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A transformation method to study the solvability
of fully coupled FBSDESs

Stefan Ankirchner Alexander Fromm®* Julian Wendt

October 6, 2020

Abstract

We consider fully coupled forward-backward stochastic differential equa-
tions (FBSDEs), where all function parameters are Lipschitz continuous, the
terminal condition is monotone and the diffusion coefficient of the forward
part depends monotonically on z, the control process component of the back-
ward part. We show that there exists a class of linear transformations turning
the FBSDE into an auxiliary FBSDE for which the Lipschitz constant of the
forward diffusion coefficient w.r.t. z is smaller than the inverse of the Lips-
chitz constant of the terminal condition w.r.t. the forward component x. The
latter condition allows to verify existence of a global solution by analyzing the
spatial derivative of the decoupling field. This is useful since by applying the
inverse linear transformation to a solution of the auxiliary FBSDE we obtain
a solution to the original one. We illustrate with several examples how linear
transformations, combined with an analysis of the decoupling field’s gradient,
can be used for proving global solvability of FBSDEs.

1 Introduction

Let T > 0 and let W = (W})co,r7 be a Brownian motion defined on a complete
filtered probability space (€2, F, (F¢)icpo,r], P), where the filtration is defined by F; :=
(N, (Wy)sep,g) with N denoting the set of all P-null sets.

In this article we introduce a new method for checking whether the forward-
backward stochastic differential equation (FBSDE)

t t
Xt=x+/u(r,Xr,n,Zr>dr+/a(r,XmYT,ZT) aw,,
0 0
T T (1].)
n=§<XT>—/ f(r,Xr,Yr,Zr)dr—/ 2, dW,, t € [0,7).
t t

possesses a solution, where we make the following assumptions on the parameter
functions u, o, £ and f:

*Financial support from the German Research Foundation through the project AN 1024/4-1 is
gratefully acknowledged



(A1) p,o,f : Q2 x[0,7] x R x R x R — R are progressively measurable, meaning
that for all ¢t € [0,T] the functions p, o, f restricted to Q x [0,] x R x R x R
are F; ® B([0,1t]) ® B(R) ® B(R) ® B(R)-measurable,

(A2) p,o, f are Lipschitz continuous in (x,y, z) with Lipschitz constant L, i.e. for
all t € [0,7] and almost all w € Q we have

lp(t, w1, 91, 21) — @(t, 02, Y2, 22)| < L([21 — 22| + [y1 — ya| + |21 — 22),
for all z;,y;,z;, € Rji=1,2and p = pu, 0, f.
(AB) ||:u('7 '7070aO)HOO + HU(', '707070)Hoo + Hf(> 'a 07070)”00 < 00,

(A4) ¢:Q xR — R is measurable, Lipschitz continuous in the second variable and
satisfies ||£(+,0)]|c0 < 00.

(Ab5) ¢ is monotonically increasing in the second variable, while o is monotonically
decreasing in z.

Notice that (A1l)-(A4) are standard assumptions on the measurability, Lipschitz
continuity and growth of the parameters. Observe that the FBSDE (1.1) is fully
coupled, that is, the dynamics of the forward part depend on the solution of the
backward component and, vice versa, the dynamics of the backward part depend
on the forward component. Recall that for fully coupled FBSDEs the assumptions
(A1)-(A4) are not sufficient for the existence of a solution (see Example 1.1 below for
a counterexample). We obtain a sufficient condition for the existence of a solution,
on a sufficiently small time interval, by adding the assumption

Le, < L.}

0,2

(1.2)

where L¢ , denotes the smallest Lipschitz constant of { w.r.t. the second component
x; and L, . denotes the smallest Lipschitz constant of o w.r.t. the last component

z. By L} = Li,z we mean ﬁ it L,, > 0 and oo otherwise. We interpret Lgi in

the same way.

We refer to condition (1.2) as the contraction condition, as it guarantees that one
can define, via a Picard iteration, a process sequence (X", Y™ Z™) that is contracting
with respect to some nice norm, defined on a sufficiently small time interval. The
limit of the Picard sequence can be shown to converge to a solution of (1.1) on the
small time interval considered. Thus, the contraction condition (1.2), together with
(A1)-(A4), is sufficient for the existence of a local solution of (1.1) (see Theorem
3.4 below for a precise statement). In the following we refer to the union of the five
conditions (A1)-(A4) and (1.2) as the standard Lipschitz condition (SLC).

A method for checking global solvability for FBSDEs satisfying SLC is to ver-
ify that the so-called decoupling field (see Section 3 for the definition) is Lipschitz
continuous with a Lipschitz constant bounded away from L;’i, uniformly on the
maximal existence interval. Whether the Lipschitz constant is bounded away from
L;é can be checked by studying the dynamics of difference quotients or the differen-
tial quotients of the solution processes (X, Y, Z) with respect to the initial condition
of the forward equation. The first approach using difference quotients is pursued in
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[11], with the aim to provide a collection of various sufficient conditions for global
solvability. The second approach is followed in [7] (see also [8]) in order to describe
a recipe for checking global sovability of FBSDEs. The recipe is based on check-
ing whether the absolute value of the decoupling field’s gradient with respect to x
stays bounded away from L;;, and in the following we refer to it as the method of
decoupling fields.

If (1.2) is not satisfied, then one can try to apply a linear transformation the
process pair (X,Y") in order to arrive at an auxiliary FBSDE satisfying the contrac-
tion condition. In this article we show that this is indeed always possible under the
monotonicity condition (A5). We provide a class of linear transformations leading to
an FBSDE satisfying the contraction condition and we prove that if the new FBSDE
has a solution, then so does the original FBSDE (1.1). Indeed, from a solution of
the auxiliary FBSDE we construct a solution of (1.1). Thus, for checking whether
the FBSDE (1.1) has a solution it is enough to study the auxiliary FBSDE. Since
the latter satisfies SLC, the method of decoupling fields applies to it.

The monotonicity of ¢ in z allows to choose the transformation in such a way
that the control process Z is uniquely determined by the control process of the
auxiliary FBSDE. Concerning (A5) we want to point out the following:

e If o is monotonically increasing while £ is monotonically decreasing one can
define (X,Y, Z) = (—X,Y,Z) to obtain a new FBSDE with diffusion coeffi-
cient 6 := —o and terminal condition £ := &(—-) that satisfies (A5). Note that
this transformation is invertible, this means that if one FBSDE has a solution
on some time interval so does the other.

e If 0 and £ are both monotonically increasing or decreasing in z and x, re-
spectively, then it can happen that even a local solution does not exist (see
Example 1.1 below). Therefore, in this case an invertible linear transformation
leading to an FBSDE with (1.2) does not necessarily exist.

The idea to use linear transformations when studying the solvability of FBSDEs
can be found already in the literature. Theorems 6.2 and 6.3 in [11] provide sufficient
conditions for (local) solvability, and the proofs are based on linear transformations
leading to FBSDESs possessing solutions. The assumptions on the parameters of the
FBSDESs, however, do not cover our setting (A1l)-(A5). Moreover, the structure of
the transformations used in [11] differs from the transformations we consider in this
paper.

In the article [1] a linear transformation has been used in order to reduce a
specific FBSDE to an auxiliary FBSDE for which a global solution is shown to exist.
Indeed, the example of [1] raised the question of whether there exists a general class
of FBSDEs for which a linear transformation is helpful in studying global solvability.
The present article gives an affirmative answer.

