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ON THE WELL-POSEDNESS OF THE
HALL-MAGNETOHYDRODYNAMICS SYSTEM IN CRITICAL
SPACES

RAPHAEL DANCHIN AND JIN TAN

ABSTRACT. We investigate the existence and uniqueness issues of the 3D in-
compressible Hall-magnetohydrodynamic system supplemented with initial ve-
locity up and magnetic field By in critical regularity spaces.

In the case where ug, Bp and the current Jp := V X By belong to the homo-

.31
geneous Besov space B;l , 1 < p < o0, and are small enough, we establish a
global result and the conservation of higher regularity. If the viscosity is equal
to the magnetic resistivity, then we obtain the global well-posedness provided

ugp, Bo and Jo are small enough in the larger Besov space B;T, r > 1. If
r = 1, then we also establish the local existence for large data, and exhibit
continuation criteria for solutions with critical regularity.

Our results rely on an extended formulation of the Hall-MHD system, that
has some similarities with the incompressible Navier-Stokes equations.

1. INTRODUCTION

We are concerned with the following three dimensional incompressible resistive
and viscous Hall-magnetohydrodynamics system (Hall-MHD):

Ou+div(u®u)+ VP = (V x B) x B+ pAu, (1.1)
divu =0, (1.2)
B =V x ((u—hV x B) X B) + VAB, (1.3)
supplemented with the initial conditions
(u(0,z), B(0,z)) = (ug(z), Bo(x)), =z €R3. (1.4)

The unknown vector-fields u = u(t,z) and B = B(t, ), and scalar function P =
P(t,z) with t > 0 and = € R3 represent the velocity field, the magnetic field and the
scalar pressure, respectively. The parameters p and v are the fluid viscosity and the
magnetic resistivity, while the dimensionless number h measures the magnitude of
the Hall effect compared to the typical length scale of the fluid. In accordance with
([T2), we assume that divug = 0 and, for physical consistency, since a magnetic
field has to be divergence free, we suppose that div By = 0, too, a property that is
conserved through the evolution.

The above system is used to model the evolution of electrically conducting fluids
such as plasmas or electrolytes (then, u represents the ion velocity), and takes into
account the fact that in a moving conductive fluid, the magnetic field can induce
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currents which, in turn, polarize the fluid and change the magnetic field. That
phenomenon which is neglected in the classical MHD equations, is represented by
the Hall electric field Ey := hJ x B where the current J is defined by J :=
V x B. Hall term plays an important role in magnetic reconnection, as observed in
e.g. plasmas, star formation, solar flares, neutron stars or geo-dynamo (for more
explanation on the physical background of the Hall-MHD system, one can refer to
[17, (4] 13, 14, 18, [19]).

Despite its physical relevance, the Hall-MHD system has been considered only
rather recently in mathematics, following the work by Acheritogaray, Degond, Frou-
velle and Liu in [I] where the Hall-MHD system was formally derived both from a
two fluids system and from a kinetic model. Then, in [§], Chae, Degond and Liu
showed the global existence of weak solutions as well as the local well-posedness for
initial data ug and By in Sobolev spaces H® with s > 5/2. Weak solutions have
been further investigated by Dumas and Sueur in [I2] both for the Maxwell-Landau-
Lifshitz system and for the Hall-MHD system. In [9] 25], Serrin type continuation
criteria for smooth solutions and the global existence of strong solutions emanating
from small initial data have been obtained. In [2], it has been observed that the
possible blow-up of smooth solutions may be controlled in terms of the velocity only.
More well-posedness results of strong solutions for less regular data in Sobolev or
Besov spaces, have been established in [5], [20] and [21], and the convergence to the
MHD system with no Hall-term for h — 0 has been addressed in [24]. Examples of
smooth data with arbitrarily large L°° norms giving rise to global unique solutions
have been exhibited very recently in [15].

Our main goal here is to establish the well-posedness of the Hall-MHD system
with initial data in critical spaces. In contrast with the classical MHD system (that
corresponds to h = 0) however, the system under consideration does not have any
scaling invariance owing to the coexistence of the Hall term in (I3 and of the
Lorentz force in ([I.I]), and we have to explain what we mean by critical regularity.

On the one hand, for B = 0, the Hall-MHD system reduces to the incompressible
Navier-Stokes:

u+ (u-V)u+ VP = pAu,
(NS) divu =0,
uli=0 = uo,
which are invariant for all A > 0 by the rescaling
u(t,z) ~ (Nt x) and  P(t,z) ~ NP\, \x) (1.5)
provided the initial velocity wug is rescaled according to
uo(x) ~ Aug(Az). (1.6)

On the other hand, if the fluid velocity in (L3) is 0, then we get the following Hall
equation for B:

(Hall)

0B+ hV x ((V x B) x B) =vAB,
Bli=o = B,

which is invariant by the rescaling

B(t,z) ~ B(\t,\x) (1.7)



provided the data By is rescaled according to
Bo(x) ~ Bo(Ax). (1.8)

Therefore, if h > 0 and if we neglect the Lorentz force in (II)), then it is natural
to work at the same level of regularity for v and VB, while for h = 0 (the classical
MHD system) u and B have the same scaling invariance.

The way to reconcile the two viewpoints is to look at the current function J =
V x B as an additional unknown. Now, owing to the vector identity

V x (V xv)+ Av=Vdivwv (1.9)
and since B is divergence free, we have AB = —V x J, whence

B =curl ' J:=(—-A)"V x J,
where the —1 order homogeneous Fourier multiplier curl ™" is defined on the Fourier

side by

~

& X J
Flewl 1 J)(€) = % (1.10)
With that notation, one gets the following extended Hall-MHD system:
Ou~+ div(u @ u) — pAu+ VP = (V x B) x B,
divu = 0,
(1.11)

OB -V x ((u—hJ)x B) —vAB =0,
O =V x (V x ((u—hJ) x curl "J)) — vAJ = 0.

In contrast with the original Hall-MHD system, the above extended system has
a scaling invariance (the same as for the incompressible Navier-Stokes equations).
Studying whether the Hall-MHD system written in terms of (u, B, J) is well-posed
in the same functional spaces as the velocity in (IV.S), and if similar blow-up criteria
and qualitative behavior may be established is the main aim of the paper.

Notation. We end this introductory part presenting a few notations. We denote
by C' harmless positive ‘constants’ that may change from one line to the other,
and we sometimes write A < B instead of A < CB. Likewise, A ~ B means that
C1B < A < CyB with absolute constants C1, C. For X a Banach space, p € [1, 0]
and T € (0, 0o}, the notation LP(0,T; X) or L%.(X) designates the set of measurable
functions f : [0,T] — X with ¢t — ||f(¢)||x in LP(0,T), endowed with the norm
[~ [lzz.x) = [lll - lIx[|Le(o,r)- For any interval I of R, we agree that C(I; X) (resp.
Cp(I; X)) denotes the set of continuous (resp. continuous and bounded) functions
from I to X. We keep the same notation for functions with several components.

Acknowledgments. The authors are indebted to the anonymous referees for their
wise suggestions that contributed to improve the final version of this work. The
first author is partially supported by the ANR project INFAMIE (ANR-15-CE40-
0011). The second author has been partly funded by the Bézout Labex, funded by
ANR, reference ANR-10-LABX-58.
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2. MAIN RESULTS

It is by now classical that the incompressible Navier-Stokes equations are well-
posed (locally for large data or globally for small data) in all homogeneous Besov
3

spaces B,ﬁ;l with 1 <p < ooand 1 <r < oo, see [7,[10]. Similar results have been
obtained for the standard incompressible MHD system (that is with no Hall term)
by C. Miao and B. Yuan in [I6]. According to the scaling considerations of the
above paragraph, it is natural to look for similar results for the Hall-MHD system
written in its extended formulation (IT)).

Let us first consider the case of positive general coefficients u, v and h, for data
.3
(uo, Bo, Jo) in B}, g Following the paper [10] by J.-Y. Chemin dedicated to the
incompressible Navier-Stokes equations, we introduce for T' > 0, the space
.3 .3
Ep(T)::{z ec(o,1], B, "), V22 € L'0,T; B2, ) and div, 2= 0}

L3
and its global version £, (with z € Cy(Ry; B, 1)) if T' = +oo.

Our first result states the global well-posedness of the Hall-MHD system for

.3 1
small data in B, , and conservation of higher order Sobolev regularity for any
positive coefficients p, v and h.

.3_
Theorem 2.1. Let 1 < p < oo and (ug, By) € By ! with divug = div By = 0 and

.3 1
Jo:=V x Bg € By, . There exists a constant ¢ > 0 depending only on p and w/v
such that, if
luoll .5+ +[Boll .52 +hllJoll 31 < cp, (2.1)
BP BP BP

p,1 p,1 p,1

then the Cauchy problem (LI)-(L4) has a unique global solution (u, B) € E,, with
J =V x B € E,. Furthermore,

lulls, + I1Blle, + 2l /|5, < 2cp. (22)
If, in addition, ug € H® and By € H" with

3 3
- —1<s<r and —<r<1l+s, (2.3)
p p

then (u, B) € Cp(Ry; H® x H"), Vu € L*(R4; H®) and VB € L*(Ry; H") and the
following energy balance is fulfilled for all t > 0:

t
lu®)lZ2 + I B@OIZ + 2f0 (el VullZe + v VBT2) dr = |luollZz + [ BollZz. (24)

Finally, in the case where only Jo fulfills 21), there exists some time T > 0 such
that (LI)-TA) has a unique local-in-time solution on [0, T with (v, B, J) in E,(T),

and additional Sobolev regularity is preserved.

