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FIBERED COHOMOLOGY CLASSES IN DIMENSION THREE, TWISTED
ALEXANDER POLYNOMIALS AND NOVIKOV HOMOLOGY

JEAN-CLAUDE SIKORAV

ABSTRACT. We prove that for “most” closed 3-dimensional manifolds M, the existence of a closed
non singular one-form in a given cohomology class u € H!(M,R) is equivalent to the non-vanishing
modulo some prime p of all twisted Alexander polynomials associated to finite Galois coverings of
M. When u € HY(M,Z), a stronger version of this had been proved by S. Friedl and S. Vidussi in
2013, asking only the non-vanishing of the Alexander polynomials.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

We consider M a closed connected 3-manifold, G := 71 (M) and v € Hom(G,R)\ {0} = H'(M,R)\
{0}. Denote rk(u) the rank of u, ie the number of free generators of u(G). We are interested in the
existence of a nonsingular closed 1-form w in the class u. If such a form exist, we say that u is fibered.
The reason is that if rk(u) = 1 so that au(G) C Z for a suitable a # 0, such a form is a=! f*dt for f a
fibration to S* = R/Z.

More generally, by [Tischler 1970], if u fibers then M fibers over S': perturb w to w’ = w + ¢ such
that rk([w']) = 1 and € is C%-small. Then ' is still nonsingular, thus M fibers.

An answer to this question was given in rank 1 by [Stallings 1962]: if rk(u) = 1, u fibers if and only
if keru is finitely generated. In any rank, the famous paper [Thurston 1986] introducing the Thurston
(semi-)norm on H'(M;R) proved the following results: 1) the unit ball of the norm is a “integer
polyhedron”, ie it is defined by a finite number of inequalities u(g) < n, g € G, n € N*; 2) the set of
fibered uw € H*(M;R) \ {0} is a cone over the union of some mazimal open faces of the unit sphere of
the Thurston norm. Note that thanks to Stallings, to know if a given face is “fibered”, it suffices to
test one element u of rank one and see if ker u is finitely generated.

In the 2000s and beginning of 2010s, S. Friedl and S. Vidussi studied again this question mostly in
rank one, in connection with what was then a conjecture of Taubes: u fibers if and only if uN[dt]+a €
HY(M x SY) is represented by a symplectic form, where a € H?(M;R) satisfies aAu # 0. The starting
point was the relation of Seiberg-Witten invariants of M x S and twisted Alexander polynomials, see
below and Section 3. They ultimately solved that conjecture in [Friedl-Vidussi 2013], and obtained as
a byproduct a new answer for the characterization of fibered classes in the case of rank 1: if rk(u) =1,
u fibers if and only if all twisted Alezander polynomials A (G,u) are nonzero.

Let us describe briefly what are these twisted Alexander polynomials (for a detailed presentation,
see [Friedl-Vidussi 2011b]). In fact, we do it only for a special case, which is already sufficient: those
associated to finite covers, see [Friedl-Vidussi 2008], section 3.2. Let H be a normal subgroup of G with
finite index (denoted H<y; G). By definition, A (G, u) is an element of Z[G/ ker u] ~ Z[tE!, - - t;F!]
defined up to multiplication by a unit: it is the order of

H,(G;Z|G/ keru))®/" ~ H,(H;Z|G/ ker u])
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2 JEAN-CLAUDE SIKORAV

viewed as as a Z[G/ ker u]-module, ie the greatest common divisor of the m-minors of A for a presen-
tation

7|70 24 7(7m) = Hi(G; Z]G/ keru]) /1.
It is not difficult to prove that, if u is fibered, A” (G, u) is always nonzero and even “bi-monic”, ie its
u-maximal and u-minimal terms have a coefficient +1.

We can now state our main result.

Theorem 1.1. Assume that M is contractible and G := w1 (M) is virtually residually torsion-free
nilpotent (VRTFEN). If there exists a prime p such that for every H<y; G, A" (G, u) # 0 mod p, then
u s fibered, ie represented by a nonsingular closed 1-form.

Comments. 1) In rank one, our result is weaker than [Friedl-Vidussi 2013]. However, even in that
case we believe that our proof, whose only “hard” ingredient is [Thurston 1986], may be of interest.

2) Building on [Agol 2014], [Koberda 2013] proves that 71 (M) is VITRFEN for all geometric manifolds
which are not Sol. In particular, if M is hyperbolic, this follows from the fact that 71 (M) is virtually
a right-angled Artin group.

The hypothesis that M is not contractible can be dispensed with: if it does not hold, then (since
b1 (M) > 0) we are in one of the two following cases: either M is nonprime thus nonfibered and the
twisted Alexander polynomials always vanish; or M fibers over S! with fiber S? or RP2.

3) Of course, one expects that the hypothesis can be weakened to A (G,u) # 0.

2. SKETCH OF THE PROOF AND CONTENT OF THE PAPER

The main idea is to express the fibering condition on u by the vanishing of some Nowvikov homology
associated to (G, u) and the nonvanishing of A”(G,u) by the vanishing of some Abelianized relative
Novikov homology associated to (G, H,u). In turn, these vanishings are expressed by the invertibility
of some matrix in the Novikov ring associated to (G, u) and of its image in the Novikov ring associated
to (G/(H Nkeru)u).

Then the theorem is reduced to a result about “finite detectability of invertible matrices”. We
prove it for a VRTFEN group, using results of [Hall 1959], the bi-orderability of a RTFN group and
the associated Mal’cev-Neumann completion of a group ring, which is a skew field, and can be made
to contain the Novikov ring by a remark of [Kielak 2018].

We now describe the content of the paper.

In Section 3, we define the twisted Alexander polynomials A7 (G, u), and two “mod p versions”,
which we compare: this comparison (whose proof is probably exagerately complicated) will be used
to relate them to Novikov homology.