As pointed out above, the condition (1.2) allows to check global solvability of fully
coupled FBSDEs by studying the Lipschitz continuity of the decoupling field. There
are several other approaches for proving global solvability that do not primarily
target the Lipschitz continuity of the decoupling field. In [10] and [5] the link between
FBSDEs and PDEs is exploited in order to prove global solvability of FBSDEs,
where the diffusion coefficient o does not depend on z and satisfies a non-degeneracy
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condition. This method is usually referred to as the Four Step Scheme. Notice
that we do not assume that ¢ is non-degenerate. More importantly, our method is
developed particularly for the case where ¢ depends on z.

There are several probabilistic approaches for proving solvability under some
monotonicity conditions on the function parameters. Pardoux and Tang [14] make
a monotonicity assumption on p with respect to x and f with respect to y and show
existence via contraction arguments. Another approach is the so-called Method of
Continuation, presented e.g. in [15], [17] and [9]. In these articles the existence of
a global solution to an FBSDE is provided by imposing a kind of monotonicity on
the parameter functions with respect to all variables z,y and z. In contrast, in the
present article we impose monotonicity of ¢ in z and of £ in x. Note, however,
that our conditions do not guarantee global existence, but they allow to apply the
method of decoupling fields to verify this.

We finally mention the monograph [12] and the article [11] for a more detailed
overview on existing approaches.

The paper is organized as follows: In section 2, we derive a class of transfor-
mations leading to FBSDESs satisfying SLC. In section 3, we introduce decoupling
fields and present a local existence result for FBSDEs satisfying SLC. In section 4,
we present our main results. We give a complete account of the conditions needed for
the linear transformations, and of the conditions leading to solvability of the original
FBSDE. Finally, in section 5 we illustrate with several explicit examples how linear
transformations and the method of decoupling fields can be used for analyzing the
solvability of fully coupled FBSDE satisfying (A1)-(A5), but not (1.2).

We close the introduction with an example showing that if an FBSDE satisfies
(A1)-(A4), but neither (A5) nor (1.2), then a solution needn’t to exist, even on an
arbitrarily small interval.

Ezample 1.1 (cf. Example 2.3.1 in [7]). Let o9 € R\{0} be a constant. We consider
for some ¢ € [0,7") the FBSDE

X,=x+ /S(ao + Z,) dW,,
‘o (13)
Ys:XT—/ Z dW,, s € [t,T).
This means that
e ;1 and f vanish,
e o is defined via o(s,x,y, 2) = 0¢ + 2,
o ¢ =Idp.

We now claim that equation (1.3) cannot have a progressively measurable solution,
no matter how small 7' — ¢ > 0 is chosen.
In fact, the forward equation implies

T T
XT—XSZ/ (Uo—FZr)dWr:U()(WT—WS)—F/ ZTdWr
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or

T
XT—/ ZrdWT:Xs—l-O'()(WT—WS), Se[t,T].
Together with the backward equation we obtain
Y, = X, + oo(Wr — W),

which for s = ¢t means

Y;g — T = 0'0<WT - Wt)

This cannot be true, however, since Y; is F;-measurable and oo(Wr — W;) is a
non-degenerate Gaussian random variable independent of F;.

2 Transformations leading to SLC

In this section we motivate the choice of transformations that we consider in this
paper. We want to find linear transformations of the processes X and Y such that
the transformed FBSDEs satisfy SLC. In other words, our goal is to determine

~

a,b,c,d € R such that the processes X,Y', Z, given by

X\ [a b\ (X,
()= () ()

and Z, = co(t, Xy, Y, Z,) + dZ,, “fulfill” a FBSDE with parameters that satisfy
SLC. Our goal is then to examine the solvability of the new FBSDE and transfer the
results to our original one. In order to make this work, we have to assume that the
transformation is invertible, i.e. that we can recover (X,Y, Z) from (X Y. Z ). Thus,
we have to choose a, b, ¢, d such that ad—bc # 0 and the map z — co(w, t,x,y, z)+dz

is invertible for all (w,t,z,y) € Q x [0,T] x R x R.
Whether the choice of the parameters a, b, ¢, d is suitable depends on the mono-

tonicity of the functions ¢ and £. To explain this dependence we introduce the
constants K, ., K¢, > 0 as the largest constants satisfying

’0<t7x7y721) - O'(t,{l?,y,ZQ)‘ Z Ko’,z’21 - 22‘7

2.1
1£(21) = &(2)| > Keg|rr — 22, (2.1)

for all @1, xq,y, 21,22 € Rand t € [0, T]. Note that such constants always exist since
the above inequalities are satisfied by replacing K, . or K¢, with 0. In case K, . > 0
or K¢, > 0 we have strict monotonicity for o or { with slope of at least K, . or
K¢ ., respectively.

For the sake of simplicity we restrict our considerations in this section to the case
where {(w, -) and o(w, z,y, -) are differentiable for all w € Q, z,y € R, and K¢, =0
holds true. However, we prove in the following section that the properties derived
in this section also hold true in the more general setting of this paper requiring only
Lipschitz continuity and K¢, > 0.



Note that the transformed FBSDE takes the form

t t
Xt=x+/ﬂ(s,Xs,Ys,Zs)dH/&(s,Xs,Ys,ZsmWs,
0 0

. (2.2)

T
Y, = £(Xn) — f(s,Xs,Ys,Zsms—/ Z.dW,, t e [0,7),

t t

where the parameters are given by

ﬂ(w7 87 x? y7 Z) :: au (w7 87¢(87 x7y7 Z)) +bf (w’ 87®(87 x? y7 Z))7

o(w,s,x,y,z):=ac (w,s,P(s,x,y,2)) + b (w, s,2,y, 2),

f(w’ 87 x? y7 Z) :: Cu (w7 S? ®(S7 x? y? Z)) + df (w’ 87 ®(87 I? y7 Z)) )
E(w,x) == ((cId + dé(w, ) o (ald + bE(w, -))™") (2),

and

o(w,s,z,y,2) = (co(w, s, x,y, ) + alId)f1 (2),

5 ) de — by —cx+ ay
W, S, X,Y,2) 1= w, s z
(p ) ) ’y7 SO 7 7ad_bc7 ad—bc’ )

de —by —cx+ay .
P =
(S7$7y7z) (ad_bc7 ad—bc 7()0(87:1:7y7z)>7

for (w,s,x,y,2) € Q x[0,7] x R x R x R. We emphasize that without loss of
generality we can assume that a,c > 0, because one can just replace (a,b) with
(—a,—b) if a < 0, and (¢,d) with (—¢,—d) if ¢ < 0. That does not change the
Lipschitz constants Le ., Lg . Consequently, we consider only the case where a,c >
0. Moreover, we assume the following to ensure that the above definitions make
sense and we can estimate the Lipschitz constants of é and ¢ by Lg , <1< Lg

(i) a>0and b>0,
(ii) d <0, in particular, d < 0 if K,, =0,
(iii) ¢ > 0 and |d| small enough.

The first point ensures that the mapping ald + b¢ : R — R is a bijection and thus
¢ is well-defined. The second point implies that the function co(s,x,y,-) +dld is
invertible which is necessary for the definition of . The last point finally allows to
derive a nice estimate for L; , in (2.4) because then 0 < ¢+ d¢'(z) < c.

Now, since we have established that a,c > 0 and b > 0,d < 0 should hold
true, we claim that, without loss of generality, we can assume that a,c = 1 (with

adaptation of b, d) as the following Lemma proves.