Remark 1. For h going to 0, we recover the same smallness condition as in the
paper [16] dedicated to the MHD system with no Hall-term.
Remark 2. Whether the smallness condition on Jy may be omitted in the context

.31
of general critical regularity spaces B, ; is an open question. The difficulty not

only comes from Hall term but also from the coupling between u and B through
the term V x (u x B). For essentially the same reason, we do not know how to solve

.31
the system in Bf, if r > 1, unless p = 2 and 1 = v, as we shall see later on.
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The key to the proof of Theorem [Z1] is to consider the extended Hall-MHD
system (LIT), suitably rewritten in the form of a generalized Navier-Stokes system
that may be solved by implementing the classical fixed point theorem in the Banach
space E,. In order to derive an appropriate formulation of the system, we need to
use some algebraic identities. The first one is that for any couple of C'' divergence
free vector-fields v and w on R3, we have

w- Vv =div(v ® w), where (div(v® w))j:: O (v wh). (2.5)

E
Il w
—

Observe also that

2
(wa)xwz(w-V)w—V(%)- (2.6)

Hence, setting Q := P + | B|?/2, equation ([LT)) recasts in
O+ div(iu @ u) + VQ = div(B ® B) + pAu. (2.7)

After projecting (27)) onto the set of divergence free vector fields by means of the
Leray projector P :=1d — V(—A)~div, we get

0w — pAu = Qo(B, B) — Qu(u,u), (2.8)
where the bilinear form @, is defined by
Qa(v, w):z%?’(div(v ® w) + div(w @ v)).
Next, by using the identity
Vx(wxv)=v-Vw—w- Vo, (2.9)
one can rewrite Hall term as
Vx(JxB)y=B-VJ—-J-VB.
Hence, combining with ([Z3]), equation (L3)) recasts in
0B — vAB = Qu(B, hJ — u),
where
Qp(v,w):=div(v @ w) — diviw ® v) = w - Vv — v - Vw,
and the equation for J may thus be written
O J — hAJ =V x Qp(curl 'J, hJ — u).
Altogether, we conclude that the extended Hall-MHD system ([LIT]) recasts in
Oru — pAu = Qu(B, B) — Qu(u,u),
B — vAB = Qu(B,hJ — u),
O —vAJ =V x Qpcurl 'J, hJ — u),
(u(0,2), B(0,z), J(0,2)) = (ug, Bo, Jo)-
Set U := (U1,Us,Us) with Uy := u, Uz := B and Usz := J. Then, (2I0) may be

shortened into:

{atU — AU =QU,U), pAu

(2.10)

with A, U := vAB 2.11
Uli=o = U, " vAJ ( )
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and where Q : R3 x R? — RY is defined by

Qa(%;WQ) - Qa(‘/lawl)
QV.W):= Qp(Va, hW3 — Wh) - (2.12)
V x Qp(curl ' Vs, hWs — W)

The gain of considering the above extended system rather than the initial one is
that it is semi-linear, while the Hall-MHD system for (u, B) is quasi-linear. The
quadratic terms in the first two lines of (ZI1]) are essentially the same as for the
incompressible Navier-Stokes equation. Owing to the Hall-MHD term in the last
line however, one has to go beyond the theory of the generalized Navier-Stokes
equations as presented in e.g. [3] Chap. 5] since the differentiation is outside instead
of being inside the first variable of @, (this actually prevents us from considering
3

.31
large Jy’s and to handle regularity in Besov spaces By, with r > 1).

In the casd] 1 = v, there is a cancellation property that eliminates the Hall
term when performing an energy method, so that one can obtain better results. In

.1
particular, one can prove the local well-posedness for general large data in Bj ; and

the global well-posedness for small data in all spaces BQ% » with r € [1, 00].

In order to explain where that cancellation comes from, let us introduce the
function v := w — hJ (that may be interpreted as the velocity of an electron, see
[17] page 5). Recall the following vector identities:

V(w-z)=(Vw) 2+ (V2)Tw and (Vw — (Vw)T)z = (V xw) x 2,
where (Vw);; := 9w’ for 1 < 4,5 < 3.
Hence, combining with (2.9) yields
Vx(wxz)=z-Vw—w-Vz
= (Vw — (Vw)D)z + (Vz = (V2)w — 2w - Vz + V(v - 2)
=(Vxw)xz+(Vxz)xw—2w-Vz+ V(w- z). (2.13)
Then, applying Identity (ZI3]) to the term V X (v x B), equation (L3) turns into
0B —pAB = (Vxv)xB+Jxu—2v-VB+V(v-B).
Taking h - curl of the above equation, and subtracting it from (27, we get
0w — pAv=B-VB —u-Vu—hV x ((V xv) x B)
+hV x (ux J) 4+ 2hV x (v-VB) = VQ.

Therefore, since hJ = v—u, in terms of unknowns (u, B, v), the extended Hall- MHD
system reads

Ou— pAu=B-VB —u-Vu—VQ,
divu =0,
B — uAB =V x (v X B), (2.14)
0w —pAv=B-VB—u-Vu—hV x ((Vxv)x B)
+V x (vxu)+2hV x (v-VB) - VQ.

1That is made in most mathematical papers devoted to the Hall-MHD system even though it
is not physically motivated.



The only quasilinear term cancels out when performing an energy method, since
(Vx ((Vxwv)x B),v)rz =0. (2.15)

After localization of the system by means of the Littlewood-Paley spectral cut-off

operators A; defined in the Appendix, the above identity still holds, up to some

lower order commutator term. This will enable us to prove the following local
1

well-posedness result for large data in the critical Besov space B; 1, together with
blow-up criteria involving critical norms.

1
Theorem 2.2. Assume that y = v. For any initial data (uo, Bo) in Bg, with

divug = divByg = 0 and Jy := V X By € Bil, there exists a positive time T
such that the Cauchy problem ([LI)-(TCA) has a unique solution (u, B) € Eo(T) with
J =V xB € Ey(T). Moreover, if the maximal time of existence T* of that solution
is finite, then

[ 1B B d = o (2.16)
jOT I, B.YB)O)] 5 dt = oc (2.17)

and, for any p € (2, 00), |
[ 1 BB 5, dt = (2.18)

0,00

.1
Still for p = v, one can prove well-posedness in any critical space By, with
r € [1,00]. Then, the components of the solution will belong to the following spaceE:

Eg)T(T):z{v € 5T(B2%7T), Vv e flT(Bér) and dive = 0},
where the letter T is omitted if the time interval is R .

1
Theorem 2.3. Assume that p = v. Consider initial data (uo, Bo) in B3, with

divug = divBy = 0 and Jy := V X By € BQ%T for some r € [1,00]. Then, the
following results hold true:

(1) there exists a universal positive constant ¢ such that, if

ol 3 +11Boll 3+ llwo = Aol 5 < en (2.19)

1 1
2 3
2,7 2,r 2,7

then the Hall-MHD system has a unique global solution (u, B) with (u, B, J)
m E27T.
(2) If only ||u0—hJ0||B% < cpi, then there exists T > 0 such that the Hall-MHD

2,r

system has a unique solution (u, B) on [0,T], with (u,B,J) in Es,(T).

Remark 3. Observe that for h = 0, one recovers the statement of [I6] pertaining to
the classical incompressible MHD system.

The rest of the paper unfolds as follows. The next section is devoted to the proof
of Theorem 211 In Section dl we focus on the case ;1 = v and prove Theorem
by taking advantage of the cancellation property pointed out above. The proof of

2The reader may refer to Definition [A3] for the definition of ‘tilde spaces’
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Theorem is carried out in Section Bl For the reader’s convenience, results con-
cerning Besov spaces, Littlewood-Paley decomposition and commutator estimates
are recalled in Appendix.

3. WELL-POSEDNESS IN GENERAL CRITICAL BESOV SPACES WITH THIRD INDEX 1

The present section is dedicated to proving Th. 211 Before starting, a funda-
mental observation (that will be also used in the next sections) is in order: the
triplet (u, B, P) satisfies the Hall-MHD system (I))-(3) with coefficients (u, v, h)
if and only if the rescaled triplet:

(@ B, P)(t,z) == %(u,B, %P) (%Qt,hx) (3.1)

satisfies ([I))-(3) with coefficients (1,1,v/u).

Consequently, taking advantage of the scaling invariance of the homogeneous
Besov norms (see Proposition [A22] (vi)), it is enough to prove the statement in the
case where the viscosity u and the Hall number h are equal to 1.

For expository purpose, we shall assume in addition that the magnetic resistivity
v is equal to 1 (to achieve the general case it is only a matter of changing the heat
semi-group in the definition of B in (3] below accordingly).

Throughout this section and the following ones, we shall repeatedly use the fact
that, as a consequence of Proposition (vii), one has the following equivalence
of norms for all s € R and (p,7) € [1, +00]?:

IVBlg, ~ 1715, and VBl = ]l (3.2)

In order to establish the global existence of a solution of the Hall-MHD system
in the case of small data, we shall first prove the corresponding result for the
extended system (ZIT]). It relies on the following well known corollary of the fixed
point theorem in complete metric spaces.

Lemma 3.1. Let (X,| - |x) be a Banach space and B : X x X — X, a bilinear
continuous operator with norm K. Then, for all y € X such that 4K |yllx < 1,
equation

x=y+ Bz, x)

has a unique solution x in the ball B(0, 5%). Besides, = satisfies | x| x < 2[ly[|x.

