

In particular, for u = (u;)1<j<n € L*(T), we have

|U||L2(r Z HUJHL2 0,6;)

For m € N, we similarly define the Sobolev space
N
I) = DH"(0,4)). (2.1)
j=1

In the introduction, we have denoted by Dom(H,) the set of u € H?*(T') such that (1.1),
(1.2) and (1.3) hold, and for u € Dom(H,) we have defined H,u € L*(T') by (1.4). For later
purpose, we also define Dom(H,,) as the set of u = (u;)1<j<n € H?*(T') such that

Vie LN, 4(0) = w6;) = 0. (22)
Then, for u € Dom(Hy), we define Hou € L*(T) as in (1.4).

It is known that, for « € R u {0}, the operator H, is selfadjoint and bounded from
below (it is even non-negative for @ > 0 or @ = o0). In particular, since H?(I") is compactly
embedded in L*(T'), the spectrum of H,, consists of a sequence of isolated real eigenvalues
going to +00. When « is not real, the operator H, is no longer symmetric. However, we
prove in Proposition 2.1 that H, is at least maximal sectorial. We recall that an operator
T on some Hilbert space H is said to be sectorial (with vertex v € R and semi-angle

¢ € [0, 5[) if the numerical range of 7T,

{(T'p, )y, p € Dom(T), [l =1},
is a subset of the sector

Yo ={CeC : arg(¢ —7)| < 0}.
Then T is said to be maximal sectorial if (7" — ¢) has a bounded inverse on H for some
(and hence any) ¢ in C\X, p. Similarly, we say that a quadratic form ¢ on H with domain
Dom(q) is sectorial (with vertex v € R and semi-angle ¢ € [0, 7[) if for all ¢ € Dom(g) with
|l = 1 we have

q(p) € X p

In this paper, we study the properties of H, for some fixed o € C. However, at some
point (see the proof of Proposition 4.4 below), we will deduce some properties of H, from
the corresponding properties of Hy by a regularity argument with respect to the parameter
a. This is why we need uniform estimates on H; for & lying on a disk containing 0 and «.
Thus, we fix > 0 and give the following results with constants uniform with respect to «
in the disk D(r).
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Proposition 2.1. Let r > 0. There exist ye R and 6 € [0, g[ such that for any a € D(r)
the operator H, is mazximal sectorial with vertexr v and semi-angle 6.

Proof. ¢ Let a € D(r). We denote by Dom(Q,) the set of functions u € H(T") which
satisfy (1.1) and (1.2) (notice that this set does not depend on «). Then, for u,w €
Dom(Q,), we set

Qaolu,w) = 2 J ‘ ug(:cj)w; (z;) dxj + au(v)w(v).

In particular, Dom(H,) < Dom(Q,) and, for u € Dom(H,) and w € Dom(Q,,), we have
<Hauv w>L2(r) = Qa(ua w)- (23)

e For u e Dom(Q,) = Dom(Qy) and j € [1, N] we have

L
(Qa — Qo)) = o [u(w)* < 2o f g ()| | (25)]

1
< 1 H%‘Hi?(o,@) +4|af HujHiQ(vaj)

1 2
ZQO(U) + 4r? HUHLQ(F) .

N

Since the form @) is symmetric, bounded from below and closed, we deduce that the form
Q). is sectorial (uniformly in o € D(r)) and closed [Kat80, Th. VI.1.33].

e By the Representation Theorem [Kat80, Th. VI.2.1], there exists a unique maximal
sectorial operator H, on L?(T) such that Dom(H,) ¢ Dom(Q,) and

Yu € Dom(H,), Yw € Dom(Q,), <ﬁau,w>L2(F) = Qo(u,w).

Moreover, Dom(H,) is the set of u € Dom(Q,) for which there exists f € L*(I') such that
V’UJ € Dom(QOz)? Qa(ua w) = <f7 w>L2(I‘) I

and, in this case, Hyu = f.

e By (2.3), we have Dom(H,) < Dom(H,) and H, coincides with H, on Dom(H,).
Now let u = (u;)1<j<n € Dom(H,). Let us prove that u € Dom(H,). There exists
= (fi)1<j<n € L*(T) such that, for all w € Dom(Q,), we have

Qa(u7 w) = <fa w)LQ(F) :

Let k € [1, N]. Considering all the test functions w = (w;)1<;<n such that wy, € CF((0,¢;))
and w; = 0 for k # j, we obtain that u; belongs to H*(0,¢;) and —uj} = fx. Then
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u € H*(T). Now, for all w € Dom(Q,,), we have
N

Qaolu,w) = Z (ul, w’>L2(M )+ au(v)w(v)

= ﬁl < w] <u w3>L2 04, ) + au(v)w(v)

= (frw) 2y (Z; + au( )) w(v).

Choosing w € Dom(Q,) such that w(v) # 0 yields (1.3). This proves that u € Dom(H,),
and hence H, = H, is maximal sectorial. O

Remark 2.2. With the same proof we recover that H, is selfadjoint if « is real, and non-
negative if & = 0. Notice that [BK13, Th. 1.4.11] provides a similar result for more general
selfadjoint vertices conditions and more general graphs.

2.2. First properties of the spectrum. In this paragraph we begin our description of
the localization of the spectrum with some rough properties.

Proposition 2.3. Let r > 0. Let v and 0 be given by Proposition 2.1. Let o € D(r). Then
the spectrum of the operator H, is included in ¥, g and consists of isolated eigenvalues with
finite multiplicities.