In Section 4, we define the Novikov ring R[G], (R a commutative unital ring), and the Novikov
homology H.(G,u; R). We quote the result of [Bieri-Neumann-Strebel 1987], building upon previous
results of Stallings and Thurston: if G = 71 (M) with M a closed 3-manifold, u fibers if and only if
H(G,u;Z) =0, G=m(M).

In Section 5, we compute H1(G,u; R) via a presentation of G and Fox differential calculus, and give
a topological characterization of the property (Hi(G,u; R) = 0) which implies that it is independent
of R: this is a remark of [Kielak 2018] (it was implicit in [Bieri-Neumann-Strebel 1987] and [Sikorav
1987], but never explicitly stated). This will be used with R =TF,,.

In Section 6, we explain the relations between twisted Alexander polynomials and an “Abelian
relative” version of Novikov homology.

In Section 7, we precise the computation of Hy(G,u; R) for G = m1(M3) with M contractible,
thanks to the form of a presentation of G given by a handle decomposition and Poincaré duality.
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We deduce that (H;(G,u; R) = 0) is equivalent to the invertibility in M,,_1 (R[G].) of some matrix
A € My,,—1(R[G]) where m is the genus of the decomposition.

Similarly, the vanishing of H{*(G/(H Nkeru)),u; R) is equivalent to the invertibility of the image
of Ain M,,_1(R[G/H Nker ulz). Thus we have reduced Theorem 1.1 to Theorem 7.2: if G is VRTFN,
a matriz A € M,,(F,[G]) whose image in M,,(F,[G/H],,) is invertible for every H <y, G, is invertible

Theorem 7.2 is proven in Section 11. There are two main ingredients:

o (Sections 8 and 9) the case when G is nilpotent (Section 9), where we use ideas from [Hall
1959] about simple F,[G]-modules to prove a stronger result (finite detectability of full ideals);

e (Section 10) the fact that when G is RTFN, it admits a bi-invariant order, thus one can embed
K[G] (K =F)) in the Mal’cev-Neumann completion K (G), which is a skew field; moreover,
by a remark of [Kielak 2018] the order can be chosen so that K(G) contains K[G],. Actually,
we work mostly with a subfield introduced by [Eizenbud-Lichtman 1987], which contains K|[G]
and whose elements have “controlled” support.

Notations. In the following text, G is a finitely generated group and v : G — R a nonzero ho-
momorphism. Thus G/keru ~ Z", r = rk(u), and Z[G/keru] ~ Z[tF, - ,tF'] is a UFD (unique
factorization domain). More generally, if R is a UFD, R[G/keru] ~ R[tT,--- ,tF!] is a UFD.

3. TWISTED ALEXANDER POLYNOMIALS

3.1. Order of a finitely generated module over a UFD. Let M be a finitely generated R-
module where R is a UFD. [usually, one requires R to be Noetherian, but actually it is not necessary]|.
One defines its order ordg(M) as the greatest common divisor (ged) of the m-minors of a matrix
A € M(py,m(R) where

RO Iy pm 2y M
is a presentation of M with r represented by the right multiplication by A (we use right instead of
left since later we will have mostly noncommutative rings, and we prefer to work with left modules).

It is easy to prove that this does not depend on the presentation: if R(t) XA gm PLOA and

RU2) XA pmz P2t are two presentations, one can lift p; to xB : R™ — R™2 and obtain a
presentation

R™ @ RU2) XA g g2 PR 6y A = (Iml f )
’ 0 9.) "
Similarly, there is a presentation

R™ @ RU2) XG pma gy grma PR pp o (‘;1)1 IO )
mao

Thus ker(p1 + p2) is generated by the lines of <Im1 B ), and also by the lines of <A1 0 ): this

0 A2 -D Im2
implies (for any ring) that the ideals generated by the m-minors of 4; and Ay coincide. When R is a
UFD, this implies that they have tyhe same ged.

The main property of this order is the
Proposition 3.1. If M is a finitely generated R-module where R is a UFD , and anng(M) is its

annihilator, ordgr(M) and anng(M) have the same prime divisors. More precisely, if M is generated
by m elements, one has

anng(M)™ C (ordg(M)) C (ged(anng(M))).
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Thus
ordr(M) # 0 < M is a torsion module over R.

Proof. Let R XA Rm Py bea presentation of M. Then
a € am(M) & aM =0 aR™ D kerp < aR™ > R A.

By Cramer’s formulas, R A contains uR™ for every minor u of A, thus anng(M) contains all
m-minors of A. Thus the ged of the m-minors divides the ged of ann(M), which proves the right
inclusion.

For the left inclusion: a € ann(M) < aR® O R A & (there exists X € M, ;(R) such that
XA = al,,). This implies that a™ = > ux ;pa; where pux; and pa; are m-minors of A and X, thus
ordg(M) divides a™, qed.

3.2. Twisted Alexander polynomials. For every H <;; G, we define

AT(G,u) : ordzie) ker ) (H1 (G ZIG/ ker u]l¢/H]) € 7|G/ ker u].
This corresponds to A%, in [Friedl-Vidussi 2008], section 3.2, where  : H — F is the natural
map H,(G)/Tors — G/keru and a : (M) — G corresponds to G — G/H.

Note that
H,(G;Z[G/ ker u)l®/H] ~ Hy (H; Z|G/ ker u)),

thus A7 (G, u) can be viewed as a kind of untwisted Alexander polynomial for (H ,u)5), depending
however on G. Moreover, on Z[H/(H Nker u)], we have

H,(H;Z|G/ keru]) ~ Hy(Z[H/(H N ker u)])I],
Thus A (G,u) begins to resemble to A(H, ug). In particuler, we have the property:
AH(Ga 'LL) <~ A(H, U\H)

This follows from Proposition 3.1 and the fact that if M is a Z[Z"]-module and L C Z" a lattice,
(M torsion over Z[Z"] = M torsion over Z[L]: if P(t1,--- ,t,) annihilates M, and M is such that
L D NZ", the product [[ P(wit1,- - ,wyt,) over all r-tuples of m-th roots of unity belongs to R[L]
and annihilates M.