We shall take for X the set of triplets of (time dependent) divergence free vector-
fields with components in £, endowed with the norm

Viix == 1IVI s + VIl -
Ll( P Io°

.3 _
prl ) (Bpp,l )

Let (€'®);>0 denote the heat semi-group defined in ([(A.3)). We set y : ¢ — e*AUp
and define the bilinear functional B by the formula

BV.W)(0) = [ e IAQ(vV, W) dr. (3.3)

By virtue of (A22), System (2.I1)) recasts in
Ut) = y(t) + B(U,U)(t). (3.4)
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In order to apply Lemma [B.1] it suffices to show that y is small in X, and that
B maps X x X to X. The former property holds true if Condition 2.1J) is fulfilled
for a small enough ¢ > 0, as Proposition [A4] ensures that y belongs to X and that

lyllx < CllUo|l 51
BY

In order to prove the latter property, one can use the fact that, by virtue of
Identity ([2.5]), Proposition [A2] (i), (iii), (vii), and Inequality (A.6]), we have

[diviv@w)|| s, Slvew| . s
P BP

p,1 p,1

Sl s flwll
B B

I,
, (35)

1

3 3
P P
p,1 P,

[div((curl ') @ w)|| s = |lw- V(curl 'v)| s
B?, BP
< [Vewl Yo

B

T e

B

Sl s
B

SRS

1 1
Sl ol ol 5.

p,1 p,1 p,1 p,1

]l (3.6)

H
03-

W o= Sske
=

1

2
3, [w]] .
P

and, since div(curl 'v) = 0, owing to Proposition [A2 (viii),

[|div(w @ (curl™'v))| .

3 = ||(cur171v) V| 2
B?, BP

p,1

< flewrl o] s ([ Vul s

B?, BY,

Sloll, sl g (37)
p,1 ,1

.3
Hence, integrating on R and observing that the Leray projector P maps B/,
to itself according to Proposition (vii), we get

1Qa(v,w)| 5, <|divlv®w)+diviw@v)| s,
LI(B;1 ) Ll(BpP’l )

S vllxllwll x, (3.8)
v, W 3, = ||div(v ® w) — div(w ® v 3_
[|Qu( )IILI(Bgll) [|div( ) — div( )IILI(lel)

S vllx lwllx, (3.9)

[V x Qp(Curl™ o, w)| = < 1Qs(Curl ™', w)||

LVBP, LB
Sldiv((Cul ™ ) @ w)|| s+ [|div(w ® (Curl ")) s
LY (B ) LU (BE )
Slvllx[Jw]) x- (3.10)

Now, by definition of B(V, W), we have
OB(V.W) = AB(V, W) = Q(V, W),
B(V,W)|t=o = 0.
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Hence, by Proposition [A4] and the definition of Q in ([ZI2), we get

BV, W)llx S 1Qa(Va; Wa) = Qa(Vi, Wi)|| s,
LY By, )
HQu(Va, Wa = W) sy +[IV x Qulewl™ Vo, W = W) s,
LI(B;’1 ) Ll(BpP’l )
Remembering (B.8)-(BI0), one can conclude that B maps X x X to X. Hence,
System (2.I1]) has a global solution (u, B,J) in X.

For completing the proof of the global existence for the original Hall-MHD sys-
tem, we have to show that if Jo = V x By, then J = V x B so that (u, B) is indeed
a distributional solution of (LI)-(T4). Now, we have

(0 =AYV xB—=J)=V x Qp(curl *(V x B—J),J —u).

.3

Remember that J—u belongs to L2 (B;f,l) (use interpolation for the space regularity
.3

and Holder inequality for the time variable), that J and w are in L7.(B}, 1) for

.3 1 .31
all T > 0 since they are in L>(B}, ) and observe that V x B is in L*(B;, )
Therefore, from the definition of Q), the properties of continuity of operator curl

and product laws, we gather that V x Qy(curl *(V x B—.J), J —u) is in L} (Bp )
for all T > 0. Because (V >< B J)|t=0 = 0, Proposition [A.4] thus guarantees that

V x B—Jisin C([0,T]; Bp ) for all T' > 0. Furthermore, we have

I(V > B = DD 3 +f IV B

E'@\w

,1

<cf 17 =l 2 ||V><B—J||B%,1dt.
p p,1

The right-hand side may be handled by means of an interpolation inequality: we
get for all € > 0,

|[J—ul|l 2 |[VxB— J|| _ <e|VxB-— J||

pl

E‘lllJ—UII? ||V><B Il a2

3
p
p Pl

F‘dl.»
me

1
Hence, taking e small enough, then using Gronwall lemma ensures that ||(V x B —

J)(t )|| 3., =0, whence V.x B—J =0a.e. on Ry x R3. This yields the existence
part of T heorem 2 in the small data case.

Let us explain how the above arguments have to be modified so as to prove local
existence in the case where only Jy is small. The idea is to control the existence
time according to the solution U” of the heat equation:

Ut — AU =0,
{Uth o = Up.
By Proposition [A4] we have
[ < Clldoll a s (3.11)
F(BY, )

7 \Bp,1 pl

and, using also the dominated convergence theorem yields
2_, =0, whenever 1 < p < 0.

lim ||UL|| 3,2
T—0 (B;) P
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Clearly, U is a solution of ([ZI1)) on [0,7] x R? with data Uy if and only if
U:=U'+U (3.12)
with, for all ¢ € [0, T,

t ~ ~ ~ o~
U(t) = | e D2QU,U") + QU™ T) + Q. 1) + QU™ U)) dr.
Then, proving local existence relies on the following generalization of Lemma [B.11

Lemma 3.2. Let (X,| - ||x) be a Banach space, B : X x X — X, a bilinear
continuous operator with norm K and L : X — X, a continuous linear operator
with norm M < 1. Let y € X satisfy 4K||y||x < (1 — M)2. Then, equation

x=y+ L(x) + B(z,z)

17M)

has a unique solution x in the ball B(0, 55~ )-

Take B as in [3.3), set y := B(UX,UL) and define the linear map £ by
L(V):=B(V,U") +BU*, V). (3.13)
Our problem recasts in N B L
U=y+LU)+BU,U). (3.14)
For X, we now take the space (denoted by Xr) of triplets of divergence free vector-

fields with components in E,(T"). Then, arguing as for getting ([3.0), (3.0]), integrat-

ing on [0, T] and using Cauchy-Schwarz inequality, we get
[|div(v@w)| s, + ||div(curl 'v @ w)
Ly (B,

Hence, using also (877) and the definition of B(V, W), we end up with

s Sl

s s Jll |
LL(BP)) 2(BP)) L

3
7By 1)

1BV W)lxr SV, s Wi

3 3

L3.(BF,) L3(B},)

FAWAl s Wl s )IVAL s (315)
L3 (By Ly (B ) LFE(By: )

For justifying that £ defined in (313) is indeed a continuous linear operator on X
with small norm if T — 0, the troublemakers in the right-hand side of BI5]) are

@l e I s and ) e E] s
LT(BPVI ) LTO?(BPJ ) LT(Bp,l ) L;‘O(Bp,l )
since, for large Jy, the term ||JE|| .31 need not to be small. One thus have
LE(Byy

to assume that ||Jo|| . 3, is small so as to guarantee that the norm of £ is smaller
B

than 1 for T small enough. Then, one can conclude thanks to Lemma [B.2] to the

local-in-time existence statement of Theorem 211

To prove the uniqueness part of Theorem 2.1l Consider two solutions (u!, B!)
and (u?, B?) of (LI)—(L3) emanating from the same data, and denote by U' and
U? the corresponding solutions of the extended system (2.I1)). Since one can take
(with no loss of generality) for U? the solution built previously, and as || Jo ”B 31 <c

p;1
is assumed, we have

72| x, < 2c. (3.16)
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Denoting & := U2 — U*!, we find that &U satisfies
KU — A = Q(U?,&U) + Q(aU, UY)
with U |;=0=0, and thus
U =BU* ) + B(U,UY).
Arguing as in the proof of (BI5) yields

3 Jeo

T T
2 < 2 2
IBO™ @)l S Jy 1020 s 101yt 120 s |

3
P
p,1

e

<[ @it
~Jo T Y

p,1 p,1

whence there exists C' > 0 such that for all n > 0,

IBU?,&)lxr < (n+CI2IL s )NV s
LFE(BYy ) Ly(Byy )

1 (7T 22
+Cn~ 10212 s |U| =, dt.
0 BP, B,

s

T
dit [P s U] o dt
0 Bzf,l B;:,l

3
P
P,

Bl

Similarly, we have

T T
||B<w,U1>||XTsc< Jo I s N s dt+ ||Ul||.a+l||w||_aldt>
By B}y 0 Bpy BJy

3
P
D,
ol o +C [ UM s+ OYE 5 IV s
Ly(By, ) 0 By, BE, By,
Hence, taking n small enough, and remembering ([B.I0]), one gets

s + U7

3 3
P 3P
p,1 Bp,l

T
|l < C [ (10 g0 + 102 || s, dt.
BY, B By
Gronwall lemma thus implies that &/ = 0 in X, whence uniqueness on [0, T] x R3.
Of course, in the case where the data are small, then J? remains small for all T > 0,
and one gets uniqueness on R x R3.

Let us finally justify the propagation of Sobolev regularity in the case where,
additionally, (ug,Bg) is in H® x H" with (r, s) satisfying 23). For expository
purpose, assume that the data fulfill (Z1]) (the case where only Jy is small being
left to the reader). Our aim is to prove that the solution (u, B) we constructed
above satisfies

(u,B) € Cy(Ry; H* x H") and (Vu,VB) € L*(Ry;H® x H").