Lemma 2.1. Let a,c > 0,b > 0,d < 0. The transformation with

(¢ o



transforms the FBSDE (1.1) into an FBSDE satisfying SLC if and only if the trans-
formation with
1
(1)
does so.
Proof. Let &, é ,® be defined as above, and ¢ and & be the diffusion coefficient and

terminal condition of the transformed FBDSE with @ := 1,b := %,6 =1,d := %.
Assume that Lz, < Lg}z. Then we obtain that

Qe o

0% (s, B(s,2,y,2)) + b

cg—;’(s, O(s,z,y,2)) +d
é’(x)‘ _ | e+ d€'((ald + b&)_l(.r))‘ _c
a+ b&'((ald + b¢)~1(x))
Consequently, L, < 5Lg, < gL;lz < L;;. The converse implication follows analo-
gously. O]

Jo

o6
5 (

a(saxayaz) -

z Yy
- 87_7_)2)
c a’c

0,29

a
< -L
T c

& ((+26) ()] < SLe,

a

For the remainder of this section let a,c = 1. To gain standard Lipschitz condi-
tions for the transformed FBSDE (2.2) we have to choose b and d depending on §
and o. We derive for which choice the derivatives of £ and ¢ are bounded such that
Lg’z < L;’lz. Note that one can rewrite ¢ as

o(s,xz,y,2) =24+ (b —d)p(s,x,y, 2).
We observe that

06 b—d b—d
96 . i 2.3
9 ) T S m ) + “EG ) —d )
and 1

§(py = LT A1 +b6) " (x))

14+ 0g((Id + b8) 7 ()

for all z,y,2 € R,s € [0,T]. Note that the denominator —g—g(s,x,y, z) —d in (2.3)
is always not equal to zero because of (ii), and we obtain the desired estimate if we
choose d < 0 close enough to zero and the constant b as a positive real number. To
this end, let d € [—L;;,O] such that —d + K, . > 0, and b € [0, —d V K, ). With
this choice of b and d we have for all z,y,z € R, s € [0,T] either

8—6(541:3/,2)—1— b—d <1-— b—d <1
AR ey g =T B A
or
do b—d b+ (—dV K,.)
a9 Y, = —1 S : -1
82(8 %9:2) —%(s,x,y,z) —d —dV K, ,
b
< — <1
T —dVK,, =
and consequently L; . < 1. Similarly, we deduce that for all x € R
: 1+ d'((Id + b§) " (x))
= <1 2.4
f(x)‘ L+06g((Id+ b))~ Yx)) — 7 (24)

and thus Lg@ <1.



3 Decoupling fields

A so-called decoupling field to an FBSDE comes with a richer structure than just a
classical solution (X,Y, Z) to (1.1).

Definition 3.1. Let ¢ € [0,7]. A function u: Q X [t,T] x R — R with u(T,-) = ¢
a.e. is called decoupling field for (&, u, o, f) on [t, T if for all t1, ¢y € [t, T| with t; < t5
and any J3 -measurable X;, : 2 — R there exist progressively measurable processes
(X,Y,Z) on [t1,ts] such that

Xo= X+ [ X Ve Z)dr+ [ o X, Y, 2 W,
t1 t1

to to
YS - Ytg - f(ra XT7}/T7 Z’r‘) dT - / ZT dWT7

s

(3.1)

Y, = u(s, Xy), (decoupling condition)
a.s. for all s € [t1,ts]. In particular, we want all integrals to be well-defined.

For the following we need to introduce further notation: Let I C [0, 7] be an interval
and u : Q x I x R — R be a map such that u(s, ) is measurable for every s € I. We
define

L, =supinf{L > 0|for a.a. w € Q:
sel

lu(w, s, ) — u(w,s,a’)| < Llz — 2| for all z,2" € R},

where inf() := oo. We also set L,, := oo if u(s,+) is not measurable for every
s € I. One can show that L, , < oo is equivalent to v having a modification which
is truly Lipschitz continuous in z € R. Indeed, it is enough to redefine u(s,w, ) =0
whenever Lipschitz continuity is not satisfied (see Lemma 2.1.3. in [7]).

Definition 3.2. Let u: Q x [t,T] x R — R be a decoupling field for (¢, u, o, f). We
say u to be weakly regular if Ly, < L, and supc(, 7 [[u(-, 5,0)][e0 < 00.

Definition 3.3. We define the maximal interval Iya, C [0,T] of the problem given
by (&, p, 0, f) as the union of all intervals [t, 7] C [0,7], such that there exists a
weakly regular decoupling field u on [t, T7.

Note that the maximal interval might be open to the left. Also, let us remark that we
define a decoupling field on such an interval as a mapping which is a decoupling field
on every compact subinterval containing 7T'. Similarly we can define weakly regular
decoupling fields as mappings which restricted to an arbitrary compact subinterval
containing 1" are weakly regular decoupling fields in the sense of the definition given
above.

Finally, we have global existence and uniqueness on the maximal interval:

Theorem 3.4 ([7], Theorem 5.1.11, Lemma 5.1.12 and Corollary 2.5.5). Assume
that (&, i, 0, f) satisfy SLC. Then there exists a unique weakly reqular decoupling field



U on Iax. Furthermore, either Inax = [0,T] or Inax = (tmin, 1], where 0 <t < T
In the latter case we have

Hm Ly,ye = Ly (3.2)

z
2(:J/tmin

Moreover, for any t € Iy and any initial condition Xy = x € R there is a unique
solution (X,Y, Z) of the FBSDE (1.1) on [t,T] satisfying

T
sup E[|X,[]*]+ sup E[|Y;]’] +E [/ | Z,?ds| < oo. (3.3)
¢

se[t,T] se[t,T]

This (X,Y, Z) satisfies the decoupling condition Yy = u(s, Xs), s € [t,T].

4 Main results

In this section we prove that the transformation derived in section 2 turns FBSDE
(1.1) into an FBSDE satisfying SLC. Recall the definition of the constants K, ., K¢,
in (2.1) and let & € [0, L.,] NR and v € [0,k V K, ], such that

o Kx+v>0,
o K+ K, . >0, and
o V< KVK,,if K¢, =0.

We consider the transformation with ¢ :=~ and d := —x, that means

()= G o) G

and Z, == o(t, X,,Y;, Z,) — kZ, for t € [0,T7].

Remark 4.1. In the case L¢, > 0 all the reasoning in this section is also true if we
choose K = Lg_i and v := 5. However, in this section we prove the results in a more
general setting and leave some freedom in the choice of k and v by just specifying
an interval to which the constants should belong. This enables us to choose kK = 0 in
the case where o is strictly decreasing in z with a slope of at least K, . > 0, which
simplifies the transformation. Note that if K,, = 0 we have to choose a positive x
in order to obtain a Lipschitz continuous diffusion coefficient &.

The auxiliary FBSDE takes the form

A

t t
Xt :i'"i_//)(S?XsaszaZs) d3+/ &(SaXmY:eaZs) dWs;
0 0

T T
Y, = £(Xp) — f(s,Xt,Ys,Zs)ds—/ Z,dW,, t € [0,T),
t



where the parameter functions are given by

(s, x,y,2) = (S (s, w,y,2)) +7f (5,2(s,2,9,2)),

o(s,x,y,2) =2+ (k+7) (s, 2,y,2),

f(s,a :2) Zu(s O(s,7,y,2)) — £f (s, 0(s,2,9,2)) .
() := ((1d = w€) o (Id + 7€) ") (@),

with

90(57 T, Y, Z) = (O-(Sa T, Y, ) - ’ild)_l (Z)7

o(s,z,y,2) =@ | s KTy T—Y z
) M ) * M ,{/—'—’Y’f{/—i—’}/’ M

KT +7y T —y
k+vy 'K+

@(87 I‘? y? 'Z) = ( 7@(87'%7 y? Z)) Y
for all s € [0,T],2,y,2 € R.
We now state the two main results of this paper.

