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Abstract

The aim of this paper is to develop a line by line model for CO2 vibrational

nonequilibrium radiation and to investigate nonequilibrium effects in the case

of some applications involving high temperature expanding flows. A vibra-

tional specific collisional relaxation model is developed and is incorporated in

a multi-temperature thermodynamic description of the gas mixture, in order

to compute vibrational level populations along the flow. The HITEMP-2010

spectroscopic database is employed with a model for level energy splitting to

provide line by line absorption and emission total and per-vibrational mode

specific spectra. The specific spectra allow us to derive the radiative source

terms to be used in the multi-temperature model if a coupled approach is re-

quired. The model is applied first to a simple conical nozzle flow and then to

the plume of a high altitude solid propellant rocket engine. It is shown that,

for the considered applications, the partial freeze of vibrational excitation

in the expanding flow increases significantly the radiative intensity escaping
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from the mixture.

Keywords: CO2 radiation, Vibrational nonequilibrium, Multi-temperature

model, Expanding jets

1. Introduction

Departure from Local Thermodynamic Equilibrium (LTE) in gases occurs

when internal relaxation time scales become comparable or higher than hy-

drodynamic time scales. The resulting Non-Local Thermodynamic Equilib-

rium (NLTE) state may be characterized by an excess of vibrational energy as

compared to translational energy in the case for instance of expanding flows

like rocket plumes at high altitudes [1]. On the contrary, for compressed

or shocked flows like those facing Martian atmospheric entry vehicles, the

kinetic energy is first transformed into translational energy and vibrational

excitation is delayed compared to translation and rotation [2]. In the above

mentioned applications CO2 is among the main contributing gaseous species

to radiative transfer. CO2 NLTE radiation is also an important mechanism

in many other fields including electrically excited [3] and gas dynamic [4]

CO2 lasers, and radiative transfer in the upper layers of Earth atmosphere

[5]. For these two latter applications, several models have been developed in

the past but they only involve low-lying vibrational states of CO2 (see e.g.

[6]).

Modelling radiative transfer under NLTE conditions remains a challenging

task. It requires, in addition to accurate spectroscopic data and radiation

solver, the knowledge of the local population of each rovibrational level, which

can be determined from a vibrational kinetic model associated with either
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a detailed state-to-state model or with a multi-temperature model (see e.g.

[7]). The main goal of this paper is to develop such a radiative transfer

model for CO2 (Sec. 2), based on HITEMP-2010 spectroscopic database [8]

and a multi-temperature level population model (Sec. 3). The model is ap-

plied in Sec. 4 to a simple expanding supersonic nozzle flow to quantify

NLTE effects in this application. Then, the model is applied in Sec. 5 to

the case of a high altitude plume of a solid propellant rocket. In the multi-

temperature model developed here, CO2 translational and rotational modes

are assumed to be at local equilibrium and are described by a single tem-

perature T due to the fast translation-rotation exchanges. Vibrational levels

are assumed to follow a Boltzmann distribution at a single temperature T12

for the symmetric stretching mode (ν1 ' 1388 cm−1) and the two-fold de-

generate bending mode (ν2 ' 667 cm−1), due to Fermi Resonance [9], and a

Boltzmann distribution at a different temperature T3 for the antisymmetric

stretching mode (ν3 ' 2349 cm−1). Although some CFD models are based

on a single vibrational temperature (see e.g. [10, 11]), it is well known that

the asymmetric stretching mode of CO2 does not quickly equilibrate with

the two other modes, especially in the presence of N2 [1, 4]. The effect of

this vibrational non-equilibrium on local radiative properties and spectral

distribution of the radiation intensity may be significant.
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2. Radiative properties and radiative transfer

2.1. Radiative properties

The radiative transfer equation (RTE) in a gas under nonequilibrium

conditions, neglecting scattering, is given by

u·∇rIν(r,u) = ην(r)− κν(r)Iν(r,u) (1)

where Iν(r,u) designates the spectral radiative intensity in direction u, at

point r and wave number ν. ην(r) and κν(r) are the emission and absorption

coefficients of the gas at point r and are obtained from a summation over

all allowed radiative transitions u→ l between an upper level u and a lower

level l of a molecule according to

ην =
∑
u→l

Aul
4π

hcνulnuful(ν − νul) (2)

κν =
∑
u→l

(nlBlu − nuBul)hνulful(ν − νul) (3)

where nu and nl are the populations of levels u and l, Aul, Bul, and Blu

are the Einstein coefficients for spontaneous emission, induced emission, and

absorption, νul is the central wave-number, and ful(ν − νul) is the spectral

line profile (assumed to be the same for the three radiative mechanisms) of

the transition u → l; the energy exchange has been approximated by hcνul

for each transition u→ l.

