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REMARKS ON THE ASYMPTOTIC BEHAVIOR OF SCALAR
AUXILIARY VARIABLE (SAV) SCHEMES

ANASS BOUCHRITI, MORGAN PIERRE, AND NOUR EDDINE ALAA

ABSTRACT. We introduce a time semi-discretization of a damped wave
equation by a SAV scheme with second order accuracy. The energy dis-
sipation law is shown to hold without any restriction on the time step. We
prove that any sequence generated by the scheme converges to a steady state
(up to a subsequence). We notice that the steady state equation associated
to the SAV scheme is a modified version of the steady state equation associ-
ated to the damped wave equation. We show that a similar result holds for
a SAV fully discrete version of the Cahn-Hilliard equation and we compare
numerically the two steady state equations.

Keywords: gradient flow, Allen-Cahn equation, Cahn-Hilliard equation, sine-
Gordon equation, SAV schemes, BDF methods.

1. INTRODUCTION

Gradient flow equations are essential in materials science and engineering or
physically motivated problems. A gradient flow is a dynamic driven by a free
energy and a dissipation mechanism. It has the general form

0¢  _OE
5 =955 (1.1)

where ¢ is the state variable of the system and ‘;—g is the variational derivative

of a free energy E|[¢p|. The nonpositive symmetric operator G partakes in the
dissipation of the energy through

d 0F 0¢ 0E O0F
—Fl¢|=——=(—,6—) <0.
SE0 = 5o = (55055 <
In a large class of physical models, on which we focus here, G is a differential
operator with constant coefficients (such as —Id, A, ...) and the derivative
% can be written as
oF
= F’ 1.2

where £ is a linear symmetric nonnegative operator and the nonlinear part
F(¢) is the free energy density. In such case, the free energy reads

Bl6] = 5(£6.6) + (F(),1).

The nonlinear term F’(¢) can also include derivatives of order less than £

thus it (F'(¢)) can be perceived as the variational derivative of F'(¢). This
1



2 A. BOUCHRITI, M. PIERRE, AND N. E. ALAA

framework includes the Cahn-Hilliard equation [6], the Allen-Cahn equation [2],
the phase field crystal equation []], epitaxial growth models [19], ...

Most of the solutions of gradient flows are analytically unattainable, so that
attempts to obtain concrete and reliable solutions must resort to numerical
methods. Many efforts have been put on finding numerical schemes which
preserve the dissipation mechanism (see [1l B, B, 12, 2T, B2] and references
therein). This ensures the stability of the numerical solution on long time
scales.

Regarding the time discretization of (ILI]), one of the most efficient approach
is to treat the linear term implicitly and the nonlinear term explicitly in (IC2]).
However, for Cahn-Hilliard type equations, the assumptions on the nonlinearity
F(¢) and the restriction on the time step remain severe [29]. In a recent paper
of Shen et al [2§], these inconveniences are avoided by introducing the so-called
scalar auxiliary variable (SAV). The variable expand the degree of freedom of
the dynamical system.

We note that the SAV approach is an enhanced version of the invariant en-
ergy quadratization (IEQ) (see section B2l for details). It has been applied to a
great variety of situations (see, e.g., [7, 28, B0]) and at every time step, only
two linear PDEs with constant coefficients need to be solved. This can be very
efficiently done with a FFT or a spectral method. The dissipation mechanism
has been proved to hold for first order and second order SAV schemes (BDF2,
Crank-Nicolson) without any restriction on the time step (unconditional sta-
bility). Convergence of the SAV method as the time step goes to 0 has been

proved in [24], 27].

In this note, we investigate the asymptotic behavior of solutions generated by
SAV schemes, as time goes to infinity. We focus on a time semi-discretization
of the damped wave equation with second order accuracy, namely the backward
differentiation formula of order 2 (SAV/BDF2).

Our damped wave equation includes the dissipative sine-Gordon equation
and the modified Allen-Cahn equation as particular cases. It is a model prob-
lem for evolution equations of the form

2
P 00 _ o8
o? ot Y0,
with G and FE as previously. In (L3]), the dissipation mechanism reads, assum-
ing that G is invertible,

4 (3G o rvmm) - GRo G+

(1.3)

dt ot’ ot ot?’ ot o¢p Ot
0o _,0¢
(at (9) 8t) =0

We see here that a modified energy is nonincreasing, namely the sum of a kinetic
energy and of the free energy F[¢]. Equations such as ([L3]) are sometimes called
“gradient-like flows.”
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Many schemes which were developed for gradient flows have also been adap-
ted to gradient-like flows such as (L3)) (see [II, [14] and references therein). An
IEQ approach has been proposed for the modified phase field crystal equation
in [23]. But up to now, SAV schemes do not seem to have been considered so
we explain our approach in Section

Then, we prove that the SAV/BDF2 scheme for the damped wave equa-
tion satisfies an energy dissipation law where no restriction on the time step
is required (unconditional stability, cf. Proposition B3)). Moreover, we show
that the scheme can be implemented into an efficient way by solving two lin-
ear second-order equations with constant coefficients at each time step (Sec-
tion B.4). In Theorem B.4] we demonstrate that any sequence generated by
the SAV scheme converges to a stationary state (up to a subsequence). To the
extent of our knowledge, this is the first asymptotic result for a second order
time semi-discretization of the damped wave equation. In contrast, for most of
second order schemes which are known to preserve the dissipation mechanism
in (L3)), obtaining the precompactness of trajectories is an issue [14]. We note
that the standard BDF2 scheme applied to the gradient-like flow (L3 does
not preserve the dissipation, unlike what happens for the gradient flow [5].