3.3. Twisted Alexander polynomials mod p. We define
Af(Gm) := ord, [q/ keru] (H1(G; Fp[G/ ker u]l6/H]) € F |G/ ker u).

The comparison with A¥ (G, 4) mod p is not obvious, since R is not principal thus there is no theorem
of universal coefficients. We shall need the following proposition, whose proof lasts until the end of
the section and uses two lemmas. (presumably, there should be a simpler argument).

Proposition 3.2. AY(G,u) # 0 < A"(G,u) # 0 mod p.

Proof. We express Hi(G,Z|G/(HNkerw)]) and H,(G,F,[G/(H Nker u)]) via Fox differential calculus.
Let (1, ,&m | (r:)icr) be a presentation of G. We have an exact complex

7[G)D 22 7(G)™ X2 7]G) =5 Z — 0,

where Dy € My, 1(Z[G]) is equal to (—Ti ), D; is the column (z; —1)1<i<sm and € is the augmentation.
Ox; ==
If M is a left R[G]-module, this enables us to compute

Hy (G, M) =~ ker(x Dy @giq) M) /im(x Dy @ gy M).
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In particular,
H, (G, R|G/ ker u]%/) ~ ker(x Dy) /im(x D)
where Dy, Dy are obtained from Dy, Dy by changing the coefficients from Z[G] to Z|G/ ker u]¢/H.
Lemma 3.3. Let R =7 or F,. We have an isomorphism of left R|G]|-modules
R[G/keru]¢/H ~ R[G/(H N ker u))l¢H kerul,
Note that we write [G: H Nkeru] and not G/H Nkeru, since G acts trivially.

Proof. We prove it for ker u, H replaced by any two normal subgroups Hy, Ha. The group G/H N Ho
acts freely on the left on G/H; x G/Hs (diagonally), and the quotient is in bijection with G/H;Hs
via

Yo(x mod Hy,y mod Hy) =z~ 'y mod HyHy.

Since the map 7(z mod Hy,y mod Hs) = x~'y mod H; Hs induces a bijection from G\(G/H; x G/Hs>)
to G/HyHy, we have a bijection

w Zwo X T G/H1 X G/HQ — G/H1 ﬁHQ X G/HlHQ,

which is G-equivariant with G/H; N Hy acting naturally on all quotients except on G/H; Hy where it
acts trivially. This gives the desired isomorphism R[G/H,|%/"> ~ R[G/H, N Hy][GH1Hz21 | qed.

Lemma 3.3 implies Hy (G, R[G/ ker u]%/H) = ker(x Dy)/im(x D3), where now
D e My ic:my,j6:m] (R[G/ ker u]) , D, € My (c:H)m(c:H) (R[G/ ker u]).

Moreover,
Ty — Lig.m
D, =
T — Lig.m

with each T; = Z;0;, T; the image of z; in G/keru, and o; a permutation matrix of size [G : H]
s

associated to the action of Z; on G/H. We have det(T; — Ijg.x)) = H(E?j — 1), where ¢, -+ , ¢, are

1
Jj=1

the lengths of the cycles of the permutation o;. Thus (T; — 1)~ = d; A; where d; = (IEG:H] — 1)[G:H]

and A; € Mg g1 (R[G/ ker u]). Thus

ker(x D) = {(X1 |-+ | Xm) | Xi = —d; ' D" X;(T; — 1) Ay}
i
Note that since the T; generate G/keru, the ged of dy, -+ ,d, is 1. We want to deduce that

ordgiG/ keru) (H1(G, R[G/ ker u])) and the ged of m-minors of D5 have the same prime divisors. The
projection
i : (Xl ‘ ‘Xm)}_> (Xl | Xz‘Xm)
is injective on ker(xﬁg), with image containing d; R[G'/ ker u](™~DIGH] Thus, writing
Dy=(Ly |-+ |Lm), D! = (Ly |+ Li-+ | L),

we have Hi(G, R[G/keru]) =~ pi(ker(xﬁl))/im(xf)g)), which is sandwiched between coker(xﬁy))
and dicoker(xDS)).
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Lemma 3.4. Let R be a Noetherian UFD and M a R-module such that (up to isomorphism) one has
d coker(xA) C M C coker(xA)

for some d € R* and A € Mz,m. Let pu be the ged of m-minors of A. Then ordz(M)d and pd have
the same prime divisors.

Proof. By definition, ord z(coker(xA)) = p and ordz(d coker(xA)) = d™ u. By hypothesis,

ann(d coker(xA)) D ann(M) D ann(coker(xA4)),

thus annz(d coker(x A)) and d ann (M) have the same prime divisors. By Proposition 3.1, this means
that ord z(d coker(x A)) and d ord 5 (M) have the same divisors. Since by definition, ord z(d coker(xA))
= ord(coker(xdA)) = d™ p, this proves Lemma 3.4.

End of the proof of Proposition 3.2. We apply Lemma 3.4 with R = R[G/keru], R = Z or Fp,
M = Hi(G,R[G Nkerul]), A = ES) and d = d;. Let u, p; be the gecd of m-minors of Dy, Dél) for
R =7 (resp. R =F,). Then y mod p, p; mod pare the ged of m-minors of Dy mod p, Dgz) mod p,
thus

e AH(G u)d; and pu;d; have the same prime divisors in Z[G/ ker u]

o A(G,u)d; and (u; mod p)d; have the same prime divisors in F,[G/ ker u].
Moreover, ged(dy,- -+ ,dm) = 1 in Z[G/keru] and in F,[G/keru]. Thus A#(G,u) and p have the

same prime divisors in Z[G/ ker u], and similarly A¥(G,u) and p mod p have the same prime divisors
in F,[G/ keru]. Thus AY(G, u) has the same prime divisors as A# (G, u) mod p. Thus it is a unit if

and only if A”(G,u) # 0 mod p. Since AH (G, u) is a unit if and only Hy(G,F,[G/keru]) = 0, this
finishes the proof of proposition 3.2.