Spectroscopic data for CO2 (Einstein coefficients, line positions, collisional

broadening parameters) have been taken from the HITEMP-2010 compila-

tion [8], which has been recommended for applications up to 2000 K [12].

The Planck’s mean absorption coefficient from HITEMP-2010 is underesti-

mated by about 6% when compared to CDSD4000 [12] at 2500 K. Spectral
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line profiles have been modelled as a Voigt function, accounting for Doppler

and collisional broadening both evaluated at the rotation/translation tem-

perature T .

The population nk of any level k involved in the above equations (2,3) is

calculated in the framework of the multi-temperature approach used here

according to

nk = nCO2AbI
2Jk + 1

ZI(T, T12, T3)
exp

(
−E

rot{k}
kbT

− Ev12{k}
kbT12

− Ev3{k}
kbT3

)
(4)

where nCO2 is the total population of CO2, AbI is the abundance of the

isotopologue I considered (only the four main isotopologues have been re-

tained), Jk the quantum number associated to the modulus of the total an-

gular momentum (excluding nuclear spin) of level k. ZI(T, T12, T3) is the

three temperature partition function of the isotopologue which has been cal-

culated using the approximation of the three uncoupled harmonic oscillators

associated to the vibrational modes ν1, ν2, ν3 and of the rigid rotor, whose

accuracy was demonstrated at equilibrium in Ref. [13]. ZI(T, T12, T3) is given

by

ZI(T, T12, T3) =
kbT

2BI

×

1

1− exp(−ω1I/kbT12)

1

[1− exp(−ω2I/kbT12)]2
1

1− exp(−ω3I/kbT3)
(5)

where BI is the rotational constant of isotopologue I and ω1I , ω2I and ω3I

are the vibration energies associated with the three fundamental vibration

modes taken for the different isotopologues from Ref. [14].

The notations Erot{k}, Ev12{k}, and Ev3{k} in Eq. (4) introduce a parti-

tioning of the energy E{k} of a level k into a rotational part, a vibrational
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part associated to the Fermi coupled modes (ν1, ν2), and one to the mode ν3.

Most of the upper or lower levels provided in HITEMP-2010 are identified

using six quantum numbers v1, l2, v3, r, p, J associated respectively to the

modes ν1, ν2, ν3, the index of the level in the Fermi polyad, the parity (e

or f) and the total angular momentum. We have retained the quite natural

partitioning scheme

Erot{v1l2v3rpJ} = E{v1l2v3rpJ} −min
J ′

E{v1l2v3rpJ ′} (6)

Ev3{v1l2v3rpJ} = min
J ′

E{00v31eJ
′} (7)

Ev12{v1l2v3rpJ} = min
J ′

E{v1l2v3rpJ ′} − Ev3{v1l2v3rpJ} (8)

In the above expressions, the minima over quantum number J ′ are evaluated

considering all the energy levels (upper and lower) identified in HITEMP-

2010. The populations of the few non-identified levels have been calculated

assuming LTE at temperature T .

2.2. Radiative source terms

The radiative source term in the total energy balance equation is ex-

pressed classically as

SR = −∇r ·
∫
ν

∫
4π

Iν(r,u)ududν =

∫
ν

∫
4π

[κν(r)Iν(r,u)− ην(r)] dudν

(9)

Einstein coefficients enable to express radiative source terms in population

balance equations of each energy level (see e.g. Eq. (13) of Ref. [15]). From

these relations, it is quite easy to express the radiative source terms Sv12R and

Sv3R which should appear in the energy balance equation of the vibrational
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modes (ν1, ν2) and ν3 respectively, in a similar form to Eq. (9):

S
v12/v3
R =

∫
ν

∫
4π

[
κv12/v3ν (r)Iν(r,u)− ηv12/v3ν (r)

]
dudν (10)

where the four new absorption and emission coefficients κv12ν , κv3ν , ηv12ν , and

ηv3ν are defined according to

ηv12/v3ν =
∑
u→l

Aul
4π

∆E
v12/v3
ul nuful(ν − νul) (11)

κv12/v3ν =
∑
u→l

(nlBlu − nuBul)
∆E

v12/v3
ul

c
ful(ν − νul) (12)

The above expressions are very similar to Eqs. (2,3), where the total energy

exchange hcνul associated to the transition u → l has been replaced by the

partial vibrational energy exchanges ∆Ev12
ul = Ev12{u} − Ev12{l} or ∆Ev3

ul =

Ev3{u} − Ev3{l}.

All these source terms can be easily calculated once the spectral RTE

Eq. (1) has been solved. The radiative transfer equation is first solved with

a line by line approach to get the radiative intensity Iν , then a second line

by line procedure is applied to get the local source terms from the reduced

emission and absorption coefficients. In the following, all calculations were

achieved using a high spectral resolution of 10−3 cm−1 on the useful spectral

domain ranging form 487.5 to 4812.5 cm−1.