Proof. By Proposition 2.1, the operator H, is maximal sectorial with vertex v € R and semi-
angle 0 € ( , 2) and hence its spectrum is a subset of 3, 4 [Kat80, §V.3.10]. In particular,
the resolvent set of H, is not empty. Moreover, Dom(H,) is compactly embedded in
L3(T), so the operator H, has a compact resolvent. Thus, its spectrum consists of isolated
eigenvalues with finite multiplicities. O

Notice that we have not proved yet that H, has an infinite number of eigenvalues. We
will get this as a byproduct of the more refined analysis of Section 4.

Remark 2.4. Even if we are mostly interested in the large eigenvalue limit of the spectrum,
we note that 0 is an eigenvalue of H, if and only if

1
j=1 l
and that in this case ker(H,) is generated by u = (u;)1<;<n such that u;(x;) = z;/¢; for

all j € [1, N] and z; € [0, ¢,].

Now we consider non-zero eigenvalues. Let z € C*. For u = (u;)1<;<n € H?*(I'), we have
" 3

—uj = 2?u; for all j € [1, N] if and only if there exist constants (5;, 5;)1<j<n such that,
for j € [1, N] and for = € [0, ¢,],

uj(x) = B;sin(zzx) + f; cos(zx).
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Such a function u belongs to Dom(H,) (and then H,u = z?u) if and only if the vertices
conditions (1.1), (1.2) and (1.3) are satisfied. The Dirichlet condition (1.1) at the external
vertices gives
Vie[l,N], B =0, (24)
so that
u;(x) = B;sin(zx). (2.5)
With this simple calculation, we can already prove the following rough result.

Proposition 2.5. (i) Let a € C. If A € C is an eigenvalue of H, then Im(\) and Im(«a)
have the same sign (recall that the spectrum of H, is real if o is real, on the other
hand there can be real eigenvalues even if o is not real).

(ii) Let r > 0. There exists ¢, > 0 such that, if A € C is an eigenvalue of H, for some
a € D(r), then

Re(A) = —¢, and |Im(N\)| < ¢,

Moreover, we have

21
limsup sup [Im(\)| < 2[Im(a)]
R—+00 XeSp(Ha) |P|
Re(\)=R
Remark 2.6. The last statement should be compared with the support of y, in Theorem
1.3. In particular, this is an equality when x - £ # 0 for every k € ZV\{0}.

Proof. Let z = 7+ in € C* (with 7,7 € R) and assume that A\ = 22 is an eigenvalue of H,,.
Let u € ker(H, — 2%)\ {0}, normalized by |luf 2y = 1. Let Bi,..., By € C be such that

(2.5) holds. Taking the imaginary parts in the equality
A= (Hyu,u) = Qu(u,u)

gives
Im(\) = Im(c) [u(v)|. (2.6)

This implies in particular that Im(\) and Im(a) have the same sign.
Then we compute

N 0. N .
J ) sh(2n{; sin(27Y;
L=l = X [ psinGea P dny = g (220 - ETLL) oy
j=1 J=1

Let (Am),,cn De a sequence of complex numbers such that Re(\,,) goes to +c0 and, for all
m € N, \,, is an eigenvalue of H,, for some o, € D(r). For m € N we consider 7, = 0 and
Nm € R such that A\, = (7, + i9m)?. Then 7, goes to +00 as m goes to +o0. Assume for
instance that Im(a) > 0. After extracting a subsequence if necessary, we can assume that
the sequence (7)), has a limit 7y, in [0, +00]. For m € N we consider u,, € ker(H,,, —A)
such that HumHLQ(F) = 1 and we denote by B1m, ..., Bnm € C the corresponding coefficients
in (2.4).
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Assume that 1, = +00. Then, by (2.7) we have

i 1B;.m e2nm; ,
47]m m——+0o0 '

7j=1

Then
[w(©)[* = |Buml* [sin(zmb1)|” < [Brm|* ™ = O(nn),
and hence, by (2.6),
2TmNm = Im(A,) <7 |U(U>|2 = O(1m)-
This gives a contradiction.

We similarly get a contradiction if we assume that 7, € (0, +00) so, finally, 1, goes to
0 as m goes to +00. (2.7) now gives

N 2
5 2 m——+00
j=1

SO

L [um(0) [ m
limsupM = hmsupz % Isin(2,0;)]* < 1.

m—+00 m—+00 j=1
Then (2.6) gives

Al
limsup [Im(\,)| < [Im(@)] [t (v)[* < 2|im(a)|
m—+00 |F|

We conclude with Proposition 2.3. O

2.3. Comparison with the eigenvalues of the Dirichlet problem. The spectrum of
Hy, (see (2.2)) is completely explicit. If we set

N
7
TOO = %7
j=1 "7
then

Sp(Hyx) = {7*,7 € T} .

Moreover, if 72 is an eigenvalue of Hoo, then its multiplicity is given by
#{jel,N]:7¢; en}.

In particular, if the lengths of the edges are pairwise incommensurable, then all the eigenval-
ues of H,, are simple. On the contrary, if all the lengths are equal, then all the eigenvalues
of H,, have multiplicity N — 1.

In the selfadjoint case (a € R) it is known (see [BK13, Th. 3.1.8] or Remark 2.8 below)
that between two consecutive eigenvalues of H,, there is exactly one simple eigenvalue of
H,. In the degenerate situation where A\ € R is an eigenvalue of H,, of multiplicity m > 2,
then A is for all @ € R an eigenvalue of multiplicity m — 1 for H,. The first statement has
no meaning for the possibly non-real eigenvalues of H,, a ¢ R, but the second still holds
in general.
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Lemma 2.7. Let a € C.
(i) If T € Ty, then
dim(ker(H, — 7%)) = dim(ker(H,, — 7%)) — 1.