Our analysis shows that, because of the additional scalar auxiliary variable,
the steady state equation for the SAV scheme is a modified version of the steady
state equation for (ILT]). This is a drawback of the SAV method since it could
drastically modify the longtime dynamics. We make this clear by examining
several examples in Section In the last section, we perform numerical
simulations for the Cahn-Hilliard equation using a first order SAV scheme for
the time discretization and a finite element space discretization. This allows a
comparison with the theoretical results for a model gradient flow.

2. THE SAV METHOD FOR GRADIENT-LIKE FLOWS

2.1. The IEQ and SAV methods for gradient flows. The SAV method
in an enhanced version of the invariant energy quadratization (IEQ) method
which was introduced in the work of [33] based on a Lagrange multiplier ap-
proach [4, 15]. In these methods, a fundamental idea is to add a variable to the
gradient flow (I.J]) in such a way that the dissipation mechanism is preserved.

The time continuous IEQ version of the gradient flow (L1]) associated to the

energy (L2) reads

99 q '

-~ = L+ — ™ F

or ~ ¢ ( o F(¢) +Cy (¢)> ’
9q F'i¢) 99

or 2\/F(¢)+COE7

where q(t,z) = \/F(¢) + Cy. The free energy density F(¢) is assumed to be
bounded from below as Cf is a constant large enough such that F(¢)+Cy > 0.
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For the case of SAV, the reformulated system reads

( ?9_(? = ng
w= Lo+ d F'(9),
\/ [ F(¢)dz + Cy (2.1)
dr 1
T F/(¢)¢tdxa
@ 2\/f F(¢)da:+00/

where the variable ¢(¢, x) is replaced by the scalar variable

r(t) = \// F(¢)dx + Cy,

with Cy large enough. The intermediate variable w(z, t), which does not change
the dynamical system since %—1: is not involved, is costumary in Cahn-Hilliard
type problems.

We note here that only [ F(¢)dx is required to be bounded from below. This
allows the possibility of studying a relatively larger class of physical models
since only a few acquire the boundedness of the free energy density [28]. We
can easily obtain a modified energy dissipation law by taking the inner products

of the above equations with w, —% and 27 respectively. It reads

d (1
— | = (Lo, r? ) = (Gw,w) < 0.
7 (0.0 +7) = Gu,w) <

The SAV system (2.1]) is then discretized in time with an explicit expression
for the nonlinear terms and an implicit expression for the linear terms. For
instance, the first order time discrete SAV scheme reads

r ¢n+1A; ¢n _ gwnJrl,
n+1
w'™h = Lom 4 - F'(¢"),
\/f F(¢m)dz + C, (2:2)
Tn+1 — = 1 /F/(¢n)(¢n+l _ ¢n)dl'
\ 2\/ [ F(¢m)dz + Cy

The discrete dissipation law is obtained by taking the inner product of the
equations in (Z2) by Atw™™! ¢" — ¢! and 2r"! respectively, and using the
well-known identity 2a(a — b) = a® — b* + (a — b)? > a® — b*. Tt reads

En+1 _ Em S At(gwn+17wn+1> S 07

where E" = 1(L¢™, ¢") + (r™)2. No restriction on the time step is required.
While TEQ and SAV are very identical from a numerical analysis point of
view, taking away the space dependency of the variable makes the numerical
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solving process greatly simplified. At every time step, only two linear equa-
tions with constant coefficients need to be solved for a SAV scheme, whereas
the TEQ requires solving two equations with variable coefficients. We refer the
reader to Sections [3.4] and for more details.

2.2. The SAV approach for gradient-like flows. In order to derive a SAV
scheme for the gradient-like flow (L3]), we write the second order equation as a
first order system and we introduce the scalar variable r(t) as previously. This
reads

¢ 0¢p B
E - wv
(?9_21/: = —@D + gw>
w=Lp+ F'(9), (2.3)
VI F@)dz +Cy
dr 1
= = F(¢)éyda.
| 2\/f F(¢)dx+00/

In (23)), we take the inner product of the second equation by —G~ '), of the
third equation by —g—f and of the last equation by 2r. This yield the dissipation
law

d 1 -1 1 2 —1

7 5(#& (=G9)" ) + §(£¢7¢) +r° ) =, G ¢) <0.
We can obtain a SAV first time semi-discrete scheme which preserves the dissi-
pation by treating the nonlinear term explicitly and the linear term implicitly,
as in (22). Second order schemes based on BDF2 or Crank-Nicolson can also
be derived as for the gradient flows (see Section B.2]). We note that IEQ ap-
proach has been used in a similar manner for the conservative sine-Gordon
equation in [I8].

3. A SECOND ORDER SAV SCHEME FOR THE DAMPED WAVE EQUATION

3.1. Assumptions and notation. Let Q denote a bounded domain of R?
(d > 1) with sufficiently smooth boundary 0. We consider the following
damped wave equation,

g +u — Au+ f(u) =0 in Q x (0, +00), (3.1)
subject to homogeneous Dirichlet on €2. The well-posedness and asymptotic
behavior of equation (BJ]) has been thoroughly studied (see, e.g., [10] 16, 17,
31}, 34]).

Let | -], and (-, -) be the standard L*(€2) norm and scalar product. We denote
by |- |, = |V:|, the Hilbertian norm of the Sobolev space Hj(f2). Recall that
—A ' HY Q) — (HL(Q)) is an isomorphism associated to the inner product
on H}(Q) through

<—Au, /U>(H3(Q))’><H3(Q) = (VU, VU) Vu, RS H(%(Q)
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We assume that the nonlinearity f : R — R is continuous on R and if d > 2,
we assume that there exist a positive constant ¢ and a nonnegative real number
p such that

(d—2)p<4 and |f(s)] <c(1+]s]Pth) VseR. (3.2)

If d =1, no growth assumption is required on f.
We define F' as the function F(s) = / f(z)dz. By (B2), we have
0

|F(s)| < (14 |s]P™) Vs eR,

for some positive constant ¢’. The assumption on P yields the Sobolev imbed-
ding Hj(Q) C LP*2(Q) so that for all u € H)(Q), [, F(u)dx is well defined [I1].
We assume furthermore that there exists a constant C’o such that

/ F(u)dr +Cy>¢e >0, Yue H) ), (3.3)
Q

for some € > 0 is independent of w.
The growth assumption on f implies that the functional v — fQ u)dx is
of class C' on Hj(Q) and that the (nonlinear) operator

u s f(u) (3.4)

is continuous from H}(€) into LP+2/(P+D(Q) [20]. Moreover, by Holder’s in-
equality, for every u,v € H}(), f(u)v € LY(Q) and so LP2/P+D(Q) is con-
tinuously imbedded in (HJ(9)).