3. Collisional relaxation and multi-temperature model

While the calculation of radiative properties relies on accurate rovibra-

tional level energies, the construction of the vibrational multi-temperature

model is based on simple harmonic oscillators due to the lack of knowledge
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of kinetic rate constants for the high vibrational levels [16]. The energy of a

vibrational level {i1, i2, i3} is simply given by εi1,i2,i3 = i1ε1 + i2ε2 + i3ε3 with

εk = hcνk. With the multi-temperature model, vibrational level populations

are given by

ni1,i2,i3(T12, T3) =
nCO2

ZCO2
vib (T12, T3)

(i2 + 1) exp

(
−i1ε1 + i2ε2

kBT12

)
exp

(
− i3ε3
kBT3

)
(13)

where the factor (i2 + 1) results from the degeneracy of the bending mode

and the two-temperature vibrational partition function can be factorized as

ZCO2
vib (T12, T3) = Z12

vib(T12)Z
3
vib(T3) (14)

The energy per unit volume stored in each mode associated to each CO2

vibrational temperature, can then be calculated as

E12
vib =

nCO2

Z12
vib(T12)

∑
i1,i2

(i2 + 1)(i1ε1 + i2ε2) exp

(
−i1ε1 + i2ε2

kBT12

)
(15)

E3
vib =

nCO2

Z3
vib(T3)

∑
i3

i3ε3 exp

(
− i3ε3
kBT3

)
(16)

and simple analytical expressions can be deduced for the two vibrational

volumetric heats

c12vib(T12) =
∂E12

vib

∂T12
, c3vib(T3) =

∂E3
vib

∂T3
(17)

The spatial and temporal evolutions of T12 and T3 depend on the rates of

transitions between different vibrational levels due to collisions with different

molecules of the mixture. We will consider in the following CO2-CO-N2-H2O-

H2-HCl mixtures representative of high altitude rocket plumes. CO and N2

will be characterized by two additional vibrational temperatures, TCO and
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TN2 , while H2O and H2 are assumed to be at LTE at the unique translation-

rotation temperature T , due to their short relaxation times. Due to the

lack of kinetic data for HCl and to its small concentration in the mixtures

considered here, HCl is also assumed to be at equilibrium at T . The relax-

ation processes considered in this study are summarized in Table 1. They

include vibration-translation processes quoted VTm, m being the involved vi-

brational mode, and inter-mode vibration-vibration processes quoted VVmm′

(or VVmm′m′′) where two (or three) different vibration modes m, m′ (m′′),

eventually for the same species in the case of CO2, are involved. Here m, m′

and m′′ belong to the set {1, 2, 3, CO, N2} where 1, 2, and 3 correspond

to ν1, ν2, and ν3 CO2 modes. The intra-mode vibration-vibration processes,

where two molecules of the same species exchange one quantum of vibra-

tional energy of the same mode m, are assumed to be sufficiently fast and

lead to a Boltzmann distribution inside each mode. For a given collisional

process (α) of Table 1 written schematically in the form

reaction α: A {i}+B {i′} Kα−−→
K−1
α

A {i+ k}+B {i′ − k′} (18)

where i, i′, i + k and i′ − k′ designate vibrational levels (single quantum

number in the case of CO and N2, or three vibrational quantum numbers in

the case of CO2), the resulting rate of change of vibrational level populations

is given by

dnA{i}
dt
|α =

dnB{i′}
dt

|α = K−1α nA{i+k}nB{i′−k′} −KαnA{i}nB{i′} (19)

where Kα and K−1α are the direct and reverse kinetic rate coefficients. The

reverse rate coefficients can be deduced from direct rate coefficients under
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Table 1: Vibrational transitions considered in the model

Type Notation Reaction

VT VT2 CO2 {i1, i2, i3}+M ↔ CO2 {i1, i2 − 1, i3}+M

VT3 CO2 {i1, i2, i3}+M ↔ CO2 {i1, i2, i3 − 1}+M

VTN2
N2 {i}+M ↔ N2 {i− 1}+M

VTCO CO {i}+M ↔ CO {i− 1}+M

VVMCO2
VV2−3 CO2 {i1, i2, i3}+M ↔ CO2 {i1, i2 + 3, i3 − 1}+M

VV1−2−3 CO2 {i1, i2, i3}+M ↔ CO2 {i1 + 1, i2 + 1, i3 − 1}+M

VV VV3−N2
CO2 {i1, i2, i3}+N2 {i} ↔ CO2 {i1, i2, i3 − 1}+N2 {i+ 1}

VV3−CO CO2 {i1, i2, i3}+ CO {i} ↔ CO2 {i1, i2, i3 − 1}+ CO {i+ 1}

VV1−2−CO CO2 {i1, i2, i3}+ CO {i} ↔ CO2 {i1 + 1, i2 + 1, i3}+ CO {i− 1}

VVN2−CO N2 {i}+ CO {i′} ↔ N2 {i− 1}+ CO {i′ + 1}

equilibrium conditions. For instance, if we consider the VVM
CO2

reaction

CO2 {i1, i2, i3}+M ↔ CO2 {i1, i2 + 3, i3 − 1}+M (20)