Proposition 4.2. The parameters (é,,&,&, f) satisfy SLC. Moreover, for the pa-
rameters (&, 1,0, f) there exists a mazimal interval I, C [0,T] of the form [0,T]
or (tmin, T| and a decoupling field G : Q X I.x X R — R that is weakly regular.

Theorem 4.3. Let I, be the maximal interval and u be a weakly reqular decoupling
field for the parameters (é,ﬂ,&,f). Fix t € I,.x and assume that the mapping
R — R,z — (kld+ ~u(t,-)) (x) is bijective. Then for any initial value x € R there
ezists a solution (X,Y,Z) to FBSDE (1.1) on the interval [t,T].

Moreover, if R — R,z — (kld+ ~u(s,-)) (z) is bijective for all s € Iyayx the
function u : Q X I X R = R, defined by

(s,) = (= (s, ) o (wd+ 70 ) ™) (e +2)a), - (32)

is a decoupling field for (&, u, o, f).

Corollary 4.4. If Iy = [0,T] and the mapping R — R,z — (kId+ ~vu(0,-)) (z)
is bijective, then for any initial value x € R there exists a unique solution (X,Y, Z)
to FBSDE (1.1) on the interval [0,T] such that (3.3) is satisfied for t = 0.

Remark 4.5. Concerning Theorem 4.3 we mention the following:

(a) To prove that I,.x = [0,7] one can apply the method of decoupling fields
to the auxiliary FBSDE (4.1). To this end, one studies the dynamics of the
gradient process V; = 0,4(t, Xt) and shows that V; can be bounded away from
L;i uniformly on ... Then Theorem 3.4 implies that only I, = [0,7] is

possible. Finally, Corollary 4.4 implies that also the original FBSDE (1.1) has
a global solution if the mapping R — R,z — (kId + ~vu(0, -)) (z) is bijective.
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(b)

The bijectivity of the mapping R — R,z — (kId + ~yu(t,-)) (z) for some fixed
t € ILax is necessary to establish for an arbitrary z € R the existence of an
appropriate initial value (kId +~ya(t, )" ((k +)z) for the auxiliary FBSDE
(4.1). A solution of the auxiliary FBSDE with this initial value provides a
solution to the original FBSDE (1.1) with initial value = after the backward
transformation (see Lemma 4.6 below).

To prove that the mapping R — R,z +— (kld + ~yu(t,-)) (z) is bijective for
some fixed t € I, can be an involving task. Indeed, there are cases where we
have global solvability of the transformed FBSDE, but the bijectivity condition
fails and hence we cannot conclude global solvability of our original FBSDE.
This problem is presented in section 5.2, where one can even derive an explicit
formula for the decoupling field 4. Nevertheless, one does not always need
an explicit representation of 4 at the initial time. It can be enough to bound
the Lipschitz constant of @ in an appropriate way, e.g. with the method of
decoupling fields. With an adequate bound the bijectivity can follow right
away. Since the method of decoupling fields is primarily used to show global
solvability (see (a)) the bijectivity can follow as a byproduct (see section 5.3).

In order to prove Proposition 4.2, Theorem 4.3 and Corollary 4.4, we show at first
that a solution to our original FBSDE (1.1) can be recovered from the transformed
FBSDE (4.1). The proofs can be found at pages 14-17.

Lemma 4.6. If there exists a solution (X,Y,Z) to the FBSDE (4.1) on a time
interval [t,T] for some t € [0,T) with an Fi-measurable initial condition &, then

(X,Y, Z), defined as

A~

Xy 1 ko X,
Y] k44 \1 —1)\V, )’

Zy = (s, X, Vs, Z5) = (0 (8, X,, Yy, ) — kId) " (Z,), s et,T],

solves the FBSDE (1.1) on [t,T] with the F;-measurable initial condition rita¥i

K+y

Proof. We verify that (X,Y,Z7), defined as above, fulfills the FBSDE (1.1). To

this end, note that @(S,XS,YS,Z ) = Zs and @(S,XS,YS,ZS) = (X, Ys, Z5). Conse-
quently,

1 . )
dX, = (deS n des)
KT
= (s, X, Vi Z)ds + (s, X, Vo, Z,)AW, )
s (i )ds + 5 )
+ L <fA(SvXS7Y/;‘7 Zs)ds + stWs)
K+ 7y

= /’l’ (57 XS7 5/87 ZS) dS + 9 (87 XS7 }/;7 Zs) dWS7

=+
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and

1 A
4y, = (ax, - av,)
K+
1 N oA A A N A A
= (s, Xo Vs Z) = f5, X0 V2 24) ) d
oL (s )= f(s )) ds

= f(8, X, Ys, Zs)ds + ZsdW.
We observe that X; = %7% by the same calculations as above. If v = 0 we have
X = X, £(z) = — k€(z) and therefore
1 /& - 1/ f
Vi == (%r—¥r) = - (Xr - €Xr)) = €(x7), as

K
If v > 0 we can rewrite f in a different form, because
() = ((1d = &) o (Id + 7)) ()
= (Id+7¢) " (2) - e ((1d+~¢) " ()

= (1d+76) " (2) = 2 (1d + 7€) (Ad +46) 7 () + g (Id+~6) " (z) (43)

g
:ﬁ+7(ld+'y£) (x) — E:B,:L‘G]R.
Y v

We obtain

_ Riy (XT — “$7 (Id+ &) (Xr) + SXT>
= % <XT — (Id + ’Yf)il (XT)>
(Id 4 ~€) ( (Id +~¢) 7" (XT)) — (Id 4 &)~ (XT)>
=€ (d+79)7 (X1)) = £(xn), as.

by an alternative representation of é and because

(Id +7¢) " (Xr) = [KXT + (k4 7) (Id + 7€)~ (Xp) — KXT}

K+
1 N NN 1 R R

- X+ X]: [X+Y]:X,..
+7[/€ T 75( T) Kty RAT T 7YXYT T, a.8

K

This concludes the proof. O

Now we show that the function ¢ is Lipschitz continuous with the help of an inverse
function theorem for Lipschitz functions. Later on we use this result for proving
that the parameters (£, 1,4, f) fulfill SLC.

12



Lemma 4.7. The function ¢ is Lipschitz continuous in (z,y,z) and we have for

the Lipschitz constant of ¢ in z that L, . = ﬁ Moreover, we have

‘90(15,957% Zl) - Sp(tw%'?waZ)‘ > |Z1 - ’22' (44)

Lo, + kK
for all x,y,z1,22 € R and t € [0,T]. In particular, ¢ is Lipschitz continuous in
(z,y,2) and (4.4) holds also true for ¢.