4. NOVIKOV HOMOLOGY

4.1. Novikov ring. Let R a commutative unital ring (not necessarily a UFD). We define the Novikov
ring R[G], as the formal series over G with coefficients in R having finite support in each sublevel of
u:

R[G], :={X € R[[G]] | (VC € R) supp(A) N (u < C) is finite}.
It is easy to see that the multiplication
Z g, 91- Z b9292 = Z ( Z aglbgz)g
91€G 92€G ge€G g192=9

is well defined and makes R[G], a ring containing R[G] as a subring.

Property. Maybe the most important property of R[G], is the following one: if x = 1+ a € R[G],

oo

and supp(a) C {u > 0}, z is invertible, with inverse z~! = Z(—a)”. More generally, if A =1, + B €
n=0
M,,(R[G],) and supp(B) C {u > 0}, A is invertible, with inverse A=! = Z(—B)”.
n=0

Corollary. If u:Z" — R is an injective homomorphism and R is a field, R[Z"], is a field.
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4.2. Novikov homology, relation with fibering. The Novikov homology H.(G,u; R) is defined
as the homology of G with coefficients in the left R[G]-module R[G],:
H.(G,u; R) := H.(G, R[G],,)-

Although we shall not use it, let us quote an important about the vanishing of Hy(G,u;Z) [in fact
of Hi(G,u; R) for any R, see next chapter] in rank one.

Theorem 4.1. [Bieri-Neumann-Strebel 1987], [Sikorav 1987] If rk(u) = 1, keru is finitely generated
if and only if H1(G,w;Z) =0 = H1 (G, —u; Z).

The proof is quite easy. Harder is the generalization by [Bieri-Neumann-Strebel 1987] to all ranks:
ker u is finitely generated if and only if H; (G, v;Z) = 0 = for every v vanishing on ker u. But the rank
one is of special interest for us because of the quoted result of [Stallings 1962].

For this paper, the interest of Novikov homology lies in the following

Theorem 4.2. [Bieri-Neumann-Strebel 1987]. Let G = m1(M), where M is a closed and connected
three-manifold. The following are equivalent:

e u is fibered.
o Hi(G,u;Z) = 0.

Remarks. 1) This is their Theorem E, reinterpreted in terms of Novikov homology, cf. p.456 of the
paper.

2) At the time, one needed M to contain no fake cells, and also the hypothesis 71 (M) # Z ® Z/27
(to avoid a possible fake RP? x S1), restrictions removed later thanks to Perelman.

3) In [Sikorav 1987], I could only prove the equivalence between (i) and the vanishing of both
(H1(G,u;Z) and Hq1(G,—u;Z): this is an immediate consequence of [Stallings 1962], [Thurston 1986]
and Theorem 4.1. This would suffice to prove our main result with almost no change.

5. COMPUTATION OF H;(G,u; R), INDEPENDENCE ON R OF ITS VANISHING

Let (x1,- - , @y | (1:)icr) be a presentation of G, and let Dy, Dy be defined as in Section 3. Then,
denoting (D;)gr(q], € Mm,1(R[G].) the matrix obtained by the base change Z[G] — R[G],, we have

Hy (G, u; R) = ker(x D1)grjg), /im(x D2) gay, -

Since u # 0, there exists 4 € {1,--- ,m}, such that u(z;) # 0. Denoting Dgi) the matrix obtained by
deleting the i-eth column of Ds, we have Hi(G,u; R) =~ coker(ng))R[G] .

u

Corollary 5.1. We have

HGuR) =0« X(Déi))R[G] : RG]V — RIGIM) is onto.

u

Equivalently, there exists X e M,,—1.1(R[G].) such that )N(Déi) = I,,_1. Truncating X below a
sufficiently high level of u, we obtain X € M,,,_1 ;(R[G]) such that XDS) =1L,_1+ A withu>0on
supp(A). Since such a matrix is invertible over R[G],,, we obtain the following
Corollary 5.2. (H1(G,u; R) = 0) is equivalent to the existence of a matriz X € M,,_1 1(R[G]) such
that XDS) =TI,—1+ A with u > 0 on supp(4).

The following property is proved for Z-coefficients by [Bieri-Neumann-Strebel 1987] and (in a dif-
ferent form) by [Sikorav 1987]. Actually, the proof works exactly the same for R-coefficients. We shall
use the corollary, which was observed by [Kielak 2018], with R = F,, (Kielak used it with R = Q or
C).
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Proposition 5.3. Let T’ = T'(G,S) be a Cayley graph for some finite generating system S. Denote
Tuso the subgraph of T' generated by the vertices with u(g) > 0. The following are equivalent:

(1) H1(G,u;R) =0
(2) Tyuso is connected.

Corollary 5.4. The property (Hi(G,u; R) =0) does not depend on R.

Proof. We consider X' the 2-complex associated to some presentation (S | (ri)icr), with S finite.
Then the 1-skeleton X = TI'. We extend u affinely to X(*) and then to X, keeping the equivariance
uog=u+u(g) and with u(o) C u(do) for every 2-cell. Then

H\(G,u; R) = Hi(Cu(X) ®zi¢) RIGlu) = Hi(C.(X; R) ®piq) RIGlu).
Here C ()N( ) is the chain complex with Z-coefficients, viewed as a Z[G]-left module, and
C.(X:R)=C(X)®z R~ C.(X )®Z[G] R[G]

the one with R-coefficients, viewed as a left R[G]-module. Without loss of generality we can assume

that there exists s € S such that u(s) > 0. Then des = s — 1 has an inverse in R[G], of the form
a—1, supp(a) C {u > 0}.