(i) If z € C\Ts, then
dim(ker(H, — 2%)) < 1.

Proof. Assume that 72 is an eigenvalue of Hy. There exists j € [1, N] such that 7¢;/7 is
an integer. Let u € ker(H, — 72). By (2.5) we have u(v) = u;(7¢;) = 0. This implies that
ker(H, —12) < ker(H,, —72). Moreover, the map u ~— Z;VZI ) (£;) is a non-zero linear form
on ker(H, — 72), which yields the first part of the lemma.

Now let z € C\Ty. If u € ker(H, — 2?) is such that u(v) = 0, then it belongs to
ker(Hy—2?), sou = 0. This means that the linear form u — wu(v) is injective on ker( H,—2?%)
and proves the second statement. U

2.4. The secular equation. In Paragraph 2.2, we have only used the vertex condition
(1.1). For a more refined analysis, we have to take into account (1.2) and (1.3).

Let z € C* and u € ker(H, — 2z?). Let 8 € CV be such that (2.5) holds. Then the
conditions (1.2) and (1.3) at the vertex v read

p1sin(zly) = Pasin(zly) = ... = By sin(zly) (2.8)

and

N
2 Z B; cos(zl;) + afysin(zly) = 0. (2.9)

j=1
We can divide this last equality by 2. Conversely, if 3 satisfies (2.8)-(2.9) and u € L*(T") is
defined by (2.5) then v € Dom(H,) and H,u = z?u. Thus, 2? # 0 is an eigenvalue of H,,

if and only if
det (A <z€, %)) =0,

where, for y = (y1,...,yn) € CN and n € C,

sin(y;) —sin(yz) 0 . 0
0 sin(y2)  —sin(ys) 0
Aly,m) = : - " 5 :
0 . 0 sin(yn—1) —sin(yn)
cos(y1)  cos(ys) . . cos(yn) + nsin(yn)

Moreover, since the map
<t (3 (5.2 v tor ),
z

defined by (2.5), is an isomorphism, we have

dim (ker (A (zf, %))) = dim (ker (Ha — 22)) .
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By a straightforward computation we observe that

det(A(y, n)) = Fn(y) + nFp(y), (2.10)
where
Fn(yi,...,yn) = Zcos Yj Hsm Ur) (2.11)
k#j
and
Fp(yi,...,yn) = Hsin(yj). (2.12)

Note that Fy = det(A(+,0)) is the determinant associated with the Neumann (or Kirch-
hoff) problem (a = 0) and Fp is the determinant corresponding to the Dirichlet problem,
i.e. 22 is an eigenvalue of Hy, if and only if Fp(2¢) = 0.

For y € CV such that Fp(y) # 0 we set

N (Y)

U(y) = )

cotan(y;). (2.13)

HMZ

Remark 2.8. Let 7 € R,\Ty. Then 72 is an eigenvalue of Hy is and only if U(7¢) = 0. We
have

d N
E\IJ (10) = ; (1 + cotan(7¢;)?) > 0.

Since |U(7/)| goes to +00 when 7 approaches T, we see that in each connected component
I of R.\T5 (which does not contain 0) there exists exactly one n € N* such that 7, € I.
See Figure 2 in Section 4 below. On the other hand, we deduce from the discussion of
Paragraph 2.3 that the operator H,, satisfies a Weyl Law as in (1.5). Then, combining
Lemma 2.7 and the previous remark, we recover (1.5) for Hy. In fact, the same applies to
H, for any a € R if we observe that on R, \7, we also have

d

o (T\D(Tf))

3. EIGENVALUES OF Hy AND THE BARRA-(GASPARD MEASURE

In this section, we review a few facts on a natural Radon measure associated to our
metric star graph (I',¢). This measure was defined by Barra and Gaspard in [BGOO]
to study the level spacings of the operator Hy (see also [BW10]) and further used to
study the distribution of the eigenmodes of Hy [KMWO03, BKW04, Coll5] or resonances
on noncompact graphs [CT18]. The main differences with these references is that we use
the explicit structure of the graph to handle any choice of metric on I'.
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3.1. A stratified manifold associated to the eigenvalues of Hy,. We have said in the
previous section that 72 is an eigenvalue of Hy if and only if Fy(7¢) = 0, where Fy is
defined by (2.11). We set

Z ={yeR": Fy(y) = 0}.

This defines a stratified submanifold, which can be splitted as

where, for J < [1, NJ,
Zy={yeZ:yj=0mod < jeJ}.
With this definition of Z, we see that 72 is an eigenvalue of H, if and only if 7/ € Z.
More precisely,

(i) if 70 € Zy then Fp(7l) # 0 so, by Lemma 2.7, 72 is a simple eigenvalue of Hy ;
(ii) if 7¢ € Z; for some J < [1,N] with #J > 2, then 72 is an eigenvalue of H,, of
multiplicity #.J and, again by Lemma 2.7, 72 is an eigenvalue of H, of multiplicity

47— 1.
Note that Z; is empty if #J = 1 and Zgz = U1({0}) (see (2.13)). Then for J < [1, N]

we set
1 if J=
my — it =g, (3.1)
#J—1 if #J = 2.

Now we check that each stratum of Z is a submanifold of RY to which the vector ¢ is
transverse.

Lemma 3.1. (i) Zy is a submanifold of RN of dimension N —1, and for all y € Zy we
have VW (y) - £ # 0.
(ii) Let J < [[1, N] with #J = 2. Then Z; is a submanifold of RN of dimension N — (#J)
and its boundary 0Z; = Z;\Z; satisfies

075 = LJ Z.