the inverse rate coefficient is given, according to the harmonic oscillator

model, by

KM
{i1,i2,i3}→{i1,i2+3,i3−1}

−1
= KM

{i1,i2,i3}→{i1,i2+3,i3−1}
i2 + 1

i2 + 4
exp

(
3ε2 − ε3
kBT

)
(21)

Unfortunately, very few reaction rate coefficients are available in the lit-

erature for high lying vibrational levels. Most of experimental studies, like

those related to CO2 lasers, only investigate reactions between lower levels

at low temperature. For practical and exhaustive implementation, we use

the simple analytical SSH theory [17] that provides, in the framework of har-

monic oscillators, a relation between rate coefficients between excited levels

and those between low-lying levels. From this theory, we have the following

relations [16]:
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• For VT exchange

KM
{i3+1}→{i3} = (i3 + 1)KM

{001}→{000} (22)

KM
{i2+1}→{i2} = (i2 + 1)KM

{010}→{000} (23)

• For VV exchange

KM
{i1,i2,i3}→{i1,i2+3,i3−1} =

(i2 + 1)(i2 + 2)(i2 + 3)i3
3!

KM
{0,0,1}→{0,3,0} (24)

KM
{i1,i2,i3}→{i1+1,i2+1,i3−1} = (i1 + 1)(i2 + 1)i3K

M
{0,0,1}→{1,1,0} (25)

The details of all considered reactions, as well as the literature survey

providing the corresponding low-lying level coefficients like KM
{0,0,1}→{0,3,0},

are given in Appendix A. Further details on the vibrational kinetics can be

found in [18].

From the direct and inverse rate coefficients, the population evolution of each

vibrational level {i} of molecule A can be calculated by summing Eq. (19)

over all processes and all the reactions α where this level is involved. The

resulting rate of population change is given by

RA
{i} =

∑
exchange processes

∑
collider M

∑
reaction α

dnA{i}
dt
|α (26)

The rate of change of the energy stored in vibrational mode m of molecule

A per unit time and unit volume, due solely to collisional processes, is then

simply given (in W.m−3) by

dEm
vib

dt
= cmvib(Tm)

dTm
dt

=
∑
{i}

εm{i}R{i} ≡ Rm(T, Tm, Tm′ ...) (27)

where εm{i} is the energy (J/particle) of vibrational mode m associated with

level {i}.
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4. Application to a nozzle expanding flow

4.1. Aero-thermal fields

As a simple application of the previously developed NLTE radiation

model, we consider a quasi-unidimensional expanding isentropic flow in a

conical nozzle of radius R=10 cm at the throat and a cone angle of 15 de-

grees. The flowing gas is a non-reacting perfect mixture of N2-CO2-H2O with

respective molar fractions of 70%, 20% and 10%. The flow conditions at the

throat are assumed to be sonic (Mach=1) with an initial LTE temperature

T0 = 3000 K, a mass flow rate of 9 kg.m−2.s−1, leading to an initial veloc-

ity u0 = 1118 m.s−1. The LTE one-dimensional density (ρ), velocity (u),

temperature (T ), and pressure (p) fields are calculated from the integration

along the nozzle axis x of conservation equations of mass, momentum and

total energy

d

dx
(ρuA) = 0; ρu

du

dx
+

dp

dx
= 0; cp

dT

dx
+ u

du

dx
= 0 (28)

where A(x) is the nozzle cross section, cp the specific total heat at constant

pressure, and from the isentropic relation dp
p

= γ dρ
ρ

. The results of this in-

tegration are shown in Fig. 1 (left). It is assumed as a first approach that

vibrational disequilibrium does not affect the obtained macroscopic variables.