For the time being, let us assume that (u, B) is smooth. Then, taking the L?
scalar product of () and (I3]) by u and B, respectively, adding up the resulting
identities, and using the fact that

(Vx(JxB), By=(Jx B, J)=0,
one gets the following energy balance:
1d

5 77 (IullZ: + [1Bl72) + [VulZz + IVB]Zz = 0. (3.17)
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Since ||z|| g = [|A%2|| 12 and ||z]|ge ~ ||2||z2 + [|2]| e, in order to prove estimates
in H® x H", it suffices to get a suitable control on ||[A®u|r2 and on ||[A"B||z2. To
this end, apply A® to (L)), then take the L? scalar product with A®u:

1d
5N ulie + 1A Vulf: = (A*(B - VB), Au) — (A*(u - Vu), A*u)
=: A; + As.
Similarly, apply A" to ([L3)) and take the L? scalar product with A”B to get:
1d
5N BlLz + IAVB[7z = (A"(u x B),A"J) = (A"(J x B),A"J)

=: A3 + Ay

To bound A;, Ay, As and Ay, we shall use repeatedly the following classical tame
estimate in homogeneous Sobolev spaces:

A7 (follze S fllL=lA"gllz> + gl [[A7 fllL2, o= 0. (3.18)

Using first the Cauchy-Schwarz inequality, then ([BI8]), the fact that s <r <1+
and Young inequality, we readily get

[Ai] < C([A° B[ 2|V Bl + [ Bl 1< [|A*V Bl L2) [|ul <
< C(IBlF- + llullF-)

|Ao| < Cl[ V]| ool
[As| < ClIA"(u x B)||L2[|A" ]| 2

1
VB 1=+ 2 VBl + ClIBI 7w lull?-,

T T 1
< C(IA™ullZ2 ] Bllz + A" Bl [ullz<) + 5V B %

1
< Ol + IVul ) Bl + CUBIE Nl + 519 Bl
4] < CINT % Bl |7
< OB 1Bz + 1= | Bllar- 17 )
1
< CIIBll = IV Bl + CIT I3 1Bl + 11TV

Putting the above estimates and (B.I7) together, and using the fact that || B]|p« is
small since, according to Proposition [A.2] and the first part of the proof, we have

1Bllz= S IBIl 2 <71l 21 S (o, Bo, Jo)

% || .%—17
p;1 p;1 Bp,l

one gets

1d

§E(I|UI|%{S +1BlI7) + IVullFe + IVBIE- < CllullFe + 1Bl1F-)S(@),
with

S(t) = [Vut)|z= + [VB@)llz= + [u@®)l[i~ + I1BOZ~ + [T (B 7
By Gronwall’s inequality, we conclude that for all ¢ > 0,

lu(®)lfr + I B@OI7- + f:(IIVU(T)II%s +IVB(7)|I3) dr

t
< (luolly. + 1Bl exp(C [ (71 ar):
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As fot S(7)dr is bounded thanks to the first part of the theorem and embedding
(use Proposition (ii)), we get a control of the Sobolev norms for all time.

Let us briefly explain how those latter computations may be made rigorous. Let
us consider data (ug, Bp) fulfilling (1)) and such that, additionally, we have g in
H? and By in H” with (r, s) satisfying (Z3]). Then, there exists a sequence (u), Bf)
in the Schwartz space S such that

.3 .3 3
(u, By) — (uo, Bo) in (B, NH?) x (BI, NBZ NH)

The classical well-posedness theory in Sobolev spaces (see e.g. [8]) ensures that
the Hall-MHD system with data (uy, By) has a unique maximal solution (u", B™)
on some interval [0,7™) belonging to all Sobolev spaces. For that solution, the
previous computations hold, and one ends up for all t < T™ with

n 2 n 2 t n 2 n 2
[ O + 1B Ol + [ 1V )3 + [VB"(7)]3) dr
t
< (e + 155 ) ex (€ [ 57y ar )
where

S™(t) = [Vu (t) || + VB () [z + u" ()L + | B"@)ll7 + 7" 0)l[7-

Since the regularized data (uf}, By) fulfill (ZT)) for large enough n, they generate a
global solution (", B") in E, which, actually, coincides with (u™, B™) on [0,T™)
by virtue of the uniqueness result that has been proved before. Therefore, S™
belongs to L(0,7™) and thus (u™, B") is in L>(0,7™; H* x H"). Combining with
the continuation argument of e.g. [8], one can conclude that T™ = +oo.

At this stage, one can assert that:

i) (u"™, B™, J")nen is bounded in Ep;
ii) (u™, B")pen is bounded in C(Ry4; H® X H") and (Vu", VB™),en is bounded
in L2(Ry; H® x H").

Hence, up to subsequence,

i) (u™, B™, J") converges weakly * in Ej;
ii) (u™, B™) converges weakly * in L>®°(Ry; H® x H");
iii) (Vu™, VB™) converges weakly in L?(Ry; H® x H").

Clearly, a small variation of the proof of uniqueness in £, allows to prove the
continuity of the flow map. Hence, given that (uf}, Bf, J§) converges to (uo, Bo, Jo)

3
in Bﬁ;l, one gets (u", B",J") — (u, B, J) strongly in E,, where (u, B, J) stands
for the solution of (ZI1I) with data (ug, Bo, Jo)-

Since the weak convergence results listed above imply the convergence in the
sense of distributions, one can conclude that the weak limit coincides with the
strong one in E,. Hence (u, B) (resp. (Vu,VB)) is indeed in L>®(Ry;H® x H")
(resp. L?(R4; H* x H")). Then, looking at (u, B) as the solution of a heat equation
with right-hand side in L?(R,; H5~! x H"~1) yields the time continuity with values
in Sobolev spaces (use for instance Proposition [A4)). This completes the proof of
Theorem 211 O
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1
4. LOCAL EXISTENCE FOR LARGE DATA IN B2271, AND BLOW-UP CRITERIA

Proving Theorem [2.2]is based on a priori estimates in the space E2(T) for smooth
solutions (u, B,v) of [ZI4]). Those estimates will be obtained by implementing an
energy method on ([2.14) after localization in the Fourier space. A slight modifica-
tion of the method will yield uniqueness and blow-up criteria.

Throughout this section and the following one, we shall take advantage of the
rescaling ([B.1), so as to reduce our study to the case p = v = h = 1 (remember
that we have p/v = 1 in Theorem [Z2]).

First step: A priori estimates.
Our main aim here is to prove the following result.

Proposition 4.1. Consider a smooth solution (u, B, P) to the Hall-MHD System
on [0,T] x R3 for some T > 0, and denote v := u — V x B. Let u* := et®uy,
Bl .= etA By, vl = et®vy and (U, B,7) := (u —u”, B — B, v —v%). Let

cr(t) = " (O) 5

ea(t) =l @I 3 + 1B @)

2,1

3

+ (||u0||B X

L
t
3+l O,

There exist three positive constants k, C and Cy such that if

T ’ ’
fO 02(T)eCLT a(™)dr’ gr K, (4.1)
then we have
i B C (5. B. % < C d 4.2
G B,y +CIEED,, 5 < Ok on (42
I(u, 7U)||L%O(B§1)+ 1l (w, ,v)||L1T(3231) < |[(uo, 0’”0)H3§1 +Cr.  (4.3)

Proof. From (A3]), Plancherel identity and the definition of | - || i3 ,» we have for
some universal constant C1, 1

Izl o3+ Cullzll

< f =l BL L. 44
pecsd <lloll g for z=uh, B0 (4)

.5
L%"(Bz2,1) B3,
Hence Inequality (@3] follows from Inequality (4.2)).

In order to prove ([£2), we use the fact that (ﬂ,f?,?), Q) satisfies
Ou—Au=B-VB—u-Vu—VQ,
B —AB=V x (vx B),
O —Av=B-VB—u-Vu—-V x ((Vx0)xB)
—Vx (Vxvl)xB)+V x (vxu)+2V x (v-VB) - VQ,

(4.5)

with null initial condition.

Apply operator Aj to both sides of (5]), then take the L? scalar product with
Ajﬂ, AjB, Ajﬂ, respectively. To handle the third equation of (1), use that

V x A;j((Vx70) x B) =V x ([Aj, BX](V x0)) + V x (B x A;(V x 7)),
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and that the L? scalar product of the last term with AJ—E is 0. Then, we get

2dtIIA al|7: +IIVAZ: < (145(B - VB)llzz + 1A, (u - Vu) | r2) 1Az e,

2dtIIA B2 + IVA;BI3: < IV x (0 x B) 211 Bllse,

2dtIIA 0l|72 +IVA;TT: < (1A5(B - VB)|r2 + 14 (w - V)| £2) |40 12
(1A, BXI(Y x 9)]l 12 + [4,((V x o) x B)llzz + |40 x w2

+ 2|40 VB)||12) IV x A, 2.