JSJ'<[1,N]
Moreover, ¢ is transverse to Z;.

Proof. e Let y e Zy. We have

(1 + cotan(y;)?) > 0.

HMZ

In particular, V¥(y) # 0. By the Imphc1t Function Theorem, this proves that Zgz =
~1({0}) is a submanifold of dimension (N — 1) in RY, and ¢ is transverse to Zg.

e Now we consider J < [1, N] with #.J > 2. Then any y € R" such that y; = Omod 7

for all 5 € J belongs to Z, so

ZJ—{yeRN —Omod7r<:>]eJ}
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This defines a submanifold of dimension N — (#.J). On the other hand, it is not difficult
to check that

Zy={yeR" :y; =0mod m, Vje J},
and the statement about 0Z; follows. Finally, ¢ is transverse to each Z; because all its
components are positive. ]

3.2. Restriction to a dynamical system on a torus. Since Fy is 2m-periodic with
respect to each variable, the condition Fiy(7¢) = 0 can be seen as an equation on the torus
TV = RY/(27ZY). We set
A ={keZ":k (=0}
and
Ay ={¢eRV :Vke Ay, k-&=0}.
In particular, 7¢ belongs to A} for all 7 € R. We denote by N, the dimension of Af.

Remark 3.2. N, is the smallest integer for which there exist ... ,ENZ € (0, +o0) such that
for all j € [1, N] we have

N, )
= myily,
k=1
for some m;1,...,m; N, € N*.
Noticing that 27ZY n A} is a lattice of A}, we define the torus
T, = A;/(20ZN  Ay).

It can be identified with a subset of TV. We denote by pu, the Lebesgue measure on T
(inherited from the Lebesgue measure on A}) and we set |Ty| = pr, (Ty).

For y e TV and t > 0 we set
©i(y) =y +t¢ mod 2.

From the unique ergodicity of this flow on T,, one has, for every continuous function f on
TV and uniformly for y € Ty,

1 (" 1
lim Dy)dt = — | fd 2
TLTOOTL (f o @) )dt = 7 i (3:2)

(this can be computed explicitely if f is of the form y — e™*¥ for some x € Z", and the
general case follows by decomposing f in Fourier series). This implies in particular that
any orbit of the flow ¢} starting in T, is dense in T,.

Since Z (and each Z;, J < [1, N]) is (27Z")-periodic, we can consider
Z=(ZnA))/@rZN N = || 2,

where
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Taking the convention that dim Z; = —oo0 when Z; is empty, we have results analogous
to Lemma 3.1:

Lemma 3.3. (i) 24 is a submanifold of T, of dimension Ny—1 to which ¢ is transverse.
(i) Let J < [1,N] with #J = 2. Then Z; is a submanifold of T, of dimension not
greater than Ny — 1 and

82] IZZ_J\ZJCUZJ/,
Jl

where the union is over the sets J' < [1, N| such that dim(Z,) < N, — 1. Moreover,
0 is transverse to 2.

Proof. Since { is transverse to Zg = W=1({0}) and belongs to A}, Zgn Ay is a submanifold
of A of dimension N;—1 to which / is transverse. After taking the quotient, the analogous
properties hold for Z.

Now let J < [1, N] with #J > 2. Since Z; coincides around each of its points with an
affine subspace of R (with constant tangent space), the same holds for Z; n Af. Since ¢
belongs to Aj and not to T'Z;, the dimension of Z; N AeL is not greater than N, — 1 and ¢
is a transverse vector. All this then holds for Z;.

We have (Z; n Ay) < 0Z; n Ay, Let yo € d(Z; n Ay) and J' < [1, N] such that
Yo € Zyp n Ay and J & J'. Let V be a neighborhood of yy in Z; n Ay such that V is an
open subset of an affine subspace of RY. If we denote by (fi,..., fx) the canonical basis
of RY, there exists j € J'\J such that yo + ¢ f; belongs to Z; n Aj for ¢ > 0 small enough.
Then for all y € V and ¢t > 0 small enough we have y + tf; € Z; n Aj. This implies that

dim(Zy n Ay) < dim(Z; n Ay) < Ny — 1.
The same conclusion holds for Z;. O

3.3. Distribution of the eigenvalues by ergodic averaging. We now study the distri-
bution of the eigenvalues of Hy following the seminal work of Barra and Gaspard [BG00).
The results in this paragraph were already presented under some genericity assumptions
on ¢ for quantum star graphs [KMWO03, §3] and for general quantum graphs in [BW10,
§4.3] and [Col15, §3]. We briefly recall these arguments to see that the case of a general
metric ¢ can be handled similarly for quantum star graphs using the conventions of the
above paragraphs. For later purpose, note also that, compared with [KMWO03, §3], we will
also allow test functions which are not necessarly compactly supported in Zg. To that
aim, we set
Je={Jc[1,N] : dim(Z;) = N, — 1}.

For J € J;, we denote by p; the Lebesgue measure on Z; and by v a unit vector normal
to Z J in T@.

Lemma 3.4. Let g be a continuous function on Z. We assume that g is compactly sup-
ported on Z; for some J € Jy. Then, one has

ENCRESI0
k=1

T™my

(-v(y)ld .
oo T[T ZJg(y)l W)l dps(y)
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In the case of a generic ¢, see [KMWO03, Th. 8| for star graphs and [BW10, Prop. 4.4]
and [Coll5, Lemma 3.1] for the case of more general graphs.