Formally, by multiplying equation (3.I) with u, and integrating on (2, one
gets

d
th/ |y d:c—l—/ |ue|Pd + — o —|Vu|2+F(u)dx:0.
In particular, the functional ¢ — FE(u(t),u(t)) is nonincreasing in time, where
> 1 2 L o
E(u,v) = 5\Vu| + F(u) + 5]1}] dx. (3.5)
Q

Example 3.1. If f(s) = sin s, then equation (B]) is known as the sine-Gordon
equation (see, e.g., [31]). We have F'(s) = 1—cos s and the nonlinearity satisfies
the required assumptions ([B.2)-(B3]) with p = 0 for any dimension d > 1.

Example 3.2. If f(s) = s*—s, equation (B.I]) is sometimes called the modified
Allen-Cahn equation. We have F'(s) = s?/4—s?/2 and the nonlinearity satisfies
assumptions (B2)-B3) with p =2 for 1 <d < 3.
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3.2. The SAV/BDF2 time discretization. We formally rewrite (B1) as

a first-order system and we introduce scalar auxiliary variable (SAV) r(t) =

\/ Jo F(u)dx 4+ Cy where Cj is a constant which satisfies (83). This yields

u = v (3.6)

vy = —v+ Au— L fu) (3.7)

\/ I, F(u)dz + Cy

r'(t) = (3.8)

1
2\/fﬂ F(u)dx + Cy /Qf(u)utdx

Note that here, in comparison with (2.3)), we do not introduce the intermediate
variable w because G is simply —Id.
A second-order time semi-discretization by BDF2 reads

3umtt — 4y !

o = "t (3.9)
3vn+1 _ 41}” + ,Un—l Tn+1
55 _ _,Un-‘rl + Aun-l—l _ mf(un-&-lﬂ) (310)

1
AT = o / Fm )3t — du® + w7 dg3.11)
Q

where u" /2 = 2y — u" ! and s"T1/2 = \/fQ F(urt/2)dz + Cy.

3.3. Energy stability. We define the discrete energy functional associated to
the dynamical system

1 1
E(u,v,r) = 3 ul? + 3 v|Z + 2, (3.12)
As a shortcut, we write
1 1
E" = E(u",v",1) = lu"|? + 5 W2+ ()2 (3.13)

In Proposition 3.3l we derive a modified discrete energy associated to equa-
tions (B.9)-(B.I1]), which is written explicitly as

n n 1 n n—112 1
E"=F +§’2u —u }1+§}
Proposition 3.3. The scheme [B.9)-B.II)) is unconditionally stable in the
sense that

20" — v"_l‘?) +]2r™ — R

n+1 n+1]2 1 n+1 n n—1|2
5++5t‘v+‘0+§‘u+ —2u" +u !1

1 n n n—1|2 n n n— n

+§‘U 2" 4w 1|0—|—|r e A o (3.14)

for alln > 1.
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Proof. We multiply B.I0) by 3u™™! —4u™ +u"" = 26tv™ ™! and equation (BI1)
by 2r"™t. We integrate on Q and sum up the two equations. The nonlinear
terms cancel, yielding the following equation,

(3v™ T — 4™ " ") £ 25 ‘v"“ |§
+ (Va1 V(Bu" — du™ + 1)) + 23" — 4™ e = 0.
The inequality ([BI4) is a direct result of the following expansion [28]:
2(x" T 3" —dg™ 4 ") = ‘x"ﬂ‘z + |22™F — x"|2
— ]m"ﬁ — |2:1:'” — x"’l‘z
+ ‘:JU”Jrl — 22" + x"‘l‘z :

g

3.4. An efficient solver. It is well-known that SAV schemes can be very
efficiently solved. We show that this is the case for system (B.9)-(B11]).

We assume that (u™, o™, r") and (u"~' 0"t r"~1) are known in H}(Q) x
L?(92) x R. By eliminating v"*! in (3I0), thanks to ([39), we get the following

expression:

3+ 20t
At = 4™ — " ;& (4u™ — ") = 26t " ¢, (3.15)
where
9 4 64t L flunt?)
A—26t( 0 I—A) and ¢ ==
By (BI1]), we know that
1 _ 1 n n n n—
Pt = 5(47’” — " h 4 Ganri2 (fu™%), 30" — 4™ + ™). (3.16)
Thus, substituting the last equation into (BIH) yields
Au™ 4 6t (un'H, q") q" = gq", (3.17)
where
n 2+ 30t n n—1 ot n n n—1\ n
g = 557 (4u —u )+§(q,4u —u )q

+4u" — "t = 26t (4r™ — g

In order to solve ([BIT), the idea is first to compute the term (u™*! ¢").
This can be done by applying A~! to (8.I7) and taking the inner product with
q" (we note that A is an isomorphism from H}(2) into (HJ(f2))" and that ¢"
belongs to (H}(Q)) by [34)). We obtain

(1 + 5t (Aflqn’qn) )(unJrl’qn) — (Aflgn7qn) )

n+1

The numerical implementation to solve ©" " at each iteration can be resumed

as follows:
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i) Compute A~1¢g" and (A~1¢", q").