Hence, using Bernstein inequalities, one can deduce after time integration that for

some universal constants C; and Cs,
1A A, B A) Dz + €122 [ 1A, A, B A,9)| 2 de
< [(185(B - VB2 + 1 (- V)l + o2 (I, BXI(V x 7)1
+ AV % vF) x B)llpz + [ 4(0 x )] 12
+145(0- VB)ll12 + 185 (v x B)|12) dr) ) dr. (4.6)

Multiplying both sides of (£6) by 2% and summing up over j € Z, we obtain that

1@ B.o)O 5 +Cr f, 1@ B9y dr
t
<C [[(1B-VBI y +lu-Vul g +lox Bl 3 +lvxul
2, 21 21 2,1
+ o~ VB g +II(Vxv") x Bl 5 +>_2 2% |[A;, Bx] (vaan)dT. (4.7)
2,1 21
J

Using (AG), Proposition [A2] (i), (ii), (iii) and Young’s inequality yields
1B-VBIl ., SIB"I%; + ||B||2 3
By, B3

2,1 21

SUBH2, + 1Bl 5 1315
53, 57, 2
2
+||v><u||32%1 < Jlull? (||B||B% +||u||.g )IIvIIBle
g FIBEIR g +I0ml g o) g
221 B3 B3,

+loll .y 1ol s -
B3, B3,

- Vull .y +llvx Bl g 3
B3, B3, 221

< llu®|2
2,1

Hllull g el s + 1Bl .4 1Bl .5
B34 B3, ) Bs 4

.3
Using that B = curl ™' (u—v) and that Vcurl ! is a self-map on B3 1 (see Proposition

[A.2] (vii)) yields

lo- VBl 3 S ol g [Vewl ™ @w—v)] 4

3
2 2
B3, 2,1 B3,

o]l 5 + ||U||2
31 B3,
s a2 e [ e o e [
By, By, By, By, By,

0%y o
2,1 2,1

Sl 5
B
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and, using also (A.6),
I(Vxv ) x B g S IV x "] g I1B] .
B2,1 21

[V

< oF|| s [leurl” 1u—v )
015 o™ =)l g
Sl g ("l g + (100 Ly +lall

B2,1 B2,1 B2,1 B

P )

1
2
2

.3
From the estimate (A.8) with s = 3/2 and the embedding By, — L, we get

22 ?I[A;, blallzz < IIVbII ||a|| (4.8)
2,1
whence
34 .
> 27 [[A;, BV x D)2 S v —ul®y + (7] 3
j Bz 1 2,1
< IIULII?% + ||le| IIULIIBg
21 2,1
+lll, g IIuIIBle s ||v||32

Plugging the above estimates into the right-hand s1de of @) and using &), we
end up with

t t t
X(H)+C [ D(r)dr < C [ X()D(r)dr+C [ (e(m)X(7) +es(r)) dr. (4.9)
where ¢; and c¢o have been defined in the proposition,

X (t) = |t B(t o(t
(t) IIU()IIBélJrII ()||B§1+||”()||B§

,1

and  D(t) := ||17(15)||E.}2g’1 + ”B(t)”3§1 + ||5(t)||B§1-
Note that whenever
2C sup X(r) < (h, (4.10)
T€[0,t]
Inequality (£9) combined with Gronwall lemma implies that
f r)dr < Cf ea(r)eC Jrer At g, (4.11)

Now, if Condition (4] is satisfied with s := C;/2C?, then the fact that the left-
hand side of (@) is a continuous function on [0, 7] that vanishes at 0 combined
with a standard bootstrap argument allows to prove that ([@I0) and thus (@1]) is
satisfied. Renaming the constants completes the proof of the proposition. O

Second step: Constructing approximate solutions. It is based on Friedrichs’
method : consider the spectral cut-off operator E,, defined by

F(En f)(E) = Lin-1<ig1<ny () F (F)(E)-
We want to solve the following truncated system:
{&gu — Au=E,PE,B-E, VB —E,u-VE,u),

4.12
B —AB =V x E,(E,(u—V x B) x E,B), (4.12)

supplemented with initial data (E,ug,E, Bp).
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We need the following obvious lemma:

Lemma 4.2. Let s€ R and k > 0. Let f € B§1 Then, for allm > 1, we have

1B £l g0 Pl (1.13)
i [|Bf [, = 0. (1.14)

1
1Bt = Fllag, S = Flgge (1.15)

We claim that (@I2) is an ODE in the Banach space L?(R?;R? x R3) for which
the standard Cauchy-Lipschitz theorem applies. Indeed, the above lemma ensures
that E,, maps L? to all Besov spaces, and that the right-hand side of [I2) is
a continuous bilinear map from L?(R3;R? x R3) to itself. We thus deduce that
([@I2) admits a unique maximal solution (u™, B") € C1([0,7™); L*(R3;R® x R?)).
Furthermore, as E2 = E,,, uniqueness implies E,u" = ™ and E,B"™ = B", and
we clearly have divu™ = div B™ = 0. Being spectrally supported in the annulus
{n=! < |¢] < n}, one can also deduce that the solution belongs to C*([0,7™); B3 ;)
for all s € R. Hence, setting J" :=V x B™ and v" := u" — J", we see that u™, B"
and v™ belong to the space Eo(T) for all T < T™ and fulfill:

Ju™ — Au =E,P(B" - VB" —u" - Vu"),
OB" — AB" =V x E, (v"* x B"),

dr" — A" =B, P(B" - VB" —u" - Vu" = V x ((V x ") x B") (4.16)
+V x (v xu™)+2V x (v - VB"))-

Third step: uniform estimates

We want to apply Proposition Il to our approximate solution (u™, B™,v™). The
key point is that since E,, is an L? orthogonal projector, it has no effect on the
energy estimates. We claim that 7™ may be bounded from below by the supremum
T of all the times satisfying (@1]), and that (™, B™,v™),>1 is bounded in E(T).
To prove our claim, , we split (u", B™,v™) into

n n o, n\ __ n,L n,L  n,L ~n pn ~n
(’U,,B,’U)—(’U, aB y U )+(U7B , U )a
where
url i =E,et?uy, B™L:=E,e®By and o™ :=E,e?v,.

Since E,, maps any Besov space 35,1 to itself with norm 1, Condition (£I)) may
be made independent of n and thus, so does the corresponding time 7. Now, as
(u™, B™, ") is spectrally supported in {¢ € R3|n~! < |¢| < n}, the estimate (@3
ensures that it belongs to L>([0,T]; L2(R?)). So, finally, the standard continuation
criterion for ordinary differential equations implies that 7™ is greater than any time
T satisfying (£1)) and that we have, for all n > 1,

a", B", 5" 1 +C1l|@™, B™, " s <Ok and 417
i )”L%O(Bé’l) ili¢ )HLIT(B;I) (4.17)

noBn " Oyl (u™, B, o™ < B, Cr. (4.18
[[(u"™, B", v )”L%O(B’él)—’— 1[(u™, B™, v )HLIT<B§1> < I(wo, o,vo)llgél+ K. (4.18)

Fourth step: existence of a solution
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We claim that, up to an extraction, the sequence (u™, B",v™),en converges in
D'(R* x R?) to a solution (u, B,v) of ([214) supplemented with data (ug, By, vo)
having the desired regularity properties. The definition of E,, entails that

1
(Enuo, EnBo, Envo) — (uo, Bo,vo) in B3,
and Proposition [A4] thus ensures that (u™%, B*L v™E) — (ul, BL vk) in Eo(T).

Proving the convergence of (", E", ™) will be achieved from compactness argu-
ments : we shall exhibit uniform bounds in suitable spaces for (9;u™, 9, B™, 0;v™)nen
so as to glean some Holder regularity with respect to the time variable. Then, com-
bining with compact embedding will enable us to apply Ascoli’s theorem and to
get the existence of a limit (u, B, v) for a subsequence. Furthermore, the uniform
bounds of the previous steps provide us with additional regularity and convergence
properties so that we will be able to pass to the limit in ([@I8). Let us start with
a lemma.

Lemma 4.3. Sequence (", B",0"),>1 is bounded in C= ([0, T; B;lé)

Proof. Observe that (i, B™,7") satisfies
o™ = Au" + E,P(B" - VB" —u" - Vu"),
0 B" = AB" +V x E,(v" x B"),
0" = AT + B, P(B" - VB —u" - V" =V x ((V x 0") x B") (4.19)
FV x (0" X u™) + 2V x (v - VB"))-
According to the uniform bounds ([@I7), (£I8) and to the product laws:
[labll

< b d b
5h S IIGIIBZ%III ”Bél and ||ab]

3 Slall g ol g
2,1 BQ,l BZ,I
L1

the right-hand side of #I9) is uniformly bounded in L7(B, f). Since a™(0) =
E"(O) = E"(O) = 0, applying Holder inequality completes the proof. O

We can now come to the proof of the existence of a solution. Let (¢;);en be a
sequence of C§°(R?) cut-off functions supported in the ball B(0,j + 1) of R? and
equal to 1 in a neighborhood of B(0, 7). Lemma 3 tells us that (@", B",0™),>1

1

is uniformly equicontinuous in the space C([0,T]; Bz_ ?) and (EIT) ensures that it
1

is bounded in L*°([0,T7; B3 ;). Using the fact that the application u — ¢;u is

compact from B3, into B, {, combining Ascoli’s theorem and Cantor’s diagonal

process ensures that there exists some triplet (, B, v) such that for all j € N,
~ ~ L1
(65T, 65 B, 6;7%) — (657,0;B,6,7) i C(0,T)iByf).  (420)

This obviously entails that (7", B",3") tends to (@, B, ) in D/(RT x R3).
Coming back to the uniform estimates of third step and using the argument of [3]
p. 443] to justify that there is no time concentration, we get that (u, B, ) belongs
.1 .5 1
to L>(0,75 B3 ) N LY(0,T; B3 ) and to C2([0,T]; B, 7).
Let us now prove that (u, B,v) := (uX + @, BL + B,v% + 7) solves Z14). The
only problem is to pass to the limit in the non-linear terms. By way of example, let
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us explain how to handle the term E, PV x ((V x v™) x B™) in {@16) (actually, P
may be omitted as a curl is divergence free). Let § € C°(RT x R?;R3) and j € N
be such that Suppé C [0, j] x B(0, j). We use the decomposition
(VXE,((Vxv")x B"), 0) —(V x ((V xv) x B),0)
= ((V x v") x ¢;(B" — B), V x En0) + (V x ¢;(v" — v)) x B, V x E,,0)
+(E,((Vxv) x B) = (V xv) x B,V x#0).