Proof. Let V be a neighborhood of the support of ¢ in Z; such that ¥V < Z;. Since ¢ is
transverse to Z;, there exists § €]0, 7| such that the map

T { ]—26,25[xV — Ty
' (t,y) — y+tl
is injective with an image which does not intersect Z\Z;. Let x € C°(] — 4,4[,[0,1]) be
equal to 1 near 0 and such that SR x(t)dt = 5. We define a continuous function g on T, by
setting
9y +t0) = x(t)9(y)
for all t €] — 0,9 and y € V, and g = 0 outside the image of 7. Then

1 " Tn+5 1 my Tntd

- 7k = — g o ph(0)dt.
n:(gow)(o) ram— go¢(0)

By (1.6) and unique ergodicity (3.2) of the flow ¢} on Ty, one finds that

Z o Ty lf gd
g09)0) —— T[T 3 Jp, 77

Since the Jacobian of T at (t, y) is | - v(y)|, one gets

%L gdur, = L 10 v(y)lg(y) dus(y),

and the conclusion follows. O

For € > 0 we introduce
Z(e)={ye Z:3Jst.dim(Z;) < Ny— 1 and d(y, Z;) < e}. (3.3)

In other words, we consider an e-neighborhood of the strata of Z whose dimensions are
strictly smaller than N, — 1. In particular, the (N, — 1)-dimensional Hausdorff measure of
this set is O(e).

Lemma 3.5. We have

o P S 15 070) € Z4(0))

n—+a0 n sio
See [Collb, p. 354] for the case of a generic metric on a general quantum graph.

Proof. Let
Be)={y+tl: —e<t<candye Z(e)}.
Since this set is contained in an O(¢e) neighborhood of the strata of Z having dimensions
not greater than N, — 2, its Lebesgue measure is of size O(g?) as € tends to 0.
Let n € N* and k& < n such that ¢;*(0) € Z(). Then ¢}(0) stays inside B(e) for
t € [T, — €, 7, + €]. Moreover, by the Weyl Law, the number (counted with multiplicities)
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of square roots of eigenvalues of Hy lying in an interval of length 1 is uniformly bounded
by some constant M. Hence, for € > 0 small enough, one has

#i{k<n:ol0) e Zi(e)y M (™
n 26

(1B © ¢p)(0)dt.

Hence, by letting n tend to +o0 and by combining (3.2) with [Wal82, p.149, Rk. 3], one
finds that
. Tk
e B <07 O) € 2O} _ M g (B(E)
n—+0o0 n 25 |T€|

and the conclusion follows. O

We define the Barra-Gaspard measure on Z by

UBG = Z HUBG,J, (3-4)
JeJ,

where, for J € J;, we have set
peG,s = my|C-v(y)|w,.
Finally, we obtain the following averaging property:

Proposition 3.6. Let g be a continuous function on Z. Then, one has

1 an T f J
— @) .
n ] g gpe o0 |F| |T@| 2 gausg

Again, we refer to [KMWO03, BW10, Coll5] for earlier versions of this result for quantum
graphs endowed with Kirchhoff conditions and with a generic metric . In particular, this
proposition implies

T
uec(2) = LT (3.5)

™

Proof. Let e > 0. We introduce a family of nonnegative continuous functions x and (x.) e,
on Z such that

56_'_ Z XJ = 17
JeJ,

X is supported in Z(e) and x; is compactly supported in Z;. By Lemmas 3.4 and 3.5
applied to xsg, J € Jp, and xg, respectively, we have

1 n

1 By

Jlm ,; 1(g °¢")(0) = JE L Xs9dhgc,s + O(e).
= ejé J

We let ¢ go to 0, and by the dominated convergence Theorem we obtain the expected
result. U
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4. SEPARATION AND LOCALIZATION OF THE EIGENVALUES

In this section, we will give an acccurate description of the localization of the eigenvalues
of H, when a € C. This will rely on a careful analysis that will allow us to view in a
quantitative manner the eigenvalues of H, as a perturbation of the eigenvalues of Hj, as
the real part of the spectral parameter tends to +00. We proceed in two steps. First, we
localize a sequence of eigenvalues of H, near the eigenvalues of Hy. Then, we show that we
have indeed found all the eigenvalues. All this analysis is summarized in Proposition 4.4
which is the main result of this section and from which Propositions 1.1, 1.2, 1.4 and 1.5
follow.

To that aim, given a € C and z € C*\ 7, we set

N
VYao(2) = U(20) — % = —j;cotan(zﬁj) — %.

The functions 1,, o € C, are holomorphic on C*\ T, and 2?2 is an eigenvalue of H, inside
C*\ 75 if and only if 1,(z) = 0 (see the discussion of Paragraph 2.4). In particular, the
positive roots of 1y outside 7o, are given by the 7,, such that 72 is not an eigenvalue of H,.

4.1. Upper bound on the set of eigenvalues. We set
N={neN :71,¢T,},

and, for n e N,
1 1

P = wé(Tn) VTnE\IJ : g
Then, the following holds:

Lemma 4.1. (i) Forne N, one has

1 sin(7,4)? sin(TnﬁN)Q} ' (4.1)

0 < p, <mind|0]",
) mm{|| - -

(i) Let vo = wﬁ. Then, for n € N, one has D(7n,Yopn) N Too = & and, for ~ € [0, 7]
and z € D(Ty,Vpn),

Z2—="Ta| _ 7
Proof. e For z € C*\ T, one has
N /) N
() — J _ 2
wO(Z> = Z W = Z gj(l + cotan (Zgj)), (43)
j=1 j=1
and
N 02 cos(zt,)
" _ J J
"(z) = zz—sin(z R (4.4)
j=1

In particular, (4.3) gives (4.1).
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o Let y€]0,%], neN, je[l,N] and z € D(7,,,vpn). Since v < 1 and ¢;p, < 1 one has

0
] x J < G,
lcos(2;)| < 7P < e

and hence, since we also have v < 1/2e,

~
.ol

NN

P
2
In particular, Fp(20) # 0, so D(7,,vpn) N Too = &. Then, by (4.4) we have

11
sin(=6,)] = [sin(ray)| — |2 = 7l e > 3 — yputye >

166
From this one can infer that, for every (z, zl) in D(Tn, YPn)

IZI

Y5 (21)] < 8y evan %

and the result follows by Taylor expansion.