Proof. Let (w,t) € Q x [0,T]. At first, we prove the Lipschitz continuity of ¢ in z
and that (4.4) holds true. To this end, let z,y € R be fixed for the moment. Note
that o(t,x,y,-) — kld is strictly decreasing and satisfies

(K + KG,Z) |2’1—2’2| S |U(t7x>ya 21) — k21 — (U(t7$7y7z2) - '%22)| S (’% + L@Z) |Zl_22|

for all 21,29 € R. Hence, o(t,z,y,-) — kld is a bijection from R onto R and the
inverse (¢, x,y,-) is also Lipschitz continuous, because it satisfies

— k1 — % © xT z1) — @, zZ —_—
K ,s 1 21 = y Ly Y, 21 y Ly Y, 22)| > P .

|21 — 2|
for all 21, 2o € R. That means (4.4) holds true and L., , = ﬁ due to the definition
of K, .

It remains to show the Lipschitz continuity of (¢, -+, z). The map (x,y, z) —
o(t,x,y,z) — kz is Lipschitz continuous and therefore differentiable almost every-
where. In particular, for all x,y € R we have

@(t,x,y,z)—ﬁg—[(”—/i<0 (4.5)
0z ’
for a.e. z € R, since o is monotonically decreasing due to (A5). Our goal is to apply
Theorem 1 in [4] to show that ¢ is Lipschitz continuous. To this end, we define the
mapping
F:R* =R (z,y,2) — (z,y,0(t,2,y,2) — Kk2),

which has the inverse F~'(x,y,2) = (z,y,¢(t,z,y,2)). Let (zo,v0,20) € R and
ag = @(t,x0,%0,20). We prove that there exists a neighbourhood of (o, yo, 20)
on which ¢ is Lipschitz continuous and that the derivatives are bounded almost
everywhere.

Note that for Clarke’s generalized Jacobian OF (xg, yo, ag) of F in (zg, Yo, ag) we
have

1 0 O
OF (o, Yo, ao) C 0 1 0 :|MN<LX<-K,,—rk<0p,
Al A2 Az

see Definition 1 in [4] for details. Hence, every element of OF (xo, 3o, ao) has full rank
and the requirements of Theorem 1 in [4] are met. Thus, there exist neighbourhoods
U and V of (xg, yo,a0) and F(zo, Yo, ao) = (o, Yo, 20), respectively, and a Lipschitz

13



continuous function G : V' — U such that F o G = Idy and G o (F|y) = Idy. We
observe that

G, y,2) = F Y (z,y,2) = (z,y, 0(t, 2,9, 2))
for all (x,y, z) € V, because we have already identified the inverse of F' above. The
Lipschitz continuity of F' and GG implies that:

e ¢ is Lipschitz continuous in (x,y, z) on V', and therefore, there exists a null
set N1 C V such that ¢ is differentiable on V'\ Ny,

e there exists a null set Ny C U such that F' is differentiable on U \ Ny,

e F' and G satisfy Lusin’s property (N), i.e. they map null sets onto null sets,
which implies that F(No) C V and G(N;) = F~Y(N;) C U are null sets (see
e.g. [3, p. 194] for a definition).

These properties entail that ¢ o F' is also differentiable on U \ (N, U F~*(N)) ac-
cording to the chain rule, that means ¢ o F' is differentiable almost everywhere.
To show that the partial derivatives of ¢ are essentially bounded, let (z,y,z) €
V' \ (N1 UF(Ny)). The chain rule applied to the identity ¢ o F(z,y,a) = a with
a:= p(zr,y, z) yields that

0 9 (¢ x,y,a
—So(t,x,y,Z)z—a(,%( Y, a) 7
or S(tx,y,a) — K
do
0 _t7x7y7a
_Sp(twray?’z) = - aoay( ) ) (46)
ay g(@%%@‘“
Op 1
—t,ZL', yR) = ’
02( v2) g—Z(t,x,y,a)—/{

because (z,y,a) € U\ (No U F7'(Ny)). The essential boundedness of the derivatives
follows since |22(t, z,y, a)], |g—;(t,x,y,a)| < Lby (A2), |2(t,z,y,a) — k| > K,. + £
by (4.5), and because the set V '\ (N; U F(Ny)) has full measure. Consequently,

the function ¢(t,-,-,-) is Lipschitz continuous on V' with a Lipschitz constant M

V3
Kcr,z‘i‘ﬂ :

was arbitrary, the mapping (¢, -, -, ) : R — R is locally Lipschitz continuous with
Lipschitz constant M. Finally, we obtain the global Lipschitz continuity of ¢ in
(z,y, z) with Lipschitz constant M. O

smaller than or equal to Since in the beginning the choice of (xq, o, 20)

With the help of the two lemmas above we are able to prove Proposition 4.2, The-
orem 4.3 and Corollary 4.4.

Proof of Proposition 4.2. The Lipschitz continuity of i and f is obvious because
those functions are compositions of Lipschitz continuous functions (note in particular
Lemma 4.7).

Now we examine the terminal condition f and the diffusion coefficient . Let

(w,t) € 2x[0,7]. Then

14



1. Lipschitz continuity of & (Id 4 ~€) is strictly increasing such that

(1+~vKep) |21 — 20| < |(Id 4+ 7€) (21) — (Id + 7€) (22)]|

for all z;,79 € R. Therefore, (Id + v¢)~! is also Lipschitz continuous with
Ltasre)-10 < ﬁ The function (Id — k€) is strictly increasing due to the
definition of k, because for all r1, T2 € Rz < 29,

(Id — k&) (z2) — (Id — KE)(x1) > (1 — KL¢ ) (2 — 21) > 0.

Moreover, it is Lipschitz continuous with L(jg—xe)». < 1. We conclude that é
is Lipschitz continuous with ng < ﬁ In more detail, we have Léx <1

if K¢, =0, and L, < 1if K¢, > 0.

2. Lipschitz continuity of : The Lipschitz continuity of ¢ in (z,y) is clear since
¢ is Lipschitz continuous according to Lemma 4.7. Let ;¥ € R and 21, 29 € R,
21 < z3. Then either

lo(t,x,y,21) —a(t,z,y,2)| = (t x,y,21) — o(t, z,y, 22)
— 22+ (7 + /ﬂ:) (QD(t x,Yy, Zl) @(tw]:v Y, Z2)>

Atk 7= Ko
S (22_21)25—|21_22|’

A

f<a+Kaz

lo(t,x,y,21) —0(t, z,y,2)| = &(t,:r;,y,z2) — A(t x,Y,21)

holds true. We obtain that Z;[[g(”z < HV]( <l,and 1—5 7+”‘ < 1 because the

second term is positive. In particular, if K¢, = 0 we have the strict inequality

Z;ﬁ’z < nv;{[,,z < 1 by the choice of x and v. We conclude that L;, < 1 if

K£,96 =0, and La-7z <1if Kg’z > 0.