.3 .1
As V x v™ is uniformly bounded in Lj.(B3,) and ¢; B" tends to ¢;B in LF(B3,),
the first term tends to 0. According to the uniform estimates (£I8) and (@20,

1

V x ¢;j(v"™ —v) tends to 0 in L7.(B3,) so that the second term tends to 0 as well.
Finally, thanks to (ZI4), the third term tends to 0.

The other non-linear terms can be treated similarly, and the continuity of (u, B, v)

u
1
stems from Proposition [A4]since the right-hand side of ([ZI4) belongs to LL.(B2,).

)

Fifth step: uniqueness
Let (u1, B1) and (ug, B2) be two solutions of the Hall-MHD system on [0, 7] x R?,
with the same initial data, and such that (u;, B;,v;) € Eao(T) for i = 1,2. Then,
the difference (du, 6B, &) := (u1 — ug, By — Bo,v1 — v2) is in E2(T') and satisfies
Opou — Adu := Ry,
Ot0B — AOB := Ry, (4.21)
Oydv — Adv := R1 + R3 + R4 + Rs,
where
Ry :=P(B1-VéB+ B -VBy —uy - Vou — du-Vus),
Ry :=V X (v1 X 0B 4 dv X Bs),
R3:= -V x ((Vxv1) x B+ (VX&) x Bs),
Ry :=V X (v1 X du+ & X ug),
R5 :=2V X (v1 - VOB + & - VBy).

Hence, arguing as in the first step of the proof gives for all ¢t € [0, T,

t
I(Gn. 3B )O3+ [ 1000880 5 dr < [ (IR0 Ba. Rec )|

1
2 2
B2 2,1

FIV X ((Vxv1) x 6B .1 +22%||[Aj,32x](vx&))HLz)dT. (4.22)

32
21 ez

Putting together the product laws (AZ6)) and the commutator estimate ([£J) yields

| 24| 5} N ||(U17317U2732)||B§1||(5u753)||32% ,
1Rl .3 S B2y oa)ll g (3B, &)l 5
2, 21 2,1
1Rall .3 S lCuz, 00l g [1(0u, &) g
2 2,1 21
R VB VB, v
| 5HB§ I 2,v1)||32g1||( )||B§1
S MICuz, vi,02)ll g 1100, &) 5
2,1 2,1



IV > ((V x o) x 53)”3% IV <l g ||5B|| 5}

S lll g 60,601

1
2
2,1 2 1
and

S 27 1Ay, Box)(V x )12 S IVB 53

[V x o
JEZ b

1
B2
2 2,

S luz,v2)ll g o]l g -
1 2,1
Hence, by interpolation and Young’s inequality, Inequality (£22]) becomes

160,03, 8O3+ [, 1650,08, )7 5 < [ 7))o, 3, ) 7))

with Z(t) :=

C(|l(ur,u2, By, Ba,v1,02) |1 5 + o1l .5 )-
2,1 2
Thus, Gronwall lemma and our assumptions on the solutions ensure that
(ou,0B,v) =0 on [0,T].
Sixth step: Blow-up criterion
Let us assume that we are given a solution (u, B) on some finite time interval

[0, T*) fulfilling the regularity properties listed in Theorem 22 for all ¢ < T™*. Then
applying the method of the first step to (Z14) yields for all t < T

t
I B.0)O g+ [N Bl 5 dr < B)O)

t
+ (1B VBl g+ lueVul g+ (o x B,

2
BZI

2,1

+lloxul s
822,1

ﬂ .
+llo-VBIL g+ 214, BX)(V x v)||L2))dT. (4.23)
2,1 j

3
2
B3,

.3
Using the tame estimates (A.D)), the fact that B3 is an algebra embedded in L>,
interpolation inequalities and Young’s inequality, we get for all n > 0

|B-VBI , <CIB=B|

2,1 21
< ClIBllr=[I1Bl 3
2
n||B||L°°||B|| 5} +77||B||B§1,
and, similarly,
Coe
- ullyy < Sl + ol g

We also have

[lox BHBEI C(IIUIILwIIB||B§1 + IIBIILwIIUIIBi)

C
< ZI(B,v)|?«|l(B B :
< nll( ;)20 1 ( ’“)”351””( ’U)HBEI’
v x ull <OII( WEell(w, o)l 1 +nll(u,v)|]
vXull.z < —|(u,v oo |[(W, V)| .1 n(u,v)|| .s ,
BZ, T n L BE, B2,
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Q

[v- VB .3 < —|(VB,0)|7=(VB,v)ll 1 +ull(VB,v)ll s -
1 2,1

3
322,1 n Bs
As, according to (A8) with s = 3/2 and to the fact that V : L= — BZ! . we have

227 1A, BX](V x v)llz2 < C(IVBl=oll

J

olle<I VB 3 ), (424)
2,1

3
2
2

that term may be bounded as v - VB.
Therefore, if we choose 1 small enough, then ([@23)) becomes:

I BLo)Ol g + f I Byl g dr <l B.o)O y

t
+0 [ 1w BVB)[3li(w, B)I|y dr

2,1

and Gronwall’s inequality implies that for all ¢ € [0,77),

Il (w, B, v)(t) j||qu %dr

l\)l»—‘

t
(0 f) 0 B.VB) )

<. BoO,

LI

1

Now, if one assumes that

*

T
J, B, VB)®)[} dt < ox,
.1
then the above inequality ensures that (u, B, v) belongs to L>(0,7*; B3 ;) and one
may conclude by classical arguments that the solution may be continued beyond 7*.

In order to prove the second blow-up criterion, one uses the following inequalities,
based on ([(AL6]) and interpolation inequalities:

1B-VB| .3 SIBIl 3 IBI 3
Bs B3, B,
\Y%
Ju- V| , st S IIUI|B§IIIUI|B§1,
lox Bll g Sl g3 1B, 53
21 2
B B
< ol z%nvn i 1Bl 1815
lo U||B2g’1 S ||”||B§1||“||B§1
<
S ||v||B§1||v|| 3 IIUI|B§1|IU||B§1=
[v-VB| .z <l 8}, VB 53
B3, By
Sl + 1717 5
21 21
S ||v||2 g + IIUII2
21 2,1

S vl g (ol é1+IIUI| 3 Ml

5
2 2
BQl B2 21 BZ,I
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ol

.3
B3,
]y Tl s

B2,1 B2,1

and by ([8) and Proposition [A2] (iii) (vii)
3j .
> 2714, BX|(V x v)llrz S VB

J
< .
~ ||U||B2%,1 HUHBEI

Plugging those estimates in [@23)), we find that
7 < |[(u, B,v)(0)]] . 4

I B0 3+ ] N B .

5
2
21

t
+an3wm§JWva

Hence, if
-
[0 e, B g dt < oo,
0 822,1

then the solution may be continued beyond T*
For proving the last blow-up criterion, one can use that for p € (2, 00], most
i The last

of the terms of ([@23) may be bounded by means of Inequality (A.T)
commutator term may be bounded from (A.9) (without time integration) with
r=1and s = 3/2 as follows:
> -2 1Ay, BXI(V x v)llz2 S IVBI 2-illvll 5-2 +llvll_2-1IVB] 5-2.
2 1 00 Sl 2 1

oooo

J
Since, by interpolation, we have
with  —
p p

121, it S ||Z||"l ||Z||p
2,1 31 B,

using Young inequality and reverting to (£23) yields
dr < ||(u, B,v)(0)]|
1 B 1
.1 odr.
B 2

mmawu3i+fnu8m%§
4@jnu3wwzww3wn

Nl

As before, one can conclude that if T* < oo and (218) is fulfilled, then the solution
. O

)
may be continued beyond 7. This completes the proof of the theorem
.1
5. THE WELL-POSEDNESS THEORY IN SPACES B3, FOR GENERAL r

Let us first prove the a priori estimates leading to global existence

Proposition 5.1. Assume that (u, B) is a smooth solution of the Hall-MHD system
on [0,T] x R® with h = uy =v = 1. Let v :=u — V x B. There exists a universal
constant C' such that for any r € [1,00], we have
I(w, B0, cry < Cll(wo, Bo,vo)ll y + [I(w, B, )%, 1)) (5.1)

2

Proof. We argue as in the proof of Inequality ([£23), but take the ¢"(Z) norm
instead of the ¢!(Z) norm. We get for all t € [0, 7]
I B g S Boll 18- VBIL, Ly

B
B0l s
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Hlu-Vaull, oy - VBl 4 BVl oVl
LiBE,) Li(B,) Li(B,) Li(B3,)
ﬁ .
Vol g+ v VBI, b+ 12711147, BXI(V X 0)ll23(22) || -

The first six nonlinear terms in the right-hand side may be bounded according to
the following product law that is proved in Appendix:

< -
The last but one term may be bounded as follows:
098l 5 ) S 0y VB3 o+ I9Blsy s o 63)

Finally, in light of (A9]) with b= B, a = V xv, s = 3/2 and p = 4, and embedding,
one discovers that the commutator term may be bounded exactly as v - VB.