3
- 4

FIGURE 2. The graph of ¥ for £ = (1,4/2,7), with the elements of T,

(diamonds), 71 to 77, and the corresponding disks of radii 2p, /7, (filled) and
2py, (dotted).

Proposition 4.2. Let v > 0 be given by Lemma 4.1. Let r > 0. There exists n, € N*
such that, for every n € N with n = n, and for every a € D(r), there is a unique
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Zn(a) € D(Tp,Yopn) such that z,(a)? is an eigenvalue of H,. Moreover, z,(a) depends
analytically on a € D(1), z,(a)? is an algebraically simple eigenvalue of Hy, and

81 pn,
20(a) — 7 < =22, (4.6)
Tn

Proof. For v €]0,7], n € N and z on the circle C(7,,vp,), one has by (4.2)
[bo(2)| > 5.

On the other hand, since p,, < |T'|™!, one has, for n large enough,
o r 2r
— < —— < —.
E Tn = VPn Tn
Thus, there exists n,, € N* such that for n e N withn > n,, v € [f_—:, Yo] and z € C(7,7pn)

we have
la] _ 2r

[Ya(2)] = [tho(2)] = B

This proves that, for every o € D(r) and every ~ € [f—:,%], the operator H, has no
eigenvalue on the set {22,z € C(7,,vpn)}. By continuity of the spectrum, the number of
eigenvalues counted with multiplicity in {2, 2 € D(7,,,7pn)} does not depend on o € D(r).

By Remark 2.8, 7, is the only 7 in D(7,,7p,) such that 72 is an eigenvalue of Hy. Thus,
for o € D(r), there is exactly one z,(a) € D(7,,vp,) such that z,(a)? is an eigenvalue
of H,. The analyticity of this eigenvalue comes from the usual perturbation theory for
parameter dependant operators (see [Kat80]). O

> 0.

Tn

From this point on, we set, for » > 0,
N,={neN:n=n}.

4.2. Lower bound on the set of eigenvalues. At this stage, we have identified some
eigenvalues of H,. If 72 is an eigenvalue of H,, which is also an eigenvalue of H,, then it is
also an eigenvalue of H,, and the multiplicities of 72 as an eigenvalue of Hy or H, coincide.
Otherwise, 72 is a simple eigenvalue of Hy, and around 72 (in a sense made precise by
Proposition 4.2), there is a unique simple eigenvalue of H,. Our purpose is now to prove
that we have in fact found all the eigenvalues of H,. For this we will need the following
lemma.

Lemma 4.3. We have

lim sup p,, > 0.
neN

n—-+aoo

Proof. Let x be a continuous function from Z to [0, 1] compactly supported in Zg and
equal to 1 on some open subset thereof. Then the function

X(y)

Fv= g
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can be seen as a continuous function on Z, compactly supported in Zg. By Lemma 3.4
we have

1 ¢ T
- f o) (0 fd 6z > 0.
n k,=1( P )( ) "> t-00 ‘F‘ ‘TA 24 UBG,
This implies in particular that p, does not go to 0 as n € N goes to +o. U

Now we can state the main result of this section which compares the set of eigenvalues
of H, with the ones of Hj.

Proposition 4.4. Let r > 0 and n, € N* be given by Proposition 4.2. Then, for every
a € D(r), the spectrum of H, is given by a sequence of eigenvalues (z,(a)?)nens (repeated
according to algebraic multiplicities) such that the following assertions hold for n = n,.
(i) If n ¢ N then z,(a) = 7.
(i) If n € N then z,(«) is given by Proposition 4.2. In particular, there exists a disk in C
centered at T, which contains z,(«) but does not contain 1, or zy,(«) for any m # n.
(iii) The functions o — z,(a) are analytic,
(iv) The geometric and algebraic multiplicity of the eigenvalue z,(«)
particular this multiplicity is 1 if ne N.

2 are equal, and in

Propositions 1.1, 1.2, 1.4 and 1.5 are consequences of the previous proposition combined
with Remark 2.8 (for the proof of Proposition 1.2).
1_

2 DA N A
N A A I

.14

o

FIGURE 3. Thesets {22 : |z — 7,,| = Yopn} for £ = (1,4/2, 7). They are close
to the disks centered at 72 with radius 2v¢7,p,. By Lemma 4.3, this radius
is regularly greater than c,.