We obtain the contraction condition Lg, < L;}Z by the calculations above and

therefore (é o, f ) fulfill SLC. Finally, the second part of the Proposition follows
by Theorem 3.4. O

Proof of Theorem 4.3. Let t € Iy, © € R and the mapping = — (kId + ya(t, -)) (z)
be bijective. Define & := (kId + va(t,-)) ™" (5 + )z). According to Proposition 4.2
and Theorem 3.4 there exists a solution (X,Y, Z) to FBSDE (4.1) on [t, T] with the
Fi-measurable initial condition z. If we now apply Lemma 4.6 we obtain that there
exists a solution (X,Y, Z) to FBSDE (1.1) on [¢t,T] with initial condition

/‘iXt‘i‘ﬁ)/f/% 1 “ ~
X = = Id t,- =z R 4.7
: - HJFW(/{ +alt,-)) (&) == (4.7)
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It remains to show that u is a decoupling field for (&, i, 0, f). To this end, we
verify Definition 3.1. Note that in contrast to the first part of the proof we consider
the FBSDE (1.1) on a time interval [¢1,t5] C [t, T] for some fixed ¢t € I,.x and with
an JF;, -measurable initial condition X;, : £ — R. Since @ is a decoupling field for
(€, /1,6, f) there are also processes (X,Y, Z) that satisfy (3.1) with initial condition
X, = (kId +~a(ty, ) ((k +7)X,,). If we define (X,Y, Z) as in Lemma 4.6 we
obtain by calculations that are analogous to the proof of Lemma 4.6 that

S

Xs:Xt1+/ M<T7XT7YI‘727") dT‘—f-/ O-<T7XT;Y:/‘7Z7") dWT7
t1 ty
[

t2
Y=Y, — f(r, X, Y., Z,.)dr —/ Z.dW,, as., s € [t1,t].

s

To verify the decoupling condition, note that (kId + va(s,-))(X,) = (k +7)X, and
thus

(s, X.) = —— (= (s, ) © (410 + (s, ) ™) () X.)
1 ~ % Xs - }A/:s
= /<¢+7<Id_u(8"))(Xs): P =Y, as., s € [t1,ta)].

Hence, the property (3.1) is fulfilled. Finally, we prove that u(7T,-) = &. If v =0 we
have

w(T,x) = %(Id —au(T,"))(z) = %(Id —&)(z) =£&(z), T eR.
If v > 0 we observe by (4.3) that for all x € R
(K1d +78) () = (5Id + (5 +7)(1d + 7€) = £ld)(2) = (5 +7)(Id + 1)~} (x),

and thus, (kId + 7€)~ (z) = (Id + 75)(/{1—7), x € R. Therefore, it follows

u(T) = ——((1d =) o (61 +9) ) (5 + 7))
= (1= §) 0 (W +98)(x)
1 K+, Kt7 -1) _
_m+7(( S Id S (Id + 7€) ) (Id+7€)) (r) =&(x),z € R.
We conclude that u is a decoupling field for (£, p, o, f). O

Proof of Corollary 4.4. Let x € R. We are in the setting of Theorem 4.3 with
t = 0 and therefore we can argue as in the previous proof. In fact, the initial
value & = (kId 4 7i(0,-)) ™" ((k + 7)z) of the transformed FBSDE (4.1) is constant
a.s. since it is Fp-measurable. Therefore, we obtain additionally that the solution
(X,Y,Z) to FBSDE (4.1) has the property (3.3) by Theorem 3.4. Consequently,
also the solution (X,Y,Z) to FBSDE (1.1) satisfies (3.3), because X and Y are
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linear combinations of X and Y, and for some constant C' > 0 we have

T r pT
EV ]ZS\st}:IE / !@(S,XS,Y;,ZS)\QdS]
0 LJ O

B[ 1p(s %0 Vi 20) — $(5,0,0, <a<s,o,o,~>—fdd><o>>|2ds]

< 00,

T
<E / O(|Xs|2+|Y;|2+‘Z5|2+||U<770)070)”zo> ds
LJ O

due to (X,Y, Z) having the property (3.3), the property (A3) and the Lipschitz
continuity of ¢ (see Lemma 4.7). Moreover, (X,Y,7) is the unique solution to
FBSDE (1.1) satisfying (3.3): Let (X®,Y® Z®) be another solution to (1.1) on
[0, 7] fulfilling (3.3). Then (X®,Y®, Z®) defined as

X = X YD, 7D = X - ¥, 20 = (s, X, YD, 20) ~ )

for s € [0,T7], solves (4.1) on [0,T] and satisfies (3.3). But solutions to (4.1) with
(3.3) are unique according to Theorem 3.4 and thus (X,Y,Z) = (X®,y® Z®),
Consequently, we also have (X,Y, Z) = (X® Y (® Z(?), O

5 Examples

In this section we present several applications of linear transformations combined
with the method of decoupling fields. In all these applications we proceed as follows:
Assume we have an FBSDE satisfying (A1)-(A5), but not the contraction condition
(1.2). Then we choose s and «y such that the auxiliary FBSDE (4.1) satisfies SLC.
Next, we verify whether (4.1) possesses a global solution (X,Y, Z) with a suitable
technique (the method of decoupling fields in our case). If it does, then the triplet
(X,Y,Z7), defined as in Lemma 4.6, solves the original FBSDE if the bijectivity
condition in Corollary 4.4 is satisfied.

5.1 A linear example with an explicit solution

We modify Example 1.1 such that it satisfies our assumptions and show that it is
possible to determine a solution via a transformation. Consider for some initial
value z € R the FSBDE

stm—i—/(ao—Zr) dW,.,
0
T
YszXT—/ Z, dW,, s € [0,T],

where o9 € R.

Proposition 5.1. For every intial value x € R there exists a solution (X,Y,Z) to
the FBSDE (5.1) on [0,T].
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Proof. Note that u, f =0, 0(z) = 09 — z and {(x) = . Therefore, L,, = L¢, =
1, K,. =1 and o is strictly decreasing, while ¢ is strictly increasing. If we choose
k=1 and v := 0, i.e. the transformation with

(b5

we observe that é = 0 and the auxiliary FBSDE takes the form

X, m+%/os(ao+27~> dw,,
(5.2)

T
YS:—/ Z,.dW,, s e 0,T],

for some initial value z € R. It is obvious that 0 = Lg < L;}Z = 2 and that
(X',Y, Z), defined by X, := z + so0Ws, Yo, Zs = 0,5 € [0, 7], solves the FB-
SDE (5.2) on [0,7]. Then the backward transformation in Lemma 4.6 implies that
(X,Y,Z), given by X, := X,, Y, == X,, Z, := 300, s € [0,T], solves the FBSDE
(5.1) on [0, 7] with initial condition z. It is also straightforward to verify that this
is indeed true. O

5.2 A transformation bounding the gradient process

We consider the FBSDE

S 1 S
X5:x+/ (2Xr+§YT) dr—/(Xr%-Yr—l—Zr) dW,.,
° 0 (5.3)
YS:XT—/ Z.dW,, s €10,T).

Our goal is to transform the FBSDE (5.3) into an FBSDE satisfying SLC. Then
we apply the method of decoupling fields to show that there is a solution on [0, 7]
to the auxiliary FBSDE. Finally, by using Corollary 4.4 we fully characterize the
solvability of (5.3) in dependence of the time to maturity 7.

Proposition 5.2. If T' # @, then for every initial value x € R there exists a
unique solution (X,Y,Z) to FBSDE (5.3) on [0,T] satisfying (3.3) with t = 0.

If T = M’ then such solutions exist for x = 0 only and in this case there are

2
infinitely many solutions.

