
HAL Id: hal-02354054
https://hal.science/hal-02354054

Submitted on 7 Nov 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Modeling and numerical simulation of thermal ageing in
a filled rubber

K D Ahose, S. Lejeunes, D. Eyheramendy, R Bouaziz

To cite this version:
K D Ahose, S. Lejeunes, D. Eyheramendy, R Bouaziz. Modeling and numerical simulation of thermal
ageing in a filled rubber. European Conference on Constitutive Models for Rubbers (ECCMR 2019),
Jun 2019, Nantes, France. �hal-02354054�

https://hal.science/hal-02354054
https://hal.archives-ouvertes.fr


Modeling and numerical simulation of thermal ageing in a filled rubber

K.D. Ahose & S. Lejeunes & D. Eyheramendy
Aix-Marseille Univ, CNRS, Centrale Marseille, LMA UMR7031, F-13402 Marseille Cedex 20, France
R. Bouaziz
Mines ParisTech, Centre des Matériaux, CNRS UMR7633, F-91003 Evry Cedex, France

ABSTRACT: In this work, we propose a constitutive model for the representation of thermal ageing phenom-
ena in a butadiene rubber filled with carbon blacks. This model is based on a thermo-chemo-mechanical frame-
work and takes into account the strong couplings that occur during ageing. This model has been implemented
in a multi-fields finite element framework. Based on simple experimental tests, we discuss the identification of
material parameters and more particularly the chemo-mechanical coupling term which is identified from inverse
finite element simulations.

1 INTRODUCTION

In a previous work (see Ahose, Lejeunes, Eyhera-
mendy, & Sosson 2017), we presented some exper-
imental results obtained from thermal ageing tests
(mainly under anaerobic conditions) carried out on a
butadiene rubber filled with carbon blacks (see also
Ahose 2018). Tensile samples were placed in a oven
at differents temperatures (50oC, 70o, 90o) for differ-
ent ageing times (1 to 29 days) and we sytematically
performed mechanical and swelling tests to investi-
gate the consequence of thermal ageing on these sam-
ples. The main mechanism that was observed was a
maturation (i.e. an increase of the apparent crosslink
density) of the crosslinked network. This effect re-
sults in an increase in the material’s stiffness, a de-
crease in its ability to dissipate mechanical energy
and a decrease in the strength limit. By proceeding
in a same way with cylindrical samples, we also ob-
served that thermal ageing does not affect hydrostatic
behavior (at least for the time and temperature of age-
ing that were considered in our study). By performing
ageing tests under permanent mechanical load (creep
ageing test), we studied the coupling between the
mechanical state and the ageing process. We found
that, for the studied material, a permanent tensile load
plays a role on the evolution of the crosslinked net-
work (maturation was lower in areas where the me-
chanical loading was higher). This result highlights
a chemo-mechanical coupling effect but surprisingly,
this effect does not seem to induce anisotropy (we
performed mechanical tests in different direction af-
ter ageing) and do not involve a specific permenant
set due to the chemical process when the mechanical

load is removed (more precisely permenant set was
found to be nearly identical with or without thermal
ageing).

All these observations guided us in the developpe-
ment of a fully coupled thermo-chemo-mechanical
constitutive model. The general constitutive frame-
work was developped in Lejeunes, Eyheramendy,
Boukamel, Delattre, Méo, & Ahose 2018, Lejeunes &
Eyheramendy 2018. We describe ageing by introduc-
ing a dimensionless, scalar, internal variable that is
related to the observed variation in apparent crosslink
density. This phenomenological modeling of ageing is
also proposed by other authors (e.g. Kari 2017, Musil,
Johlitz, & Lion 2018). For the mechanical part, we
reused the works of Delattre, Lejeunes, Méo, Lacroix,
& Richard 2014, Delattre, Lejeunes, Lacroix, & Méo
2016 done on the same material in the virgin state.
The mechanical model takes into account a thermo-
mechanical coupling and of the Payne effect.

The originality of the current model lies in the
chemical evolution law and its coupling with mechan-
ics. We propose to briefly describe the model and fo-
cus on the material parameter identification for which
we used homogeneous and non-homgeneous tests.
For the last category mentionned, we used finite ele-
ment simulations as part of an inverse indentification
strategy.