Proof. Let ¢, be given by Proposition 2.5. We set

0, = {AeC:Re(N) > —cr, [IMN)] < &}, | ] {Zz e %pn} |
neN; n
By Propositions 2.5 and 4.2, we have Sp(H,) < Q, for all « € D(r). By Lemma 4.3, all
the connected components of €, are bounded (see Figure 3). By the perturbation theory
of Kato [Kat80], the number of eigenvalues of H, (counted with algebraic multiplicities)
in each of these connected components does not depend on «. Choosing n, larger if
necessary, we can assume that there exists a finite union €2, of connected components of
Q, which contains 72 if and only if n < n,. Then, for all a € D(r), €, contains exactly
n, — 1 eigenvalues of H, (counted with multiplicities), which can be denoted by z,(a)?,
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1 < n < n,. The other connected components of €2, contain eigenvalues which have already
been identified. If such a connected component contains 72 for some n € N, n > n,, it
contains exactly one eigenvalue of H,, which we have denoted by z,(a)?. We also know
that for n ¢ N, the eigenvalue 72 remains an eigenvalue of H, with the same multiplicity.
Since the number of eigenvalue in each connected components is fixed, there cannot be
any other eigenvalue for H, in €2,.. All the properties enumerated in the proposition then
follow from Lemma 2.7 and Proposition 4.2. O

In this proof, it is important that all the connected components of €2, are bounded.
Otherwise, even with the continuity of the spectrum, an eigenvalue could disappear (by
escaping to infinity) or be created (by coming from infinity).

5. PROOFS OF THE MAIN RESULTS

Let « € C. We have seen that for n large enough, the eigenvalue z,(a)? of H, is

either equal to 72, or close to 72 in the sense of Proposition 4.2. Now we prove that the

difference 9, («) (see (1.7)) is, at first order, a simple function of 7, and we use the results
of Section 3.3 to prove Theorem 1.3. Finally, as a by-product of our analysis, we will prove
Propositions 1.6 and 1.7.

5.1. The limit measure.

Lemma 5.1. Let r > 0 and let n, € N* be given by Proposition 4.2. Then, for n € N,, we
have

On(@) = 20p, + O (n7),

n—+ao

where the rest is uniform with respect to o € D(r).

This asymptotic expression will allow us to relate the distribution of §, («) for large n to
the Barra-Gaspard measure, as in [KMWO03, Th. 3] where the asymptotic distribution of
¥4 (1,) = p,;! on compact intervals of R was described for A, = {0} (in that case, N' = N*).

Proof. For a € D(r) and n € N,, we set
(@) = zp(a) — 7,.
By (4.6) and (4.1), we have
m(a) = O(pa7, ) = O(1,71).
Then, by (4.5) and (4.6),

1/2

2
n « mn ].
n(za(0)) — mule)iglrl < POy )< 2 < 4
lz=7n|<|nn (a)] T Ta

We have

0= (T + (@) = —— =5 = (@) = -+ O(;).
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Since p,, is bounded, this gives

m(a) = =2+ O(;2), (5.1)

and then
6n(a) = 21m (@) + nu(a)? = 2ap, + O(7; ). (5.2)
We conclude with (1.6). O

We consider on Z the continuous function defined by

Bly) = — > = 2
VUL S (1 + cotan’(y;))

and ®(y) = 0 otherwise.

if yEZ®,

Proposition 5.2. The first statement of Theorem 1.3 holds if we set

T
e = T[T (‘D*MBG,@ + do Z MBG,J(ZJ)> ; (5.3)
¢ JeTe,T+S

where @, pge,g 1s the pushforward of the measure pigg g by .

Proof. We first observe that the image of ® is included in [0,2|I'|"'] so, by (3.5), the
right-hand side of (5.3) defines a probability measure on [0,2 |I'|].
Let a € C. Let f be a continuous function on C. By Lemma 5.1 we have

%Zf@m”:%zf@M%WmH-O(mw
k=1 k=1

n—-+0o0

Then, by Proposition 3.6 applied to g = f o (a®),

1 & s
LY F(6a () | (o ducs+ 10) 3 pacs(zn)).
n ];1 n— 00 |F| |T€| Zy & JEJ;#@ ’ !
The proposition follows. (Il

We observe that if ¢;/¢; € Q for all j € [1, N] then Ay is of dimension 1. So, by Lemma
3.3, Z consists of isolated points, and ® only takes a finite number of values (including 0,
at the point 0). This implies that p, is a finite sum of Dirac masses, including the Dirac
mass at 0.

To conclude the proof of Theorem 1.3, it remains to prove the last statement. It is given
by the following proposition.

Proposition 5.3. Suppose that Ay = {0}. Then the measure uy is absolutely continuous
with respect to the Lebesque measure and its support is the interval [0, 2|T] 7.

Proof. We first observe that when N, = N we have J; = {}. Then, for f € C°(R), we

have
T

J;Rfdﬂf = T2n)™ L@(f o ®) dupe -
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The image of ® is included in [0,2|T'|'], and considering the point (0, —0,%,..., g)
(modulo 27) for 6 going from Z to 0, we see that the image of ® is in fact exactly [0, 2 |T|'].
We extend ® to a map @ : y — 2(V,¥ - ¢)~! on an open neighborhood of Zy in TV.
For y € Z4 we have

V& = D)’ ty cos(y1) Un cos(yn)
y s (yn) sl ()

and

1 1
VU = . )
v (sir12(y1)7 ’Sin2(yN)>

If these two vectors are colinear we have
{q cotan(yy) = - -+ = Ly cotan(yy).

Since ¥(y) = 0, this only happens when y; = 7 mod « for all j € [1, N]. Then, for
t € (0,2|T]7"), the subset ®~*({t}) is a smooth submanifold of codimension 1 in Zg.
Let f € C®((0,2|T|7')). Applying the co-area formula (see [Fed96]), we can write

2Ir(~t vly) - ¢
[ vomames - [ g0 (] O i)
=2 0 a1y IV

where fig-1(g1y) is the Lebesgue measure on ®~'({t}). Hence, the measure p; is absolutely
continuous with respect to the Lebesgue measure on the interval (0,2||7!). We can
also note that its density is positive almost everywhere since |v(y)-¢| > 0 on Z4 and
®~'({t}) has positive measure for all ¢ €]0,|T|""[. Since ® does not vanish on Zg, the
measure /i, does not put any mass at ¢t = 0, and ®~({2|T'|7'}) is reduced to 2%V points so

pec.z (27H({IT7}) = 0. O

Remark 5.4. More generally, we can consider the case where 1 < N, < N. We denote
by P, the orthogonal projection of RY on the vector space Af. Then, we write down the
partition '
Zy = Zgg U Z%ng

where .