Proof. Note that £(z) = z, p(z,y) =22+ 3y, o(z,y,2) = —z—y—=2, f=0and
Ly, = Ley =1, K,. = 1. Consequently, the parameters do not satisfy SLC, but
they fulfill our assumptions (A1)-(Ab5). Since K, . > 0 we can choose x := 0 and
v i= % (see Remark 4.1), i.e. we consider the transformation with

(1 6)
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Then the auxiliary FBSDE takes the form

. s, . s R 1. 1 .
Xs::i:+/ <XT+YT> dr+/ (—Xr+§n+§zr) dw,,
0 0

) 5 . T ) T (5.4)
Y, = §XT_/ (Xr—i-Yr> dr—/ Z.dW,, s €[0,T].
Now, the new parameters satisfy SLC because L¢, 3 <2=1L; 1. According

to Proposition 4.2 there exists a weakly regular decouphng field 4 and a maximal
interval Iy, C [0, 7] for (5, fi, 0, f) such that for all t € I, the FBSDE (5.4) has a
solution on [t, T for every initial value = € R. We prove that there is also a solution
on [0,7] with the help of the method of decoupling fields. To this end, assume
that [hax = (tmm,T | for some ty,, € [0,7] and fix some ¢y € .. There exists a
solution (X,Y, Z) of (5.4) on [ty, T] according to Theorem 3.4. We aim at showing
that Lg,.). can be bounded away from L;IZ = 2 independently of ¢ by studying

the dynamics of the so-called gradient process V;, = axﬁ(t,Xt). Theorem 4.1 in [6]
implies that V satisfies the BSDE

2

T T
‘/szg—/ QO(’I”,‘/MZT)CZT’_/ ZrdWm s € [t()’T]’

where ¢(s,v,2):= (1 —v)(1+v) —z ( 1+ v+ 1M) We observe that

s V 1 V+1v2 <1+c+ ¢ 1 C? N A
2 —1v, - 2 2-C 22-C 2-C
<C(1+12]).

for some constant C' > 0, because V is bounded by a constant C' < 2 = L‘;}Z on
[to, T] due to the weak regularity of 4. In particular, the generator ¢ has at most
quadratic growth in Z. Therefore, Z is a BMO(P)-process (consult e.g. [2]) and,
thus, there is a probability measure Q ~ P such that

9 T T

m:g—/ (1—%)(1+%)dr—/ 2,dW2, s € [t,, T). (5.5)
where W@ is a Brownian motion with drift under P and a Brownian motion under
Q. It is straightforward to verify that (5.5) is also satisfied by the pair of processes
(V,Z), where Z = 0 and V is given by

5e2s — 2T 5 _— eZ(T—s)

Be2s 1 2T 54 2l-s) °

VSZ

€ [to, T).

By uniqueness of solutions to BSDEs we have (V, Z) = (V, Z). This implies

5_2(T7T) 2 5_2T
V<o =2 and Vo

PS5 arn 3 2y b sl Tl
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Considering L;’lz = 2, Theorem 3.4 yields that only Iy, = [0,7] is possible. There-
fore, we obtain solutions to (5.4) for arbitrary 7' > 0 and & € R.
In order to apply Theorem 4.3 and Corollary 4.4 we need bijectivity of @(0,-). Note

that 0,4(0,-) is known to be constant g’;%z; Thus, @(0,-) is a linear function. It
is indeed bijective if T" # @ In this case we have solutions to (5.3) which are

unique (under (3.3)) because of the one-to-one correspondence between (XY, Z)
and (X,Y, Z) solving (5.4) and (5.3), respectively.

It remains to consider the case T' = @: Assume that we have a solution (X, Y, 7)
to (5.3) on [0, 7] s.t. (3.3) for t = 0 is satisfied. Then the associated (X,Y, Z), ob-
tained via a linear transformation, satisfies (5.4). In accordance with Theorem 3.4
the decoupling condition holds, in particular z = X, = Yy = (0,%) = u(0,z+ %Yo).

We can determine (0, ) explicitly, since (0, -) is a constant function for 7" = @:

This constant is equal zero, since the zero triplet for (X Y. Z ) solves (5.4). Thus,
we obtain that z = 0 must hold if (5.3) has a solution satisfying (3.3) with ¢ = 0. If,
however, x = 0 is satisfied then we have infinitely many solutions: One can construct
solutions by choosing an arbitrary & and obtaining the associate (X Y. Z ), which
then yields a suitable (X,Y, 7) via a linear transformation. Since & = %Yo and all
& are different we have infinitely many different solutions to (5.3). O

Remark 5.3. Note that also other results in the existing literature guarantee global
solvability of the auxiliary FBSDE, like e.g. Theorem 7.4 in [11]. However, since
the original FBSDE (5.3) does not have a solution for all 77 > 0 and all initial
values x € R one cannot apply general existence results for FBSDEs to the original
FBSDE (5.3). Our approach allows a full characterization of the solvability of (5.3)
by studying the decoupling field of the auxiliary FBSDE (5.4).

5.3 The adjoint equation in a diffusion control problem

In this section we present diffusion control problems which are studied in [1] and
[16]. In particular, we study the controlled diffusion process X* with dynamics

dXT = (b + B,XI%) ds + a,dW,, X =z €R. (5.6)

The control problem consists of minimizing the cost functional

e[[ fs. a0 ds + g(X3%)

over all progressively measurable and L2-integrable controls o taking values in a
given set A C R, specified later. We call such controls admissible and denote the
set of all admissible controls by A. Furthermore, we assume the following:

(Cl) f: Qx[0,T] x A — R is a measurable function such that the mapping
(w,t) — f(w,t,a) is progressively measurable for all a € A. In addition, f(t,-)
is convex and twice continuously differentiable with uniformly bounded second
derivative and locally bounded first derivatives (locally in ). In particular,
faa is bounded away from zero by a constant §; > 0 and bounded from above
by a constant 9,.
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(C2) g:Q xR — R is a measurable, convex and twice continuously differentiable
function with bounded second derivative and locally bounded first derivative.
Moreover, ¢g” is bounded away from zero by §; and bounded from above by &,,.

(C3) b,B:Q x[0,T] — R are progressively measurable and bounded processes.

Remark 5.4. The conditions (C1)-(C3) together with the assumptions on the admis-
sible control processes ensure that (5.6) has a unique strong solution for any initial
value z € R.

Control problems of this type arise in situations where one can control a state’s
fluctuation intensity but not its drift, and where one aims at steering the state into
a target area. To give an explicit example, X*® may describe the position of a
particle in a medium with temperature a. By heating or cooling the medium the
particle’s fluctuations increase or decrease, respectively. The function f reflects the
costs involved by any temperature change. Diffusion control problems arise also in
portfolio optimization. In this context X** can be interpreted as a portfolio value
process with volatility . A reduction of the portfolio’s volatility involves hedging
costs f. The function —g can be taken to be a utility function. The optimal control
of diffusion coefficients appear also in other fields of applications, see e.g. [13] for
examples arising in biology.

In both works, [1] and [16], the transformation method described in this paper
is used with a particular choice of the parameters x and v to show that there exists
a solution to the adjoint FBSDE derived from Pontryagin’s maximum principle.
This allows to prove the existence of an optimal control. In [1] the case A = R is
studied, i.e. the case of unbounded control processes. Here also the assumptions
(C1) and (C2) are relaxed: f is allowed to depend on the current state X;”* and
faa(t,+),¢" are not necessarily bounded away from zero. An application of a linear
transformation with k = 0 and v = §; ! together with the method of decoupling
fields allows to verify the existence of an optimal control in this setting. We refer to
[1] for more details.

We focus here on the case where A = [I,7] is a compact non-empty interval,
which is studied in chapter 3 of the thesis [16]. All details can be found there.
This slightly different setting requires a completely different transformation because
the adjoint FBSDEs of both control problems differ. In particular, the diffusion
coefficient o in the compact interval case is not invertible in z unlike in [1], which
implies that x has to be positive.