(1) = (2). The key point is that a cell complex Y is connected if and only if Ho(Y; R) = 0 for one
or every R. Thus it suffices to prove that for every g € G such that u(g) > 0, g — 1 bounds a chain in

C1(Xu>0; R). Choose v € Cl()?) such that 01y = g — 1. Define
Y=~+(1-g)(a—1e, € C1(X,u; R).

Then 017 = 0, thus by hypothesis there exists ¢ € Cg( )®Z[G]R[G] ) such that 825 = 7. By truncating
¢ below a sufficiently high level of u, we find ¢ € Cy (X R) such that ¥ —0s¢ € C1(Xys>0; R). Moreover,
since supp(a) C {u > 0} and u(g), u(s) > 0, we have ¥ — v € Cy (Xys0; R), thus

v — Oyc = (ﬁ — fy) —+ (? — 820) € Cl()?u>0; R)
Thus ~ — dyc is a ;-primitive of g — 1 in C1(X,50; R), qed.

(2) = (1). It suffices to treat the case R = Z. Let Dés) be the matrix obtained from Dy by deleting
the column corresponding to s. By Corollary 5.2, it suffices to find M € Mg f5},7(Z[G]) such that

D;s)M—IS\{S} has support in {u > 0}. Equivalently to find, for every ¢t € S\ {s}, elements ¢ € Cy ()Z')
and A € Z[G] such that dyc — e — Ae; € Cl()?u>0). For n large enough, u(ts™) = u(s"t) > 0. By

hypothesis, there exists v € C; ()~(u>0) such that s"t — ts" = 9;. Thus

n((T=sMe+ (-1 +s+-+s"Ne,) =(1- )( D+ (t—1)(s" 1)
=ts" — s"t = 017.

Since ker 9, = im 0s, there exists ¢ € Cy ()? ) such that
(1—sMer+(t—1)(1+s+--+5"Ves =+ dac.

Thus dyc — ey — (t—1)(1 45+ + 5" Ve, € C1(Xuso). Setting A = (£ —1)(1+ s+ - - -+ s"~1), this
finishes the proof of the Pr0p051t10n.
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6. ABELIANIZED RELATIVE NOVIKOV HOMOLOGY AND TWISTED ALEXANDER POLYNOMIALS

Consider the induced morphism % : G/ Nker v — R and the associated Novikov ring R[G Nker ulz,
which is a left R[G]-module, and define the Abelianized Novikov homology

H{*(G,u; R) := H,(G; R[G/ ker uy).
It is in fact the original homology defined in [Novikov 1981]. Since G/kerw is free Abelian of rank
r = rk(u), R[G/ ker u|z) is Abelian. Moreover, when R is a field, R[G/ker u]z) is also a field.

If H <¢; G be a normal subgroup with finite index, we generalize the above definition. Consider
the induced morphism @ : G/H Nkeru — R and the associated Novikov ring R[G/(H N ker u)]z, and
we define the Abelianized relative Novikov homology

H®(G, H,u; R) := H,(G; R|G N H ker uly).
To relate this with Alexander polynomials, we need a lemma.

Lemma 6.1. Let R be a field and w : Z" — R an injective morphism. Consider a complex of
R[Z"]-linear maps

Riz|D Ly Rizr™ %5 R[ZT)"
The following are equivalent:

ker g
1
(1) im

2) The induced complex R|Z" ELI) ﬁ> R[Z"™ 2% RIZT™ is exact.
u u

kerg
9) 0.

is torsion over R[Z"]. Or: ord(

im

Proof. More generally, we prove it for R[Z"] replaced by any Noetherian domain A and R[Z"] by
a field F' containing it. It suffices to do it when F' is the fraction field of A. (i) is equivalent to:

(Ja € A* | akerg C im f), ie (kerg C (A*)~Hm f). On the other hand, kerg, = (A*)"lkergn A,
thus (ii) is equivalent to
(A*)'kergn A C (A*) tim f.

Since R is a domain, this is also equivalent to (ker g C (A*)~tim f).
Proposition 6.2. The following are equivalent:

(1) AH(G,u) # 0 mod p.

(2) Hi(G;F,[G/keru]S/H) is torsion over F,[G/ keru].

(3) H¥®(G, H,u;Fp) =0, ie Hi(G,F,[G/(H Nkeru)]z) = 0.
Proof. In Section 3, we saw that (1) & AJ(G,u) # 0. Since AY(G,u) is the order of
H,(G;F,[G/ keru]¢/H), ((1) < (2)) follows from Proposition 3.1. By Lemma 6.1, (2) is equivalent to
H,(G;F,[G/ ker u]g/H) =0.

Finally, the isomorphism F,[G/ker u]%/f ~ F,[G/(H N ker u)]I&7¥rul from Lemma 3.3 extends,
via a tensorisation ®p [¢Fp[Glu, to an isomorphism of F)[G],-modules
F,[G/ ker u]g/H ~F,[G/(H Nker u)][EG:erm].
Thus
Hy(G;F,[G/ keru)S ™) ~ Hy (F,[G/(H Mker u)]q)CH ke,

Thus (H1(G;F,[G/ ker u]g/H) = 0) is equivalent to (3), ged.
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7. COMPUTATIONS IN DIMENSION THREE AND REDUCTION OF THE MAIN RESULT

In this section we consider the case where G = 7 (M) where M is a closed and connected three-
manifold with a contractible universal covering N.

7.1. Complex of a special form for computing the homology of G. Using a handle decompo-
sition of genus m [or a self-indexing Morse function with one minimum and one maximum]|, one can
obtain H,(N;Z) by a complex of left modules over Z[G], of the form

7[G] 22 zjG)™ 223 z[G)™ 2 7[q)

with
T, — 1
D, = s Ds=(1—1]-[ym—1).
Ty — 1
(z1, -+ ,xm) and (y1,- -, Ym) are generating systems for G. Since u # 0, we can reorder them so that

u(zm) and u(y.,) are nonzero, thus ,,, — 1 and y,,, — 1 are invertible in Z[G],,. Then we denote ¢ the
column (x; — 1);<pm and ¢ the line (y; — 1)j<m, so that

D1=( ¢ ) Dy = (] ym—1).