2 CONSTITUTIVE MODELING

First, we define ξ(x, t) as the local chemical conver-
sion (dimensionless parameter) such as ξ ∈ [0,1] and
ξ(x,0) = 0. This internal variable accounts for chem-
ical modification of the crosslinked network during



ageing and we related it directly to the increase in the
apparent crosslink density with the relation:

ξ(x, t) =
Q(x, t)−Q0(x,0)

Q∞(x,∞)−Q0(x,0)
(1)

where Q is the inverse of the swelling ratio1, Q0 is
the inverse of the initial swelling ratio and Q∞ is the
maximum value of Q that the material can reach.

By assuming the following decomposition of the
deformation gradient F:

F = J−1/3F̄i
eF̄

i
v, i = 1..N (2)

we introduce N internal variables to account of vis-
cous effect. As we do not observe a coupling between
thermal aging and the volumetric behavior, we as-
sume that the volume variation can be only due to
two contributions: thermal dilatation and mechanical
compressibility, therefore we have:

J = JΘJm, JΘ = 1 + αΘ(Θ−Θ0), Jm = J/JΘ (3)

To account of a dynamical softening effect (Payne ef-
fect) we also consider n supplementary dimensionless
internal variables, ωi ∈ [0,1] (see for instance Delat-
tre, Lejeunes, Lacroix, & Méo 2016).

2.1 Thermodynamics and constitutive relations

We adopt the formalism with the hybrid free en-
ergy (see Lejeunes, Eyheramendy, Boukamel, Delat-
tre, Méo, & Ahose 2018). The hybrid free energy is
assumed as follows:

ϕ(B̄, B̄i
e, ωi, q, ξ,Θ) = ϕiso(B̄, B̄

i
e, ωi, ξ,Θ)

+ ϕvol(q,Θ) + ϕtherm(Θ)

+ ϕchem(ξ,Θ)

(4)

where B̄ = F̄ · F̄T and B̄i
e = F̄i

e · F̄iT

e are the iso-
choric left Cauchy Green tensor and the ith elastic
isochoric left Cauchy Green tensor. The variable q
is a pressure like variable. The additive splitting of
eq. (4) is motivated by the fact that there can ex-
ist purely thermal variations that are stress-free for
which no chemical reaction occurs (contribution of
ϕtherm). Themo-chemical evolutions that are stress-
free can also be observed (contribution ϕchem) and
finally thermo-mechanical states can also exist with-
out any chemical reactions occurring. Furthermore,
due to the huge difference in stiffness for hydrostatic
or isochoric states we adopt an isochoric/volumetric
split for the remaining part of the hybrid energy (con-
tributions of ϕiso and ϕvol). From the experiments,

1The inverse of the swelling ratio (capacity of an elastomer
to swell in a solvent) can be related to the apparent crosslink
density with the Flory-Rehner theory of swelling.

we do not observe impact of the aging on the ther-
mal properties of the material (heat capacity and ther-
mal dilatation), therefore ϕtherm is assumed to depend
only on Θ. It is the same for the volumetric contribu-
tion, therefore ϕvol depends only on the pressure-like
variable q and the temperature.

Using the previously defined hybrid energy, the
Clausius-Duhem inequality takes the following form:

φ =

σ− 2ρ

(
B̄
∂ϕ

∂B̄
+

N∑
i=1

B̄i
e

∂ϕ

∂B̄i
e

)D

− q

JΘ

1

 : D

− ρ
(
s+

∂ϕ

∂Θ
− qJαΘ

ρ0J2
Θ

)
Θ̇ + 2ρ

N∑
i=1

(
B̄i

e

∂ϕ

∂B̄i
e

)
: D̄o

v
i

− ρ
(
∂ϕ

∂q
− (1− Jm)

ρ0

)
q̇− ρ

∑
i=1

∂ϕ

∂ωi
ω̇i − ρ

∂ϕ

∂ξ
ξ̇

− gradxΘ

Θ
qΘ ≥ 0 ∀D, Θ̇, D̄o

v
i, q̇,qΘ, ω̇i, ξ̇

(5)

where φ is the total dissipation, σ is the Cauchy stress,
D is the Eulerian strain rate: D = 1/2(L + LT) with
L = ḞF−1, ρ, ρ0 are the current and initial densities,
s is the specific entropy, qΘ is the Eulerian heat flux,
D̄o

v
i is the ith objective Eulerian strain rate, defined

from:

D̄oi

v = R̄i
eD̄

i
vR̄iT

e (6)

where R̄i
e comes from the polar decomposition F̄i

e =
V̄i

eR̄
i
e. Assuming that the dissipation is only due to

thermal diffusion and to the evolution of internal vari-
ables related to viscosity, Payne effect and chemical
reactions, we can obtain the following constitutive
equations from eq. (5):

σ =

σeq︷ ︸︸ ︷
2ρ

(
B̄
∂ϕiso

∂B̄

)D

+
q

JΘ

1+
N∑
i=1

σi
v︷ ︸︸ ︷

2ρ

(
B̄i

e

∂ϕiso

∂B̄i
e

)D

(7)

s = − ∂ϕ
∂Θ

+
q

ρ0

JαΘ

J2
Θ

(8)

∂ϕ

∂q
=

(1− Jm)

ρ0

(9)

where σeq is the equilibrium stress (relaxed configu-
ration), σi

v is the ith viscous (non-equilibrium) stress.
Equation (9) is a constitutive equation for q and we
can see from eq. (7) that the hydrostatic pressure is



defined from p = q/JΘ. The remaining terms in the
Clausius-Duhem inequality can be shortened as:

φ =
N∑
i=1

φivis +
N∑
i=1

φipayne + φξ + φΘ ≥ 0 (10)

We assume that these remaining terms are indepen-
dantly positives and we can easly satisfy the positiv-
ness of the heat conduction term (φΘ) by choosing
a standard isotropic Fourier law: qΘ = −kΘgradxΘ
where the thermal conductivity parameter,kΘ, is as-
sumed as independant of ageing.

The conservation of energy can be written as fol-
lows in the current configuration:

ρΘṡ=
N∑
i=1

φivis +
N∑
i=1

φipayne +φξ +ρr−divxqΘ (11)

where divx is the Eulerian divergence, r is an external
heat supply term defined by unit of mass. Computing
the material time derivative of entropy from its con-
stitutive equation, eq. (8), we can obtain the following
local form of the heat balance:

ρCpΘ̇ =
N∑
i=1

φivis +
N∑
i=1

φipayne + φξ + ρr+ lm + lq

+ lξ − divxqΘ

(12)

where Cp is the isobaric heat capacity:

Cp = −Θ

(
∂2ϕ

∂Θ2
+

2Jqα2
Θ

J3
Θρ0

)
(13)

the coupling terms lm, lq and lξ are defined from:

lm = Θ
∂σ

∂Θ
: D−Θ

N∑
i=1

∂σi
v

∂Θ
: D̄oi

v + Θ
N∑
i=1

∂Aω
∂Θ

ω̇i

lq = −Θ
αΘ

J2
Θ

q̇

lξ =
∂Aξ
∂Θ

ξ̇

(14)

where Aω,Aξ are the thermodynamical forces asso-
ciated with Payne effect or thermal ageing (Aω =
−ρ∂ϕiso/∂ωi, Aξ = −ρ∂ϕ/∂ξ)

2.2 A thermo-chemo-viscoelastic model

Considering the case of isotropic behaviors we pro-
pose to adopt the following potentials:

ρ0ϕiso = c10(ξ,Θ)
(
I1(B̄)− 3

)
+ c01(ξ,Θ)

(
I2(B̄)− 3

)
+

N∑
i=1

ωi
µi(ξ,Θ)

2
(I1(B̄i

e)− 3)

ρ0ϕtherm = C0

(
Θ−Θ0 −Θlog

(
Θ

Θ0

))

−C1
(Θ−Θ0)2

2Θ0

ρ0ϕchem = C2

(
tanh

(
m

Θ−Θind

Θind

)
(1− ξ)n+1

n+ 1

−tanh
(
m

Θ0 −Θind

Θind

))

ρ0ϕvol = −k
(

exp
( q
k

))
+ q + k

(15)

where c10, c20 are the Mooney-Rivlin coefficients that
are assumed to be dependent on ξ and Θ, µi is the
ith viscous shear modulus that depends on ξ and Θ.
The bulk modulus, k, is assumed to be independent
of these variables. I1 and I2 are respectively the first
and the second invariant of a strain tensor. C0 and C1

define the isobaric heat capacity (which is assumed to
be only temperature dependent in this paper), C2 is
a heat-like coefficient related to the chemical process,
Θind is an induction temperature for the chemical pro-
cess2, n and m are chemical (ageing) parameters.