As mentioned above, we aim at finding an optimal control & € A such that

E UOTf(S, Gy) ds + g(X?d)} = mf £ [/OTf(S, a)ds + g(X7%)| - (5.7)

We choose a probabilistic approach via Pontryagin’s maximum principle to solve
this problem because of the non-Markovian framework. Note that the Hamiltonian
of the control problem is minimized by the function a,(t, —z), where

[ 2 < falt, 1),
a.(t,z) == < [ t,2) 2z €[fu(t, D), fult, )], (t,2) € [0,T] x R.
r 2> fo(t,r),
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Pontryagin’s maximum principle implies that &, given by
G5 = ax(s,—Z5), s €[0,T], (5.8)

is an optimal control of (5.7), if there exists a solution (X,Y,Z) to the following
adjoint FBSDE:

t t
Xt:as+/ (bs + BsX5) ds+/a*(s,—ZS)dW5,
- T
Yé:g'(XT)+/ Bssts—/ ZsdWs, t € [0,T].
t t

The FBSDE (5.9) has the parameters

u(s,x) := by + By,
o(s,z) = a.(s,—2),
f(s,y) := By,

{(z) == g'(x),

for (s,z,y,2) € [0,T] x R x R x R. We observe that the conditions (A1)-(A5) are
satisfied, L, , < 5% and Lg, < d,. Notice that the contraction condition (1.2) might
not hold true. Linear transformations, however, allow further examination of the
solvability of (5.9). We obtain the following existence result:

Proposition 5.5. The FBSDE (5.9) has a unique solution (X,Y,Z) on [0,T] for
any initial value x € R. Moreover, the control & € A, given by (5.8), is optimal for
the minimization problem (5.7).

Proof. We want to transform the FBSDE (5.9) into an auxiliary FBSDE satisfying
SLC. Since K, , = 0, K¢, = 0; we can choose vy := (26,)"! and & := v, and consider
the linear transformation with
Ly
) a0

The choice of k and v might appear arbitrary because there are, of course, other
choices which transform the FBSDE (5.9) into an FBSDE satisfying the contraction
condition. The advantage of this choice is that one can calculate a uniform bound
for the gradient process (see section 3.4 in [16]), which can fail with other choices.
That makes this selection adequate.

The transformation (5.10) yields the auxiliary FBSDE

t t
Xt =+ / (bs + BSYS> ds + / (ZS — 27&*_1 (s, ZS>> dW,
0 0

- R T R T
Y;zg(XT)—/ (b + B.) ds—/ Z.dW., te0.7),
t

t

(5.11)
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with initial value z € R, where

§w,2) = ((1d =g/ (@,)) o (1d +7g'(w.) ") (@),
a; Hw, t,2) = (as(w,t,-) +9Id) 7" (2)

%(Z—l) ,Z<l+7fa(wat7l)v
— (f;i(a%t’) +-71d)71(z) WA U‘+-7jh(@%t7077?+‘7]L(“Ut>rﬂ7
%(2—7”) 2> 1+ falw, t,r),

for all (w,t,z,2) € Q x [0,7] x R x R. From Proposition 4.2 we know that the
parameters of (5.9) satisfy SLC and, in particular, the contraction condition. One
can even explicitly calculate bounds for the Lipschitz constants L; . and L, similar
to the proof of Proposition 4.2. One obtains that L; < <1= Lg’lz (see
Proposition 3.6 in [16, p. 41]).

Now we can apply the method of decoupling fields in order to show that there
exists a solution (X,Y, Z) to the auxiliary FBSDE (5.11) on [0,7]. Since the pa-
rameters of (5.11) satisfy SLC, Theorem 3.4 implies the existence of a weakly regular
decoupling field @ on I,,, which has either the form [0, T] or (tyin, 7']. The method
of decoupling fields consists in verifying that the case Inax = (tmin, 7] and thus
Ly o Lagye = L>! cannot hold true. To that end, we study the gradient of

b,z

_1
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a(t,-) with the help of the so-called gradient process and bound it away from L;IZ
independently of ¢.

Assume Iiyax = (tmin, 1] for some ty, € [0,7). Fix an initial time point tg € Iyax
for the auxiliary FBSDE (5.11). Let (X,Y, Z) be a solution to (5.11) on [to, T] with
initial value z € R and define the gradient process V by V; := ,(t, X;), t € [to, T].
Note that we have in particular Vi, = 4, (tg, ). If we differentiate the decoupling

condition f/tA: u(t, Xt) w.r.t. the initial value x we obtain by the chain rule that
0.Y; = V;0,. Xy, t € [to, T], and hence

0,Y,
‘/t: At7 tE[to,T>,

T3t

where 7 := inf{t € [to, T] : 3,X; = 0}AT. Indeed, one can differentiate the processes
X, Y, Z w.r.t. the initial value at least in a weak sense, see e.g. Theorem 2.5.11 in
7] or Theorem 3.4 in [1]. Moreover, one obtains the dynamics of the processes 8, X
and 0,Y by differentiation of the right hand sides of (5.11) using the chain rule and
interchanging differentiation and integration. That particularly implies that V is an
It6 process (after possible adaptation on a subset of Q x [ty,T] with measure zero,
see Lemma 3.12 in [16]), and thus has the representation

t t
Vi :ux(to,x)—l—/nsds—l—/ Zsds, t € [to, T),

to to

for some processes 7 and Z. We can determine these processes by applying Ito’s
formula to the identity 0,Y; = V;0,X;. Moreover, we can show that 7 =T a.s. and
thus we can write the gradient process V in the backward form and obtain that

23



(V, Z) solves the following BSDE:

X

o T
Vi=¢&(Xr) - / (Bs<1 -V +V,) - 1——;351/;

t

T
Zf) ds—/ ZydW,, (5.12)
t

on [to, T]. Here 3 denotes a process, which appears by differentiation of &(t, Zt)
w.r.t. the initial value. We refer again to Lemma 3.12 in [16] for details.

The BSDE representation (5.12) for V can be simplified: Since Z is a BMO(P)-
process there exists an equivalent probability measure ) and a Brownian motion
W under @ such that (5.12) takes the form

~

A~ T T~
Vi =&(X7) —/ Bs(1 = Vy)(1+Vy)ds —/ ZydWE, t € [to, T, (5.13)

t

(see Lemma 3.13 in [16] for details). Standard comparison arguments for BSDEs
now imply that

Vil <1-— <1 - ) exp (—2[|Bl|«T) =1 ¢ < 1, t € [to, T}, as.

1
14 0,
We emphasize that the arguments above are only true for almost all x € R, which
we have not mentioned so far. Nevertheless, this is sufficient since we obtain that
|t (to, z)| < g <1 a.e., and therefore

t}ltlr?n Loy <qg<1< L;L
Theorem 3.4 implies that only I,.x = [0, 7] is possible. Hence, for any initial value
x € R there exists a unique solution to the FBSDE (5.11).

Finally, it remains to show global solvability of our original FBSDE (5.9). To
this end, note that the mapping v(Id + @(0,-)) is invertible since L;, < ¢ < 1.
Corollary 4.4 implies that also FBSDE (5.9) has a solution (X,Y, Z) on [0,7] and
Pontryagin’s maximum principle implies that &, given by d&; := a.(s, —Z),s € [0,T],
is an optimal control. O

Remark 5.6. For the adjoint FBSDE (5.9), as well as the auxiliary FBSDE (5.11),
the literature does not offer existence results for global solutions to the best of our
knowledge. The application of linear transformations and the method of decoupling
fields, however, admits to treat this class of equations. In some cases one can even
show global existence of solution, as in the above setting.
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