Ty — 1
Without using the contractibility of N , this complex gives a free resolution of Z over Z[G] up to
degree 2, thus Hy(G,u; R) ~ ker(01)gq), /im(02) rig], where we have changed the coefficients from
Z|G] to R[G],. By the contractibility of N, it is a complete free resolution, and G is a group with 3-

dimensional Poincaré duality, which can be expressed as follows. Denote w the orientation morphism
G — {1, -1}, and define modified adjoint isomorphisms

A= Zagg =\ = Zags(g)g_1 , A=(a; ;)" = (a;l)
g g

Then Poincaré duality can be expressed by the fact that C, is quasi-isomorphic to the complex
(Cr = C5_4,xDj_;). Note that (D7, D3, D%) has the same properties as (D1, D2, D3). Let us write

L
that Dém) = (A | C). Since 01 09y = 0 and J2 0 93 = 0, we have Do D7 = 0 and D3Dy = 0. Working

over Z[G]., we obtain

Dy = (A g) where A € My_1(Z[G)), L € Mym_1(Z[G]), C € Mp_1.1(Z[G]) and a € Z[G]. Note

— Ym) O = (1 — yp,) " HWAC(1 — 2,,) L.
These computations have the following consequence.
Proposition 7.1. Letu € H'(M;R)\ {0}, and let R be a commutative unital ring. The two following
properties are equivalent:
(1) u is fibered.
(2) The matriz A € M,,_1(Z[G]) becomes invertible in My,_1(R[G].).

Proof. By [Bieri-Neumann-Strebel 1987], (1) is equivalent to (H1(G,u; R) = 0). By Corollary 5.1,
this is equivalent to the left invertibility of (A | L) with R[G],-coefficients). Since L = (1 — y,,,) 1A,
(1) is equivalent to the left invertibility of A in M,,_1(R[G].).
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Since (D3, D3, D3) has the same properties as (Dj, Da, D3), this is also equivalent to the left
invertibility of A* in M,,—1(R[G]_.), i.e. the right-invertibility of A in M,,_1(R[G],). This proves
Proposition 7.1.

Remarks. In [Sikorav 2017] I proved that Z[G],, is always stably finite: an matrix A € M, (Z[G],) is
invertible if and only if it is left invertible. This is a well-known result of Kaplansky for Z[G], which
was proved by [Kochloukova 2006] for Z[G], when rk(u) = 1. With Poincaré duality, this allows to
prove (H1(G,u;Z) = 0 = H;(G, —u;Z) = 0) without using the results of Stallings and Thurston.

On the other hand, note that the stable finiteness of F,,[G] (and of F,,[G],,) is still an open question.

Proposition 7.1 reduces the proof of the main result to the following result of “finite detectability
of invertible matrices”.

Theorem 7.2. Assume that G is VRTFN. Let p be a prime andn € N. Let A € M,,(F,[G],,) be finitely
invertible as an element of M,,(F,[G],,), i.e. for every H<y.; G the image of A in M,,(F,[F,/H Nker uly)
is invertible. Then A is invertible in M, (Fp[Gl.).

Remarks. 1) The validity of Theorem 7.2 for a finite index subgroup Go C G implies its validity for
G: this follows from the fact that an n-matrix over F,[G],, can be represented by a (n.[G:Gy])-matrix
over [F,[Go] Thus it suffices to prove Theorem 7.2 when G is RTFN.

UGo

2) Theorem 7.2 is also true for M, (Z[G],), but not interesting for us and we do not prove it
here. If it were true for M,,(Q[G].), we would obtain our main result with the weaker hypothesis
AH(G,u) # 0. However, this fails miserably: if G = Z2 = (z,y), u(z) = 1, u(y) = 0, then 2 — y is
invertible in all Q[Z x Z/nZ], but is not invertible in Q[Z?].

8. FINITELY DETECTABLE FULL LEFT IDEALS

8.1. Definitions. A left R[G],-submodule M C (R[G],)" is finitely full if its image in every quotient
(R[G/(H Nkeru)lz)", H <y G, is equal to (R[G],)". In particular, for n = 1: a left ideal I C R[G],
is finitely full if its image in every quotient R[G/H Nkerul,, H <y;. G, is equal to R[G],. The group
ring R[G], has finitely detectable full left ideals if every left ideal I C R[G], which is finitely full is
equal to R[G],,.

Proposition 8.1. Assume that R[G], has finitely detectable full left ideals. Then every left R[G].,-
submodule M C (R[G]y,)™ which is finitely full is equal to (R[G],)".

Proof. For n =1, it is the hypothesis. Assume that n > 1 and the result is true for n — 1. Consider
the set I of A € R[G], such that there exists A1, -, \,_1 € R[G], with (A1, -+, Ap—1,\) € M.
It is a left ideal, and its image is full in every quotient R[G/H N keru], with H <y; G. Thus
I = R[|G],, i.e. M contains an element (A1, -+ ,\,-1,1). One has a direct sum decomposition
(R[G].)"™ = (R[G].)" ! @ R[G],x. Substracting u, = from every element (p1,- -, iu,) € M, one sees
that M = (M N (R[G],)" 1) @ R[G],x. Tt suffices to prove that M N (R[G].)""! = (R[G].)" L.
Clearly, M N (R[G],)" ! is a left submodule which maps onto every (R[G/H Nkeru])"~, H <z, G.
By the induction hypothesis, M N (R[G].)" ! = (R[G],)" ", qed.

Corollary 8.2. Assume that R[G], has finitely detectable full left ideals. Then for every n € N*,
M, (R[G].) has finitely detectable units.