Using the previous definition, from eqs. (7) and (9),
we can obtain the equilibrium stress and compress-
ibility law:

σeq =2J−1c10(ξ,Θ)B̄D + 2J−1c01(ξ,Θ)(I1(B̄)B̄

− B̄2)D +
q

JΘ

1

Jm = exp
( q
k

)
(16)

From eq. (7), we can calculate the ith viscous stress,
which is defined by:

σi
v = J−1µi(ξ,Θ)ωiB̄

i
e

D i = 1..N (17)
2No chemical reactions are assumed to occur if Θ < Θind



We consider a Maxwell-like flow rule for viscosity
as follows:

D̄oi

v =
1

ηi(ξ,Θ, ωi)
σi
v i = 1..N (18)

where ηi(ξ,Θ, ωi) is the ith viscosity parameter. The
Maxwell flow rule can also be also reformulated as
follows:

˙̄Be

i
= LB̄i

e + B̄i
eL

T − 2

3
(1 : L)B̄i

e −
1

Jτi
B̄i

eB̄
i
e

D

B̄i
e(t = 0) = 1, i = 1..N

(19)

where τi = ηi/2ωiµi is the ith characteristic time of
viscosity.

For the Payne effect, we adopt the same model as
already proposed in Delattre, Lejeunes, Lacroix, &
Méo 2016:

ω̇i = − 1

hi

〈
ωi −

(
3

I1(B̄)

)ri〉
ωi(t = 0) = 1 i = 1..N

(20)

where hi is the ith intrinsic time for Payne effect and
ri is a dimensionless material parameter. These pa-
rameters and the characteristic times of viscosity (τi)
are assumed to be independant of ageing and temper-
ature. However as the viscous shear modulus depend
on ageing and temperature, viscosity in this model is
dependant on these parameters.

For the chemical evolution due to thermal ageing,
we can first compute the thermodynamic force asso-
ciated with the chemical aging, Aξ is given by:

Aξ =J−1C2tanh
(
m

Θ−Θind

Θind

)
(1− ξ)n

− J−1∂c10

∂ξ
(I1(B̄)− 3)− J−1∂c01

∂ξ
(I2(B̄)− 3)

− J−1

N∑
i=1

ωi
1

2

∂µi
∂ξ

(I1(B̄i
e)− 3)

(21)

As in (Lejeunes, Eyheramendy, Boukamel, Delat-
tre, Méo, & Ahose 2018) we propose the following
chemical evolution equation (that fullfills thermody-
namical requirements):

ξ̇ = Aexp−
Ea
RΘ 〈Aξ〉 (22)

where < . > are the so called Macaulay brackets,
R = 8.314J/mol/K is the ideal gas constant, Ea is
an activation energy andA is a kinetic parameter (unit
of Pa−1s−1). Using eq. (21) in eq. (22) it can be
clearly seen that the proposed model takes into ac-
count of a chemo-mechanical coupling effect. Only
the isochoric part can play a role on chemical evolu-
tion but the hybrid energy approach allows to easly
include a volumetric (pressure) dependance if needed
(this have been proposed in (Lejeunes, Eyheramendy,
Boukamel, Delattre, Méo, & Ahose 2018)). If we con-
sider stress-free ageing, the chemical evolution re-
duces to:

ξ̇ = J−1
Θ AC2 exp−

Ea
RΘ

〈
tanh

(
m

Θ−Θind

Θind

)〉
(1− ξ)n

(23)

Equation (23) defines a non Arrhenius behavior when
Θ is lower than or close to the induction tempera-
ture and tends to Arrhenius behavior when Θ is higher
than the induction temperature.