Vibrational temperatures are therefore calculated by post-processing these

fields and by replacing dTm
dt

by u(x)dTm
dx

in Eq. (27). Figure 1 (right) shows a

strong imbalance between translation-rotation temperature T and vibrational

temperatures Tm. CO2 (12) mode temperature is closer to T due to faster

vibration-translation relaxation for this mode. We can notice also that the

temperature of mode (3) of CO2 remains close to that of the vibration mode
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Figure 1: Left: Pressure, temperature and velocity along the nozzle axis. Right: Same

translation-rotation temperature T , and vibrational temperatures.

of N2 due to close vibration frequencies. Figure 2 shows the absorption and

emission spectra of CO2 computed from the line by line approach presented

in Sec. 2 and the computed values of T , T12 and T3, at a distance x =2 m

from the nozzle throat. The high resolution spectra are convolved with a

rectangular window of 25 cm−1 width for legibility reasons. At x =2 m, the

values of T , T12 and T3 are 771, 1889 and 1719 K respectively. Compared to

equilibrium calculations at temperature T , the absorption coefficient in the

ν3 region is significantly shifted towards smaller wave numbers due to an-

harmonicity and the over-population of high vibrational levels. Let us recall

that level populations and line positions in radiation calculations are based on

the actual level energies and not on the uncoupled harmonic oscillator model.

This over-population also leads to a much stronger emission as shown on the

right part of Fig. 2. While the ratio ησ/κσ at LTE is the smooth Planck’s

function at the considered equilibrium temperature, Fig. 3 shows an erratic

behaviour of this ratio under nonequilibrium conditions. In the significantly
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Figure 2: Absorption (left) and emission (right) coefficients calculated at LTE and NLTE

at a distance x =2 m from the nozzle throat. Line by line results are averaged over 25 cm−1

for legibility.

absorbing and emitting regions of the spectrum, it remains bounded by the

Planck functions at the two vibrational temperatures of CO2. However, for

nearly transparent regions dominated by far line wings and weak transitions

involving very high rotational levels, this ratio can take values outside the

Planck’s functions at the two temperatures T12 and T3.

4.2. Radiative transfer

The RTE Eq. (1) has been solved along the nozzle axis with radiative

properties obtained from the nonequilibrium thermal fields presented above,

and assuming no incoming intensity at the throat of the nozzle. The resulting

spectral intensity at the abscissa x = 60 m is shown in the left part of Fig. 4,

and compared to the results obtained assuming LTE along the column at

translation/rotation temperature. The high resolution spectral distribution

of these intensities has been averaged on bands of width 25 cm−1 in order

to make comparisons easier. A strong increase of the outgoing intensity is
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Figure 3: Emission to absorption coefficient ratio and Planck’s functions at the three

temperatures at x =2 m. Line by line ratios are averaged over 25 cm−1 for legibility.

observed when vibrational disequilibrium is accounted for, due to the “hot

freezing” of the vibrational temperatures T12 and T3 along the expanding

flow. The total intensity increases from 11.5 at LTE to 17 kWm2sr−1 at

NLTE.

In order to estimate radiative source terms and fluxes, we consider an

academic 1D planar geometry whose radiative properties vary along the nor-

mal to the slab as those of the above expanding flow along the nozzle axis.

The total thickness of the slab is L = 60 m, corresponding to the maximum

abscissa considered in the above flow expansion calculation. We consider no

incoming intensity and no reflection at the boundaries of the slab. The spec-

tral radiative flux incident on the low pressure boundary at abscissa x = L
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can be easily calculated according to

qν(x = L) = 2π

∫ cLν

0

ην
κν

(cν)E2(c
L
ν − cν)dcν (29)

where the current optical depth cν =
∫ x
0
κν(x

′)dx′ varies from 0 at x =0 to

cLν at x = L. In a similar way, the spectral incoming intensity at a current

abscissa x is obtained from

Gν(x) ≡
∫
4π

Iν(x,u)du = 2π

∫ cLν

0

ην
κν

(c′ν)E1(|cν − c′ν |)dc′ν (30)

In the above expressions, E1 and E2 designates the usual exponential-integral

functions [19]. The three energy radiative source terms defined in Eqs. (9,10)

can be expressed from this incoming intensity according to

SR(x) =

∫
ν

[κν(x)Gν(x)− 4π ην(x)] dν (31)

S
v12/v3
R (x) =

∫
ν

[
κv12/v3ν (x)Gν(x)− 4π ηv12/v3ν (x)

]
dν (32)

(33)

The spectral radiative flux calculated at the boundary x = L is shown on the

right part of Fig. 4, accounting for vibrational disequilibrium or not. Its spec-

tral structure is very similar to that of the intensity on the nozzle axis (left

part of the figure). The total radiative flux is increased by about 50 % when

vibrational disequilibrium is accounted for. The three radiative source terms

−SR, −Sv12R , and −Sv3R are respectively compared in Fig. 5 to −ρcpudT/dx,

−cv12vibrudT12/dx, and −cv3vibrudT3/dx, which are the left members of the bal-

ance equations where they should appear. Radiative source terms appear

several orders of magnitude lower than non-radiative ones, justifying a pos-

teriori the non coupled approach of radiative transfer. In a similar way,
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vibrational energy variations are much smaller than total enthalpy ones, jus-

tifying also the post-processing treatment of vibrational disequilibrium. Let

note that the radiative source term related to the ν3 mode contains the main

part of the total radiative source term.