Proof. If A € M,,(R[G],,) is finitely invertible, M = (R[G],)"A is finitely full. Thus M = (R[G],)",
ie A is right invertible. Similarly, the adjoint A*, defined here via (Z agg)” = Z agg~', is right

geG geG
invertible. Thus A is left invertible, thus it is a unit, qged.
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Proposition 8.3. Let I' C G be a finite index subgroup such that R[F]u|r has finitely detectable full
left ideals. Then R[G], has finitely detectable full left ideals.

Proof. We can assume that I' is normal. Using a section o : G/T' — G, we have an isomorphism of
R[]y, .-modules
[ (R[F]u‘r)g/r ~ R[Glu, (ag)gec/r — Z aqo(q).
q€G/T
Let I C R[G],, be a residually full left ideal. By the above isomorphism, we associate to I a submodule
M C (R[F]ulF)G/F. Let H <y; G, and set H; = H NT. Then the isomorphism of R[], .-modules

R[G], — (R[F}H‘F)G/F induces an isomorphism of R[I'/H;|z-modules
R[G/H Nkeru]g — (R[I'/Hy Nker U]E)G/F~

By hypothesis, the image of I in R[G/H Nker uly is full, thus the image of M in (R[['/H; Nker u])&/T
is full. Since R[], has finitely detectable full left ideals, M = (R[[],,.)¢/, thus I = R[G],, qed.

9. THE CASE OF NILPOTENT GROUPS

In this section we prove the following result.
Proposition 9.1. If G is nilpotent, F,[G], has finitely detectable full left ideals.

Corollary 9.2. If G is nilpotent, every matriz in M, (F,[G].) [not only in M, (F,[G]) which has an
invertible image in all M, (F,[G/H Nkeruly), H <5, G, is invertible.

Proof. We can assume that G is finitely generated. We argue by contradiction, thus we assume that
I is a finitely full left ideal in FF,[G],, which is not full.

I is contained in a maximal ideal I7, without the axiom of choice since it is not difficult to prove
that R[G], is left Noetherian if R is Noetherian and G polycyclic (in particular, finitely generated
and nilpotent): one follows the proof by [Hall 1954] that R[G] is left Noetherian, which itself it close
to the proof that R[t] is Noetherian if R is Noetherian.

Then I is again a finitely full left ideal in F,[G],, which is not full, thus we can assume that I is
maximal. Thus M := (F,[G],)/I is a simple F,[G],-module. Set
Mo = (Fplkeru]) /(I NFy[keru)),

which is a sub-F, [ker u]-module of M. Then

oo
M= {Zgimi | m; € Mo, g; € G and u(g;) — —I—oo}.
=0
which implies that M, is simple over F,lkeru]: if M is a submodule of Mg over F,[keru], one
deduces a submodule M’ over F,,[G],, by restricting m; € M.

By [Hall 1959], since M is simple over F,[G ker u] and kerwu is finitely generated and nilpotent,
My is finite, thus isomorphic to I [ker u/Hg] with Hy <f; keru. Since G is finitely generated and
nilpotent, up to diminishing Hy there exists H <y ; G such that Hy = H Nkeru, thus M is a quotient
of F\,|G/H Nker ulg. Since I has a full image in IF,,[G/H Nker ulg, it has a full image in M, i.e. M =0,
contradiction. This finishes the proof of Proposition 9.1.
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10. BI-INVARIANT ORDER ON A RESIDUALLY TORSION-FREE NILPOTENT GROUP

Here we assume that G is residually torsion-free nilpotent (RTFN). Equivalently, if (v, (G)) is the
lower central series,

Grn =V Wm(G)={zeG|(Fm>0) 2™ € (G)}
is a subgroup and one has ﬂ G, = {1}. Note that G,, is normal, G/G,, is torsion-free nilpotent and
neN
G /Gy is torsion-free Abelian. Since G is finitely generated, v, (G) is finitely generated. Moreover,
Gn/vn(G) is the torsion of the nilpotent group G/v,(G), thus it is also finitely generated. Thus
G /Gry1 is finitely generated, and thus is free Abelian and injects in R.

10.1. Bi-invariant order on G. Recall that a bi-invariant order on a group H is a total order
relation on H which is left and right-invariant, ie

x<y= (Vz) za < 2y, 2z < yz.

(This is often called simply an order) Such an order is defined by giving its positive cone H™ = {z €
H | z > 1}, which is any subset P C G satisfying

PPCcP,G=PIUP'1I{l}, (Vx€G)zPx ' =P.
The relation = > y is then defined by zy~! € P, equivalently y 'z € P.
Following [Eizenbud-Lichtman 1987], we define a bi-invariant order on G as follows.

1) One first constructs by induction on n a bi-invariant order on G/G,,, using the following facts:

(1) A finitely generated free Abelian group can be embedded in R, inducing a bi-invariant order.

(2) If Hy — H — H, is an extension with Hy, Hy having a bi-invariant order and Hy C /Z(H),
one orders H lexicographically via a section s : Ho — H : an element z € H can be uniquely
written & = his(he), and we say that © > 1 if hg > 1 or hg = 1 and h; > 1. Using
H, C \/Z(H), it is easy to see this is a bi-invariant order: the key point is that if h; > 1 and
h € H, then for some m > 0 we have hh{*h= = A" > 1, thus hy > 1.

For n = 0, the result is obvious, and for n = 1 it is the first fact. If it holds for n — 1, G/G,—1 and
Gn-1/Gy admit bi-invariant orders. Since we have an extension G,_1/G, — G/G, — G,_1 and
Gn_1/Gn C/Z(G/G,), the second fact implies the result for n.