“This consists in solving a linear second order equation with constant
coefficients.”

ii) Compute A~'¢g" and (u"™,¢") = (A~1g", ¢") /(1 + 0t (A"'q",¢q")).
“This also consists in solving another linear second order equation with
constant coefficients.”

iii) Compute vt = A~1g" — §t (u"*, ¢") A~ 1q".

“At this stage, all terms required in [BIT) are known. We can then
easily find u™*L.”
Once v € H}(Q) is known, vt € L?(Q2) can be explicitly computed

with (33) and ™! with (@II).

3.5. Asymptotic behavior. In this section, we assume that (u°, 0% %) and
(ul, v, ) are given in H}(Q) x L*(2) x R. We have seen in Section B.4] that
the SAV/BDF2 scheme (B3)-([BI1) generates a unique sequence ((u”,v",r"))
in Hj(Q) x L*(Q) x R. We are interested in the asymptotic behavior of this
sequence as n goes to +00.

It is easily seen that v — 0 in L*(2) (see below). Thus, we focus on the
sequence (u",r"), and we introduce its w-limit set

w((u",r"),) = { (u',r*) € Hy(Q) xR | Inp — oo, u™ — u* in Hy(Q)

and r" — 1r* in R}.

For simplicity, we denote by V the space H}(€) x R associated with any
standard norm (in our case, we chose || . ||y = | .|, +].]). We have the following
result.

Theorem 3.4. Let ((u", 0", ")) be a sequence in H(Q) x L*(Q) x R gen-
erated by the SAV/BDF2 scheme [BA)-BII). Then v™ — 0 in L*(Q) and

the set w ((u™, ™)) is a compact and connected subset of V' on which (u,r) —
E(u,0,7) is constant. Furthermore, for each (u*,7*) € w ((u™,1"),) we have

— Au* + ;—if(u*) =0 in (Hy(Q)), (3.18)

where s* = \/fQ F(u*)dx + Cy.

Proof. We know from Proposition (B.3) that the sequence (£") is nonincreasing.
Since (£") is bounded from below by 0, this sequence converges to some £*
in R. As a consequence (see ([BI3])), the sequences (u™), (v™) and (r") are
respectively bounded in H}(Q2), L*(Q) and R.

We claim that the sequence (u™) is precompact in H}(Q). The idea is to
demonstrate that (u™) is bounded in a Sobolev space W24(Q) for an appropriate
value of ¢ > 1.

By (BI0), we have the following expression

Tn+1
gnt1l/2 f(

Aun—l—l _ g<vn+17vn7vn—1) + n+1/2)

, (3.19)

u
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where ¢ is a linear combination of v"*!, v™ and v"~!. In particular, the se-

quence g(v™, 0" 0" 1) is bounded in L?() and therefore in L4(Q) for any
1 < ¢ < 2. For the nonlinear term, we discuss according to d and we eventually
demonstrate that (f(u"*/?)), is bounded in L?(Q) for an appropriate choice
of g > 1.

If d > 3, the growth condition ([32]) on the nonlinearity implies that for any
q€1,2],

1 @) [y < C (0™ 2| oy + "2 Lornaqe)) -

By the Sobolev imbedding HE () C L?"(Q2), we know that (u"!) is bounded in

L¥ () where 2* = 22 A sufficient condition for (f(u"™/?)), to be bounded

in L9(Q) is that (p+ 1)g < 2* = 24 The assumption on p reads p(d — 2) <
4 which implies that p +1 < %. On choosing g = min{pQT*l,Z}, we have

2d/(d +2) < q < 2 and (f(u"*"/?)),, bounded in L?(1Q), as required. Using
elliptic regularity, we obtain that (u"*1), is bounded in W>4(Q). For such a
choice of ¢, W24(Q) is compactly imbedded in HJ(€2) [I1]. The claim follows.

If d =1 or d = 2, we obtain from the Sobolev imbeddings that (f(u"*'/?)),
is bounded in L4(Q), for any 1 < ¢ < 0o, so we may choose ¢ = 2 and we
conclude as previously.

We know that (r™) is bounded in R and so the sequence (u™,r™), is pre-
compact in V. It is well-known that w ((u”,7™),) is closed in V and therefore
compact.

On summing ([B.14) from n = 1 to 400, we find that

= 1
Z(st|vn+1|2 + §|V(un+1 — +un—1)|2 + |Tn+1 — 9y + Tn—1|2 S 81 < +o00.
n=1

In particular,

(") — 0 in L3(), (3-20)
(un—‘rl — 2" + un—l) —%0 in H&(Q)’ (321)
(r"tt —2r" 4"y — 0 inR. (3.22)

Moreover, by (39),
3u™t — 4y oy = 20t — 0 in L3(Q).

Thus,

1
u"tt -yt = 5((3u"+1 —qu" +u" ) = (W = 20"+ u"Y)) — 0 in L ().
In a same manner, we obtain that

" — " — 0 in R. (3.23)
By precompactness of the sequence (u") in H}(Q), we deduce that

"t — ™ — 0in Hy(9). (3.24)
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We conclude, using a standard result, that w ((u”,r"),) is connected in V (see

Lemma [B.5]).

Next, we write

{2un_un—lﬁ — |un+(un_un—1)’i
= |u"|f + (Vu™, V(u" —u™ 1)) + |u" — ! i
= i+t

where € — 0. Similarly,
|2r™ — "2 = ()2 4 el
where € — 0. Thus,
E" = [u")} +2(r")? + &,
where € — 0. This implies that
Er — e — & =lim ([u"[} +2(r")?),

and so (u,7) — 2E(u,0,7) = |u|? + 2(r)? is a constant equal to £* on the set
w ((u™,r™),).
Let now (u*,r*) € w((u™,1"),). There exists a subsequence (u™,r™) of
(u™, ™), such that (u™, r™) — (u*,7*) in V. We have (recall (8:24)))
w2 = gy — Tl st in HE ().
Thus, s"*+1/2 — s* in R. By letting n; tend to 4+oc in (3.I0) we obtain the
steady state equation (BI]). O

For the reader’s convenience, we prove the following result.
Lemma 3.5. The set w ((u”,1"),) is connected in V.