We can conclude for this application that radiative source terms may be

neglected in total and partial energy balance equations and uncoupled flow

field calculations are justified. However, radiation level itself is significantly

affected by vibrational nonequilibrium.
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Figure 4: Left: Spectral radiative intensity along the nozzle axis at a distance x = 60 m

from the throat. Right: Spectral radiative flux in 1D slab configuration at the same

location.

5. Application to a high-altitude rocket plume

The nonequilibrium model is applied in this section to the computation

of CO2 radiation emission along selected lines of sight in the plume of a

high altitude rocket engine. The simulated case is that of the ”Bow Shock

Ultraviolet 2” (BSUV2) experiment [20], and more specifically, the plume of
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Figure 5: Energy radiative source terms −SR, −Sv12
R , and −Sv3

R considering NLTE (red) or

LTE (green), compared to non radiative terms (black). The three radiative source terms

at NLTE and LTE are gathered in part (d) for inter-comparisons.

the solid propellant motor Antares II corresponding to the second stage of

the rocket. This rocket was launched in 1991 at an altitude of 109.6 km and

measurements of spectral radiation from the plume were obtained in the UV

range from 0.2 to 0.4 µm. The main dimensions of Antares II motor are

shown in Fig. 6.

At the nozzle exit, the mixture contained about 37.5 % mass fraction of
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Figure 6: Scheme of Antares II rocket of the BSUV2 experiment.

alumina particles resulting from the combustion of aluminum incorporated

in the solid propellant. The gaseous phase was a mixture of CO2, CO, H2O,

HCl, N2, H2 and H with respective mass fractions of 0.0304, 0.6235, 0.0492,

0.0352, 0.230, 0.0314, and 3 10−4. Due to its small concentration, atomic

hydrogen is neglected in vibration relaxation processes.

In a previous study [21], we have simulated numerically the flow and ther-

mal fields of the plume, coupled to radiation, under gas local thermodynamic

equilibrium assumption. Thermal nonequilibrium between the gaseous phase

and several classes of particles of different sizes, considered at different tem-

peratures, was however modelled. It was shown that radiation was dominated

by alumina particles in this application, though gas radiation, and notably

CO2 emission in the 4.3 µm region, was not negligible. It was also shown

that radiation cooling of alumina particles was an important mechanism to

explain the radiation measurements in the UV range. However, the direct

feedback of radiative transfer on gas temperature field was found negligible.

More details on the modelling, computational methods, and main results of

these numerical simulations are given in [18, 21]. The resulting gas temper-

ature and pressure fields are shown in Fig. 7.

The aim of the present section is to analyse vibrational nonequilibrium ef-
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Figure 7: Gas temperature (left) and pressure (right) calculated under gas LTE assump-

tion.

fects on CO2 radiation under realistic conditions corresponding to the plume

of Antares II motor. Although gas radiation can be neglected in the gas-

phase energy balance equation as compared to expansion thermodynamic

cooling, an accurate estimation of gas emission may be important for the

signature of the plume. We assume in a first approach that, as for the

previous nozzle flow, the vibrational nonequilibrium would not significantly

affect macroscopic quantities such as the translation temperature, pressure

and velocity fields. We also assume that, due to its fast relaxation times,

H2O molecules are at equilibrium with translation and rotation. The multi-

temperature model comprises a translation temperature T , two vibrational

temperatures T12 and T3 for CO2, and two supplementary vibrational tem-

peratures TCO and TN2 respectively for CO and N2. Owing to their small

mass fractions (3.5% and 3.1% for HCl and H2 respectively), and to the lack

of vibrational kinetic data for HCl, these two molecules are also assumed at

local equilibrium at the translation-rotation temperature. As found for the
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planar geometry considered in Sec. 4, the radiative source terms in the vi-

brational energy equations are assumed to be negligible in comparison with

other terms.

From the above assumptions, a post-processing method of the fields ob-

tained at LTE is employed to determine the fields of all vibrational temper-

atures. A Lagrangian method is developed to reconstruct the local vibra-

tional temperatures from a large number of trajectories. The trajectories

are launched from the different inflow sections including the exit section of

the rocket nozzle and the upstream external atmosphere. For each molecular

species M , the unit vector nM along the trajectory is calculated such that

nM × (u + V M) = 0 (34)

where u is the hydrodynamic velocity vector and V M is the molecular dif-

fusion velocity of species M . The diffusion velocity is calculated from the

gradient of the mass fraction of species M through Fick’s law, as explained

in Ref. [21]. Accounting for diffusion velocities is particularly important in

the region close to the shock where the N2 molecules coming from the outer

atmosphere are mixed with those issued from the nozzle jet. Along each

trajectory of abscissa s, the vibrational temperature of a given mode m is

calculated according to

cmvib(Tm) vm(s)
∂Tm
∂s

= Rm(T, T12, T3, TN2 , TCO, nCO2 , nN2 , nH2O, nCO, nH2)