3 FINITE ELEMENT IMPLEMENTATION

For the finite element implementation, we consider
the simultaneous resolution of quasi-static mechani-
cal equilibrium, energy conservation, chemical evo-
lution and compressibility law. We can therefore es-
tablish a four fields formulation that can be writen as
follows in a Lagrangian (first Piola-Kirchhoff) config-
uration:

Find(u, q,Θ, ξ), such that ∀(δu, δq, δΘ, δξ)

∫
Ω0

(ΠDEV
eq +

N∑
i=1

Πi
v + q

J

JΘ

F−T) : F(δu)dΩ0

−
∫

Ω0

ρ0fδudΩ0 −
∫
∂Ωf

TδudS = 0

∫
Ω0

ρ0CpΘ̇δΘdΩ0 −
∫

Ω0

(
J

N∑
i=1

φivis + J
N∑
i=1

φipayne

+Jφξ + ρ0r+ Jlm + Jlq + Jlξ) δΘdΩ0

−
∫

Ω0

QΘGRADXδΘdΩ0 +

∫
∂ΩQ

Q0δΘdS = 0

∫
Ω0

(
J

JΘ

− exp
( q
k

))
δqdΩ0 = 0

∫
Ω0

(
ξ̇ − kξ(Θ) 〈Aξ〉

)
δξdΩ0 = 0



(24)

where ΠDEV
eq = JσD

eqF
−T , Πi

v = Jσi
vF
−T and QΘ =

JqΘF−T . To resolve the previous non-linear system,
we firt consider a backward Euler scheme to inte-
grate the system with respect to time. The time step
is defined as ∆t = (tn, tn+1) and we use the follow-
ing approximations: Θ̇ = (Θn+1 − Θn)/∆t and ξ̇ =
(ξn+1 − ξn)/∆t. We can then linearize the coupled
system into a Newton-Raphson scheme. We obtain
a non-symetric tangent but we can take into account
strong coupling effects in a simple formulation and
a simple numerical implementation. The constitutive
relations for the stress and the evolution equations for
viscosity (19) or for Payne (20) are locally integrated
at each Gauss point with substepping backward Eu-
ler schemes (e.g. Lejeunes, Boukamel, & Méo 2011).
We integrated all these developments within the sim-
ulation platform FEMJava that is being developed in
our laboratory (see for instance Eyheramendy, Leje-
unes, Saad, & Zhang 2014).

4 MATERIAL PARAMETER IDENTIFICATION

To identiffy the material parameters, we proceeded
with the following steps:

1. Identification of the chemical paramters
m,n,Ea,Θind,Q∞ and the product AC2 from
the results of swelling tests on samples aged in
stress-free and anaerobic conditions.

2. Identification of hyperelastic parameters
c10(ξ,Θ), c01(ξ,Θ) from tensile tests performed
on virgin samples at different temperatures
and aged samples at different aging time (but
characterized at room temperature).

3. Identification of the viscoelastic and softening
parameters µi(ξ,Θ), τi, hi, ri,N with a strategy
similar to that presented in Delattre, Lejeunes,
Méo, Lacroix, & Richard 2014. As for the hy-
perelastic test, this identification is based on ten-
sile tests performed on virgin samples at differ-
ent temperatures and aged samples at different
aging time (but again characterized at room tem-
perature).

4. Identification of other parameters: compressibil-
ity k from oedometric tests, heat capacity param-
eter C1,C0 from DSC tests, thermal expansion
αΘ from dilatometry experiments. The thermal
conductivity parameter, kΘ, is taken from the lit-
erature.

5. Identification of A and C2 from inhomogeneous
creep aging tests by inverse finite element simu-
lations of the creep aging test.
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Figure 1: Model/experiments comparison for the chemical part
of the model after step 1 of the identification process (experi-
ments are represented by square or circle dots, model by contin-
uous lines)

Whether for swelling tests or mechanical tests, we
repeated the experiments at least twice on differ-
ent samples and calculate an average response (for
swelling or tensile experiment). We assumed a linear
dependancy for the mechanical moduli such as (same
hypothesis for c10(ξ,Θ), c01(ξ,Θ)):

µi(ξ,Θ) = µai ξ + µbi
Θ−Θ0

Θ0

+ µ0
i (25)

The results of the identification steps are given here
after. Figure 1 shows the results obtained after step
1. For this identification we have arbitraly fixed the
induction temperature such that: Θind = 320K.