Proof. Assume that w ((u”,r"),) is not connected in V. Then we can find two
nonempty closed sets K7 and Ky in V' such that

w((u”,r")n) :K1UK2 and Klsz :®
We note that K; and K, are compact and we define

Qe = inf —ylle = 1 —yllv > 0.
£ xezéf}y%”gj ylly (z,y)?é?m”x ylly

For simplicity, we write w" = (u",r"). By B23) and B24), ||w"™' —
w"||y — 0, so there exists N € N such that for all n > N, [|w™ —w"|; < e.
For i = 1,2, we define the infinite sets [; = {n > N : d(v", K;) < ¢/2} (K;
are nonempty subset included in w((u",7"),)). We can always find a certain
ng > N such that ng € I; and ng + 1 € I;. The infimum is reached and so we
write

d(w™, Ky) = [w™ =o'}y and  d(w™", K) = [Jwh T —o¥p,
where v! € K, and v? € K,. We have

w’no-‘rl o wno — (1}2 - Ul) + (wno—i-l o 1}2) + (Ul o wno)’
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hence,
ot ey > e = ol = (o™ = Rl + o = wg)
> 2e—¢/2—¢/2=c¢.

This is absurd. The set w ((u”,r"),) is therefore connected in V, as claimed.
U

Remark 3.6. Theorem [3.4] shows that the sequence generated by the SAV
scheme converges to a steady state, up to a subsequence. We did not manage
to prove that the whole sequence converges to a single equilibrium, even with
additional assumptions on f. In contrast, in [26], we proved by means of a
Lojasiewicz-Simon inequality that the sequence generated by the backward
Euler scheme applied to ([B]) converges to a single equilibrium, for analytic
nonlinearities satisfying a one-sided Lipschitz condition.

3.6. Analysis of the steady state equation for three examples. In this

section, we compare the steady state equations for the damped wave equa-
tion (B]) and for the SAV time semi-discrete version ([B.9)-(3IT]).

3.6.1. The two steady state equations. A steady state u € Hj(Q) for the
damped wave equation is a solution of (B.II) which does not depend on time,
that is a solution of the elliptic PDE

— Au+ f(u) =0 in Q. (3.25)

If we consider the damped wave equation (B.I]) as a first order system acting
on H}(Q) x L*(Q), that is

{“t - (3.26)

v =—v+ Au— f(u),
we see that (u*,v*) € H}(Q) x L*(Q) is a steady state for (326) (i.e. a solution
which does not depend on time) if and only if (u*,v*) = (u*,0) is a critical
point of the C* functional E(u,v) defined by ([B.1) in H}(Q) x L*(Q).
Concerning the SAV approach, we note the following.

Definition 3.7. A triple (u*,v*,r*) € H} () x L*(Q) x R is a stationary state
for the SAV scheme ([B.9)-(B.I) (that is, a constant sequence which complies
with the scheme) if and only if v* = 0 and

— Aut %f(u*) —0in Q, (3.27)

where s* = F(ur)dx + Cy.
Q

The functional E(u,v,r) (cf. (3I2)) has a unique critical point in H}(Q) x
L?(Q) x R which is (0,0, 0), but there are a lot more steady states than (0,0, 0).
We have a Lyapunov functional for the dynamical system (3.9)-(3.11) which
does not drive every solution to its unique critical point (0,0,0) (this is also
true for the continuous-in-time SAV dynamical system (B.6])-(B.8]), so it is not
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a consequence of the time discretization: it is a consequence of the additional
auxiliary variable 7). However, Theorem [B.4] shows that the energy dissipation
implies that, up to a subsequence, every sequence generated by the SAV scheme
converges to a steady state which solves (B.27]).

By setting o = r*/s* in ([B.27), we a led to seek the functions v € HJ ()
which solve

— Au+ af(u) =0 in Q, (3.28)
for some constant o € R. In general a # 1 so that (B:28) is only a modified

version of (3.27]).

3.6.2. The linear damped wave equation. We first assume that f(u) = u, in
which case (3] is the linear damped wave equation. Equation (B:25]) reads

—Au+u=01n .

This linear PDE has a unique solution in H}(€2), namely v = 0. In contrast,
equation (B:28) reads

—Au+ou=01in Q. (3.29)
This is a well-known eigenvalue problem. Let 0 < A\ < Ay < --- denote the
eigevalues of —A with Dirichlet boundary conditions. If o = —\; for some 1,

then (3:29) has a continuum of solutions corresponding to the eigenspace for
Ai. If @ #£ =\, for every i, then the unique solution to ([B29) is v = 0. With
this simple example, we see that the set of steady states is drastically different
for the damped wave equation and its SAV discretization.

3.6.3. The dissipative sine-Gordon equation. Next, we assume that f(u) =
sinu and d > 1 (cf. Example BJ]). If d = 1 we simply assume that € is an
interval. If d > 2, we assume that () is a bounded domain with a nonnegative
mean curvature (this holds for instance if €2 is convex or star-shaped), or that
Q) is an annulus of R%.