2) Let (G/Gy)" be the cone of positive elements for a bi-invariant order on G/G,,, and m,, be the
projection Gp,—1 — Gp—1/Gy. We define a bi-invariant order on G with positive cone

Gl =m ((G/Gn)" N (Gro1/Gr)) C Gyt \ G
o0
Then we define a “lexicographical” order on G with positive cone G+ := H G;t. In other words, an
n=1
element x € G is > 1 if and only if its first nontrivial image in a subquotient G,,_1/G,, is > 1. It is
clear that G is indeed the positive cone of a bi-invariant order on G.

10.2. Mal’cev-Neumann completion, comparison with Novikov. We recall a celebrated result
of A.I. Mal’cev and B.H. Neumann: if G is a bi-invariantly ordered group and K a field, the formal
series

K(G) :={) € K[[G]] | supp(}) is well-ordered}
form a skew field (or division ring) for the natural operations, containing K[G] as a subring.

In presence of a nonzero morphism v : G — R, following [Kielak 2018], we shall require the order
to be compatible with « in the sense that (u(z) > 0 = x > 1). This is possible by changing the
definition of (G),), setting
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o GV =keru
o G =Gp_1ifn>2.
and defining the order on G/G1 by embedding it in R via @ induced by u. The interest of this is that

we then have
K[G]., C K(G).

10.3. Subfield with controlled coefficients. We shall work mostly in a subfield of K(G), intro-
duced by [Eizenbud-Lichtman 1987], which contains K[G]: by definition,

Sk(G) = | K[GaJ(G/Gn),
n=1

where
K[GoJ(G/Gr) = {A€ K[[G]|| > Nt , M € K[G,] , t €T},
teT
where T is a well-ordered subset of some transversal T, of G,, in G (clearly, this does not depend on
the choice of T},). This is clearly a subring of K(G), which contains K[G].

Proposition 10.1. ([Eizenbud-Lichtman 1987], Proposition 4.3) Sk (G) is a subfield of K(G).

We provide a proof of this proposition since that of Eizenbud-Lichtman is incorrect (I thank Andrei
Jaikin for alerting me about this).
We can choose the transversals so that 7,, C T,4+1. We have to prove that every nonzero A €

K[G,)(G/Gy,) is invertible in K[G,](G/Gy,) for m large enough. We can assume that A = Z Ast,

teT
with T' a well-ordered subset of T,,, minT = 1 and A; # 0. And also (since K is a field) that

A =14a191+ - +aggr, with a; € K, g; > 1. Then for m > n large enough, ¢; ¢ G, thus g; = v;t;
with v; € G,, and t; € T,,, N GT. Thus

k
A=1+ Z aivit; + Z Aet.
i=1 teT\{to}
Moreover, M\t € K[G,,|F; where F} is a finite subset of T,,, with t < t' = F; < Fy (every element of
F; is less than every element of Fy/). Since T is well-ordered, T' = {t1,- -+ ,t; }U U F; is a well-ordered
teT
subset of T}, N GT, and we have

A=14 qut, pe € K[G).
teT
Thus in K(G) we have
)\_1:1—2//%'6_’_._}'_(_1)7. Z Mtltl...’u]trt’,‘_i'_..._
teT by, tr€T

Each product g, ¢y - - - e, tr can be rewritten vyt with vy € K[G,] and ¢ € (T)* (a positive word in T).
By the proof of Mal’cev-Neumann [cf. [Passman 1977], Lemma 2.10 p.599-601], (T')" is well-ordered

~

and every element belongs to at most finitely many sets (7). Thus we obtain
A_l =1+ Z ot . oy € K[Gm],
te(T)+

thus A7 € K[G.,](Gm), qed.
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Since the projection supp(\) — G/G,, has finite fibers for A € K[G,|(G/G,,), we have the

Proposition 10.2. The projection supp(A) — G/G,, has finite fibers, thus there is a well-defined
morphism

A € K[G,J(G/G,) — X € K{(G/G,,)
which extends the natural morphism K[G| — K[G/G,].

In presence of u, we have the following

Corollary 10.3. If A € K[G,](G/G,,) and X € K[G/G]x, then X € K[G],.

Proof. Let ¢ € R. By hypothesis, supp(A\) N{u < ¢} is finite. Since supp(A) — G/G,, has finite fibers,
supp(A) N {u < ¢} is finite, thus A € K[G],,.

11. PROOF OF THEOREM 7.2

By Remark 1 after the statement of Theorem 7.2, it suffices to treat the case when G is RTFN. We
fix K =T, and we define the order, K(G), Sk(G) and K[G,](G/Gy) as in the previous section. We
assume (u(z) > 0=z > 1), thus K[G], C K(G).

Let A € M,,(K[G]) such that every image in M,,(K[G/(H Nkeruly) (for H <;,;. G) is invertible.
We want to prove that A is invertible in M,,(K[G],,).

We first prove that A is invertible in M,, (S (G)). Assume the contrary, then since Sk (G) is a skew
field, there exists L = (A1 -+ |\,) € M1, (Sk(G)) \ {0} such that LA = 0. By Proposition 10.2, for
N large enough the image L € K(G/Gy) is well-defined and nonzero, and we have LA = 0, where A
is the image of A in M,,(K(G/Gx)).

Thus A is not invertible in M,,(K(G/Gy)). A fortiori A is not invertible in M, (K[G/Gn]z).

Since G/Gy is nilpotent, Corollary 9.1 implies that for some H/G), <y; G/Gy, the image of A is
not invertible in M,,(K[(G/G,)/((H/H,) Nkeru)lz). Since (G/G.)/((H/H,) Nkerw) is naturally
isomorphic to G/((G,H) Nkeru), we get a contradiction.

Finally, let B be the inverse of A in M, (Sk(G)), there remains to prove B € M,,(K[G],). By
Corollary 10.3, B has a well-defined image B € M,,(K(G/Gx)), and AB =1,, = BA. Thus B is the
inverse of A € M,,(K{(G/Gy)). Since A is invertible already in M,,(K[G/Gn].), B € M, (K[G/GN]4).
By Corollary 10.3, B € M,,(K[G]4), qed.
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