Putting together all the above inequalities eventually yields for all ¢ > 0,
1(w, B, )|l ooty S II(UO,Bovvo)IIBiﬂL||(u7va)lli;%(Bgr)ll(uvva)llzg(gir)- (5.4)
Since one can prove by making use of Holder inequality and interpolation that

o, s < lelloe, forall pe [1,+od)

t 2,r
Inequality (4] implies (G.1I). O

In order to prove Theorem 2.3] we proceed as follows:

(1) smooth out the data and get a sequence (u™, B")pen of global smooth
solutions to the Hall-MHD system;

(2) apply Proposition 5] to (4", B"),en and obtain uniform estimates for
(u™, B",v"™)pen in the space Es ,;

(3) use compactness to prove that (u”, B™),en converges, up to extraction, to
a solution of the Hall-MHD system supplemented with initial data (ug, Bo);

(4) prove stability estimates in a larger space to get the uniqueness of the
solution.

To proceed, let us smooth out the initial data as follows:

ul == (Sp —S_n)ug and BY := (S, —S_,)Bo.

Clearly, ug and Bf belong to all Sobolev spaces, and we have for z = u, B, v and
alln € N,

Vi€ Z, Aslle < 1Azllze and gl s <lloll s (5.5)
S 3
1
Since in particular (ug, Bg,vy) is in B3 ;, Theorem guarantees that the Hall-
MHD system with data (uf, BY') has a unique maximal solution on [0,7™) for some
T™ > 0, that belongs to E21(T) for all T < T™. Now, take some positive real

number M to be chosen later on and define
T, :=sup{t € [0,T"), ||(u™, B",v")| g,y < Mc}-
We are going to show first that T, = T™, then that T™ = 4-o0.

3The reader may refer to the appendix for the definition of Sj
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According to Proposition 51l and to (B.5]), we have

H (unv an Un)||E2,T(Tn) < C(H (u07 By, ’UO)HB% + ” (unv an Un)||2E2’T(Tn))'
5

Hence, using the smallness condition on (ug, By, vg) and the definition of Ty,
(™, B",v") | g, 1) < Ce(1 4 MZc).
If we take M = 2C, then ¢ so that 4C?c < 1, then we have
(", B, v")| g, (1) < Me,
and thus, by a classical continuity argument, 7,, = T".

Now, using functional embedding and interpolation arguments, we discover that

1
™ 1
1™, B Iy dt) <@ B v") g 5y ) S 1@ B 0") |5, ()
0 B_2 )

Hence, the continuation criterion ([ZI8) guarantees that, indeed, T™ = +oco. This
means that the solution is global and that, furthermore,

||(u", B"™, v")||E,, < Mc forall neN. (5.6)

At this stage, proving that (u™, B™),en converges (up to subsequence) to a global

solution (u, B) of the Hall-MHD system with data (ug, Bo) and (u, B,v) in Es,
follows from the same arguments as in the previous section.

Let us finally prove the uniqueness part of the theorem. Suppose that (uq, B1)

and (ug, By) are two solutions of the Hall-MHD system on [0, 7] x R? supplemented
with the same initial data (ug, By) and such that

~ .1 ~ .5
(us, Bi,vi) € C([0,T); B, )N L' (0,T; B ,), i=1,2.

In order to prove the uniqueness, we look at the difference (du,dB, ) = (u; —
ug, By — Ba,v1 — v2) as a solution of System (£.21]). In contrast with the previous
section however, we do not know how to estimate the difference in the space Es ,(T)

since the term V x ((V X v1) x dB) cannot be bounded in the space ZlT(BQ%T) from
the norm of v1 and 6B in Es . (T) (this is due to the fact that the norm of Es,.(T')
fails to control || - || e (0,7 xrs) by a little if 7 > 1).

For that reason, we shall accept to lose some regularity in the stability estimates
and prove uniqueness in the space

~ L1
Fop(T) := LT (By,)-

We need first to justify that (du, dB, &) belongs to that space, though. According
to Proposition[A.4] it is enough to check that the terms R to R5 defined just below

belong to L} Bf% . Now, from and Holder inequality, we have
T 2,r

1

1Rl )  TH N B, Bz sy 00,08l 5
1

1R, o) S THIB )y iy ) IO,y

|| 3||ZIT(B;§)5||<w1,vav>||Z§B 158, B2) Iz 1 -

1
||R4||51T(B ST ||(U2701)||Z4T(B%,T)||(5U7 &))”Z“T(B%,r)’
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||R5||~ ||(V327V5B)||~§

2

|| (0, v1)llza (53 )

S o
—

. ~4 .
Since the norm in Ey . (T') bounds the norm in L4(B3 )N L3(B3,), one can indeed

1
conclude that the terms Ry to Rs are in L} LBy 2).

Next, estimating (du, B, &) in Fy ,.(T) may be achieved by a slight modification
of the beginning of the proof of Proposition 5.1l We get for all ¢ € [0, 77,

16, 0B, ) [ y,ea) S 1By - VOB, g + 1108 - VBl
By ; L}(B,; )
+ - Voull, ah + [l - VU2||~ b + [l - VB HZI(B
+ ||6B - VU1||~ B + Bz - V&v||~ B h + |6 - vBz||~1( 5 h
2T 2r 2,7
+ [jv - V6u||~l -1 + [|du - VU1||~ 1 +||U2 Vvl -
Li(B, (B3.2) LiB, 2)
b Vsl ) Jr||(V><Ul)><53||~ (Bér)+||U1.V6B||Z%(B2%T)

F18-IBall, sy (204G BV x &)y e
2,7

Most of the terms on the rlght—hand side can be bounded by means of the following

inequalities that are proved in appendix:

bl 7y 3 S ez 1004 (57)
bl oty S ol gy PNz, (53)

Next, owing to Inequality (2] and interpolation, we have
[(V x v1) x (SB||~ 53 ) v - VoB[ 1 4 ldv- VBQH.,

32

( 227“ Lt BQ,T‘ 1( 27‘)

/S ||(SB||L;%(]3521,T)||Vvl||~

) + ||V5B||~’_ ||v1||L4(31 )
+ ||5U||~§( ||V32||L;1(1‘3; )
B, :
S (w2, v2,0)llzs ey ) + llonllg )||(5u75v)||F2,T(t)

3( 27‘

Finally, applylng (A9) with p =4, s = 1/2 and using embeddings 32 . BOo o
and 32 r = B00 oo yields

241085, BxIY > 8sguo) sy S 19 Balusg IV % 8l g

Thus, one can conclude that
([0, 0B, &) p,,. 1) < Y (£)[ (0, 0B, &v)| (1)
with Y/(8) := 321 5 1w, Bis i)l za sy ) + llv 1||~_(32
Now, Lebesgue dominated convergence theorem ensures that Y is a continuous
~ L1

nondecreasing function vanishing at zero. Hence (du,dB,dv) = 0 in L§°(By 7) N
ZNL%(BQ% ) for small enough ¢. Combining with a standard connectivity argument

allows to conclude that (du,dB, &) = 0 on RT. This completes the proof of the
theorem in the small data case. O



27

Let us briefly explain how the above arguments have to be modified so as to
handle the case where only vy is small. Note that no smallness condition is needed
whatsoever in the proof of uniqueness. As regards the existence part, we split u
and B (not v) into u = u* +% and B = Bt + B and repeat the proof of Proposition
B on the system fulfilled by (@, B, v) rather than ZI4). Instead of (5.4), we get

II(ﬂ,B,v)IlEz,T@)S||vo||32% +1(u, B, v)ll 4 ih )”(UvaU)HZ;}(B;,T)
from which we deduce that
G, B, o) Baty S llvoll 5} II(uLaBL)IIZtg(BZ, II(uLaBL)HZg(Bl )
@B By @ B, + G B2, .

L3 (B3 )NLi(BY,

Since, by dominated convergence theorem, we have

fim (1= B g+ 105 Bl gy ) =0,
27‘ ’

it is easy to see that if ||’U0||B 1 is small enough, then one can get a control on
PRS

| (w, B, V)| B,,,t) for small enough ¢. From this, repeating essentially the same ar-
guments as in the small data case, one gets a local-in-time existence statement.

APPENDIX A. BESOV SPACES AND COMMUTATOR ESTIMATES

Here, we briefly recall the definition of the Littlewood-Paley decomposition, de-
fine Besov spaces and list some properties that have been used repeatedly in the
paper. For the reader’s convenience, we also prove some nonlinear and commutator
estimates. More details and proofs may be found in e.g. [3].

The Littlewood-Paley decomposition is a dyadic localization procedure in the
frequency space for tempered distributions over R?. To define it, fix some nonin-
creasing smooth radial function y on R? supported in (say) B(0,4/3) and with
value 1 on B(0, 3/4) and set (&) := x(£/2) — x(&). Then, we have

VEERY, X(©)+ ) 92778 =1 and VEeR\{0}, Y p(277¢) =1

j=0 JEZ

The homogeneous dyadic blocks Aj and low-frequency cut-off operator S’j are
defined for all j € Z by

Aju = (277 D)u = 277 fRd 2 y)u(z —y)dy with hi=F 1o,
Sju =x(@7Dyu=2" [ h(@Iyju(e—y)dy with h:=Fy.
The following Littlewood-Paley decomposition of w:

u—ZAu

holds true modulo polynomials for any tempered distribution u. In order to have
an equality in the sense of tempered distributions, we consider only elements of the
set S, (R?) of tempered distributions u such that

Jdim ||Sjul|p~ = 0.
j——o00
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Definition A.1. Let s be a real number and (p,r) be in [1,00]%. The homogeneous

Besov space B;yr is the set of distributions u in S,/L such that

lull g, =271 Azull Loy llercz) < oo
p,T

Proposition A.2. The following properties hold true:
(i) Derivatives: for all s € R and 1 < p,r < oo, we have

sup [|0%u]

~ lull ggen-
lol= '

s
p,T

(ii) Embedding: we have the following continuous embedding

o%} 'Sid(%ié) 5> 7>
Bpw — Bﬁi whenever p >p and 7>,
. d
and the space By, is embedded in the set of bounded continuous functions.