Equation (B:28)) reads
— Au+ asinu =0 in €, (3.30)

with @ € R. If @ > 0 (in particular if &« = 1 as in (20)), then the unique
solution to ([3.30) is w = 0. This is a consequence of Pohozaev’s identity in case
) is star-shaped [20]. The other situations have been considered in [13]. The
linearized equation of ([B30) at u = 0 reads

—Aw+ aw =0 in ,

and we recover the previous eigenvalue problem. Using a bifurcation approach
(see, e.g., [22]), it is possible to prove that a bifurcation branch starts for (3.30)
at every singular value @ = —)\; where \; is an eigenvalue of —A as previously.
Again, the set of steady states for (3.30) is therefore very different from the
case a = 1.
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3.6.4. The modified Allen-Cahn equation. Last, we consider the case where
flu) =u® — fu with 8 > A\ (> 0) and 1 < d < 3 (cf. Example B2). Equa-
tion ([B.25]) reads

— Au+u® — fu=01in Q. (3.31)
Let B(u) = [, 2|Vul? + F(u)dz with F(s) = [; f(s)ds = s'/4 — ps?/2. A
function v € HE(Q) solves (33T if and only if u is a critical point of E in
H}(Q). By considering a minimizing sequence, it is easily seen that F has a
global minimizer v* in H}(£2), which is therefore a solution of ([331). On the
other hand E is of class C? on HZ () and its hessian at some point u reads

(*E(u)h, h) = /Q IVh|® + (3u? — B)h*dz.

Since > Ay, we see that the critical point 0 is unstable, so that u* # 0 on
Q). Indeed, on choosing h = e; as an eigenvector associated to \;, we have

(d*E(0)ey, e,) = / Ve |2 — Bles|?dz = (M — B)|es]? < 0.
Q

Thus, 0 is not a global minimizer of £ in H(Q).

As a consequence, the pair (u*,0) € HJ(Q2) x L*(2) is a global minimizer in
HY(Q) x L*(Q) of the functional E(u,v) defined by ([B3), whereas (0,0) is a
critical point of E(u,v) in H}(Q) x L*() which is not a global minimizer. In
contrast, (0,0,0) € H}(2) x L*(Q) x R is the unique global minimizer of the
functional E(u,v,r) (cf. (BI2))) associated to the SAV time discrete scheme.
This shows that the stability of a critical point can change drastically between
the damped wave equation (B.]) and its SAV time discrete version.

In the following result, we still assume that f(s) = s* — 3s with 8 > A\; and
1<d< 3.

Proposition 3.8. For every a € (\/f3,+0o0) \ {1}, there exists u, € Hg(9)
which solves B28) but not [B2H). Moreover, there exists a sequence (ou)gen
in (A1/B,+00) \ {1} such that oy, — 1 and u,, — uy in HY(Q), where uy is a
global minimizer of E in HL(Q).

Proof. We have
F(s)+ B2/4 = s* /4 — Bs2/2 + B2/4 = (52 — B)2/4 > 0,

so F'is bounded from below. For every a > 0 we define
Bau) = / Vul? + a(F(u) + 52/4)dz.
Q

By considering a minimizing sequence for E, in H(Q), we obtain a global
minimizer u,, for F,. In particular, u, solves (828). If « > A\;/f, then by the

same argument as previously, we see that 0 is unstable, so that u, # 0 on €.
Thus, u, cannot solve both ([B28) and (B.23]) unless a = 1.
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Now let oy be a sequence in (Ay/f3, +00) \ {1} such that o — 1. Since 1 <
d < 3, we have the Sobolev imbedding Hj(Q2) C L5(f2), so that the sequence
(f(ua, )k is bounded in L?*(Q2). By elliptic regularity, (uq,)x is bounded in
H?(Q) N H(2), which is compactly imbedded in H}(Q) [I1]. Thus, up to a
subsequence, which we still denote (ay), we have u,, — @ in H}(2)

It remains to show that the limit @ is a minimizer of E;. It is easily seen, by
continuity, that By, (ua,) — Fy(@). Moreover, if u; is a global minimizer for
E\, we have Eak (ul) — El(ul) Since Eak (uy) > Eak(uak), by letting k& tend
to +00, we obtain E;(uy) > F(@). Thus, @ is also a minimizer of £y in H} ()
(and we denote u = uy). O

Remark 3.9. By setting r,, = axs,, where s,, = \/fQ (Uqy, )dz + Cp, we

have a a sequence of initial values (u,,,0,7r,,) which are steady states for
the SAV scheme (B.9)-(B.II) and such that u,, — w; and r,, /s, — 1 but
Tay/Sa, 7 1 for all k. In other words, the SAV scheme starts very close to u;
and does not end up on a steady state of the PDE (but only close to uy, i.e.
at Ug, ).

4. ASYMPTOTIC BEHAVIOR OF A FULLY DISCRETE SAV SCHEME FOR THE
CAHN-HILLIARD EQUATION

We have seen in the previous section that the steady state equation for the
SAV scheme is a modified version of the steady state equation associated to the
PDE. This can be easily quantified by the ratio 7*/s* in ([8.18)), which should
be equal to 1 in an ideal situation.

In this section, we want to check this numerically. In order to underline
that the situation is not restricted to the damped wave equation with Dirich-
let boundary conditions, we consider the Cahn-Hilliard equation with no-flux
boundary conditions (a model problem for gradient flows). For the time dis-
cretization, we use a first order SAV scheme. For the space discretization,
we use a finite element method which naturally inherits the properties of the
continuous problem. We first prove that an asymptotic result similar to The-
orem [3.4] holds for the fully discrete scheme.