Zgg ={ye Z4 : k(P V¥, PV,D) = 2},
and . 3

Z;ng ={ye Z4 : k(P V,V, PV,®) = 1}.
We can decompose the integral following this partition of Zg:

f (fo®)dupe,g = f (fo®)duse,y +J ~ (fo®)duse,y-
Z@ zres zZsne

oz o
To the first term, we can again apply the co-area formula

20! vly) - ¢
J (fo®)dupe,z = f f(t) J tw) 4 (é)q, | dpio—1(y) | dt,
zg% 0 <b*1({t})ngg H H
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which gives as above a contribution to the absolutely continuous part of the the measure
te. In particular, if

/‘LZQ (Z;Hg) = 07
then the limit measure is a linear combination of a Dirac mass at 0 and of an absolutely
continuous measure.

5.2. Rates of convergence. In this paragraph we prove Propositions 1.6 and 1.7.

Proof of Proposition 1.6. We already know that if two lengths are commensurable then
An(@) = A, (0) (and hence 6, («) = 0) for an infinite number of n € N*. Now assume that,
for instance, ¢ /¢y does not belong to Q.

We have seen in Proposition 4.2 that 0,(«) is small when p,, is small. This happens
when 7, is close to T,,. By the Dirichlet Approximation Theorem, there exists a sequence
((Pk, Gr))ken in Z2 such that g, goes to +oo and, for all k € N,

G 1
by q (1;3
Thus, one has
Tk _ TPk T
ly 4 h awlr

Since mqy/l1 and wpy /s belong to T, there exists ny, € N* such that 7, is between them
(see Remark 2.8). In particular,

T 194
|Tnk€2 - 7TQk| = 62 Tn, — ﬁ = _27
s qrlr
so, by Lemma 4.1,
1 1
Prp, S Sin(TnkEQ)Q < -5 < —5 -
qk Tnk

By Proposition 4.2, there exists an eigenvalue \,, (@) = z,, (@)? of H, such that

8la|pn
Zn, (@) € D <7‘nk, m) :
T,

Nk

Then .
|5nk(a)’ S Tny, |an<04) T Tnk’ < R
ng
and the conclusion follows. O

Let 7 > 0, we say that ¢ is y-Diophantine (see [P6s01]) if there exists C' > 0 such that,
for every k€ ZN\{0},
|kl = C|k|77, (5.4)
where || - || is the Euclidean norm on RY. In particular, s - £ # 0 for all x € Z\ {0} in this
case. According to [P6s01], the set of 4-Diophantine vectors has full Lebesgue measure for
v > N — 1 and is empty when v < N — 1. The Diophantine properties of ¢ allow to be
more precise on the unique ergodicity of the flow ¢:
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Lemma 5.5. Suppose that { is vy-Diophantine for some v > 0. Then there exists C; > 0
such that for a € C*(TN), T > 0 and x € TV one has

1 JT : 1 Cy 1 i
i acs@an - i [ ama <GS | g [ atera
‘T 0 ‘ (2m)N Jrx T HeZ;\{o} (2m)N Jrx
Proof. The proof is immediate once we have decomposed a in Fourier series. O

We now proceed to the proof of Proposition 1.7.

Proof of Proposition 1.7. Let v €N — 1, N|[. Let Q < (R*)" be of full Lebesgue measure
and such that any vector in 2 is y-Diophantine. We assume that ¢ belongs to €. Let
o €]0,2|T'|7'] and let yo in Z4 be such that

®(yo) = 0. (5.5)

Let x € C°(RY,[0,1]) be supported in the unit ball and be equal to 1 on a small neigh-
borhood of 0. For y € RY and r > 0 we set

Xo(y) = D x (—y — yO: 2m> -

keZN

Here we have identified 1 with a point in R, and then Yy, can be seen as a function on
TV. Let k € ZN\ {0} and j € [1, N] such that |k;| = maxj<x<n |kk|. Then, for p € N, we
have

1

dy dy
WP

L e G = f LA e

where C' only depends on y and p. Let T > 0 and r € (0,1]. We apply Lemma 5.5 with
a=x, and z = ¢} (0), and (5.6) with p = 2N. This gives

<CrVP |K|7P, (5.6)

T N dy N
o) (0)dr —r™T < Cr .
| oo [ gty <o
Let £ > 0. For T' > 1 we set
rr = T—ﬁ—'ﬂs'
Then
2T . N dy
| e~ AT gty

In particular, for T large enough the left-hand side is positive, so there exists 7 € [T, 27|
such that x,.(©7(0)) # 0, and in particular |¢}(0) — yo| < ry. Now, as £ is transverse to
Zg, there exists ¢ > 0 independant of 7" large enough and ny € N* such that 7, € [%, 3T]

and ‘@;"T (0) — yo‘ < crp. By (5.2) and as ® is of class C! near 39, we obtain

= ,204 +0(1,}) = a®(yo) + O(rr) + O(Tn_Tl) = oo + (’)(T{Tﬁms).
¢O(TnT)

nr
This concludes the proof. [l

Oy (O‘)
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