(35)

where vm =‖ u + V M ‖ is the modulus of the velocity of species M associ-

ated with vibrational mode m. These equations are solved iteratively in a

coupled manner in order to take into account possible crossing of trajectories
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of different species, mainly due to outer atmospheric N2 molecules. Indeed,

when for instance a CO2 trajectory crosses a N2 trajectory in the shock layer,

the source terms of Eq. (35) for CO2 modes and for N2 mode both need the

solutions along the two trajectories. In practice, a regular mesh is introduced

and the local vibrational temperatures in each cell are computed from the

arithmetic mean of the temperatures issued from all points and all trajecto-

ries crossing this cell. Figures 8 and 9 show the difference between vibrational

temperatures and translation-rotation temperature for CO and N2, and for

modes (12) and (3) of CO2, respectively.

Figure 8: Departure from equilibrium for vibrational modes of CO and N2.

We first notice the strong disequilibrium of CO and N2 vibration modes

and of the antisymmetric CO2 mode in the jet, the temperature differences

being of the order of 700 to 1000 K at the core of the jet after relaxation

(X > 20 m). The disequilibrium is more marked when approaching the

shock, the density decreasing strongly. The disequilibrium of the symmetri-

cal and transverse modes of CO2 is meanwhile less important (because of the
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Figure 9: Departure from vibrational equilibrium for modes 12 and 3 of CO2.

fast Vibration/Translation exchanges), the difference T12 − T varying from

400 K at the beginning of the expansion to about 100 K at the end of the

expansion.

N2 molecules from the atmosphere undergo an inverse disequilibrium due

to compression in the shock. The modes of vibration are indeed in equi-

librium with the translation until the shock. There, the translation tem-

perature increases strongly and the vibration mode of N2 remains weakly

excited (zone shown in dark blue in Fig. 8). The vibration temperature in-

creases towards the translation temperature as the molecules pass through

the shock, where the increasing abundance of H2 and H2O molecules enhance

Vibration/Translation exchanges.

Radiative intensities have been computed along some lines of sight from

the vibrational temperature fields obtained with the Lagrangian method.

Two columns have been considered. The first column is 20 m long, starts

from the nozzle exit at Y = r/2 where r is the nozzle radius at nozzle exit,
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Figure 10: Temperature and pressure distributions along the axial (left) and transverse

(right) lines of sight.

and is parallel to the plume axis of symmetry. It is called hereafter axial

column. The second column, called transverse column, crosses the plume

perpendicularly to its axis and intersects this axis at X = 2 m away from

the nozzle exit. Pressure and temperature distributions along these columns

are plotted on Fig. 10. The disequilibrium is relatively weak along the axial

column even if it becomes significant for the antisymmetric stretching mode

of CO2 for X > 6 m. However, in this region, the pressure is very weak

and its contribution to emission or absorption is expected to be very small.

More important differences between vibrational temperatures and the trans-

lation/rotation temperature are observed for the transverse column.

Figure 11 displays the radiative intensities escaping from the two columns

in the spectral range 1900–2500 cm−1. The high resolution spectra are con-

volved with a rectangular window of 5 cm−1 width. For the axial column,

the escaping intensity is computed at X = 20 m in the direction opposite

to the nozzle. As could be expected from pressure and temperature distri-
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Figure 11: Radiative intensities at the exit of the axial (left) and transverse (right) lines

of sight. Line by line results are averaged over 5 cm−1 for legibility.

butions shown in Fig. 10, vibrational nonequilibrium effects on the escaping

intensities are stronger for the transverse column. The integrated intensity

over all the band is increased for this line of sight from 80 to 135 Wm−2Sr−1

due to the partial ”freeze” of CO2 vibration modes, and especially of the

antisymmetric stretching mode.