4.1. First order SAV /Finite Element method. We consider the Cahn-
Hilliard equation on a bounded polyhedral domain € of R? (1 < d < 3)

u = Aw refl, t>0, (4.1)
w = —alAu+ f(u) reQ, t>0, (4.2)
endowed with Neumann boundary conditions. Here a > 0 and the nonlinearity

f is a polynomial of odd degree with positive leading coefficient; if d = 3,
we assume moreover that the degree of f is 1 or 3. Thus, f and F satisfy

assumptions (B.2)-(B.3)).
The Cahn-Hilliard equation is a gradient flow for the H~! scalar prod-
uct. The first order SAV scheme for ([I)-(Z2) (known as SAV/BDF1) reads
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u 6;“ —  Apt! (4.3)
n+1
w'tt = —aAu"T 4 L flu™) (4.4)
Vo Fun)de + Cy
g _ 1 [ s —war. 4
2/ Jo Flur)dz + Cy /o

For the space discretization, we use piecewise linear continuous (P') finite
elements based on a conforming triangulation of € [9]. The finite element
space V}, is a subspace of H'(§2) which has finite dimension and which contains
the constants. We denote (g1, ..., ¢y, ) the standard basis and we seek u}} =
o ufs and wi = Y0 wl'

The space discrete variational form of (.3))-(4.3]) reads

n+1 n
Uy —Up

(F——0n) = —(Vup™, V), (4.6)
n+1
<w2+1> Xh) = O-/(VUZ—H? VXh) + sm (f(u;zl)’ Xh)v (4-7)
1
=t = o (), (T =), (4.8)

for all vpn, xn € Vi, where s" = \/fQ F(u})dz + Cy and (-,-) stands for the
scalar product in L*().

4.2. Energy estimate and asymptotic behavior. It is well-known that
the time semi-discrete SAV scheme (L3)-(0) satisfies a stability estimate.
We prove that this still holds for the fully discrete version (E.6])-([LS).

We choose ¢y, = dtwy, in [@8), x, = —(u) ™ —uf) in (@7), we multiply (ES)
by 2r"*! and we add the resulting equations. The nonlinear terms cancel and
we obtain

a(Vup ™ Vul ™ — Vall) + 20" — ™)t 4 6t Va2 = 0.
Next, we use the identity 2a(a — b) = a* — b*> + (a — b)?. This yields

B r ) SV g =) (7 = T R = B ), (49)
where N
E(Uh, 7") = §|Vuh|(2) + 7‘2.
This is the energy estimate, which is valid for all 6t > 0 (unconditional stabil-
ity). Now, we choose ¢, = 1 in ([@6). We obtain that (u}*' 1) = (up,1) for
all n, so that the mass (u},1) is constant, that is

(up, 1) = (u), 1), V¥n>0. (4.10)
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A steady state for the discrete dynamical system (6])-(L8]) is a constant
sequence, namely a triple (u},w},r*) € V; x V, x R such that w} = C* is
constant on € and (u},r*) € V}, x R satisfies

*

o(Vui, Vi) + S (F(wi)o) = (Coxn), Yo € Vi (411)

where s* = \/fQ (u})dz + Cy.

Let (ul,w?,r%) € Vj, x V;, x R. Then the fully discrete scheme (Z6)-(ES)
generates a unique sequence (uj, wy, "), in V; x V, x R (see Section [3). We
have the following asymptotic result.

Theorem 4.1. Any sequence (u},wj, "), generated by the SAV/BDF1 scheme
[@Q)-([ER) converges in Vi, x Vi, x R (up to a subsequence) to a steady state
(uj, C*,1*) which solves ([AITl) and where C* is constant in ).

Proof. The energy estimate (L9) shows that (E(u}l,r™)), is nonincreasing, so
(|IVu}lo)n and ("), are bounded. By preservation of the mass (cf. ([@I0)),
(u}, 1) is constant. The Poincaré-Wirtinger inequality shows that the Hilber-
tian norm on H'(Q) defined by

v (|VU|3 + (v, 1)2)1/2

is equivalent to the standard H'(Q) norm. Thus, (u}), is bounded in H'(f2)
and therefore in V},. Since V}, has finite dimension, the Bolzano-Weierstrass
theorem implies that for a subsequence, (u;*, ™) — (uj,r*) in V;, x R.
Next, we sum the energy estimate ([L9]) from n = 0 to n = +o00. We obtain
+oo
Z S|V n ) 4 (P — )2 4 0t V) < E(ud, ) < +oo.
n=0

In particular, \th+1|0 — 0 and u}™ — ! — 0 in V,. On choosing x;, = 1
in ({7) and using the continuity of u — f(u) in H'(Q) (cf. 34)), we see that

(w2k7 1) =

*

(™), 1) = = (F(uh), 1),

ot
Snk—l

where s* = \/ Jo F(up)dx 4+ Co. This shows that (w;*) converges to some

constant C* € R. By choosing n + 1 = ny in ({1) and letting %k tend to +oo,
for an arbitrary y; € Vj,, we obtain the steady state equation (L.I1]). The proof
is complete. O

Remark 4.2. As in Theorem B4 the w-limit set of (u},r"), is a compact
and connected subset of V;, x R on which E is constant and equal to the limit
E* =lim, 0 E(uj, ™).

Remark 4.3. If we replace Aw by —w in (@1, then (LI])-(A2]) becomes the
Allen-Cahn equation. A similar asymptotic convergence result can be obtained
in that case. However, since the mass is not conserved for the Allen-Cahn
equation, some coercivity must be added in the linear term in order to deal
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with the Neumann boundary conditions [27]. This can be done for instance by
writing equation (.2]) as

w = —aAu+ au+ f(u),
with f(u) = f(u) — au.

4.3. The linear solver. It is well-known that the SAV scheme for the Cahn-
Hilliard equation requires only the resolution of two linear systems with con-
stant coefficients [28]. We show this for the fully discrete finite element ver-
sion (.0)-(A.8)).