(ili) Real interpolation: for any 6 € (0,1) and s < §, we have

‘ s < o 1-6
el gosa-ors < llully, llully,” -

(iv) Completeness: the space B;S),r is complete if (and only if) (s,p,r) satisfies

s<é, ors:é and r=1. (A1)
p p

(v) Density: the space So(RY) of Schwartz functions on R with Fourier trans-
form supported away from the origin is dense in By
r are finite.

(vi) Scaling invariance: for any s € R and (p,r) € [1,00]?, there exists a con-

stant C' such that for all positive A and u € B, .,

» whenever both p and

we have
1 s_d -4
CTINT lullgy < u)llg, < ONTFull, -

(vii) Let f be a smooth function on R%\ {0} which is homogeneous of degree 0.
Define f(D) on S(RY) by
F(f(D)u)(§):=f (&) Fu(8),

Then, for all exponents (s,p,r), we have the estimate

(
1 (Dyulg, <l

If in addition f(D) estends to a map from S, (R?) to itself and (AJ) is
fulfilled, then f(D) is continuous from B, . to B ..
(viii) Operator curl™" maps B;El to B;l if 1 <p<ooands<d/p.
Proof. We only prove the last item as it is fundamental in our analysis. Owing

to the definition in (II0), it is obvious that curl™' maps Sp(RY) to itself, and
homogeneity of degree —1 implies that we have for all u in Sy(R?):

L. < ..
el ™ ull . | S Hlull g

As Sy(R?) is dense in B;El and since the space B;l is complete (owing to s < d/p),
we get the result.
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A great deal of our analysis relies on regularity estimates for the heat equation:

Ou— Au = f,
(H) { d

u|t:0 = Uup.

It is classical that for all ug € S'(R%) and f € L} (R*;S'(R?)), equation (H) has

loc
a unique tempered distribution solution, given by the following Duhamel formula:

u(t) = e®ug + jot e=Af(7) dr, t>0. (A.2)
Above, (e!2);>o stands for the heat semi-group. It is defined on S(R%) by
Fleb2)(6) = e 15(9), (A.3)
and is extended to the set of tempered distributions by duality.

As observed by Chemin in [I0], the following spaces are suitable for describing
the maximal regularity properties of the heat equation.

Definition A.3. ForT >0,s€ R, 1< p < oo, we set

lllza sy - = 12708500 g 2oy

We define the space E%(B;T) to be the set of tempered distribution u on (0,T) x R?
such that jii{noo IS;ju(t)||pe =0 a.e. in (0,T), and ||u||ZpT(B,;m) < oo0. The space
LPT(B;T) NC([0,T7; B;yr) is denoted by CT(B;T). In the case T = 400, one denotes

the corresponding space and norm by E”(B; ») and || - ”ZP(BS ) respectively.
: s,

The above spaces or norms may be compared to more classical ones according
to Minkowski’s inequality:

lullze sy ) < lullpe s y it r=p and lullg, g, 2 llullig s ) i r<p
The following fundamental result has been proved in [10].

Proposition A.4. LetT >0, s € R and 1 < p,p,r < 0o. Assume that uy € stm

~  s_912 ~ sk 2 o~ .
and f € LPT(B;THP). Then, (H) has a unique solution u in LPT(B;;p)ﬂL%O (B;.)
and there exists a constant C' depending only on d and such that for all p1 € [p, 0],
we have

p,r T p,T P)

Il e, < Ol + W7, e ) (A1)

Furthermore, if v is finite, then u belongs to C([O,T];B;J).

Let us now recall a few nonlinear estimates in Besov spaces, that we used in
the paper. They all may be easily proved by using the following so-called Bony
decomposition (from [6]) for the (formal) product of two distributions u and v:

uv = Tyv + Tyu + R(u,v).
Above, T designates the paraproduct bilinear operator defined by
Tu’U = Z Sj_l’U,Aj’U, Tvu = Z S’j_l’l) Aju

J J
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and R stands for the remainder operator given by

R(u,v) :zz Z Ajuldjv.

Joli'=ilg1
The following properties of the paraproduct and remainder operators are classical:

Proposition A.5. For any (s,p,7) € Rx[1,00]? and t < 0, there exists a constant
C such that

1Tl < Cllulle o], and

Tuvll gy < Cllullsg_llolls,

For any (s1,p1,71) and (s2,p2,72) in R x [1,00]? satisfying

1 1 1 1 1 1
$14+8 >0, —=—+—<1 and -:=—+—<1,
p p1 P2 r 1 T

there exists a constant C such that

1R, 0)l erren < Cllul g Nollgzz

P8

Combining the above proposition with the Bony decomposition allows to get a
number of inequalities like, for instance:

e tame estimates: for any s > 0 and 1 < p,r < oo,
[wollg, S llullzellollp, | +llvlleellullp, ; (A.5)
e the following product estimate:

[[uo] S Nl gz vl o2, (A.6)

. 51+527—

p,1
wheneveifl 81,82 < % satisfy s1 + s > dmax(0, % -1);

e the following inequality (in the case d = 3 and p > 2) that has been used
in the proof of ([ZI8):

llabll .5 < llal

3
2
BQ,l

Bl g3+ Bl g (A7)

2 _ —
5P 2
BOO 21 21

Remark 4. Proposition[A.5 and estimates like (A.6]) or (]HI) may be adapted to the

spaces Z”T(BST) The general principle is that the time exponent behaves according
to Holder inequality. For example, we have

Teb Tya R <
ITabl, g+ Tl o+ IR@O oy S lalg oy Wl

Then, combining with embedding (in the case d = 3) gives Inequality (52)).
Similarly, Inequality (5.3) stems from

ot FIA@OI s

< b b
el gy e Wt ) Wl s el

ITabl| - +ITsall,

lBg)
).

d
4n particular, Bp1 is an algebra for any 1 < p < 0.
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In order to prove Inequality (5.7]), it suffices to use the fact that
bl ot S ballp g It

L L

00,00)

2, )

R(a,b <
1@ b}, g Sl

sy IO gy

Proving Inequality (5.8)) is similar.

We end this appendix with the proof of commutator estimates that were crucial
in our analysis.

Proposition A.6. Let s be in (0,d/2]. Then, we have:

> 20A bal e S IVbll=llall g1 + llall g2 VOl s, (A.8)
JEZL

Furthermore, for all r € [1,00] and p € (2,00], we have if we set 1/p' :=1—1/p,
H2js||[Ajab]a||L}(L2)

ey SITOIL, sl

w)

N el as o (89)

t (Bar L7 (B&,00)
Proof. Proving the two inequalities relies on the decomposition
[Aj,bla = [Aj, TyJa + Aj(Tub + R(a,b)) — (Tx,,b + R(A;a,b)). (A.10)
For getting (A.8]), we bound the first term of (AI0)) as follows (use [3, Ineq. (2.58)]):
Y2704y, Tilallz S | VBllz=al
JEZ
The next two terms of (AT0) may be bounded by using the fact that the remain-

der and paraproduct operator map BOo o X B;‘;l to B§1 Finally, owing to the
properties of localization of the Littlewood- Paley decomposition, we have

Tx,b+ R(Aja,0) = Y Sjaljaldb. (A.11)
j'>j—2

Hs—1.
BQ,l

From Bernstein inequality and ||$; oal| e < 27 ||a||371 , we gather

D 20Ta b+ R(Aja,b)2 S Y 2°Sjreal || Ayb e

J J 3'2j=2
Sllallpo Yo > 220799275 VA bl
J j'zj-2
< llall o] 5
To prove (A9), we observe that owing to the localization properties of the
Littlewood-Paley decomposition, the first term of (AI0) may be decomposed into

[Aj,Tla= > [A;, 8y 1Az
3" —jl<4
Now, according to [3] Lem. 2.97], we have

114, 85 -1b]Ajrall 2 S 277V S —1d|| = [|Ajal 2,
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and, since % —1<0,

IV Sy —1bll ooy S 27 =2 ||Vb||~ i

Hence, for all (j, j') € Z? such that |j — j'| < 4,
2[4, Sy ablAjiallyr2y S 27027 |4, 7l gy g2 VI, 21

LY(BL )
Therefore, summing up on j' € {j — 4, j + 4}, then taking the ¢"(Z) norm,
12712z, Thlall oy 22 [ S VeI, psh lall_,, .-z

The next two terms may be bounded according to Proposition [A.5] and Remark (4t

12721185 Tabll Loy ler + |25 1A R(a, b)l| L2 o2y ller S ||a”ZP(f3"2 IV, ovi-2
1 (B&%,o0) Ly 2,r
Finally, use (A-T1) and the fact that
S ooy < 902205
[1Sj+2allLereey S 2 HGHZ(BEQLZ)
to get
2| Tx b+ R(Aja)zazoy S D 28NSy voall g poo | A50ll
J'2i—2
Slall, 20 30 207020270 Agb
B, ’>_] 2

Taking the ¢"(Z) norm of both sides and using a convolution inequality for series
(remember that s > 0), we end up with

27078, b+ R(Bj0, Dl siall iy S Nl e 90 s

IS

This completes the proof of Inequality (A.9]). O
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