6. Conclusion

A consistent model is developed in this work for the prediction of CO2

radiation under vibrational nonequilibrium conditions in the framework of

multi-temperature thermodynamic description of the medium. The evolu-

tion of vibrational temperatures is determined from a detailed collisional

vibration specific model. Line-by-line calculations are based on level popula-

tions deduced from the three temperatures T , T12 and T3, and in turn, partial

absorption and emission coefficients allowed us to derive the radiative source

terms to be included in the multi-temperature balance equations. The devel-

oped model can be applied to several problems including for instance Mars
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atmospheric entries. In this work two applications are investigated. A first

application to the case of an expanding flow in a conical nozzle shows that

the partial freeze of vibration excitation may significantly increase radiative

intensities. Based on the aero-thermal fields obtained for this conical nozzle,

the full radiative transfer calculations are carried out in the academic planar

medium case. This academic geometry is useful for the quantitative deter-

mination of radiative fluxes and total and partial radiative source terms. It

is found that, for the considered application, both total and partial radiative

source terms are negligible compared to the expansion terms, which justifies

the non-coupled calculations. The second application considers the plume

of the high altitude Antares II motor of the BSUV2 experiment. Based

on previous calculations of the flow and temperature fields at local thermo-

dynamic equilibrium of the gas phase, a Lagrangian method was employed

to post-process these fields and to predict vibrational temperature distribu-

tions. Differences up to 1000 K between vibrational temperatures and the

translation-rotation temperature are found, which leads to a more or less

strong enhancement of radiation escaping from the plume, depending on the

considered line of sight.

Due to the very large CPU time and/or storage capability requirements, ra-

diation calculations in the case of the rocket plume were limited to some

chosen lines of sight in the plume. Full calculations of radiative fluxes and

source terms would require the development of specific approximate models,

like the statistical narrow-band model, which will be explored in future work.
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Appendix A: Vibrational kinetic constants

We present in this appendix the different formulations of kinetic constants

employed for vibrational relaxation calculations. Literature survey provided

the expressions of kinetic constants k, expressed in Pa−1.s−1 (or atm−1.s−1),

or K, expressed in m3.part−1.s−1, for the relaxation of the first vibrational

levels. The relation between k and K is given by K = k × kBT . We list

below the set of all expressions used in this study, gathered in different tables

according to the employed formula for temperature dependence. Note that

the effects of VT3 process were found negligible as in [22] and are not included

here. An asterix added to a reference number means that the coefficients ai of

the analytical expressions were adjusted in this work to fit the experimental

kinetic constants given in that reference.

Table 2: Expressions in the form log10(K) =
∑2

i=0 aiT
− i

3 , with K in m3.part−1.s−1.

Reaction molecule M a0 a1 a2 reference

CO2 -13.07 -83.28 220.3 [23]*

VT2: CO2 {0, 1, 0}+ M → CO2 {0, 0, 0}+ M N2 -13.75 -83.97 223 [23]*

H2 -18.1 3.67 0 [23]*

H2O -18.64 11.74 0 [23]*

N2, CO2, CO -11.72 -123.9 0 [23]*

VTN2 : N2 {1}+ M ↔ N2 {0}+ M H2 -16.12 -31.12 0 [23]*

H2O -13.25 -53 0 [23]*

CO2 -11.9 -102.9 304.5 [23]*

VV2−3 : CO2 {0, 0, 1}+ M → CO2 {0, 3, 0}+ M N2 -9.54 -144.06 462.1 [23]*

H2O -21.3 42.29 -147.5 [23]*
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Table 3: Expressions in the form log10(K) =
∑2

i=0 aiT
−i, with K in m3.part−1.s−1.

Reaction a0 a1 a2 reference

VV3−N2 : CO2 {0, 0, 1}+ N2 {0} → CO2 {0, 0, 0}+ N2 {1} -18.2 -8.10−4 4.10−7 [23]*

Table 4: Expressions in the form log10(k) =
∑2

i=0 aiT
− i

3 , with k in atm−1.s−1.

Reaction molecule M a0 a1 a2 reference

VTCO : CO {1}+ M → CO {0}+ M N2, CO2, CO 12.820 -155.91 450.5 [24]

VTCO : CO {1}+ M → CO {0}+ M H2 11.372 -78.32 192.73 [25]*

VV1−2−3 : CO2 {0, 0, 1}+ M → CO2 {1, 1, 0}+ M CO2, CO, N2 12.662 -88.87 272.5 [24]

VV1−2−CO : CO2 {1, 1, 0}+ CO {0} → CO2 {0, 0, 0}+ CO {1} 10.708 -69.94 203.3 [24]

VV2−CO : CO2 {0, 3, 0}+ CO {0} → CO2 {0, 0, 0}+ CO {1} 10.708 -69.94 203.3 [24]

VV3−CO : CO2 {0, 0, 1}+ CO {0} → CO2 {0, 0, 0}+ CO {1} 9.144 -31.91 -103.5 [24]

VVN2−CO : N2 {1}+ CO {0} → N2 {0}+ CO {1} 7.002 -11.53 0 [26]*

Table 5: Expressions in the form log10(k) =
∑3

i=0 aiT
− i

3 , with k in atm−1.s−1.

Reaction molecule M a0 a1 a2 a3 reference

VV2−3 : CO2 {0, 0, 1}+M → CO2 {0, 3, 0}+M H2 16.315 -199.4 1356 -3081 [27]*
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