For this purpose, we introduce the matrix version of the scheme, which reads

BU" — BU"™
= —AW"H (4.12)
ot

Tn+1
BW™ = AU 4 —F", (4.13)

STL

1
Pl = (p gt gy, (4.14)
2s™

Here, up} = Z].V:hl ujp; is identified with the column vector (uf,..., u}, )" in
RNrand wi = ST wip; with (w?, .. . ,wiy, )t as well, where (@1, ..., ¢y, ) is

the usual finite element basis of V},. We have set

s = \// F(u})dx + Cy,
0

the matrix A = (A;;)1<ij<n, With A;; = (Vy;, Vi) is the discrete Laplacian
and B = (B;;)1<i j<n, With B;; = (¢, ;) is the mass matrix. The nonlinear
term is the column vector F™ = (F}, ..., F§, )" with

. / £ ()il d. (4.15)

In (@I4)) we denote (-,-) the usual scalar product in R,
We first eliminate W™, We get

BU™! — BU™ ntl
= —aAB'AU™! - L AB P, (4.16)
ot s"
1
ptl e = ﬁw”, Uttt —umy, (4.17)

Next, by eliminating r" in (I6]) thanks to [{LI7), we get
A UM 4 %(Q”, U™ AB'Q™ = G", (4.18)
where Ay, = B + adtAB™ 1A,
=21 ad G =BU st ABQ" + %@", UMAB'Q". (4.19)

S
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The idea consists in computing (U™, Q™). Thus, we apply the operator
Al to equation ({LIR)) and we take the scalar product with Q™. This yields

<1 + %<ASG£AB1QTL7 Qn>) <U'n+17 Qn> _ <A;a1an7 Qn) (420)

In order to compute U™, we proceed as follows:
(i) We first compute A, G™ and AL AB~'Q™. These are two linear sys-
tems.
(i) We obtain (U™, Q") from (E20) by computing two scalar products
and a division (cf. Lemma [.4)).
(iii) From (EI8), we can compute U™ through
Un+1 — A—l Gn — %(Qn’ Un+1>A—1 AB_IQW'.

sav sav
At this stage, all the required terms are known.

Lemma 4.4. The matriz AL AB™! is symmetric and positive semi-definite.
In particular,

sav

1+ %@41 AB7'Q™, Q™) > 1> 0.

Proof. The matrix A is symmetric and positive semi-definite, but it is not
invertible, so we set A, = A + eI which is positive definite for ¢ > 0. The
symmetric matrix B is also positive definite. Thus, by letting Ay, = B +
adtA.B~1A,, we have

(AL A B =BA'A,,,. = BAZ'B + adtA..

sav,e
This is a symmetric and positive definite matrix, so its inverse A} _A.B~' is
also symmetric and positive definite. By letting ¢ — 07, the claim follows. [

Remark 4.5. The steady state equation for the dynamical system ([Z10])-(EI1)
reads

QAB AU + “ABF =, (4.21)
S*

for some r* € R, where s* = \/fQ F(up)dx + Co, F} = [, f(u)gide (1 <i <

1

Ny,) and wf = SOM wfp;. This is the matrix version of (1)), since the matrix

A has a kernel of dimension 1 corresponding to the constant functions in V/,.
4.4. Numerical simulations. We perform numerical simulations in one space
dimension on © = (0, 1) with Mat1ab®. The nonlinearity is f(s) = s* — s and
a = 0.01. We consider an initial datum wug(z) = 0.9 cos(nz).

For the space discretization with P! finite elements, a uniform subdivision
with a space step equal to h = 1/(M — 1) with M = 400 is applied. The
nonlinear term F}* defined by ([@IH) is computed with Gauss formula of order
5, so that the calculation is exactly up to the double precision. We note that
the matrices A and B are tridiagonal, but B~! is a full matrix. And so, the
SAV operator Ay, = B — adtAB™'A is also a full matrix. It would be more
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efficient to use a lumped mass (diagonal) matrix as an approximation of B,
but this would lead to an additional consistency error that we prefer to avoid.

Figure [l illustrates that the generated sequence (u}), converges to a state of
equilibrium and that the modified energy E™ = E(u},r™) associated to (L0)-
(48] is nonincreasing in time (cf. (€9)).

Energy

. 200 ‘am““““"mu
x iteration: n

F1cure 1. Convergence of (u}!), (left) and of the energy (E™),,
right).

In order to show numerically that we have no guaranty that r*/s* = 1
in (L210), we study the relative difference (r* — s*)/s* = r*/s* — 1. The results
are shown in Table [l for various choices of the time step dt and of the constant
Co.

ot 1 1 1 1
CO 100 200 400 1000
0.1 0.00053 | 0.000162 | 0.000032 | 0.000004
0.2 0.00065 | 0.000267 | 0.000106 | 0.000033
0.4 0.00051 | 0.000227 | 0.000099 | 0.000034
0.8 0.00033 0.000149 0.000067 0.000024
100 | 0.00000321 | 0.00000157 | 0.00000072 | 0.00000026
1000 || 0.00000033 | 0.00000015 | 0.00000007 | 0.00000002

TABLE 1. Values of r*/s* — 1 for the SAV/Cahn-Hilliard scheme

The iterations are stopped at the final time 7" = 4, at which time the steady
state is considered to be numerically reached. This is confirmed in Figure
where the difference U™ — U], = [[u}™! — u}||« is plotted as a function of
the iteration n. We see that the value |[U"*! —U"|,, rapidly decreases from 10!
to 10710 before stabilizing around 1071, The time step used for this particular
simulation is 0t = 1—(1)0 and the SAV constant is Cy = 0.2. The corresponding
value of ’;—: — 1 equals 0.00065 as shown in Table [II

Table [[ confirms that the ratio 7*/s* is never exactly equal to 1, but only
close to 1. For a given constant Cj, we observe that the relative error for r*
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FIGURE 2. Value of |U""! — U"|...

has an order close to O(dt), especially for large constants Cy. This is consistent
with the first order approximation of the SAV scheme. Note that the space
discretization does not appear here, because we work in the space Vj;, with h
fixed.

For a fixed time step dt, the ratio seems to grow from Cy = 0.1 to Cy = 0.2,
and then it monotonically decreases as Cj increases. This does not mean
should be chosen very large, because the numerical errors due to a very large
constant Cy could significantly change the numerical solution. We should rather
seek an optimal value of C (possibly small). An approach has been proposed

in [25].
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