The figures 2 and 3 illustrate the results obtained af-
ter identifying the mechanical part of the model (step
2 and 3). After step 4 of the identification, finite ele-
ment simulations of creep aging test were performed:
we considered a FE model of a tensile sample un-
der permenant load and imposed volumetric heating
and adiabatic boundary conditions such as to obtain
a homogeneous and stable temperature in the sample.
These boundary and loading conditions allowed the
thermal regulation in the oven to be reproduce even if
experimental conditions are not strictly the same. Fig-
ures 5 show a tipical result obtained from this simula-
tion. It can be seen that if the temperature field is ho-
mogeneous (cf. figure 5(a)), this is not the case of the
chemical aging field (cf. figure 5(c)) due to the non-
stress free conditons. By analysing the FE results and
calculating the error between the experimental results,
we performed an inverse identification of the chemo-
mechanical coupling parameter (step 5 of the identifi-
cation).

Figure 4 shows some iterations of this inverse iden-
tification. It can be seen from this results that, as ex-
pected, for a fixed value of the product AC2 previ-
ously identified from step 1, if C2 is high (or A is
low) the influence of the stress field is negligeable and
when C2 is low (or A is high) the stress field penal-
izes the chemical evolution. The table 1 summarizes
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Figure 2: Model/experiments comparison for the hyperelastic
part of the model (equilibrium responses) at different temper-
ature and different aging time after step 2 of the identification

the material parameters obtained from the identifica-
tion process.

5 CONCLUSION

Modeling and simulation of the thermal ageing of
elastomers and its consequences on the behavior of
the material is very challenging due to the strong cou-
pling phenomena that occur during aging. In addition,
current experimental techniques do not allow precise
access to the physics of network evolution. There-
fore, only phenomenological approaches such as the
one proposed in this work can be used to describe
ageing. In many industrial applications, ageing is not
homogeneous due to the presence of simultaneaous
mechnical loads. Thus, the chemo-mechanical cou-
pling (aging under non stress-free conditions) must
be taken into account in the modeling. In this work,
we have proposed a modeling approach that takes
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Figure 3: Model/experiments comparison of the model at dif-
ferent temperature and different aging time after step 3 of the
identification

into account: nonlinear viscosity (dynamical soften-
ing), thermo-mechanical coupling (entropic behav-
ior for the fully relaxed behavior and thermal soft-
ening for the viscosity and thermal expansion) and
thermo-chemo-mechanical couplings (ageing under
non-stress free condtions). We have also proposed an
identification strategy to determine material parame-
ters. The finite element implementation of this model
within a fully thermo-chemo-mechanical framwork
have allowed us to use inverse FE simulation for in-
dentification. This FE implementation will be used in
a future work to confront the model with other ex-
perimental results that will be otained in more com-
plex situations (e.g. with cyclic mechanical and ther-
mal loads).
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Θind (K) 320
c10 (MPa) 0.37ξ + 0.146Θ−Θ0

Θ0
+ 0.2

c01(ξ,Θ) (MPa) 0.32ξ + 0.175Θ−Θ0

Θ0
+ 0.2

k (MPa) 1400
αΘ (K−1) 6.e− 4

C0 (Nmm−2K−1) 4.6
C1 (Nmm−2K−1) 0.39
kΘ (Ns−1K−1) 0.22

τi (s) hi (s) ri µi(ξ,Θ) (MPa)

0.01 1 0.05 −0.0365ξ − 0.0586Θ−Θ0

Θ0
+ 0.1167

0.01 1 5 −0.0448ξ
0.1 1 0.05 −0.0016ξ + 0.0836
0.1 1 5 −0.0499ξ
1 1 0.05 −0.0039ξ − 0.3811Θ−Θ0

Θ0
+ 0.0110

1 1 5 −0.0119ξ
10 1 0.05 −0.0586Θ−Θ0

Θ0
+ 0.1415

10 1 5 −0.1759Θ−Θ0

Θ0

Table 1: Material parameters
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Figure 4: Comparison of numerical simulation and experimen-
tal results for the thermal creep aging test. The swelling ratio
is determined experimentally and numerically in two zones of
the tensile samples: center, for the central zone where stress is
maximum (in red in figure 5(b)), head, that correspond to a zone
where cross section is high and stress is minimum (in blue in
figure 5(b)).
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